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1 Introduction

Let X be a closed Riemannian surface and let G be a compact Lie group, whose Lie algebra
will be denoted by g. We will consider a trivialized G-bundle over ¥. The first goal of
this paper is to provide some understanding of the L?-topology on the space of connections
A(X) = Q1(2; g) and its quotient by the gauge group G(X) = C>(X, G) acting by bundle
isomorphisms. In particular, we prove a local slice theorem, local connectivity, and uniform
local quasiconvexity of the gauge orbits. The importance of these questions stems from the
Yang-Mills path integral over the space of connections, which should naturally be defined
using the L2-metric.

The second part of this paper provides some control of the L2-geometry of gauge in-
variant Lagrangian submanifolds in A(X). These are the natural boundary conditions for a
Yang-Mills Floer theory on 3-manifolds with boundary ¥ developed in [7]. The underlying
compactness results for moduli spaces of anti-self-dual instantons with Lagrangian bound-
ary conditions are established in [11] for special Lagrangians arising from handle bodies
bounding ¥. Extending the compactness and hence Yang-Mills Floer theory to general
gauge invariant Lagrangians requires a weak bound on curvature and local quasiconvexity,
which we establish based on a quantitative version of local connectivity of gauge orbits.

We thank Stefan Wenger for help with the general analysis of metric spaces, and the
meticulous referee for help with the exposition.

1.1 Local connectivity and quasiconvexity of gauge orbits

The action of the gauge group, u*A = v~ Au-+u~1du, is a smooth map G1?(X) x A%P(X) —
A%P(X) with respect to the WP~ and LP-topologies for any p > 2. The W!2-closure of
G(X2) however is not a Banach Lie group. In order to achieve a group structure and a
smooth action on the L2-closure of the space of connections A%2(X), one would have to use
the W12 N L>®-topology on the gauge group. We will instead fix some p > 2 and study
the gauge orbits in A%P(X) with respect to the L?-topology. Hence, in the following we
denote by B.(Ag) C A%P(X) the open L?-ball of radius € > 0 around Ay. In Section 3 we
prove uniform local quasiconvexity and local pathwise connectedness of the gauge orbits, as
stated in Theorem 1.1, and defined below.

Theorem 1.1 For every connection B € A%P(X) the gauge orbit G1P(X)* B, equipped with
the L*-topology, is (i) locally pathwise connected and (i) uniformly locally quasiconver.
More precisely:
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(i) GYP(X)*B s locally pathwise connected: Given any € > 0 one can find 6 > 0 such
that for any Ag, A1 € GVP(X)*B with ||Ag — A1||2 < § there exists a continuous path
[0,1] = B:(Ag) NGYP(X)*B, t — A; connecting Ag to A;.

(ii) The path t — Ay in (i) can be chosen such that it is smooth as path in A%P(X), with
derivative ||Op A2 < C||A1 — Aol|p2. In particular (i) holds with 6 = min{e/2C, 5y}
for some 89 > 0. The constants C, 3o depend on [B] € A%P(X)/G1P(%).

(iii) If By € A%P(X) is irreducible then there exists an L*-neighbourhood of By in A%P(%),
such that on any LP-bounded subset the constant C in (ii) can be chosen uniform.

The question of a uniform linear relation 6 = ce (for § < dp) in Theorem 1.1 (i) or
a uniform constant C for different gauge orbits in the local convexity (ii) is open for LP-
neighbourhoods of reducibles as well as for L2-neighbourhoods. A positive answer would
greatly simplify the proof of local convexity of gauge invariant Lagrangian submanifolds.

The proof of Theorem 1.1 in Section 3 will be based on a subtle L?-local slice the-
orem explained in Section 1.2. The remainder of this subsection clarifies the notions of
quasiconvexity and local pathwise connectedness, and their relations.

Definition 1.2 A topological space X is called locally pathwise connected if for every open
set U C X and any point x € U the path connected component

Pue = {y U] Iy ec([0,1],U) : 4(0) = z,7(1) = y}
is a neighbourhood of x.

Remark 1.3 The usual definition of local pathwise connectedness requires a neighbourhood
basis of open, pathwise connected sets. This is equivalent to the pathwise connected com-
ponents Py o of all open sets being open; which in turn is equivalent to our Definition 1.2
above. Indeed, note that Py x = Pu,y for any y € Py . Hence if X satisfies our definition,
then Py . is a neighbourhood of y for each y € Py o, and hence this pathwise connected
component is open.

We will deduce pathwise connectivity from the following version of local quasiconvexity
with uniform constants. The latter is a general notion for metric spaces, which is closely
related to local quasiconvexity as defined by Heinonen [5, p.57].

Definition 1.4 Let (X,d) be a metric space.

(i) The length of a path v € C°([0,1], X) is
U(y) = sup{ >, d(v(t:), ¥(ti41)) |0 = to < ty... < tp =1}.

(i1) (X,d) is locally quasiconvex if every point x € X has a neighbourhood N' C X that is
quasiconvez. That is, there is a constant C such that any two points v(0),v(1) € N
can be joined by a path v € C°([0,1],N) of length £(~y) < Cd(v(0),v(1)).

(ii) (X,d) is uniformly locally quasiconvex if there exist constants § > 0 and C such
that any two points ¥(0),v(1) € X with d(~v(0),v(1)) < § can be joined by a path
v € C%([0,1], X) of length £(v) < Cd((0),(1))-

Remark 1.5 In our applications, the paths v : [0,1] — GYP(X)*B in a gauge orbit will be
smooth as maps to A%P(X), and hence {() = fol 10sv(s)|| L2 (s -



In order to justify our notion of uniform local quasiconvexity, we note that the notion
of local quasiconvexity above directly implies the following property.

(x) For all x € X there exist € > 0 and C' > 1 such that for all v(0),y(1) € B.(x) there
exists a continuous path v € C°([0, 1], X) of length £(y) < Cd(v(0),~(1)).

On the other hand, suppose that X is compact. Then, firstly, (*) implies local quasiconvex-
ity. (The proof is elementary yet somewhat lengthy.) Secondly, (x) is equivalent to uniform
local quasiconvexity (as follows from the Lebesgue Lemma). So for compact metric spaces,
local quasiconvexity is equivalent to uniform local quasiconvexity.

In general, neither of the notions of local quasiconvexity and uniform local quasiconvexity
in Definition 1.4 implies the other. However, either of them (as well as (%) above) implies
local connectivity. We only prove the part that is relevant in our setting.

Proposition 1.6 If a metric space is uniformly locally quasiconvex, then it is locally path-
wise connected as topological space.

Proof: Let an open set Y C X and a point € U be given. Since U is a neighbourhood of
x, it contains a metric ball B.(z) for some £ > 0. Now choose > 0 such that » < § and
C'r < € with the constants from the uniform local quasiconvexity. Now any point y € B,.(x)
can be connected to z by a path v of length ¢(v) < Cr < e. By the definition of the length,
this path must be entirely contained in B.(z) C U. (Indeed, v(¥') € X \ Be(z) would
imply £(vy) > d(z, (")) + d(v(t'),y) > €+ 0.) Hence the path connected component of U
containing z also contains the ball B,.(x), and hence is a neighbourhood of z. O

1.2 The L3-local slice theorem

The study of the L2-topology on the moduli space of connections A%P(%)/G1P(3) hinges
on a local slice theorem which provides generalized orbifold charts. Here we fix p > 2
and work with the space of connections A%P(X) = LP(3;T*Y ® g) and the gauge group
GhP(X) = WHP(S,G). A slice of the gauge action at a connection 4y € A%P(¥) is the
L?-orthogonal complement to the gauge orbit,

S, = {A =Ay+ac Ao’p(E) ‘ dj‘%a = O}.

Here d% : LP(3,T*Y ®g) — W 12(2,g) := WP (2, g)* with p~1 +p/~1 = 1 is the dual
operator of dg, : Wh?' (2, g) — L¥ (X, T*S ®g). The content of the local slice Theorem 1.7
below is that the gauge orbits through S4, cover an L2-neighbourhood of Ag. This provides
generalized orbifold chart for L?-neighbourhoods on A%?(%)/G1P(X). The symmetry group
will be the stabilizer

Stab(Ao) = {g S gl’p(E) ‘ g*AO = Ao},

which is a nondiscrete but compact Lie group for reducible Ag. We will denote the L2-balls
in the local slice of radius € > 0 by

Sao(e) ={A=Ag+aec A(X)|dy,a=0,lal <e}.

These are invariant under the action Ag 4+ a — g*(Ao + a) = Ag + g~ lag of the stabilizer
g € Stab(Ay).



Theorem 1.7 (Local Slice Theorem) For every Ag € A%P(X) there are constantse,§ > 0
such that the map

(SAO (e) x gl’p(E))/Stab(Ao) — AYP(%)
- § 1)
[(Ag + a,u)] = u™ *(Ag+a)

is a diffeomorphism onto its image, which contains an L?-ball,
Bs(Ap) = {A € A% (%) ‘ |A — Agllr2 < 5} C imm.

Corollary 1.8 Any A € A%P(X) with |A — Ao||r2 < § is gauge equivalent to a connection
in the local slice through Ao, that is d (u*A — Ag) = 0 for some gauge transformation
u € GHP(X). Moreover, the gauge transformation u is unique up to Stab(Ay).

The proof of the local slice theorem 1.7 for base manifolds of dimension n > 3 can be
found in [6]. We restrict our proof in Section 3 to the case n = 2, which is somewhat more
complicated since the simple estimate ||fg||w-1.» < C|f|lz~|lg|lz» has to be replaced by
the div-curl Lemma from harmonic analysis (see e.g. [8]). In Section 2 we prove a weaker
version, Lemma 2.1, and extend it to our gauge theoretic settings.

1.3 Yang-Mills Floer theory on 3-manifolds with boundary

The natural symplectic form on the space of connections A(X) = Q(%; g) is
wlaf)i= [(ang)  for afeRi(Si) 2
by

Here the values of the differential forms are paired by the inner product (-,-) on g. This
symplectic form appears in the work of Atiyah and Bott [1], who observed that the moduli
space of flat connections on ¥ is on the one hand homeomorphic to the compact representa-
tion space Ry, = Hom(m1(X), G)/G, and can on the other hand be viewed as the symplectic
quotient of the gauge action on the infinite dimensional space of connections,

Re = {A€ AD) [ Fa=0}/G(2) = A(®)/4(2).

This is because the moment map with respect to the symplectic structure (2) is given by
the curvature, A(X) — Q%(Z;g) = T1G(2), A — *Fa = *(dA+ F[A N A]).

The symplectic form (2) also naturally appears in Yang-Mills field theory: The Yang-
Mills functional on the space of connections on a 4-manifold X is A — i/ (FiAFz). For
a compact 4-manifold with boundary 0X =Y it equals to

g/<FAAFA>:g/<AA(FA_%[AAA])>::CS(A|Y) for A € A(X),
X Y

which defines the Chern-Simons functional CS : A(Y) — R for a compact 3-manifold V. It
only descends to a multivalued functional on the moduli space of connections by the gauge
action, but its differential defines the gauge invariant Chern-Simons 1-form

Aala) ::/<FA/\a> for a € TAAY) = QY (Y;g).
Y
Instanton Floer theory for a closed 3-manifold Y is the Morse theory for this closed 1-form

on A(Y)/G(Y), as developed by Floer [3]. The Chern-Simons 1-form is also well defined
and gauge invariant on a 3-manifold with boundary 0Y = X, but it is no longer closed.



In fact, its differential is the symplectic form (2): For o, 8 € Q1(Y;g) = TAA(Y)

dA (o, 8) = /Y<d,4a/\ﬁ>—/y<d,4ﬂ/\a> = /E<a|g/\ﬂ|g>.

To render A closed, it is natural to pick a Lagrangian submanifold £ C A(X) and restrict
the 1-form to the space of connections A(Y, L) := {A € A(Y) | A|x € L} with Lagrangian
boundary value. (If £ C A(X) is any submanifold, then the closedness of A| ¢y, r) is equiv-
alent to w|z = 0, and the maximal such submanifolds are precisely the Lagrangian sub-
manifolds.) If we in addition assume L to be gauge invariant then A descends to a closed
1-form on A(Y, £)/G(Y), from which instanton Floer theory for the pair (Y, L) is devel-
oped in [7]. TIts critical points are the flat connections with Lagrangian boundary value
{Fa4a =0,A|x € L}/G(Y), and trajectories defining the differential are gauge equivalence
classes of anti-self-dual connections on R x Y with Lagrangian boundary conditions, i.e.
connections 2 € A(R x Y') that solve the boundary value problem

F=+xF= =0, E|{s}><2 e L VseR. (3)

In local coordinates near the boundary, with a metric ds? + dt? + gs on R x [0,6) x &,

the system (3) for the connection = = ®&ds + ¥dt + A can be rewritten in terms of maps
A:Rx[0,0) = A(X) and &,V : R x [0,8) — C°(Z,su(2)) = T1G(X) that satisfy

0sA —dg®) + x(0:A —da¥) =0,

( AD) +#(0:A — da¥) A(s,0) €L Vs€eR. (4)

OV — D + [@, U] + xF4 =0,

These are the symplectic vortex equations [2] for the G(¥)-action on A(X). Indeed, ® —
da® is the infinitesimal action, A — %F4 is the moment map, and the Hodge operator x*
of any metric gy is a complex structure on A(X) compatible with the symplectic form (2).
However, unlike the finite dimensional setting in [2], the compactness of moduli spaces of
solutions of (4) is far from clear since the boundary condition is a combination of a first
order condition (for a first order equation!) and nonlocal conditions. This is due to the fact
that the gauge invariant Lagrangians lie in the subset of flat connections' and hence are
determined by a (singular) Lagrangian £/G(3) C Ry in the representation space. So the
boundary condition A(s,0) € L can equivalently be rewritten as Fa(50) = 0 and a finite
number (4 dimRy) of holonomy conditions for A(s,0). The key to the proof of elliptic
estimates for (3) in [10] is to view 9sA4 + *0; A = %*da¥ — do® as perturbed holomorphic
curve A : Rx[0,8) — A%P(X) in a symplectic Banach space. In fact, the bubbling analysis in
[11] indicates that solutions of (4) truly behave like holomorphic curves near the boundary,
in that they concentrate energy and develop singularities along slices {s} x 3 C Rx Y rather
than at points, as anti-self-dual instantons on closed 4-manifolds do. A complete geometric
description of the bubbles arising from rescaling near the singularity (as holomorphic disks in
A(Y)) is still open but [11] succeeded in proving compactness of moduli spaces for G = SU(2)
and the special Lagrangian submanifolds

Ly :={Als|Ac AH),F; =0} C AX)

that arise from a handle body H bounding ¥ = 9dH. The two crucial ingredients are an
energy quantization for the bubbles and removal of singularity for solutions of (4) on the
complement of a slice {(s,0)} x . Again, the proofs use symplectic techniques for holomor-
phic curves with boundary on £ C A%P(¥). They hinge on certain bounded geometry of

IThis follows directly if [g,g] = g as for any Lie groups with discrete center. For general Lie groups it is
a natural restriction.



the Lagrangian, which are evident for compact Lagrangians in finite dimensional symplectic
manifolds, far from obvious in the infinite dimensional Banach space setting, and in the
special case of Ly can be replaced by a subtle extension theorem from W12(3, SU(2)) to
W13(H,SU(2)), due to Hardt-Lin [4] in this borderline Sobolev case.

In Section 4 we provide the required geometric control for a general class of gauge
invariant Lagrangian submanifolds £ C A(X) (see Definition 4.1 for details). In particular,
we show uniform local quasiconvexity, which is then used in Section 5 to define a local
Chern-Simons functional for paths in A(X) with ends on £. Section 6 builds on these
results to prove the compactness of moduli spaces of solutions of (4) for general gauge
invariant Lagrangians. We explain the overall philosophy in the next section.

1.4 Curvature and local quasiconvexity of gauge invariant Lagrangians

The first main step in the proof of compactness for (4) is an energy quantization: If in
a sequence of solutions the energy density blows up at a point, then it also concentrates a
minimal quantum of energy at that point. For holomorphic curves with Lagrangian boundary
values u : (2,00Q) — (M, L), this can be proven without identifying the bubbles as spheres
or disks, but just using a mean value inequality for the energy density e = |du|?, which
arises from a nonlinear subharmonicity (see e.g. [12] — here stated with the positive definite
Laplace operator)

A6§A+a62, eSB—i—be?’/Q.

41
ov 19Q

For anti-self-dual connections, the 4-dimensional energy density 1|Fz|? = |9, A[*+|F4|? sat-
isfies the corresponding nonlinear bound on the Laplacian, but due to the nonlocal boundary
conditions, one has no control over the normal derivative. Viewing A : R x [0,d) — A(X) as
holomorphic curve, one is led to trying the 2-dimensional energy density e = ||(9SAH%2(E) +

HFA||2L2(E)' Its Laplacian causes some difficulties (that are dealt with in [11]), but the
normal derivative simply behaves just like a holomorphic curve,

3/2

~1Ze|,_y < ClOAIZas) +w(0.A,024) < B +bd.Al 7y,

Indeed, if £ C A(X) was a Lagrangian subspace then w(9sA4,9%2A) = 0 since ds 4,02 A € TL.

If £ was a compact Lagrangian, then w(9;A, 92A) < C|09sA|? with a constant C arising from

the curvature of £. In our nonlinear infinite dimensional setting, it is not clear whether
curvature is uniformly bounded, but the essential estimate can be shown directly.

Lemma 1.9 There is a constant Ct, such that any smooth path A : R — L satisfies

/E<35A(0) N 0,0,A(0)) < Cre|0s A0)[ 7 s

For a Lagrangian L arising from a handle body 0H = ¥, this was proven in [11] using
the extension to flat connections A € Ag,(H), which satisfy d ;0,4 = 0 and hence

/<8SA/\852A>:/ d<aSAAa§A>:/<aSAA[aSAAaSA]>g 105 AllEs 11 -
> H H

So Lemma 1.9 follows from constructing extensions with [|9sA| sy < Crr||0sAl|p2(s). For
a general gauge invariant Lagrangian we restate and prove this result as Lemma 4.3, using
the local slice Theorem 1.7 and a div-curl Lemma from Section 2.



The other main step in the proof of compactness for (4) is a removal of singularity for
solutions on the complement of a slice {(s,0)} x X with finite energy. Again, the proofin [11]
for the special case Lp proceeds by combining gauge theoretic analysis with holomorphic
curve techniques. In particular, one needs an analogue of the local symplectic action:

If = € A(B* xX) is an anti-self-dual connection over the punctured ball B* = B, \ {0} C
R?, and in polar coordinates there is a gauge = = A+ Rdr with no d¢-component (i.e. there is
no holonomy around the singularity), then one can express the energy on annuli as difference
of integrals over the boundary, just as for a punctured holomorphic curve u : B* — (M, w).
Indeed, we have the same formula for energies

%/ |F=[?> = C(A(5,-)) — C(A(p,)); / u'w = A(u(d,-)) — Au(p, ),
(B,\Bs)xS B,\Bs

where the boundary integrals depend on a choice of gauge resp. local primitive w = dA,

C(A:S1—>A(E))_—%/O ﬁ/g(A(gb)/\%A(qﬁﬂdqﬁ; A(u:Sl—>M)_—/O Y

The local symplectic action is a canoncial definition of A(u : S — M) for all sufficiently
short loops, given by a unique local choice of primitive. There is a similar construction for
holomorphic curves with Lagrangian boundary values, where the local symplectic action of
a path with endpoints on the Lagrangian is given by connecting the endpoints within the
Lagrangian to define a loop. The crucial analytic ingredient to the removal of holomorphic
singularities then is the isoperimetric inequality for sufficiently short loops,

2T 2

Afu: S' = M)| < c(/ Opulds)
0

For anti-self-dual connections E = A + Rdr + ®d¢ € A(D* x X) over the punctured half
ball D* = B, \ {0} C H? with Lagrangian boundary condition A|sy= € L, there always
exists a gauge = = A + Rdr without angular component. As for holomorphic curves, finite
energy implies that the paths A(r,-) : [0,7] — A(X) become short for r — 0. However,
this only holds in the L?-norm on A(X) that enters in the energy. Due to the subtlety of
the gauge action in the L2-topology, we cannot assume that the L2?-closure £ C A%2%(%)
is a Hilbert submanifold; instead we are throughout working with Banach submanifolds
L C A% (X) for p > 2. Nevertheless, in order to define a local Chern-Simons functional we
now need to know that L?-close points on the LP-submanifold £ can be connected within
the Lagrangian. Moreover, in order to obtain an isoperimetric inequality, the length of the
connecting path must be linearly bounded by the distance of the endpoints. In other words,
we precisely need the following local convexity with uniform constants.

Lemma 1.10 There are constants Cr and dz > 0 such that for all A(0), A(1) € L with
[|A0) — A(1)||r2 < O there exists a smooth connecting path A : [0,1] — L such that

10sA(s)l[ 2 < Cc[|A(0) = A(D)[lz2 Vs €[0,1].

We restate and prove this result in Lemma 4.4 based on the local convexity of gauge
orbits and assuming that £/G(X) is compact. We moreover compare our construction with
the previously defined local Chern-Simons functional [11] for the special Lagrangians L
arising from handle bodies, employing the following nontrivial extension property: For all
A(0), A(1) € Ly there exist A(0), A(1) € Apa(H) with A(i) = A(i)|s such that with a
uniform constant Cg

1A0) = A1)l sy < Crrl|A0) = A(L)]| 2 (-



2 Div-Curl Lemmas

The aim of this section is to establish some estimates that will be crucial for the proofs in
the subsequent section. The first is the so-called div-curl lemma from harmonic analysis (see
e.g. [8]). Here we give an alternative proof of a weaker version (using W2(X)* rather than
BMO spaces) and extend it to our gauge theoretic settings. Here, as in the introduction,
we fix ¥ to be a closed Riemannian surface, let G be a compact Lie group with Lie algebra
g, and consider a trivialized G-bundle over ¥. The div-curl lemmas will later be applied to
both gauge transformations h : ¥ — G and infinitesimal gauge transformations h : ¥ — g.
For that purpose we can identify G with a subgroup of R¥* such that the Lie bracket
is replaced by the commutator [, h] = £h — h€ and the inner product becomes the trace
(&mn) = —tr(én). We will be working with the space of smooth connections A(X) =
C®(X;T*Y ® g) as well as with the space of LP-connections A%P(X) = LP(3;T*Y ® g) for
a fixed p > 2. Moreover, for any 1 < ¢ < co we denote by || - ||y -1.« the norm on the dual
space of W14 (X), where ¢ is the dual exponent given by ¢~ +¢/~! = 1.

Lemma 2.1 ( Div-Curl Lemma ) For every smooth connection Ag € A(X) there is a
constant C such that for all f,g,h € C(X, RVN*N)

/tr(f-dAogﬂdth) < C(Iflle2 + llda, fllz2) lldapgll 2l dag bl 2
P

Proof: We pick a compact Riemannian 3-manifold Y that bounds 9Y = ¥ and extend the
connection Ay to Ag € A(Y). Next, we fix a complement K C Wh3(Y,RN*N) of {f €
kerd z | floy = 0}. Then the solutions f € K of the Dirichlet problem dzodAof =0, floy =

[ are unique and define a bounded linear extension map W2(X, RN*V) — W3y, RN*N),
f = f. (See e.g. [11, Lemma 3.2] for the continuity.) The extensions satisfy

Ifllwieoy < Cillfllwres)y < Co(Ifllrzs) + dao fllrzcs))-

Without loss of generality we can assume that g and h lie in a complement K ¢ W12(%, RV*N)
of kerd 4,. Then their extensions satisfy

lallwrsyy < Cslldaggllres), [hllwrsyy < Cslldaghllres).-

Using these extensions we can estimate for any f € C*°(X,RV*N) and g,h € K

‘/Etr(f-dAOg/\dth)’
= '/Ytr(dAOfN/\dAog/\dAoiL)
+/ tl‘(f' ([FAo’g]/\dAoiL_dAog/\[FAO’h]))
Y

< Cull fllwrs vy Idllwrs vy [Bllws vy

< CaCoC3 (1 f |2y + dao Fll2)) ldao gl 2(s) [dag k]l L2(s)-
Here all constants C; to Cy4 only depend on Ay and the choice of its extension A (which
also determines the curvature Fg ). O

The remainder of this section draws more gauge-theoretic conclusions from the above
div-curl lemma. We first establish a simple estimate that we will need repeatedly.



Lemma 2.2 For every Ag € A%P(X) with p > 2 and q > 2 there is a constant Co such that
ldagélize < Colld, (dagé)llw-1a V€€ WHI(T, g) ()

Proof: The operator d% : L9(X,T*Y ® g) — W~ 14(%, g) is well defined since the Sobolev
embedding W' (2) < L7(X) with

1ogo1o —1>0

Q=

>

Al
N[
Q=

ensures the Sobolev multiplication L9 - L? - L™ C L'. The restricted operator d*Ao|imdAo
is injective since every element of the kernel has the form d4,& with £ € Wh4(%,g) C
W' (3, g) and satisfies [;,(da,&, da,¢0) = 0 for all ¢ € W', which with ¢ = ¢ implies
da,§ = 0. The cokernel of d7 lim da, €quals to the cokernel of the Laplacian d’ da,, which
is finite dimensional. Hence d’ [imd,, i3 a Fredholm operator and (5) follows from the
injectivity. a

Corollary 2.3

(i) For every p > 2 there is a constant C such that for every weakly flat?> connection
Ay € AJP () and any € € Q°(2;g) and ar, az € QY (Z; g)

| [(& Ton Aaa])| < C(IElILe + ldagéllze) TT (levllee + ||dA0aiHL%)a
i=1,2

| [(& Ton Aaa])| < C(IEl1Le + ldagéllze) T (levllze + IIdzoaiHL%)-
i=1,2

(ii) For every p > 2 and connection A € A%P(X) there is a constant C (depending contin-
uously on A) such that for any oy, as € QH(3; g)

for A aa]llw—12 < C [T (lellze + lldacsllw-1»),
i=1,2

lfor A aalllw—r2 < C [T (lellze + l[dhasllw-1)-
i=1,2

Proof of Corollary 2.3 : First note that it suffices to prove the first estimate in both (i)
and (ii). The second estimates then follows by applying the first to [ A ag] = [*aq A *as]
and noting that [|da, * o;[| = [[d%, all-

In (i) the action (Ao, &, a1, a2) = (u*Ag,u'éu,u"tagu, utagu) of the gauge group
G(X) > u preserves the inequality, and we will see that the optimal constant varies continu-
ously with Ay in the LP-norm. It thus suffices to prove the estimate on an LP-neighbourhood
of any given smooth flat connection Ay. Then finitely many of these cover the compact quo-
tient AP (2)/G1P(2) 2 Agar(X)/G(E). So we fix Ag € AgF () and in the following allow
the constants to depend on Ag.

We use the Hodge decomposition with respect to the flat connection Ay to write o; =
da,Git*da,ni+ Bi with harmonic §; € kerda,Nkerd? . The harmonic 1-forms form a finite
dimensional space, so for any p > 2 we have a constant Cy such that ||3;||zr < C1||Billz2 <
C4 ||| 2. Moreover, we have as in Lemma 2.2

| * dagnillLe < Colldi,dagnillw-1» = Collda,cillw-1..

2We say A € A%P(T) is weakly flat if fz(dAof/\dAOn) =0 for all £,n € C=(%,g).



Finally, we also have ||da,Cillz2 < ||a;||2. Now we use the Holder inequality for LP - L? —

L%, the Sobolev embedding W12(X) — L7 (2), and the constant C' from Lemma 2.1
to estimate

A@JmAmﬂ
A@J%+mmmA%w+

<

A@«mmA%+mmmw

+

/(57 (dagCi AdagCe +dagCa Ada,Cr))
s

< €l 2, (181 + *dagmllze lazl 2 + |da,Cill 2| B2 + *dagn2)llze)
+2C (Il 2> + ll[dag€ll2) [dagCrllz2lldagCall 2

< Csléllwrz (loall 2 + [[daganllw—10) (ol L2 + [|da,azllw-10)-

This estimate continues to hold with a uniform constant if Ag is replaced by an LP-close
connection A, since

[dac = dasallw-1» < C[(A—=Ao) Aall| 2 < C[|A = AoflzrlallL:. (6)

L7+2
Furthermore, the norm ||£||y1.2 is equivalent to ||&]|r2 + ||[da,&|lL2 with a constant that
depends continuously on Ag € A%P(X) since

[dag = dag€llze < 14 = Aollzr[l€ll 2, < CllA = AollLo[[€]lwr.2.

1 1

— % = ¢’ !, so we have the

Sobolev embedding W#" < L and its dual L¢ < W~1P, and thus with another uniform
constant

Finally, denote ¢ = % then the dual exponents satisfy p'~

Idas@illw-1» < Clldagail| 2, -
This proves (i), and we have moreover seen that
e Aao]llw-r2 < Cs([lanlzz + l|daseallw-10) (az]l 22 + [[dasazllw-10).

This estimate is not preserved under the gauge group, but it holds for every smooth flat
connection with a constant C' that depends on Ay. If we consider any other connection A €
A%P(X), then the estimate continues to hold with a new constant depending on || A — A||»

by (6). O

Corollary 2.4 For every connection A € A%P(X) there is a constant C such that the
following holds:

(i) For any o € kerds C QY(Z;g) and € € Q°(%, g)
e A daglllw-12 < Cllaf|g2(|dag] 22

(ii) For any & € Q°(%,g), a € Q1(Z;9), and u € G(X)

/ tr(§ - A dAu)
b

< Cliélwz(lellze + l[daalw-1r) lldaull 2.
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Proof: For (i) we assume without loss of generality that ¢ lies in some complement of
kerda, so we have ||€]|La < Cyl|da&|L2 for any 1 < ¢ < oo (but with a constant that might
not depend continuously on A). Now we apply Corollary 2.3 (ii) with some 2 < r < p to
a € kerdy C Q1(Z;g) and € € Q°(E, g) in the complement:

llae A dadlllw-12 < Cilleliz2 (Ildaéll e + [[Fa, E)lw-1.r)
< Coflal (| dag]l 2.

Here we estimated the curvature term as follows: We used the Sobolev embedding wir' <

/ 20’ .. . . 2"
Wi < [ together with the Holder inequality for LP - L7 < L2. Moreover, we
chose ¢ > 1 such that % + % = % and hence

Ensell- = sw | [ <dAsAdw>}
1l 100 =115
< sup (||dA€||L2||[A=¢]||L2+||[Aa§]||u||d¢||y')
("
< Csl|dalllz=|All e + [[All e [[€]] La
< Callda€l e

To prove (ii) we start with a smooth flat connection Ag € Agat(X). In that case we can use
the Hodge decomposition o = da,¢+7 with [|da,¢lz2 < [Jasz2 and v € kerd? such that

[Ylze < Cillla = dagCllze + ldagyllw-12) < 2C1(lallzz + [[dagellw-12).

Now use the Hélder inequality for L? - L2 — L%, the Sobolev embedding W2(3) —

L7 (2), and Lemma 2.1 to estimate

/tr(§~a/\d,40u)
b))
/tf(ﬁ'dAoC/\dAou) +‘/tr(§-7/\d,40u)
b b

< CoflgllwrzlldasClizzdagullze + 1€l 22, [vllzelldaoullz2

< Csllglhwrz (lllze + Idagallw-10) ldaoul e

<

Next, for general A € A%P(¥) we can assume without loss of generality that u lies in some
complement of kerds. Then we have ||ul|r < Cy||dau| 2 for any fixed 1 < r < co. Now
we can estimate with % =1- % + %

_|_

< '/Etr(§~aAdAou) /Etr(g-aA[(A—Ao),u])

< Csll€llwrz (llalle + ldagellw-10) | dagull g2
+[1€lle-llallz2 (| A — Aollze |ull L
< Cliéllwrz(lallre + [[dacllw-1e) [ daul| 2. -

/ tr({ . a/\dAu)
b

The second crucial estimate for the local slice Theorem 1.7 is the following.

Lemma 2.5 For every Ay € A*P(X) there are constants C and § > 0 so that the following
holds for all A € Sa, in the local slice with ||A — Agl|p2 <6 :

11



If [[u*A — Apl|z2 < 0 for some gauge transformation u € GLP(X), then
Ju* Ao — Aoll s + |4 — Aollze < Cllu* A — Ayls

and

[u* Ao = Aoll> + [[A = Aol 2 < Cllu™A — Ag]| 2.

If moreover u*A € Sa, lies in the local slice then automatically u € Stab(Ap).
Proof: Let us write A = Ay + a and u*A = Ay + b, then we have
da,u = u(u*Ag — Ag) = u(u*A — Ag —u" (A — Ag)u) = ub — au
with [|a| g2, [|b]| L2 < 0. Due to d% a =0 we have
diy,da,u = dj, (ub) — *(xa A dayu).
Now we can use the fact that d% : LP D imds, — W7 is injective to estimate

||dA0u||L” < COHdZOdAou”W*l’P
< Col|d4, (ub)[[w-10 4+ Coll x a Ada,ullw-1.s
< Chllubllpe + Cillal 2 [|dagull Lo

Here we used the Sobolev embedding Wir' — L4 with % = % —% and its dual LY — W 1P
with % = % + % If we pick § < C; then this proves the first part of the first inequality,

(1 — 015)||U*A0 - A()”Lp S Cl||b||Lp = Cl||u*A — AO”LP,
For the second part just use au = ub — da,u to see that
A= AollLr = llau]lze < [bllze + [|daoul e

The second inequality, with p replaced by 2, is proven in the same way. The crucial estimate
now uses Corollary 2.4 (ii) with d a =0,

/E<§, (dAO * (ub) —|—>f<a/\dA0u)>

< Csllubl| 2 + Csllal| L2 [|daoul| L2-

[d%y, dagullw-12 = sup [[€]l;h.a
£#0

If we moreover assume d’ b= 0 then
di,dagu = — * (da,u A *b) — *(xa A da,u)
and we can estimate as before

Idagull e < Co(lldagu A #bllw e + ||+ a A dagullw-1.r)
< Ci(llaflzz + [1bllz2) ldagulle < 2C18]ldaoul Lo

For § < %Cfl this implies da,u = 0, i.e. u*Ag = Ayp. O
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3 L?-topology on the space of connections

As before, let X be a closed Riemannian surface, let G be a compact Lie group with Lie
algebra g, and consider a trivialized G-bundle over ¥. The aim of this section is to provide
some understanding of the L2-topology on the space of connections A%? (%) = LP(X; T*E ®
g) and its quotient by the gauge group G1?(X) = WHP(3, G) for fixed p > 2. Firstly, we
will prove the local slice Theorem 1.7 with the following refinement.

Remark 3.1 The differential of the map m in Theorem 1.7 is bounded in the L*-topology
in the following sense: For any smooth path A : (=1,1) — Bs(Ap) let (Ag+a,u) : (—1,1) —
Sa,(g) x GEP(X) be a smooth representative of m~* o A. Then

[da, (u™"Opu)llz2 + [|0va — [a,u™ Byul| 2 < Cl|O A 2.

Based on this local slice theorem, we will prove the following quantitative local pathwise
connectedness and local quasiconvexity of the gauge orbits in the L2?-topology.

Theorem 3.2 For every connection Ay € A%P(X) there exist constants C and 6 > 0 so
that the following holds: For any A € Sa, and u € GYP(X) with ||[A — Agl|z2 < & and
lu*A — Agllp2 < & there exists a smooth path v : [0,1] — GYP(X) with v(0) = 1 such that
v(1)"1*u*A € Su, and

10: (v(®)* A) ||, < CO+][IA— Ag|lps)|u*A— Al Ve [0,1]. (7)

Iz
Here u - v(1)~! € Stab(Ap), so if A = Ay or if Ao is irreducible, then moreover v(1)*A =
u*A, and hence t — v(t)*A connects A to u*A by a smooth path in the gauge orbit of
L%-length bounded by C(1 + ||A — Aol|L»)||u*A — Al| 2.

Remark 3.3 We allow for A # Ay in Theorem 3.2 in order to obtain local pathwise con-
nectedness statements with uniform constants on LP-balls. Near a reducible connection Ag
however, our method only provides a path in the gauge orbit from A to v(1)* A that might dif-
fer from u* A by an element of the stabilizer Stab(Ag). So the question of local connectedness
with uniform constants reduces to the action of Stab(Ag) on the local slice:

We have w := u - v(1)~! € Stab(Ag) such that A,w*A € Sa, are L*-close. Can these
be connected within the gauge orbit in Sa, with a constant in (7) that only depends on Ao ?
The difficulty in this question is to obtain uniform bounds for the action of the compact
group Stab(Ag) on the noncompact local slice Syu,. In our application to gauge invariant
Lagrangian submanifolds L C A(X) we can bypass this difficulty by establishing that LNS 4,
s a finite dimensional manifold near Agp.

Before going into the more technical proofs, let us explain how the local connectivity
and quasiconvexity in Theorem 1.1 follows from the special case of Ay = A of Theorem 3.2.

Proof of Theorem 1.1 : A simple corollary of Theorem 3.2 is the following: Given
Ay € A%P(X) there exist constants C and § > 0 such that for any u*Ay € GHP(X)* 4y with
|lu*Ag — Aol |2 < & there exists a smooth path [0,1] — GLP(X)* Ay € AVP(X), t — A =
v(t)*Ap connecting Ap to A1 = u*Ap with derivative ||0;A¢|| 2 < Cllu*Ag — Aol L2-

This proves Theorem 1.1 (i) and (ii) in the case Ag = B; the general case follows from
gauge invariance as follows: For an arbitrary base point B € A%P(X), let C and J be the
above constants for Ag = B. If we now consider any Ay = ujB and A; = uiB with
|wiB — uyB|l2 < 6, then |(ujug')*B — Bl = |uiB — uB||r2 < § and we obtain a
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smooth path B; connecting By = B to B = (ulual)*B. We can transform it back to a
path A; = ujB; connecting Ap and A; with derivative

10 (ugBe) || 2 = llug " (0:Be)uoll 2 = |0¢Be|| 2 < C||(urug ')* B — Bll2 = C|| A1 — Ag|| 2.

Finally, to prove (iii) suppose that By € A%P(X) is irreducible, then for any L2-close base
point B with ||B — Byl < & we find paths with derivative control ||0:A¢]|r2 < C(1 +
|B— Bolle)|u*A— Al 2 for any A € G1P(X)*B. Clearly, the constant C(1+ ||B — Bo||»)
can be replaced by a uniform constant for all B in an LP-bounded subset of the given
L2-neighbourhood of By. O

In the remainder of this section, we give proofs of the local slice theorem and quantitative
local quasiconvexity, using estimates from Section 2 which are based on a version of the div-
curl lemma.

Proof of Theorem 1.7 : The map m in (1) is well defined. In particular, we have
m[(g* (Ao + a),ug)] = m[(Ag + a,u)] for all g € Stab(Ay). It is equivariant in the sense that
m[(Ag + a, v u)] = v* m[(A4 + a,u)] for all v € G1P(X).

In a first step we will show that the differential Dm4,1q4,,) of m is injective for all
(a,u) € Sa,(e) x GHP(X) with e > 0 sufficiently small. By equivariance, Dm 4, 4q,4)(c, £) =
u(Dm(A0+a7]1)(a, §))u’1 it suffices to prove injectivity for v = 1, where

Dm(AO_Hl)]]) : (04,5) = o — dAoé. - [a,{]

acts on (a, &) € ker(d% ) x W'(X, g) in the L*-orthogonal complement of Stab(Ag)* (Ao +

a,1), ie. (&) L {([a,],%) | 1 € kerda,}. So let (o, &) € ker Dm(a,4a,1), then da,& =
a — [a,£] and hence

di, (dayé) = diy,a — [d*AOa,f] — *[*a/\dAUﬂ = — x [*a/\dAof].

Here we can use the Holder inequality for %—F% = % and the Sobolev embedding W 1Ly () =

L™(X) due to 1% — 1 =1 to estimate with the Sobolev constant Cy

1
2
[ # [xa A dag]llw-1r = Zl;%|fz< *[xa A day€], V)| IVI150

< sup lall 2 ldaoéllze 1l e 19115 e < Cullallzelda,€llze-

With Lemma 2.2 this implies

[dapéllze < Colldi, (dapé)llw-1» < CoCillallL2]|dayéllLe-

If we assume ||a|z2 < (CoC1)~! then we can conclude d,& = 0, and hence o = [a, £]. Since
(a,8) L ([a,€],€) this implies (o, &) = 0. This proves the injectivity of Dm(4,1q,,) for all
(a,u) € Sa,(e) x GHP(X) with 0 < e < (CoCyp) L.

Secondly, the differentials Dm 4,4, are Fredholm maps that vary smoothly with (Ag+
a,u) € Sa, x GHP(X). The differential at (Ao, 1), given by Dma, 1)(a,§) = o — da &, is
surjective by the Hodge decomposition LP(X,T*Y ® g) = kerd} © da,WtP(3, g). So,
by the stability of the Fredholm index, all differentials for (a,u) € Sa,(¢) x GLP(Z) are
bijections, and hence m is a local diffeomorphism onto its image. Indeed, m is also injective
if we choose 0 < ¢ < § with the § > 0 from Lemma 2.5: If u=!*(Ag + a) = a1 *(Ap + a)
then (u=1%)*(Ag+a) = Ag+a € Sa,, and hence the Lemma implies g := u~1% € Stab(Ay).
So we have (Ag + a,4) = g(Ao + a,u), i.e. the two pairs are equivalent in (Sa,(e) x
G'P(X))/Stab(Ap). This proves that m is a diffeomorphism onto its image.
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Finally, our aim is to prove that By := {A € A%P(X) | |A — Ag||r2 < 0} is a subset of
imm for appropriate choices of € and §. This will follow from a connectedness argument:
Note that Bj is connected and Bs Nimm is nonempty since it contains Ag = m(Ag, 1). So
if Bs Nimm is both open and closed with respect to the LP-topology on Bjg, then it has to
be the whole space Bg, as claimed.

The intersection is open since both imm and Bs are open subsets of A%?(3). To see that
Bs Nimm is closed in Bs consider an LP-convergent sequence Bs Nimm 3 A; = uf(/il) —
A, € Bs with Ai € S4,(g). If we choose e > 0 sufficiently small then Lemma 2.5 applies
to give .

[lui Ao = Aol|Lr + [|Ai = Aol|Lr < C[|A; — Ao||Lr-
Since the right hand side is bounded we find weakly convergent subsequences A — Ay e
A%P(X) and u; — us € GHP(X) (with strong C%-convergence). The weak convergence
preserves the local slice condition d (Ao — Ap) = 0 and the unique limit u* Ay = As.
Moreover, again from Lemma 2.5,

|Ase — Aol|r2 < liminf ||A; — Ag||z2 < lim C||A; — Ag|| 2 < C6.
11— 00 1—> 00

So if we choose § < C~'e, then Ao, automatically lies in S4, () and hence we have A, =
(o)t *As € imm. This proves the closedness of Bs Nimm C Bs and thus finishes the
proof. O

Proof of Remark 3.1 : We are considering paths u : (—1,1) — GY?(2), Ag + a :
(=1,1) = Sa,(e), and A : (—1,1) — A%P(X) such that and u*A = Ay + a. Differentiating
this, we obtain dy«a(u=tdu) + u=*9; Au = d;a and hence

da,(u™0pu) = Ora — u 'O Au — [a, u™ Opul.
From this we calculate, using the Coulomb gauge d a = — xda, xa =0,
dy, day (u ') = —dfy ('O A u) — *[xa A da, (u™ ' Ou)).
Now we use Lemma 2.2 and Corollary 2.4 (i) and to obtain (with another constant Cs)

[ dag (u™ Opu)| 2

< Colld%,da, (u™ dpu)|[w-1.2

< C'O(||dj‘40 (’u_latAu)”Wsz + H [*a Ada, (u_latu)] H
< Osl|udpAu=t| 2 + Co * a| 2] dag (w™ " Bpu)| 2

< Co|04A| L2 + Coel|da (u™ dpu) | 12

W*1’2)

Here we have a = u*A — Ay € S4,(¢) and we can choose this L%ball in the local slice
sufficiently small, e < 2C5", to obtain ||da,(u™10u)||z < 2C:]|0:A| 12

Next, recall that we have 0;a — [a,u'0u] = v 10, Au + da,(u"*0;u). Taking the
L?-norm on both sides and using the previous estimate now gives

HdAo (u_latu)Hp + ||(9ta — [a, u_lﬁtu]HLz < (1 + 402)HatA||L2 0

Proof of Theorem 3.2 : The smooth path B : [0,1] — A%P(X) given by B(t) =
A+ t(u*A — A) obviously connects B(0) = A to B(1) = u*A within Bs(A4p) and has L?-
speed ||u*A — Al|z2. The idea is to construct the path v : [0,1] — GYP(2) by finding gauge
transformations v(t)~! that take B(t) into the local slice at Ag. Then we will be able to
use Remark 3.1 to control the length of the path v*A.
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More precisely, we pick 6 > 0 as in Theorem 1.7 to obtain a smooth path + : [0,1] —
(Sa,(e) x GHP(X))/Stab(Ag) with m(y(t)) = B(t) and v(0) = [(0,1)]. We can project it
to GHP(X)/Stab(Ap) and then lift it to a smooth path w : [0,1] — GYP(X) starting at
w(0) = 1 and solving d% (w*B — Ag) = 0. Now v(t) := w(t)~" also defines a smooth path
v :[0,1] — GYP(X) starting at v(0) = 1, which for ¢t = 1 clearly satisfies v(1)~1 *B(1) =
v(1)71 *u*A € S4,. For reducible Ay we can moreover assume that w=1d,w is L?-orthogonal
to ker d 4, after the following modification of w:

Let 7 : WhP(X,g) — WP(X,g) be the L?-orthogonal projection to kerds,. Then
we solve d;g - g7! = —m(w tdw) by a smooth path g : [0,1] — Stab(A4y) C GLHP()
with g(0) = 1. (Note that g automatically takes values in the stabilizer since 0(g*Ag) =
g7 'da, (8rg-9g71)g =0.) Now & := wg : [0,1] — G1P(X) satisfies 0 0w = g~ (w™ ' Gpw —
w(w_latw)) g, and this is orthogonal to ker d 4, since the latter is invariant under conjugation
with g € Stab(Ap). In addition, W~ '*Ag = w™1*g 1 * Ay = w1 * Ay still satisfies the
Coulomb gauge condition.

Now in order to control the length of the path ¢t — v(t)* A, first notice that

O (v*A) = dy-a(v™'0w) = v (da(Qpvv™1))v = v (da(w ™ Opw))v.
From Remark 3.1 we have ||da, (w™t0,w)| 2 < C||0:B|| 12, and hence
100(v" A2 < llday (w™ Brw)l| 2 + [ A = Ao|lwo[w™ D] 2

< (14 C1llA = Aol Le) [ day (w™ ' dpw)|| 2
SC(+[|A—= Aollre) 0Bl = C(L+[[A = Aollzr)|Ju"A — Al 2.
Here we also used ||§||L% < Oy||dagé|e for € = w™t0,w € (kerdy, ) .
Finally, we have (u-v(1)71)*A = w(1)*B(1) € Sa,(¢) by construction. Since A also
lies in the local slice and L2-close to Ay, the local uniqueness in Lemma 2.5 for sufficiently

small £, > 0 implies that u-v(1)~! € Stab(Ap). So if Ay is irreducible or if A = A then
(u-v(1)71)*A = A and hence u*A = v(1)*A. O

4 Gauge invariant Lagrangians in the space of connec-
tions

In this section we consider gauge invariant Lagrangian submanifolds in the space of connec-
tions A(X) over a closed Riemann surface. These are discussed in detail in [9, Section 4],
where we established their basic structure in the LP-topology for p > 2. The aim of this
section is to provide some control of their L?-geometry despite the fact that it is unclear
whether their L2-closure is even a topological manifold. We will work with the following
general class of Lagrangians into which for example all handle body Lagrangians Lp fall.

Definition 4.1 We call L C A%P(¥) a gauge invariant Lagrangian submanifold if
it is a Banach submanifold, invariant under the action of GVP(X), and Lagrangian in the
following sense: For every A € L the tangent space ToL C LP(X, T*Y ® g) is Lagrangian,
i.e. for every a € LP(E, T*X ® g)

w(a,ﬂ)::/z<a/\ﬁ>:() VB eTaL — a€TsL. (8)

We moreover assume® that L lies in the subset of weakly flat connections, £ C Ag’:t(Z),
and that the quotient space L/G1P(X) by the based gauge group is compact.

3This follows directly from the other assumptions if G' has discrete center, i.e. [g, g] = g; see [9, Section 4].
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We know from [9, Section 4] that any such Lagrangian £ is a totally real submanifold
with respect to the Hodge * operator for any metric on ¥, i.e. for every A € L

LP(S, T*Y @ g) = TAL & *T L.
This should be compared with the Hodge decomposition for any A € Ag’apt (X)),
LP(S, T*Y ® g) = imds @ hly © ximda

with hYy = kerda Nkerd’. The quotient L := £/G(X) has singularities in general, but £
has the structure of a principal bundle

G.P(%) = L~ L]GP (%) 9)

over a smooth quotient £/G}?(3). Here we fix a base point set z C ¥ consisting of exactly
one point in each connected component of 3, then the fibre is the based gauge group
G () = {u € G (%) |u(z) = 1).

Every class in £/G}P(X) has a smooth representative. So the bundle structure shows
that the W*4-closure or restriction of £ is again a smooth Banach submanifold of A4 (%) as
long as (k+1)g > 2, so GH4(%) is well defined. Tt is however unclear whether the L2-closure
of £ will necessarily be a smooth Hilbert submanifold of A%2(X). The lack of L?-charts for
L will be compensated by the following proposition and the local slice Theorem 1.7. Recall
the definition of the L?-balls in the local slice at Ag € A%P (%),

San(e) == {A € A () | diy, (A — Ag) =0,]|A— Ag|l 2 < e}

Proposition 4.2 For any Ay € L there is an € > 0 such that the intersection La, =
LNSa,(€) of the Lagrangian with the L?-ball in the local slice is a submanifold of dimension
dim L4, = 3 dim hl, -

Proof: Since £ C Ag";(E) we have the Hodge decomposition [9, Lemma 4.1] in the LP-
topology,
QY(2,g) = kerd’, ®imda,.

This shows that Ta,S54, = kerd}y is transverse to T4 L D imda,. We claim that the
transversality of Sa, and £ persists in an L2-neighbourhood of Ag. Then by the implicit
function theorem the intersection £MNS4,(e) is a submanifold of both £ and S4,. Note that
TaSa, = kerd}y forall A€ Sy, and TaL D imdy for all A € L. So it suffices to prove
that for all A € £ with d (A — Ag) =0 and [|A — Agl|z2 < ¢ sufficiently small we have

042, g) = kerd’, +imda.

To prove this we need to consider any o € Q'(2,g) and find ¢ € WHP(3, g) such that
a —da€ € kerdy . This is achieved by solving d da& = d} a, so we only need to check
the surjectivity of

dfy, da s WHP(S, ) D (kerda,)t — imdy, C W P(,g).

For A = Ap this is a Fredholm operator of index 0. For any other A € A%P(¥) it is a
compact perturbation (and thus also Fredholm of index 0) since

[y, dag — Ay, daéllw-1.r < ClI(A = Ao)llLe 1€ L

and WHP(2) — L>(X) is compact. So instead of the surjectivity we can check the injec-
tivity: Let £ € (kerda,)* € WHP(2,g) with d% da& = 0, then we use Corollary 2.3 (i)
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with the local slice condition d% (A — Ag) = 0 and the weak flatness da,da,& = 0 of Ag to
estimate

0= ‘/E<dAO§/\*dA§>
— g€l + [ (dagt A +lA = Aosg])
%

— dagglzs + [ (614 - 40) A dag))
%

> [[dagéllze = Coll€llze + ldao€llzz) I A — Aoll z2llda,€ll 2
> (1-2C1C2)| A = Ao||2) [dag€ ]l e
Here we used the estimate [|£]|z2 < Ca|da &z for € € (kerds,)t and some Cy > 1.

This calculation shows the injectivity of dj da and thus the claimed transversality for
||A — AQ||L2 <ég:= (20102)_1. O

The next two results replace the L?(3) to L3(H) extension properties [11, Lemma 1.6] of
handle body Lagrangians Ly C A(X). First, we have the following weak form of a uniform
curvature bound, restating Lemma 1.9 from the introduction.

Lemma 4.3 There is a constant Crp such that any smooth path A : (—sg, so) — L satisfies

/E<33A(0) N 0,0,A(0)) < Cre|0sA0)[ 72 s

Proof: This estimate is preserved under constant gauge transformations in G1?(X). So by
the compactness of £/GL?(X) it suffices to establish the estimate for paths A : (—sg,s0) —
L that pass through the local slice, A(0) € Sa,, for some fixed smooth Ay € L. We
can moreover assume that the entire path A lies in an LP-neighbourhood of Ag. Then in
Theorem 1.7 we can replace G1'P(X)/Stab(A4) by the image of the exponential map on a
WhP-ball in the L2-complement of kerda,, that is DV?(§) N (kerds, )t ¢ WP(Z, g) with
DUP(8) := {€ € WHP(3,9) | [[€]lwrr < 6}. For sufficiently small 6 > 0 the map

Sa,(€) x (Dl’p(é) N (ker dAO)L) — AYP(%)
m:
(Ao +a,8) = exp(§)* (Ao +a)
is a diffeomorphism onto its image, which contains an LP-neighbourhood of Ay. So we can
write A(s) = exp(£(s))*B(s) with smooth paths & : (—sg, s9) — DP(8) N (kerda,)t and
B : (—s0,80) = La, = LN S4,(e) such that £(0) = 0 and B(0) = A(0).
Next, by Proposition 4.2 we have a trivialization of TL 4, near Ay,
LAOXTAOLAO — SAO

(B, §) = ®(B)B,
such that ®(B) : Ta,La, — TpLa, is an isomorphism for all B sufficiently L2-close to Aj.
We use this to write d;B(s) = ®(B(s))5(s) with a smooth path 8 : (—so,s0) = Ta,La,-
Now we have
05 A(s) = exp(—€(5)) (D(B(5))B(s)) exp(§(s)) + dacs) (exp(—€(s))0s exp(€(s)))

and hence by £(0) = 0 and B(0) = A(0)

95 A(0) = ©(A(0))B(0) + da(0)05£(0),

02A(0) = [0sB(0) + 95 A(0), 0:£(0)] + T a(0) (95 B(0))3(0) + (A(0))3:5(0)

(O
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Note here that the last two terms in 92 A(0) lie in T 4(0)L, as does 9;A(0). So the symplectic
form on 9;A(0) and 92A(0) simplifies as follows. (From now on all calculations will be at
s=0.)

/ (DA N D,0,A)
>

= / << [0sA N (0sB + 05A4)],0s€ ) + (0sANTa®(9:B)3)
b))

< Col|0sAl[ 2105 B + Os Al| 2 [|0s€| w2 + (|05 All L2 [ Ta®][[|0s B[ 8]
< Crellds Al 2z

Here we used Corollary 2.3 (ii) and the fact that da0;A = 0,Fa = 0 as well as d 4(0)0s B(0) =
0sFp(0) = 0. From Remark 3.1 we have ||da,0s&||r2 < C1||0sA4| L2, and so since 95§ €
(kerda,)*

10s8llwr2 < Callda,0sllL> < C1Co|0:Al| 2.

As a consequence we obtain for 9; B(0) = 95A(0) — d 4(0)9s£(0)
[0sBllL> < |0sAll L2 + [|day0s€ll L2 + [[[(A — Ao), 9s€]l| 2 < Cs|0sAl| >

Since B is a path in the finite dimensional manifold L 4,, all norms on 0sB € TpL 4, are
equivalent. The same applies to the path 5 in T4,L4,. So we dropped the subscripts from
these norms and just note that ||3|| < Cy4||0sA| 2 since ®(B)S = 9;B and ®(B) is an
isomorphism that is uniformly invertible for B in a neighbourhood of Ag. Finally, we used
a uniform bound on Tp® : TpLa, x Ta,La, — LP(X, T*X ® g) for B in a neighbourhood
of Ao. O

Secondly, restating Lemma 1.10, we show that £ C A%P(X) is uniformly locally quasi-
convex in the L2-metric, despite possibly not being a topological submanifold.

Lemma 4.4 There are universal constants Cr and 6 > 0 such that for all Ay, A2 € L
with ||A; — As||p2 < &z there exists a path A : [0,1] = L with A(0) = Ay, A(1) = A3, and

0:A(s)|| 12 < Crl| Ay — Ag]| L2 Vs € [0,1]. (10)

Before embarking on the proof we should remark that this lemma would be a mere
corollary of Theorems 3.2, 1.7, and Proposition 4.2 if we knew that the local slice map is
continuous in the sense that it provides uj A1, u3As € Sy, in the local slice of a fixed nearby
Ap such that ||ufA; — uiAs| L2 < Cpl|A1 — Asz||L2. In the present proof we replace this
unknown continuity by our knowledge of the bundle structure of L.

Proof of Lemma 4.4: As in [11, Section 3] we choose standard generators as, ..., ag, :
[0,1] = ¥ of m1 (X, 2) that coincide near z. These extend to embeddings &; : [—1,1]x[0,1] —
Y such that the loops &;(7, ) are based at the same family z : [-1,1] — X. This provides a
family of holonomy morphisms p. ;) : £ — G?29 given by parallel transport along the loops
& (7, ). Now [11, Lemma 3.1] says that for all Ay, As € £ there exists 7 € [—1, 1] such that

distgzs (pa(r) (A1), po(r)(A2)) < Cil|A1 — Azl s

By [9, Lemma 4.3] the images p,()(£) C G** are smooth submanifolds. Moreover, £ is a
gzlﬁ)(E)—bundle over the compact quotients L/gzlﬁ)(E) = (L) = M, C G*. We fix
a finite cover My = Ujvzl L{g such that there exist smooth local sections ¢; : By — L over
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the closed unit ball By C R™ inducing diffeomorphisms p () o ¢; : B1 — L{g c G?9. Since
the ¢; are smooth over the compact By, the maps p,(r)o ¢; : B1 — M, C G29 will also be
local diffeomorphisms for small variations of z(7). So there is a uniform constant Cy such
that for all 7 € [—1,1] and vy, v2 € By

Hvl - UQHRM <O diStG29 (pz(‘r)(d)J (vl)) ’ pz(‘r)(d)j (’02»)

Moreover, we can assume that the U7 := p,(;)(¢;(B1)) C G* provide a cover of M, for all
T e [-1,1].

Now given Ay, Ay € L with ||4; — Asl|r2 < § sufficiently small we find 7 € [—1,1] such
that p.(r)(A1), po(r)(A2) € G?9 are so close that they lie in the same chart U7 for some j.
Then the v; := (po(r) © ¢;) ' p(r)(As) € By satisfy

[v1 — v2|[rm < C1C2|[Ar — Azl|Li(s).-

Moreover, we will have A; = u}(¢;(v;)) for some u; € QZIE’T)) (2). From this we can construct
a first part of the required path. A(s) := u3(¢;(v(s)) with v(s) := (1 — s)v; + sv) connects
A(1) = Ay to a connection A(0) = u*A; which is gauge equivalent to A; by u = u; ‘uy €
G1P(¥). The length of this path is bounded by

105 A(8) |l L2 = [I(Tusyd5) (v2 = v1)[ 22 < Callor = va||lrm < C1C2C3]| Ay — As|| 1.
So it remains to prove the lemma for gauge equivalent connections A; = A,u*A € £ with

[A—uAlrz <|[[A1 — Azl[z2 + || A2 — " Aq| 2
<A1 — As||p2 + C1CoCs]| Ay — Az < Cul|Ay — Asl|r2 < Cudr

Note that the claim of the lemma for these is preserved under gauge transformation of
A. Now we need to digress for a moment to produce an open cover of L£/GYP(X) by
neighbourhoods on which we can achieve uniform constants. Given any base point Ag € L,
Proposition 4.2 provides €4, > 0 such that La, := £ N Sa,(e4,) is a smooth submanifold
and hence locally connected (though with respect to the LP-topology). So we can find
d4, > 0 such that any A € LN S4, with ||A — Ap|lzr < da, lies in the same connected
component of L4, as Ag. Since L£L/GYP(X) is compact, we can now assume without loss of
generality that A € Sa,(¢) lies in the local slice of one of finitely many base points Ag € L,
and moreover ||A — Ao|lLr < da4,-

Next, we can pick the constants €4, > 0 and dz > 0 such that 4, + C4dz < 0 for the
d > 0 from Theorem 3.2. Then that theorem provides a path v(s)*A € £ from v(0)*A = A
to v(1)* A such that d% (v(1)~" *u*A — Ag) = 0, and whose length is bounded by

104 (0()*A) | .2 < Ca(1+ 1A = Aol ) lu" A — All 2 < 2C5||u” A — Al .

It remains to connect the endpoint v(1)*A to u*A. Equivalently we can connect A to w* A
(with w = u-v(1)~! € Stab(Ay)) for A, w*A € S4, and

|[A—w*A|r2 = [[v(1)*A —u* A2 < (14 2C5)||A — u* A2 < Cg||A1 — Az||z2 < Cedr..

Since w € Stab(Ag) we have ||w*A — Agllr = |[|A — Aollzr < da,, so by construction
both A and w*A lie in the connected component of Ag in the finite dimensional manifold
Ly, = LN Sa,(a,)- They can thus be connected by a geodesic in L4, C £ whose length
(and speed) is bounded linearly by ||A — w*A|| .

If we first reparametrize the three separate paths above so that they are constant near
the ends (and their slope in the interior is at most doubled), then the concatenated path is
smooth and satisfies the claimed bound on the derivative for all times. a
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5 The Chern-Simons functional

Throughout this section we consider a gauge invariant Lagrangian submanifold £ C A%P
as in Definition 4.1. We moreover assume that the quotient space £/GLP(X) is connected
and simply connected for some (and hence every) base point set z C X. The aim of this
section is to define a local Chern-Simons functional for short arcs with endpoints on £ and
establish an isoperimetric inequality.

We consider a smooth path A : [0, 7] — A(X) with L?-close endpoints A(0), A(r) € L.
Then Lemma 4.4 provides a continuous and piecewise smooth path A: St — A(X) with
121|[0,7r] = A and A([r,2n]) C £ such that

1054022 < CL]|A0) = A(V)|lz2 ¥ € [m, 2a]. (11)

We pick any such path to define the local Chern-Simons functional for A by the usual
Chern-Simons functional on S* x ¥ for the extended connection A,

2
CS(A) = —%/0 /Z<AA3¢,A> do. (12)

A different choice of the extension path A : [r,27] — £ would change CS(A) by the value
of the Chern-Simons functional on a loop B : S' — £. This value however is invariant

under homotopies: Let B : [0,1] x S* — £ be continuous and piecewise smooth, then
04B,0sB € TpL for almost all (s, ¢) and thus

es(B1.) - esBO.) =4 [ 5 [ [ (B0 n0uB(5.0)) ds as

1
= [ ] wlouns. o 0360 asas = o

So the local Chern-Simons functional in (12) is well defined up to the additive subgroup
CS(m1(£)) € R. By our assumption on the base space £/G}P(X) of the bundle (9), the
fundamental group 71(£) is generated by loops u*Ag for Ag € £ and u : St — G(X). For
these we have CS(u*Ag) = CS(Ap) — 4% degu € 47*Z, and thus CS(m (L)) = 472Z. With
this we will see that our local Chern-Simons functional is in fact real valued when restricted
to sufficiently short paths, and it moreover satisfies an isoperimetric inequality.

Lemma 5.1 (Isoperimetric inequality)
There ise > 0 such that for all smooth paths A : [0, 7] — A(X) with endpoints A(0), A(n) € L
and [ |0 Al L2(s) < € the local Chern-Simons functional (12) is well defined and satisfies

T 2
CS(A)] < L1470 (/0 106 A] 120, qu) .
Proof of Lemma 5.1 : Let A : [0,7] — A(X) be a smooth path with A(0), A(7) € £

and [ [|0pAl|r2(s;) < €, where € > 0 will be fixed later on. Consider any extending path
A:S' = A(Y) such that Ahom]xg = A, A([r,27]) C £, and (11) holds. With this we have
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2|CS(A)| = /O%LMA%ANA

_ /2w/< A(O)+/¢8¢fl(9)d9) /\8¢/~1(¢))d¢}
_/Qﬁ/ / 05 A4(6) A 05 A(¢ dedqﬁ}

([ 1030y 20)

2
< < / 18641l 2 s, 46 +TCIA(0) - A(W)|L2(2)>

IN

™ 2
< (1+nCp)? </ 106 A 255 d¢>) < (1+7Cp)%e?
0

If we choose € > 0 small enough, then this implies that our choice of extension path will
always yield values CS(A) € [-n2,72]. If we change the path A, then as seen before the
Chern-Simons functional will change by a multiple of 472. This cannot lead to another value
in the interval [—72, 72], hence the value of CS(A) is uniquely determined by the condition

(11) on the extensions. O

The Chern-Simons functional for handle body Lagrangians

For a Lagrangian submanifold £ = Ly that arises from a handle body H with 0H = X
an alternative definition of the Chern-Simons functional is given in [11, Section 4]. For
A:]0,7] — A(X) with L2-close endpoints A(0), A(m) € Ly we defined

CSu(A :__/ / ANdyAYd _%/<AH<> [As(0) A Ap (0)])
4 [ (@A An(m) A Au(m),

where flat extensions Ay € Apa(H) are chosen such that Agy|y = Alyx and ||Ag(0) —
Ag(m)||Lsay < Crl|A(0) — A(7)|| 2(x) with some uniform constant C. Here we show that
CSy agrees with the more general CS given by (12).

The extensions Ay (0), Ap(7) € Apat(H) determine a path A [r,27] = L uniquely up
to homotopy, by requiring that A extends to a path Ay : [, 21] — Agas(H) with the given
endpoints Ag(7) = Ag(r) and Ag(2r) = Ag(0). This is since Agai(H) is a bundle over
the simply connected base SU(2) X - - - x SU(2), whose fibre G, (H) is also simply connected
(since H retracts onto its 1-skeleton and 7m2(SU(2)) = 0). With this path we indeed obtain
CS(A) =CSp(A) since

%/Z<A/\8¢A>:%/H(<dAHAH/\a¢AH>_<AH/\dAHa¢AH>)

d y y _

Here FAH = O, SO dAHAH = [AH AN AH] and dAHad,AH = @,FAH = 0.
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6 Bubbling for ASD instantons with general Lagrangian
boundary conditions

In this section, based on the results of Sections 4 and 5, we extend the compactness results
of [11] for anti-self-dual connections with Lagrangian boundary conditions (3) to the more
general class of Lagrangian boundary conditions £ introduced in Section 5.

Theorem 6.1 Let £L C A% be a gauge invariant Lagrangian submanifold as in Defini-
tion 4.1 for some p > 2, and suppose that the quotient space L/GLP(X) is connected and
simply connected for some base point set z C X.. Then the energy quantization Theorem [11,
Thm.1.2] and the removable singularity Theorem [11, Thm.1.5] continue to hold with Ly
replaced by L. This finishes the proof of compactness for moduli spaces of (3), as already
claimed in Theorem [7, Thm.7.2].

Rather than copying statements and proofs we provide new results and indicate how
these can replace the (few but crucial) arguments in [11] that are based on the special form
of the Lagrangians. Roughly, we only need to replace [11, Lemma 1.6] and the definition of
the local Chern-Simons functional.

As in [11] we fix a metric of normal type ds?+dt?+gs ; on D x %, where D := B, (0)NH?
is the 2-dimensional half ball of radius rg > 0 and centre 0. We consider a connection
E € A(D x X) that solves the boundary value problem

F=s+%Fz =0, El(s,0)xz € L Vs € [—=ro,7T0]. (13)

In the proof of the energy quantization [11, Theorem 1.2] we only need to replace the
estimate for the normal derivative in [11, Lemma 2.3] by the following result. We express
the connection in the splitting Z = A + ®ds + ¥dt and denote by B; = 9sA — da® one of
the curvature components.

Lemma 6.2 There is a constant C' (varying continuously with the metric of normal type
in the C?-topology) such that for all solutions = € A(D x X) of (13)

e S OBl ay + 1B:lasy)-

Proof: As in [11, Lemma 2.3] we have

e

=i liol

2 2
Pz} < (CllBol o - / (V.B.AB,))|

10
Zﬁ’t:o} _

The estimate for this normal derivative can be checked in any gauge at a fixed (sg,0) €
D N OH?. We choose a gauge with ® = 0 and hence By = 9,A. Then E|(. g)xs = A(-,0) is
a path in £ to which Lemma 4.3 applies. So we calculate

_/E<VSBS/\BS> - /E<85A/\8585A> < Crc]0uA] gy = Crel|Belldags,

The constant Crvy does not depend on the metric and the constant C' above varies as in
[11]. O

For the removal of singularity Theorem [11, Thm.1.5] we denote punctured half balls by

D: = B,(0)\ {0} N H?, D* := Dy,
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and consider a finite energy solution = € A(D* x X) of (13). Using polar coordinates
€ (0,r0], » € [0,7] on D* we can always choose a gauge = = A + Rdr with no d¢-
component. Then the energy function is

p T
) = = AllL2(x) 0 AllL2(x) ‘
o=t [ AP = [ [ Fs 10 ) rdodr (1)
D:x% o Jo

In the proof of [11, Theorem 1.5] we only need to replace the isoperimetric inequality [11,
Lemma 4.1 (ii)]. This is reproven in the following lemma.

Lemma 6.3 Let = € A(D* x X) satisfy (13) and E(ro) < oo, and suppose that it is in the
gauge = = A+ Rdr with ® = 0. Then there exists 0 < r1 < 1o such that for all r < rq

E(r) = —CS(A(r,) < (1 +7C.)? (/Owuaqu(r,@HLQ(E) d¢> < i)

and hence E(r) < Cr? with some constants C and > 0.

Its proof uses [11, Lemma 5.4], restated below, which directly generalizes to the present
case (using Lemma 6.2 in the proof instead of the normal estimate from [11, Lemma 2.3]).

Lemma 6.4 There exist constants C' and € > 0 such that the following holds. Let = be
a smooth connection on D* X ¥ that satisfies (13). Suppose that E(2r) < e for some
0 <r < 3ro, then for all ¢ € (0,7)

I, 6)3asy < Cr2€@r)  and  |[Fe(r,d)[3(x) < Clrsing)*€(2r).

Proof of Lemma 6.3: Let 0 < p <7y (where 0 < r; < 1 will be fixed later on), then by
assumption £(p) < E(rp) is finite, i.e. it exists as the limit

= lim 2/ |F—|2
5—0 D,\Ds)x

We aim to express this as the difference of a functional at r = p and at » = §. The
straightforward approach picks up additional boundary terms on {¢ = 0} and {¢ = 7}. We
eliminate these by gluing in [7, 27] X ¥ and extending the connection by paths in £.

More precisely, (D, \ Ds) x X is diffeomorphic (with preserved orientation) to [4, p] x
[0, 7] x ¥, and we glue in [§, p] x [7,27] x X to obtain the smooth 4-manifold [6, p] x ST x 2
which has the boundary components S' x ¥ at 7 = p and S' x ¥ at r = §. Next, A(-,0)
and A(-,7) are smooth paths in £, and for sufficiently small r; > 0 they will automatically
lie in the same connected component (see (16) below). So we can pick a smooth family of
extension paths A : [4, p] x ST — A(Z) with /~1|[5 px[0,7] = A and A([(S pl, [r,2x]) C L. We
also extend the function R : [4, p] x [0, 7] x X — g to a smooth function R:[6,p]xS'x% = g.

These extensions match up to a Wh>-connection Z := A4 Rdr on [6, p] x S* x X. Note
that the extension over [4, p] x [m, 27] x ¥ will not contribute to the energy expression for
the instanton, that is

%/;/W%/EW;AF@

:/;/W%/E«FA’%RHWA d;R )/\6¢A>) dé dr = 0. (15)
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This uses the fact that A € £, hence F; = 0 and J5( (0, A —d;R) NyA) = 0 since this is
the symplectic form on tangent vectors to the Lagrangian L.

We will choose the extension paths A(-, [, 27]) such that for all § < r < p the functional
C(A(r,-)) given by the right hand side of (12) with this extension path equals to the local
Chern-Simons functional CS(A(r,-)). For this purpose let £ > 0 be the constant from

Lemma 6.4 and choose 0 < r; < %ro such that £(2r1) < &. Then for all 0 < r < rq

™ 2 T
</0 H%A(r,qs)up(mdqs) <m /O 105 A(r.6)][ ;55 40 (16)
= %/0 || Pe(r, 6)|[ 325y A9 < CE(2r).

Now choose 71 > 0 even smaller such that C&(2r;) < min(r?,&%) with ¢ > 0 from
Lemma 5.1, and such that A(r,0) and A(r,7) automatically lie in the same connected
component of £ for r < r;. Then the lemma applies to A(r,-) for all 0 < r < r;. In
particular, since p < r1, we can choose the family of extension paths to end at A(p, -) such
that

~ 271— ~ ~
CAlp.) =4 [ [ (A(p.0) 7 2,00.0)) a6 = CS(A(p.).

Moreover we know that for all » € [d, p] the path A(r,-) is sufficiently short for the lo-
cal Chern-Simons functional CS(A(r,-)) to be defined and take values in [—7%, 72]. Now
C(A(r,-)) is a smooth function of € [d, p] whose values might differ from CS(A(r,-)) by
multiples of 472. We have equality at 7 = p and hence by continuity for all r € [4, p| as
claimed. Thus we actually express the energy of = in terms of the local Chern-Simons

functional
% ~/(D,,\D5)><E |FE|2 N _% ~/[5,p]><51><2<Fé : Fé>
= —C(A(p. ")) + C(A(6,-) (17)
= —CS(A(p,-)) + CS(A(S,)).
Here we have FsAFz = —|Fz|*dvolon (D,\Ds)xX and [( FsAFz ) = 0on [6, p]x [, 27 x

by (15). Now by Lemma 5.1

™ 2
st ] < 40+ ne)? ([ 105010

7(1+7C)? [T , 2
#/0 r HFE(Ta(b)HLQ(E) de¢.

As r — 0 this expression converges to zero by Lemma 6.4. Thus for all 0 < p <

<

o7 2 1
8(/)) = —CS(A(p, )) < %ﬁ 1/0 pQHFE(pv ¢)HL2(E) d¢ = %ﬂ 1/)5(/))
with 8 = 7=1(1 + 7Cz)~2 > 0. By integration this implies £(r) < Cr?5 for all 0 < r < 7.

d
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