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ABSTRACT

Laser actign on the 3p3 33 0 atomic oxygen triplet (0 -1,
2-1, 1-1) at 8446A cannot occur at its fluorescence peaks. The laser
levels, populated by molecular dissociation, have much broader velocity
distributions than ground state atoms, which are at room temperature.
Strong selective reabsorption of U. V. resonance radiation from the 330
level leads to increased population of those 3SO atoms with room temper-
ature velocities. Thus, over a sizeable central portion of each 8446A
component the population inversion is reversed, excluding the possibility 2)of laser oscillation there. The previously observed anomalous behavior,
in which laser action occurs on the high-frequency side of the 2-1 fluo-
rescence peak, follows from this effect and the fact that the 2-1 and 0-1
fine-structure components partially overlap. Estimates of the size of the
effect are given, and applicability to other systems is discussed.

At low pressures and favorable gain conditions a second, concurrent
oscillation is observed on the 1-1 transition. Selective reabsorption pre-
vents oscillation near line center. Despite the lack of overlap, laser
action again occurs above the center frequency. This asymmetrical be-
havior arises because the 1-1 gain profile is influenced by the presence of
the 2-1 laser line. In a detailed analysis the 1-1 small signal gain is
calculated in the presence of a strongly-saturating, standing-wave optical
fieldinteracting with the 2-1 transition of the inhomogeneously-broadened
8446A fine structure system. Different portions of the resulting 1-1 gain
profile are influenced by population saturation and Raman-type coupling
effects, and optimum conditions for simultaneous laser action on both fine-
structure components occur when the laser frequency separation is very
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close to the J = 2, J= 1 fine- structure splitting. Details of the line shapes,
polarization effects, and the possibility of accurately measuring the fine-
structure splitting are discussed. Further fine-structure oscillations
are also reported and explained.

The analysis is extended to a novel class of high-resolution, non-
linear spectroscopic techniques( 2 8 ) ideally suited to the strong, mono-
chromatic multimode fields generated by lasers. In the simplest
arrangement a multimoding laser is incident upon an inhomogeneously-
broadened system with closely-spaced structure. The laser should
resonate with the absorption (or emission) lines of the sample. The
mode separation is assumed large compared to the system's natural
(homogeneous) widths. It is also assumed that the level separation may
be tuned by applying a DC magnetic or electric field. The intensity of
the attenuated laser beam is studied as a function of the level separation.
Each time the splitting of two levels, optically coupled to a common
level, approaches the separation between a pair of modes of the laser
field,the attenuation sharply increases. The widths of the observed
resonances are determined by the natural widths of the two levels. This
effect is referred to as mode-crossing. As the levels approach each
other within their natural widths a further sharp increase in attenuation
occurs. We refer to this effect as non-linear level crossing. The
saturation aspects of the crossing techniques distinguish them from pre-
vious techniques, utilizing conventional light sources, which they super-
ficially resemble.

By applying non-linear crossing techniques to the laser medium
itself some of the g-values and linewidth parameters ip a series of new
C. W. oxygen laser transitions, as well as in the 8446A transition, have
been measured. The new laser lin s are: 2. 894p 4p3 P--4s 3So), 4. 563p
(4p 3 P--3d3 D0 ), 5. M8g (7d 3 D--6p P), 6. 8581A (5p P--5s3So), and
10. 400p1 (5p 3 P--4d D ). Output powers in the range 0. 1-1 mw are
observed for a 3m discharge, using DC or RF excitation in mixtures of
approxinately 80j 02 and 1/2-1 mm He or Ne. For the upper levels of
the 8446A, 2. 89pi and 4. 56p lines we have obtained-g-values of 1. 51+. 01,
1. 51+. 05, and 1. 51 05, respectively, which agree well with L-S
coupling. The linewidths of these levels appear considerably power-
broadened, indicating the extent of saturation of the laser media. Extension
of these techniques to other systems may lead to resonant Raman lasers.

Thesis Supervisor: Ali Javan
Title: Professor of Physics
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INTRODUCTION

0
The extraordinary behavior of the 8446 A atomic oxygen laser involves

several interesting radiative processes: one suggests a new mechanism

for obtaining laser action in gas discharges; another provides a method for

accurately determining the 3p3 P 2 - 3p3 P 1 fine-structure splitting, as well

as g-values and linewidth parameters of the levels involved. The present

study examines these radiative processes; describes how, in combination,

they lead to the observed laser behavior; and investigates in detail several

of their consequences.

3 3o 0It will be convenient, hereafter, to refer to the 3p P - 3s S 8446 A

oxygen transition as the J-1 transition. The corresponding emission lines,

in order of decreasing energy, are 0-1, 2-1, and 1-1 separated by 0. 159cm 1

and 0. 557 cm , respectively. The spontaneous emission ratio of approxi-

mately 5:1:3 observed at various laser operating pressures indicates that the

3
3p P populations are distributed according to their statistical weights. The

large Doppler widths, in excess of 0. 1 cm , are due to the energetic pro-

ducts of 02 dissociation. Thus the 2-1 and 0-1 profiles overlap, as shown

in Figure 1.

Laser action on this triplet was first obtained by Bennett, Faust,

McFarlane and Patel, (2)(3)(4) who noted a single laser line that did not

occur at the peak of the spontaneous emission profile but was shifted about

0. 07 cm~ above the 2-1 center frequency, almost midway between the 2-1



Figure 1 8446 A Gain Profile (Fine Structure Separations
are from Ref. I)
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and 0-1 fluorescence peaks. (See Figure 2.) They further noted that

although no laser action occured on the 1-1 line, its single-pass gain ap-

peared to exceed oscillation threshold. (5)

Recently(6) we have confirmed the above behavior. In addition, at low

pressures and under high gain conditions we have observed a second, concur-

rent oscillation shifted above the 1 -1 center frequency by an amount about

equal to the 2-1 frequency shift. The latter observation suggests the inter-

esting possibility that the separation between the two laser lines is deter-

mined by the J = 2, J = 1 fine-structure splitting. Under optimum gain

conditions two additional laser lines have been observed not quite symmetri-

cally located below the 2-1 and 1-1 center frequencies, as shown in Figure

3. Tunitsky and Cherkasov(7 ) have also reported the observation of four

laser lines. Under no circumstances has laser action been observed at any

of the fluorescence peaks.

Parts I-III of the present study are devoted to the explanation of this

striking behavior. In Part I the experimental observations and techniques

are presented. Part II accounts for the frequency shift of the 2-1 laser

line and the inability of the laser to oscillate close to the spontaneous emission

peaks on the basis of a newly understood radiative effect which we call

selective reabsorption. In Part III it is shown that the gain at the 1 -1 tran-

sition is greatly influenced by the presence of laser action on the 2-1 gain

profile via Raman-type processes which strongly couple the J = 2 and J = 1

levels. Conditions for oscillation on the 1-1 profile are most favorable when



E xperimentally Observed Spontaneous Emission
Profile and Laser Lines.

Figure
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the frequency separation between the two oscillations is very close to the

J = 2, J = 1 fine-structure splitting, leading to the observed laser behavior.

In Part IV the theory of Raman-type processes is extended to describe

a novel class of spectroscopic techniques particularly well-suited to studies

of closely spaced level structure in inhomogeneously-broadened systems.

Using these techniques, g-values and linewidth parameters of levels involved

in a new series of atomic oxygen laser lines are measured. (30)

Finally, in the concluding remarks some further applications of

selective reabsorption and Raman-type processes are discussed.
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PART I: EXPERIMENTAL OBSERVATIONS AND TECHNIQUES

0

The 8446 A spontaneous emission and laser behavior were studied

photographically over a wide range of conditions using a Fabry-Perot

interferometer. The near-confocal laser cavity was approximately 3 meters

long with 99. 6% reflecting dielectric-coated mirrors. The quartz laser tube

had an 11 mm i. d. The laser could be made to oscillate CW over a factor of

10 range of pressures and a factor of 100 range of power levels. Mixtures

of neon or argon with small amounts of oxygen were used. (2)

The free spectral range of the Fabry-Perot was 0. 787 cm ~. Freshly

silvered mirrors of about 80% reflectivity were employed throughout.

Negatives were made using Kodak type 1-N glass plates. Thirty-three

plates were taken in all.

Typical Fabry-Perot photographs are shown in Figures 4-7. In Figure

4, which corresponds to moderate-gain conditions, the laser is oscillating

on a single line. In Figure 5, taken at lower pressures and higher-gain

conditions, two lines are oscillating. In Figure 6, also at low pressures

but with discharge conditions adjusted for maximum gain, four lines can be

discerned. To ascertain the positions of various lines on the spontaneous

emission profile, Fabry-Perot photographs of the fluorescence were taken

as in Figure 7, using filters to reduce the emission at unwanted wavelengths.
0

As a check, photographs superimposing laser oscillations on the 8446 A

spontaneous emission background were also taken. A rather small free
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Figure 4 Fabry-Perot Plate No. 9
Single Laser Line



Figure 5 Fabry- Perot No. 13

Two Loser Lines



Figure 6 Fabry - Perot Plate No. 33

Four Laser Lines



20

Figure 7 Fabry- Perot Plate No. 20

8446 A Spontaneous

Emission Profile
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spectral range was necessary to enable full resolution of the various laser

lines. As a result, the wings of the spontaneous emission components

slightly overlapped, as seen in Figure 7. However, this overlap did not

cause any ambiguity in the analysis. The faint additional rings of Figure 7

are probably due to fluorescence of the nearby 3p 5P multiplet, which was

not entirely filtered out.

Densities were obtained from the Fabry-Perot plates by means of a

high-resolution microdensitometer. (8) For each plate the ring diameters

were recorded on punch cards and analyzed at the M. I. T. computation

center. A program (F. P. A. ) was written to statistically analyze the 9

lowest orders of each plate. The program performed several functions: it

checked the consistency of the data on each plate, obtained the frequency

separations of the various spectral components of each plate, and compared

the frequencies of particular lines from plate to plate. The final output

tabulated relative frequencies, their standard deviations and the standard

errors of the standard deviations.

Plates of particular interest were analyzed in greater detail. In these

cases the three lowest orders of each plate were converted into densitometer

tracings about five feet long. Each tracing was divided into approximately

700 parts and the corresponding densities recorded on punch cards. In a

series of computer programs (H. R. F. P. A. ) the diameters were converted

into relative frequencies and the densities converted into relative intensities,

and the results were plotted by the Calcomp plotter. The resulting lineshapes
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could be well-fitted to Gaussians, (9) as indicated in Figure 16.

Three stages (A, B, C) of the analysis are illustrated in Figures 8-10

for a spontaneous emission exposure and in Figures 11-13 for a single

laser line superimposed on the spontaneous emission background. Stage A

is the unprocessed densitometer tracing; in stage B the ring center has

been located and the density plotted as a function of the square of the-radius

(which is proportional to the frequency); finally, in stage C background

corrections have been made and, using the 1 -N characteristic (D log E)

curve, the ordinate has been converted into units of relative intensity. The

resulting fits are graphed in Figures 14 and 15, respectively.

The final results are presented in Figures 3 and 16. For multiple

frequencies on a single plate the relative accuracy is estimated to be some-

what better than . 01 cm . However, the Fabry-Perot (with ball-bearing

spacers) was found to drift considerably between exposures; accordingly,

the errors in frequency measurements from plate to plate are somewhat

greater. It was judged, nevertheless, that the laser frequencies were

stable within . 01 cm over a wide range of pressures and intensities, and

independent of the number of lines oscillating.
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PART II: LASER ACTION ON THE 3 P, ,0 FINE STRUCTURE COMPONENTS

1. General Remarks

Radiative trapping of the lower level of a transition is generally regarded

as a process which tends to inhibit laser action there. (10) This is not neces-

sarily the case, however, when the velocity distributions of the laser levels

are much broader than that of the level which reabsorbs the trapped photons.

The latter situation leads to an effect which we shall call selective reabsorp-

tion to emphasize its inherent velocity dependence. Selective reabsorption
0

plays an important role in laser action at 8446 A.

2. Description of Laser Action Near the 2-1 Gain Peak

3 0The upper levels ( P) of the 8446 A transitions are populated by the

dissociation of oxygen molecules.(2) This leads to considerable broadening

of the velocity distributions of both upper and lower laser levels, as schema-

tically illustrated in Figure 17. Measurements of the 3P fluorescence indicate

breadths of about 0. 17 cm , 5 1/2 times those of the ground states, whose

thermal distributions are determined by the walls of the discharge tube.

The lower laser level 3S ) is strongly connected to the ground states via
0

three ultraviolet transitions at about 1300 A. This implies a large absorp-

tion cross-section, and for ground state densities as low as 10 13/cm3 the

resonance radiation is sizably reabsorbed within one cm. Consequently,

the population of the 3S level is selectively increased over the central
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portion of its broad velocity distribution. This strongly influences the

8446 A gain profile: over the central portion of each fine-structure com-

ponent the population inversion is considerably reduced and may well be

reversed, and symmetrical gain peaks occur above and below line center,

where there is little reabsorption. (See Figure 17. ) A quantitative dis-

cussion of the selective reabsorption process described above is deferred

to the following section.

The broad laser gain profile contains a very large number of axial

modes, spaced 50 Mhz. apart in the present case. If the individual gain

profiles did not overlap, laser action would most readily occur at the two

peaks of each fine-structure component. Those of the 2-1 component,

having the largest gain, would most easily exceed the threshold for

oscillation. In actual fact, however, the weaker 0-1 gain profile partially

overlaps the 2-1 line, and the additional gain leads to an overall population

inversion peak close to the 2-1 high-frequency maximum. This results in

the observed shift of the laser frequency to a point about 0. 07 cm above

line center. Under typical operating conditions this laser "line" consists

of a number of axial modes, and beatnotes up to 300 Mhz. have been

observed.

The second highest gain maximum of the multiplet also occurs on the

2-1 line, of course, at the low-frequency peak. However, the presence

of strong standing-wave optical fields on the opposite side of line center

tends to suppress laser action there, as will be discussed in Part III.
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Under optimum gain conditions a second laser line does, in fact, appear

on the low-frequency side of the 2-1 gain curve. In agreement with the fore-

going assertion it is not quite symmetrically positioned about line center.

The above considerations similarly account for the two laser lines which

occur on opposite sides of the 1 -1 gain profile under the highest gain

conditions. The relative positions of the four laser lines are shown in

Figure 3.

0
3. Effects of Selective Reabsorption at 8446 A

In this section quantitative aspects of the influence of selective re-
0

absorption on laser action at 8446 A are discussed. There are a number

of other cases in which selective reabsorption may lead to laser action.

One promising possibility will be described in the concluding remarks.

Consider the idealized system with levels I P>, I S> and I G>, which

3 3 43represent the 3p P, 3s S and 2p P multiplets and are 9-, 3- and 9-fold

degenerate, respectively. (See Figure 17a). The IP> - IS> transitions

are those involved in laser action, and fast U.V. transitions connect I S> to

the ground state, I G>. In the absence of laser action the rate equations

for the densities of IP> and IS>, n and n5 , may be written

n=R +n nYP - n SYS

P = RP - n pTp
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where y. is the decay rate of one particular sublevel of I j> and R. is the

net rate of excitation to I j > involving all other processes. In the case of
0

the 8446 A laser R, is primarily determined by the dissociation rate of

molecular oxygen into atoms in I P>. A number of processes contribute

to Rs including electron excitation, dissociation and radiative cascade,

all of which tend to inhibit laser action. In the steady state (1) yields

n P T / -Y P(2 )
nS 1+RS/R,

which shows that the maximum population inversion ratio, occurring when

RS<<Rp, is proportional to the ratio of the respective lifetimes of the

levels involved.

At pressures of interest -yP is approximately equal to AP, the Einstein

spontaneous emission coefficient. However, the observed decay rate of an

atom in I S> may differ considerably from its corresponding Einstein co-

efficient, AS, depending on its velocity. At low velocities the ground state

density is high and TS may significantly exceed AS, since resonance photons

may be absorbed and emitted many times before escaping the enclosure.

Then the radiation is effectively imprisoned or "trapped" within the gas.

Away from the center of the velocity distribution radiative trapping is

negligible and -yS approaches AS. Referring to (2), the population inversion

ratio is velocity dependent through yS(v) and it may be diminished or
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reversed over the central portion of the gain profile, depending upon the

temperature and density of ground state atoms.

Our present understanding of radiation trapping stems largely from the
(11)(12)

work of T. Holstein( . For a Doppler broadened line in the limit of

strong reabsorption by the ground state, Holstein calculates the effective

lifetime TS ^S~ for an infinitely long cylindrical enclosure of radius R to

be (12)

S=A- 1 nG R LNnG ,R)1/2 n aR>>1 , (3)
S S 1.60 G

where n G is the ground state density and a is the absorption cross-section

for the resonance radiation,

ES As
gT O{- 1 (4)

oGGG koG /'r

In equation 4 k = 1 - is the propagation constant of the radiation at line
0 0

center, kouG is the Doppler width of ground state atoms with mass M and most

probable speed uG = (2kTG/M)1/2 at temperature TG (approximately room

temperature) and g. is the statistical weight of j>. A detailed theory of

selective reabsorption would calculate the velocity -dependent lifetime TS(v).

In Holstein' s treatment the velocity dependence, which enters through nG v

has been averaged over in the initial stages , and equation 3 is a velocity-

averaged lifetime. Nevertheless, -r is useful in emphasizing the
0

importance of selective reabsorption in the 8446 A laser.
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The principle features of a particular fine-structure gain profile

can be estimated from equations 2, 3 and 4. At line center Tr(v) will be

somewhat larger than the average value, given by (3), and will slowly
-1decrease to A at the wings of the line. Under typical operating

conditions the experimental parameters are: R = 0. 55 cm, uG = 5 x 104
0 (13)

cm/sec and X 0 = 1300 A ; the radiative decay rates are approximately

A S= 126 x 10 6/sec and A = 3. 1 x 106/sec. Thus o' = 4 x 10 14 cm2

The density of ground state atomic oxygen is largely governed by its

diffusion to the walls of the discharge tube, where 02 formation occurs;

it is at least a few per cent of the total oxygen content (~~35 ffHg for

Ar-0 2 mixtures (2)) and possibly considerably larger. Representative

values of nG =10 14/cm and nG = 5 x 10 4/cm3 lead to average decay

rates of y= 57 x 10 /sec and -y = 6. 8 x 10 6 /sec, respectively.

Referring to equation 2, the broad central region of the gain profile of each

fine-structure component will be sizeably depleted and may actually be

in an absorbing phase. Regions of maximum gain will occur somewhat

further away on both sides of line center. The general features are

illustrated in Figure 17.
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3 3PART III: LASER ACTION ON THE P1 - S1 FINE STRUCTURE COMPONENTS

1. General Remarks

The fact that laser action on the 1 -l line occurs most readily above

the center frequency is a direct consequence of the presence of the

2-1, 0-1 oscillation, which breaks the symmetry between the two peaks

of the 1 -1 gain profile, leading to maximum linear gain at the high-

frequency peak he build-up of stimulated emission is most rapid over

this region. This build-up tends to suppress a similar build-up at the

opposite side of line center. As a result it is considerably easier to

obtain oscillation at the high-frequency peak than at the low-frequency

peak. It will be noted that the asymmetrical behavior is determined by

the linear gain of the 1-1 profile. This quantity will be presently

calculated.

2. Laser Polarization

The modes of a Fabry-Perot laser cavity are standing waves. Thus

in analyzing this situation it is necessary to calculate the polarization

of a medium interacting with standing-wave fields. This was first

(15)
achieved by Willis Lamb for a two-level laser, and has recently been

(16)
extended to three-level systems by Schlossberg and Javan. To take

account of the inhomogeneous broadening due to the Doppler effect,

these treatments utilize a perturbation theory involving the integral form

of the density matrix. The formulations are rather complex and results
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have only been obtained for weakly-saturating fields. Although this is

adequate in many cases,a more general approach is certainly of interest.

Furthermore, in the case at hand strong saturation of the 2-1 transition

plays an essential role in bringing about the unusual behavior in question.

In the following an alternate approach is developed, with assumptions

equivalent to those of Lamb. In many cases, however, this new approach

enables results to be obtained in closed form, valid for fully saturated

transitions.

In a laser cavity atoms may traverse many wavelengths of the

standing-wave fields before decaying. To understand how this motion

influences the polarization of the laser medium consider a particular

group of atoms moving with axial velocity component v . Within this
p

group the atoms are assumed to be excited into particular states at

various times, when they begin interacting with the laser fields. The

simplest model of atomic motion considers the atoms in a particular

state to travel undeflected with constant velocity vp from their creation

until their decay. Thus, at a given position and time the group of atoms

in a particular state is comprised of ensembles of atoms which began

interacting with the field at various past times. The equations of motion

of a particular velocity ensemble may be expressed in terms of its

density matrix. Considering the collection of atoms as a whole, the

question arises as to whether or not the ensemble-averaged equations of

(17)
motion may be dealt with directly. This can be done if it is permissable
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to neglect the dependence of the interaction Hamiltonian upon initial

conditions of constituent velocity ensembles. Otherwise it becomes

necessary to solve the equations of motion for a particular ensemble,

and then perform the average over all possible initial conditions.

In this regard it is important to point out that the present situation

does not substantially differ from the case of atoms at rest. To see this

consider the laser field C (z, t) composed of standing waves E, (z, t)

j = 1, M, propagating along the z-axis:

M M

S (z, t) =(z, t) =U (z) Cos (Q t + 4),(8)

j=1 j= 1

in which U.(z) is the jth normal mode of the laser cavity, given by

U.(z) = cosk .k. = jiT/L, (9)
JJJ

with cavity length L. Each F2. may be resolved into two travelling waves

of equal amplitude propagating in opposite directions,

C (z, t) = (z, t) + (z, t), (1 Oa)

in which the superscripts denote propagation along the + z directions.

Specifically,

m
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£.± (z, t) = Re{Q (z) e jt }
J J

a. (z) = 0 ej etikj z

In the frame in which the group of atoms with v P is at rest C (z, t) transforms

into two oppositely propagating travelling components with coordinates

{z' ,t' } :

J J J

where

E±
+ iQ,2 t'

(z' ,t') = Re {A .(z') e J
J

A± (z'(z)

(1 1b)

(l lc)0 i e +ik z'
ei

The frequencies and propagation constants in the moving frame are

related to those in the rest frame by

t±
G .

J
'+ v p/c) +,k-7

J3

= Q . /c.
J

(12)

In this reference frame the situation reduces to travelling-wave radiation

fields interacting with stationary ensembles of atoms. The question of

whether or not the ensemble average may be taken before solving the

(1Ob)

(1Oc)
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equations of motion must still be resolved. But it is clear that in the

moving coordinate system atomic motion does not influence the state of

affairs.

Regardless of how the averaging is carried out, the ensemble-averaged

polarization in the moving frame is obtained:

M +
1Q .t' 1MA.t

P'(z',t';v )=Re {X.+ A.+ e + X^ A e 3 } , (13)
PJ J J1Jj=1

in which the X~ are travelling-wave susceptibilities in the moving system.

Equation 13 can then be transformed back into the laser rest frame to yield

the ensemble -averaged polarizability, P(z, t;v p), at coordinates {z, t }:

M
in .t

P (x, t;v ) = Re {x i j + x } e 3 . (14)

j= 1

The X. are unaffected by the transformation as long as they do not contain

the moving-frame coordinates. This is generally the case.

This purely formal manipulation shows that the effects of motion of the

group of atoms moving with vp can generally be taken into account by first

computing the travelling-wave susceptibilities neglecting atomic motion, then

simply replacing the Q . by their Doppler shifted values Q~, given by (12),
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wherever they appear. Once this is done P(z, t;v) may be averaged over

the velocity distribution in a straightforward manner. Indicating the

velocity averages by brackets, the net polarization P(z, t) is given by

M
in2.t

P(z,t) =Re {<X+> a+<X > ^ } e (15)
j=1

The velocity distribution is, of course, symmetrical about the z-axis,

and the X± contribute identically to the velocity averages. Thus

<X > = <X X. , (16)
J J iJ

and (15) becomes

M i(2 .t+4 ). (17)
P(z, t) = Re X. U. (z) E e

J J J
j=1

Equation 17 gives the complete velocity-averaged standing-wave polariza-

tion. It is emphasized that the above technique is general and may be

applied to a number of other cases of interest.

3. Quantum-Mechanical System

The 2-1, 0-1 oscillation influences the 1-1 gain profile through the

coupling of the 3P1 level with the rest of the multiplet. The presence of this

strongly interacting field, taken to be polarized linearly along the axis of
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.(181quantization, destroys the rotational invariance of the atomic system. Accord-

ingly, the 1 -1 gain depends upon the relative direction of polarization of its

associated field, also taken as linearly polarized. It is sufficient to consider

the two possibilities of mutually parallel fields and mutually perpendicular

fields, since any relative orientation may be resolved into these components.

The former possibility is straightforward and will be dealt with shortly. The

latter possibility involves a rather complex coupling scheme which may be

considerably simplified, however, by a linear transformation of the coupled

equations of motion. The transformed level scheme does not greatly differ from

the case of mutually parallel fields and leads to a very similar gain profile.

The details are somewhat lengthy and are deferred to Appendix B.

The case of mutually parallel fields is now considered. The coupling can be

considered to precede entirely through the A M = 0 transitions. This choice
0

considerably simplifies matters, separating the 8446 A multiplet into three iso -

lated 3-level systems, shown in Figure 18 with R-S matrix elements indicated.

The only coupling to the P component occurs equally through the M=+1 and

M= -1 states. Thus for our purposes the entire multiplet reduces to a lower

state equally connected to two upper states separated by J= 2, J= 1, fine-

structure splitting. In the following discussion the upper states, associated

with the J= 1 and J= 2 components, are designated as Il> and 2'>, respectively,

and the lower state, associated with the 3S level, by 10) Equal electric

dipole matrix elements p.10 and L20 connect the lower state with 11> and 12>,

respectively. The energy of jj> is written as E = -h and E -Ek= jk'
(See Figure 19. ) Since there is no ambiguity we will continue to refer to the

"1-1" and "2-1 "fine -structure transitions.
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4. Interaction of Laser Fields With Quantum-Mechanical System

This three -level system interacts with a strongly saturating field '2 (z, t),

at 02, a frequency slightly higher than w2 0 . The 1-1 resonance is probed by the

weak field C (z, t) of variable frequency i . Both fields are taken to be linearly

polarized and propagate in the z direction, along the laser tube axis. Each

standing-wave field may be resolved into its travelling-wave components. To

a group of atoms moving with given axial velocity the right and left travelling

components appear Doppler-shifted by different amounts. In the optical-infra-

red region these frequency shifts greatly exceed the homogeneously-broadened

linewidth for allbut the slowest atoms. Therefore, in general a particular laser

oscillation couples most strongly to the two groups of atoms symmetrically located

about the center of the velocity distribution which Doppler-shift one or the other

travelling components into resonance. This leads to sharp changes in laser

polarization whenever an atomic velocity group interacts simultaneously with

two travelling-wave components. The extent over which these changes occur

is characterized by the homogeneous widths of the system.

In the general case of two fields interacting with three coupled levels numerous

situations arise inwhichtwo oppositely propagating components, at least one of

which is capable of saturating the atomic transitions, interact with the same vel-

ocity group. In the present case the situation is somewhat simpler. First of all

we need only consider a weak field at 0. In this limit the oppositely travelling

components of el do not interact with each other. Furthermore, 0 2 is considerably

displaced from the 2-1 center frequency. Thus, oppositely propagating components

of e2 do not interact. These simplifications considerably reduce the complexity

of the calculations.
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To inspect the effects of I2 on the 1-1 gain profile consider its

travelling-wave components + and C , propagating along the +z and

-z directions, respectively. Since 2 > W20 the + component interacts

resonantly with the set of atoms with velocity component + vr given by
v r

the Doppler resonance condition: 0 2 (1 + c) =o 2 0 . (See Figure 20.)

When 6 is near either of the 1-1 gain peaks it resonates with the same

sets of atoms strongly interacting with C 2. Resolving C into its

travelling components 1 and one sees that interacts at the

1-1 high-frequency peak with the + vr set and at the low-frequency peak

with the +vr set (See Figure 20. ) In other words, stimulated emission at

the 1-1 high-frequency peak couples together the field component pairs

, + and E , E2~; at the low-frequency peak it couples together the1 2 1' 2'

field pairs (+ , - and E E . At other portions of the 1-1 gain pro-1' 2 1' 2

file coupling effects between field components are negligible. As explained

in Section 2 , the symmetry of the velocity distribution implies that at

each of the 1 -1 gain peaks both pairs of coupled fields contribute identically

to the velocity-averaged gain. Thus the complete 1 -1 gain profile can be

obtained from two contributions: one arises from the interaction of two

oppositely propagating travelling waves, and leads to resonant behavior at

the low-frequency peak; the other arises from two interacting travelling

waves propagating in the same direction, and leads to a resonance at the

high-frequency peak. These will be referred to as the "anti-parallel"

and"parallel" contributions, respectively. The characteristics of the two
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resonances are quite different, resulting in an asymmetric gain profile.

5. Ensemble -Averaged Polarization

In the following the ensemble-averaged polarization, (14), is obtained

for a group of atoms with axial velocity component v interacting with two

laser fields. It was po.inted out in Section 2 that the method of calcula-

tion depends upon the applicability of the ensemble-averaged density matrix

equations of motion. It is certainly plausable that the approximations

involved are permissable in the present case. However, one is always on

firmer ground first calculating the induced dipolemoment for arbitrary initial

conditions and subsequently taking the average over ensembles. For the

case at hand it has been directly verified that the two methods do indeed

lead to the same results. Because of its algebraic simplicity the following

presentation utilizes the ensemble-averaged density matrix. The alternate

approach, carried out using wave functions, is deferred to Appendix A .

Incidentally, the latter, although algebraically involved, is conceptually

simpler, and the interpretation of various contributions to the polariza-

tion is often more transparent in this treatment.

The quantum-mechanical state of a collection of ensembles at position

r, at time t, and moving with axial velocity v may be described in terms of

its ensemble-averaged density matrix p ( (1,t;v) The Hamiltonian for this

collection is



- 52 -

H = H0 + V (r, t; v), (18)

in which H0 , with eigenvalues E 0 , E 1 , E 2 , describes an isolated atom

and V is the interaction Hamiltonian. Inasmuch as the net interaction may

be closely approximated by the coupling of individual travelling-wave

components of El to those of 2 it is sufficient to deal with the field

components two at a time. In other words, a particular contribution to

the polarization results from the interaction Hamiltonian

V (6,-) = - ±C(6, T) = - p[ (6 z, t) + C (z, t) ], (19)

where p. is the electric dipole operator and the E", a = +, -, are the

travelling-wave components defined in (10). The ensemble-averaged

polarization due to a particular pair of fields (19) is given by

P(6,-) = tr(tp) = 2 Re {jL1 0 P0 1 + p.2 0 P0 2}

= {X(6, )0. e t + e 2 (20)
1(,Q 1 +}2

The latter expression defines the general susceptibility components

X l(6,7) and X2 (6,r). After they have been obtained the substitutions

0 1 , - 6k v,

(21)
2 2 - -rk 2 v,
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should be made, as discussed in Section 2 . For6=-rT, the )

then yield the parallel contributions to the susceptibilities (cf.

14):

x (6, 6) = 6

(6,-)

equation

(22)

for 6 = -r, they yield the anti-parallel contributions:

X1 (6, -6) =
6Xl

(23)

X2 (-6, 6) = X2.

Inserting equations 22 and 23 into (14) (for M = 2 standing-wave fields)

yields the parallel and anti-parallel contributions to the ensemble averaged

polarization, respectively.

The general susceptibility components X, (6,T) and X2 (6 ,7) are now

calculated. The ensemble-averaged equations of motion of the density

(TE, t;v) ] may be written as follows:

0
P0 0 To 0 P0 0 - 0 0 -

. 0
1 1 7 1

iC
1(11 1 0 POI

Pii) + -

0
P22 :" 72(P22 P 2 2 )

- 0 2 P 2 0 ) - c. c. I ,

(24a)10P01-c. c.) ;

(02P20 - c. c.)

matrix [ p
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-01 0 i 0 1) p01 + O P + 0 1 ( 1 1 0 0 ) + 02P21'

=20 Y20 + i"20) P20 -h 1120 (p 2 2 -P 0 0 ) + p'1 0 2 1 ' (24b)

* i 6

P21 - ('Y2 1 + " 2 1) P92 1 + h 20 O01  0120'

0.

In these equations p is the steady-state density of li> in the absence of

impressed fields. The y.. are the decay rates of the corresponding p

and have been introduced phenomenologically in the following manner. The

density matrix elements are bilinear combinations of the probability ampli-

tudes of the various states. When relaxation occurs through spontaneous

emission or, more generally, by hard collisions, the decay of I i> can be

assumed to be assumed to be exponential with decay constant Yf . (This

point is amplified in Appendix AJ. Then each yj is the sum of the decay

constants of its constituent amplitudes:

1
2 Z (-'i + -y ) , (25)

with y= T as the homogeneously broadened width of I i >.

In the steady state the p = 0 except for population fluctuations which

are entirely negligible when the f, .>> <p>. Under these conditions the

density matrix equations may be compactly rewritten in the following form:
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o iC
r =r 0 +

10 10 -h

o i -
r 2 0 r 2 0 -i

~ 02'20
{ -Y

1 1+( +- ) ±1ope 1 } c.c.
'Y 1 0)Yo o o I-'

+ + ) P 2IV 02 ^20}
U Z U

7o ( 0 + y 0 0 )Poo0o 0000+(p 1p ) + 'Y2 (P22^P22)
= 0,

0J1p0 1  0 - (110,

2+ C 20

r10 + 0 2 P 2 1 )'

r20 + 110P21)' (26b)

X21P21 ~~h (20 P01 - 01P20I'

In the latter equations we have introduced the operator

i. -= .. + i ,13 dt TI ij1
(27)

and have also written rij= p*-p and r . - p

This set of equations may be solved by inserting F (6, T) in complex

form. The various Fourier components of E drive the off-diagonal

elements pj.. Of special importance are the coefficients of the p.. on the

left-hand side of equations 26b. These are associated with the resonant

behavior of the induced polarization. The only important frequency com-

ponents of the p ij are those which can reduce the magnitudes of their

coefficients to the y for particular values of 0 1 and 02'

- C. C. (26a)
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In other wordsa nearly exact solution of equation 26 can be obtained

by assuming the following form for the off-diagonal density-matrix

components:

P20 - X e

p 0 1
L--A e

-iQ 2 t2t

+i2 1 t

_Q21

(28)

P21 c D e

Inserting (28) into equations 26, one obtains a set of five simultaneous linear

equations:

1 1
+ + -)

TO 7i

A + + 0A
T0 72

1-
J

c. c.

c. c.

L10 (_Q 1) A = a r10 + 0 D,

L 20 2)Q = r 2 0 + a' D,

L 21 (Q21) D =aX - '' A.

In equations 29 a = 0 1 O. /2-h , 3 =L 0 2 O. /2i, 21 2 l2 '

and we have introduced the eigenvalues

L..(Q)= - (Q+w..)+ i-Y..
1ic J 1J IJ

which correspond to the operators ed. of equation 27.

0- (r10~ 10) T

+i (r -r 0
20 20 70

(29a)

(2 9b)

(30)

a -"A I-



- 57 -

A solution to this set of equations for all values of T and for weak

(i. e. a << 1) can be obtained by means of a simple perturbation

technique. In the absence of coupling through a the system reduces to a

simple two-level system, and the off-diagonal matrix elements p0 1 and

p 2 1 vanish. Setting a = 0, (29) simplifies to

Au= Du = -

i (r o - r 0 Xu - .c. c

1 u1 T O(3 1 )
i (ru - r0 ) +- - Xu -c. c.20 - 20) 0 -2-

u u
L 2 0 X *3r 2 0 '

in which the superscript u has been introduced to designate the parameters

of the uncoupled system and the frequency dependence of the L has been

suppressed. Equations 31 yield the unperturbed solutions:

0 *
u r 2 0 3 L 2 0

2 0
u 0 Y20 |13 r 2 0
1 0 =r 1 0 - 2 (32)

0 20
u r2 0 IL2 0

r 20 " A'

where

2
2 4,y02 2

A= IL 2 0 2 + |0 113 . (33)
20 072
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The presence of coupling through C6 does not affect the unperturbed

parameters X u, r 0 , r 2 0 to lowest order in a. Thus the first order
1 0 1 0

coefficients AI and D are determined by the first and third off-diagonal

equations (29b):

L A = r0 + 0 D10 1r0 +fD

L21 D
(34)

=a X u_ * A1

These immediately yield

1  ar r L + x u
Al = 0 a 1 21 2 (35)

21L10

Further iteration of (29) may be performed if desired.

The general susceptibilities, defined in equation 20, may be obtained

from (32) and (35) complete to first order in a:

2 10A 0

-r0 '201 1 i0 E 2
20 -h 2-h

2 '20
X2 (

6 r)
2

IIL10 1 L 2 1
0 T r

'Y20
/2- L2 - L 0

2
0 20 2 L 2 0r2 0 h A ,

(36)

(37)
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in which

2r= L2 1 L 1 0 + 11 (38)

Equation 37 will be recognized as the homogeneously-broadened susceptibility

of a two-level system. Setting all the relaxation rates equal, the imaginary

part of (36) becomes equivalent to expressions first obtained by A. Javan

using wave functions. (20) After summing over the velocity distribution

many features of the rather interesting lineshape will average out. The

reader is referred to the papers of Javan(20) and Yajima(21) for complete

discussions of those features.

6. Velocity Averages

A. Discussion

To obtain the laser polarization, (17), it is necessary to calculate the

velocity-averaged susceptibilities X., j = 1, 2, defined in equation 16, from

(36) and (37). In subsequent discussion it is convenient to set T = +, since

only the relative propagation direction between field components is of

signifigance in the averages. Then 6 = + (-) represents the parallel (anti-

parallel) contribution to P(z, t). Extending the notation of (16), let the

parallel and anti-parallel contributions to X. be denoted by XP and X,
3 J

respectively. Referring to (22) and (23),
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X= < X (,+) > (39a)

a
X = < X (,+) > (39b)

At the high-frequency peaks X.=XP and at the low-frequency peaks X.=X ; at

other regions of interest field components do not couple and X.=X=X.

Some important features of (39) are briefly inspected before explicitly

carrying out the integrations. The weak field C does not affect X2, con-

sequently the inhomogeneously broadened 2-1 gain profile is unaltered by its

presence. In contrast, 62 greatly influences the 1-1 gain profile. The reso-

nant characteristics of the latter are determined by the L.., which exhibit

two distince types of tunability: the usual two-level behavior, in which one

applied field resonances with a pair of energy levels, enters through L0 and

(22)I2; the Raman resonance , which enters through , involves both fields

and manifests itself when their frequency separation approaches the J= 2, J= 1

fine structure splitting. The former type of tunable behavior leads to

"population saturation effects" and the latter type leads to "Raman effects".

Raman effects are multiple-quantum processes which proceed from initial

state to final state "coherently' that is, without loss of phase memory. (23)

Population saturation effects, in contrast, proceed in a stepwise fashion, with

complete phase disruption after each emission or absorption. Population satu-

ration and Ramanprocesses are intimately related in (39), a point to be elabora-

ted on later. However, in understanding X it maybe helpful to first deal

with these processes separately. To exclude the Raman terms, suppose 11 721

with L 1 0 and L 2 0 arbitrary (an impossibility!): then (36) reduces to
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2 2 0
_'10_ 0 '2O 2 0

X-+ r10 -2 (40)
hiL"1 10 'Y0 A

Equation 40 illustrates the aspects of (36) involving only population

saturation effects and represents the "semiclassical" approximation, in

which the radiation fields are considered independently. (21) In that limit

10

r . The latter quantity, defined in (32), is determined by the extent of

saturation of the 2-1 transition. Expression 40 is, of course, velocity

dependent through the parameters

L 1 0 = 110 - 6 kv (41a)

and L 20 =1 2 0 - kv , (41b)

in which 1 = L . (v = 0) and the approximation k ~ k2 = k has been made

since (k 2 - kI) v = 0i2 1 v/c << 'y2 1 . Inspection of (40), using (33) and (41),

reveals that the principle contribution comes from atoms in the narrow

range of velocities for which (41a) is resonant. If, in addition, 0 2 is such

that (41b) is also resonant then (40) may be substantially reduced. The

latter condition is satisfied when

(Q - W10) 6 = (Q2 - W2 0 ) ,2 (42)
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which leads to symmetrical effects about the 1-1 center frequency.

(See Figure 20.) Thus by building up the population of I 0> the strong

field at i 2 tends to suppress laser action equally at both of the 1 -1 gain

peaks. In actual practice the range over which this suppression is

effective may considerably exceed the homogeneous widths involved,

since closely spaced laser oscillations at the 2-1 high-frequency peak

may extend over hundreds of Mhz.

In passing it is noted that similar effects tend to suppress laser action

at the low-frequency side of the 2-1 gain profile, as well. In fact, the

retardation is "doubly" effective there, since both upper and lower levels

are being saturated by e . This explains why the onset of laser action

at a particular point on the Doppler profile can inhibit laser action at the

region opposite line center, a tendency previously referred to.

Of course, (40) exhibits only the population saturation aspects of (36),

actually inseparable fromthe Raman effects. The latter enter X through

L21 21 + kv (6 - 1) (43)

which is subject to the same qualifications as (41). The asymmetrical

structure of (43) is the source of the asymmetrical 1-1 gain profile.

At the low-frequency peak 6 = -1, consequently as 02 is tuned across

the line individual atomic velocity bands undergo Raman transitions one

by one. Thus the strength of the Raman effects is diluted over the

entire inhomogeneous linewidth, a fact which suggests that the resulting
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influence is small. On the other hand, at the high-frequency peak 6 +1,

consequently (43) becomes independent of velocity, implying that as

approaches w2 1 all the atoms can simultaneously undergo Raman transi-

tions. The Raman frequency condition is also the one for which popula-

tion saturation effects are maximum. (cf. (42), 6 = +1) This is so

because when 21 = 2 the same atoms strongly interacting with CT

also become resonant with C , a situation in which 12> and I l > become

closely coupled by strong multiple-quantum processes consisting of popu-

lation saturation and Raman effects. In the following we shall refer to

Raman-type coupling to emphasize the essential inseparability of the

constituent processes.

B. Integration

In carrying out the velocity averages (39) it is convenient to intro-

duce W (v), the velocity distribution of atoms I j>, normalized such that

00Y W. (v) dv = n. , (44)
J J

with n. as the number of atoms per unit volume in I j>. To an incident

light beam of propagation constant k the frequency breadth of W. may be

characterized by ku., with u. as the most probable speed of W.. Needless

to say, in the case at hand the W. are non-Maxwellian. The 3P levels are

populated by dissociation, consequently the broad distributions of velocities

tend to be rather flat. (24) Furthermore, the 3S level is subject to heavy
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reabsorption at low velocities which leads to an additional narrow bump

at the center of its distribution. In general the integrals in (39) depend

upon the specific form of the W.. Nevertheless, because in the present

case the ku >>-y., the resonant behavior of P(z,t) becomes largely inde-

pendent of the W. and it is possible to perform the averages (39) without

recourse to their specific form.

To perform the averages, (36) and (37) are decomposed into their

partial fractions. The integrals reduce to quantities of the form

W .(v) dv - >
- + = <(-i-y+kv) > (45)

-00

in which w and y are real and y> 0. In the limit y/ku. « 1,

(w -iy+ kv) P (w + kv) + iT 6(w + kv), (46)

where P denotes principle value, and (45) may be written

00 W.(v)dv
< (W - i -Y + kv) >=P i + i w W. (W- (47)

J w+ kv Jk k .

To make the notation of (47) more compact a complex dispersion function,

Z. (W) = Z. (o) + iZ. (w), is introduced:

. - , jM&zM - - -
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00

W.(v) dv
Z. (() P \

w) + kv
-00

Zi (W) =Tr W. (w/k)
j j

(48)

The decomposition of (36) and (37) involves expressions of the type

H- = [(w - iy + kv) (w'-i -y kv)] (49)

Using the above results, the averaged quantities corresponding to (49)

may be written

(W i -_)
[Z (()± Z. (w') .

The only significant contribution to (50) arises from the immediate vicinity

of (w + w) = 0. Under the stated assumptions the Z. vary slowly over this

small region, consequently it is permissible to make the substitutions

Z. (W') Z. (- (), thus simplifying (50) to
J J

< H+> . = 0

(51)
<H > . = 2iZ. ().

JJ

n ti
In the latter expressions use has been made of the fact that Z and z

are odd and even functions, respectively.

<H-> . = (50)
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The partial fraction decompositions of X2 (+,+) and X(+,+) are

straightforward. Utilizing (47) and (51) the corresponding inhomogeneously

broadened susceptibilities are obtained:

2
' 20 1 j

-fi IZ20 f22
Z20 + 2 W 201

~ 20} +

Z10 1 ~ -0101

+ i (Yo
1 2i-(Q±+1)

21 21 +io (Q+1) + iL

in which Z 1

(Q-1)] -I 12

(o) = Z () - Z. (W),

2
'201 2

and Q is the factor by which the saturated levels are broadened (cf.

Q +4112 
]1/2

-Yo-Y2

(54)

(36)):

(55)

Also, in evaluating Z. in (52) and (53) the very reasonable approximation
t

that I 03<< ku.i has been made.

X2 (52)

+ E 20 {21 1- w

(53)

XP = 1 i0 1
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To expedite the decomposition of

1 1 1

_ kv + b_

X1 (-,+), note that

1 -
kv- b~ +

in which

g = (2 10 +
2

121) + 8
1/2

(57a)

b+ = g + (2 1 0 121) ] (57b)

Using (56) and proceeding as before, the corresponding inhomogeneously

broadened susceptibility may be obtained:

a 102XI = Z 1 0 {2 1- 1 0 } (58)

__Z_20_110_ j(2 110+121) -d-iy 0 (Q-1)

2g w + b_

in which w = iy20Q 2-w20).

(2 (0+121) +d -iy0

w - b.

The first term in (58) is the usual linear

susceptibility and also appears in (53). To simplify the second term the

identity (56) may be used, with w replacing kv. After some rearrangement,

(58) may be cast in the following form:

(56)

and
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a linear- 1 +(Q+1)
1 1 - 8 0 01 (59)

-Y 2 7Y0 2
A1[ 1+i -- (Q+ 1) + i (Q-1)] - 1

in which Xlinear denotes the linear portion of the 1-1 susceptibility and

21 is the anti-parallel analog of 121

a2 1  2 + 1 ) - (W2 0 + W1 0 ) + i(7 1 0 + -y2 0 Q). (60)

In this form the strong similarity between (59) and (53) is evident.

The linear term, the second term of (53), and the second term of

(59) constitute the complete 1-1 susceptibility. The two latter contribu-

tions can be simplified by noting that in each case the numerator is a

factor of the denominator. Slight rearrangement yields

X - linear

- 2iZ0  1 - 10 +2 .
2 21~ 21) (61)

71+%22 + Q 10 }2 + QY0±i [(0 2 +Q 1 ) -(w0+w0

a remarkably simple result! In the limit of weak saturation (Q -1) X 1 reduces

to an expression consistent with reference 16, obtained by the method of Lamb.
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7. Discussion of Lineshape

The 1-1 gain coefficient is

G 4-rr 10 Im (X (62)

and the linear gain profile follows from (61). Thus the presence of a laser

field at 0 2 leads to depletions of the 1-1 gain curve over narrow regions

on opposite sides of line center, at frequencies given by (42). The depleted

regions are Lorentzians of equal area, but the parallel contribution (first

term in brackets) is deeper and narrower than its anti-parallel counterpart

(second term in brackets) because of an extra factor y 0 Q in the denominator

of the latter. As previously mentioned a number of modes are observed

oscillating simultaneously at the 2-1 high-frequency peak. Each of these

leads to a pair of depleted regions on the 1-1 profile, resulting in a series

of "holes", separated by the cavity mode spacing, burnt into both peaks of

the 1-1 gain curve. The situation is depicted in Figure 21 for various

values of the saturation parameter Q, using the accepted values (13) of

71 =2 = 0. 5 Mhz. and y0 = 20 Mhz. , and taking a mode separation of

50 Mhz. At the high-frequency peak deep, narrow holes leave the wide

regions between them more or less unaffected, whereas at the low-frequency

peak the broad holes tend to run together, depleting the gain fairly uniformly

over its entire extent. Thus conditions for oscillation are more favorable

at the high-frequency peak, which explains why laser action occurs most
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readily there. The exact positions of the laser lines depend upon the

overall gain profile and the cavity frequencies, as well as the details of

the 2-1 oscillations. It follows that the frequency separation between the

two regions of laser action gives the J = 2, J = 1 fine-structure splitting

with an error of possibly several cavity mode spacings, about 0. 005 cm

in the present case. This accuracy is as good as that obtainable using

the more advanced interferometric techniques, and the possibility of

(2 5)
photobeat experiments offers a direct frequency measurement of the

J = 2, J.= 1 separation.

The simplicity of X and the contrast between its parallel and anti-

parallel contributions underscores several basic aspects of Raman-type

processes. It is evident from (61) that the width of the parallel resonance

is equal to the width of the transition 11> -> 12> , whereas that of the

anti-parallel resonance is equal to the combined widths of 1l> -| 0> and

12> -- 10>. Note that in both cases the saturated level widths y 0 Q and

2 Q are involved, due to the presence of the strong field at Q2. (cf. (36).)

In the discussion of Section 6A it was pointed out that in the anti-parallel

case atoms of various velocities satisfied the Raman resonance condition

at different values of 0 , effectively dissapating its influence over the

entire gain profile. Thus X largely involves population saturation effects

and proceeds through consecutive single-quantum processes in a stepwise

fashion, accounting for the resulting width. This is shown diagramatically

in Figure 22. (However, note that integration of the semi-classical
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result (40) leads to a lineshape c , an incorrect result which does

not take account of the fact that the weak field transition also involves the

saturated value of _Y2 .) On the other hand, in the parallel case the Raman

condition becomes independent of velocity, and at resonance strong coherent

multiple-quantum processes take place involving atoms of all velocities.

The principle effect of inhomogeneous broadening here is to smear out the

details of the lineshapes of individual velocity bands of atoms. The

hallmark of these coherent processes remains, however, namely that

energy conservation in individual events involve s only the initial and final

states. In this regard the situation is similar to the case of resonance

fluorescence, (26) in which an exciting line narrow relative to the widths

of the levels involved gives rise to an emitted line of the same width. (27)

A novel feature in the present case is that the saturated width of T2 is

involved, since it is broadened by C2. Note that the intermediate level

enters implicitly into this width through Q. (See Figure 22).
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PART IV. SPECTROSCOPIC APPLICATIONS OF RAMAN-TYPE

PROCESSES

1. General Remarks

Optical linewidths in gases are generally determined by Doppler

broadening which, at low pressures, is often many hundreds of times in

excess of the linewidths of individual molecules; in the microwave spec-

trum of inhomogeneously-broadened solids the coherent or "natural"

linewidths may be similarly obscured. Consequently in such systems

inhomogeneous widths usually limit the precision with which g-values,

fine and hyperfine structure and similar quantities can be measured.

In cases of very closely-spaced level structure the possibilities of such

measurements by conventional methods may be entirely precluded. On

the other hand the saturation properties of an inhomogeneously-broad-

ened system are primarily determined by its natural widths. Thus in

Part III it was shown that Raman-type processes in the 8446 A oxygen

system lead to sharp changes in the 1-1 emission profile extending over

regions characterized by the natural widths of the levels involved. In

fact, the expressions developed there are directly applicable to a novel

class of non-linear spectroscopic techniques, first discussed by Feld,

Parks, Schlossberg and Javan, (28) which enablElevel structure in an

inhomogeneously-broadened system to be resolved with an accuracy

limited only by the natural response of the system.
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The techniques are particularly well suited to the strong, mono-

chromatic, multimode fields generated by lasers. Consider a multi-

moding laser beam incident upon the inhomogeneously-broadened

three-level system discussed in Part III. (See figure 19. ) The laser

should resonate with the absorption (or emission) lines of the sample.

The mode separation, determined by the length of the laser inter-

ferometer, is assumed large compared to the widths of the upper

levels. Furthermore, assume that the separation of the upper levels

may be tuned by applying a D. C. electric or magnetic field. (If

this is not practicable the laser cavity itself may be tuned.) The

attenuated laser beam is studied as a function of the separation of the

upper levels. A simplified experimental arrangement is shown in

figure 23.

In the absence of saturation, the absorption coefficient changes

slowly as the levels are tuned, and appreciable changes in attenuation

occur only when the frequency separation of the two upper levels varies by

an amount comparable to the inhomogeneous broadening. In the

presence of saturation, however, the situation is considerably different.

As the splitting of the upper levels approaches the separation between two

modes of the applied laser field, the attenuation changes sharply. These

changes occur over a frequency range characterized by the upper level

widths. This effect is referred to as mode crossing. (16) In addition,

when the upper levels approach each other within their natural widths a
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similar sharp change in attenuation occurs. We refer to this effect as non-

linear level crossing. (29) It will be explained in section 3 how the mathe-

matical formulation of the crossing effects is essentially given in the dev-

elopments of Part III, a not unexpected result in view of the similarity of

the physical processes involved: the sharp intensity changes observed in

crossing experiments are due to the increased coupling between the quantum-

mechanical system and the applied radiation field, leading to Raman-type

processes. An attractive feature of crossing experiments is that one need

not be concerned with the frequency stability of the laser source as long as

the fluctuations are small compared with the inhomogeneous widths of the

sample. (Note that the mode-crossing effect is only sensitive to the fre-

quency separation between laser modes.)

By applying crossing techniques to the laser medium itself one may

study the structure of the levels participating in laser action. An advan-

tage of studying the laser directly is that saturation of the medium is in-

sured. To see this one has only to note that the laser steady-state oscil-

lation condition is reached when saturation losses build up to the point where

they counterbalance the linear gain. When working inside the cavity additional

standing-wave effects similar to the Lamb dip occur. These tend to average

out under normal laser operating conditions because they are sensitive to

the frequencies of individual laser modes. (16) The last term in equation 61

represents one such effect.

Working inside the laser cavity, we have measured some of the g-values

and linewidth parameters in a new series of atomic oxygen laser lines, and also



Observation Assignment

vacuum vacuum transition
line wavenunpers wavenumbers(32)(33)

(microns) (cm ) (cm~ 1 ) upper level lower level

11836. 20_0. Ola 11836. 15 3 2 3s3So

8446 11836.31 3p3P 2

11835. 64+. 01 11835.61 3p3P- 3s3

2.89 3456.9 +3. 0 3454.90 4p 3 2,1, O - 4s 3So

4.56 2192.4 +0. 9 2192.26 4p 3 P 2 , 1 , 0 - 3d 3 D 3 , 2 , 1

6.86 1458.4 +0.5 1457.75 5p 3P 2 , 1,0 - 5s3 S0

10.40 961.4 +0.2 961.26 5p 3 P2 , 1 , 0 - 4d 3 D0 3 , 2, 1

5.97 1674.9 +0.2b 1671.40 7d 3D , - 3p2 1 03.,2,1 1 P2 , 1,

TABLE 1: ATOIC OXYGEN LASER TRANSITIONS

Previously reported. (2)
This 0. 2% discrepancy may be due to inaccuracy (33)of Edlen' s measurement.
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in the 8446k line.(30) The new laser lines are briefly described in the next

section and the experimental measurements are discussed in section 4.

2. New C. W. Atomic Oxygen Laser Transitions

Five new C.W. laser lines have been observed and identified in neutral

atomic oxygen. (30)(31) They occur at wavelengths 2. 89p, 4. 56p, 5. 98p, 6. 86p

and 10. 40p and have all been assigned( 3 2 )(3 3 ) to the triplet system of the

2p3 ( 4S ) nx configuration. (See table 1 and Figure 24. ) In four of the new

lines the term from which laser action originates is of the same parity

as the ground state (2p4 3P 2 ). However, in the 5. 98p oscillation the parity

of the upper laser levels is opposite that of the ground state. (This is

also the case in the 3. 3 9p and 1. 15p He-Ne laser transitions.)

It is interesting to note that the 8446 A oscillations also originate from

this system. It is clear, however, from the observation of laser action in

a pure oxygen discharge that the modes of production discussed by Bennett

(2)
et al. cannot fully account for oscillation in these cases.

(34)
All of these new lines oscillate weakly in a pure oxygen discharge at

a pressure of about 80 microns, using a 3 meter long, near-confocal resonator

with one internal gold-coated mirror and one Brewster-angle window. The

laser tube is quartz with an 11 mm i. d. Power is coupled out either via a

gold coated mirror with a 2 mm hole or with a dielectric-coated BaF 2 mirror

of 98% reflectance. The oscillations are detected with a CuGe (40K) detector

in the case of the 10. 4p line and either a PbSe (770K) or a AuGe (770K)

detector for the shorter wavelengths. The laser has been operated successfully
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under both static and continuous flow conditions using either a DC or an RF

discharge. Considerable enhancement is achieved by the addition of

approximately 0. 5-1. 0 mm of either Ne or He, and output powers in the

1 milliwatt range are obtained under these conditions.

We expect that other laser lines arising from this system are oscil-

lating farther in the infrared, beyond the sensitivity of our present detectors.
0

In addition, one might expect laser action on the 4368 A multiplet, which is

formed by the upper levels of the 2. 89p line and the lower level of the

8446 line. (See Figure 24. ) So far, all attempts to obtain oscillation

there have failed. Note that one would observe this line only if the upper

3level, 4p P, were sufficiently broadened by dissociative processes so that

sizeable densities could occur beyond the trapping of the lower level, 3s3 S.

(See Part II. )

There is a further possibility that a high-resolution spectroscopic study

of the new laser lines might reveal their hitherto unobserved fine structure.

3. Crossing Techniques: Theoretical Aspects

The non-linear crossing techniques are special applications of the Raman-

type processes developed in Part III, and expressions for the mode-crossing

and level-crossing polarizations follow directly from that formulation.

Consider first the case of mode-crossing: the inhomogeneously-broadened

three-level system of Figure 19 is subject to two colinear optical travelling

waves propagating along the same direction; the splitting of the upper levels
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can be tuned to equal the frequency separation of the applied fields. This

is precisely the situation treated as the "parallel contribution" of Part III.

The corresponding susceptibilities are therefore immediately given by (52)

and the first two terms of (61).

Next, consider the level-crossing case: a single travelling-wave

field interacts with the inhomogeneously-broadened three-level system

of Figure 19, in which the upper levels can be tuned to cross. The ensemble-

averaged equations of motion are given by (26), but now the applied field

is simply 6(6, -) = C (z, t). (See equation 19.) Referring to the dis -

cussion following equation 27, one finds that a nearly complete solution of

(26) may be obtained by choosing (28) as the off-diagonal density matrix

elements, but with i 1 = 02. This immediately leads to a set of coupled

equations identical to (29), except that now 3 = (2 6 /2-h) and 0 21 = 0.

The subsequent steps are unchanged, again leading to susceptibilities

given by (52) and the first two terms of (61). In this case, of course, X

and X2 are both driven at .*

One concludes, therefore, that both the mode-crossing and level

crossing polarizations follow directly from the formulation of Part III. (In

both cases, of course, these expressions are subject to the same approxi-

mation made in Part III, I a<< 1. ) These expressions extend the pre-

viously obtained third order level-crossing(29) and mode-crossing(16) polar-

izations to the case in which one of the transition probabilities is fully

saturated. (35) The resulting power-broadening effects have already been
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discussed in section III 7. Some experimental consequences will be noted

in the next section.

The saturation aspects of the present crossing techniques distin-

guish them from those previous techniques, utilizing conventional light sources,

which they superficially resemble. (36) For example, non-linear level

crossing experiments differ considerably from linear level-crossing

experiments. (37) In the latter, the observed effects are linearly pro-

portional to the intensity of the excitation source. Furthermore, in the

linear case one usually observes changes in the angular distribution and/or

polarization of the emitted light as the levels cross. The total intensity,

integrated over a sphere, is unchanged. In contrast, non-linear level

crossing involves a net change in intensity, as the levels cross, proportional

to the second and higher powers of the incident power. It is mentioned in

passing that the use of a source capable of saturating the transitions in-

volved in a "linear" level crossing experiment would lead to additional

changes in the emitted light.

4. Crossing Techniques: Experimental Aspects

The crossing techniques have been used to study g-values and line-

width parameters of the 8446 A, 2. 89p and 4. 56p atomic oxygen laser

transitions. (30) In these experiments the laser intensity was studied as

a function of an applied D. C. magnetic field. To enhance the signal-to-

noise ratio a small audio-frequency component was superimposed on



r this field. The detected signal was fed into a phase-sensitive amplifier

tuned to the modulation frequency, and the output was recorded as a

function of magnetic field. Accordingly, the curves obtained were deri-

vatives of the laser signal.

Level tuning was achieved by means of retangular coils(38) which

provided a magnetic field transverse to the axis of the laser tube. The

laser system has been described in section 2. Adjacent modes were

spaced c/2L = 49. 2 Mhz apart. The Brewster-angle end window was

oriented so that the laser polarization was perpendicular to the magnetic

field. Fields as large as 180 gauss could be applied to the entire length

of the laser tube. The field inhomogeneity was approximately 10%. To

reduce the gain of off-axis modes, an aperture several mm in diameter

was inserted in the laser cavity, close to one mirror. In situations in

which off-axis modes still proved troublesome it was found helpful to re-

move the reflective coating from all but a small central portion of the

opposite mirror.

Typical traces for the various laser transitions are shown in

Figures 25 through 28. The resonances at 0 gauss are due to the

uncrossing of initially degenerate sublevels. At higher fields resonances

are observed each time the splitting between a pair of upper levels

connected to a common lower level approaches the separation between

any two axial modes. (For C I B the selection rule is AM = +2. )

The g-values can be obtained from the mode-crossing signals using

the relationship 2[ 0 gAB = c/2L, in which AB is the separation between

- 84 -
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resonances in units of magnetic field and p is the Bohr magneton. The

observed g-values are listed in Table 2. These are in excellent agree-

ment with the values predicted by L-S coupling for the upper levels. (In

the three cases studied the upper multiplets are 3P, for which L-S

coupling predicts g-values of 3/2 for both J= 2 and J= 1 levels. In each

case more than one fine-structure level may have participated in laser

action. The present experiments did not resolve possible small variations

between g[J= 1] and g[J= 2] . ) The mode-crossing of the lower levels was

not observed because the linewidths were so broad that the signals over-

lapped and flattened out. Discussion of the linewidths is given below.

Once the g-values are known the level-crossing signals may be used

to obtain the widths of the levels involved. The relationship is P0 gSB 1/2

in which 6B is the full half-width of the observed signa in units of magnetic

field) and A v1/2 is the full half-width of a crossing level. The observed

widths, listed in Table 2, are much wider than the estimated radiative

widths of the upper levels. Except for the 3p 3P multiplet, these widths

are not known. The 3p 3P width is about 1/2 Mhz, forty times narrower

than the width observed. Field inhomogeneities cannot account for such

large broadening, particularly near 0 gauss. Furthermore, at the laser

operating pressures, a few hundred microns or less, collision broadening

is not an important factor. This statement is supported by the observation

that variations in laser pressure did not significantly change the widths of

the crossing signals. In fact, the dominant broadening mechanism is
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Mode Crossing

2 0 gz B= mode = ~ 49. 2 Mhz.

Line

0
8446 A

2. 89 ±

4. 56p.

1. 51 + 2%

1.51 + 2%

1. 51 + 2%

Level Crossing

A V 1/2 = [og 6 B

Line 6 B (gauss)

8446 A

2. 89 W

4. 56[1

A V 1/2 (taking g = 1.5)

11.4 + 2%

5. 01+ 10%

7. 04+ 3%

OBSERVED g-VALUES AND LINEWIDTH PARAMETERS

3/2

3/2

3/2

24 Mhz

11 Mhz

15 Mhz

TABLE 2:
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0
saturation as discussed immediately below for the 8446 A case, the only

one in which all the radiative parameters are known. Similar comments,

or course, pertain to the other cases studied.

Raman-type coupling leads to resonances(crossing signals)of widths

equal to the widths of the crossing levels. If one of the transitions is size-

ably saturated, then the width of the resonance broadens, as discussed in

section III 7. (See Figure 22). In the case at hand, both of the transitions

involved are fully saturated, and the approximations made in Part III are

no longer satisfied. To estimate the extent of saturation broadening in

this case it is reasonable to assume that the width of the level-crossing

signal is still given by the widths of the crossing levels, using their

saturated values. From equations 55 and 61 the saturated width of a

crossing level is QAv , with Q ~ (p £/h VA vu Av, ); Av and Av are the

unsaturated widths of the lower and upper (crossing) levels respectively,

p is the connecting matrix element (See Figure 18), and C is the field

strength of a single mode in the laser cavity. From reference 13 the

radiative parameters are found to be Av = 1/2 Mhz, A v = 20 Mhz, and

p ~ 2 x10-18 e. s. u. Assuming a power of 0. 4mw/mode outside the cavity

2and a 100-fold intensification within, and a beam area of 0. 1 cm , one

obtains ~ 6x10-2 e. s. u. leading to Q 40 and an estimated saturated

width of 20 Mhz. This value is in good agreement with the observed width

of 24 Mhz, emphasizing the importance of saturation effects in the laser

medium.
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An interesting phenomenon (and- experimental difficulty) was encountered

when working with the 2. 89p. and 4. 561 laser lines. Spiking in the output

signals, often close to the positions of expected resonances, sometimes

completely masked them. An example of this behavior is shown in Figure 28.

(Compare solid and dashed lines. ) To investigate this effect the laser

beatnotes were monitored on a spectrum analyzer as traces were taken.

Ordinarily, strong beatnotes at multiples of the cavity mode-spacing were

observed. However, at values of magnetic field corresponding to observed

spikes these would completely break up, indicating an "unlocking" of the

laser modes. This effect was rather sensitive to the size and position of

the aperture, and by careful alignment spiking could be controlled, if not

eliminated. Further consequences of this phenomenon are beyond the scope

of the present discussion.
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CONCLUDING REMARKS: FURTHER APPLICATIONS

In the foregoing study the processes of selective reabsorption and Raman-

type coupling have been developed to explain the unusual spectral behavior of
0

the 8446 A laser, and the theory of Raman-type processes has been extended

to a new class of high-resolution spectroscopic techniques. Our conclusions

may be of interest in other applications outside the scope of the present study.

Here, then, some examples of their further applicability are outlined.

It is expected that selective reabsorption will have wide applicability as

an effect for obtaining laser action. The case of the neon afterglow,

studied in detail by Connor and Biondi, (39) is a particularly attractive

possibility. For example, at a pressure of about 2mm Hg dissociative re-

combination of Ne molecules leads to a sharp increase in the fluorescence
0

of the 2p,- 1s 2 (5852 A) Ne line several hundred [isec into the afterglow.

The dissociation process is

Ne + e - (Neu) unstable - Ne + Ne + k. e., (,63)
22

and creates a 2plvelocity distribution with an observed width more than 3

times that of room temperature.(39) The 1s 2 level is known to be heavily trapped.

The breadth of the upper levels suggests, however, that the reabsorption may

occur selectively over low velocities. The spontaneous lifetimes of 1. 4 x 10-8

sec (2pI) and 5 x 10~9 sec (Is 2 ) are obviously favorable for laser action. This

possibility is currently being investigated at our laboratories. (40)
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A further application of Raman-type processes suggests an interesting

way of achieving laser action in gases (as well as inhomogeneously broadened

(41)solids). Consider a strong laser field incident upon an inhomogeneously-

broadened system in which two lower levels a few cm~ apart are optically

connected to a common upper level. The level scheme and one possible

experimental arrangement are shown in Figure 29. If the laser resonates

with the higher energy absorption line then, because of the unequal populations

of the lower levels (due to the Boltzmann factors), there is a possibility of

obtaining sizeable gain on the lower energy line at the frequency satisfying

the Raman resonance condition. (See (42), 6 = +1.) The linear gain follows

directly from (62) and the first two terms of (61), bearing in mind that its

sign is reversed since the energy level scheme is now inverted. (42) Note

that the frequency separation between the pump laser field and the induced

Raman field precisely equals the separation between the lower levels, inde-

pendent of the exact pump frequency. In the case of fully saturating pump

field (Q >> 1) the Raman gain coefficient at resonance is given by

210 E -E2
G =n10 kT (64)

in which a10 is the two-level linear absorption coefficient at the Raman

frequency. Thus G1 may be a few per cent of I a1 0 , and in favorable

cases the gain can become sizeable over pathlengths of convenient

dimension. In contrast, the semi-classical result leads to the erroneous
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conclusion that it is virtually impossible to achieve gain under these

conditions. (43)

As a specific example, the above coupling scheme is applicable to the

rotational-vibrational transitions of a molecular gas. Estimates based upon

a preliminary study of ammonia (44) indicate that the v S 0 a and 2 v -V

bands are likely candidates, using the 10. 6p. CO 2 laser as a pump. Further

details will be given elsewhere.
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APPENDIX A: HOMOGENEOUSLY-BROADENED POLARIZATION OF

A THREE-LEVEL SYSTEM, USING WAVE-FUNCTIONS

A 1. Equations of Motion

Consider the interaction of an N-level quantum-mechanical system

with the classical field d (r, t). The wave-function of the system can

be expanded in the normalized eigenfunctions lj> of the isolated system,

N

' (R, t) = c (t) e ijt lj> , (A 1)

and in the interaction representation the Schr6dinger equation may be

written as

c = a c (A 2)

where the c. are components of the N-dimensional vector ", and the

matrix elements of the operator a are

ij- r t) ij1ta.. = - . e (A 3)
13 i fi

In the above equations R indicates the electron coordinates in the atomic

reference frame, E is the position vector of the atomic center of mass, (45)

and the other symbols have been defined in sections II. 2 and II. 5 of the

text.

Equation A 2 describes the evolution of an undamped system. The

effects of damping may be included by noting that over a wide range of
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times (46)the incoherent decay of an ensemble of atoms is exponential:

c. (t - t )
J 0'

2 = c(t)1 2 e- (t - to)

with Tj the decay rate of Ij> .

(A 4)

Accordingly, in the absence of applied

fields a = 0 and the probability amplitudes c. should obey equations of

motion of the type

c. - 7. c.
J 2 JJ

Assuming that the presence of applied fields does not influence the

(A5)

mechanism of damping, and visa versa,

6 .) c

(A 2) and (A 5) may be com-

bined to yield

5 = (aj - 7 (A 6)

The latter assumption, the independence of the Hamiltonian on to, and

the random phase condition

c. (to)* c. (to)
1 J

(A 7)

(the bar denotes ensemble average) are equivalent to the approximations

used in obtaining equation 24 of the text. Equation A6 may be simplified

by the substitution

+1 7. t
d. (t) = c. (t)e 2 

J J
(A 8)

Ic. (to) 12 S. 1-
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which leads to a series of coupled equations strikingly similar to the

undamped Schrodinger equation (A 2):

d = b d (A 9)

where b is an operator with matrix elements

1(T.-7j)t
b.. = a.. e .( (A 10)

Equation A 9 is a form particularly well suited for handling problems

involving numerous decay rates. It is mentioned in passing that by

forming the product d. d*, (A 9) leads directly to the density matrix
1 j'

equations of motion.

A 2. Ensemble-Averaged Polarization

The assumption of random phases, equation A 7, enables one to

consider atoms to be produced in definite states with arbitrary phases,

i. e., at t = t c (t0 ) = 6jk eiO k This boundary condition leads to an

induced dipole moment for atoms at {r, t} and created in Ik>

03 *
Pk ( 0 t to) = d R eR T

*Z p" d d enm n m
m, n

-iWmnt -Tmnt
e

In considering the polarization due to atoms produced in a particular

state it is necessary to include contributions from all possible past

at to,

(A 11)
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times t . Thus the complete ensemble-averaged polarization is given by

P (I, t)0S yk k ( , t, to) dt
k = - oo

(A 12)

(Compare (13). Extension of (A 12) to the moving frame is trivial; cf.

(14) and related discussion.)

A 3. Perturbation Solution

For the three-level system shown in figure 19 and the applied

fields given in equation 19, (A 9) reduces to the system of equations

= iae

. t.

=ia* e

1 t
d+ ip e

i62 t

- i6lt

(A 13)

in which i 6 k = k ~ ko + o - Tk),
and the other symbols are

defined in section II 5 . In (A 13) only the resonant terms have been

retained. From (A 11) the induced dipole moment for a particular set

of initial conditions is

2 R e p10 d1 d0 e
(iW1 0 - 7 1 0 ) t

+ y 20 d 2 d0 e
(iW2 0 + 'Y2 0 ) t

A solution of (A 13) for arbitrary P and for Ia << 1 may be obtained

using a perturbation theory 19 analogous to the one employed in section II 5.

Pk. (4, tt) =t (A 14
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The d. are expanded in powers of a,

d. (t) = d. u(t) + a d' (t) + a2 d." (t) + . . . , (A 15)
J J J J

where, as before, the superscript u designates the uncoupled system (a = 0).

We require the polarization complete to 0 (a), consequently only the

two leading terms of (A 15) need be retained. Inserting these into

(A 13) and equating coefficients of the powers of a, one obtains the

following set of equations:

.u . 2 t u
d =i 10e d2 '

d= if* e 2 du , (A 16a)

du=0=0

. i6it uiS62t ,

d0 = ie d + io e d2

, -i6 2 t

2 = io* e d0  
(A 16b)

*i 1 t u
d' = i-ae du

For the system initially in I l> (A 16) leads to d (t) = du (to) and du (t) =

d (t) = 0, and for the system initially in 10> or 12> (A16) implies

d (t) = d' (t) = 0. Bearing this in mind, (A 14) and (A 15) lead to the
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following contributions to the induced dipole moment:

k = 1: Pk(I,t,to ) = 2Re a p 1 0 e e

k = 0,2: Pk(rt,to)= 2Re p'2 0 d

+ a p,10 e

10~710)t u* d'
d d0

20 - 20)t
dU dU

2 0

d
10~ 10)Ut d

It is evident from (A 16a) that dU and dU are the probability amplitudes
0. 2

for a damped two-level system. The solutions are straightforward: for

the system initially in 0>

d (t) = do(t 0 ) (q~eiq.T

- i6 2 t

d (t)2
= f*do (to) e

for the system initially in 12>

du (t) = d 2 (to) e 2

-i62 T
u 2

d2 t) = d2 (to) e
2 s

(e iq+T _ iqT )

(qeiq+T -qeiq_T )

In these equations T = t - to,

Iy to + ik.
d.(t0 ) = e 2 .

S = 2 + 4s=62 q+ = - (62 + s), and

+0 (a2 ), (A 17a)

+ 0(a 2). (A 17b)

(A 18a)

(A 18b)

(A 19a)

(A 1 9b)

(, i+T _ i_ T)
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Equations A 16b include coupling effects to lowest order in a.

The first two equations can be combined to yield

i6 t
1 (A 20)S - 0

The boundary conditions for the system initially in |1>

and d' (to) = d (to)0 d2 ( 0

are d (t0 )= d (to)

0, leading to the complete solution (homogeneous

plus inhomogeneous) of (A 20),

d' (t) = d (to) (62 - 61 ) e6 1to

s 61 62 -S 1)+ 2
s

+ (q

ei6 T + 0 12

6 2 ~ 6 1

iq+T

iqT iq T

-iqT

- q+e

e )

(A 21)

The last equation of (A 16b) may be integrated directly:

,st -i6 t
d' = i dte d u(t)

t0

For the system initially in 12>

d' (t) = d2 (to) e (62 61 )to
1 a s 2

(A 1 9a) and (A 22) yield

+i(q - 6 1 )T
e -1

i(q - 61 )T
e ~ -1<.

q - 1g '

for the system initially in |0> (A 18a) and (A 22) yield

(A 22)

(A 2 3)

=(6 2 - 1 ) d, (to) e

e
) , .
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-i6 t i9+ - 1 )T

d { (t ) = -d 0 (t o ) e I+ ~- 1

_q+ [ei~_-; T_

q. - 61

The complete ensemble-averaged polarization (A 12) may be

obtained directly from (A 17), (A 18), (A 19), (A 21), (A 2 3), and (A 2 4).

Considerable algebra is involved. The final result is in full agreement

with equations 36 and 37 of the text, as stated in section 115.
0
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APPENDIX B: LINEAR GAIN FOR FIELDS POLARIZED AT RIGHT

ANGLES

B1. Rotation of the Schrodinger Equation

In sections II. 3 - II. 7 the 1 - 1 linear gain was calculated for the

case of mutually parallel fields. The case of mutually perpendicular

fields is considered here. As before, the axis of quantization (18) is

chosen along 6'2, and now for the sake of definiteness 61 is taken to

be in the y-direction. The situation may be simplified by noting that

C, resonates only with the 1-1 transition and 42 only with the 0-1 and

2-1 transitions; the non-resonant coupling may be neglected, leading

to the coupling scheme shown in figure 3 0 a with indicated matrix

elements. The two five-level systems (1) and (2) are effectively de-

coupled from each other.
6 'r

System (1) is considered first. In the presence of . and '
1 2

the Schrodinger equation (A2) may be written as the following set of

equations:

- ifi 2, 1 = 2  20t c 1  , (Bla)

-20t -iol) t- i-hc& =Ve- '' + iV e-i 10 tC( b1, 1 2 e c2 , 1  1 c 1 , 0  (Bb)

- -10 t ci i 10t

- in c 1, -iV 11,c1 1 i c 1 1 (Bl1c)
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ii h 1 -

- i-h 2, -1

-iV 1 e
-io10t

= V2 e i20t c

Here cJ, M is the probability amplitude corresponding to level IJ, M>

and V = (o/2# ) &1 (z, t), V = 0 / #~) & (z, t) The system B1

may be greatly simplified by means of the linear transformation

e {c1 2, 1

e2 1

e3 c 1,0 ,

eg4 = 1

e5 - c2, 1

(B2)

+c -1

+c2, -1

one obtains

- ifh e =V2

- ifi a2 = V2 e

- i-he 3 3

-iA t20

S10

e i V3 e 10 e3

-iw 20t
c2,-1 (B 1 d)

(Bl e)

2, -1

c1, 1{ c 1

iw t

(B 3a)

,O ' ''2

e e 2
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20
- ifi e 4 = V 2 e e5

(B 3b)
. .) 2 0 t

- ifi e5 2 e4

where V3 = FV . The normalization of (B2) is determined by the con-

servation of probability,

5 5

e2 I cJ 2  , B4)

j=1 j=1

and insures that the polarization in the rotated system is equivalent to

that of the original system. EquationsB3 better reflect the symmetry of

the coupling scheme. Evidently (B3a) is a three-level system completely

decoupled from the two-level system (B3b). (Compare B1, neglecting

the coupling between 11, 0 > and 1, 1>.) Thus the level scheme of

figure 30b, (1), with indicated matrix elements, is entirely equivalent

to that of figure 30 a, (1).

System (2) may be handled similiarly. (See Figure 30a, (2). ) In the

presence of and the Schrodinger equation may be written as

1,1
.- vIei 10 t 1'

- i f ii 1 t "=0 0 t c 1 0 

- ih c1,0 1 e 1
1 + iV 1 e 1c 1 _1 -V 4 e c0,0 +V5 e c2,0 '

- i1 iv _ e 10 c 1 , 0 , (B5)
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- ifa 0, 0 - 4 e 00t c1,0

-ic 2 , = V 5 e c1, 0

in which V 4 =

T

(g l3) '2 (z, t) and V 5 = W20g/3) C 2 (z, t). Using the

transformation

1 = (c 1

f2 c1,0

f3 = (c 1 + c -)

4 = 0,0

5 = 2,0

(B5) is converted into four coupled levels and an isolated level:

- f 2

- i 3

- ifI f

=- iv3 e

= iV 
3

4 - V4

5 5 e

10t
3- V 4 e

00t f4 + V5 e
20t 

5

e 101

e 00

- c1 -1

(B6)

(B7a)
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-if = 0 (B7b)

The transformed four-level system is shown in figure 30b, (2) with

indicated matrix elements.

B2. Calculation of Polarization

The foregoing discussion has shown that the coupling scheme

for the case of mutually perpendicular fields may be simplified to the

one shown in figure 30b. The latter should be compared to that of

figure 18, which holds for the case of mutually parallel fields. Note

the one to one correspondence between the absolute values of the

individual matrix elements in the two schemes. This leads to the

expected result that when both fields are weak the transmission

properties are independent of the relative field orientation. However,

strong coupling with C2 aligns the levels, leading to polarization-

dependent effects.

The polarization for the case of mutually perpendicular

fields is easily calculated from figure 30b, and consists of a two-level,

a three-level and a four-level contribution. The two and three-level

cases have already been dealt with. The four level polarization may

be obtained by noting that since levels J=0 and J=2 are considerably

separated with respect to the homogeneous widths involved, the non-

linear effects coupling them to the J=1 level are independent and
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additive. Thus using the previous results (52) and (61) the inhomo-

geneously-broadened standing-wave polarization may be written

down by inspection. For ease of comparison the final results for

mutually perpendicular fields, and also for mutually parallel fields,

are summarized below:

P(z, t) = Re{IX1 £
C2 -

cos kze t + X 2 6 cos k2 z e

X = 2Xainear - 2iZ ps (B 9a)0 aR a (J=2);

X = 2Xainear -iZ1 a PS - W101 G aR a (J= 2 )+ GbRb (J= 2 )

+9cRc (J=0)

|| E2 and Eli E2

22
5Z2~ {Q - 20} +

Qb

SI

Zg PSo2+ ZP 2 Q ~ 000} Qc

Z 2 ~

W 00O}

Equation B8 is just (17) for M=2, and

lnPS I1 zs10 1 BXlinear _ IPal
a t

; (B8)

(B 9b)

W2 0 1

(B 10)

{Q 1 - W 10

C2:

+ [-I

(B11)
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with Z PS {w} = ZP {} - ZS {w}, where the subscripts P and S refer

to 3P and 3S magnetic sublevels, respectively. Also,

J 3fhIYQg 4f

and

R (J) = (1 +Q.) - i(021

(1+Q.)+y Q +i {(Q 2

+ 1
7pYg

ipA0/ A[6

p. =

2

2-h

j =a

j =b

j= c

1/2

(B 14)

is the decay rate of a particular sublevel of I j> , and fi oO

Comparison of (B9a) and(B9b) shows that the non-linear coupling

effects are slightly more pronounced in the case of fields oriented at

right angles. This suggests the possibility of the polarization-dependence

of the 1-1 laser line. These effects have not yet been studied experimentally.

(B12)

~ WJd]

with

(B13)

+1) - WJO +W10)J

J Ll

7

E 3P) - E (3
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Finally, it is interesting to note that in the case of mutually per-

pendicular fields an extra pair of depletions occurs in the 1-1 gain

profile, somewhat removed from the gain peaks. These enter via the

R term in (B9b) and are due to the additional coupling with the J=O

level.
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