Annali di Matematica Pura ed Applicata (1923 -) (2021) 200:881-922
https://doi.org/10.1007/510231-020-01018-w

®

Check for
updates

Taylor spectrum approach to Brownian-type operators
with quasinormal entry

Sameer Chavan’ - Zenon Jan Jabtonski? - Il Bong Jung? - Jan Stochel?

Received: 18 March 2020 / Accepted: 4 July 2020 / Published online: 9 August 2020
© The Author(s) 2020

Abstract

In this paper, we introduce operators that are represented by upper triangular 2 X 2 block
matrices whose entries satisfy some algebraic constraints. We call them Brownian-type
operators of class Q, briefly operators of class Q. These operators emerged from the study
of Brownian isometries performed by Agler and Stankus via detailed analysis of the time
shift operator of the modified Brownian motion process. It turns out that the class Q is
closely related to the Cauchy dual subnormality problem which asks whether the Cauchy
dual of a completely hyperexpansive operator is subnormal. Since the class Q is closed
under the operation of taking the Cauchy dual, the problem itself becomes a part of a more
general question of investigating subnormality in this class. This issue, along with the anal-
ysis of nonstandard moment problems, covers a large part of the paper. Using the Taylor
spectrum technique culminates in a full characterization of subnormal operators of class Q.
As a consequence, we solve the Cauchy dual subnormality problem for expansive opera-
tors of class @ in the affirmative, showing that the original problem can surprisingly be
extended to a class of operators that are far from being completely hyperexpansive. The
Taylor spectrum approach turns out to be fruitful enough to allow us to characterize other
classes of operators including m-isometries. We also study linear operator pencils associ-
ated with operators of class Q proving that the corresponding regions of subnormality are
closed intervals with explicitly described endpoints.
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1 Introduction

Given two complex Hilbert spaces H and K, we denote by B(H, k) the Banach space of all
bounded linear operators from H to K. The kernel, the range, the adjoint and the modulus
of an operator T € B(H, K) are denoted by MT), Z(T), T* and IT], respectively. We regard
B(H) := B(H,H) as a C*-algebra. The identity operator on H is denoted by /;;, or simply
by 7 if no ambiguity arises. Recall that an operator T € B(H) is said to be quasinormal if
TT*T = T*TT, or equivalently if T'|T| = |T|T. We say that T is subnormal if there exist a
complex Hilbert space K and a normal operator N € B(K) such that H C K (an isometric
embedding) and Th = Nh for all h € H. It is well known that quasinormal operators are
subnormal (see [19, Proposition II.1.7]). We refer the reader to [19] for more information
on these classes of operators.

Let T € B(H). We say that T is a 2-isometry if T*2T?> —2T*T +1=0. We call T a
Brownian isometry if T is a 2-isometry such that A;A;.A; =0, where Ay =TT — 1. If
Ar>20and A, T = A]T/ ZTAIT/ 2, we say that T is Ap-regular. By a quasi-Brownian isometry
we mean a Ap-regular 2-isometry. It is well known that any 2-isometry is left-invertible!
and Ay > 0 ([42, Lemma 1]). The notion of a 2-isometry was invented by Agler in [2],
while the notion of a Brownian isometry was introduced by Agler and Stankus in [3-5].
The class of 2-isometric operators emerged from the study of the time shift operator of
the modified Brownian motion process from one side [3—5], and from the investigation
of invariant subspaces of the Dirichlet shift from the other [42]. The class of Aj-regular
2-isometries were investigated in [12, 38] and in [7, 8] under the name of quasi-Brownian
isometries.

Given a left-invertible operator T € B(H), we set T' = T(T*T)~'. Following [44], we
call T’ the Cauchy dual operator of T. Recall that if T is left-invertible, then so is T’ and
T = (T")'. Athavale noticed that the Cauchy dual operator of a completely hyperexpansive
injective unilateral weighted shift is a subnormal contraction (see [11, Proposition 6] with
t = 1), but not conversely (see [11, Remark 4]). The Cauchy dual subnormality prob-
lem asks whether the Cauchy dual operator of a completely hyperexpansive operator (see
Sect. 9 for the definition) is a subnormal contraction (see [17, Question 2.11]). As shown
in [7], the answer is in the negative even for 2-isometries, that is, there are 2-isometries
whose Cauchy dual operators are not subnormal (recall that each 2-isometry is completely
hyperexpansive and that the Cauchy dual operator of a completely hyperexpansive operator
is always a contraction). However, as proved in [7, Theorem 4.5], the Cauchy dual opera-
tor T’ of a quasi-Brownian isometry T is a subnormal contraction (see also [12, Theorem
3.4] for a recent generalization of this result to the case of completely hyperexpansive A,
-regular operators). This leads to the question of why this phenomenon can happen. We
will try to answer it by regarding quasi-Brownian isometries as elements of a larger class
of operators which is closed under the operation of taking the Cauchy dual (note that the
class of quasi-Brownian isometries is not closed under this operation). As a consequence,
in the larger class of operators, the Cauchy dual subnormality problem becomes a part of
the more general question of finding necessary and sufficient conditions for subnormality.

! In this paper, left-invertibility and invertibility of an operator T € B(H) refer to the algebra B(H).
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Let us recall that nonisometric Brownian and quasi-Brownian isometries have upper
triangular 2 X 2 block matrix representations with entries satisfying some algebraic con-
straints (see the remark just after Definition 1.1). For the purposes of our paper explained
in the above discussion, we introduce a wider class of operators consisting of the so-called
Brown-type operators.

Definition 1.1 We say that T € B(H) is a Brownian-type operator if it has the block
matrix form

V E
T=[0Q (D

with respect to a nontrivial® orthogonal decomposition H = H, @ H,, where the operators
V € B(H,),E € B(H,,H,) and Q € B(H,) satisfy the following conditions:

V is an isometry, i.e., V*V =1, 2)
V*E =0, 3)
QE*E = E*EQ. @)
Moreover, if
Q is quasinormal, 5)

we call T a Brownian-type operator of class Q and write T = |} 5] € Qy, p,: to simplify
the terminology, we say that T is an operator of class Q. By analogy, if Q is isometric
(resp. unitary, normal, etc.), then T 'is called an operator of class Z (resp. U, N, etc.). If K is
a complex Hilbert space and H = K @ K (understood as an external orthogonal sum), then
we abbreviate Q- x to Q.

In Definition 1.1, we have decided to exclude the case when one of the summands H; or
'H, is absent because otherwise the operator T is quasinormal. Moreover, by (2) and (3), the
hypothesis that E # 0 excludes the case when H, is finite-dimensional. Notice also that by
the square root theorem [45, Theorem 2.4.4], the equality (4) is equivalent to Q|E| = |E|Q.
One can deduce from [4, Proposition 5.37 and Theorem 5.48] (resp., [38, Proposition 5.1])
that a nonisometric operator T € B(H) is a Brownian isometry (resp., a quasi-Brownian
isometry) if and only if 7 is of class U (resp., of class 7) (to avoid injectivity of E postu-
lated in [4, Proposition 5.37] and [38, Proposition 5.1], consult [7, Theorem 4.1]). This
means that Brownian isometries are quasi-Brownian isometries. In view of [7, Exam-
ple 4.4], the converse implication is not true in general.

It is worth pointing out that upper triangular 2 X 2 block matrices appear in different
parts of operator theory and functional analysis on the occasion of investigating variety of
topics; for example, the hyperinvariant subspace problem [24, 34-36], the Halmos similar-
ity problem for polynomially bounded operators [26, 40], the task of finding models for the
time shift operator for modified Brownian motion process [3-5], the question of character-
izing invertibility of upper triangular 2 X 2 block matrices [31], the task of searching for a

2 Nontriviality means that 7, # {0} and H, # {0}.
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Fig.1 Spectral region for sub-
normality of operators of class Q

¥

(0, 0) (1,0)

model theory for 2-hyponormal operators [22], the problem of determining a complete set
of unitary invariants for the class of Cowen-Douglas operators realized as upper triangular
2 x 2 block matrices [33], and many others.

We state now the main result of this paper which characterizes subnormality of opera-
tors of class Q in terms of the Taylor spectrum o (|Q|, |E|) of the pair (IQ, |El). The spectral
region for subnormality of operators of class Q is described by Theorem 1.2(iii) and illus-
trated in Fig. 1. We refer the reader to Sect. 2 for the necessary definitions and notations.

Theorem 1.2 Suppose T = [‘6 g] € Qy, n,- Let P € B(H,) be the orthogonal projection
of H, onto M := Z(|E|). Then the operators |Q\, |El and P commute, # reduces 1Q| and
|El, and the following conditions are equivalent:

(i) Tis subnormal,
(i) oy(1Q1, |E]) € D, where oy(1Ql, |E]) :=o(|QI, |E]) N (R, X (0, 0)),
(i) (10, 1E]) €D, U (R, x{0}),
@iv) (IQIP, |El) is a spherical contraction,
) (9| |j/, |E| |j/) is a spherical contraction,
(vi) 0’(|Q||///’ |E||///) c |]j)+'

Moreover, if T is subnormal, then
a(1Q1, |ED) € (B, U (R, X {0) N (a(|Q]) X 6(|E])).

The proof of Theorem 1.2 is fairly long, and it occupies most of Sects. 3, 4 and 5. The
theorem itself has many applications spread over Sects. 5, 6 and 10. In particular, we show
that contractions of class Q are subnormal (see Corollary 5.2), we solve the Cauchy dual
subnormality problem for expansive operators of class Q in the affirmative (see Corol-
lary 6.2) and, what is more important, we completely characterize subnormality of the
Cauchy-duals of left-invertible operators of class Q (see Theorem 6.1). The study of linear
operator pencils associated with operators of class Q provides a useful test of the applica-
bility of the main theorem (see Theorems 10.1 and 10.2).

The Taylor spectrum approach developed in this paper for the purpose of investigat-
ing subnormality turns out to be efficient when studying other collections of operators
of class Q including m-contractions, m-isometries, etc. (see Sect. 9). In fact, it appears
to be effective even in providing explicit formulas for the norm of operators of class Q
(see (17) in Sect. 3) and for the right endpoints of the intervals of subnormality of linear
operator pencils associated with operators of class @ (see (75) and (79) in Sect. 10). The
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Taylor spectrum technique is also applied to characterize quasi-Brownian and Brownian
isometries of class Q in Sects. 7 and 8, respectively. Unexpectedly, the Brownian case is
essentially more complicated. The reader has to be aware of the fact that quasi-Brownian
(and so Brownian) isometries are always of class O, however relative to properly selected
orthogonal decompositions (of the underlying Hilbert spaces), which are not necessarily
easy to be determined in concrete cases.

We conclude Introduction by pointing out that the overwhelming majority of the charac-
terizations of selected subclasses of the class Q that appear in this paper consist in finding
for a given subclass a minimal universal subset of the Euclidean plane having the property
that an operator T = [‘6 5] € Qy, 3, belongs to the subclass if and only if the Taylor spec-
trum o(|Q|, |E|) of the pair (IQ|, IEl) is contained in the aforementioned subset. The univer-
sality of this subset lies in the fact that it does not depend on the choice of the orthogonal
decomposition H; @ H, of the underlying Hilbert space H relative to which a given opera-
tor T € B(H) is of class Q, i.e., T has the block matrix form (1) with V, E and Q satisfying
(2)-(5). What is more interesting, there may exist different orthogonal decompositions of
‘H relative to which the given operator T is of class Q and the Taylor spectra o(|Q|, |E|) of
the corresponding pairs (IQ|, |El) are significantly different (see Example 7.3). It turns out
that the class of Brownian isometries is the only subclass of Q considered in this paper
which cannot be characterized by the Taylor spectrum o(|Q|, |E|) of the pair (I0l, IEl) (see
Remark 8.5).

2 Prerequisites

In this section we fix notation and terminology and give necessary facts. Let Z, R and C
stand for the sets of integers, real numbers and complex numbers, respectively. Denote by
N the set of positive integers. Set

Z,={neZ:nz20}, R,={xeR:x2=0},
D, ={(N€ER] : s+ <1}, T,={(sneR) s+ =1},

D, =D, UT,.

Given a set X, we write y, for the characteristic function of a subset A of X. The o-algebra
of all Borel subsets of a topological space X is denoted by B(X). For x € X, §, stands for
the Borel probability measure on R supported on {x}.

Let H be a complex Hilbert space. We call an operator T € B(H) a contraction (resp., an
expansion) if ||Th|| < ||k|| for all h € H (resp., || Th|| > ||| for all & € H), or equivalently
if T*T < I (resp., T*T > I). The contractivity of T can also be characterized by requiring
that || 7|| < 1 (however ||T|| > 1 does not characterize expansivity of 7). Obviously, T is an
isometry if and only 7 is simultaneously a contraction and an expansion. We write o(T)
for the spectrum of T. If G is a regular Borel spectral measure on a topological Hausdorff
space X, then supp G denotes the closed support of G, i.e., X \ supp G is the largest open
subset 4 of X such that G(4) = 0. Recall that if T € B(H) is a selfadjoint operator and G is
the spectral measure of 7, then ¢(7T) = supp G. The following elementary fact will be fre-
quently used in this paper.
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886 S.Chavanetal.

Suppose that T € B(H) is selfadjoint. If a,b € R are such that a < b, then
o(T) C [a,blif and only if al < T < bl. Moreover, if T > 0 and (6)
0 & o(T), then mino(T) = ||T7!||7! and max o(T) = ||T||.

We refer the reader to [15, Chapter 6] for more details on spectral theory of Hilbert space
operators.

A pair (T, T,) of commuting operators 7, T, € B(H) is said to be a spherical contrac-
tion (resp., spherical expansion) if ;T\ + T;T, < I (resp., T} T\ + T;T, 2 I). If (T, T3)
is simultaneously spherical contraction and spherical expansion, that is TYT, + T;T, = I,
then (7}, T,) is called a spherical isometry (see [10]).

For a pair (T}, T,) of commuting operators T, T, € B(H), we denote by o(T,T,) the
Taylor spectrum of (T, T,), and by (T, T,) the geometric spectral radius of (T, T,), that
is,

r(T,,T,) = max {(|Z1 |2 + |22|2)1/2 1 (z1,20) € 0(T, Tz)}-

The reader is referred to [18, 21, 39, 50, 52] for the definitions and the basic proper-
ties of the Taylor spectrum and the geometric spectral radius (of commuting n-tuples of
operators). In particular, the Taylor spectrum o(7;,7,) is a nonempty compact subset
of C? whenever H # {0}. Moreover, it has the following projection property (see [50,
Lemma 3.1]; see also [21, Theorem 4.9]):

7(o(T,T5))=0(T), j=12, @)

where 7,,7, : C* - C are defined by 7,(z,,2,) = z; and 7,(z;,2,) = 2z, for (z;,2,) € C2.
The following fact follows directly from the projection property of the Taylor spectrum.

Suppose that H # {0} and A € C. Then o(T},T,) C {A} X C if and only
if o(T)) = {A}. Moreover, if o(T)) = {A}, then 6(T|,T,) = {A} X 6(T,). (8)
The symmetric version with C X {1} in place of {1} X C holds as well.

Note that under the assumption of (8), o(7},T,) = o(T}) X o(T,) if o(T)) = {4} or if
o(T,) = {A}. However, the first equation may not hold even for positive operators (see (56)
in Example 6.4).

For a given pair (T, T,) of commuting selfadjoint operators T, T, € B(H), there exists
a unique Borel spectral measure G : B(R?) — B(H), called the joint spectral measure of
(T, T,), such that

p(T,,T,) = /zp(tl,tz)G(dtl,dtz), p € Clx;, x,], 9)
R

where as usual C[x,, x,] stands for the ring of polynomials in indeterminates x;,x, with
complex coefficients (similar notations are used throughout the paper with no further
explanation). The joint spectral measure G is the product of the spectral measures of T, and
T, (see [15, Theorem 6.5.1]). As shown below, in this particular case, the Taylor spectrum
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o(T,, T,) coincides with the closed support of the joint spectral measure G; this yields the
spectral mapping theorem for continuous functions.

Theorem 2.1 Suppose that T, T, € B(H) are commuting selfadjoint operators with the
Jjoint spectral measure G. Then the following assertions are valid:

1) o(T,,T,) = supp G; moreover, if T,, T, are positive, then o(T,T,) C [Ri,
(i) for any continuous functiony : o(T|,T,) = R,
o(y(T\,Ty)) = w(o(T,, T,)),
where y (T, T,) = ‘/O-(TI’TZ) v dG,
(iii) for any continuous functiony = (y,y,) : o(T1},T,) = R2,
o(w(T,, Ty) = w(o(T), T,)),

where (T, T,) := (y (T}, T,), wy (T}, Ty)).

Proof First observe that by (7) we have
o(T,,T,) C o(T}) x o(T,) C R?, (10

so if additionally T, and 7, are positive, then o(7},T,) C [R{i.

(1) First note that the Taylor spectrum o(7,7,) coincides with the left spectrum
of (T|,T,) (see [21, Proposition 7.2]). It is a routine matter to show that the left spec-
trum of (7,,7,) coincides with the approximate point spectrum of (7, 7,) (this is true
for an arbitrary pair of commuting Hilbert space operators). Hence, for (4, 4,) € R?,
(A1, 4y) & o(T,, T,) if and only if there exists ¢ € (0, o) such that

Ty = A DRI+ I(Ty = DAl 2 cllhll,  heH,

or equivalently, by [15, Theorem 6.5.3], if and only if (4;, 4,) & supp G. Combined with
(10), this proves (i).
(ii) Note that

ow(T}, Ty) = a( / de) 2 ysupp G) L y(o(T}. Ty).
o(T. 1)

where (x) follows from [15, eq. (13), p. 158].
_ (iii) By [15, Theorem 6.6.4], Goy/].‘1 is the spectral measure of (7', T5) for j = 1,2. Let
G be the product of these measures (see [15, Theorem 5.2.6]). Since

G4, X 4) = Gy (4))Gw; ' (4y) = Gy~ (4, X 4y), 4,4, € B(R),

we deduce from the uniqueness part of [15, Theorem 5.2.6] that G= Goy~!. Hence Goy ™!
is the joint spectral measure of the pair y (T, T,). This yields

3 Note that Theorem 2.1 remains true for commuting normal operators with C in place of R. We refer the
reader to [51, Theorem 4.8] (see also [21, Theorem 5.19] and [39, Corollary 1V.30.11]) for the spectral
mapping theorem for the Taylor functional calculus.
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oy (T}, T,)) 2 supp Goy™ 2 y(supp G) £ w(o(T,.Ty)).

(To get (x) adapt the proof of [48, Lemma 3.2].) This completes the proof. O

As a consequence of Theorem 2.1, we obtain the following.

If T\,T, € B(H) are commuting and selfadjoint operators, then
o(T,,T,) € (R X {0}) ({0} X IR) if and only if T\T, =0, or equivalently (11)
ifT,=06& T1 and T, = T2 @ 0 relative to H = MT,) ® Z(T)).

For this, note that o(7},T,) € (R x {0}) U ({0} x R) if and only if p(c(T},T,)) =0
where p(s,t) = s - t. Hence, applying Theorem 2.1(ii) gives the former equivalence in (11).
The latter is a matter of routine verification.

The following lemma is surely folklore. For self-containedness we sketch its proof
(the reader can easily formulate a version for commuting normal operators).

Lemma 2.2 Let T, T, € B(H) be commuting selfadjoint operators on a nonzero complex
Hilbert space H. Then

KTy, Ty) = IT* + T2/ =min {§ € R, : o(T},T,) C & - D}, (12)

where D := {(s HER?: 2+ < 1} Moreover, T2 + T2 is invertible if and only if
{6 €(0,00) : (T}, T,) CR*\ 5 - [D} # @; if this is the case, then

I(T? + T 17/* = max {6 € (0,00) : (T}, T,) CR*\ 5-D}. (13)

Proof Since the proofs of (12) and (13) are similar, we justify only (13). Suppose T]2 + T22
is invertible. If § € (0, o) is such that o(7}, T,) € R?\ § - D, then by Theorem 2.1(ii) with
w(x),x)) = x% + x%, we have

o(T} +T3) = o(w(T, Ty) = w(o(T}, T,)) C [6%, ),
which implies that T|2 + T22 is invertible and

8> < mino(T7 + Tz) T+ 1)~

Reversing the argument with & = [|(T? + T2)~"||=!/2, we obtain the converse implication

and (13). This completes the proof. a

We now describe the Taylor spectrum of an orthogonal sum of pairs of commuting
selfadjoint operators.

Proposition 2.3 Suppose that for every n € N, (T, ,, T, ,,) is a pair of commuting selfadjoint
operators on a nonzero complex Hilbert space H,. For j=1,2,let T; = @20:1 T;,. Then
(T, T,) is a pair of commuting selfadjoint operators such that

(o)

oI}, T,) = o, T,,). (14)

n=1
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Proof SetT = (T\,T,)and T, = (T, . T,,) for n € N. Denote by Gy and Gy, the joint spec-
tral measures of T and T, respectively. Let GTj and GTj _ be the spectral measures of 7; and
T, ., respectively, where j = 1,2 and n € N. It is clear that

e
G, () = @ Gr,(4), A€BR). j=1.2
This implies that

Gr,(4)Gr,(4) = @ Gy (4, x 4y), 4,4, € BR).

n=1

Combined with the uniqueness of joint spectral measures, this yields
Gr(4) =P Gr (4, AeBR. (15)
n=1

In view of Theorem 2.1(i), it suffices to show that

[oe]

supp Gy = U supp G, . (16)

n=1

For this, take (s, ) € R2.If (s, 1) & supp Gy, then there exists an open set 4 in R2 such that
(s,7) € 4 and Gp(4) = 0. Therefore by (15), GT"(A) = 0 for all n € N, which implies that
(s,1) & supp G for all n € N. As a consequence, UZO=1 supp Gy C supp G, which shows
that the right side of (16) is contained in the left side. In turn, if (s, ) & (Uf;l supp GTH )_,
then there exists an open set 4 in R? such that (s,£) € 4 and An (Uf;l supp GT”)_ =
Hence, GT”(A) =0 for all n € N, which together with (15) implies that G;(4) = 0. As a
consequence, (s, 1) & supp Gy. This completes the proof. O

Corollary 2.4 If I is an arbitrary nonempty compact subset of R? (resp. Ri) and 'H is
a separable infinite-dimensional complex Hilbert space, then there exists a pair (T,,T,)
of commuting selfadjoint (resp. positive) operators Ty, T, € B(H) such that I’ = o(T;, T,).

Proof Since R? is separable metric space, so is I'. Hence, there exists a sequence
{15 %,0 02, © I' which is dense in I'. The proof is completed by applying Proposi-
tion 2.3 to H, =C, T, =x,,Ic and T,, = x, ,Ic and by observing that according to (8),
o(Ty,,T,,) = {(x,,x,)} foralln € N.

Remark 2.5 A closer inspection of the proof reveals that Proposition 2.3 remains valid
for families (of arbitrary cardinality) of pairs of commuting normal operators. As a conse-
quence, Corollary 2.4 remains true if selfadjoint operators are replaced by normal opera-
tors and R by C. What is more, using only the definition of the Taylor spectrum, one can
show that (14) holds (certainly without the closure) for any finite number of pairs of com-
muting operators (cf. [20]). O
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3 Fundamental properties of operators of class O

In this section we prove some basic properties of operators of class Q that are needed in
this paper. We begin by showing that the operators of class Q form a huge class which
can be parameterized in a sense by arbitrary pairs of commuting positive operators.

Proposition 3.1 Let H = 'H| @ H, be a nontrivial orthogonal decomposition of a complex
Hilbert space H. Then the following assertions are valid:

G ifT= [‘6 5] S QH[-HZ’ then 1Q| and |E| are commuting positive operators such that

dim Z(|E|) < dim Z(V)*,

(i) if Ve B(H,) is an isometry and A,B € B(H,) are commuting positive opera-
tors such that dim Z(B) < dim Z(V)*, then there exists E € B(H,, H,) such that
T= [‘65] € Qy, y,and|E| = B.

Moreover, if T = KS]GQM%, then there exists E € B(Hy,H,) such that
[V E] € Qy,p, and |E| = |EL.

Proof (i) That IQ! and |IEl commute follows from (4) and the square root theorem. Let
E = U|E|be the polar decomposition of E. Then U maps Z(|E|) unitarily onto Z(E). Since
by (3), Z(E) C Z(V)*, we are done.

(i) Since dim Z(B) < dim Z(V)*, there exists a closed subspace M of Z(V)* such that
dim %Z(B) = dim M. Let U € B(H,, H,) be a unique partial isometry with the initial space
Z(B) and the final space M. Define E € B(H,, H) by E = UB. Since U*U is the orthogo-
nal projection of H, onto the initial space %(B) of U, we get

|E|> = E*E = B{U*U)B = B>.

By the uniqueness of the square root, we deduce that |E| = B. It is easily seen that
T=[§%] €y
The “moreover” part is a direct consequence of (i) and (ii). This completes the proof. a

Corollary 3.2 Suppose that H, is a nonzero complex Hilbert space and A, B € B(H,) are
commuting positive operators. Then there exist a nonzero complex Hilbert space 'H,, an
isometry V € B(H,) and an operator E € B(H,, H,) such that T = Xf\] € Qy, y, (rela-
tiveto H = 'H,; ® 'H,) and |E| = B.

Proof 1f B = 0, then we can apply Proposition 3.1(ii) to any nonzero complex Hilbert space
‘H, and an arbitrary isometry V € B(H,). In turn, if B # 0, then we can take an infinite-
dimensional complex Hilbert space H; such that dim %(B) < dim H,. Then there exists an
isometry V € B(H,) such that

dim Z(B) < dimH, = dim Z(V)™.

Applying Proposition 3.1(ii) completes the proof. a
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The theorem below is crucial for our further investigations because the overwhelm-
ing majority of results of this paper are stated in terms of the Taylor spectrum of the pair

>0\, |E).

Theorem 3.3 Suppose that T is an arbitrary nonempty compact subset of IRi and ‘H,
is a separable infinite-dimensional complex Hilbert space. Then there exists a nonzero
complex Hilbert space H, and T = [X 5] € Qy, n, (relative to H ="H, @ H,) such that
o(IQ, IED) =T )

Proof Tt follows from Corollary 2.4 that there exists a pair (A, B) of commuting posi-
tive operators A, B € B(H,) such that 6(A, B) = I'. Applying Corollary 3.2 completes the
proof. O

As shown below the norm of an operator of class Q can be expressed in terms of the
geometric spectral radius of the pair (10|, |El).

Proposition 3.4 Suppose that T = [g 5] € Qy, n,- Then
TNl = max{1,r(IQl, |ED}. (17)

Proof Let G be the joint spectral measure of the pair (IQl, |El) and let G- ess sup ¢ stand for
the essential supremum of a Borel function ¢ : R3 — R, with respect to the measure G. It
follows from Definition 1.1 that

o |1 0
TT_[O Q*Q+E*E]. (18)

Combined with the hypothesis that the spaces H, and H, are nonzero, this implies that

171 =TIl =

I 0

0 (101> + |E/»)'/?
max {1, [|(101* + |EI»)'2|I}

= max { 1, G- esssup (s + t2)1/2}

(s.NER2

(%)
= max

{1, max (s2+t2)l/2},
(s,;NEc(|QLIED

=max{1,r(|Q|, |E])},

where () follows from Theorem 2.1(i) and the continuity of the function (s, 1) - (s* + ¢2)!/?
on [F\Ei. This completes the proof. O

Remark 3.5 1t follows from Proposition 3.4 that if T € B(H) is of class Q and ||T|| > 1,
then the geometric spectral radius r(IQl, IEl) does not depend on the choice of an orthogo-
nal decomposition H = H; @ H, of H relative to which T has a block matrix representa-
tion (1) with entries V, E and Q satisfying the conditions (2)—(5). We refer the reader to
Example 7.3 for a detailed discussion of the question of the existence of different orthogo-
nal decompositions of the underlying Hilbert space H relative to which a given operator
T € B(H) is of class Q. O
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Next we characterize contractive, isometric and expansive operators of class Q.

Proposition 3.6 Suppose T = [gg] (S QHth. Then the following conditions are
equivalent:

(i) Tis a contraction (resp., an isometry, an expansion),
@i1) (IQl, |El) is a spherical contraction (resp., a spherical isometry, a spherical expan-
sion),
(i) o(1Ql,|El) € D, (resp., o(1QI, |ED) € T, o(|Q, |E]) € R\ D).

Moreover, if T is a contraction, then ||T|| = 1.

Proof By Proposition 3.1(i), (IQl, IEl) is a pair of commuting positive operators. The equiv-
alence (i) < (ii) follows from (18). Next by applying Theorem 2.1(ii) to the polynomial
w(x,x,) = x% + x%, we get

w(o(1Q, [ED) = o (101 + |EI*),
which together with (6) and o(|Q], |E]) C IR_z+ yields the equivalence (ii) < (iii).

The “moreover” part is a direct consequence of Proposition 3.4. a

For self-containedness, we state the following result whose straightforward proof is
left to the reader.

Proposition 3.7 The class Q is closed under the operation of taking orthogonal sums, i.e.,
if{T,} ey is a uniformly bounded family of operators of class Q, then @, T, is an operator
of class Q.

The following lemma provides a sufficient condition for the product of two quasinor-
mal operators to be quasinormal.

Lemma 3.8 Suppose that Q,, 0, € B(H) are commuting quasinormal operators such that
0, commutes with O30, and Q, commutes with Q0. Then 0,0, is quasinormal. Moreo-
ver, any positive integer power of a quasinormal operator is quasinormal.

Proof We leave the simple algebraic proof of the first part to the reader. The “moreover”
part follows from the first part by applying the formula

0"Q"'=(Q'Q)", neZz, (19)

which is valid for any quasinormal operator Q. a

Our next goal is to give a sufficient condition for the product of two operators of class Q
to be of class Q.

Vy Ey
0 0,

0,070, = 0;0,0, and Q\E[E, = E[E,Q, for all distinct k,l € {1,2}.

Proposition 3.9 Suppose T, = [‘g g‘l] € Oy py,andT, = [ ] € Qy, 3, are such that
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ThenT\T, = [§ 6| € Qy, ,, where V =V, V,, E = V,E, + E,Q,and Q = 0,0,.
Proof First notice that

ViV, VIE, +EQ,

T, = 0 0,0,

Clearly, V,V, is an isometry, while by Lemma 3.8, Q,0, is a quasinormal operator.
Routine computations show that (V,V,)*(V,E, + E,Q,) =0 and 0,0, commutes with
(V\E, + E,0,)*(V|E, + E,Q,) meaning that T T, is of class Q. O

It turns out that the operation of taking positive integer powers is inner in the class Q.
The class Q is also closed under the operation of taking the Cauchy dual. Furthermore, we

discuss the questions of when an operator of class Q is Aj-regular and when it satisfies the
kernel condition introduced recently in [7].

Proposition 3.10 Suppose T = [‘0/ 5] € Qy, 3, Then

H 7"= [‘(/: g”] € Qy y, Jforanyne€ Z, where

E = 0 ifn=0,
n= 27=1 VIFLEQ™ ifn > 1, (20)

Gy 7T = [} (8"] € Qy,n, Jforany n€ Z,, where

I ifn=0,
Q = - ; .
T\ FE(ZL @)@y ifnz 1, @
(iii) T is left-invertible if and only if §2, is invertible, or equivalently there exists 6 € (0, o)
such that (|Q|, |E]) C Ri \ 6 - D,; if this is the case, then
max {6 € R, : o(|Q,|E)) CRZ\6-D,} = [|2]"[I7'2, (22)
(v) if Tis left-invertible, then T' € Qy, 4 and

-1
- [V ES2;
0 09,

, (23)

(v) Tis Ap-regularif and only if T is an expansion,

(vi) T satisfies the kernel condition, i.e., T*T_MT*) C MT*), if and only if
(IQ1* + |E)? — DE*h, = 0 for every hy € MV*) such that E*h, € Z(Q%).

Proof (i) Using induction, one can verify that

Tn:[‘(/) Zr’l‘]’ ne”z,,

where

@ Springer



894 S.Chavanetal.

Ey=0andE,,, =VE,+ EQ"forne Z,. (24)

By induction, (24) implies (20). Clearly for any n € Z,, V" is an isometry and, by
Lemma 3.8, Q" is a quasinormal operator. Since V is an isometry, we infer from (3) and
(20) that V*"E, = 0 for any n € Z . Employing (24), we see that
@&3) g gy

= EE,+Q"E'EQ
(9&(19)

"
n+1En+l

(25)
E'E, +(Q"Q)"'E'E, neZ,.

Using induction and (4), we deduce that Q commutes with EYE, for all n € Z,. This
implies that 7" is of class Q forany n € Z,.
(i1) It follows from (i) and (19) that

1 0

T = [0 E'E, +(0*0Q)"

] , nez,. (26)

Using induction, (25) and (4), we conclude that

n—1

E:E,=E'E ) (Q'QY, neN.

J=0

Combined with (26), this yields (ii).

(iii) It is clear that T is left-invertible if and only if 7*T is invertible, which by (ii) with
n = 1is equivalent to the invertibility of £2,. The remaining statement in (iii) is a direct
consequence of Theorem 2.1(i) and Lemma 2.2.

(iv) It is a routine matter to show that (23) holds and then to verify that 7” is of class Q.

(v) The “only if” part is obvious. To prove the “if”” part, notice that by (ii),

0 0
AT_[OQI—I]'

Since T is an expansion, we see that 2, — I > 0 and

0 0
A2 [0 @ - 1)1/2] . 27

Knowing that O commutes with 2, and using the square root theorem, we deduce that
Q commutes with (€, — I)'/2, and consequently by (27), AIT/ZTAIT/2 = A, T, which means
that T'is A -regular.

(vi) Since T* = [ [+ 0 |, we easily verify that

MT*)={h, ®h, € H : hy € MV*)and E*h; + Q*h, = 0}. (28)
To prove the “if” part, suppose that
(10 +1EI> = 1) ((E*MV*) n Q")) = {0}. (29)

If hy @ h, € MT*), then in view of (28) and (29), we have
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()()

E*hy + Q101 + [E[D)h, E*hl + (101 + [E)Q*h,

— 101 ~ |EI)E*h, = 0.

Hence by (ii) with n = 1 and (28), T*T(h; @ h,) € MT™), which justifies the “if” part. The
“only if” part goes by reversing the above argument. This completes the proof. O

Corollary 3.11 Suppose T = [‘6 5] € Qy, u, satisfies the kernel condition, E # 0 and
Z(Q*) = H,. Then

(i) 1isan eigenvalue of |Q|*> + |E|?,
(i) o(QlLIEDNT, # 0.

Proof (i) Suppose, on the contrary, that 1 is not an eigenvalue of the operator |Q|? + |E|>.
Then by Proposition 3.10(vi), .#M(V*) C ME*). This implies that Z(E) C Z(V). Since by
(3), Z(E) C Z(V)*, we see that E = 0, a contradiction.

(i1) By (i) and Theorem 2.1(ii) applied to the polynomial y(x;,x,) = xf +x§, we have
1 € o(w(IQI.1ED) = w(c(|Ql. |E])), so there exists (s,7) € o(|Ql,|E]) CR% such that
w(s,t) = 1, which completes the proof. a

4 Moment theoretic necessities

In this section we prove a series of lemmata concerning Hamburger and Stieltjes
moment problems needed in subsequent sections of this paper. We state some of them
in a more general context, namely for the multi-dimensional moment problems, because
the proofs are essentially the same.

Below we wuse the standard multi-index notation, that is, if deN,
a=(a,...,a;) € Zi and x = (x,...,x;) € R4, then we write x* = )c‘l"1 ---xZ‘I. A complex
Borel measure u on R is said to be compactly supported if there is a compact subset K
of R? such that |u|(R? \ K) = 0, where |u| denotes the total variation measure of . We
write supp u for the closed support of a finite positive Borel measure u on R? (the sup-
port exists because such yu is automatically regular, see [43, Theorem 2.18]). We say that
a multi-sequence {}’a}aezd C R is a Hamburger moment multi-sequence (or Hamburger
moment sequence if d = l) if there exists a positive Borel measure yx on R?, called a rep-
resenting measure of {y, },cz4, such that

Vo= / xdu(x), aezd. (30)

Rd
If such u is unique, then {y, }aEZ" is said to be determinate. If (30) holds for some positive
Borel measure 4 on R? supported in RY, then {7, Yaeza is called a Stieltjes moment multi-

sequence (or Stieltjes moment sequence if d = 1).

Lemma 4.1 Let d € N. Suppose that p, and pu, are compactly supported complex Borel
measures on R? such that
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/x"dul(x)z/ Xdp, (x), (eri.
R¢ Rd

Then p, = u,.

Proof Since |p; — pip|(4) < |uy|(4) + |u,|(4) for all Borel subsets 4 of RY, the complex
Borel measure y = p; — p, is compactly supported, that is supp |u| C [-R, R]¢ for some
ReR,,and

/ pdu=0, peCxy,...,x;] 31)
Rd
Let f be a continuous complex function on R? vanishing at infinity. By the Stone—Weier-
strass theorem, there exists a sequence {p,, 1, € Clxy, - xy] such that

lim su x)—p,x)| =0.

lim sup 1) =p,(0) 32

Since

| [ 2| [ ¢=poau|< [ y-pidi
R4 R4 [-R,R)¢

< |ul(-R,R1Y) sup [f(x) —p,)|, neEN,
x€[-R,R]¢

we deduce from (32) that fRd fdu = 0. Applying [43, Theorems 6.19 and 2.18] yields
u =0, or equivalently, y; = y,. O

Remark 4.2 Concerning Lemma 4.1, it is worth mentioning that any sequence {y,, Iy CC

has infinitely many representing complex measures. For this, note that there exists a com-
plex Borel measure p on R such that (see [16, 25, 41])

Yo = /x"dp(x), nez,.
R
Let {s,}:2, be an indeterminate Hamburger moment sequence with two distinct represent-

ing measures p; and p, (see [13, 46]). Then u := u; — u, is a signed Borel measure on R
such that

/x"dy(x) =0, neZ,.
R
As a consequence, we have
Y, = /)ﬂ’d(p+19/4)(x), ne”Z,,deC.
R

Moreover, the mapping C 3 & — p + du is an injection. O

Lemma4.3 Ifde N, R=(R,,...,R)) € R‘fr and p is a complex Borel measure on R4 such
that supp |u| C [-R,,R,]1 X -+ X [=R, R,], then
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|/ Xadﬂ(x)| < [ulRHR®, a€z?.
Rd
Proof Since |x*| < R*for all @ € Z% and x € supp | ul, we get
| [ o] < [ petdiuon < uiwdre, ez
R4 R4

O

Lemma 4.4 Let d €N, u be a compactly supported complex Borel measure on R and
Yo = /Rd x*du(x) fora € Z‘i. Then the following conditions are equivalent:

(1) {V4)aera is a Hamburger moment multi-sequence,
(i) pis a positive measure.

Moreover, if (i) holds, then {y,},cpa is determinate.

Proof (i) = (ii) Let v be a representing measure of {y,, }acze- By Lemma 4.3,

. 5 1/2" ) 1/211
lim (/ xj"dv(x) = hm |/ ”d,u(x)| j=1,....,d,
n—oo Rd

where R, ..., R, are as in Lemma 4.3. Thus, by [43, Exercise 4(e), p. 71] (see also
[45, Problem 1(a), p. 332]), suppv C [-R;,R;]1 X ... X [-R,;,R,;]. Hence by Lemma 4.1,
{74} gera 1s determinate, 4 = v and so y is a positive measure.

The implication (ii) = (i) is trivial. O

We state now the following fact which we need in the proof of Lemma 4.6. It can be
proved by induction on the degree of the polynomial in question.

Lemma 4.5 ([23, Exercise 7.2]) If p € C[x]is of degree k € 7, then
(A"p), =p™(©), nezZ, m>k,

where A : CZ+ — CZ+ is the linear transformation given by (Ay), = Yusl — Yuforn€ Z,
and y € C%+, p € C%+ is given by p, = p(n) for n € Z, and p"(0) stands for the mth
derivative of p at 0.

As shown below, a nonconstant polynomial perturbation of a Hamburger moment
sequence is never a Hamburger moment sequence.

Lemma 4.6 Let {y,} ., be a Hamburger moment sequence having a compactly supported
representing measure y and let p € R[x]. Then the following conditions are equivalent:

(i) the sequence {y, + p(n)}* oisa Hamburger moment sequence,
(ii) p is a constant polynomial and u({1}) + p(0) = 0
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Moreover, if (i1) holds, then u+ p(0)6, is a compactly supported representing measure
of {v, + (M},

Proof Without loss of generality we may assume that the polynomial p is nonzero, that is
k :=degp = 0.
(i) = (ii) Define {7,}%, by
Vw=rn+tpn), ne”zZ,. (33)

Let /i be a representing measure of {,}°2 .. Applying Lemma 4.3 to {y, }* j and using the
fact that SUP,ez, [p(n)|e™ < o0, we deduce that the measure fi is compactly supported (see
the proof of Lemma 4.4). Since, by Lemma 4.5, (A*p),, = p®(0) for all n € Z ., applying
A* to both sides of (33) yields

/ X — DFdax) = / F'(x = Drdu) + p®0), nez,.
R R
Together with Lemma 4.1, this implies that

/A (= D¥dix) = /A (x = D¥du(x) + p®(0)5,(4), 4 € BR). (34)
If k > 1, then by substituting 4 = {1}, we get p®(0) = 0, which gives a contradiction.
Therefore, p must be a constant polynomial. Substituting k = 0 into (34), we get (ii).

The implication (ii) = (i) and the “moreover” part are obvious. O

The following is an immediate consequence of Lemma 4.6 applied to y, =0 and
u=0.

Lemma 4.7 For p € R[x], the following conditions are equivalent:
) {pm)}2,, is a Hamburger moment sequence,
(i) {p()}y is a Stieltjes moment sequence,
(iii) p is a constant polynomial and p(0) > 0.
Remark 4.8 The implication (i) = (iii) of Lemma 4.7 can be proved more directly. Let u be

a representing measure of {p(n)}> . Clearly, p(0) = u(R) > 0. Suppose, on the contrary,
that k := degp > 1. By the Schwarz inequality, we have

p(n)* = ( /R xOX"d/t(JC))2 < /R xOdu(x) /R "du(x) = pO)p(2n), neZ,.

Denote by a the leading coefficient of p. The above inequality implies that

2 0)p(2
2 = tim PO i POPCD)
n—oo n n—oo n2k
which contradicts the fact that a # 0. Therefore, p is a constant polynomial. a

For the sake of completeness, we provide a proof of the following lemma which will be
used in subsequent parts of this paper.
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Lemma 4.9 Let G : B(X) — B(H) be a regular spectral measure on a topological Haus-
dorff space X with compact support, @ : X — C be a continuous function and X be a rela-
tively open subset of supp G. Then the spectral integral / s ®dG, which is a bounded opera-
tor, is positive ifand only if X C {x € X : p(x) = 0}.

Proof Since SUP,equpp G [P < o0, f 5 ®dG € B(H). To prove the “only if” part, assume
that / 5 ®dG > 0. Then / 5 @(x)(G(dx)h, h) > 0 for all h € H. Substituting G(4)h in place
of h with A € B(ZX), we see that /A @(x){G(dx)h,h) > 0 for all A € B(X)and h € ‘H.Com-
bined with [9, Theorem 1.6.11], this implies that (G(Kw)h,h> =0 for all » € H, where
K, ={xeX:px) el \ R, }. Since K, is a relatively open subset of suppG and
G(K,) = 0, we conclude that K, = @, which means that X C {x € X : @(x) > 0}. The “if”
part is obvious. a

Lemma 4.10 Let G : B(X) — B(H) be a regular spectral measure on a topological Haus-
dorff space X with compact support and let ¢, © X — R, n € Z_, be continuous functions.
Then the following conditions are equivalent:

) {@,(x)}2, is a Stieltjes moment sequence for every x € supp G,
(i) {fx @,()(G(dx)h, h) 172 is a Stieltjes moment sequence for every h € 'H.

Proof Asin Lemma 4.9, fx @dG € B(H) whenever ¢ : X — C is continuous.
(1) = (ii) This can be easily deduced from [14, Theorem 6.2.5] (see also [7, Lemma 3.2]).
(i) = () Fix neZ, and A =(4g,...,4,) € C™!. Define the continuous function
@, : X —> Cby

) = ) @A, xEX.
k=0
Applying the implication (iii) = (i) of [14, Theorem 6.2.5], we see that
/@l(x)(G(dx)h, h)y = Z /(pk+l(x)(G(dx)h, Wi 20, heH.
X ki=07X
Hence /X D,dG > 0,50 by Lemma 4.9, @,(x) > 0 for all x € supp G, that is
Y @4 20, x € suppG.
k=0
A similar argument shows that
Z G114 A, =0,  x € suppG.
k=0

Finally, by applying the implication (i) = (iii) of [14, Theorem 6.2.5], we complete the
proof. O
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Before concluding this section, we recall the celebrated criterion for subnormality of
bounded operators essentially due to Lambert (see [37]; see also [47, Proposition 2.3]).

An operator T € B(H) is subnormal if and only if for every h € H,

{IT"h||? 172 is a Stieltjes moment sequence.

(35)

The following general characterization of subnormal operators fits nicely into the scope of
the present investigations. It will be used to provide the second proof of Corollary 5.2.

Theorem 4.11 Suppose that ¢, : X - R, n € Z,, are continuous functions on a topo-
logical Hausdorff space X of the form

@,(x) = / du (), neZ,,xeX, (36)
R

+

where each u, is a compactly supported complex Borel measure on R,. Furthermore,
assume that T € B(H) is an operator for which there exists a regular spectral measure
G : B(X) —» B(H) with compact support such that

TT" = / @,(x)Gldx), neZ.,. 37
X
Then T is subnormal if and only if . is a positive measure for every x € supp G.

Proof By (35) and (37), the operator T is subnormal if and only if the sequence
{ /X @,(x){G(dx)h, h)}*  is a Stieltjes moment sequence for every & € H. By Lemma 4.10,
the latter holds if and only if {@,(x)}*° is a Stieltjes moment sequence for every

n=0

x € supp G, which in view of (36) and Lemma 4.4 is equivalent to the fact that y, is a posi-
tive measure for every x € supp G. O

5 Proof of the main result and some consequences

Before proving Theorem 1.2, which is the main result of this paper, we make the following
useful observation being a direct consequence of (8) and (10).

If T=[§5] €z, then E#0if and only if (|0l |E]) # 6, (38)

where oy(|Q|. |E]) = o(|Q]. |E]) N (R, X (0, 00)).

Proof of Theorem 1.2 (i) < (iii) In view of Proposition 3.1(i), (IQl, |El) is a pair of com-
muting positive operators. Let G be the joint spectral measure of (IQI, IEl). Then, by Theo-
rem 2.1(i) and [43, Theorem 2.18], the measure G is compactly supported and regular. It
follows from (9) and (21) that

Q, :/ 9, dG, neZz,, 39
R

where @, : Ri — R, is the continuous function defined by
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e itn=0, .
Puls: 1) = t2( Z]':()l szj) +s ifn>1, (5,0 €R,. (40)

Notice that by Proposition 3.10(ii) and (35), the operator T is subnormal if and only if
{(€,h,h)}2, is a Stielties moment sequence for every h € H,. Hence in view of
(39) and Lemma 4.10, T is subnormal if and only if supp G C =, where = is the set of
all points (s,1) € IRi for which {¢,(s,1)}, is a Stieltjes moment sequence. Therefore,
according to Theorem 2.1(i), to get the equivalence (i) < (iii), it is enough to show that
g = [f])+ U (IRJr X {0}). For this purpose, take (s, 1) € Ri and consider two cases.

case ls=1.

Then by (40), we have @,(s,t) = 1 + nr>. Applying Lemma 4.7 to p(x) = 1 + >x, we see
that (1,7) € Zif and only if r = 0.

CASE2 s # 1.
Then by (40) we have
7 1 £ n 7
§0n(5,f)— 1—S2+ - 1—S2 s, ne + (41)
This implies that
Q8. 1) = / X'ug(dx), nez,, (42)

+

where pg, : B(R,) — Ris the signed measure of the form

2 2
B =120t (1 - m)@;z- (43)

Using Lemma 4.4, we conclude that (s, 7) € Z if and only if the measure p, is positive, or
equivalently if and only if
2

0< 1—s2

<1 (44)

If £ = 0, then (44) holds. If # # 0, then (44) holds if and only if (s, 7) € D,. Thus (s,?) € = if
and only if (s,1) € (D, U (R, x {0})) \ {(1,0)}.

Summarizing Cases 1 and 2, we conclude that = = D, U (R, x {0}), which gives the
desired equivalence (i) < (iii).

(ii) < (iii) This is obvious due to the fact that o(|Q|, |E]) C Ri (see Theorem 2.1(3)).

Before proving the equivalence (ii) < (iv), we make necessary preparations. Set
K =o(|Ql, |E]). Let G,y and G g be the spectral measures of QI and IEl, respectively.
Since P is the orthogonal projection of H, onto H, © M|E|) and M|E|) = Z(Gg({0})),
we see that

P =G (0, 00)). (45)

By Proposition 3.1(i), IQl commutes with |El so it commutes with G| . As a consequence,
the operators IQI, |El and P commute. Combined with Theorem 2.1(i), this yields
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/ (s* + *)G(ds, df) = / (s* + *)G(ds, df)
o4(1Q1.IE) Kn(R,x(0.00)
= / (s* + )G(ds, dt)
R, x(0,00)
(46)
= /R 5G| (d$)G (0, 00)) + /(0 . G (dr)

= |01*G (0, 00)) + | E|*.
= (|Q|P)* + |EI*.

(i1) = (iv) Suppose that (ii) holds. Then by (46), we have

(QIPY + |EI* = / (2 + 2)G(ds. di) < Gloy(|Q1 |ED) < 1.
o3 (1OLLIE])

which means that (IQIP, |El) is a spherical contraction.
(iv) = (ii) Suppose now that (iv) holds, i.e., (|Q|P)* + |E|*> < I. Since Iy, —P is the
orthogonal projection of H, onto .4(|E|), we deduce that

(1QIP)* + [E[* < P. “7
Observe now that

G101, IED) = G(K n (R, X (0,00)))

(45)
= G(R, X (0,00)) = G ((0, 00)) = P.

Combined with (46) and (47), this leads to

/ (1= (s*+1%)G(ds.dr) > 0.
oy (IQLIED

Since oy(|Q|, |E|) is a relatively open subset of o(|Q|, |E|), we infer from Theorem 2.1(i)
and Lemma 4.9 that o,4(|Q|, |E]) € D,.

(iv) © (v) That .#Z = Z(|E|) reduces IQl and |E| follows from the fact that P commutes
with 10! and |El. Combined with the equations (|Q[P)| g, = |E||LM|E|) = 0, this leads to
the desired equivalence.

(v) ¢ (vi) This equivalence can be proved in the same way as the equivalence (ii) < (iii)
of Proposition 3.6.

The “moreover” part is a direct consequence of (iii) and (10). This completes the proof.

|

In the rest of this section we record some consequences of Theorem 1.2. We begin
with the following corollary which is immediate from Theorem 1.2(v).

Corollary 5.1 Suppose that T = [gg] € QHsz and z=1(2),2,23) € C3? is such that

|zl = land|z;| < 1for j=2,3.Then T, := [ZIOV Zg] € Qy, ,- Moreover, if T is subnor-

mal, then so is T,.
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The next corollary follows from Proposition 3.6 and Theorem 1.2 (recall that by Propo-
sition 3.4 the contractions of class Q are of norm 1).

Corollary 5.2 Any contraction of class Q is subnormal.
As shown below, Corollary 5.2 can also be deduced from Theorem 4.11.

Second Proof of Corollary 5.2 Assume that 7 is a contraction. Let G be the joint spec-
tral measure of (IQ|, IEl). Set X = D,. It follows from Proposition 3.6 that o(|Q|, |E|) C X.
Hence, by Theorem 2.1(i), the function G : B(X) - B(H) defined by

G(4) = 8,0/l ® G(4), A€ BX),

is a spectral measure. In view of Proposition 3.10(ii) and (39), the condition (37) holds
with ¢, as in (40). Moreover, by (42) and (43), the condition (36) holds, where y, is the
positive Borel measure on R, given by (43) for x = (s,#) € X \ {(1,0)} and M) = 0p-
Hence, by Theorem 4.11, T is subnormal. O

Below we indicate two subclasses of Q for which subnormality is completely character-
ized by contractivity.

Corollary 5.3 Suppose that T = [g S] € Qy, ,» where E=aU, a€C\ {0} and
U € B(H,, H,) is an isometry. Then the following conditions are equivalent:

(i) Tis subnormal,
(i) QI +lal® <1,
(iii) T is a contraction.

Proof By (8), we have
o(IQ. 1ED) = o(1Q], lally,) = o(|Q]) X {|al}. (48)
Since

max o(|Q)) = [[1QIll = |2Il, (49)

we deduce from (48) that
o(|Ql,|E]) € D, if and only if | Q||* + |a|* < 1. (50)

(i) © (ii) Using the assumption that @ # 0 and applying Theorem 1.2, we deduce from (48)
and (50) that T is subnormal if and only if ||Q||*> + |a|> < 1.
(ii) © (iii) This is a direct consequence of (50) and Proposition 3.6. O

The following is a variant of Corollary 5.3 with essentially the same proof.

Corollary 5.4 Suppose T = [X g] IS QH,,Hz’ where Q = aU, « € C and U € B(H,) is an
isometry. If E # 0, then the following conditions are equivalent:
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(i) Tis subnormal,
(i) lal*+EI* <1,
@ii1) T is a contraction.

6 A solution to the Cauchy dual subnormality problem in the class O

We begin by providing a complete answer to the question of when the Cauchy dual of an
operator of class Q is subnormal.

Theorem 6.1 Suppose that T = [‘6 5] € Qyy, , is left-invertible. Then T is subnormal if
and only if 5(|Q1. |E]) € (R2\D,) U (R, x {0}).

Proof Since T is left invertible, we infer from Proposition 3.10(iii) that £, is invertible and
o(I0LIED C{(.n eR] : s+ 2 127"} (51)

Therefore, the function y : ¢(|Q|, |E|) = R? given by

s t
w(s, 1) = <mm> (s,0) € o]0V, |E]),
is well defined and continuous. By Proposition 3.10(iv), T’ € QHI’H2 and
vV E
T = [0 Q , (52)

where E 1= E.QI‘l and Q := QQI‘I. It is easily seen that
101 = 1QI(1Q1* + |EI*)™" and |E| = [E|(IQI* + |EI))™".

Using the Stone-von Neumann functional calculus and Theorem 2.1(iii), we obtain

o(|0l. |E]) = o(w(|Q. |ED) = w(co(|Ql. |E)). (53)
Applying Theorem 1.2(iii) to 7” in place of T and using (51), (52) and (53), we complete
the proof. O

We now show that within the class Q the Cauchy dual subnormality problem has an
affirmative solution. What is more surprising is that we can solve it affirmatively even if
complete hyperexpansivity is replaced by expansivity. For a more detailed discussion of
this question, see Proposition 9.6 and Example 9.7. The solution is given in Corollary 6.2
below which is a direct consequence of Proposition 3.6 and Theorem 6.1. Another way of
obtaining Corollary 6.2 is to apply Proposition 3.10(iv), Corollary 5.2 and the well-known
and easy to prove fact that the Cauchy dual of an expansive operator is a contraction.

Corollary 6.2 The Cauchy dual of an expansive operator of class Q is a subnormal
contraction.
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Below we recapture the affirmative solution to the Cauchy dual subnormality problem
for quasi-Brownian isometries.

Corollary 6.3 ([7, Theorem 4.5]) The Cauchy dual of a quasi-Brownian isometry is a sub-
normal contraction.

Proof LetT € B(H) be a quasi-Brownian isometry. If T is an isometry, then T’ = T is sub-
normal. If 7 is not an isometry, then by [38, Proposition 5.1], 7 has the block matrix form
(1) with entries satisfying the conditions (2), (3) and (4), Q being an isometry. Since each
isometry is quasinormal, we deduce that T is an operator of class Q and O*Q + E*E > I.
Combined with Proposition 3.6 and Corollary 6.2, this implies that 7’ is a subnormal con-
traction, which completes the proof. O

Regarding Corollaries 5.2 and 6.2, it is worth pointing out that there are subnormal
operators of class Q that are not contractive, and nonexpansive left-invertible operators
of class @ whose Cauchy dual operators are subnormal. This can be deduced from Theo-
rems 1.2(iii) and 6.1 and Propositions 3.6 and 3.10(iii) via an abstract nonexplicit proce-
dure given in Theorem 3.3. Explicit instances are given in Example 6.4 below which will
be continued in Sects. 9 and 10 under different circumstances.

Example 6.4 Our goal in this example is to show that

1° forany0 € (1, ), there exists a subnormal operator T of class Q such that ||T|| = 6,
2° forany 9 € (0,1), there exists T = [‘6 5] € Qﬁlﬂ2 such that T is left-invertible, T' is
subnormal and ||.Q]_1 7' =9 (cf. 21) and (22)).

For this purpose, let X be an infinite-dimensional complex Hilbert space and 7, # be com-
plex numbers such that # # 0. Take a nonunitary isometry V € B(K) and a quasinormal
operator Q € B(Z(V)). Define the operators Q,, E, € B(K) by

0, =7l ®0 and E,=nP,

where P € B(K) is the orthogonal projection of /C onto ./(V*). Then the operator Q, is qua-
sinormal. It is easily seen that 7T, := [Z g" ] € Qy (see Definition 1.1). The operators |Q, |
and |E”| can be represented relative to the orthogonal decomposition 1L = MV*) @ Z(V)
as follows:

10,1 = 2l yyey ® 101, |E,| = |0l yyy ®O. (54)
Since MV*) # {0}, we infer from (8) and Remark 2.5 that

o101 1E, D) = o(ITILyvy. N1 yy)) U o(10], 0)

- 55
= ((zl. 11D} U (1) X (0}). S

According to (6), (54) and (55), the following chain of equivalences holds
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o(1Q. |, IE,]) =6(1Q. ) X o(|E,]) <= o(lQ.])={l7]} = |Q.|=Izll. (56)
Combined with (55), Theorem 1.2(ii) implies that
T, is subnormal if and only if (|z|,|n]) € D,. (57)
Since by (54),
EE, + 0.0, = (I’ + n) Ly ® 101, (58)
we deduce from Proposition 3.10(iii) that
T, is left-invertible if and only if |Q| is invertible. (59)
In turn, Theorem 6.1 and (55) together yield the following:

if T, is left-invertible, then T s subnormal if and only if
(Izl,In) € RZ\ D,.

It follows from Proposition 3.4 and (55) that (cf. (49))

IT,, Il = max {1, V2|2 + 1|2 | Oll }- (61)

We are now ready to justify 1° and 2°. If § € (1, o), (| 7|, |#]) € D, and Q is chosen so that
O]l = 6, then in view of (57) and (61), T, is a subnormal operator of class Q such that
IT.,Il = 8, which proves 1°. In turn, if § € (0, 1), (|z|, [n]) € Ri \ D, and Q is chosen to be
invertible with*|||Q|~"[|* = 97!, then in view of (58), (59) and (60), T, is a left-invertible
operator of class Q such that 7’ . is subnormal and ||(E;‘E,, + QjQT)_' [I=! = 9, which yields
2°. O

(60)

7 Quasi-Brownian isometries of class O

In this section we provide a few characterizations of quasi-Brownian isometries of class Q.
Given an isometry V € B(H), we say that H = H; @ H, is the von Neumann-Wold decom-
position of H for Vif H; = (°2 V"(H) and H, = @, V".MV*); recall that H, reduces
V to a unitary operator and H, reduces V to a unilateral shift of multiplicity dim #(V*) (see
[49, Theorem 1.1.1] for more details). It is clear that

Hy = @ VANV, (62)
n=0

Theorem 7.1 Suppose T = [‘6 5] € QH..HZ- Then the following conditions are equivalent:

4 Appropriately translating and rescaling an arbitrary quasinormal operator does the job.
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(i) T is a quasi-Brownian isometry,

(i1) Tis a2-isometry,

(i) (101> =DUQI* +|EI> = 1) =0,

(iv) o(IQLIED € T, U ({1} XR,),

(V) there exists an orthogonal decomposition H, = H; ® H; (zero summands are allowed)
such that

(@) H,;and H reduce both Q and |E|,
(b) Q|H, is an isometry and (Q|HS|, |E| |H_ ) is a spherical isometry.

Moreover, if H; and Hg are as in (v) and H; =H, ® H, is the von Neumann—Wold
decomposition of H; for Q|H,’ then 'H,, and 'H, reduce both Q and |E|, Q|Hu is a unitary
operator, and Q|y, is a unilateral shift (of finite or infinite multiplicity).

Proof (i) « (ii) If T is 2-isometric, then by [42, Lemma 1], T*T > I. This together with
Proposition 3.10(v) shows that (i) and (ii) are equivalent.

(i) « (i) This equivalence is a straightforward consequence of (4) and
Proposition 3.10(ii).

(iii) & (iv) Apply Theorem 2.1(ii) to y(x;, ;) = (x} — 1)(x7 + x3 — 1) and use (6).

(iii) = (v) Since Q is quasinormal, |Q|?> — I commutes with Q and so H; := MIOIZ=1)
reduces Q to an isometry. Set Hy = H, © H; = Z(|0|*> — D). Clearly, H, = H; ® H and
H,; reduces Q. Since |Q|?> — I commutes with |El, we see that H;, and consequently H.
reduces |El. Notice that

si»

(101> + [EPYIQF = D = (10F - (|0 + |EP) = |0 - 1.
which implies that|Q|? + | E|?is the identity operator on ;. This shows that (QlH)i, |E| |Hq)
is a spherical isometry.

(v) = (iii) This implication is a matter of routine verification.

We now prove the “moreover” part. Let H; = 'H, @ H, be the von Neumann-Wold
decomposition of H; for Q|Hi. Since H,, and H, reduce QlHi and H, reduces Q, we deduce
that H,, and H, reduce Q, the operator QlH“ is unitary and the operator Qng is a unilateral
shift (of finite or infinite multiplicity). Because H, = ﬂ:o:() Q"(H,), |E|(H;) € H; and Q
commutes with |El, we see that

|EI(H,) € () Q"IEI(H) € H,,
n=0
which implies that H,, reduces |EIl. Since H; also reduces |El, we conclude that H reduces

|El. This completes the proof. O

Below we show that there are operators of class Q with injective E, which are not 2-iso-
metries (the case when E = 0 is obvious due to the fact that quasinormal 2-isometries are
isometric; see [27, Theorem 1 in §2.6.2] and [32, Theorem 3.4]).

Corollary 7.2 Suppose T = [‘0/ S] € Qy, n,» where E is an isometry. Then the following
conditions are equivalent:

(i) Tisa?2-isometry,
(i) Q=06 U,whereU € B(H, © MQ)) is an isometry.
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Proof In view of the equivalence of (ii) and (iii) in Theorem 7.1, T is a 2-isometry if and
only if (Q*Q)? = Q*Q. Hence, by [30, Problem 127], T'is a 2-isometry if and only if Q is a
partial isometry. Since Q is quasinormal, we infer from [30, Problem 204] that Q is a par-
tial isometry if and only if Q = 0 @ U, where U € B(H, © -MQ)) is an isometry. O

Taking any quasinormal operator Q which is not of the form as in the condition (ii)
of Corollary 7.2 (e.g., when [|Q]| & {0, 1}), we get an operator of class Q which is not a
2-isometry.

The key role which plays the Taylor spectrum o(|Q|, |E]) in the present paper raises the
question of the existence of different orthogonal decompositions of the underlying Hilbert
space H relative to which a given operator T € B(H) is of class Q, i.e., T has the block
matrix form (1) with V, E and Q satisfying (2)-(5). This question is discussed in the fol-
lowing example.

Example 7.3 SetY =T, U ({1} xR, ). Let I' be any nonempty compact subset of ¥ such
that

I'n ({1} x(0,00)) # 0. (63)

Seta = max{t € R, : (1,) € I'}. By (63), @ > 0. It follows from Theorem 3.3 that there
exists T = [X g] € QHPHZ such that

o(|QI. |E]) =T (64)

Since I' C Y, we infer from Theorem 7.1 that T is a quasi-Brownian isometry. According to
(63) and Proposition 3.6, T'is not an isometry. Thus using [38, Proposition 5.1], we see that
T= X g] € Qj, 7, relative to an orthogonal decomposition H = H,; @ H,, where Qisan
isometry. Consequently,

U(|Q|’|E|)=6(lﬂ2a|E|)@ {1} x o(ED. (65)

In view of (63), (64) and Proposition 3.4 (see also Remark 3.5), we have
1Tl = r(1Q1. I = r(101, 1B = V1 + 2,

where

a=max{t € R, :(1,1) € a(|Q|, |E]}. (66)
This, together with (65), implies that

a = maxo(|E|) = |[|E||| = ||IE]|. (67)

Since by (66), (1, @) € o(|Q|, |E|), we infer from (7) that « € o(|E|). Consequently,

IEI = NEI = maxo(E]) > « 2 1E. (68)

We now consider two important cases. First, if T, C I', then by (64) and (65) we obtain the
two block matrix representations of 7, namely
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VE
el

€ Oy, y, relativeto H="H, ® H,

and

S <t
Qr by

] e Qﬂlﬁz relative to H = ﬂl ® 7:(2,

such that
ZCo(QLIE) and Zno(0lIE]) =0,

where Z :=T, \ {(1,0)}. Second, if a > 1, then using (68), the inclusion I' C Y and
(7), we deduce that « = maxo(|E|); hence a = |||E||| = ||E|| which by (67) yields
a = |E|l = |E]l. O

8 Brownian isometries of class O

The aim of this section is to give a deeper insight into the structure of Brownian iso-
metries of class Q. We begin by proving two preparatory lemmata which are of some
independent interest.

Lemma 8.1 Suppose T = [‘0/ 5] € QHI,Hz' Then the operators 10|, |El and |Q*| commute
and the following conditions are equivalent:

(i) T is a Brownian isometry,

() (IQFP = DUQP + |EI* = 1) = 0and (|Q*]> = D(IQI* + |E|* = I)* = 0.

Proof That the operators |Ql, |El and |Q*| commute can be deduced from (4) and
(5) via the square root theorem (cf. Proposition 3.1(i)). Hence, by the equiva-
lence (ii) < (iii) of Theorem 7.1, it suffices to show that A;A;.A; =0 if and only if
(10*1> = D(|Q|?* + |E|*> = D?* = 0.1t is a routine matter to verify that

0 0
ArlrAr = [0 @, - D02 - (@, —1)]

10 0
0 (IQ* 1> =D, =1 |’
where Q, = |Q|? + |E|%. As a consequence, we get the desired equivalence. O

Lemma 8.2 Suppose T = [‘0/ 5] € QHI,HZ is a quasi-Brownian isometry. Let
H, = H; ® H be an orthogonal decomposition of 'H, (zero summands are allowed) sat-
isfying the conditions (a) and (b) of Theorem 1.1 and let H; = H, @ H, be the von Neu-
mann-Wold decomposition of H; for Qly,. Then T is a Brownian isometry if and only if
|E| |Hg =0.
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Proof Suppose T is a Brownian isometry. Then by Lemma 8.1, we have
0= =[Q"P)IQI +|E* = Il = PA = (PA)", (69)

where A, := |E| \H and P € B(H,) is the orthogonal projection of Hg onto .#HQ7)
with Q, := QlH (by the moreover part of Theorem 7.1, H, reduces Q and |EI).
Because (PA,)* = PA,, we infer from (69) that PA, =0. As a consequence, we see
that Z(A,) C JV(Q:)l. Since Q; commutes with A, so does QF and consequently
A(MO)) C MQY). Putting all of this together, we see that A((MQ7)) = {0}. Therefore,
because Q commutes with |El, we deduce that |E|Q"./(Q?) = {0} for all n € Z, . Since by
(62), Hy = @y, Q" MO%), we conclude that|E||H =0.

To prove the converse implication, assume that |E| |H = 0. It follows from Theorem 7.1
that H, = H, & H, ® M, the spaces H,,, H, and H,; reduce both Q and IEl, Qly,, is uni-
tary, Qly, is a unilateral shift and (QlH |E ||H ) isa spherlcal isometry. Now, stralghtfor—
ward calculations show that the condition (i) of Lemma 8.1 holds. Hence by this lemma, T
is a Brownian isometry. This completes the proof. a

We are now ready to characterize Brownian isometries of class O.
Theorem 8.3 Suppose T = [‘6 5] € QH]’HZ. Then the following conditions are equivalent:

(i) T is a Brownian isometry,
(i) QPP =DUQP +|EP =D = 0and (IQ** = DUQI* + |EI* = ) =
(iii) there exists an orthogonal decomposition H, = H,, ® H, & H,; (zero summands are
allowed) such that

(@) H,, H,and H reduce both Q and |El,
(b) QlH“ is a unitary operator and Q|Hg is a unilateral shift (of finite or infinite multi-

plicity),
© (Q|HS|, |EI|,, ) is a spherical isometry,
(d) |E||7-(Q =

Proof (i) = (iii) Since any Brownian isometry is a quasi-Brownian isometry, it follows
from Theorem 7.1 that there exists an orthogonal decomposition 'H, = H; & H; (zero
summands are allowed) satisfying the conditions (a) and (b) of Theorem 7.1(v). Let
H; = H, & H, be the von Neumann-Wold decomposition of H; for Q|;, . By the moreover
part of Theorem 7.1, the orthogonal decomposition H, = H, @ H, & H,; satisfies the con-
ditions (a), (b) and (c). Applying Lemma 8.2, we conclude that (d) holds.

(iii) = (ii) This can be shown by straightforward calculations.

(ii) = (1) This implication is a direct consequence of Lemma 8.1. O

The following corollary is a consequence of Theorem 7.1, Lemma 8.2 and the unique-
ness part of [49, Theorem I.1.1] (see also the proof of Theorem 8.3).

Corollary 8.4 Suppose T = [‘6 5] € Qy, 1, Then the following conditions are equivalent:
(i) T is a quasi-Brownian isometry which is not a Brownian isometry,

(ii) there exists an orthogonal decomposition H, = H, ® H, ® H; (zero summands are
allowed) such that
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(@) H,.Hand Hg reduce both Q and |El,
(b) Q|7—tu is a unitary operator and Q|H5 is a unilateral shift (of finite or infinite multi-

plicity),
©) (Q|H<i, |E| |H_ ) is a spherical isometry,
d [El|,

As shown below, the class of Brownian isometries is the only subclass of Q considered
in this paper which cannot be characterized by the Taylor spectrum o(|Q|, |E|) of the pair
(0l, IEN).

Remark 8.5 Notice that the condition (ii) of Theorem 8.3 is equivalent to the conjunction
of the following two inclusions

o(IOLIED) C T, U ({1} XR,),

o(101, 1E1,10°]) € (T, xR, ) UR2 x {1}), (70)

where o(|Q|, |E|, |Q*|) stands for the Taylor spectrum of (|Q|, |E|, |Q*|) (recall that the
operators |Ql, |El and |Q*| commute; see Lemma 8.1). In view of Theorem 7.1, it remains
to show that the equation (|Q*|?> — I)(|Q|? + |E|*> = I) = 0 is equivalent to the second inclu-
sion in (70). However, this is immediate from (6) and the spectral mapping theorem applied
to the polynomial p in three variables given by

pls,t,r) =@ = 1)(s* + 2 = 1).

We conclude this remark by reexamining [7, Example 4.4]. LetV € B(H,),E € B(H,, H,)
and Q € B(H,) be isometric operators such that O is not unitary and V*E = 0. As shown in
[7, Example 4.4], the operator T defined by (1) is a quasi-Brownian isometry (obviously of
class @) which is not a Brownian isometry. Clearly, the first inclusion in (70) holds. Hence
by the above discussion the second one does not hold. The latter also follows directly from
the equality o(|Q|, |E|, |Q*|) = {1} x {1} x {0, 1} which is a consequence of the projec-
tion property of the Taylor spectrum. Regarding Corollary 8.4, note that H, = H, & H,,
Hg; = {0}, H, # {0} and |E||H§ # 0. Summarizing, the operator 7 is a quasi-Brown-
ian isometry which is not a Brownian isometry and o(|Q|, |E|) = {(1,1)}. On the other
hand, if T is any nonisometric Brownian isometry, then it is a Brownian-type operator of
class U (see the remark Ju%t after Definition 1.1), i.e., T = [V E ] (S QH H, relative to an
orthogonal decomposition T, ® H,, where Q is a unitary Operator As a consequence,
o(|0|, |E]) = {(1,1)}. This means that Brownian isometries cannot be characterized by the
Taylor spectrum c(|Q|, |E|). O

9 m-isometries and related operators of class O
In this section we characterize m-contractions, m-isometries and m-expansions of class Q

by using the Taylor spectrum approach.
Given an integer m > 1 and an operator I € B(H), we write
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B,(T) =Y (-1) <m> T,

=0 J
Recall that an operator T € B(H) is

m-contractive if B,,(T) > 0,

m-expansive if ,,(T) < 0,

m-isometric if T is m-contractive and m-expansive, that is %,,(T) = 0,
completely hyperexpansive if T is m-expansive for all m > 1.

The above-mentioned concepts can be attributed to many authors, such as Agler [1]
(m-contractivity), Richter [42] (2-expansivity), Aleman [6] (complete hyperexpansivity for
special operators), Agler [2] (m-isometricity) and Athavale [11] (:m-expansivity and com-
plete hyperexpansivity). It is well known that a 2-isometry is m-isometric for every integer
m > 2 (see [3-5, Paper I, §1]). Combined with [42, Lemma 1(a)], this implies that each
2-isometry is completely hyperexpansive. On the other hand, Agler proved in [1, Theo-
rem 3.1] that an operator T € B(H) is a subnormal contraction if and only if it is completely
hypercontractive, i.e., T is m-contractive for every positive integer m.
The expression %,,(T) for an operator T of class Q can be described as follows.

Lemma 9.1 Suppose that T = [X 5] € Qy, n,- Then

0 0

Pn(T) = [o w(l0l, |E|>] - men.

where y,, Ri — R are polynomial functions defined by
W, (s,0) = (1 -7 = t2>(1 - (s eR:, meN. (71)

Proof Form € N, we set A,, = erio(—l)"(j').Qj, where £, are as in (21). In view of Propo-

sition 3.10(ii), we have

00

B(T) = [o A

] , meN. (72)
Let G be the joint spectral measure of (10|, |EI). It follows from (39) and (40) that
Am = / li/de, me N’ (73)
R

where ,, : Ri — R are continuous functions defined by
(s 1) = Z(—1>f<”?> ois.0), (s.) ERZ meN,
- J
Jj=0

Now we show that ,, = y,, for any m € N. For this, note that
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m—1

m
40 . : —
w102 2 2(—1)/(",")]: —mi? Z(—l)/(m . 1), teR,, meN.
= ] = /
Hence, we get

_ 2 ifm=1,
(1,0 = { 0 iftm>2 !€Re

In turn if s # 1, we can argue as follows:

_ @, (m\(_ A 2\
s ® 2 (§) (7 (1-755))

_ _ [2 o _ (m i
(=) 2 ()

=(1-s=H1-s"" (s, e ®, \{1})XR,, meN.

Putting all this together we see that §,, = y,, for all m € N. Combined with (9), (72) and
(73), this completes the proof. |

We are now in a position to characterize m-contractivity, m-isometricity and
m-expansivity of operators of class Q. The spectral regions for m-contractivity and
m-expansivity of operators of class Q are illustrated in Figs. 2 and 3 (for the case m =1,
see Proposition 3.6).

Theorem 9.2 Assume that T = [ 4 5] € Qy, w, and m 2 2 is an integer. Then the following
assertions hold:

(i) T is m-contractive if and only if

D, u({1}xR,) if misodd,
(0l IED < { I]jJJ+r U ([1,00) X+R+) if miseven,

(ii) T is m-expansive if and only if

R2\D if misodd,
o(1Ql. |E]) € { (ﬂii \ "i) N ([0, 11X R,) if miseven,

(iii) T is m-isometric if and only if c(|Q|, |E|) C T, U ({ 1} x IR+).
Proof Since the proofs of (i) and (ii) are similar, we justify only (i). Let G be the joint
spectral measure of the pair (IQl, IEl). Observe that by (9) and Lemma 9.1, £,,(T) > 0 if
and only if /[RZ v,,dG > 0. By Theorem 2.1(i) and Lemma 4.9, the latter holds if and only if
o(|QI,1E]) =suppG C {(s.1) € R? : y, (s,1) > 0}. (74)

Using (71), we verify that
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0, 1) (0, 1), (0, 1)

(0,0) (1,0) (0, 0) (1,0) (0,0) (1,0
m=1 m > 3 odd m > 2 even

Fig.2 Spectral region for m-contractivity of operators of class Q

(0, 1) 0,1)

(0, 0) (1,0) (0, 0) (1,0)
m > 1 odd m > 2 even

Fig.3 Spectral region for m-expansivity of operators of class Q

D, U
D, u

{(1)xR,) if mis odd,
[1,00) X R, ) if m is even.

{(.nER] :y, (020} = {

Combined with (74), this yields (i). Finally, (iii) can be deduced from (i) and (ii). This
completes the proof. a

Corollary 9.3 Assume that T = [‘6 g] € Qy, 3, and m 2 2 is an integer. Then the following
assertions hold:

(1) ifmisodd (resp., even), then T is m-contractive if and only if T is 3-contractive (resp.,
2-contractive),

(i1) if mis odd (resp., even), then T is m-expansive if and only if T is expansive (resp.,
2-expansive),

(iii) T is m-isometric if and only if T is 2-isometric,

(iv) T is completely hypercontractive if and only if T is contractive,

(v) T is completely hyperexpansive if and only if T is 2-expansive.

Proof Use Theorem 9.2 and additionally Proposition 3.6 in the cases (ii), (iv) and (V). O

The example below illustrates Theorem 9.2.
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Example 9.4 (Example 6.4 continued) Let 7., be as in Example 6.4. Assume that m > 2.
Using (55), Proposition 3.6 and Theorem 9.2, we get the following:

1° if m is odd, then the operator T, is m-contractive if and only if Q is contractive and
(Izl.1n) € Dy U ({1} X R,),

2° if m is even, then the operator T,, is m-contractive if and only if
(Il.In) € D, U ([1,0) X R, ),

3° if m is odd, then the operator T, , is m-expansive if and only if 7, , is expansive, or
equivalently if and only if O is expansive and (||, |#]) € IRi \D,,

4° if m is even, then the operator T, , is m-expansive if and only if Q is an isometry and
(Izl,1nl) € (RE\D,) n ([0, 11X R, ), i

5° the operator T,, is m-isometric if and only if @ is an isometry and
(zl.Inh € T, U ({1} xR,), i

6°  the operator T, , is completely hypercontractive if and only if 0 is a contraction and
(zl.1nl) € B, ]

7°  the operator T, is completely hyperexpansive if and only if O is an isometry and
(7l 1nD) € (R2\D,) n (10, 1] x R, ). O

Remark 9.5 Note that in view of [29, Theorem 2.5], if m > 2 is even, then any m-expansive
operator is (m — 1)-expansive, while if m > 3 is odd, then any m-contractive operator is
(m — 1)-contractive. Using the assertions 1°- 4° of Example 9.4 one can easily show that
none of these implications can be reversed. It is well known that quasi-Brownian isometries
are 2-isometric, 2-isometries are completely hyperexpansive, complete hyperexpansions
are 2-expansive, and finally 2-expansions are expansive (see [42, Lemma 1]). In general,
none of these implications can be reversed. Using Remark 8.5, Theorem 7.1, Corollary 9.3
and Example 9.4, one can show that in the class Q, these relations take the following form:

{Brownian isometries in Q} G {quasi—Brownian isometries in Q}
= {2-isometries in Q}
& {complete hyperexpansions in Q}
= {Z-expansions in Q}
G {expansions in Q}.

We refer the reader to Fig. 4 describing spectral regions for the above-mentioned sub-
classes of the class Q (except for Brownian isometries, cf. Remark 8.5). O

A recent result due to Badea and Suciu (see [12, Theorem 3.4]), which states that a
A,-regular 2-expansive operator T is completely hyperexpansive if and only if its Cauchy
dual 7’ is subnormal, solves in the affirmative the Cauchy dual subnormality problem
in the class of Aj-regular 2-expansions (see [7, Theorem 4.5] for an earlier solution of
this problem in the class of Aj-regular 2-isometries). It is well known and easy to prove
that the relation T «— T’ is a one-to-one correspondence between expansive operators
and left-invertible contractions. When restricted to operators of class Q, this correspond-
ence becomes a bijection between expansions and left-invertible subnormal contractions
(see Corollary 6.2). In view of Proposition 3.10(v), expansions T of class Q are always A,
-regular. This suggests that there may exist A,-regular operators outside of the class of
completely hyperexpansive ones for which the Cauchy dual subnormality problem has an
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(0, 1)

(0,0) (1,0) 0,0) (1,0)

quasi-Brownian isometries complete hyperexpansions
Il Il expansions
2-isometries 2-expansions

Fig. 4 Spectral regions for some subclasses of the class Q

affirmative solution. This is really the case as shown in Example 9.7 below which is based
on Proposition 9.6. The proposition itself is a direct consequence of Propositions 3.6 and
3.10(v), Corollary 6.2 and Theorem 9.2(ii).

Proposition 9.6 If T =[g(5| € Qy 5, is such that o(|Q|,|E]) CR2\D, and
o(|0O|, |E]) N ((1, o0) X R, ) # @, then T is a Ap-regular expansion which is not 2-expansive
(so not completely hyperexpansive) and whose Cauchy dual T' is a subnormal contraction.

To have a concrete example of an operator satisfying the assumptions of Proposition 9.6,
we revisit Example 6.4 again.

Example 9.7 (Example 6.4 continued) Let T, , be as in Example 6.4. Suppose that Q is
expansive and (|7}, |#]) € (1, ) X (0, ). Applying (6) and (55), we see that the opera-
tor T, satisfies the hypothesis of Proposition 9.6. As a consequence, 7, , is a ATM-regular
expans10n of class Q such that the Cauchy dual T' of T, , is a subnormal contraction but
T, , itself is not 2-expansive (so not completely hyperexpanswe) a

10 Linear operator pencils built over the class Q

In this section we study linear operator pencils that are associated with operators of class
Q. By a linear operator pencil (see [28]) we mean a mapping

Y .:C>A— A+ AB € B(H),
where A,B € B(H). Given T = [‘6 5] S QHI’HQ, we define the linear operator pencil 77(1)
by

TW):[V AE =[V O]+,1[0E], recC.

00 00 00

Clearly, T(1) € QH H, for every A € C Observe that TT(1) can be regarded as the pertur-
bation of the quasmormal operator [ by the nilpotent operator A[ ] It is worth point-
ing out that the operators [ ] and [ do not commute in general (they commute if and
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only if VE = EQ.) Note that by Corollary 5.1, T"(4) is subnormal if and only if T7(]4]) is
subnormal. This justifies why we concentrate on describing the set . (1) given by

SN = {a eR, : T (a) is subnormal}.

If, moreover, E # 0 and o4(|0|, |E|) C [0, 1] X (0, o), then we define g e R, by (cf.

(38))
piy= inf 4/ 1-s (75)
(s.n€0,(|Q1L1E]) 2

Using B7(T) we can describe the set . T(T) explicitly.

Theorem 10.1 Suppose that T = [g g] € Qy, n, and E # 0. Then the following assertions
hold: )

(i 0e. s,
(i) #N(T)\ {0} # Bif and only if 54(|0Ql, |E]) C [0, 11X (0, 00) and p*(T) > 0,
Gii) if ZN(T)\ {0} # @, then

ZNT) = [0, 67(D)]. (76)
Moreover, if o4(|0|, |E]) € [0,1] X (0, 00), then
SN ={0} = p(T)=0.

Proof First observe that 77(0) is a quasinormal operator and thus by [19, Proposi-
tion I1.1.7], T7(0) is subnormal, which yields (i). In view of (i) and Theorems 2.1(iii) and
1.2(ii), we have

) = {0} u{a € (0,0) : s> +a** < 1, V(s,1) € oy(|OI. |E]}. (77)

It is now a routine matter to show that for any @ € D), 10,a] € .SN(T).
(ii) and (iii) Suppose that a € RA00) \ {0}. Then by (77), we have

2 1—52
@ <. (.)€ oy(IQLIED.

As a consequence, oy(|0], |E]) C [0, 1] X (0, 00) and 0 < sup YT(T) < pU(T). Clearly, by
an, pI(T) e YT(T)\ {0}. Hence, in view of the discussion in the previous paragraph,
(76) holds.

In turn, if o4(|Q|, |E]) C [0, 1] X (0, c0) and pT(T) > 0, then as above we verify that
pi(T) € .N(T)\ {0).

The “moreover” part follows from (i) and (ii). This completes the proof. a

There is another possibility of associating a linear operator pencil with an operator of
class Q. Namely, given T = [ § 5| € Qy, 5, we define the pencil T(-) by
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00

vE] [VE
T*(’l)z[o 10 =[00 4100

], 1€eC,

and the corresponding set (T by
ST = {(x ER, : Ti(a)is subnormal}.

As before, by Corollary 5.1, T;(A) is subnormal if and only if T;;(|A|) is subnormal, so we
can concentrate on describing the set #;(T). Obviously, T.(4) € QH]j_t2 for every 1 € C.
The operator T';.(4) can be regarded as the perturbation of[ ‘6 ‘3] by the quasinormal operator
A [8 8] (in view of Theorem 10.2(i), [ v g] is subnormal provided .7, (T) # #). Note also that

[g‘g]and[gg]commute < EQ=0 < |Q||E|=0. (78)

Indeed, the former equivalence is a consequence of straightforward calculations, while the
latter follows from the identities:

2 ®) @

(IQIIED)" = Q"QE"E = (EQ)"EQ,

where (x) is a consequence of Proposition 3.1(i).
We are now in a position to describe the set ;(T).

Theorem 10.2 Suppose that T = [‘0/ S] € Qp, 1, Set
,(1Q1. 1E]) = o(|Ql. |E]) N ((0, 00) X (0, 00)).

Then the following assertions hold:

(i) 5(T) # @ifand only ifIIE||l < 1,
(i) if |Ell < 1and o,(|Q|, |E]) = @, then Z(T) = R,
(iii) i IEll < Land 6,(|Q|, |E|) # @, then (T) = [0, B(T)], where®

1-172

T) := inf 79
P = edonm V52 (=)
Proof 1t follows from Theorems 2.1(iii) and 1.2(ii) that
SN ={aeR, :a’s?+ <1, ¥(s,1) € 04(|0, |ED}. (80)
Recall that the set o4(|Q|, | E|) may be empty (see (38)). It is easily seen that
[0,a] C .7(T) whenever a € .7 (T). (81)

(1) In view of (38) and (80), there is no loss of generality in assuming that
o4(|10|,|E|) # 0. Suppose that .7 (T) # @. Then, by (7) and (80), o(|E|) \ {0} C [0, 1],
hence by (6), ||E|| < 1. Conversely, if | E|| < 1, then by (6), (7) and (80), 0 € #;(T).

5 It follows from ||E|| < 1, (6) and (7) that 0,(1Ql, |E]) € (0, o) % [0, 1], which implies that f.(T) is well
defined.
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(ii) Since ||E|| <1, we infer from (6) that o(|E|) C[0,1]. Hence, if
(s.1) € oy(10I. |E]) N ({0} x R,), then by using (7) we see that a’s* + 2 < 1foralla € R,.
By assumption

ay(101 1ED) 0 ((0,00) X R, ) = 0,(IQl, |E]) = @

and consequently, by (80), .7;(T) = R,
(iii) Suppose that||E|| < 1 and 6,(|Q|, |E]) # @.1f & € .7(T), then by (80), we have

12
a2 < S2 5 (S7 t) € Gb(lQl, |E|)a

which implies that sup #,(T) < §;(T). Now we prove the opposite inequality. As in (ii), we
see that if (s, 7) € o4(|Ql. |E|]) N ({0} X R,), then a*s* + > < 1for all« € R, In turn, if

(5.0 € ox(IQ1, 1E[) N (0, 0) X R ) = 0},(|QI, |E]),

then the inequality a’s* 4+ > < 1 holds for a = B;:(T). Therefore, by (80), p:(T) € S(T).
Combined with (81), this implies that .;(T) = [0, f;(T)], which completes the proof. O

Remark 10.3 Concerning Theorem 10.2, it is worth mentioning that according to the
assertions (11) and (78) we have

(0L IE)=0 < |Q||[E|=0 < [‘(; g] and [g g] commute.

In other words, the set o,(|Q|, |E|) is empty if and only if the perturbation T..(4) of [ gg
commutes with the perturbing operator A [8 3] for some 4 € C\ {0}. O

We now show that for an arbitrary b € R, there exists T = [X 5] € QHI’H2 such that

#N(T) = [0,b]. Similarly, for a given b € R, U {oo}, we can find 7= [ §] € Qy, 5,
such that #(T) = [0,b] N R,.

Example 10.4 (Example 6.4 continued) Let T, , be as in Example 6.4. We begin by show-
ing that for every b € R, there exist 7 € C and n € C\ {0} such that yT(T’ ) = [0, b].
Indeed, it follows from (55) that o,(|10Q,|, |E,]) = {(Iz, [n])}. Assume additionally that
|7| < 1. Combined with (75), this gives

1—|z|2
[7]?

B(T,,) = (82)

First, suppose that b = 0. Then by considering the case || = 1 we infer from the moreover
part of Theorem 10.1 that T (T,,) =10,0]. Let now b > 0. Then by taking into account
the case |r| < 1 we deduce from (82) and Theorem 10.1 that YT(T ) = [O ﬂ*( )] This
together with (82) shows that there exists # € C \ {0} such that ﬁ*(Tm) =b.

Similarly, using Theorem 10.2, one can show that for every b € R, U {0}, there exist
parameters 7 and # such that ,%r(Tm) =[0,b] N R,. We leave the details to the reader. O

We conclude this paper by commenting the contents of this section. In view of Theo-
rem 9.2, the technique of using the Taylor spectrum developed here can also be applied

to describe the sets of the form
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{a€eR, : T'(@)isin ¢} and {a € R, : Ti(a)is in ¢},

where % is one of the classes of operators appearing in Sect. 9 including m-contractions,
m-expansions, etc. As the number of cases to be considered is large (in particular depends
on the parity of m) and each of them requires separate treatment, we decided not to include
details in this paper.
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