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Abstract
The interaction of strong pulsed femtosecond laser field with atoms having three equivalent
electrons in the outer shell (p3 configuration, e.g. nitrogen) is studied via numerical integration
of a time-dependent Schrödinger equation on a spatial grid. Single ionisation, double
ionisation (DI) and triple ionisation (TI) yields originating from a completely antisymmetric
wave function are calculated and extracted using a restricted-geometry model with the
soft-core potential and three active electrons. The observed suppression of the ionisation yields
for the non-sequential processes, in both DI and TI cases, is attributed to the action of the Pauli
principle. Compared against earlier results investigating the s2 p1 configuration, we propose
that the differences found here might in fact be accessible through electron’s momentum
distribution.

Keywords: non-sequential ionization, strong pulsed laser fields, ab initio calculations,
restricted-geometry model, triple ionization, wave function symmetry

(Some figures may appear in colour only in the online journal)

1. Introduction

The study of correlations is the study of the complexity of
the world around us. One of the amazing manifestations of
the existence of correlations in nature is the phenomenon of
non-sequential double ionisation (NSDI) in strong laser fields
[1, 2]. Reports from experiments showing the recorded dou-
ble ionisation (DI) yield higher by several orders of magni-
tude than expected in the sequential electron escape processes
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[3–5], followed by the measurements of the ion recoil momen-
tum and latter extraction of electrons’ momenta distributions
with the famous finger-like structure [6, 7] forced researchers
to acknowledge the fundamental role of electron–electron cor-
relations played in NSDI. Along with the experimental work,
there were attempts to theoretically explain the observed phe-
nomenon. It is now recognized that the process has a stepwise
character and the rescattering is an important ingredient [8].
In the process one of the electrons tunnels and begins to move
away from its parent ion. When the phase of the field changes
(we deal with short pulses, usually having the wavelength on
the border of visible and infrared light), the electron is turned
back, accelerated and recollides with the ion. As a result of the
recollision, energy transfer occurs and consequently the escape
of the second electron is allowed.
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Research on very intense laser pulses leading to multiple
ionisation began in the 1980s [9–14]. These studies resulted in
discussions about the sequential or collective character of elec-
tron emission [10, 15–23]; with the subsequent detailed under-
standing of rescattering it turned out that the non-sequential
events for two active electrons are most important at inter-
mediate laser intensities [3–5]. Similarly if rescattering events
affect strongly ionisation process involving three or more elec-
trons, then we speak of non-sequential multiple ionisation
[24]. However, theoretical analysis of events involving more
than two electrons is very difficult. This is evidenced by the
fact that full-size, i.e. taking into account all spatial dimensions
for each electron, quantum calculations even for two electrons
are still very rare [25–29]. Simplified quantum models with a
reduced number of dimensions are often used to overcome the
numerical difficulty [6, 30–40]. And in the case when three and
more electrons are involved, classical or semi-classical calcu-
lations are often used [41–47] with the independent electron
model [20] likely being applicable only at very high intensi-
ties. On the other hand experimental progress in the area is
quite spectacular [48–51].

We have recently shown that it is possible to construct a
model with a reduced geometry that enables a study of triple
ionisation (TI) [36]. Importantly, the electronic configuration
of the target atoms begins to play a significant role. In the case
when two electrons are involved in the process, it is usually
assumed that they have opposite spins and therefore the spa-
tial part of the wave function is symmetrical. When three active
electrons are involved the spatial part of the wave function
cannot be symmetric. The electron configuration of the target
atoms is reflected in the symmetry of the wave function under
consideration. And so, for alkali metals with s2 p1 configura-
tions we will have a spatial wave function which is partially
antisymmetric, while for elements with p3 configuration (e.g.
nitrogen) we will have a completely antisymmetric function.
The difference between these two possible situations and its
possible impact on the ionisation dynamics has not been fully
explored up till now. Importantly, due to symmetry properties
of the ground state for atoms with the s2 p1 configuration it is
not possible to reduce the problem of DI (occurring in the three
electron model) to the model of two active electrons [38]. In
contrary, such a reduction is possible in the case of atoms with
the p3 configuration [40].

TI dynamics is supposed to depend on the initial spin
symmetry as well. In the previous work [36] we considered
TI events in atoms with the s2 p1 configuration. In that case
(ground state energy−4.63 a.u.), the dominant TI channel was
the sequential escape for fields with amplitudes F = 0.2 and
higher (in the following we use atomic units, unless otherwise
stated). Channels associated with the non-sequential escape,
i.e. (i) three electrons being ejected simultaneously, (ii) first a
single then two electrons are ionised, and (iii) first two and then
one electron are ejected, are important for fields with ampli-
tudes less than F = 0.2. For the range of the analysed field
amplitudes, the process in which one electron is ionised first,
and then two, plays a dominant role among the three mentioned
paths of non-sequential escape.

In the present paper, we concentrate on the influence of the
initial state symmetry on TI. For this purpose, we analyse TI
events for atoms with the p3 configuration in the outer shell
and compare the results with the physics in the s2 p1 configura-
tion. The crucial question we try to answer is to what extent the
symmetry of the initial wavefunction affects the dynamics of
the ionisation process, notably sequential and non-sequential
events. As far as we know this problem has not been addressed
before. Note, however, using species with different initial con-
figuration, i.e. s2 p1 and p3, as a starting point inevitably neces-
sitates models with different sets of ionisation potentials thus
comparing of the absolute values of ionisation yields is point-
less. Still, the overall shape of ionisation yields as functions of
the field amplitude or the relative impact of various ionisation
channels may be safely juxtaposed.

The paper is structured as follows. Section 2.1 describes
the model we analyse and in particular the dimensional reduc-
tion applied. Section 2.2 presents the space-division approach
that allows us to calculate contributions of different ionisation
channels to (multi)-electron ionisation. In section 3 we present
the main results and compare them to the results obtained in
our previous work [40] for a different electron configuration.
We conclude in section 4.

2. Model and methods

2.1. Model

Due to the computational complexity it is virtually impossi-
ble nowadays to tackle the three electron problem numeri-
cally in the full configuration space. Therefore, we employ a
judiciously designed restricted-space model [36, 42] in which
each of the three electrons is allowed to move along one-
dimensional (1D) track. The chosen 1D-tracks are equivalent
to the lines along which the saddles, formed by the instanta-
neous electric field in the potential, move when the field ampli-
tude is varied (see figure 1(a)). The saddles and their motion
were determined with the application of local stability analysis
in the adiabatic potential [42, 52, 53]. The Hamiltonian in the
restricted-space reads (in atomic units):

H =

3∑
i=1

p2
i

2
+ Va + Vint, (1)

where Va is the atomic potential:

Va = −
3∑

i=1

3√
r2

i + ε2
+

3∑
i, j=1;i< j

q2
ee√

(ri − r j)2 + rir j + ε2
,

(2)
reproducing the experimental single-ionisation (SI) and DI
potentials for a nitrogen atom with soft-core parameter
ε =

√
1.02 and effective electron–electron charges

qee =
√

0.5 (same as in [40]). Potential V int describes an
interaction with the external field:

Vint =

√
2
3

F(t)(r1 + r2 + r3). (3)
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Figure 1. The restricted-space model [40]. Panel (a): the geometry of the model with respect to three-dimensional space: electrons propagate
along r1, r2, and r3 axes. The field polarization direction, �F, is indicated by the arrow. Panels (b) and (c)—visualization of the space division
within the model as used for calculation of probability fluxes. The space is divided into regions corresponding to neutral states (A), singly
ionised states (S), doubly ionised states (D), and triply ionised states (T). The borders between respective regions are marked with different
colours as shown in each panel: on panel (b) borders A–S, A–D and A–T are depicted, whereas on panel (c) borders S–D, S–T and D–T .
The border distances are ra = 12.5 a.u., rb = 7 a.u., and rc = 5 a.u., respectively.

ri and pi are the i’th electron’s coordinate and conjugated
momentum, respectively. The field is defined via its vector
potential, F(t) = −∂A/∂t, and is polarized along the z axis in
full space:

A(t) =
F0

ω0
sin2

(
πt
Tp

)
sin(ω0t + ϕ), 0 < t < Tp. (4)

Here F0, ω0, T0 = 2πnc/ω0, ϕ and nc are the field amplitude,
the pulse frequency, the pulse length, the carrier–envelope
phase and the number of cycles. In the following we set
ω0 = 0.06 which corresponds to 760 nm of laser wavelength
and the number of cycles, nc = 5. The field amplitude and the
carrier–envelope phase may be varied. We have found numer-
ically that the reported dynamics is only weakly dependent on
the carrier–envelope phase hence the results forϕ = 0 are pre-
sented only. As the field is polarized along the z axis in the
full space it has to be projected onto ri tracks. The projection
imposes the geometric factor

√
2/3 in (3).

2.2. Methods

The time-dependent Schrödinger equation for the above
Hamiltonian is solved on a homogeneously spaced grid in
three dimensions by a standard split-operator technique sup-
plemented with FFT [36]. While the method is a straightfor-
ward generalization of our previous two-electron code [32]
to three dimensions the choice of the symmetry of the initial
state plays an important role. The standard approach for two

electron is to assume a spatially symmetric (with respect to
exchange of electrons) wavefunction. That implies that elec-
trons are assumed in a singlet spin state. For three electrons
there are two possibilities. Either all the electrons have spin
projection in the same direction as in p3 configuration, e.g.,
ground state of nitrogen, or only two electrons have the same
orientation of spin with the remaining one having the opposite
orientation (like in s2p1 configuration). The symmetry of the
initial state is preserved in the time evolution. The latter, Li-
like case [54] was considered by us in [36], while a comparison
between two and three active electrons for p3 configuration
has been performed in [40]. Nowhere, however, a real com-
parison between both three active electron models have been
done. This is the aim of the present work where also, for the
first time, three electron ionisation for p3 electrons is analysed
in detail.

To find the initial wavefunction for p3 we use imaginary
time propagation scheme (in the absence of the laser pulse) in
the subspace of totally antisymmetric wavefunctions under the
ri ↔ −ri exchange as well as ri ↔ r j. The real time propaga-
tion is efficiently parallelised. The largest grid sizes required
about 9 days of calculations on 96 cores.

To calculate ionisation yields we apply a space division
method introduced in the seminal work treating DI of He
[55]. This approach was commonly used in both classical and
quantum-mechanical calculations [36, 37, 54, 55]—compare
figures 1(b) and (c). The full configuration space of the
problem is divided into non-overlapping regions which fully
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cover the space. A very simplistic approach assumes that if
the distance of ith electron from the nucleus exceeds a given
threshold value, this electron is ionised. Such an approach was
used for TI of Li [54] but this approach does not allow to dis-
tinguish easily sequential and non-sequential processes. Our
approach [36, 37] is a straightforward generalisation of two
electron technique [55] to the slightly more complicated three
electron case. The total configuration space is divided sym-
metrically into regions corresponding to neutrals (A), singly
ionised species (S), doubly ionised atoms (D) and triply ionised
ones (T) using three characteristic length scales (radii) ra, rb, rc

with ra > rb > rc. For the sake of simplicity, we describe only
the case 0 < r1 < r2 < r3, leaving out the other possible per-
mutations. If all ri < rc then the atom remains intact, if all
ri > rc the system is triply ionised (region T). If r2 < rb (thus
also r1) but r3 > ra it belongs to the region S (single ionised
species). Finally, if r1 < rc, r2 > rb and r3 > rb the system is
doubly ionised—region D. Taking all possible permutations
of ri into account this approach splits the full configuration
space between distinct regions associated with the neutral atom
(A), singly (S), doubly (D), and triply (T) ionised species. The
populations of A, S, D and T regions are calculated as inte-
grated probability fluxes through the borders of the respective
regions. The particular values for the radii of the borders
ra, rb, rc are to a certain degree arbitrary and their choice
affects quantitatively the results. However, as verified before
[36–38, 40, 55] the chosen values provide results that reflect
the correct trends in the dynamics of the studied systems. Fur-
ther on we assume ra = 12 a.u., rb = 7 a.u., and rc = 5 a.u.
following the choice made for two electron case in [55] as well
as for three electrons [36, 38, 40].

A much simpler case of two-electron system is described
in detail in [32, 37], here we just briefly mention the method-
ology behind the calculations and present the borders A–S,
A–D, and A–T in figure 1(b) and borders S–D, S–T, and D–T
figure 1(c). The instantaneous value of the population in region
R is calculated via the integral:

PR (r, t) = PR(r, 0) −
∫ t

0
f R(τ )dτ , (5)

where f R(τ ) represents probability flux over border of the R
region, i.e.

f R(τ ) = −
∫∫

∂R
j(r, τ ) · dσ. (6)

Here j(r, τ ) is the standard quantum-mechanical current, dσ is
a surface element and ∂R symbolizes border of the region R.

The space-division method allows straightforwardly to dis-
tinguish between direct and time-delayed escapes in the case
of DI. For instance, calculating the flux through A–D border
allows us to obtain ionisation yield for the direct double ion-
isation (direct DI), whereas calculations of the flux through
S–D border will give the ionisation yield for the time-delayed
emissions. Note, however, that due to this procedure a few
distinct physical mechanisms are covered by this process (see
the detailed discussion in the next section). In the case of TI
the situation is much worse as different scenarios are possi-
ble: the electrons may ionise one by one (0→ 1 → 2 → 3), all

Figure 2. Panel (a): numerical ionisation yields as a function of the
peak electric field amplitude in atomic units. F0 = 0.1 a.u.
corresponds to 5.14 × 1010 V m−1 or laser intensity
I = 3.5 × 1014 W cm−2. The yields are calculated at the end of a
nc = 5 cycle pulse. Numerical yields are shown by lines with
symbols: SI (black triangles), DI (red circles) and TI (blue squares).
The dashed lines with corresponding colours represent the data
averaged over a Gaussian laser beam intensity distribution (see text).
Panel (b): ratios of volume averaged numerical ionisation yields as a
function of peak electric field amplitude in atomic units. Note that
DI/SI and TI/DI do not vary significantly for small and intermediate
fields.

three electrons may ionise at once (0 → 3), direct DI may be
followed by a single electron emission (0→ 2 → 3) or the lat-
ter processes may occur in reversed order (0 → 1 → 3). The
process of simultaneous escape of all three electrons (0 → 3)
we will call the direct triple ionisation (direct TI). It is char-
acterized by the escape through A–T border. Other scenarios
involve at least two stages. The flux through S–T border may
be associated in a unique way with single electron ionisation
followed by direct DI (0→ 1 → 3). On the other hand the flux
through D–T border informs us that a final emission corre-
sponds to the ejection of a single electron. The value of this
flux does not allow us, at this stage however, to distinguish
whether that DI being the first step of the TI is a time-delayed
or a direct event. We discuss this issue and its solution later in
the text.

3. Results and discussion

Let us first consider total ionisation yields as a function of the
peak electric field amplitude, see figure 2(a). Results presented
are obtained for the carrier–envelope phase ϕ = 0. Single ion-
isation (SI, black triangles) signal quickly saturates, then drops
down for amplitudes larger than F0 = 0.1 a.u.. The observed
drop of SI signal is a consequence of lack of averaging over
intensity profile of the pulse which is inevitable in the exper-
iments. Assuming a Gaussian profile of the laser beam the
averaged ionisation yield may be obtained as [56]:

Pavg(I0) ∝
∫ I0

0

P(I)
I

dI. (7)

The averaged SI yield is depicted with dashed black line in
figure 2(a). As expected, once the saturation level is achieved
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Figure 3. Different partial yields corresponding to different paths
leading to DI and TI events. Panel (a) shows the data corresponding
to yields for p3 initial configuration, panel (b) to s2 p1 initial state.
Common legends for both panels indicate that red lines with circles
correspond to time-delayed DI, red dashed lines to direct DI. For TI
blue line with squares corresponds to a time-delayed triple escape
0 → 1 → 2 → 3. Dashed violet line presents direct DI followed by
SI and dash-dotted green line shows SI followed by direct DI. Solid
blue line with no symbols represent a direct TI.

it does not drop, because the higher the intensity the lower
the weight given to the respective yield. The same averag-
ing procedure is used for DI and TI yields and is indicated
by the corresponding dashed lines. Analysing both the full DI
yield (red circles) and its averaged counterpart (dashed red
line) in figure 2(a) one may see the weak trace of the charac-
teristic knee for amplitudes close to F0 = 0.1 a.u.. For larger
field amplitude values DI signal still grows and then saturates
eventually. Similar behaviour is observed for TI yields, both
non-averaged (blue squares) and averaged (dashed blue line).

Figure 2(b) shows the volume average yields in a slightly
different way, not their absolute value but rather their ratios.
This approach seems more reliable as our reduced dimension-
ality model with all attempts to reproduce the realistic ionisa-
tion yield cannot be expected to give quantitative predictions
about the physics in the full space. Rather it shows trends
and qualitative features. Furthermore, the minima of the ratios
give us analogous, but somewhat more precise information
about the onset of the knees visible in the absolute ionisation
yields. It is quite reassuring to observe that the ratio of DI to
SI yields (black line in figure 2(b)) is practically constant for
field amplitude values corresponding to the characteristic knee
in the yield curve and is of the order of 10−3 as reported in
experiments [5, 24]. The ratio of triple to SI yields (red line in
figure 2(b)) shows a bigger variation with F0.

Importantly, multi-ionisation signals may be further sepa-
rated into different components due to the applied method of
calculating yields as summarized in figure 3(a). First, the DI
signal is divided into two contributions, i.e. direct DI (dashed
red line) and the time-delayed process (red circles). Recall
that direct DI is found by counting the flux through A–D.
The time-delayed process appears as a sequential DI as it
is given by the flux through S–D border. It is, however, a
combination of different physical processes that cannot be,
unfortunately, separated further in our approach. Former stud-
ies of two electron processes identified different ionisation

channels. Direct DI is sometimes called a recollision impact
ionisation, also known as an electron impact ionisation or
a recollision induced direct ionisation [57–59]. The time-
delayed processes, in which one electron leaves the atom
after some delay with respect to the first one, may be again
divided into genuine sequential DI and recollision excitation
with a subsequent ionisation (RESI) [7, 60, 61]; yet another
time-delayed mechanism proposed recently is ‘slingshot non-
sequential DI’ [62]. The time-delayed double ionisation (time-
delayed DI) thus contains also RESI yields despite RESI
being physically a non-sequential process. This is a significant
drawback of our approach affecting the interpretation of the
results. In particular, the knee feature of the ionisation yield
curve is commonly considered as a manifestation of RESI.
Yet we have no observable to distinguish between RESI and
the truly sequential process. For that reason the characteris-
tic knee appears in DI signal for time-delayed DI component,
figure 3(a). Time-delayed DI signal rapidly grows for field
amplitudes larger than F0 = 0.1, while direct DI yield satu-
rates at the level which is two orders of magnitude lower. Such
a behaviour is expected for strong fields for which sequential
ionisation prevails over other processes.

Figure 3(b) shows the corresponding data obtained for
s2 p1 initial configuration for comparison (with data partially
reported in [38], here supplemented by additional points).
Comparing both panels one easily notices that the two-electron
knee is much more pronounced for s2 p1 initial configuration.
This is understandable as for p3 configuration the antisym-
metric character of the wavefunction prohibits close encounter
and strong rescattering thus RESI processes are expected to be
much less efficient than for s2 p1 case. Additionally, as noted
for p3 configuration direct DI saturates at the level which is
two orders of magnitude lower than the time-delayed DI sig-
nal, whereas for s2 p1 configuration both channels give com-
parable yields and only at high field amplitudes (F > 0.3)
the time-delayed DI signal starts to grow rapidly. That dif-
ference is again a consequence of the antisymmetric charac-
ter of the wavefunction for p3 and closely resembles reported
suppression of NSDI for the 3S metastable state in He [63].

It is interesting to look at different TI contributions. The
method of calculating ionisation yields allows to straightfor-
wardly differentiate TI signal into three different contributions,
namely, direct escape (flux through A–T border in figure 1(b)),
and two mixed paths, i.e. SI followed by direct DI (flux through
S–T border) and DI followed by SI (flux through D–T border),
where DI means any kind of DI, that is direct or time-delayed.
Therefore, the latter of these two mixed paths comprise some
portion of process that is fully sequential.

To resolve the above described ambiguity we use an
approach proposed by us while analysing the case of s2 p1 elec-
tron configuration [36], namely, we estimate different contri-
butions to TI based on what we learned from DI in the same
set-up. More precisely, we assume that the ratio of time-
delayed to direct DI, as determined by the fluxes through S–D
and A–D, holds for DI being the intermediate step in the three-
electron process. Such an assumption allows us to extract the
time-delayed contribution from the mixed path calculated with
use of the flux through D–T border. The results are presented
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in figure 3(a). The signal that corresponds to a direct escape of
three electrons (0→ 3) is marked with the solid blue line, sig-
nals corresponding to partially direct escapes are marked with
dashed violet and dash-dotted green lines, and finally, signal
for the time-delayed triple escape is marked with blue squares.
As expected the time-delayed TI (0 → 1 → 2 → 3) dominates
over the whole range of field amplitudes, the other chan-
nels give non-negligible but much weaker contributions. The
two partially direct escapes, i.e. a direct DI followed by a SI
(0→ 2 →3) and SI is followed by a direct DI (0→ 1 →3) both
give comparable yields which saturate at the level of two orders
of magnitude lower than the time-delayed TI. The weakest of
all is the direct TI yield (0 → 3). The observed hierarchy of
contributions is different from that obtained for Li-like atoms
as reported earlier [36, 38] for which direct escape was the
least important channel of ionisation and the other three chan-
nels gave comparable contributions. For a direct comparison
those events are shown in figure 3(b). We attribute the observed
hierarchy of contributions mainly to the antisymmetry of the
initial wavefunction for p3—due to the Pauli principle: the
equivalent electrons cannot come too close to each other and
thus the rescattering, important for non-sequential ionisation,
is reduced.

For both p3 and s2 p1 initial configurations data shown in
figure 3 are extracted after the end of the five-cycle pulse. Also
the splitting of the configuration space into different regions
(as defined by ra, rb, rc—see section 2.2) is assumed the same
in both cases making the comparison of physics in both cases
possible.

It may be difficult if not impossible to distinguish between
different processes via measurement of yields alone. However,
one may expect that a difference in the hierarchy of contribu-
tion may influence electron’s momentum distribution and thus
be accessible in future experiments. Similarly, suppression of
NSDI for the 3S metastable state in He was evident in both the
electron and ion momentum distributions [63].

4. Conclusions

We have studied TI of atoms with p3 valence shell. To this end
we employed the restricted-geometry model with three active
electrons each moving along a single line formed by saddles
of the effective adiabatic potential. Such a model allows for a
detailed numerical analysis on a finite size grid. By dividing
the configuration space into separate regions we were able to
estimate the role of different non-sequential and time-delayed
ionisation processes. The obtained ionisation yields feature
trends that may be observed in experiments—to facilitate it
we present also the yields averaged over the Gaussian profile
of the laser beam.

The laser field amplitude dependence of the ionisation
yields is significantly different in the present case (p3 valence
shell) from previously considered by us s2 p1 configuration
of active electrons. For s2 p1 initial state we observed a pro-
nounced knee which reveals the importance of the non-
sequential DI as well as the traces of the knee in three electron
ionisation [36]. For direct DI we have shown that this chan-
nel is dominated by electrons with opposite spin [38]. In the

present case of three equivalent electrons we have found that
non-sequential two and three electron processes are strongly
suppressed and the sequential ionisation dominates both the
DI and the TI yields. This behaviour we associate with reduced
rescattering between identically spin oriented electrons—the
Pauli principle (and the corresponding antisymmetric pairwise
wavefunction) does not allow the electrons to come into a close
contact and exchange energy efficiently.

Our findings should have a direct significance for qualita-
tive features of strong field ionisation of atoms with p3 valence
shell. We believe that the observed difference between ioni-
sation yields for different electronic configuration will have
also a significant manifestation in ejected electron momenta
distributions. Work in that direction is in progress.
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