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First proposed in 2013 by Yagi and Yunes, the quasiuniversal I-Love-Q relations consist of a set of
relations between the moment of inertia, the spin-induced quadrupole moment and the electric quadrupolar
tidal deformability of neutron stars which are independent of the equation of state within an accuracy of
∼1%. In this work, we show that these relations hold for different Skyrme-based nuclear matter equation of
state and also for the starlike solutions of different Einstein-BPS-Skyrme models - where BPS stands for
Bogomolnyi-Prasad-Sommerfield, some of which do not even present a barotropic equation of state.
Further, other quasiuniversal relations are analyzed, and, together with recent gravitational wave
observations, we use them to select the generalized Skyrme model that better reproduces observations.
Our results reaffirm both the universality of the I-Love-Q relations and the suitability of generalized
Skyrme models to describe nuclear matter inside neutron stars.
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I. INTRODUCTION

The Skyrme model [1] and its generalizations [2–7]
consist in a set of relativistic, effective-field-theoretic
models of interacting Goldstone bosons which have been
proposed to describe strongly interacting matter in a low
energy regime. Indeed, baryons, nucleons and nuclei, whose
existence can not be inferred by perturbative QCDmethods,
are described within the Skyrme models as (topological)
solitonic configurations of the underlying bosonic degrees
of freedom. During the last few decades, many properties of
nucleons [8] and nuclei [9–16] have been reproduced using
these models. These results have contributed to establish the
Skyrme model approach as a well-motivated proposal for
the description of nuclear matter. Furthermore, in recent
years there has been a growing interest in obtaining self-
gravitating solutions of the Einstein-Skyrme system in order
to determine whether the Skyrme model and its generaliza-
tions are also able to describe the properties of matter inside
neutron stars (NS) [17–22].
On the other hand, one of the most outstanding chal-

lenges of current astrophysical research is to obtain
information about the equation of state of ultradense matter

from neutron star observations. In particular, apart from
their masses and radii, other interesting observable proper-
ties of NS are their quadrupole moments, spin angular
velocity (angular momentum), and deformability against
tidal forces—which is encoded in the so-called Love
numbers [23,24]. All these properties can be constrained
by their imprints into the waveform of a gravitational wave
signal emitted by an inspiraling binary neutron star system.
Indeed, binary NS systems are one of the most promising
sources of gravitational waves (GWs) within the detection
range for second generation observatories, such as
advanced LIGO, advanced VIRGO [25,26], or KAGRA
[27]. The observation of GWs emitted during the coales-
cence of the stars in such systems—especially in the last
part of the merging, in which the stars are subject to large
tidal deformations due to the extremely strong gravitational
fields involved—will shed light onto the equation of state
(EOS) of matter at very high densities, well beyond the
nuclear saturation point.
A particularly interesting property of compact stars is the

apparently universal relation between the moment of
inertia, the Love numbers and the quadrupole moment
(I-Love-Q relations) of such stars. These I-Love-Q rela-
tions, first proposed by K. Yagi and N. Yunes in [28], when
applied to NS, allow us to break the degeneracy between
the quadrupole moment and the NS spins in the gravita-
tional waveforms of inspiraling NS binaries. Therefore, a
much more precise determination of the (dimensionless)
averaged spin can be reached in such measurements [29].
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In this paper we show that starlike solitonic solutions of
different Skyrme-type models not only exist but also
reproduce to a good extent some of the currently best-
known properties of NS—like the typical values of mass,
radius, moment of inertia, Love numbers, etc.—coming
from astrophysical measurements, GWobservations and/or
computer simulations.
We also address the issue of whether the compact star

solutions obtained within different Skyrme-based models
and the corresponding EOS satisfy the I-Love-Q relations,
and find that they indeed do satisfy them, even though the
equations of state for different models present big
differences. The Skyrme model, being relatively simpler
than other phenomenological or first-principle-based rela-
tivistic field theories describing nuclear matter, therefore
not only stands as an excellent candidate to describe
nuclear matter at very high densities such as those inside
NS. In addition, it provides a simple toolkit for the
construction of a wide range of models of nuclear matter
and their corresponding EOS, which allows us to inves-
tigate the resulting NS properties and universal relations in
environments not considered previously—like, e.g., for
nonbarotropic EOS, see below.
The rest of the paper is organized as follows: in the second

section, we present the generalized Skyrme model and the
submodels that we want to consider, and we find static
solutions to the Einstein equations for these models coupled
to gravity. For all models, we choose the model parameters
such that the resulting skyrmionic matter approaches the
nuclear saturation density n0 ¼ 0.16 fm−3 and the energy per
baryon E0 ¼ 923.3 MeV of infinite nuclear matter at satu-
ration in the limit of zero pressure, as in [22]. In Secs. III and
IV, we review the framework for obtaining perturbative
solutions to theEinstein equations that represent, respectively,
slowly rotating and tidally deformed stars. We find the
equations for the metric perturbations up to second order
in spin (for the rotating case) and to linear order in the external
tidal field in the tidally deformed case, and solve these
numerically for the star interior, after which the matching
with the analytical exterior solutions is performed in order to
obtain the correct values of the first multipoles in the
asymptotic expansion of the metric outside the star. Also,
in Sec. IV the definition of the Love numbers is given, and a
procedure to obtain the first (quadrupolar) Love numbers
from the perturbative analysis is explained. Finally, in Sec. V,
we show different quasiuniversal relations between the
dimensionless moment of inertia, quadrupolar moment,
electric and magnetic Love numbers, and compactness of
the stars for all the models at hand, and discuss them. We
conclude with a comment in Sec. VI about some constraints
on the deformability of NS coming from recent GW obser-
vations of binarymergers and on the feasibility of the different
Skyrme-based models to describe nuclear matter inside NS,
and finish in the last section with a summary of all these
results and prospects of futurework. In our choice of units, the

speed of light is c ¼ 1. For masses (energies) and lengths we
use either solar masses M⊙ and km—for astrophysical
objects, or MeV and fm—for nuclear physics observables.

II. STATIC STARS AND GENERALIZED
SKYRME MODEL

A. The generalized Skyrme model

The original Skyrme model is defined by the following
Lagrangian

LSK ¼ L2 þ L4 þ L0

¼ −
f2π
4
TrfLμLμg þ 1

32e2
Trf½Lμ; Lν�½Lμ; Lν�g

− μ2UðUÞ; ð1Þ

where the Goldstone bosons associated to chiral symmetry
breaking—the lightest degrees of freedom of QCD—form
the SUð2Þ matrix Skyrme field UðxÞ. Furthermore, Lμ ¼
U†∂μU is the suð2Þ-valued, left invariant Maurer-Cartan
form and U is a nonderivative part of the model, i.e., a
potential. This theory possesses only three coupling con-
stants fπ , e, and μ which are, respectively, the pion decay
constant, the Skyrme coupling constant, and the μ param-
eter related with the pion mass via μ ¼ mπfπ=

ffiffiffi
8

p
. More

precisely, mπ is the mass of small perturbations around the
vacuum (pions) if the potential tends to the pion potential
Uπ ¼ 1=2Trð1 −UÞ for U → I.
For finite energy solutions, it is necessary to impose

constant boundary values ofU at jxj → ∞. This implies the
appearance of a nontrivial topology. Indeed, the physically
relevant matter field configurations define maps

U∶S3 → SUð2Þ ≃ S3; ð2Þ

which are classified by an integer number or topological
degree

B ¼
Z

B0d3x; Bμ ¼ 1

24π2
εμνρσTrfLνLρLσg; ð3Þ

where Bμ is the topological current. Importantly, it can be
rigorously proven that the topological charge is just the
baryon charge [30]. Due to this equivalence, topological
solitons with a nonzero value of the topological charge,
typically referred to as Skyrmions, are identified as baryons
and atomic nuclei, although the derivation of their proper-
ties as quantum systems from the Skyrme model (a non-
renormalizable field theory) requires a careful quantization
of the zero as well as massive (vibrational) modes of the
classical solitons [8,13,16]. It is one of the most attractive
features of the model that all these objects are emergent
phenomena that arise from a very simple Lagrangian based
entirely on pionic degrees of freedom, which contains a
very small number of parameters.
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Being an effective theory, the Skyrme model can be
extended by adding higher-order terms to the Lagrangian. It
can be shown that the only possible Lorentz-invariant extra
term with at most second-order time derivatives of the
Skyrme field is [6]

L6 ¼ −λ2π4BμBμ; ð4Þ

where λ is an additional coupling parameter related to the
ω-vector meson. Indeed, this term can be obtained by
integrating out this vector meson from a model that
includes both pions and vector mesons [3]. As a result,
we get the generalized Skyrme model

LGen ¼ LSK þ L6: ð5Þ

For some choices of parameters and potentials [31,32], this
model maintains the successes of the standard Skyrme
model (1) in the description of vibrational-rotational
spectra of some light nuclei, but also leads to physical
binding energies, which result too large in the standard
Skyrme model.
An obvious, next step of application of the Skyrme

model is to study properties of nuclear matter at extremely
high densities, e.g., to describe the equation of state of
neutron stars (see [21] for a recent review). To do so, we
have to find the lowest energy solutions of the Skyrme
model for a topological charge of the same order as the total
baryon number of neutron stars, which typically is
N ∼ 1057. Basically, within the framework of the general-
ized Skyrme model, there are two qualitatively distinct
possibilities.
First of all, it is well known [33,34] that the lowest

energy solutions for the standard Skyrme model (1) with an
arbitrarily large baryon number, B → ∞, consist of crys-
talline structures of Skyrmions. The EOS of this Skyrme
crystal may then be used as a starting point for the
investigation of NS. A second possibility is related to
the fact that there is a very special point in the space of the
model parameters, resulting in the so-called BPS Skyrme
submodel: LBPS ¼ L6 þ L0. The name comes from the fact
that this Skyrme model supports topological soliton con-
figurations which saturate the BPS energy bound [6],
offering a possibility to resolve the problem of the unphysi-
cally high binding energies of the standard Skyrme model.
What is more important here, this model describes a perfect
fluid for any value of the baryon charge. Indeed, the stress-
energy tensor reads [19,20]

Tμν
BPS ¼ ðpþ ρÞuμuν − pgμν; ð6Þ

where the four-velocity uμ, pressure p, and energy density
ρ are

uμ ¼ Bμffiffiffiffiffiffiffiffiffiffiffi
BσBσ

p ; p¼ λ2π4

g
BμBμ−μ2U; ρ¼ pþ 2μ2U:

ð7Þ

As the sextic term L6 gives the leading contribution to the
energy at high pressure/density [35], the fluid behavior is
expected to dominate at this regime. This is, of course,
consistent with the usual understanding of the inner core of
neutron stars as being formed by a fluid of neutron matter.
These two states of the Skyrmionic matter should be
smoothly joined in the generalized model, suggesting a
phase transition as pressure increases. Although the exist-
ence and properties of such a phase transition in the full
model is still an unsolved problem, the known regimes at
low and high pressure have recently led to the proposal of a
generalized EOS [22], see below.

B. Static NS solutions

Here and in the following sections, we will obtain
solutions to the Einstein equations that describe NS within
the different Skyrme models presented above. As a first
step, we will consider static, spherically symmetric con-
figurations, which is usually done following the Tolman-
Oppenheimer-Volkoff (TOV) approach, in which the
Einstein equations are solved using the stress-energy tensor
of a perfect fluid. Thus, we suppose the spherically
symmetric (Schwarzschild) ansatz for the metric,

ds2 ¼ −eαðrÞdt2 þ eβðrÞdr2 þ r2ðdθ2 þ sin2 θdϕ2Þ: ð8Þ
We extract from the Einstein equations

Rμν −
1

2
Rgμν ¼ 8πTμν ð9Þ

and the conservation of the stress-energy tensor of the
perfect fluid type (∇μT

μ
ν ¼ 0) the following system of

ordinary differential equations (ODEs), also known as the
TOV system,

dα
dr

¼ 2
4πr3pþM
rðr − 2MÞ ; ð10aÞ

dM
dr

¼ 4πr2ρ; ð10bÞ

dp
dr

¼ −
ðpþ ρÞ

2

dα
dr

; ð10cÞ

where we have made the usual definition

expð−βÞ ¼ 1 − 2M=r; ð11Þ

so that the value M� ¼ MðR�Þ of the function M ¼ MðrÞ
coincides with the (static) Arnowitt-Deser-Misner (ADM)
mass of the star when evaluated at its radius r ¼ R�.
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To close the system (10), we have to know the relations
between the pressure and the energy density, i.e., an EOS.
It is at this point where the classical Skyrmion solutions
with a very large value of the topological charge become
relevant.

C. Skyrme neutron stars

Next, we briefly review the current status of the
description of static properties of neutron stars from the
Skyrme model perspective.

1. The LSK Skyrme neutron stars

The usual Skyrme model is a field theory whose energy-
momentum tensor does not have a perfect fluid form.
Therefore, a suitable mean-field (MF) approximation has to
be performed. In practice, it means a spatial averaging.
The ground state is a crystal with a given lattice structure
and lattice spacing l0 (we assume the isotropic case).
Obviously, the energy per baryon EðlÞ has a minimum
at l ¼ l0. This solution is also a zero-pressure (equilibrium)
solution, because

p ¼ −
∂E
∂V ; ð12Þ

where V ¼ l3 is the volume of the cell. Diminishing the
lattice spacing l is equivalent to imposing a nonzero
pressure. Finally, as the pressure and the energy density
are both functions of l, we can find the corresponding EOS,
ρSK ¼ ρSKðpÞ. If inserted into the TOV system, the crystal
EOS amounts to neutron stars with rather small maximal
masses, significantly below the observed NS masses. For
example, for the cubic, face-centered lattice of B ¼ 4
Skyrmions (α particles) Mmax ≃ 1.49 M⊙ [17,21]. The
corresponding mass-radius curve is presented in Fig. 1,
the pink dots.

2. The LBPS Skyrme neutron stars

In the case of the BPS Skyrme submodel LBPS, which is
a genuine perfect fluid theory for any potential U, one can
find lowest energy Skyrmions for any value of the
topological charge B in an exact form. There are, in fact,
infinitely many solutions for a given B related via SDiff
diffeomorphisms, which corresponds very well with the
fluid nature of the BPS Skyrmions. Interestingly, the
perfect fluid form of the action allows to obtain the mean
field EOS in an exact form without solving the field
equations [20,36]. This occurs because the pressure enters
as an integration constant into the generalized Bogomolnyi
equation. As a consequence, the pressure dependence
of both the energy EðpÞ and the volume VðpÞ of BPS
Skyrmions can be found as target space integrals (aver-
ages). The details of the resulting EOS obviously depend
on the particular choice of the potential (but, of course, do

not depend on a particular solution). On the other hand,
since the sextic term provides the leading behavior in the
high pressure limit, the EOS tends to the maximally stiff
equation of state as the pressure increases

ρBPSðpÞ ≈ p: ð13Þ

As a consequence of this stiffness, it is not surprising that
the neutron stars provided by the BPS Skyrme model have
rather big maximal masses, easily exceeding 3 M⊙—see
Fig. 1, black, green, purple, and blue dots, which corre-
spond to the four different potentials introduced in [20,36],
namely the θ potential UΘ ¼ ΘðTrf1 − UgÞ, the standard
pion-mass potential Uπ ¼ 1=2Trf1 −Ug ¼ 2χðrÞ, the
pion-mass squared potential U2

π ¼ 4χðrÞ2, and the partially
flat potential

UPF ¼
�
1; χðrÞ ≤ 1

2

16χ2ð1 − χÞ2; χðrÞ > 1
2

: ð14Þ

Owing to its perfect fluid nature, the BPS model offers
the possibility to close the TOV system without any mean-
field approximation. In this case, referred to as the exact
case, the pressure and energy densities ρ, p can already be
read from the stress-energy tensor (6). Furthermore, they
are related in a nonalgebraic way, by construction (7). This
also means that the obtained matter is an example of a
nonbarotropic fluid where constant pressure do not corre-
spond with constant energy density. Hence, this exact
approach may serve as a laboratory where the impact of
nonbarotropic EOS on properties of NS can be studied.
Further, the different BPS models provide a wealth of new
and different EOS, which will allow us to test the universal,
EOS-independent character of certain relations, like the

FIG. 1. Mass-radius diagram for the different EOS within the
Skyrme model.
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I-Love-Q relations, in new environments not considered
previously.
More precisely, in the exact case the Skyrme field U

enters in the Einstein equations as an additional degree of
freedom, so that we have to obtain its own differential
equation in order to close the TOV system. To do this, we
choose the hedgehog ansatz for the Skyrme field,

UðxÞ ¼ eiξðrÞn̂ðθ;ϕÞ·σ ;

n̂ðθ;ϕÞ ¼ ðsin θ cos ðBϕÞ; sin θ sin ðBϕÞ; cos θÞ; ð15Þ

which is compatible with the chosen ansatz of the metric,
since it yields a spherically symmetric energy density,
which is relevant for static NS. Here σ are the Pauli matrices
and ðr; θ;ϕÞ are spherical coordinates. The only degree of
freedom in this ansatz corresponds to the radial profile ξðrÞ,
and inserting the hedgehog ansatz into the definition of p it
can be shown that this function satisfies the differential
equation

p ¼ 4B2λ2ξ02 sin4 ξ
eβr4

− μ2U; ð16Þ

which is added to (10) to close the system. For simplicity,
when solving the TOV system we will define the new
variable χ ≔ sin2ðξ=2Þ, which satisfies

dχ
dr

¼ eβ=2r2

2Bλ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ μ2U
χð1 − χÞ

s
: ð17Þ

Once the system of ODEs is closed, only a set of initial
conditions are needed as an input in order to obtain a
particular solution. However, in the exact case, the baryon
number B of the star is an additional input parameter, and
the value of the pressure at the center of the star (p0) that
yields the input value must be found via a shooting method,
with initial conditions

αð0Þ¼ α0; Mð0Þ¼ 0; χð0Þ¼ 1; pð0Þ¼p0; ð18Þ

requiring that the pressure vanishes at some finite value
pðr ¼ R�Þ ¼ 0. This value R� is precisely the radius of the
star. The value of α0 is not needed to solve the system.
However, only one value is correct, and it can be obtained
by imposing continuity of the metric at the radius of the
star, R�, for which, and onwards, the metric is given by the
Schwarzschild solution:

eα¼e−β¼1−
2M�
r

; r≥R�; whereM� ¼MðR�Þ: ð19Þ

Also, the central value of the energy density ρ0 is
determined by the BPS EOS (7).
On the other hand, in the Skyrme crystal and the

mean-field version of the BPS submodels, we do have a

barotropic EOS ρðpÞ, so that the energy density only
depends on the pressure. In these cases, the Eq. (17) is no
longer needed and the input parameter is the pressure in the
center of the star p0, along with the rest of initial conditions
for α and M. The system of differential equations is then
solved up to the star radius (R�), in that point the static
ADM mass of the star M� ¼ MðR�Þ is also obtained.
In Fig. 1 mass-radius curves for the exact case are

presented—see green, blue, and purple stars. For the θ
potential the MF and exact computations obviously
coincide. Therefore, for relatively flat potentials (e.g.,
the pion-mass and the partially flat potential) the difference
between the MF and exact approach is rather small, while it
strongly increases for more peaked potentials (e.g., the
pion-mass potential squared).

3. Neutron stars and the generalized EOS

As we see, the usual Skyrme model crystal and the BPS
Skyrme fluid result in too small or too large maximal
masses of neutron stars, respectively. It can be expected that
these two extremal cases can be balanced in the full
generalized Skyrme model. While the EOS for the gener-
alized Skyrme model is not currently available, it motivates
the following generalized Skyrme EOS which interpolates
between the crystal and fluid phases [22]

ρGenðpÞ ¼ ð1 − αðpÞÞρSK þ αðpÞðpþ ρSKðpPTÞÞ; ð20Þ

where the interpolating function

αðp; pPT; βÞ ¼
ð p
pPT

Þβ
1þ ð p

pPT
Þβ ð21Þ

tends from 0 for p=pPT → 0 to 1 for p=pPT → ∞. The
parameter pPT can be identified with the position of the
crystal/fluid phase transition, whereas β measures how
rapid the transition occurs. Specifically, we assumed a
rather gradual phase transition (β ¼ 0.9) located at pPT ∈
ð25; 50Þ MeV=fm3 in [22]. We remark that the value of pPT
strongly affects the maximal mass.
In Fig. 1 we show the mass-radius curve for the

generalized EOS with pPT ¼ 25 MeV=fm3—see yellow
squares. As expected, the maximal mass of NS is between
the two previously discussed versions of the Skyrme model
and reads Mmax ≃ 2.55 M⊙.

4. Neutron star crusts and the hybrid EOS

By construction, the generalized Skyrme model contains
only pionic degrees of freedom (with some other heavier
mesons effectively also taken into account). This means
that it is relevant for describing nuclear matter above the
saturation density. For lower densities, the electromagnetic
interaction starts to have a nontrivial impact on the
properties of nuclear matter, leading to the appearance of
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inhomogeneous phases (such as “nuclear pasta” phases
[37]). Although the Skyrme model can be coupled with the
electromagnetic Uð1Þ gauge field, which in principle may
allow to study such phases within the framework of the
Skyrme model, the resulting theory is very complicated and
currently no large B Skyrmions are known. However, it is
possible to take into account this low density regime,
relevant for the crust region of NS, by assuming a transition
of the generalized Skyrme EOS to a standard nuclear EOS
obtained by the usual many-body techniques. Concretely,
we choose the EOS ρBCPM of [38], as we did in [22]. As a
consequence, we arrive at a hybrid EOS

ρHybðpÞ ¼ ð1 − αðpÞÞρBCPMðpÞ þ αðpÞρGenðpÞ; ð22Þ

where now β ¼ 2 and the position of the transition
p� ∈ ½0.5; 2� MeV=fm3. Further, αðp; p�; βÞ is defined in
(21). The resulting mass-radius curve is presented in Fig. 1,
olive squares (for p�¼1MeVfm−3 and pPT¼25MeVfm−3).
Wewant to emphasize that the NS resulting from the hybrid
EOS (22) pass all current observational constraints.

III. SLOWLY ROTATING SKYRME STARS

In this section, we will study how the previously
obtained spherically symmetric Skyrmion stars—models
of NS based on the (generalized) Skyrme models consid-
ered in the present paper—behave under small perturba-
tions. In particular, we will analyze their deformation due to
(small) rotation and tidal forces, in order to obtain useful
relations between their moment of inertia, deformability,
and Love number—known as I-Love-Q relations, first
proposed in [28]—which may help in extracting informa-
tion about the internal structure of compact stars.
Throughout this and subsequent sections, we will largely
follow the approach and notation of [28].

A. Slowly rotating stars: Hartle-Thorne formalism

To analyze the properties of rotating Skyrmion stars, we
will make use of the Hartle-Thorne formalism for slowly
rotating stars, introduced in [39]. This formalism estab-
lishes a perturbative framework which consists in an
expansion of the metric in powers of a perturbation
parameter—related with the rotational frequency—and
solving the Einstein equations order by order in this
parameter. This perturbative expansion has proven particu-
larly useful in the literature since it allows us to obtain
approximate solutions to the Einstein equations both for the
interior and exterior of the star, hence, it enables us to
retrieve information about the equation of state for the
matter inside the star from the multipolar expansion of the
external solution. We will now review the procedure to
obtain the solution in this approximation for the metric in
the interior of a compact star, and in the following sections

we will do the same for the exterior solution and the
matching between both solutions at the star surface.
The starting point of the slow rotation approximation is

to consider a static solution for the metric of a nonrotating
configuration, and subsequently add perturbation terms up
to a given order in a suitable parameter related to the spin of
the star. In our case, we will start from the static metric with
line element (8) and, as in [40], defining the spin parameter
ϵ ¼ Ω�=ΩK in terms ofΩ�—the angular velocity of the star
as measured by an external, static observer located at spatial

infinity—and the characteristic frequency ΩK ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M0=R3

0

q
,

where M0 and R0 are the nonspinning mass and radius of
the star. The characteristic frequencyΩK corresponds to the
Keplerian orbital period of a test particle at a radius R0

around a mass M0 and thus can be thought of as the
rotational frequency for which the mass shedding occurs,
i.e., an upper limit for the rotational frequency of the star
[41]. For spin frequencies much smaller than this character-
istic frequency, the parameter ϵ serves as a suitable small
parameter about which we can expand the metric. On the
other hand, for spin frequencies near the Keplerian limit,
ϵ ∼ 1 and the Hartle-Thorne approximation is no longer
valid. Despite the dependence of the Keplerian frequency
on the EOS, the slow-rotation approximation is valid for
even the most rapidly spinning neutron stars observed to
date [40].
Therefore, let us consider the background spacetime

whose metric is given by the static line element (8). We now
extend this metric by defining a one-parameter family of
metrics gðϵÞ whose components may be expanded in
powers of ϵ, gðϵÞ ¼ gð0Þ þ ϵgð1Þ þ 1

2
ϵ2gð2Þ þ � � �, with gð0Þ

given by (8). Note that this construction introduces an
inherent gauge freedom (for details see, for example,
[42,43]) Thereby, following [28], up to second order in ϵ,
we may write the metric of a slowly rotating star in the
Regge-Wheeler gauge as

ds2 ¼ −ð1þ 2ϵ2h̄Þeᾱdt2 þ
�
1þ 2ϵ2

m̄
r − 2M̄

�
eβ̄dr2

þ ð1þ 2ϵ2k̄Þr2½dθ2 þ sin2ðθÞðdϕþ ϵω̄dtÞ2�; ð23Þ

where ω̄ ¼ ω̄ðθ; rÞ, h̄ ¼ h̄ðθ; rÞ, m̄ ¼ m̄ðθ; rÞ, k̄ ¼ k̄ðθ; rÞ,
and M̄ðrÞ is related to β̄ðrÞ in the same form as in (11).
Comparing with the general expansion of gðϵÞ, we find:

gð1Þ ¼ 2r2ω̄ sin2 θdtdϕ; ð24Þ

gð2Þ ¼ −ð4eᾱh̄þ 2r2sin2θω̄2Þdt2

þ 4eβ̄
m̄

r − 2M̄
dr2 þ 4r2k̄ðdθ2 þ sin2θdϕ2Þ: ð25Þ

Note that the metric perturbation function ω̄ enters at first
order in the spin parameter, whereas h̄, m̄, and k̄ correspond
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to second-order perturbations. This can be easily understood
with the following argument [39]: a transformation of the
metric for a stationary and axially symmetric rotating
spacetime of the form Ω → −Ω should be equivalent to
t → −t. This, in particular, implies that an expansion of the
diagonal components of the metric in powers of ϵ must
contain only even powers (since they are unchanged under
time reversal), whilst an expansion of the g0;3 term will only
contain odd powers of ϵ. Furthermore, since ω̄ corresponds
essentiallywith the g03 termof themetric, it is responsible for
the dragging of inertial frames. In other words, it measures
the rate of rotation that a freely falling observer would
undergo with respect to a static one (Lense-Thirring effect).
Due to these perturbation terms in the spacetime metric,

both the Einstein tensor for the metric and the stress-energy
tensor for the matter field will develop perturbation terms as
well. Indeed, just as with the metric tensor, we may define
the one-parameter families of perturbed quantities GμνðϵÞ
and TμνðϵÞ, expand them in powers of ϵ and impose that
Einstein equations are satisfied order by order in the
expansion parameter. In particular, both the pressure and
mass densities of the matter field will be perturbed,
acquiring an angular dependence, i.e.,

pðϵ;r;θÞ¼p0ðrÞþ ϵp1ðr;θÞþ
1

2
ϵ2p2ðr;θÞþOðϵ3Þ; ð26Þ

ρðϵ;r;θÞ¼ ρ0ðrÞþ ϵρ1ðr;θÞþ
1

2
ϵ2ρ2ðr;θÞþOðϵ3Þ; ð27Þ

as well as the fluid four velocity, uðϵÞ. For this latter
quantity, we further impose the normalization condition
gðϵÞμνuμðϵÞuνðϵÞ ¼ 1. Also, stationarity, axial symmetry,
and rigidity of the fluid flow requires uðϵÞ to be proportional
to both killing vectors, i.e., uðϵÞ ¼ f1ðϵÞð∂t þ f2ðϵÞ∂ϕÞ.
The f1 function is obtained by the normalization condition at
each order, and, since the background configuration corre-
sponds to a static fluid, f2ðϵÞ ¼ ϵCþOðϵ3Þ. We therefore
have

uðϵÞμ ¼ ðutðϵÞ; 0; 0; ϵCutðϵÞÞ; ð28Þ

thus the constantC corresponds to the angular velocity of the
fluid as measured within the inner coordinate system. Note
also that only odd powers of ϵ enter the expansion of f2, for
the same symmetry arguments as for ω̄.
It is important to notice that all these (one-parameter

families of) objects so defined are gauge dependent,
although the Einstein equations themselves do not depend
on the gauge (i.e., they must be fulfilled in any gauge). We
thusmay take advantage of this gauge freedom to choose the
most convenient form of the metric functions. In particular,
we may choose C ¼ ΩK in (28), so that the coordinate
system in the interior of the star is taken to be that of a static
observer which measures the angular velocity of the fluid to

be duϕ=dut ¼ εΩK ¼ Ω�. It can be shown that any other
choice of the constant C ¼ C0 is equivalent to a gauge
transformation of the first order metric perturbation defined
by the vector V ¼ ðΩK − C0Þt∂ϕ [43].
On the other hand, the coordinate system we have chosen

so far is not quite well suited to perform the integration of
the Einstein field equations from the inside of the star, for
the following reason: in order to find a numerical solution
for the interior metric, we will have to solve Einstein
equations with a nonvanishing stress-energy tensor up to
the surface of the star, which is usually defined by the
surface of vanishing pressure. While in the spherically
symmetric case the surfaces of constant density (or pres-
sure) are trivially those of constant radial coordinate, this is
no longer the case once the second-order perturbations of
the metric due to rotation are taken into account. Indeed, the
(perturbed) pressure and mass densities (27) will depend
both on r and θ, so that the surface of the star will be
deformed with respect to the static case.
Therefore, we will consider a choice of gauge in which

the surfaces of constant pressure (density) of the perturbed
configuration are those of constant radial coordinate. This
is in fact equivalent to a change of coordinates in the
perturbed configuration from the original (background)
coordinate system ft; r; θ;ϕg to another, ft; r̄; θ;ϕg, in
which the new radial coordinate is defined by

pðϵ; r; θÞ ¼ p0ðr̄Þ;
r≡ rðϵ; r̄; θÞ ¼ r̄þ ϵ2ζðr̄; θÞ þOðϵ3Þ; ð29Þ

so that r coincides with r̄ in the background configuration
(ϵ ¼ 0), whilst the function ζðr̄; θÞ measures the deviation
from spherical symmetry of the perturbed configurations.
The new radial coordinate r̄ is defined so that p0ðr̄Þ ¼
const defines the isobaric surfaces of the rotating star.
Strictly speaking, one could think that, in the exact case,

also the perturbations of the Skyrme profile function χ must
be taken into account. However, these will be by construc-
tion directly related to the energy and pressure perturbations,
and, since wewill get rid of these perturbations by a suitable
radial coordinate change, also the perturbation on the radial
Skyrme profile will disappear. We have checked that this is
in fact the case, and that no extra degrees of freedom appear
in the perturbative formalism for the exact BPS Skyrme case
up to second order in ϵ.
In the new coordinate system, the metric (23) is

rewritten, up to second order in ϵ:

ds2 ¼ −ð1þ 2ϵ2h̄Þð1þ ϵ2ᾱ0ζÞeᾱdt2 þ 2ϵ2eβ̄∂θζdr̄dθ

þ
�
1þ 2ϵ2

�
m̄

r̄− 2M̄
þ ∂ r̄ζ

��
ð1þ ϵ2β̄0ζÞeβ̄dr̄2

þ ð1þ 2ϵ2k̄Þðr̄2 þ 2ϵ2r̄ζÞ½dθ2 þ sin2θðdϕþ ϵω̄dtÞ2�;
ð30Þ
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where all the metric functions are written as functions of r̄
(and possibly θ), and the 0 denotes a derivative with respect
to r̄.
The metric (30) has a rather complicated form. However,

we may simplify it by redefining, the metric functions:

eαðr̄Þ ¼ eᾱðrÞ ¼ eᾱðr̄Þð1þ ϵ2ᾱ0ðr̄Þζðr̄; θÞ þOðϵ3ÞÞ;
eβðr̄Þ ¼ eβ̄ðrÞ ¼ eβ̄ðr̄Þð1þ ϵ2β̄0ðr̄Þζðr̄; θÞ þOðϵ3ÞÞ;

ϖðr̄; θÞ ¼ ω̄ðr̄; θÞ; Mðr̄Þ ¼ M̄ðr̄Þ;
kðr̄; θÞ ¼ k̄ðr̄; θÞ; mðr̄; θÞ ¼ m̄ðr̄; θÞ; hðr̄; θÞ ¼ h̄ðr̄; θÞ;

ð31Þ

so that the new metric

ds2 ¼ −ð1þ 2ϵ2hÞeαdt2

þ
�
1þ 2ϵ2

�
m

r̄− 2M
þ ∂ r̄ζ

��
eβdr̄2 þ 2ϵ2eβ∂θζdr̄dθ

þ ðr̄2 þ 2ϵ2r̄2ðkþ ζ=r̄ÞÞ½dθ2 þ sin2θðdϕþ ϵϖdtÞ2�;
ð32Þ

coincides with (30) up to second order in ϵ. Although both
metrics (32) and (23) are different, they are related through
a gauge transformation, so that both must satisfy the
Einstein equations, and the gauge-independent results
obtained in both approaches must be the same (at least,
up to second order in ϵ). Note that these metrics are
compatible with the general form for the Hartle-Thorne
metric in an arbitrary gauge, obtained in [43], which have
two commuting killing vector fields kðϕÞ ¼ ∂ϕ and
kðtÞ ¼ ∂t.
Although a priori the metric perturbation functions can

have an arbitrary dependence on r and θ, an expansion of
these functions is always possible in spherical harmonics
[39]. Moreover, the angular dependence of the perturbation
functions may be further reduced by additional arguments.
For example, axial and reflection symmetry in the equa-
torial plane implies that the m (axial) number in the
spherical harmonic expansion does not play any role, so
that it may be reduced to an expansion in terms of Legendre
polynomials. Therefore, we may expand the metric per-
turbation functions into a series of Legendre polynomials or
their derivatives, depending on the parity of the corre-
sponding perturbation function (see, e.g., [44] or
Appendix A for details). Thus, for the odd parity pertur-
bation function ϖðr̄; θÞ, we have

ϖðr̄; θÞ ¼
X
l

ϖlðr̄Þ
d

d cos θ
Plðcos θÞ; ð33Þ

whereas for the even parity functions h, m, and k:

hðr̄; θÞ ¼
X
l

hlðr̄ÞPlðcos θÞ;

mðr̄; θÞ ¼
X
l

mlðr̄ÞPlðcos θÞ;

kðr̄; θÞ ¼
X
l

klðr̄ÞPlðcos θÞ; ð34Þ

and the same holds for ζðr̄; θÞ. Furthermore, one can show
that the requirements of asymptotic flatness and regularity
of the metric at the center of the star impose that only the
l ¼ 0 term of (33) survives, and similar arguments can be
made for the second-order perturbation functions, in which
case only the l ¼ 0, 2 terms are nonvanishing [39]. Thus,
the spacetime metric is reduced to (32), where ϖðr̄; θÞ ¼
ϖ1ðr̄Þ≡ϖðr̄Þ, hðr̄; θÞ ¼ h0ðr̄Þ þ h2ðr̄ÞP2ðcos θÞ, and so
forth. Also, in the following, it will become useful to work
with the shifted function ωðr̄Þ defined by

ϖðr̄Þ≡ ðΩK − ωðr̄ÞÞ: ð35Þ

Furthermore, we can make use of the residual gauge
freedom of reparametrizations of the radial coordinate to
set k0ðr̄Þ ¼ 0 in the expansion.
On the other hand, with these gauge choices, the stress-

energy tensor of the system will be given by

Tμ
ν ¼ ðρðr̄Þ þ pðr̄ÞÞuμuν þ pðr̄Þδμν ; ð36Þ

where, from the normalization condition for the four
velocity, we have uμ ¼ utð1; 0; 0;Ω�Þ, and

ut ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gtt − 2Ω�gtϕ − Ω2�gϕϕ

q ; ð37Þ

which, up to the second order in ϵ, reads

ut ¼ e−
α
2 þ ϵ2

�
r̄2

2
ω2sin2θ − ½h0 þ h2P2ðcos θÞ�eα

�
e−

3α
2 :

ð38Þ

To sum up, we have described the metric of spacetime
associated to a slowly rotating perfect fluid star up to
second order in the spin parameter. To do so, a perturbative
expansion must be performed from a spherically symmet-
ric, nonrotating metric in terms of a certain set of
perturbation functions. We have chosen a particular coor-
dinate system in which the surfaces of constant pressure
coincide with those of constant radial coordinate, and
written the stress-energy tensor of the rotating fluid in
these coordinates. Therefore, we are now ready to obtain
the Einstein equations for the system.
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1. Interior Einstein equations

Thus, we now consider the Einstein equations (9), which
can be written as E ¼ 0 with E ≔ G − 8πT, for the interior
metric (32). The Einstein equations imply different equa-
tions for the perturbation functions, at each order in ϵ.
Indeed, we may write

EðϵÞ ¼ Eð0Þ þ Eð1Þϵþ 1

2
Eð2Þϵ2 þ � � � ; ð39Þ

where Eð1Þ ¼ ∂ϵEjϵ¼0, and so forth, so that all terms in this
expansion must vanish. For example, the zeroth-order
equations correspond to the TOV system of Eq. (10).
At first order in ϵ, the only nontrivial equation is

obtained from the first-order Einstein equation Eð1Þ ¼ 0,
and corresponds to the ðt;ϕÞ component, Eð1Þϕ

t ¼ 0, which
yields

ω00 ¼ 4

�
πr̄eβðpþ ρÞ − 1

r̄

�
ω0 þ 16πeβðpþ ρÞω: ð40Þ

The second-order Einstein equations are given by
Eð2Þ ¼ 0. As we have seen, the second-order perturbation
functions can be divided into two sectors, corresponding to
the l ¼ 0 and l ¼ 2 terms in the Legendre expansion.
Furthermore, these sectors appear uncoupled in the Einstein
equations, so that we may separate these into different sets
of equations for each sector. At quadratic order in ϵ, it will
also be useful to consider, apart from the Einstein equa-
tions, the stress-energy tensor conservation equation. In
particular, from the l ¼ 0 sector of ∇μTð2Þμ

r ¼ 0, one finds

h00 ¼
1

3
ðr̄2ω2e−βÞ0 − 1

2

�
ζ0
r̄
eαð2M þ 8πr̄2pÞ

�0
: ð41Þ

This equation can be integrated to yield an algebraic
equation for ζ0 in terms of h0 and its initial condition,

hð0Þ0 which is in a priori unknown and will be determined
once the system is solved by matching with the exterior
solutions. Further, from ∇μTð2Þμ

θ ¼ 0, we have

ζ2 ¼ −
ðr̄2 − 2r̄MÞ½r̄2e−αω2 þ 3h2�

3ð4πr̄3pþMÞ ; ð42Þ

where we have used the zeroth-order TOV equations. The
last two equations are only valid inside the star since we are
supposing p, ρ ≠ 0. In particular, as they both correspond
to algebraic instead of differential equations, the variable ζ2
will not appear in the second-order system of differential
equations since we can substitute directly by (42), and the
same will happen to h00.
Let us now obtain the differential equations for the rest of

the metric perturbation functions. The l ¼ 0 contribution of
Eð2Þt

t ¼ 0 gives

m0
0 ¼

8

3
πr̄4e−αω2ðρþ pÞ þ 1

12
r̄4e−ðαþβÞðω0Þ2 − 4πr̄2ζ0ρ0:

ð43Þ

For the l ¼ 2 sector, Eð2Þθ
θ − Eð2Þϕ

ϕ ¼ 0 and Eð2Þr
θ ¼ 0 yield,

respectively,

m2 ¼
�
8

3
πr̄5eβω2ðpþ ρÞ þ r̄5

6
ðω0Þ2 − r̄eðαþβÞh2

�
e−ðαþ2βÞ;

ð44Þ

k02 ¼ −h02 þ
r̄− 3M − 4πpr̄3

r̄2
eβh2 þ

r̄−Mþ 4πpr̄3

r̄3
e2βm2:

ð45Þ

On the other hand, the Einstein equation Eð2Þr
r ¼ 0 yields

two independent equations which must be satisfied sepa-
rately, namely, one for the l ¼ 2 sector [obtained from the
terms proportional to P2ðcos θÞ], and another one for the
l ¼ 0 sector (from the terms independent of the Legendre
polynomial). The equation for the l ¼ 2 sector can be
written

h20 ¼ −
r̄ −M þ 4πpr̄3

r̄
eβk20 þ

3 − 4πðρþ pÞr̄2
r̄

eβh2

þ 2

r̄
eβk2 þ

1þ 8πpr̄2

r̄2
e2βm2 þ

r̄3

12
e−αðω0Þ2

−
4πðρþ pÞr̄4ω2

1

3r̄
e−αþβ; ð46Þ

whereas for the l ¼ 0 sector we have

h00 ¼ −
r3

12
ðω0Þ2e−α − eβ

2r̄2

�
2M
r̄

− r̄α0
�
ζ0 −

α00

2
ζ0

þ
�
m0

r̄2
þ
�
4πρ −

2M
r̄3

�
ζ0

�
eβð1þ r̄α0Þ: ð47Þ

Substitution of Eq. (41) into (47) yields a differential
equation for ζ0, which, together with Eq. (43), constitutes
a system of two ODEs independent of h0. Thus, once this
system is solved, h0 can be found algebraically using the
integrated version of (41) up to an arbitrary constant.

2. Exterior equations and solutions

Following [28,39], we may take (23) as an ansatz for the
metric of spacetime in the star exterior. We can indeed do
this, since ζðr; θÞ is defined only inside the star, and taken
to be constant outside. This means that the exterior metric
in terms of r and r̄ will be the same, where now the radial
coordinate r goes from a finite value in the star surface
R�—corresponding to the star radius at zeroth order—to
infinity. Following the same steps as in the previous
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section, the Einstein equations in the exterior of the star can
be obtained at each order in ϵ simply by setting ρ ¼ p ¼ 0
in Eqs. (40) and (44) to (46), with the exterior solution of
the zeroth-order equations (TOV system) corresponding to
the Schwarzschild solution by virtue of Birkhoff’s theorem.
Hence, to first order in ϵ, we have ϵωext ¼ K1 − K2=r3,
where K1 and K2 are two integration constants which can
be related to the total spin velocity and angular momentum
of the star. Indeed, at r → ∞, the metric function ϵωext must
approach the angular velocity of the star as measured by a
static observer, so that K1 ¼ Ω�. On the other hand, we
may calculate the conserved total angular momentum J of
the star by integrating the angular momentum density
current Jμ ¼ Tμ

νkνðϕÞ over a spacelike hypersurface Σ:

J ¼
Z
Σ
TμνkμdSμ ¼

Z
Tt
φjgj1=2drdθdϕ ¼ K2=2þOðϵ2Þ

ð48Þ

from where it is straightforward to see that

ϵωext ¼ Ω� −
2J
r3

: ð49Þ

On the other hand, at second order in ϵ, the system given by
Eqs. (44) to (46) must be solved with vanishing ρ and p.
Using the expressions for the exterior solution of the
first- and zeroth-order metric functions, and imposing
asymptotic flatness of the metric, one finds the analytic
expressions [28,39]:

mext
0 ¼ δM −

J2

r3
; ð50Þ

hext0 ¼ −
δM

ðr − 2MÞ þ
J2

r3ðr − 2MÞ ; ð51Þ

hext2 ¼ 1

M�r3

�
1þM�

r

�
J2 þ AQ2

2

�
r
M�

− 1

�
; ð52Þ

kext2 ¼−
1

M�r3

�
1þ 2M�

r

�
J2þ 2AM�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rðr− 2M�Þ
p Q1

2

�
r
M�

− 1

�

−AQ2
2

�
r
M�

− 1

�
; ð53Þ

mext
2 ¼−

1

M�r2

�
1−7

M�
r
þ10

M2�
r2

�
J2

þ3Ar2

M�

�
1−3

M�
r
þ4

3

M2�
r2

þ2

3

M3�
r3

þ r
2M�

fðrÞ2 lnfðrÞ
�
;

ð54Þ

being fðrÞ ¼ ð1 − 2M�=rÞ, and where δM and A are
integration constants. As we will see, δM corresponds to

the correction of the gravitational mass, whereas A will be
associated to the Love numbers.

3. Numerical solution for the interior and matching

Once we have obtained the system of differential
equations for the metric functions, we need now the initial
conditions in order to solve it. In this section we will
explain how to obtain them and also how to solve the
system numerically.
At this point there are no differences between how to

solve the exact case and the mean-field case since the
shooting method for the exact case is required only for the
zeroth-order equations and those have already been solved.
Thus we do know which value of the pressure in the center
of the star corresponds to a given baryon number.
To obtain the initial conditions, as before, we expand our

metric functions in powers of the radial coordinate and
insert them in the differential equations to obtain the
relations between the coefficients. In the zeroth-order
(nonrotating) problem it is enough to expand until the
zeroth-order coefficient (in powers of r̄); however, when
dealing with the second-order functions, we need to expand
them to the first nontrivial order (with nonvanishing
coefficients). The reason is that the metric functions h2
and k2 vanish at the center of the star. Furthermore, for the
next term of the expansions we find that they are equal and
opposite, thus canceling each other when substituting into
their equations. This implies that (1) we need a really good
accuracy in the step of the numerical integration, and (2) we
cannot obtain the value of the first nontrivial coefficient of
h2, in its expansion in powers of r̄. To solve both problems,
we follow [45] and start the integration at some small radius
Rϵ (instead of r̄ ¼ 0) such that the expansions (63) are
sufficiently accurate and the integration does not depend on
the value of Rϵ. The expansions of the metric functions,
with the nontrivial coefficients expressed in terms of the
functions at r̄ ¼ 0 are

α ¼ α0 þ
4π

3
ðρ0 þ 3p0Þr̄2 þOðr̄3Þ; ð55Þ

M ¼ 4π

3
ρ0r̄3 þ

4π

5
ρ2r̄5 þOðr̄6Þ; ð56Þ

p ¼ p0 −
2π

3
ðρ0 þ p0Þðρ0 þ 3p0Þr̄2 þOðr̄3Þ; ð57Þ

ρ ¼ ρ0 þ ρ2r̄2 þOðr̄3Þ; ð58Þ

χ ¼ 1 −
1

2
χð2Þr̄2 þOðr̄3ÞðExact caseÞ; ð59Þ

ω ¼ ω0 þ
8π

5
ðρ0 þ p0Þω0r̄2 þOðr̄3Þ; ð60Þ

h2 ¼ hð2Þ2 r̄2 þOðr̄3Þ; ð61Þ
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m0 ¼
8e−α0

5
ω2
0

�
2π

9
ð2ρ0 þ 3p0Þ −

3

8

ρ2
ρ0 þ 3p0

�
r̄5 þOðr̄6Þ;

ð62Þ

ζ0 ¼
3ω2

0e
−α0

8πðρ0 þ 3p0Þ
r̄þOðr̄2Þ; ð63Þ

where ω0, as p0, is an input parameter when it comes
to solve the system. This parameter will determine the
angular velocity of the star Ω�, as can be seen from the
matching condition of ω with the exterior solution, ωext,
obtained in the previous section. This matching condition is
simply given by imposing that the metric function ω and its
first derivative are continuous throughout the star surface
[28], i.e.,

ωðR�Þ ¼ ωextðR�Þ; ω0ðR�Þ ¼ ω0extðR�Þ: ð64Þ

Therefore, in the rotating case, the stars are identified by a
two-parameter family (ω0, p0). The values of ρ2 and N2 are
easily obtained from the EOS (ρðpÞ, nðpÞ), and hð2Þ is
obtained from (17). The functions k2 and m2 are found to

satisfy kð2Þ2 ¼ mð2Þ
2 ¼ −hð2Þ2 , around the center. As we have

said, the odd powers in r̄ of almost all the metric functions
are null, however the definitions of M (11), m, and ζ0 (32)
lead to the expansions given in (63).
Now we start the integration with a nonzero, but still

unknown, seed for the second-order functions h2 and k2. To
solve the unknown initial condition issue we will follow the
approach given in [39,45]. First we must obtain a particular
solution for h2 and k2 (hp, kp) by solving the Eqs. (46) and
(45) for an arbitrary initial value [which must satisfy the
regularity conditions given in (63)]. Next, we obtain a
homogenous solution (hh, kh) again for an arbitrary initial
condition, using the same equations but with vanishing
source terms. With these two functions we can construct the
solution

h2ðr̄Þ¼ hpðr̄ÞþBhhðr̄Þ; k2ðr̄Þ¼ kpðr̄ÞþBkhðr̄Þ: ð65Þ

In these expressions B is a constant that can be obtained
by matching the functions h2 and k2 at the surface of the
star with their corresponding exterior solutions. This
matching condition is simply given by continuity of both
functions at R�, i.e.,

h2ðR�Þ ¼ hext2 ðR�Þ; k2ðR�Þ ¼ kext2 ðR�Þ: ð66Þ

By doing this we are introducing the integration constant
that appears in (54), hence we have an algebraic system of
two equations that can be solved for A and B.
On the other hand, to solve the l ¼ 0 sector of the

second-order system, we first solve the coupled ODEs for
ζ0 andm0 as explained in the previous section, and then we

obtain the solution for h0 up to a constant hc0 whose value is
determined from the matching conditions

mint
0 ðR�Þ − 4πR2�ρðR�Þζ0ðR�Þ ¼ mext

0 ðR�Þ; ð67aÞ

hint0 ðR�Þ ¼ hext0 ðR�Þ; ð67bÞ

where the constant term in (67a) is due to a nonvanishing
energy density at the surface of the star, as pointed out in
[43,46]. To obtain this constant term we can integrate (87)
in the interval ½R� − ϵ; R� þ ϵ� and take ϵ → 0. By doing
this we have that all terms in the surface of the star vanish
but the term dρ=dr, which is unbounded at R� and
contributes with a constant term. From (67a) we can obtain
the value of δM, which reads

δM ¼ mintðR�Þ þ
J2

R3�
− 4πR2�ρðR�Þζ0ðR�Þ: ð68Þ

We would also like to remark a subtle detail concerning
the second-order equations. When solving the TOV
numerically, the metric function α is not fixed to its correct
initial value since it does not affect the observables of the
star. However, for solving the second-order problem it is
necessary to find the correct initial value of this function
since the second-order perturbation functions depend
directly on αð0Þ and an incorrect value will affect the
values of the quadrupole moment and gravitational mass
correction of the star. This can be done by first solving the
TOV system, finding the correct initial value of α using the
matching condition (19) and then solving both zeroth- and
second-order systems.

B. Global properties of compact stars

A key feature of the Hartle-Thorne perturbative formal-
ism is that it allows us to obtain the values of these
observable parameters from the solutions of the Einstein
equations for the interior of the star at each order in the
expansion parameter. Indeed, once these solutions have
been obtained, they can be matched to the exterior
solutions, from which observational parameters such as
the quadrupole moment can be obtained systematically.
Take for example the moment of inertia I, which is

defined as the quantity measuring how fast a star can spin
given a fixed spin angular momentum J, and is given by

I ¼ J
Ω�

: ð69Þ

To obtain the value of I for a given (interior) solution of the
second-order Hartle-Thorne equations is straightforward:
we simply obtain J from (49), by matching the exterior
solution to the interior one at R� (64) and dividing by Ω�. It
will be convenient also to define the dimensionless moment
of inertia as
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Ī ¼ I
M3�

: ð70Þ

On the other hand, the metric generated by an isolated,
static gravitating body at a given point sufficiently far from
the source may be written using a multipolar expansion in a
system of asymptotically Cartesian and mass centered
coordinates [47,48], whose (0,0) component will be of
the form

g00 ¼ −1þ 2M
r

þ 3
Qij

r5
xixj þO

�
1

r4

�
; ð71Þ

whereM is the gravitational mass of the star [49], andQij is
the (traceless) quadrupolar tensor.
The induced quadrupolar deformation of the star can be

described in terms of the stars l ¼ 2 sector perturbation
functions in spherical coordinates. Indeed, defining
xi ¼ rniðθ;ϕÞ, where ni is the unit three vector in spherical
coordinates, we may write this:

Qij
xixj

r2
¼ Qijninjðθ;ϕÞ ¼

X2
m¼−2

QmY2mðθ;ϕÞ; ð72Þ

where Y2m are the l ¼ 2 spherical harmonics. We find, in
the case of an axially symmetric deformation, that the
expansion (71) reduces to

g00 ¼ −1þ 2M
r

þ Q
r3
P2ðcos θÞ þO

�
1

r4

�
; ð73Þ

which defines the quadrupole moment of the metric, Q.
Thus, we may perform an asymptotic expansion of the

Hartle-Thorne perturbative solution for the exterior space-
time metric and identify the gravitational mass and quadru-
pole moment as the coefficients proportional to 2=r and the
P2ðcos θÞ=r3 term, respectively. Clearly, these quantities
get corrections due to the star rotation.
Indeed, for example, the gravitational mass of the star, up

to second order in ϵ, receives a correction

MðϵÞ ¼ M� þ ϵ2δM; ð74Þ

which can be obtained from the expansion of the hext0

perturbation function. Furthermore, taking into account the
asymptotic expansion for large r of hext2 and ωext one finds
that the spin-induced quadrupole moment of the star, up to
the second order in the spin parameter, is given by

Qrot ¼ −
J2

M�
− ϵ2

8

5
AM3�: ð75Þ

For later convenience we also define the dimensionless
rotationally induced quadrupole moment as

Q̄rot ¼ −
M�
J2

Qrot: ð76Þ

Dropping the staticity assumption, nontrivial current multi-
pole moments may appear in the expansion of the ð0; jÞ
components of the metric,

g0j ¼ −2ϵjkl
Jk
r2

xl − 4ϵjqk
Skl
r5

xqxl þO
�
1

r4

�
; ð77Þ

the first term corresponding to a nonvanishing angular
momentum.
Finally, another interesting property that can be obtained

from the solutions is the binding energy, which physically
corresponds to the amount of energy that keeps all the
particles (baryons) in the star from dispersing to infinity. It
is defined as Et ¼ M −Mb where M is the gravitational
mass (in the static case, M ¼ M�), and Mb is the baryon
mass of the star. The binding energy so defined includes
both the gravitational binding energy and the nuclear
binding energy. However, we will be mostly interested
in the gravitational contribution to the total binding energy,
i.e., the gravitational binding energy, since it contains EOS-
independent information about the mass distribution of the
star [50]. The gravitational binding energy is defined as
Eg ¼ M −Mp, being Mp the proper mass, given by the
proper energy-momentum density, Pμ ¼ Tμνuν, integrated
on a spacelike hypersurface with volume form dSμ:

Mp ¼
Z
Σ
Tμ
νuνdSμ: ð78Þ

In a stationary spacetime, this integral does not depend on
the chosen hypersurface, so we may take dSμ ¼ nμd3S,
where d3S ¼ ffiffiffi

γ
p

d3x is the volume element of the spacelike
hypersurfaces defined by t ¼ const, γ is the determinant of
the three metric associated with these hypersurfaces, and
nμ ¼ ∇μt=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið∇νt∇νtÞp
is the corresponding normal vector,

so that, for the static case,

M�
p ¼

Z
Tμ
νuνnμd3S ¼ 4π

Z
R�

0

ρðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2MðrÞ

r

q r2dr: ð79Þ

In the slowly rotating case, the perturbed proper mass
MpðϵÞ will also get corrections. Expanding both γ and the
product uμnμ in powers of ϵ, we have, up to second order,
MpðϵÞ ¼ M�

p þ ϵ2δMp, where

δMp¼8π

Z
R�

0

ρr̄4eβ=2
��

m0

r̄−2M

�
þ r̄2

6
ω2e−α=2

�
dr̄: ð80Þ

Hence, it is straightforward to obtain the second-order
perturbation to the gravitational binding energy EgðϵÞ ¼
Eg þ ϵ2δEg, with δEg ¼ δM − δMp.
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IV. TIDALLY DEFORMED STARS
AND LOVE NUMBERS

Until now we have studied the deformation of stars
resulting from their own rotation. However, we can also
study (nonrotating) stars which are deformed due to some
external tidal force. Tidal forces are one of the principal
signatures of the presence of a nontrivial gravitational field
in spacetime. Such forces are responsible for relative
acceleration among freely falling particles. This acceler-
ation induces, on extended gravitating bodies, a field of
strains that causes a deformation, which may be measured.
By measuring the deformation response of a body to a tidal
gravitational field, we may obtain information about the
kind of matter that conforms the body, as well as its
equation of state. In particular, in the case of binary systems
involving neutron stars, it is very useful to analyze the
deformation of the stars due to tidal effects, which may be
measured from its gravitational wave spectrum previous to
the merging.
On the other hand, as we have previously stated, a

spherical body immersed in an external tidal field may
deform due to tidal forces. Owing to this deformation, the
metric in the exterior spacetime will develop a nontrivial
multipolar structure. To characterize the tidal field gen-
erated by a given source, consider an observer immersed in
a tidal field generated by an external source. We may
expand the metric of spacetime in a region surrounding the
observer’s worldline in Fermi normal coordinates, with the
(0,0) and ð0; jÞ component of the metric given by [48,51],

g00 ¼ −1þ Eijxixj þOðr3Þ; ð81aÞ

g0j ¼
2

3
ϵjqkB

q
l x

kxl þOðr3Þ; ð81bÞ

where Eij and Bij are the (quadrupolar) tidal multipole
moments of electric and magnetic type, respectively. These
two are related to the Riemann tensor through Eij ¼ Ri0j0

and Bi
l ¼ 1

2
ϵijkR0jkl [48]. The quadrupolar tidal moments

are independent of the distance to the source, but may
depend on the time coordinate if the source is not sta-
tionary. Now, instead of the worldline of an observer, we
may consider the worldtube of an extended, gravitating
body immersed in an external tidal field. We thus may be
able to write the (0,0) component of the metric outside this
body by combining both Eqs. (71) and (81a),

g00 ¼ −1þ 2M
r

þ 3
Qij

r5
xixj þO

�
1

r4

�
þ Eijxixj þOðr3Þ;

ð82Þ

whereas the ð0; jÞ component of the metric will be given by
the combination of Eqs. (77) and (81b),

g0j ¼ −4ϵjqk
Skl
r5

xqxl þO
�
1

r4

�
þ 2

3
ϵjqkB

q
l x

kxl þOðr3Þ:

ð83Þ

Note that, by writing the metric as in Eqs. (82) and (83),
we are assuming that there exists a region of the exterior
spacetime, called the “buffer region,” in which the expan-
sions of Eqs. (71), (77), and (81) converge simultaneously.
This will be well justified in the limit in which the source of
the external tidal field is very far away from the body that
gets deformed and does not evolve rapidly with time. It can
also be shown that, in this limit, the multipole moments
appearing in (82) are defined unambiguously [52].

A. Electric quadrupolar Love number

Since we are considering that the body gets deformed
due to the external tidal field, the quadrupole tensorQij will
be a more or less complicated function of the tidal field Eij.
However, working to linear order in the tidal moment, we
define the (tidal) electric quadrupolar deformability λt as

Qij ¼ −λtEij: ð84Þ

Assuming that the terms with nonzero axial number m
vanish, we may write (81a) in spherical coordinates as

g00 ¼ −1þ r2EP2ðcos θÞ þOðr3Þ; ð85Þ

so that the tidal electric Love number can be obtained as the
ratio λt ¼ −Q=E, whereQ is the quadrupole moment of the
star as defined in (73).
That the deformation of the star resulting from an

external tidal field will be well described by its deform-
ability λ is consistent with the assumption that the source of
this external field is far from the body, since the tidal field
will be weak and the linear approximation will be well
justified.
The quadrupolar deformation of the star due to an

external tidal field and to a slow rotation can be described
by a similar spacetime metric (up to the second order)
[23,53]; hence, we can take advantage of the differential
equations derived above to obtain the results for a tidally
deformed star. Indeed, to describe a tidally deformed
star, one introduces the metric perturbation hμν as in
Appendix A. By direct comparison between the metric
(23) and (A6), it is straightforward to see that the l ¼ 2
even perturbation functions H2, M2, and K2 in the tidally
deformed case play a similar role as the functions h2,m2, k2
in the slowly rotating case. Indeed, this can be seen by
redefining these functions as

H2 ¼ 2eαh2; M2 ¼ 2eβ
m2

r̄ − 2M
: ð86Þ
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In order to calculate the quadrupolar deformation of the
metric due to an external gravitational field, the odd
perturbations to the metric are not needed. Therefore,
the metric functions of nonrotating tidally deformed stars
can be directly obtained from Eqs. (44) to (46) by imposing
ω ¼ 0. Then, these equations can be arranged into only one
equation for h2,

h002 ¼ −
�
2

r̄
þ
�
2M
r̄2

þ 4πr̄ðp− ρÞ
�
eβ
�
h02

þ
�
6eβ

r̄2
− 4π

�
5ρþ 9pþ ðρþ pÞ dρ

dp

�
eβ þ ðα0Þ2

�
h2:

ð87Þ

This is a second-order differential equation which can be
solved as a first-order system as in [23] by definingH ≡ h02,
while H0 is given by (87). To do this we need, again, to
expand the function h2 in powers of r̄ and introduce it in
(87) to obtain the initial condition

h2 ¼ hð2Þ2 r̄2 þOðr̄3Þ;
H ¼ h02 ¼ 2hð2Þ2 r̄þOðr̄2Þ: ð88Þ

Once more, the value of hð2Þ can not be found from the limit
r̄ → 0 of the field equations. However, we will see that this
is unimportant to find the correct value of the tidal
deformability (see below), so that we can start the inte-

gration with an arbitrary value for hð2Þ2 , as long as (88) are
satisfied.
Once the internal solution has been found numerically,

we can calculate the (tidal) Love number from the external
solution of the metric after matching with the internal
solution using the matching conditions

hint2 ðR�Þ ¼ hext2 ðR�Þ; ð89aÞ

HintðR�Þ − 4π
R2�
M�

ρðR�Þhint2 ðR�Þ ¼ HextðR�Þ: ð89bÞ

where, as in the case of (67), there is a constant contribution
in (89b) due to a nonvanishing energy density at the surface
of the star [45,53,54].
Hence, as before, the vacuum (ρ ¼ p ¼ 0) version of

(87) can be analytically solved,

hext2 ¼ c1

�
r
M�

�
2
�
1−

2M�
r

�
×

�
−
2M�ðr−M�Þð3r2−6M�r−2M2�Þ

r2ðr−2M�Þ2
þ3 ln

�
r

r−2M�

��
þc2

�
r
M�

�
2
�
1−

2M�
r

�
; ð90Þ

where c1;2 are constants that can be determined through the
matching conditions in terms of HintðR�Þ; hint2 ðR�Þ. Study-
ing the behavior of this function in the buffer zone we can
extract the expression for Q and E in terms of these
constants c1 and c2 in order to obtain the tidal electric
deformability. Indeed, in the buffer zone

hext2 ¼ 16

5
c1

M3�
r3

þ c2
r2

M2�
þO

�
M4�
r4

;
r
M�

�
; ð91Þ

and comparing with Eqs. (73) and (85) we have

λt ¼
16

15
M5

c1
c2

; ð92Þ

and, defining the tidally induced, quadrupolar electric Love
number kE2 ¼ 3

2
λt
R5�
, we can write

kE2 ¼
8

5
C5ð1−2CÞ2½2þ2Cðy−1Þ−y�

×f2C½6−3yþ3Cð5y−8Þ�þ4C3½13−11yþCð3y−2Þ
þ2C2ð1þyÞ�þ3ð1−2CÞ2½2−yþ2Cðy−1Þ�
×lnð1−2CÞg−1; ð93Þ

where y ¼ R�HextðR�Þ=hext2 ðR�Þ and C ¼ M�=R� is the
compactness of the zeroth-order solution. From the defi-
nition of y it is clear that kE2 , and hence λt, does not depend
on the value of hð2Þ chosen in the numerical integration of
the interior equation. Again, for later convenience we will
define the adimensional tidal deformability as

λ̄t ¼
2

3
kE2C

−5: ð94Þ
In the rotating case, expanding the metric of Eq. (32) as in
(82), we may define the analogous rotational deformability
λr, which is shown in Fig. 2 below, as Qrot ¼ −λrΩ2

B. Magnetic quadrupolar Love number

While electric-type Love numbers measure the induction
of different multipole moments on a star due to an external
gravitational field and can also be calculated in the
Newtonian limit of general relativity, the current multipole
moments induced by an external magnetic-type tidal field
have no analogue in Newtonian gravity, and thus the
magnetic tidal Love numbers are a genuine prediction of
general relativity. In the simplest (quadrupolar) case, the
tidal magnetic deformability, in analogy with the electric
case, measures the magnitude of the quadrupolar current Sij
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induced in the star by an external tidal field of magnetic
type, Bij. At the linear level, the relation between both is

Sij ¼ −σtBij: ð95Þ
Therefore, it is interesting to study the response of a NS
under a magnetic-type external gravitational field, whose
effects may be relevant for such compact objects. To do so,
we consider an axially symmetric perturbation of the
spherical metric. For the calculation of magnetic-type
Love numbers, only the odd metric perturbations are
relevant. The magnetic Love number can be obtained by
assuming a perturbation of the static metric of the form
gðϵÞ ¼ gð0Þ þ ϵhodd, where gð0Þ is the static spherically
symmetric metric (8), ϵ here does not have to do anything
with rotation, but it will play the role of a bookkeeping
parameter, and hodd is the odd-parity perturbation:

hoddμν dxμdxν ¼ 2Vðr; θÞdrdϕþ 2ωðr; θÞdtdϕ: ð96Þ
In particular, for the simplest (quadrupolar) perturbations,
we take into account only l ¼ 2 in (A6) and we have

Vðr; θÞ ¼ V2ðrÞ sin θ∂θP2ðcos θÞ;
ωðr; θÞ ¼ ω2ðrÞ sin θ∂θP2ðcos θÞ: ð97Þ

Notice that we have dropped the barred radial coordinate,
since the star shape will not be altered by the odd metric
perturbations.
On the other hand, using the notation of Appendix A, we

define niA ¼ ∂Ani. Then, we can transform the ð0; jÞ
components of the metric to spherical coordinates by
g0j → g0A ¼ rnjAg0j, and expand into odd-parity vector
harmonics (see Appendix A), for instance,

ϵjqk
Skl
r3

xqxl → njAϵjqkS
k
l n

qnl ¼
Xm¼2

m¼−2
SmX2m

A ðθ;ϕÞ; ð98Þ

so that Eq. (83) is transformed into

hodd0A ¼
Xm¼2

m¼−2

�
−4
r2

Sm þ 2

3
r3Bm

�
X2m
A ðθ;ϕÞ þ � � � ð99Þ

In particular, for the simplest case of axially symmetric
perturbations, we have, for instance,

hodd0ϕ ¼
�
−4S
r2

þ 2

3
r3B

�
sin θ∂θP2ðcos θÞ þ � � � ; ð100Þ

where � � � in Eqs. (99) and (100) denotes the nonleading
terms in the expansion at the buffer zone. Hence, the
magnetic tidal deformability can be obtained as the ratio

σt ¼ −
S
B
; ð101Þ

where the constants S and B will be determined from the
buffer zone expansion of the odd-parity metric perturbation
functions (97).
To find these functions, the Einstein equations must be

solved for the star interior, and matched to a suitable
exterior solution, as we have previously done for the even
parity case. However, in the case of odd-parity tidal
perturbations, the energy-momentum tensor of the fluid
will also get perturbed through a perturbation of the four
velocity, uμðϵÞ ¼ uμ þ ϵδuμ,

δTμ
ν ¼ ðρþ pÞðuνδuμ þ uμδuνÞ − pgð0Þμσhoddσν ð102Þ

working to first order in ϵ, and δuμ ¼ gð0Þμν δuν þ hoddμν uν.
Now, in principle, the four-velocity perturbations are

independent of the metric perturbations, and the latter are
only related with the former through the perturbative
Einstein equations. However, there are two simple cases
for which these perturbations are closely related to each
other: the static case, in which the fluid remains static—
with vanishing spatial four-velocity components, i.e.,
δuμ ¼ 0—even when the metric perturbations are taken
into account, and the irrotational fluid, which is based on
the assumption that the fluid perturbations preserve the
relativistic circulation theorem [55], and can be shown to be
equivalent to the condition of a vorticity-free fluid, i.e., with
vanishing vorticity four vector ωα ¼ 1

2
ϵαβμνuβ∇μuν ¼ 0,

which in turn implies δuμ ¼ 0 [56], since the static
initial configuration is trivially vorticity free. The latter
assumption is usually considered as more physically
relevant, as the static fluid is only adequate for the
nonphysical case of time-independent tidal perturbations
[57]. Hence in the following we will only consider the
case of an irrotational fluid and write the four-velocity
perturbation as

δuμ ¼ gð0Þμνhoddνα uα ¼ −
2ω2ðrÞ
r2

∂θP2ðcos θÞ
sin θ

δμϕ: ð103Þ

Substituting this expression into the stress-energy tensor
perturbation, we may expand the Einstein equations as in
(39) and solve the linearized equations Eð1Þ ¼ 0, which
yield V2 ¼ 0 and the following ODE:

ω00
2 −4πðρþpÞreβω0

2−
eβ

r3
ð6r−4M−8πðρþpÞr3Þω2 ¼ 0

ð104Þ

for the metric perturbation function ω2. The above equation
is numerically integrated in the star interior starting with an
initial condition

ω2 ¼ ωð3Þ
2 r3 þOðr̄5Þ; ð105Þ
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where, as in the electric case, the exact value of ωð3Þ
2 is

undetermined from the equations but will not be needed for
obtaining the corresponding Love number.
On the other hand, the exterior solution of Eq. (104)

can be written in terms of the hypergeometric function

2F1ðα; β; γ; xÞ as [58]

ωext
2 ðrÞ ¼ d1

�
r
2M

�
3

2F1

�
−1;−4;−4;

2M
r

�

þ d2

�
2M
r

�
2

2F1

�
1; 4; 6;

2M
r

�
; ð106Þ

where d1;2 are integration constants that can be related to
the interior solution through the matching conditions

ωext
2 ðR�Þ ¼ ω2ðR�Þ; ω0ext

2 ðR�Þ ¼ ω0
2ðR�Þ: ð107Þ

The expansion of (106) in powers of r and r−1 in the buffer
region reads

ωext
2 ðrÞ ¼ 1

8
d1

r3

M3�
þ 4d2

M2�
r2

þO
�
M3�
r3

;
r2

M2�

�
; ð108Þ

And, comparing with (100), we have

σt ¼
16

3

d1
d2

M5; ð109Þ

so that the magnetic quadrupolar Love number kM2 ¼ 48 σt
R5�

reads

kM2 ¼ 96C5

5
½3þ 2Cðy − 2Þ − y�f2Cf9 − 3yþ C½3ðy − 1Þ

þ 2CðCþ yþ CyÞ�g
þ 3½3þ 2Cðy − 2Þ − y� logð1 − 2CÞg−1; ð110Þ

where now y ¼ R�ω0
2ðR�Þ=ω2ðR�Þ, and once more it is

clear from this expression that the initial condition for ω2

does not enter in the expression for the magnetic Love
number.

V. QUASIUNIVERSAL RELATIONS

A. I-Love-Q

In their original paper [28], Yagi and Yunes present a set
of EOS-independent relations between the dimensionless
moment of inertia, quadrupole moment, and Love numbers
of slowly rotating and tidally deformed compact stars, the
so-called I-Love-Q relations. Soon after these relations
where proposed, in [59] two possible reasons for these
relations to exist were given. The first one relies on the fact
that these relations depend mostly on the outer core
(1013 ≤ ρ ≤ 5 1014 g=cm3) of the NS, where all the EOS

extracted from the experimental data of the nuclear physics
(SLy, APR, WFF1, etc.) follow the same behavior. The
second is related to the no-hair conjecture of black holes
since the three parameters (Ī; λ̄, and Q̄) must approach
the limiting values of a black hole for stars with large
compactness.
In Fig. 2 we show that these relations for the BPS case

(both exact and mean-field limits) are also satisfied. We
also show the data for the standard Skyrme crystal,
generalized and hybrid EOS of [22] (which satisfy these
relations as well) and the numerical fit for each of these
relations obtained in [28] is plotted with a black line.
Although somewhat expected, this result is remarkable at
least for the case of exact BPS models, for which the I-
Love-Q relations are satisfied even when they present a
nonbarotropic EOS which varies depending on the chosen
potential. Furthermore, the relations are satisfied for these
models in the exact and mean-field cases. As we will see,
this will not be true anymore for other quasiuniversal
relations. This points out the universality and EOS inde-
pendence of the I-Love-Q relations.
Additionally, more quasiuniversal relations have been

found between electric, magnetic, and higher multipole
Love numbers [58]. For example, in Fig. 3 we show how
there is as well an EOS independent relation between the
(dimensionless) electric and magnetic quadrupolar tidal
deformabilities in all models considered.

B. I-Love-C

Apart from the I-Love-Q relations, there exists another
set of relations between the moment of inertia, the Love
numbers and the compactness of neutron stars that share
some characteristics with the I-Love-Q but are accurate
only up to ∼10%. These I-Love-C relations were approx-
imately derived analytically in [60], as well as a possible
explanation for these relations, in terms of the behavior of
the energy density in the star interior. It turns out that these
relations, as opposed to the I-Love-Q relations, are not
universally satisfied for all the models we have considered.
Indeed, from Figs. 4 and 5 it can be seen that the relation
between I, Q, and C generally splits into two branches,
corresponding to usual neutron stars and incompressible
stars. This is consistent with the findings of [60]. However,
we also find that, although the mean field version of the
BPS models does lie in the incompressible star branch, the
exactly solved cases behave quite differently. Whereas
the behavior of the partially flat and 2χ-BPS models is
better adjusted by the NS branch, the 4χ2-BPS model does
not fit in neither branch. This behavior can be traced back to
the radial dependence of the energy density in each model.
Indeed, from Fig. 6 we can see that the mean field
approximation is not good in order to describe the low-
density regime of neutron stars within the BPS Skyrme
models in general, which translates into very different
behaviors of the I-Love-C relations for these models.
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FIG. 3. Quasiuniversal relation between electric and magnetic
quadrupolar deformabilities.

FIG. 2. I-Love-Q relations and relation between the rotationally induced and tidally induced deformabilities for different Skyrme
models, both the exact and mean field solutions. The black line corresponds to the numerical fit obtained in [28].

FIG. 4. Relations of the dimensionless quadrupolar moment
and electric quadrupolar Love number with compactness.
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Indeed, it is clear from this figure that the MF approach
overestimates the energy density of the stars in the outer
regions.
Furthermore, the energy density profile for the different

BPS models highly depends on the chosen potential. For
example, while the θ-potential yields almost incompress-
ible stars, the 2χ-potential curve can be well approximated
by a quadratic function. This quadratic behavior is in fact
expected for realistic neutron stars, whilst the behavior of
the density profile for the 4χ2 model is actually more
similar to that of white dwarfs [60]. Indeed, as we have seen
in Figs. 4 and 5, the (exact) 2χ-BPS model I-Love-C
relations are very close to the NS fit from [60]. Finally, it is
interesting that the curve for the partially flat potential does
not fit to a quadratic curve, yet the I-Love-C relations
within this model are still satisfied.

C. Gravitational binding energy relations

A different set of quasiuniversal relations involving the
static gravitational binding energy and other global proper-
ties of neutron star solutions have been recently proposed in
[50]. For instance, we show in Fig. 7 the universal behavior
of the static gravitational binding energy normalized to the
TOV mass and plotted against the adimensional moment of
inertia. From the error plot one can see that all models
follow the same universal behavior with a deviation of
≲5% (but the exact 4χ2 BPS model, in which case the error
is as high as 10%) with respect to the numerical fit obtained
in [50]. Further, the rotation of the star has measurable
effects both in the gravitational and proper mass of the star.
Indeed, as we have seen, the gravitational mass of the star
receives a correction δM, the dimensionless version of
which, δM ¼ δM ×M3=J2, was also shown in [46] to
satisfy a universal relation when plotted against the
(dimensionless) tidal deformability. We show this relation
in Fig. 8, together with the numerical fit of [46] obtained for
the region λ̄t < 103, at which the deviation for all models is
less than 10%.
On the other hand, the gravitational binding energy will

also get a second-order correction, namely, δEg.
Remarkably, as opposing to its zeroth-order counterpart,
the correction to the gravitational binding energy does not
seem to follow a simple, quasiuniversal relation. Since the
correction to the gravitational mass indeed does follow a
relation as shown in Fig. 8, the nonuniversal nature of δEg

can be traced back to the correction to the proper mass
δMp, which involves an integral over the star, see (80). In
Fig. 9 we show the behavior of δMp ¼ δMp ×M4=J2 with
the proper mass of the static solution,M�

p. From this figure
a curve describing a quasiuniversal behavior may be

FIG. 6. Normalized energy density profiles of 1.4 M⊙ Skyrme
stars for different models. We include the nuclear based EOS
BCPM and AP4, as well as the quadratic curve 1 − r2.

FIG. 5. Relations of the dimensionless moment of inertia and
magnetic quadrupolar Love number with compactness.

FIG. 7. Relation between the adimensional moment of inertia
and normalized gravitational binding energy.
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inferred, which corresponds to the numerical fit we have
obtained. However, this behavior has not the same univer-
sality as others previously analyzed, as the deviation can
grow up to 30% for realistic masses.

VI. DEFORMABILITY CONSTRAINTS
FROM OBSERVATIONS

In addition to constituting an outstanding experimental
confirmation of the validity of general relativity, the direct
observation of gravitational waves can be used to place
direct constraints on the neutron star EOS (see [61–63] for a
recent review of nuclear EOS constraints from GW
observations). Indeed, the waveform produced by the
coalescence of two realistic extended bodies deviates
significantly from a point-particle waveform and thus this

difference can be observed with advanced LIGO. The
degree of the deviation, in the case of binary neutron star
mergers, depends on the underlying EOS. Although the
magnitude of the deviation is strongest at later times in the
inspiral and during the merger, Flanagan and Hinderer
found that the early phase of the inspiral depends mostly on
the tidal Love number of the neutron stars, introducing a
phase shift with respect to the point-particle waveform [53].
However, the individual Love numbers for each compo-

nent of the merger cannot be separately distinguished in the
observed gravitational waveform. Instead, what can be
sharply measured is the so-called effective tidal deform-
ability, Λ̃ a mass-weighted average of the dimensionless
deformabilities λ̃1 and λ̃2 of both components (with masses
m1 and m2), given by

Λ̃≡ 16

13

ðm1 þ 12m2Þm4
1λ1 þ ðm2 þ 12m1Þm4

2λ2
ðm1 þm2Þ5

: ð111Þ

Similarly, the two component masses are not measured
directly. Instead, it is the chirp mass,

Mc ¼
ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ m2

q3=5

ð1þ qÞ1=5 ; ð112Þ

where q ¼ m1=m2 is the mass ratio, that can actually be
constrained. In the case of the GW170817 event, the chirp
mass was measured to be 1.188þ0.004

−0.002 at the 90% confidence
level. Moreover, within the same confidence level, the mass
ratio was found to be in the range 0.7–1, and the effective
tidal deformability to be smaller than 800 [64].
Such measurements of the NS properties can be used to

further reduce the set of Skyrme models able to reproduce
physically realistic NS solutions and impose some con-
straints on the possible values of the free parameters of
these models. Indeed, once the equations for the tidally
deformed stars of Sec. IV are solved for a specific model,
we may obtain the dimensionless tidal deformability of
stars described by this model as a function of their TOV
mass, so that Λ̃ may be seen as a function of both m1 and
m2, or, equivalently, of Mc and q. On the other hand, since
the chirp mass of the binary progenitor of GW170817 is
well measured, for any given EOS the effective deform-
ability reduces to a simple EOS-dependent function of the
mass ratio.
In Fig. 10 we show the effective tidal deformability as a

function of the mass ratio for a chirp mass of 1.19 M⊙ for
different Skyrme models, together with the constraints from
the GW170817 event. It is clear from this figure that, as we
have already argued, the mean field approximation is not
suitable for describing the low energy region of BPS stars,
which makes the most relevant contribution to the deform-
ability of the stars. Indeed, this approximation overesti-
mates the values of effective deformability by at least a
factor of ∼2.

FIG. 9. Normalized second-order proper mass correction versus
static proper mass.

FIG. 8. Quasiuniversal relation for the (dimensionless) gravi-
tational mass correction δM, and normalized deviation from the
fitted relation of [46].
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On the other hand, we find that both the generalized and
the hybrid EOS provide an excellent description of the tidal
deformability [22].
In addition, we see again that the exact BPS Skyrme

models present very different behaviors—in this case,
different values of Λ̃—depending on the chosen potential.
For example, the contribution from the Θ potential is
clearly too big as compared with the GW observation,
which sets an upper value of Λ̃ ≤ 800, whereas the 2χ and
PF potentials yield a very large λ̃, near the upper value,
although still allowed by the bound.
Furthermore, it is likely that additional observations of

gravitational waves from binary NS mergers will further
constrain the tidal deformability of these compact stars. In
particular, some recently observed GW events [65,66]
strongly suggest that highly massive NS and compact
objects within the NS-black hole mass gap (around
2.5 M⊙) could exist.
However, it is difficult to distinguish between an

extremely massive neutron star and a small black hole
from the GW waveform alone with first generation GW
detectors, since the tidal deformability and quadrupole
moment of such massive stars are usually very low due to
their high compactness, and almost no realistic EOS is able
to produce stars with such large masses.
In Fig. 11, we show the dimensionless moment of inertia,

quadrupolar moment, and tidal deformability of all the
Skyrme models as well as for the AP4 and BCPM EOS.
These plots show that not only high mass neutron star
solutions can be found for any BPS Skyrme model as well
as for the generalized and the hybrid EOS. We also find
that, depending on the potential, these parameters can
acquire sufficiently high values to be able to be measured
by current generation GW observatories. Therefore, we
conclude that if the tidal deformability of a mass-gap
compact object were measured to be nonzero, it is very
likely that its EOS will be well approximated by a BPS

Skyrme model and, in particular, by the hybrid model
which approaches the BPS behavior at high density.

VII. CONCLUSIONS

In this work, we have solved the Einstein equations using
the Hartle-Thorne perturbative formalism to find slowly
rotating NS solutions with nuclear and Skyrme model-
based EOS. Moreover, we have presented perturbative
solutions to the Einstein-BPS Skyrme system describing
slowly rotating and tidally deformed, self-gravitating sol-
itons that can also be considered as idealized models for
neutron stars. For all these models, we have computed
different global properties of the corresponding star con-
figurations, such as the moments of inertia, quadrupole
moments, gravitational masses, or binding energies, and
checked whether or not all the models satisfy some (quasi)
universal relations previously proposed in the literature. As
we have found, the I-Love-Q relations presented in [28] are
satisfied up to a ∼2% error, even for the exact, non-
barotropic BPS Skyrme models, which reaffirms the
universality of these relations. Other relations involving
the second-order correction to the gravitational mass
(including the correction proposed in [46]) and those
involving the (gravitational) binding energy are also quite
well satisfied for all models at hand.
On the other hand, we have found that while the

I-Love-C quasiuniversal relations still hold for the mean-
field BPS and Skyrme-based EOS, these relations break up
for the exact BPS Skyrme models. This fact, as argued, can
be traced back to the behavior of the energy density profiles
of the solutions for such models, which strongly depends
on the particular potential chosen due to the nonbarotropic
nature of these models. This finding is consistent with the
explanation given in [59] about the difference in nature
between these relations and the I-Love-Q.
The extension of previous works on Skyrmion stars to

include the effects of small rotations and tidal deformations

FIG. 11. Dimensionless moment of inertia, quadrupolar mo-
ment, and tidal deformability versus mass of stars for different
models and EOS.FIG. 10. Effective tidal deformability versus mass ratio of the

two merging stars.
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allows to enlarge the set of observable quantities that can be
compared to actual measurements. Owing to the increasing
number of observed GW events in recent years, those
observables that can be inferred from the waveform of a
GW produced at a binary NS coalescence are of particular
interest. An example is the (effective) tidal deformability of
the binary, which, together with the quasiuniversal rela-
tions, allows us to constrain the EOS of strongly interacting
matter in the extremely high density regime. In this paper,
we have shown that, within the Skyrme model, these
universal relations still hold and that the current exper-
imental bounds on NS deformabilities can be well
accounted for. Furthermore, a remarkable property of the
solutions based on generalized Skyrme models is that very
high masses (of approximately 2.5 M⊙) can be reached
even for not too large energy densities at the center of the
stars. In other words, such massive stars can be produced
from mesonic degrees of freedom alone without the need of
additional degrees of freedom such as unconfined quarks.
This is consistent with the assumption that the Skyrme
model is a valid approximation for the description of matter
at the core of a NS, which, if true, implies that the pressure
and density reached at NS cores are still far from the energy
density regimes in which perturbative QCD becomes
relevant.
Although some recent GWevents can be seen as possible

evidence that such massive stars may exist, additional
observations are required to further clarify the detailed
properties of massive NS cores.
We conclude by summarizing our main results:
(i) We find that the hybrid EOS, where the EOS of the

generalized Skyrme model is complemented by a
standard nuclear physics EOS for low densities, is
compatible with all observational constraints, both
for static NS observables and for observables related
to slowly rotating and/or tidally deformed NS, and

(ii) We verify (quasi)universal relations, like I-Love-Q,
for a broad range of models, based on the minimal
Skyrme model, the BPS Skyrme model with a
variety of potentials, the generalized Skyrme model,
and the hybrid model, respectively.

In particular, the BPS Skyrme model also allows for an
exact field-theoretic treatment (beyond mean-field theory),
because it represents a nonbarotropic perfect fluid. These
results contribute to a deeper understanding of the range of
validity of these relations, because we investigate them for
qualitatively different models not considered previously. In
addition, our investigation also provides a better insight
into the role played by each component of the full, hybrid
Skyrme model.
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APPENDIX: LINEAR PERTURBATIONS OF
SPHERICALLY SYMMETRIC SPACETIMES

In this appendix we establish the notation for the
gravitational perturbations of Schwarzschild spacetime as
introduced in [67], and developed in [44].
Consider a spherically symmetric static spacetime M,

whose metric is given in general by the Schwarzschild
solution, whose line element can be written:

ds2 ¼ gabdxadxb þ r2ðxaÞΩABdxAdxB ðA1Þ

with lowercase latin indices running over f0; 1g and
uppercase latin indices running over f2; 3g. In particular,
r is a scalar function of the lowercase coordinates, the
coordinates xA ¼ fθ;ϕg span the two-spheres xa ¼ const,
and ΩAB is the metric on the unit two sphere, ΩAB ¼
diagð1; sin2 θÞ. Let DA be the covariant derivative operator
compatible with ΩAB, and εAB the Levi-Civita tensor on the
unit two sphere, with εθϕ ¼ sin θ.
We may now introduce the metric perturbation

δgμν ≔ hμν, which may be written as

hμν ¼ habdxadxb þ haBdxadxB þ hABdxAdxB: ðA2Þ

Spherical symmetry of the background spacetime motivates
a decomposition of hμν in spherical harmonics. Note that
the hab transform as scalars on S2, whereas haB and hAB
transform as covariant vectors and tensors, respectively, on
S2. Therefore, we should decompose them into scalar,
vector, and tensor spherical harmonics, respectively.
The scalar harmonics are the usual spherical-harmonic

functions YlmðxAÞ, which satisfy the eigenvalue equation:

½ΩABDADB þ lðlþ 1Þ�Ylm ¼ 0: ðA3Þ

Vectorial spherical harmonics come into two types, depend-
ing on their parity:

(i) Even parity: Ylm
A ≔ DAYlm.

(ii) Odd parity: Xlm
A ≔ −εBADBYlm.
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Tensorial harmonics are also classified according to their
parity:

(i) Even parity: there are two kinds:

�
Ylm
AB ≔ΩABYlm;ðtraceful; scalardegreeof freedomÞ

Ỹlm
AB ≔ ½DADB− 1

2
lðlþ1ÞΩAB�YlmðtracelessÞ :

(ii) Odd parity: Xlm
AB ≔ 1

2
ðεCADB þ εCBDAÞDCYlm.

Therefore, the components of the metric perturbation (A2)
can be written as follows:

hab ¼
X
l;m

hlmabðxaÞYlmðxAÞ;

haA ¼
X
l;m

jlma ðxaÞYlm
A ðxAÞ þ

X
l;m

hlma ðxaÞXlm
A ðxAÞ;

hAB ¼
X
l;m

r2ðxaÞ½klmðxaÞYlm
ABðxAÞ

þ GlmðxaÞỸlm
ABðxAÞ þ hlm2 ðxaÞXlm

ABðxAÞ�: ðA4Þ

The even-parity sector of the perturbation (also called
polar perturbations) consists of the associated functions
hlmab, j

lm
a , klm, and Glm, whilst the variables hlma and hlm2

make up the odd parity sector (axial perturbations).
As noted in the main text, a well defined perturbative

treatment of spacetime introduces a gauge freedom. Up to
now, the discussion of the perturbation functions have been

made in an arbitrary gauge. It is useful to fix the gauge
for the metric perturbations, in order to simplify the
problem of determining their explicit expression by solving
the perturbed Einstein equations. A useful gauge choice is
the so-called Regge-Wheeler gauge [44], in which
jlma ¼ Glm ¼ hlm2 ¼ 0.
Furthermore, for stationary, axially symmetric perturba-

tions, we may discard the ϕ dependence of the harmonics,
and the only nonvanishing contribution will be that of the
m ¼ 0 terms. Hence, the general expression for an sta-
tionary, axially symmetric metric perturbation with these
gauge choices is given by hμν ¼ hevenμν þ hoddμν , where

hevenμν ¼

0
BBB@

−Hl Il 0 0

Il Ml 0 0

0 0 r2Kl 0

0 0 0 r2 sin2ðθÞKl

1
CCCAYl0ðθÞ; ðA5Þ

hoddμν ¼

0
BBB@

0 0 0 ωl

0 0 0 Vl

0 0 0 0

ωl Vl 0 0

1
CCCAXl0

ϕ ðθÞ; ðA6Þ

where Yl0 ¼ Plðcos θÞ and Xl0
ϕ ¼ sin θ∂θPlðcos θÞ, and

summation over l is implied.
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