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Abstract

This thesis consists of two parts. Both parts are devoted to finding links between
geometric/algebraic objects and combinatorial objects.

In the first part of the thesis, we link Schubert varieties in the full flag variety
with hyperplane arrangements. Schubert varieties are parameterized by elements of
the Weyl group. For each element of the Weyl group, we construct certain hyperplane
arrangement. We show that the generating function for regions of this arrangement
coincides with the Poincaré polynomial if and only if the Schubert variety is ratio-
nally smooth. For classical types the arrangements are (signed) graphical arrange-
ments coming from (signed) graphs. Using this description, we also find an explicit
combinatorial formula for the Poincaré polynomial in type A.

The second part is about Specht modules of general diagram. For each diagram,
we define a new class of polytopes and conjecture that the normalized volume of the
polytope coincides with the dimension of the corresponding Specht module in many
cases. We give evidences to this conjecture including the proofs for skew partition
shapes and forests, as well as the normalized volume of the polytope for the toric
staircase diagrams. We also define new class of toric tableaux of certain shapes,
and conjecture the generating function of the tableaux is the Frobenius character
of the corresponding Specht module. For a toric ribbon diagram, this is consistent
with the previous conjecture. We also show that our conjecture is intimately related
to Postnikov’s conjecture on toric Specht modules and McNamara’s conjecture of
cylindric Schur positivity.

Thesis Supervisor: Alexander Postnikov
Title: Associate Professor of Applied Mathematics
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Chapter 1

Hyperplane arrangements and
Schubert varieties

This part of my thesis is based on the joint work with Suho Oh and Alexander
Postnikov [19]. It also contains the results of [20].

1.1 Introduction

The purpose of this chapter is to link Schubert varieties with hyperplane arrange-
ments. Schubert varieties are widely studied in algebraic geometry, representation
theory and combinatorics. In the full flag manifold, they are orbit closures of Borel
group action, and parameterized by elements of the corresponding Weyl group W

X, =BuB/B, weWw (1.1)

Many geometric properties of Schubert varieties can be studied via combinato-
rial properties of the Weyl group elements. In particular, it is well known that the
Poincaré polynomial of X, coincides with the rank generating function of the lower
interval [id, w] in the strong Bruhat order. '

Coxeter arrangement of a Weyl group is the arrangement of root hyperplanes. For
instance in type A,_1, it is the arrangement of hyperplanes

Each of n! regions of this arrangement corresponds to an element of symmetric
group Sp, and each hyperplane corresponds to a reflection. Given w € S, the nwver-
sion hyperplane arrangement A, is the subarrangement of the Coxeter arrangement
that consists of the hyperplanes corresponding to inversions of w:

T, —x; =0, 1<i<j<nand w(i) > w(y) (1.3)

Numerical relationship between the set of regions of A, and the lower Bruhat
interval [id, w] was discovered by Postnikov in [23]. He proved that, for Grassman-



nian permutations, both sets are in bijection with totally nonnegative cells in the
corresponding Schubert vatirey in the Grassmannian. In particular, they have the
same cardinality. The exact conditions for permutations to have this property was
conjectured by Postnikov using pattern avoidance, and proved by Hultman, Linus-
son, Shareshian and Sjostrand in [2]. Our main result on the symmetric group is a
g-analogue of this numerical coincidence for permutations whose Schubert varieties
are smooth. Namely,

Theorem 1.1.1. In type A, the generating function of regions of an inversion hy-
perplane arrangement coincides with the Poincaré polynomial of the corresponding
Schubert variety if and only if the Schubert variety is smooth.

For any graph G on the vertex set {1,...,n}, we can assign a graphical hyperplane
arrangement Aqs with hyperplanes

x; —x; =0, for all edges(i, j) of G (1.4)

Given a permutation w, the inversion graph G, is the graph whose edges are
(2.7) where w(i) > w(j). Tt is clear that the inversion hyperplane arrangement is the
graphical arrangement coming from the inversion graph, A, = Ag, .

Our main technical tools to prove the theorem for type A are chordal graphs and
perfect elimination orderings. A graph is called chordal if each of its cycles with
four or more vertices has a chord which is an edge joining two vertices that are not
adjacent in the cycle. We show that the inversion graph of a permutation w whose
corresponding Schubert variety is smooth is chordal with some additional properties.
and this leads the generating function of regions of A¢, to be factorized into product
of g-numbers in the same way that the Poincaré polynomial is.

As a byproduct of the proof, we get an explicit combinatorial formula of the fac-
torization of the Poincaré polynomial of the smooth Schubert variety into ¢g-numbers:

Pu(g) = [ex +1g- -+ [en +1]q (1.5)

where e}s are the roots of characteristic polynomial of the inversion hyperplane ar-
rangement A,,. We get a formula that directly reads e/s from the permutation w.

Schubert varieties are defined for all crystallographic Coxeter groups, and it is also
natural to define the inversion hyperplane arrangement for other types. Indeed, the
numerical relation between the set of regions of the inversion hyperplane arrangement
and the lower Bruhat interval was recently provided by Hultman in [12] for all finite
Coxeter groups.

Although, smoothness is too strong condition for general types of Weyl groups.
For non-simply laced root systems, smoothness is different from rational smoothness,
and by the theorem of Carrell and Peterson, we know that the Poincaré polynomial
is palindromic if and only if the Schubert variety is rationally smooth. As shown
by Deodhar [10] and Peterson, smoothness and rational smoothness are equivalent
for simply-laced root systems. Hence rational smoothness is the correct condition to
generalize our theorem.



The classical Weyl groups of type B(=C) and D can be represented as signed
permutations. Using this representation, the inversion graph of each type can be
defined analogously to symmetric groups. On the other hand, Billey gives a rule to
factorize Poincaré polynomials of rationally smooth Schubert varieties in [5]. We show
that the generating function of regions of the inversion hyperplane arrangement also
follows this rule, hence coincides with the Poincaré polynomial when the Schubert
variety is rationally smooth.

For more general types of Weyl groups, there is a result of Billey and Postnikov
[6] on the parabolic decomposition of Poincaré polynomial:

Theorem 1.1.2. [6] Let J be any subset of simple roots. Assume w € W has parabolic
decomposition w = uv with u € Wy and v € W7 and furthermore, u is the mazimal
element in the strong Bruhat order below w. Then

P,(t) = P.(t)PY (1)

wo o oz) ; ‘ 2 ; g ~
where P*" = Zzeﬂ/"],zﬁvt is the Poincaré polynomial for v in the quotient. More-
over, if w is rationally smooth then w or w™! admits such a parabolic decomposition.

By showing that the inversion hyperplane arrangenient allows the same factoriza-
tion, we extend our result to other types:

Theorem 1.1.3. For any finite Weyl group, the generating function of regz'oné of
an inversion hyperplane arrangement coincides with the Poincaré polynomaial of the
corresponding Schubert variety if and only if the Schubert variety is rationally smooth.

It is to be noted that the Poincaré polynomial of a Schubert variety is the rank
generating function of the strong Bruhat order while the regions in the inversion
hyperplane arrangement form a certain truncation of the weak Bruhat order. Hence
our result finds an interesting connection between the strong and weak Bruhat orders.

The rest of introduction is devoted to outline how this chapter is organized. The
first half of this chapter will be about classical Weyl groups, type A,B(=C) and D.
Our approach in these cases depends on the combinatorics of (signed) permutations
and inversion graphs. The remaining half will be about a general approach to other
types. Although the second half implies the main result about symmetric groups,
we include them both separately because there are more combinatorics involved in
symmetric groups, and the former approach is more suited to generalize to affine type
A as well as other classical types.

In Section 1.2, we will review the basic definitions and theorems on the Bruhat
order and Schubert varieties. In Section 1.3 we will define inversion graphs of clas-
sical types, and their relation to hyperplane arrangements. Section 1.3.1 will be
about graphical arrangements and type A, and Section 1.3.2 and Section 1.3.3 will
be about inversion graphs of type B and D, respectively, defined in terms of signed
permutations. In Section 1.3.4 we review the properties of chordal graphs and perfect
elimination ordering, and define nice perfect elimination ordering. It is used to fac-
torize the generating function of regions in Section 1.3.5. In Section 1.3.6, we define



simple perfect elimination ordering and use it to get a direct factorization formula of
Poincaré polynomials. Section 1.4 is going to be about general definition of inversion
hyperplane arrangement for all Weyl groups. In Section 1.5, we review Billey and
Postnikov’s result on factorization of Poincaré polynomials using parabolic decompo-
sition. Their result will play a key role in the proof of our main theorem for Weyl
groups in Section 1.6. In Section 1.7, we state further questions and conjectures.



1.2 Bruhat order and Poincaré polynomials

We begin with overview of basic definitions and theorems from Coxeter group theory.
In this section, we define the Bruhat order on Weyl groups and its relation to Schubert
varieties. For more details, see [7],[4].

Let G be a semisimple simply-connected complex Lie group, B a Borel subgroup
and b the corresponding Cartan subalgebra. Let W be the corresponding Weyl group,
A C b* be the set of roots and [T C A be the set of simple roots. The choice of simple
roots determines the set of positive roots. We will write a > 0 for &« € A being a
positive root. Let S be the set of simple reflections and 7" := {wsw™' : s € S,w € W}
be the set of reflections.

The strong Bruhat order “<" on W is the partial order generated by the relations
w < w-tif f(w) < f(w-t). Here t € T is a reflection: and ¢(w) denotes the length
of w € W, i.e. number of inversions of w. Equivalently, for u,v € W. u < v if any
reduced word of w contains a reduced word of u as a substring.

In this thesis, unless stated otherwise, we refer to the strong Bruhat order when
we use the term Bruhat order. Intervals in the Bruhat order play an important role
in Schubert calculus and Kazhdan-Lusztig theory. We concentrate on the intervals of
the form [id, w] := {u € W | u < w} where id is the identity element in W, that is. on
the lower order ideals of the Bruhat order. They are related to geometry of Schubert
varieties X,, = BwB/B in the flag manifold G/B. Namely. the Poincaré polynomial
of the cohomology ring of X . is known to coincide with the rank generating function
of the interval [id, w]. e.g.. see [4]:

P.q) = Zq[(u)-

u<w

More precisely, the cohomology group of odd rank vanishes and the dimension of
H?(X,,) is the coefficient of ¢' in I,(¢). Although P, (¢?) is the Poincaré polynomial
of X, we will refer P,(q) as the Poincaré polynomial as well. For convenience, we
will say that P,(q) is the Poincaré polynomial of w.

An algebraic variety is rationally smooth if its rational locus is smooth. Any
smooth variety is necessarily rationally smooth but the converse is not true in gen-
eral, although they are equivalent for Schubert varieties of simply-laced root systems.
For Schubert varieties, rational smoothness can be checked by studying its Poincaré
polynomial. In fact, we can regard the next theorem of Carrell and Peterson as a
definition of rational smoothness for Schubert varieties.

Theorem 1.2.1. (Carrell-Peterson [8], see also [4, Sect. 6.2]) For any Weyl group W
and w € W, the Schubert variety X,, is rationally smooth if and only if the Poincaré
polynomial P,(q) ts palindromic.

Here, a polynomial P(q) of degree n is palindromic if the coefficient of ¢' is the
same as the coefficient of ¢"~* for all 4, i.e. P(q) = ¢"P(q”!). We will say that w is
rationally smooth if P,(q) is palindromic, or equivalently, X, is rationally smooth.
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1.3 Inversion graphs of classical Weyl groups

In this section we recall the combinatorics of Weyl groups of type A,B(=C),D in
terms of (signed) permutations. We define inversion graphs and associate hyperplane
arrangements to them. We will state and prove our main theorems for classical types
by showing some recurrences for the generating function of acyclic orientations on the
inversion graphs.

1.3.1 Weyl group of type A and graphical arrangements

The Weyl group of type A, _; is the symmetric group S, whose elements are permu-
tations written in one-line notation as w(1l)w(2)...w(n). It is generated by simple
reflections o; for 1 < i < n — 1 where wo; is obtained by interchanging w(i) and
w(i 4+ 1). For example, if w = 413526 then wo, = 431526. Each of simple reflections
corresponds to a simple root.

There is a well-known smoothness criterion for Schubert varieties of type A, due
to Lakshmibai and Sandhya, based on pattern avoidance. A permutation w € 5,
contains a pattern o € S, if there is a subword with k letters in w with the same
relative order of the letters as in the permutation . A permutation w avoids the
pattern o if w does not contain this pattern.

Theorem 1.3.1. (Lakshmibai-Sandhya [32]) For a permutation w € S, the Schubert ~

variety X, is smooth if and only if w avoids the two patterns 3412 and 4231.

Now let us attach an hyperplane arrangement to each element of .S,, using inversion
graph of type A. The set of inversions of w € S, is

{(1,5) € [n] x [n] | i < j,w(@) > w(i)}
We connect every i and j with an edge whenever (¢, j) is an inversion. More precisely,

Definition 1.3.2. The inversion graph of w € S, is the graph G, on the vertex
set {1,...,n} with the set of edges {(¢,7) | i < j, w(i) > w(j)}. The inversion
hyperplane arrangement of w € S, is the hyperplane arrangement A, in R™ with
hyperplanes x; — x; = 0 for all edges (¢, 7) of G,,.

In fact, inversion hyperplane arrangement of type A is a special case of graphical
arrangement. For any graph G on the vertex set {1,...,n}, the graphical arrangement
Ag is the hyperplane arrangement in R™ with hyperplanes z; — x; = 0 for all edges
(i,7) in G. Clearly A, is the graphical arrangement of G,. The characteristic
polynomial x¢(t) of the graphical arrangement Ag is also the chromatic polynomial
of the graph G. The value of x(t) at a positive integer ¢ equals the number of ways
to color the vertices of the graph G in ¢ colors so that all neighboring pairs of vertices
have different colors. The value (—1)"xs(—1) is the number of regions of Ag. The
regions of A are in bijection with acyclic orientations of the graph (. Recall that
an acyclic orientation is a way to direct edges of G so that no directed cycles are

11



formed. The region of Ag associated with an acyclic orientation O is described by
the inequalities x; < x; for all directed edges i — j in O.

Now let R, be the number of regions in the inversion arrangement A,,, and let
By = #[id,w] = P,(1) be the number of elements in the Bruhat interval [id, w].
Interestingly, the numbers R,, and B, are related to each other.

Theorem 1.3.3. (Hultman-Linusson-Shareshian-Sjostrand [2])

(1) For any permutation w € S,, we have R, < B,,.

(2) The equality R, = By, holds if and only if w avoids the following four patterns
4231, 35142, 42513, 351624.

This result was conjectured in [23] and announced as an open problem in a work-
shop in Oberwolfach in January 2007. A. Hultman, S. Linusson, J. Shareshian, and
J. Sjostrand proved the conjecture after the workshop.

Remark 1.3.4. Tt was shown in [23] that R,, = B,, for all Grassmannian permutations
w, which agrees with the above result. In this case, B, counts the number of totally
nonnegative cells in the corresponding Schubert variety in the Grassmannian.

Remark 1.3.5. The four patterns from Theorem 1.3.3 came up earlier in the literature
in at least two places. Firstly, Gasharov and Reiner [31] showed that the Schubert
variety X, can be described by simple inclusion conditions exactly when w avoids
these four patterns. Secondly, Sjostrand [27] showed that the Bruhat interval [id, w]
can be described as the set of permutations associated with rook placements that fit
inside a skew Ferrers board if and only if w avoids the same four patterns.

Remark 1.3.6. Note that each of the four patterns from Theorem 1.3.3 contains one of
the two patterns from Lakshmibai-Sandhya’s smoothness criterion. Thus the theorem
implies the equality R, = B, for all smooth permutations w.

Let us define the g-analogue of the number of regions of the graphical arrangement
A¢, where G is a graph on the vertex set {1,...,n}. For two regions r and 7’ of the
arrangement Ag, let d(r, ") be the number of hyperplanes in A that separate r and
r’. In other words, d(r,r’) is the minimal number of hyperplanes we need to cross to
go from r to r’. Let ry be the region of Ags that contains the point (1,...,n). Define

Ralg) =) ¢"",
T

where the sum is over all regions 7 of the arrangement Ag. Equivalently, the polyno-
mial Rg(q) can be described in terms of acyclic orientations of the graph G. For an
acyclic orientation O, let des(Q) be the number of edges of G oriented as i — j in O
where 7 > j (descent edges). Then

Rolo) = 34",
O

where the sum is over all acyclic orientations O of G. Indeed, for the acyclic orienta-
tion O associated with a region r we have des(O) = d(r,r).

12



For w € Sy, let R, (q) := R¢, (q) be the polynomial that counts the regions of the
inversion arrangement A, = Ag,, .

We are now ready to formulate the first main result of this chapter for type A.
Recall that P,(q) := >, ., ¢"" is the Poincaré polynomial of the Schubert variety.

Theorem 1.3.7. For a permutation w € S, we have P,(q) = R,(q) if and only if
w 1S a smooth permutation, i.e., if and only if w avoids the patterns 3412 and 4231.

The “only if” part of Theorem 1.3.7 is straightforward. Indeed, if w is not smooth
then by Carrell-Peterson’s smoothness criterion (Theorem 1.2.1) the Poincaré poly-
nomial P, (q) is not palindromic. On the other hand, the polynomial R,(q) is always
palindromic, which follows from the involution on the regions induced by the map
x +— —x. Thus P,(q) # R.(q) in this case. We will prove the “if” part of Theo-
rem 1.3.7 in Section 1.3.5.

Our second result on type A is an explicit non-recursive formula for the polyno-
mials P,(q) = R,(q), when w is smooth.

Let us say that an index r € {1,....n} is a record position of a permutation
w € S, if w(r) > max(w(1),...,w(r —1)). The values w(r) are called the records or
left-to-right maxima of w. For i = 1,...,n, let r and 7’ be the record positions of w

such that » < i < r’ and there are no other record positions between r and r’. (Set -
1" = 4oc if there are no record positions greater than i.) Let

e =#{Jr<j<i, w(l) >w@i)+#{k | <k<n, wk) <w()}.

Theorem 1.3.8. Let w be a smooth permutation in S,, and let ey, ..., e, be the
numbers constructed from w as above. Then '

Pu(q) = Ry(q) = [er + 1 lea + 1]y -+ - [en + 14

Here [a], ;== (1—¢*)/(1—q) = 1+ q+¢*+- -+ ¢*'. We will prove Theorem 1.3.8
in Section 1.3.6.

Example 1.3.9. Let w =5164732. The record positions of w are 1,3,5. We have
(e1,...,e7) =(04+3, 140, 0+2, 1+2, 0+0, 140, 2+0).
Theorem 1.3.8 says that Pu(a) = Fulq) = [y 21, 18], [4], [ [2], 3],

Remark 1.3.10. It was known before that the Poincaré polynomial P, (q) for smooth
w factors as a product of g-numbers [a],. Gasharov [11] (see Proposition 1.3.28 below)
gave a recursive construction for such factorization. On the other hand, Carrell gave
a closed non-recursive expression for P, (q) as a ratio of two polynomials, see [8] and
[4, Thm. 11.1.1]. However, it is not immediately clear from that expression that its
denominator divides the numerator. One benefit of the formula in Theorem 1.3.8 is
that it is non-recursive and it involves no division. Another combinatorial formula
for P, (q) that has these features was given by Billey, see [5] and [4, Thm. 11.1.8].

13



1.3.2 Weyl groups of type B

Let SPZ be the Weyl group of type B. It can be realized as the group of all bijections
w of the set [+n] = {—n,...,—1,1,...,n} in itself such that

w(—a) = —w(a)

for all @ € [£n], with composition as group operation. The window notation of w
is w(lw(2)...w(n). SP is called the group of all signed permutations of [n]. For
simplicity, we will write 7 instead of —i in the window notation. We take the set
of generators of S as {0, 0B,... 0P |}, where o is the simple transposition that
interchanges w(i) and w(i + 1) for ¢ = 1,...,n — 1, and o¢f changes the sign of
w(1) in the window notation. For example, if w = 326145 then wo? = 362145 and
wol = 326145. Naturally each of the generators corresponds to a simple root of the
root system of type B.

There is a criterion for rationally smoothness of Schubert varieties in type B.

analogous to the theorem of Lakshmibai and Sandhya. Billey [5] showed that, for
w € SP, the Schubert variety X, is rationally smooth if and only if w avoids the
following patterns in its window notation:
123 123 123 132 213 21
231 312 321 321 321 32
2431 2431 3412 3412 3412 3412 3412
4132 4132 4231 4231 4231

The set of inversions of w € S is
{(@.5) € [n] < [n] | © < j,w(@) > w(G)} U{GJ) € [n] x [n] | i < j,w(=i) > w(j)}

Again as in type A, we construct the inversion graph of type B by essentially con-
necting every inversions with edges. Let us make it more precise.

Definition 1.3.11. The inversion graph of w € SP is the graph G2 on the vertex
set [£n]. We attach edges to {(i,7) € [£n] x [£n] | i < j,i # —j and w(i) > w(j)},
and double edges to {(—i,%) |i=1,...,n and w(—i) > w(i)}.

Notice that every edge (7,7) is paired with another edge (—7, —i) in GZ. We will
always consider this pair of edges together. For instance, the length of w € SZ, or
equivalently the number of inversions of w is the number of pairs of edges in G2. Also
the inversion hyperplanes are attached to each of the pairs:

Definition 1.3.12. For w € SZ, inversion hyperplane arrangement AB is the hyper-
plane arrangement in R™ with the following hyperplanes:

o x; —x; = 0 for all pair of edges {(—7, —i), (i, )} of GE where 0 < i < j,

o v_; +x; =0 for all pair of edges {(—7,—1), (i, )} of GB where i < 0 < j,

14



Asymmetric orientation of the graph G2 is an orientation that the direction of
(i,7) and (—j, —1) are the same. The direction of the pair {(—j, —i), (¢, )} determines
which side a point is in with respect to the hyperplane attached to the pair. The
regions of AZ are naturally in bijection with acyclic asymmetric orientations of the
graph G5,

Let us define the g-analogue of the number of regions of AZ as in type A. Note that
AL is a subarrangement of AZ  where wp is the longest element of SF. Clearly A%
is the Coxeter arrangement of type B, and the regions of Aﬁo correspond to elements
of SB. Let 7y be the region of A, that contains the region of A{io corresponding to
the identity element. Define

Ru(q) := Z g

where the sum is over all regions r of the arrangement, AZ. Equivalently, the polyno-

mial R, (q) can be described in terms of acyclic asymmetric orientations of the graph
GB. For an acyclic asymmetric orientation @, let des? (O) be the number of pairs
{(=7,—17),(,5)} oriented as —j — —i and i — j in O where i > j (descent edge

pairs). Then
Rw(q) — E qdesB((’))’
0

where the sum is over all acyclic asymmetric orientations O of GZ. Indeed, for the
acyclic asymmetric orientation O associated with a region r we have des” () =
d(r,ro).

Our main result on type B is,

Theorem 1.3.13. For a signed permutation w € SB, we have P,(q) = R,(q) if and

only if w is rationally smooth, i.e., if and only if w avoids the patterns in (1.6).

By the same reason as in type A, “only if” part follows from that P,(q) is palin-
dromic if and only if w is rationally smooth while R, (q) always is. We will prove “if”
part in Section 1.3.5.

1.3.3 Weyl groups of type D

Let S2 be the Weyl group of type D. This is just a subgroup of SZ consisting of signed
permutations having an even number of negative entries in their window notation.
As a set of generators of SP”, we have {¢f,0;...,067 |}. Here ¢ = oF for all
i=1,...,n—1, and o} sends w(1)w(2)w(3)... w(n) to (—w(2))(—~w(1))w(3) ... w(n)
in the window notation. For example, if w = 326145 then wol = 236145. The
generators are in bijection with the simple roots of the root system of type D.

In [5], Billey gives a criterion for rationally smoothness of Schubert varieties of
type D as well. She showed that w € SP is rationally smooth if and only if w avoids

the following patterns in its window notation:
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123 123 132 133 213 391
1432 2134 2134 2134 2314 2314

2431 2431 2431 2431 2431 2431

5131 3121 3191 3214 3241 3412

3412 3412 3412 3412 3412 3412

3112 3491 3491 3421 3421 4132 (L7)
4132 4132 4132 4132 4132 4132

4913 4931 4231 4231 4231 4231

4231 4231 4312 4312 4312 4312

4391

The set of inversions of w € S is very similar with that of type B, namely
{(i.7) € [n] x [n] [i < jow@) >w(i)} U{(i.j) € [n] x [n] | i < . w(=4) > w(j)}

The inversion graph of type D is almost the same with that of type B, except that
we delete all the double edges from GZ. More precisely,

Definition 1.3.14. The inversion graph of w € S is the graph G on the vertex
set [£n] with edges {(i,7) € [£n] x [£n] | i < j,i # —j and w(z) > w(j)}.

Notice that, as in type B, every edge (i, ) is paired with another edge (—j. —¢) in
GB. The number of inversions of w is the number of pairs of edges in GL. Also the
inversion hyperplanes are attached to each of the pairs:

Definition 1.3.15. For w € SP. inversion hyperplane arrangement A2 is the hyper-
plane arrangement in R™ with the following hyperplanes:

o u; —x; = 0 for all pair of edges {(—j, —i), (¢,7)} of GL) where 0 < i < j,
e v+ z; =0 for all pair of edges {(—j, —1). (¢,7)} of G5 where i <0 < j,

Given an asymmetric orientation of G2 the direction of the pair {(—j, =), (i,7)}
determines which side a point is in with respect to the hyperplane attached to the pair.
The regions of A2 are naturally in bijection with acyclic asymmetric orientations of
the graph GZ.

The g-analogue of the number of regions of A2 is also defined in the same way.
Let rg be the region of A, that contains the region of Coxeter arrangement of type
D corresponding to the identity element of SP. Define

Rula) = Y0,

where the sum is over all regions 7 of the arrangement A2, We can describe R,,(¢) in
terms of acyclic asymmetric orientations of the graph G£. For an acyclic asymmetric
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orientation O, let des”(O) be the number of pairs {(—3j, —i), (i, j)} oriented as —j —
—iand 7 — j in O where i > j (descent edge pairs). Then

eSD
Ru’<q) - Z qd (0)7
o

where the sum is over all acyclic asymmetric orientations O of GZ. For the acyclic
asymmetric orientation O associated with a region r we have des”(Q) = d(r, 7).
Now, our main result on type D is,

Theorem 1.3.16. For w € SP, we have P,(q) = R.(q) if and only if w is rationally
smooth, v.e., if and only if w avoids the patterns in (1.7).

Again, “only if” part follows directly from Theorem 1.2.1, and we will prove “if”
part in Section 1.3.5.

Remark 1.3.17. Type B and D can be unified into a single scheme using signed graph
of Zaslavsky [30],[29]. In fact, our inversion graph is the modified covering graph
of the corresponding signed graph appearing in [30]. The inversion graphs of type
B and D can be rewritten in signed graph language, and the inversion hyperplane
arrangements are special cases of “signed graphical arrangement”. Given a signed
graph G, the characteristic polynomial yo(#) of the corresponding signed graphical
arrangement is the (signed) chromatic polynomial of G. This approach will give us
a parallel story to our results on type A, including direct factorization of P, (q) for
rationally smooth w. In particular it will prove that P,(q) = [[._,[e; + 1], where
e;’s are the roots of x¢, (¢) for rationally smooth w. We will develop this story in a
separate forthcoming paper.

1.3.4 Chordal graphs and perfect elimination orderings

In this section we review properties of choral graphs. We define “nice perfect elimina-
tion ordering” on chordal graphs, and use it to factorize R, (q) of graphical arrange-
ments.

A graph is called chordal if each of its cycles with four or more vertices has a
chord, which is an edge joining two vertices that are not adjacent in the cycle. A
perfect elimination ordering in a graph G is an ordering of the vertices of G such
that, for each vertex v of G, all the neighbors of v that precede v in the ordering form
a clique (i.e., a complete subgraph).

Theorem 1.3.18. (Fulkerson-Gross [9]) A graph is chordal if and only if it has a
perfect elimination ordering.

It is easy to calculate the chromatic polynomial x¢(t) of a chordal graph G. Let
us pick a perfect elimination ordering vy, ..., v, of the vertices of G. Fori =1,... n,
let e; be the number of the neighbors of the vertex v; among the preceding vertices
vi,...,v—1. The numbers e;,... e, are called the ezponents of G. The following
formula is well-known.
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Proposition 1.3.19. The chromatic polynomial of the chordal graph G equals xc(t) =
(t —e1)(t —ey) - (t —e,). Thus the graphical arrangement Ag has (—1)"xc(—1) =
(ey +1)(ea+1)--- (e, + 1) regions.

For completeness, we include the proof, which is also well-known.

Proof. Tt is enough to prove the formula for a positive integer ¢. Let us count the
number of coloring of vertices of G in ¢ colors. The vertex v, can be colored in
t =t — e, colors. Then the vertex vy can be colored in ¢ — ey colors, and so on.
The vertex v; can be colored in t — e; colors, because the a; preceding neighbors of v;
already used a; different colors. O

Remark 1.3.20. A chordal graph can have many different perfect elimination orderings
that lead to different sequences of exponents. However, the multiset (unordered
sequence) {ey,...,e,} of the exponents does not depend on a choice of a perfect
elimination order. Indeed, by Proposition 1.3.19, the exponents e; are the roots of
the chromatic polynomial x¢(1).

Lemma 1.3.21. (cf. Bjorner-Edelman-Ziegler [1]) Suppose that a graph G on the
verter set {1,...,n} has a vertex v adjacent to m vertices that satisfy the two condi-
tions:

1. The set of all neighbors of v is a clique in G.

2. (a) All neighbors of v are less than v, or

(b) all neighbors of v are greater than v.
Then Ra(q) = [m+1]y Revo(q), where G\ v is the graph G with the vertex v removed.

This claim follows from general results of [1] on supersolvable hyperplanes ar-
rangements. For completeness, we give a simple proof.

Proof. The polynomials Rg(q) and Rey.(q) are des-generating functions for acyclic
orientations of the graphs G and G \ v.

Let us fix an acyclic orientation O of the graph G\ v, and count all ways to extend
O to an acyclic orientation of G. The vertex v is connected to a subset S of m vertices
of the graph G \ v, which forms the clique G|g ~ K,,. Clearly, there are m 4 1 ways
to extend an acyclic orientation of the complete graph K,, to an acyclic orientation
of K,,11. Moreover, for each j = 0,...,m, there is a unique extension of O to an
acyclic orientation O’ of GG such that there are exactly j edges oriented towards the
vertex v in @’ (and m — j edges oriented away from v).

All vertices in S are less than v or all of them are greater than v. In both cases we
have 3, ¢3©) = [m + 1], ¢%*(?), where the sum is over extensions O’ of O. Thus
Re(q) = [m +1]q Revo(q). O

Definition 1.3.22. For a chordal graph G on the vertex set {1,...,n}, we say that
a perfect elimination ordering vy, ..., v, of the vertices of (& is nice if it satisfies the
following additional property. For ¢ = 1,...,n, all neighbors of the vertex v; among
the vertices vy, ..., v;—1 are greater than v; (in the usual order on Z), or all neighbors
of v; among vy, ...,v;—1 are less than v;.
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For a nice perfect elimination ordering vy....,v, of GG, the last vertex v = v,, sat-
isfies the conditions of Lemma 1.3.21. Moreover, vy, ..., v,_; is a nice perfect elimina-
tion ordering of the graph G\ v,. In this case, we can inductively use Lemma 1.3.21 to
completely factor the polynomial Rg(q) as Ri(q) = [m + 1], [m’ + 1], ---. The num-
bers m,m’,... are exactly the exponents e,,e,_1,... (written backwards) coming
from this perfect elimination ordering.

Corollary 1.3.23. Suppose that G has a nice perfect elimination ordering of vertices.
Let ey, ..., e, be the exponents of G. Then we have

Reo(q) = [ex + 1 [ea + g [en + 14

1.3.5 Recurrence for polynomials R, (q)

The main purpose of this section is find a recurrence for R,,(¢) which is true for P,(q)
as well. We will begin with analyzing type A.

It is convenient to represent a permutation w € S, as the rook diagram D,,, which
the placement of n non-attacking rooks into the boxes (w(1), 1), (w(2).2)..... (w(n).n)
of the n x n board. See an example on Figure 1-1. We assume that boxes of the board
are labelled by pairs (i, j) in the same way as matrix elements. The rooks are marked
by x’s.

Figure 1-1: The rook diagram D,, of the permutation w =31487625.

The inversion graph G, contains an edge (7, j), with ¢ < j, whenever the rook in
the -th column of D, is located to the South-West of the rook in the j-th column.
In this case, we say that this pair of rooks forms an inversion.

Here are the rook diagrams of the two forbidden patterns 3412 and 4231 for smooth
permutations:

X X

X X

A permutation w is smooth if and only if its diagram D,, does not contain four rooks
located in the same relative order as in one of these diagrams Dsy1o or Dyss;.

Let a be the rook located in the last column of D,,, and let b be the rook located
in the last row of D,,. The row containing a and the column containing b subdivide
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the diagram D,, into the four sectors A, B, C, D, as shown on Figure 1-2. In the case
when w(n) = n, we assume that a = b and the sectors B, C, D are empty.

1 B
| o
C D
h
Figure 1-2:

Lemma 1.3.24. Let w be a smooth permutations. Then its rook diagram D, has
the following two properties. (1) Fach pair of rooks located in the sector D forms an
inversion. (2) At least one of the sectors B or C' contains no rooks.

For example. for the rook diagram Ds1457625 shown on Figure 1-1, the sector B
contalns one rook. the sector C contains no rooks, and the sector D contains two
rooks that form an inversion.

Proof. (1) If the sector D contains a pair of rooks that do not form an inversion,
then these two rooks together with the rooks a and b form a forbidden pattern as in
the diagram Dyss;. (2) If the sector B contains at least one rook and the sector C
contains at least one rook, then these two rooks together with the rooks a and b form
a forbidden pattern as in the diagram D3gs. O

Let v, = n and v, be the vertices of the inversion graph G, corresponding to the
rooks a and b. Also let vy, ..., v, be the vertices of G, corresponding to the rooks
inside the sector D.

If the sector B of the rook diagram D,, is empty, then the vertex v, is connected

only with the vertices vy,. .., v, v,, that form a clique in the graph G,,, and all these
vertices are greater than v,. On the other hand, if the sector C' of the rook diagram
D,, is empty, then the vertex v, is connected only with the vertices vy, vy, ..., vg, that

form a clique, and all these vertices are less than v,.

In both cases, the inversion graph G, satisfies the conditions of Lemma 1.3.21,
where v = v, if B is empty, and v = v, if C is empty. (If both B and C are empty
then we can pick v = v, or v = v.)

For w € S, and k € {1,...,n}, let w’ = flat(w, k) € S,_1 be the flattening of the
sequence w(l),...,w(k —1),w(k +1),...,w(n), that is, the permutation w’ has the
same relative order of elements as in this sequence. Equivalently, the rook diagram
D, is obtained from the rook diagram D,, by removing its k-th column and the
w(k)-th row.

Lemma 1.3.21, together with the above discussion, implies the following recurrence
relations for the polynomials R, (q).
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Proposition 1.3.25. Letw € S, be a smooth permutation, and assume that w(d) = n
and w(n) = e. Then (at least) one of the following two statements is true:

1. w(d) > w(d+1)>--->wn), or
2. we)>w e+ 1) > >w(n).

In both cases, the polynomial R,,(q) factors as
R-w(Q) - [m + 1}61 Rw'(Q)ﬂ

where w' = flat(w, d) and m =n —d in case (1), or w’ = flat(w,n) and m =n —e in
case (2).

In this proposition, case (1) means that the sector B of the rook diagram D,, is
empty, and case (2) mean that the sector C is empty.

Clearly, if w is smooth, then the flattening w’ = flat(w, k) is smooth as well.
The inversion graph G, is isomorphic to the graph G \ k. This means that, for
smooth w € S, one can inductively use Proposition 1.3.25 to completely factor the
polynomial R,.(¢) as in Corollary 1.3.23.

Corollary 1.3.26. For a smooth permutation w € S,, the inversion graph G, is
chordal and. moreover, it has a nice perfect elimination ordering. We have R,(q) =
ler+1]glea+1]g - [en+1],, whereey, ..., e, are the exponents of the inversion graph
G. On the other hand, for any permutation w € S,,, if the inversion graph G, has
a nice perfect elimination ordering, then w is smooth.

To prove the last claim, note that if G, has a nice perfect elimination ordering .
then so does any induced subgraph of GG,,. Hence G, cannot contain G341 and Gyo3;
as induced subgraphs, so w is smooth.

Remark 1.3.27. It is not true that G, is chordal exactly when w is smooth. For
instance G493, is chordal.

Interestingly, Gasharov [11] found exactly the same recurrence relations for the
Poincaré polynomials P, (q).

Proposition 1.3.28. (Gasharov [11], cf. Lascoux [16]) The Poincaré polynomials
P,(q), for smooth permutations w, satisfy exactly the same recurrence relation as in
Proposition 1.5.25.

Note that Lascoux [16] gave a factorization of the Kazhdan-Lusztig basis elements,
that implies Proposition 1.3.28.

Propositions 1.3.25 and 1.3.28, together with the trivial claim Pq4(q) = Riq(q) = 1,
imply that P,(q) = R,(q) for all smooth permutations w. This finishes the proof of
Theorem 1.3.7.

The proofs for types B and D are similar to the proof for type A given above. Billey
[5] found analogous set of conditions to Proposition 1.3.25 and Proposition 1.3.28 for

types B and D.
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Proposition 1.3.29. (Billey [5], Theorem 3.3) Let w € SZ, and assume w(d) = £n
and w(n) = +e. Then P,(q) factors in the form

Pw(Q) = P’LU’(Q)[:M + l]q

under the following circumstances:

1.

Cr

If w(d) = n and w(d) > w(d +1) > -+ > w(n), then w' = wol ...c8 | and
w=n—d.

If w™! is in the previous situation, then w' =of |...0B 0Bw and p=n—e.

If each w(i) is negative and w(l) > w(2) > .. .w(d) -+ > w(n) (decreasing after

removing w(d) ), then w' = wo? ... ocPoloP ... oP | and py=d+n—1.
. If w™l is in the previous situation, then w' = o2 .. . 0BoloP .. . 0B w and
p=e+n-—1

If each w(i) is positive except for w(d) = n and w(l) > w(2) > --- > w(d), then
w =wol .. oPol and p=d.

Moreover, if w is rationally smooth then it falls into one of the above circum-
stances, so P.(q) factors into g-numbers.

Proposition 1.3.30. (Billey [5],Theorem 6.3) Let w € S?. and assume w(d) = +n
and w(n) = +e. Then P,(q) factors in the form

Pw(Q) = Pw’(Q)[“ + 1]‘]

under the following circumstances:

1.

If w = wy is the longest element in S, namely w = £12.. .7, then

n

n—1
Pu(q)= [0 +a+-+d" " +2¢ + ¢+ + ™)
k=1

If w(d) = n and w(d) > w(d +1) > -+ > w(n), then w' = wok...c2 | and
pw=n-—d.

D D D

If w™! is in the previous situation, then w' = o2 ... 0k 0}

w and pp=n — e.

Ifw(l) < 0 and w(d) = n are the only two negatives in the window notation

and —w(1) > w(2) > -+ > w(d), then w' = wo? ... oPcl and p=d-1.

If n and 1 are the only two negatives in the window notation and w(l) > -+ >

w(d), then w' = wol | ... 0Pe¢B and p=d - 1.

Moreover, if w is (rationally) smooth then it falls into one of the above circum-
stances. Since it is well known that P,,(q) factors into g-numbers, P,(q) factors into
q-numbers for all (rationally) smooth w.

22



Using these two propositions, we can show that R, (q) factors in the same way
under each of the circumstances. This finishes the proof of Theorem 1.3.13 and Theo-
rem 1.3.16. Let us begin with the lemma that follows from the proof of Lemma 1.3.21.

Lemma 1.3.31. Let K,y be the complete graph on the vertex set [m + 1], and K,,
be the complete graph on the vertex set [m| naturally embedded in K,,.,. Given an
acyclic orientation O" of K, and k= 0,--- ,m, there is a unique acyclic orientation
Oy of K41 that extends O and des(Oy) —des(O') = k. Moreover each Oy, is obtained
by flipping the orientation of an edge from O _;.

Factorization of R, (¢q) for type B Let w be a rationally smooth element and w’
be the one as in Proposition 1.3.29. In all cases, it is clear that any descent of w’ is
a descent of w. Therefore GZ, is a subgraph of GZ. Let 0’ be an acyclic asymmetric
orientation of GZ,. To prove that R, (g) follows the same factorization rule as P,(q),
it is enough to show that there is a unique acyclic asymmetric orientation Oy of G%
that extends O and des(Oy) — des(O') = k for any k = 0,--- , u in such a way that
Oy is obtained by flipping the orientation of a pair {(—j, —i), (i,5)}. This follows
from a careful analysis of all cases of Proposition 1.3.29:

L. In the first case, the additional edges of G& compared to GZ, are those that
are connected to n and —n, ie. {(n,w(d + 1)), - -, (n.w(n)), (—n. —w(d +
1)),--+,(=n,—w(n))}. Observe that the neighbor of n (resp., —n) forms a
clique of size n — d in GZ. Hence the claim follows from Lemma 1.3.31.

1

2. The second case follows from the first case using w™! instead of w.

3. In the third case, the additional edges of GE compared to GZ, are those that
are connected to n and —n. Moreover, G, is the inversion graph of the longest
element in S | Hence, choosing an acyclic asymmetric orientation O’ of G,
corresponds to choosing an element of SP |, namely v = v(1)---v(n — 1) in the

window notation. If we rearrange the vertices of GZ, in the order

—n,—v(n—1),---,—v(l),v(1), -+ ,o(n—1),n

then all the edges connecting v (7) and +v(j) are oriented from left to right.
Now the neighbor of n (resp., —n) except —n (resp., n) forms a clique of size
n — d — 2 directed from left to right. Therefore given an acyclic asymmetric
orientation O’ of G, the unique Oy of G is constructed in the following way:

(a) when k = 0, direct all pairs of edges {(—n, —i), (¢,n)} so that (—n) — 4
and i — n.
(b) if the k& outermost pairs of edges don’t share any vertex except n and —n,

then direct (—i) — (—n),n — i for those k outermost pairs, (—n) —
(—i),7 — n for all the others.

(c) otherwise, direct outermost (k — 1)th pairs of edges so that (—i) — (—n)
and n — i, direct n — (—n), and direct (—n) — (=), — n for all the
others.
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By Lemma 1.3.31 it is easy to see that Oy is unique. We are done.
4. The fourth case follows from the third case using w~! instead of w.

5. In the fifth case, the additional edges of G compared to GZ, are those that
connect n with —w(1), -, —w(d—1), that connect —n with w(1), -, w(d—1),
and that connects —n with n. Observe that the new edges connected to n (resp.,
—n) are connected to a clique of size d. Therefore the claim directly follows from
Lemma 1.3.31.

Factorization of R, (q) for type D The setting is the same as in type B. Again,
let w be a rationally smooth element and w’ be the one as in Proposition 1.3.30. In all
cases, it is clear that any descent of w' is a descent of w. Therefore GL, is a subgraph of
GP. Let O be an acyclic asymmetric orientation of GP,. To prove that R, (g) follows
the same factorization rule as P,.(g), it is enough to show that there is a unique acyclic
asymmetric orientation O of G that extends O and des(Oy) — des(O’) = k for any
k=0, ---,p in such a way that Oy is obtained by flipping the orientation of a pair
{(—j.—1i). (i, j)}. This follows from a careful analysis of all cases of Proposition 1.3.30:

1. For the longest element, R,,(q) = Puy,(q) since the weak and strong Bruhat
posets have the same Poincaré polynomials.

N~

The second case is the same as in the first case of type B.

1

3. The third case follows from the second case using w™" instead of w.

4. As in the fifth case of type B, additional edges of GP compared with G2, are
connected to n and —n, and those connected to n (resp., —n) form a clique of
size d — 1. Hence the claim follows from Lemma 1.3.31.

5. Similarly, the additional edges are connected to n and —n, and those connected
ton (resp., —n) form a clique of size d—1. The claim follows from Lemma 1.3.31.

1.3.6 Simple perfect elimination ordering

The purpose of this section is to find a non-recursive factorization of P, (g) for smooth
w € S,.

In Section 1.3.5 we gave a recursive construction for a nice perfect elimination
ordering of the graph G, for smooth w. In this section we give a simple non-recursive
construction for another perfect elimination ordering of G,. This simple ordering may
not be nice (see Definition 1.3.22). However, one still can use it for calculating the
exponents of the graph G, and factorizing the polynomials P,(q) = R.(q) as in
Corollary 1.3.26. Indeed, the multiset of the exponents does not depend on a choice
of a perfect elimination ordering (see Remark 1.3.20).

Recall that a record position of a permutation w € S, is an index r € {1,...,n}
such that w(r) > max(w(1l),...,w(r —1)). Let [a,b] denote the interval {a,a +
1,...,b} with the usual Z-order of entries.
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Lemma 1.3.32. For a smooth permutation w € S, with record positions 1y = 1 <
ry < .-+ <1y, the ordering

[T‘San]v [TS-—b Ts — 1]) R [T‘Qu T3 — 1]7 [Tb To — 1]
of the set {1,...,n} is a perfect elimination ordering of the inversion graph G,,.

Example 1.3.33. (¢f. Example 1.3.9) The permutation w = 5164732 has records
5,6, 7 and record positions 1,3,5. Lemma 1.3.32 says that the ordering 5, 6, 7, 3, 4, 1,

is a perfect elimination ordering of the inversion graph G.,. Figure 1-3 displays this
wnversion graph G,. For each vertex i = 1,...,7 of G, we wrote i inside a circle
and w(i) below it. The exponents of this graph (i.e., the numbers of edges going to
the left from the vertices) are 0,1,2,2,3,3, 1.

Figure 1-3:

Proof of Lemma 1.3.32. Suppose that this ordering of vertices of GG, is not a perfect
elimination ordering. This means that there is a vertex ¢ connected in GG, with vertices
j and k, preceding i in the order, such that the vertices j and % are not connected by
an edge in G,. Let us consider three cases.

. The vertices 1,7,k belong to the same interval I, := [r,, 7,41 — 1], for some
p € {1,...,s}. (Here we assume that 7,,; = n + 1) We have k < j < i and
w(k) > w(t), w(j) > w(i), but w(k) < w(j), because (k,7) and (j, k) are edges of G,
but (k,j) is not an edge. The value w(r,) is the maximal value of w on the interval
I,. Since w(k) < w(y) is not the maximal value of w on I,, we have r, # k and so
rp < k. Thus r, < k < j < i and the values w(r,), w(k),w(j), w(i) form a forbidden
4231 pattern in w. So w is not smooth. Contradiction.

II. The vertices 7,7 are in the same interval [, and the vertex k belongs to a
different interval /,. Then ¢ > p, because the vertex k precedes 7 in the order. In this
case we have j < i < k, w(j) > w(z), w(z) > w(k). This implies that w(j) > w(k)
that is (4, k) is an edge in the inversion graph G,,. Contradiction.

ITI. The vertex 7 belongs to the interval [, and the vertices j, k do not belong to
I,. Assume that j < k and that j belongs to I,. Then ¢ > p. In this case, i < j < k,
w(i) > w(j), w(i) > w(k), and w(j) < w(k). The record value w(r,) is greater
than w(z). This implies that w(r,) > w(i) > w(j). In particular, w(r,) # w(j) and,
thus, r, # j. We have i <1, < j < k and the values w(i), w(ry), w(y), w(k) form a
forbidden 3412 pattern. Contradiction. O
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Proof of Theorem 1.3.8. Let us calculate the exponents of the inversion graph G, for

a smooth permutation w € S, using the perfect elimination ordering from Lemma 1.3.32.
Suppose that 7 € I,. Then the exponent e; of the vertex ¢ equals the number of neigh-
bors of the vertex 7 in the graph G, among the preceding vertices, that is among the
vertices in the sets {r,,...,i—1} and [,4;Ul,42U. ... In other words, the exponent
e; equals

L0 Iry <5 <o w() > wli)}+ #{k | k> rp, w(k) < w(i)).

This is exactly the expression for e; from Theorem 1.3.8. The result follows from
Corollary 1.3.26. O

1.4 Inversion Hyperplane arrangements and cham-
ber graphs

In this section we define inversion hyperplane arrangements A,, for every Weyl group.
There is no such interpretation as signed permutations for non-classical Weyl groups,
hence we need to develop another approach to generalize our main result to other
types. We will define chamber graph which will be our main tool to study R, (q). We
follow the notations in Section 1.2

To assign the inversion hyperplanes to each w € W, we first need the definition
of the inversion set of w. The inversion set A, of w is defined as the following:

Ay = {ala € Ava > 0,w(a) < 0}.

For classical types, this gives the usual definition of an inversion set. The inversion
hyperplane arrangement A, is the collection of hyperplanes a(z) = 0 for all roots
a € A,. Let ry be the fundamental chamber of A,, the chamber that contains
the points satisfying a(z) > 0 for all @ € A,. Then we can define the following

polynomial:
Ru(g) =) ¢"",

where the sum is over all chambers of the arrangement A, and d(rg, ) is the number
of hyperplanes separating ro and 7.

Given a subarrangement A of the Coxeter arrangement, and its subarrangement
A’ let ¢ be a chamber of A’. Then a chamber graph of ¢ with respect to A is defined
as a directed graph G, 4 = (V, E) where

e The vertex set V' consists of vertices representing each chambers of A contained
in ¢,

e we have an edge directed from vertex representing chamber ¢; to a vertex rep-
resenting chamber ¢, if ¢; and ¢y are adjacent and d(rg, ¢1) + 1 = d(ro, c2).
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The chamber graph can be seen as a Hasse diagram of a poset of chambers in
¢, ranked by the distance from 7y, and directed from lower to higher rank elements.
Let us write the Poincaré polynomial of the chamber graph G.4 as R(q). We
will say that A uniformly divides A" if every chamber graphs with respect to A,, are
isomorphic in all chambers of A’. The following lemma shows how the chamber graph
can be used to analyze R,(q).

Lemma 1.4.1. If A, is a subarrangement of A, and A, uniformly divides A,, then
Ry, (q) is divided by R,(q), and R,(q) = R.(q)Ri(q). Here RY(q) = R _(q) for some
chamber ¢ of A,.

Proof. Straightforward and omitted. O

1.5 Parabolic decomposition

In this section, we introduce a theorem of Billey and Postnikov [6] regarding parabolic
decomposition that will serve as a key tool to study P,(q). We follow the notations
in the previous section.

Let’s first recall the definition of the parabolic decomposition. Given a Weyl group
W and J C S, denote W; to be the subgroup of the Weyl group generated by J.
Subgroups of this form are called parabolic. Let W be the set of minimal length coset
representatives of W;\W. Then it is a well-known fact that every w € W has a unique
parabolic decomposition w = uv where u € W;, v € W and {(w) = ¢(u)+¥¢(v). Also,

Lemma 1.5.1. [33] For any w € W and subset J of simple roots, W; has a unique
mazimal element below w.

We will denote the maximal element of W; below w as m(w,J). The following
theorem of Billey and Postnikov allows us to factor the Poincaré polynomials.

Theorem 1.5.2. [6] Let J be any subset of simple roots. Assumew € W has parabolic
decomposition w = uv withu € W; and v € W7 and furthermore, u = m(w, J). Then

Put) = PO (1)
where PUW'] = ZZGWJ’ZSU t*=) is the Poincaré polynomial for v in the quotient.

We will say that J = II'\ {a} is leaf-removed if o corresponds to a leaf in the
Dynkin diagram of II. It is enough to look at leaf-removed parabolic subgroups for
our purpose.

Theorem 1.5.3. [6] Let w € W be a rationally smooth element. Then there exists a
maximal proper subset J =11\ {a} of simple roots, such that

1

1. we have a decomposition of w or w™"' as in Theorem 1.5.2,

2. « corresponds to a leaf in the Dynkin diagram of II.
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We will call the parabolic decompositions that satisfies the conditions of the above
theorem as BP-decompositions. For Weyl groups of type A,B and D, there is a stronger
result of Billey:

Lemma 1.5.4 ([5]). Let W be a Weyl group of type A,B or D. Let w € W be a
rationally smooth element. When w is not the longest element of W, there erists
a BP-decomposition of w or w™' with respect to J such that P’(v) is of the form
¢ +q¢" 1+ +q+1, wherel is the length of v.

If v satisfies the conditions of the above lemma, we will say that v is a chain
element of WY, Let I be the set of simple reflections appearing in v. When the root
system is simply-laced and v is a chain element of W7/, I corresponds to a type A
Dynkin sub-diagram. And in this case, it is clear that v is the longest element of
W{"7. Hence we get the following corollary:

Corollary 1.5.5. Let W be a Weyl group of type A or D. If w € W 1is rationally
smooth then either w is the longest element or there exists a BP-decomposition of w
or w™ with respect to J = I1\ {a} such that v is the longest element of W™ where
I s the set of simple reflections appearing in v.

We were also able to check using computer the following property of palindromic
intervals in quotient Bruhat poset of type E.

Proposition 1.5.6. Let W be a Weyl group of type E and let J be a leaf-removed
subset of S and let w = uv be a parabolic decomposition. Then v has a palindromic
lower interval in W7 if and only if v is the longest element in W[ where I is the
set of simple reflections appearing in v.

In fact, we believe that the above proposition is true for all simply-laced types.
Let’s look at an example. Choose Dg to be our choice of Weyl group and label the
simple roots IT = {wy, -, a6} so that the labels match the corresponding nodes of
the Dynkin diagram in Figure 1-4. If we set J = I1\ {a;}, then the list of v € W’/
such that the lower interval in W+ being palindromic is:

id, S1, 5182, 515283, 1525354, 81525358455, S152535456, $1525354555654535251-

Each of them are the longest elements of W/™/ where I is the set of simple re-

flections appearing in v. One can see that the set of nodes I is connected inside the
Dynkin diagram of Ds.

Now we will study how R,(g) behaves with respect to the BP-decomposition.
Following the above notations, our first step is to prove that every reflection formed
by simple reflections in I N J is in Tr(u) when w = uv is a BP-decomposition.

Lemma 1.5.7. Let w € W be a rationally smooth element and w = uv be a BP-
decomposition. Then every simple reflection in J appearing in the reduced word of v
is a right descent of u.
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Figure 1-4: Dynkin diagram of Dg and J =11\ {4}

Proof. Multiplying t € T;(w) to w corresponds to deleting one simple reflection in
a certain reduced word of w. If we delete every simple reflection appearing in v but
one in J, then the resulting element is in W; and is below w. Hence by maximality
of u, it is below wu. O

Actually we can state much more about u in terms of simple reflections of .J
appearing in v.

Lemma 1.5.8. Let w = uv be a BP-decomposition with respect to J. Let I be the
subset of S that appears in the reduced word of v. Then every reflection formed by
simple reflections in I N J is a right inversion reflection of w. In fact, there is a
mamimal length decomposition u = w'uyny; where upny is the longest element of Winy.

Proof. Take the parabolic decomposition of u under the right quotient by W ;. Say.
u = v'usny. Then o' is the minimal length representative of u in W/W;n;. For any
sitnple reflection s € I N J, the minimal length representative of us in W/Wjq; is
still ', hence the parabolic decomposition of us is us = u'(uynys). Since s is a right
descent of u by Lemima 1.5.7, s is a right descent of ujn;. Therefore us; is the longest
element in Wy~;. The rest follows from this. O

The above lemma tells us that for each rationally smooth w € W, we can de-
compose w or w™! to wusn;v where wv is the BP-decomposition with respect to J,
u = u'urny and usqy is the longest element of Wiy, We have a decomposition

Ay =Ay U -A Uu- A,

urng

Recall that we denote by A, the inversion set of w € W. For I C S, we will denote
Ay the set of roots of W;. One can see that A, , = Ajn; and A, C Ap\ Agny.
And this tells us that u'- A,,., = u- Ajqy. Let us assume we have decomposed some
rationally smooth w as above. Let A, Ag, Ay denote the hyperplane arrangements
coming from u™1- Ay, Ajny, A, We can study A = A, LI Ag LI A, instead of looking
at A,,.

Lemma 1.5.9. Let ¢ be some chamber inside A, Ll Ag. Let ¢’ be the chamber of Ag
that contains c¢. Then the chamber graph G.y4 is isomorphic to the chamber graph of
Ge agua,-

Proof. Let ¢, and ¢ be two different chambers of A contained in ¢. They are separated
by a hyperplane in Aj,. Let ¢ (resp., ¢;) be the chamber of Ay L A, that contains ¢;
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(resp., ¢p). ¢} and ¢, are different chambers since they are separated by the hyperplane
that separates c¢; and c¢o. If ¢; and ¢y are adjacent, then ¢ and ¢, are adjacent. If ¢}
and ¢, are adjacent but ¢; and ¢, are not, that means there is a hyperplane of A, that
separates ¢; and ¢y. But that contradicts the fact that ¢; and ¢y are both contained
in the same chamber of A; LI Ay. So ¢; and ¢, are adjacent if and only if ¢} and ¢
are. From the fact that the distance from the fundamental chamber is equal to the
number of hyperplanes that separate the chamber from the fundamental chamber, we
see that the direction of the corresponding edges in the chamber graphs are the same.

Hence it is enough to show that the number of chambers of A in ¢ equals number of
chambers of AgUAs in . And this follows from that any chamber of AglLJ. A5 shares a
common interior point with a chamber of Ayl .A; as long as they are contained in the
same chamber of Ag. To show this, we can safely include additional hyperplanes to A,
and A,. So let A, be the hyperplane arrangement of Ay \ A;n; and A; hyperplane
arrangement of A\ A;. Now A is just the Coxeter arrangement of W, and each
chamber of A is indexed by w € W.

We have a parabolic decomposition of W by W, WI W Fixing a chamber ¢
of Ag corresponds to fixing an element of Wj~;. In ¢, fixing a chamber x (resp., y)
of Ag U A (resp.. Ao U A;) corresponds to fixing an element of W/™ (W), So given
any such chamber 2 and y, we can find a chamber of A contained in them. This
concludes the argument.

O

Corollary 1.5.10. Let w = uv = v'unyv be the decomposition as in the above. If v
is the longest element in WI™7 where I is the set of simple reflections appearing in v,
then P,(q) = Ry (q) implies P,(q) = Ry(q).

Proof. Since v is the longest element of W/™ w' := u~jv is the longest element
of Wr. Then it is obvious that A, uniformly divides A,,.,. Now it follows from

Lemma 1.5.9 that —w@_ — Hu@ By the induction on the rank of W, we also
th]mJ(Q) Ru(q)

know that the left hand side equals PV'(q), hence Ry(q) = P.(g) implies R, (q) =
yJ
Pu(q) P (q) = Pula)- O

In the next section, we will use the above lemma and corollary to prove the main
theorem for type A,B,D and E.

1.6 Proof of the main theorem for Weyl groups

In this section, we prove the main theorem. Type F and G cases are very small and
checked by a computer.

Proposition 1.6.1. Let W be a Weyl group of type A, D or E. Let w be a rationally
smooth element. Then R, (q) = Py(q).

Proof. Decompose w or w™! as in the Corollary 1.5.5 or Proposition 1.5.6. We see

that v is the longest element of W/™/. Now we can apply Corollary 1.5.10. So we
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can replace w with some rationally smooth u that is contained in some Weyl group
of type A or D with strictly smaller rank. Now the result follows from an obvious
induction argument. O

For type B, we will use Lemma 1.5.4 and Lemma 1.5.9. Let us denote IT = {ag =
Ty, Q) =T| —Tg, + ,Qy = Tpo1 — Tpn}. We will study Wieol and WM\en}  n both
of them, if there is an adjacent commuting letters in the reduced word of v, then v is
not a chain element. So when J =II'\ {«}, the chain elements are

id, 50, 5081, 805152, -+ , 8051 * * * Sp, S05150.
And when J = II'\ {«,}, the chain elements are
id, SpySpSn_1," " SpSn—1- " S150, SpSp—1 " - 515051, "+, SnSn—1 " 815081 " - Sn—15n.

Proposition 1.6.2. Let W be a Weyl group of type B. Let w be a rationally smooth
element. Then R,(q) = P.(q).

Proof. By Lemma 1.5.4, we may assume w or w™' decomposes to uv where v € W,
v € WY, Jis leaf-removed and v is a chain-element. Using P,(g) = P,-1(¢) and
R, (q) = R,-1(q), we can assume that w = wv. Let us first show that when u is the
longest element of W, A, uniformly divides A,, and each chamber graph G, 4, for
any chamber of A, are chain graph with length ((v), hence R, (q) = P,(q). Instead
of looking at hyperplane arrangement coming from A, = A, Uwu - A,, we can look
at the hyperplane arrangement coming from v~ ' - A, = A, U A,. So A, consists of
hyperplanes coming from A, and A, consists of hyperplanes coming from A,.

When J = IT'\ {ao}, we have A, C {21, -+ ,2,} and |A,| = ¢(v). Choosing a
chamber in A, is equivalent to giving a total ordering on {z,,--- ,z,}. Choosing a
chamber in A, is equivalent to assigning signs to roots of A,. Given any total ordering
on {xy,--- ,1,}, there is a unique way to assign ¢ number of “+”s and |v| — t number
of “~"s to A, so that it is compatible with the total order on A,. This tells us that
A, uniformly divides A, and R,,(q) = Ry (q)(1+q+---+¢") = R,(¢)PV”(q). When
J =1\ {a,}, the proof is pretty much similar and is omitted.

Now let’s return to the general case. Using Lemma 1.5.9 and the above argument,
we can replace w with some rationally smooth u that is contained in some Weyl group
of type A or B with strictly smaller rank. Then the result follows from an obvious
induction argument.

O

1.7 Final remarks

Combining the results in the previous sections, we get

Theorem 1.7.1. For any finite Weyl group W and w € W such that X,, is rationally
smooth, P, (Q) = Rw(Q)
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Our proof of the theorem is based on a recurrence relation. It would be interesting
to give a proof based on a bijection between elements of the Bruhat interval [id, w]
and regions of the arrangement A,,.

It would be interesting to better understand the relationship between Bruhat
intervals [id,w] and the hyperplane arrangement A,. One can construct a directed
graph I',, on the regions of A,. Two regions r and 7" are connected by a directed
edge (r,r') if these two regions are adjacent (i.e., separated by a single hyperplane)
and r is more close to 7o than 7’. For example, for the longest element wy, the graph
I, is the Hasse diagram of the weak Bruhat order. Hence our result is saying that
there is a rank preserving bijection between the lower interval [id, w] of the strong
Bruhat order and the elements of certain contraction of the weak Bruhat poset.

The statement of our main theorem can be extended to other Coxeter groups.
Although we don’t have Schubert varieties for general Coxeter groups, the Poincaré
polynomial P,(q) can still be defined as the rank generating function of the interval
lid, w]. The first class of such Coxeter groups is the class of finite Coxeter groups.
They are finite reflection groups, hence naturally we can associate them with hyper-
plane arrangements. Inversion hyperplanes are also defined analogously. The second
class is the Coxeter groups of crystallographic root systems. There we have the notion
of roots, hence the inversion hyperplane arrangements are well defined. Furthermore
there are Schubert varieties associated to each element of crystallographic Coxeter
groups, and Carrell-Peterson theorem applies in this case.

Conjecture 1.7.2. Let W be a finite or crystallographic Coxeter group. Then [id, w]
is palindromic if and only if Pu(q) = Ru(q).

It would be also interesting to generalize the notion of inversion hyperplanes to
other Coxeter groups than the ones in conjecture.

By Theorem 1.3.26 and Proposition 1.3.19, we see that, when w is a smooth
permutation, R, (q) factors into a product of g-numbers [e; + 1],’s where e;’s are roots
of the characteristic polynomial of A,,. We conjecture that this is true for other types
as well. In fact, if wy is the longest element of a Weyl group, the conjecture follows
from a well-known factorization of the Poincaré polynomial.

Conjecture 1.7.3. Let W be a Weyl group of rank n, and w € W. If w is ratio-
nally smooth, then the characteristic polynomial x.,(t) of A factors over nonnegative
integers, and Ry(q) = Py(q) = [, le: + 1]q where ¢;’s are the roots of Xw(t).

This conjecture has an interesting interpretation. Given a hyperplane arrangement
A of rank n, let C4 be the complement of the complexified arrangement A ® C, i.e.
C4q = C"\ (UgeaH ® C). Let Poina(t) be the Poincaré polynomial of C4. Then
by the fundamental result of Orlik and Solomon [21], we know the relation between
the characteristic polynomial x 4(t) and Poin4(t), namely x4(t) = t"Poina(—t™').
Therefore, combined with Conjecture 1.7.3 and our main result, we get:



Conjecture 1.7.4 (Another interpretation of Conjecture 1.7.3). If W is a Weyl
group of rank n and w € W is rationally smooth, then

Poing, (t) = H(1 + e;t)
Pw(@) = H(l + [ei]q(J)

where e;’s are the roots of the characteristic polynomial Y, (t).

Note that there is a similarity between Poing, (t) and P,(q). It would be inter-
esting to find a deformation of Orlik-Solomon algebra of A, in which the polynomial
Pu(g;:t) == [1'_, (1 + [eil,t) can be realized.

Our second proof for the Weyl group case relied heavily on Theorem 1.5.3 and
Proposition 1.5.6. Described a bit roughly, the former helps us to find the recurrence
for P,(q) and the latter helps us to find the recurrence for R, (q). So the key would
be to extending these two statements. For Proposition 1.5.6, it is easy to see that
one direction holds for all Weyl groups. We give a slightly weakened statement that
seems to hold for all Weyl groups.

Conjecture 1.7.5. Let W be a Weyl group and let J be a maximal proper subset
of the simple roots. Then, v has palindromic lower interval in W7 if and only if the
interval 1s isomorphic to a mazimal parabolic quotient of some Weyl group.
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Chapter 2

Specht modules and polytopes

2.1 Introduction

The main purpose of this chapter is to connect Specht modules of general diagrams to
other combinatorial objects such as polytopes. In particular, we study two families of
diagrams generalizing toric staircase shapes or equivalently a bipartite cycle graphs.

Specht modules are a special family of representations of symmetric group S,
parameterized by partitions A = n. They lie in the heart of algebraic combinatorics,
providing fundamental insights through the connection to the algebra of symmetric
functions and the geometry of Grassmannians.

The combinatorics of partitions and Young tableaux play a central role in the
theory of representations of S,,. The set of Specht modules S*, where A is a partition
of n., forms a complete set of irreducible representations of S,. They are the ideals of
the symmetric group algebra C[S,] defined as follows:

SA = C[S,)JC(NR(N)

where C'(\) and R()\) are column and row symmetrizers, respectively. The dimension
of S* equals to the number of standard Young tableaux of shape A, and the Frobenius
character of S* is the Schur function s,(z) in the ring of symmetric functions. The
set of Schur functions sy(z) forms a basis of the ring of symmetric functions.

Specht modules can be defined for general diagrams not only for partitions. The
most well-studied diagram other than partition shape is skew partition shape A\/pu.
The dimension of S** is the number of standard Young tableaux of shape \/u and
the Frobenius character of S** is expanded by Schur functions so that the coefficients

A

c,, are expressed by the famous Littlewood-Richardson rule.

sxvu(@) = es(2) (2.1)

Although Specht modules of general diagrams have been studied in a number of
contexts ([17],[14],[22],[25]), they are not completely understood except some spe-
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cial cases. The most general result is due to Reiner and Shimozono on percentage-
avoiding diagrams. They gave a combinatorial rule to decompose Specht modules
of percentage-avoiding shapes. Another family for which some results are known is
three-rowed shapes. Magyar and van der Kallen [14] gave character formula and di-
mension formula of Schur modules of all diagrams with at most three rows. Here,
Schur module is a G'L, module corresponding to the Specht module by Schur-Weyl
duality.

Every diagram contained in a k£ x (n — k) rectangular box can be interpreted as
a (2-colored) bipartite graph with the vertex set [k] U [n — k]. Bach box (i,7) in
the diagram corresponds to the edge connecting vertex ¢ and j. This correspondence
is clearly bijective, hence we can identify a general diagram with the corresponding
bipartite graph.

Recently Liu studied Specht modules of forests under this identification. He proved
that the dimension of the Specht module is the same as the normalized volume of the
matching polytope of the forest. Our first main conjecture generalizes this relation-
ship between Specht modules and polytopes. We define a polytope, called matching
ensemble polytope M(G, E), for each pair of a diagram (or equivalently bipartite graph
G') and a certain collection of matchings £ of G. We conjecture that the normalized
volume of the polytope equals the dimension of the corresponding Specht module in
many cases. We will give evidences that support this conjecture. In particular we
prove,

Theorem 2.1.1. Let C?* be the cycle graph with 2k vertices. The normalized volume
of the polytope M(C?*,E) is k(Ey_1 — Cr_1) independent of the choice of £. Here
Esgy 1s the Buler number that is the number of alternating permutations of length
2k — 1 and Cy_, is the (k — 1)-th Catalan number.

The second part of this chapter will be about Specht modules of toric diagrams.
It is closely related to quantum geometry of the Grassmannian.

The cohomology ring of the Grassmannian is isomorphic to a certain quotient of
the ring of symmetric functions. The fundamental cohomology classes of Schubert
varieties form a linear basis of the ring, and they correspond to the Schur polynomials
under this isomorphism. Their structure constants are the Littlewood-Richardson
coefficients in (2.1).

There is a quantum version of this geometric picture, namely quantum cohomology
ring of the Grassmannian and Gromov-Witten invariants. The quantum cohomology
ring of the Grassmannian is a g-deformation of the usual cohomology ring. The
Schur polynomials form a linear basis in the quantum ring as well, and the structure
coefficients are the 3-point Gromov-Witten invariants which count the numbers of
certain rational curves of fixed degree.

Postnikov [24] showed that we can construct a quantum analogue of the skew
Schur polynomials by generalizing the skew partition shapes to toric skew shapes.
Indeed, the coefficients of the toric Schur polynomials in the basis of ordinary Schur
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polynomials are the Gromov-Witten invariants:
$x/a/(T Z Oy (2.2)

He conjectured that the Specht module of toric skew shape decomposes into irre-
ducibles in the same way that the corresponding toric Schur polynomial expands with
respect to the ordinary Schur polynomials. We provide evidences to this conjecture
combined with our first conjecture.

Actually, our second conjecture is an expression of the Frobenius character P of
a certain Specht module S of toric shape D as a generating function of what we call
proper semistandard toric tableaux (PSSTT).

>

T:PSSTT

Hence the munber of proper standard toric tableaux in this case will be the dimension
of the Specht module. Toric staircase diagram of length 2k corresponds to C%* and
the number of proper standard toric tableaux in this case is k(Ea_; — Ci—1), hence
agrees with Theorem 2.1.1. We also show how our second conjecture is related to
McNamara’s cvlindric Schur positivity conjecture [18].

The rest of the introduction is devoted to outline how this chapter is organized. In
Section 2.2.1, we review basic theory on symmetric functions and Young tableaux. We
also review Postnikov’s theory on cylindric Schur functions and toric Schur polynomi-
als in Section 2.2.2. In Section 2.2.3, we define Specht modules for general diagrams,
and represent any diagram in terms of a 2-colored bipartite graph. Section 2.3.1 and
Section 2.3.2 will be devoted to definitions and properties of the chain polytope and
the alcoved polytope. They will be used to study matching ensemble polytope, which
will be defined as the convex hull of matching ensembles in Section 2.4. In Section
2.4.1, we state our main conjecture on the relation between matching ensemble poly-
topes and Specht modules. We also give some evidences to the conjecture including
the proof for two families of diagrams. In Section 2.4.2, we study matching ensemble
polytopes for toric ribbon diagrams. In particular, we calculate the normalized vol-
ume of the polytope for toric staircase diagrams. We review Postnikov’s conjecture
on toric Specht module in Section 2.5, and provide some evidences to it. In Section
2.5.1, we define a combinatorial game called cylindric jeu de taquin, and use it to
define proper semistandard toric tableau for toric shapes A\/1/u. We conjecture that
the generating function of those tableaux is the character of the corresponding toric
Specht module. We also show, in Section 2.5.2, that it is equivalent to Postnikov’s
conjecture combined with McNamara’s conjecture on cylindric Schur positivity.
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2.2 Symmetric functions and Specht modules

2.2.1 Symmetric functions

In this section we overview basic theory of symmetric functions. We will recall prop-
erties of (skew) Schur functions, jeu de taquin, and Littlewood-Richardson rule. For
more details, see [26].

Let D be a finite collection of unit lattice boxes in the south-east quadrant of the
plane. We will denote the position of a box placed at the i-th row and j-th column as
(¢, 7). Such a collection is called diagram. For instance, a Young diagram (or partition
diagram) of the partition A = (A1, Ay, -+ ) F n is the collection of all boxes (7, j) such
that j < A;. When two partitions A, p satisfy p; < A; for all ¢, skew Young diagram
(or skew partition diagram) of shape A/ is the collection of all boxes (i, j) such that
pi < J < A \

For any diagram D, tableau of shape D is a filling of boxes of D with natural
numbers. In case of (skew) partition shape, a tableau is called semistandard if the
numbers in each row weakly increase and the numbers in each column strictly increase.
The weight of a skew Young tableau is a = (a1, ag, - - - ) where «; is the number of i
appearing in the tableau. A semistandard skew Young tableau is called standard if
the weight is (1,1,---,1).

The generating function of weights of semistandard Young tableaux of shape X is
given as follows:

sy(x) = Z ol = Z eyt (2.3)

T:SSYT(N) T:SSYT(N)

where the sum ranges over all semistandard Young tableaux T of shape \ and «
is the weight of 7. This formal sum of monomials is called Schur function. It is not
immediately clear that s)(x) is a symmetric function in this definition, but in fact we
can say the following:

Proposition 2.2.1. For any partition X, sx(z) is a symmetric function of homoge-
neous degree |\|. Furthermore, they form a linear basis of the ring A of symmetric
functions.

The structure coefficients of A with respect to the basis {s,(z)} are called Littlewood-
Richardson coefficients cfw.

su(@)s,(@) =) (@)
A

The coefficients are nonnegative integers, and there is a combinatorial way, called
Littlewood-Richardson rule, to calculate each cf;,, by enumerating certain tableaux.
Below, we briefly describe the rule here.

Given a semistandard skew Young tableaux of shape /g, the following combina-
torial game is called jeu de taquin slide.
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1. Pick a box ¢ to be an inner corner of p.
2. While ¢ is not an inner corner of A do

(a) if ¢ = (i,7) then let ¢ be either the box (i +1,7) or (2,5 + 1) so that we
can slide ¢’ into the position of ¢ retaining semistandard-ness.

(b) slide ¢ into the position of ¢ and let ¢ := ¢'.

Definition 2.2.2. A sequence of boxes (¢i,- -+, ¢) is a slide sequence for a tableau T’

if we can legally form T = Ty, Ty, - - - , Ty where Tiis obtained from 7;_; by performing
jeu de taquin slide from the box ¢;. Given a semistandard skew Young tableau T', we

play jeu de taquin by choosing an arbitrary slide sequence that brings 7" to a partition

shape and then applying the slides. The resulting tableau is denoted by j7(T').

It is not obvious that j(T') is independent of the slide sequence. However it turns
out that we always get the same standard Young tableau, namely the Robinson-
Schensted P-tableau for the row word of T. Now we can describe the Littlewood-
Richardson rule as follows.

Theorem 2.2.3 (Littlewood-Richardson rule). The value of cfw is equal to the num-
ber of semistandard Young tableaur T such that

1. T has shape \/p and its weight is v.
2. §(T) is the semistandard Young tableau of shape v with weight v.

In fact, we have

Z ol = cfw.s,,(x)
T

where the sum ranges over semistandard Young tableauz of shape \/p such that j(T')
has the shape v.

The Littlewood-Richardson coefficients appear in a different context as well. Let
sx/u(z) = 3 27 be the generating function of weights of semistandard Young tableaux
of shape \/u. Tt is called skew Schur function of shape A\/j. sy/u(z) is also a sym-
metric function by the same argument proving that s,(x) is a symmetric function.
Hence we can expand it with respect to the basis s)(x). Surprisingly the coefficients
are the Littlewood-Richardson coefficients.

SA/;L(I) = Z C;);\,usl/(x)

v

This is still true when we specialize to the variables 1, - - - , ) and consider (skew)
Schur polynomials instead of (skew) Schur functions.
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2.2.2 Toric Schur polynomials

In this section we review Postnikov’s result on toric Schur polynomials. We will recall
the definitions of cylindric and toric diagrams. For more details, see [24],[18].

Let us begin with the overview on the connection of geometry of the Grassmannian
with the ring of symmetric functions. It is well known that the cohomology ring of
the Grassmannian Gy, is isomorphic to a certain quotient of the ring A of symmetric
functions. Let Py, be the set of partitions that fit inside the k x (n — k) rectangle.
In other words,

Pop={A= ) [ n—k>X > >N >0}

The Schubert varieties in Gry, are parameterized by partitions A\ € P,, and their
fundamental cohomology classes o, form a Z-linear basis of the cohomology ring
H*(Gryyn). Under the isomorphism to the quotient ring of symmetric functions, oy
corresponds to the Schur polynomial sy(z1,- -+, zpy).

The (small) quantum cohomology ring QH*(Gry,) of the Grassmannian is an
algebra over Z|q] where q is a variable of degree n. QH*(Gry,) = H*(Gry,) © Zlg] as
a linear space, hence the Schubert classes oy, A € Py, form a Z[g]-linear basis. The
product in QH*(Gry,) is a g-deformation of the product in H*(Gry,). It is defined
as

_ dvnd
oux0o, = E ¢“CLlon
A

where the sum ranges over nonnegative integers d and partitions A\ € Py, such that
Al = |u| + |v| = dn. The structure constants are called Gromov-Witten invari-
ants. Geometrically, they count the number of rational curves of degree d in Gry,
that meet certain conditions. On the side of A, we can similarly define quantum
product of Schur polynomials so that the quantum quotient ring of symmetric func-
tions is isomorphic to QH*(Gry,). Recall that we have an interesting symmetric
polynomial s/, (21, - ,zx) whose expansion coefficients with respect to the basis
{salz1,- - ,xx)} is the structure constants of the ring. Postnikov [24] defined the
analogous symmetric function in the quantum ring. It is called toric Schur polyno-
mial. To state his result, let us review the definitions of cylindric and toric tableaux.
We follow the notations in [24].

For two fixed positive integers n, k such that n > k > 1, the cylinder Cy, is the
quotient

Con =72/ (=k,n — k)Z.

Let (i,7) = (¢, 7)+(—k,n—k)Z be an element of Cy,,. The partial order “<” on Cj,
is generated by the following covering relations: (i, j) < (¢,7+1) and (i, j) < (i+1, ).
For two points a, b € Cy,, the interval [a, b] is the set {c € Cy, | @ < ¢ < b}.

Definition 2.2.4. A cylindric diagram D is a finite subset of Cy,, closed with respect
to taking intervals.
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We say that an integer sequence (--- ,a_y, ag, @1, Qg, - - ), infinite in both direc-
tions, is (k, n)-periodic if a; = ayx + (n — k) for all 7 € Z. For a partition A € Py,
let A[r] be the (k,n)-periodic sequence defined by A[r]isr = A\j+7 foralli =1,--- . £.
The order ideals of Cy, are of the form Dy, = {(3,7) € Cn | (4,7) € 72,5 < Nr)i},
and every cylindric diagram is a set theoretic difference of two order ideals

Dxpriyuts) = Dapry \ Dy

We say that Dyp/u(s is a cylindric diagram of type (k,n) and shape A[r]/u[s]. For
two partitions A, 1 € Pi, and a nonnegative integer d, we will use the notation A/d/pu
instead of A[d]/u[0]. In particular, A/0/u is the ordinary skew partition shape A/p
inside a k x (n — k) rectangle.

For a cylindric diagram of shape \/d/u, the cylindric tableau of shape \/d/u is
the assignment of natural numbers to each of elements (or boxes) of the diagram. The
tableau is called semistandard if it weakly increases on each of the rows and strictly
increases on each of the columns of the diagram.

Let Ty = Z/kZ.xZ/(n—k)Z be the integer k x (n—k) torus. It is a quotient of the
cylinder T, = Crn/(k,0)Z = Cp., /(0,1 — k)Z. A cylindric diagram D is called toric
shape if restriction of the natural projection Cg, — Tin to D is an injective embedding
D < Tin. A toric tableau is a cylindric tableau of toric shape. Note that a toric shape
can be embedded into the k x (n — k) rectangle so that rows and columns are cyclicly
connected if we identify both of vertical and horizontal boundaries respectively. A
semistandard toric tableau is the assignment of natural numbers on the boxes in the
toric shape that strictly increases on each of rows and columns cyclicly.

For \.;t € PB,, and a nonnegative integer d, let us define the cylindric Schur
function $yq7,(x) to be the generating function of semistandard cylindric tableaux

of shape \/d/u
svalz) = > '
T:SSCT(A/d/ 1)

The toric Schur polynomial is defined to be the specialization of sy/4/,) to the
first k variables:

S/\/d/u(‘rh o 7Ik) = S)\/d/u(wla e 71'1670707 o )

It is a symmetric function and nonzero only if A\/d/u is a toric shape. Now we can
formulate Postnikov’s theorem on toric Schur polynomials.

Theorem 2.2.5 (Postnikov). For A\, i € Py, and a nonnegative integer d,

Sz\/d/u(xh' o 71"1(3) = Z C;\;/dS,/(ZIIl, e 7th)
VEPk,

where C* is the Gromov-Witten invariants.

Note that this theorem generalizes the expansion of s),, (1, -+, zx) with respect

to the Schur polynomials since C° = ¢,
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2.2.3 Specht modules of general diagrams

In this section we define Specht modules of general diagrams. We review the conjec-
ture of Postnikov on toric Specht modules. Also we identify general diagrams with
bipartite graphs in order to generalize toric ribbon shapes to bipartite graphs with
unique cycle.

Recall that a diagram D is a finite collection of unit lattice boxes in the southeast
quadrant of the plane. Let |D| = N, and order the boxes in D arbitrarily. The
symmetric group Sy acts on the ordering of boxes by permuting them naturally. Let
Cp and Rp be the subgroups of Sy consisting of ¢ € Sy that stabilizes each columns
and rows of D, respectively. Then column and row symmetrizers of D are defined by

C(D) = > sgn(a)o, R(D) = d o

oceCp c€Rp

and the Specht module S is the left ideal of the group algebra C[Sn]
SP .= C[Sy]C(D)R(D)

It becomes an Sy module by multiplying elements of Sy from the left. Let us denote
the Frobenius character of SP by y?.

When D is a skew partition diagram of shape \/pu, then the Specht module $*/#
has the character yM* = s, /u(z). In particular the dimension of S*# is the number
of standard skew Young tableaux.

Now let D be the diagram that comes from embedding a toric shape \ Jd/uin a
k x (n — k) rectangle. We will denote the Specht module SP by SM4/# and call it
the toric Specht module. The conjecture of Postnikov on toric Specht module is as
follows.

Conjecture 2.2.6 (Postnikov). The coefficients of irreducible components in the toric
Specht module are the Gromov- Witten invariants:

S)\/d/p — @ C[);/dSV

VE Py,

So it implies that
XA/d/lL: Z Cﬁ\’udsu<x)~

vE Py

If we specialize RHS of this sum to the first k variables z1, - - - | z; then we get toric
Schur polynomial. Although, the cylindric Schur function of the toric shape A /d/u is
not Schur positive, i.e. not a positive sum of Schur functions. Hence s, Jd/u(2) is not
xM4#. We will formulate the conjectural formula of xMVH as the generating function
of weights of certain semistandard toric tableaux of shape A/1/u in Section 2.5.1.

Let us construct a 2-colored bipartite graph Gp from a diagram D in the following
way. Each row of the diagram corresponds to a black vertex, each column of the
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diagram corresponds to a white vertex of Gp, and each box in the diagram corresponds
to the edge connecting black and white vertices corresponding to its row and column.
This correspondence between D and G is bijective once we fix the orders of rows
and columns of D, or equivalently the black and white vertices of Gp. Recall that
the Specht module S is invariant under permuting the rows and columns, hence S”
only depends on Gp.

Other than the forest, the simplest bipartite graph is the cycle graph C* with 2k
vertices. The diagram corresponding to C** is the toric staircase diagram that fits
inside a k x k square. In the notation of previous section, it is the toric diagram of
type (k,2k) and shape A\/1/\ where A = (k -1,k —2,---,1,0).

A toric ribbon shape is a shape of a diagram that comes from embedding a toric
diagram which is connected and does not contain any 2 x 2 square. Here, a toric dia-
gram is connected if one can move from one box to any other box by walking through
adjacent boxes, or equivalently the corresponding bipartite graph is connected. In
the notation of previous section, it is the toric diagram of shape A\/1/X for some
partition A. The bipartite graph corresponding to a toric ribbon diagram is a slight
generalization of the cycle graph. In fact, it is the graph we get by attaching multiple
number of single edges at each vertex of the cycle graph.

One can further generalize this graph to those bipartite graphs that contain unique
cycle. One attach trees to each vertex of the cycle graph to obtain such a graph. The
diagrams corresponding to graphs with unique cycle are not in general toric shape
anymore.

2.3 Polytope Miscellanea

In this section we review definitions and properties of some polytopes that will be
used later in our proof. For further references, see [28],[15].

2.3.1 Chain polytopes

Let P be a finite poset with NV elements. A linear extension of P is an order-preserving
bijection from P to [N]. On the plane, we can naturally define a poset structure
generated by the following relations:

(i,7) > (1,7 + 1) and (i,7) > (i + 1,7)

For any skew partition diagram on the plane, we can think of it as a poset by inheriting
the poset structure on the plane. Each of linear extension of the skew partition
diagram corresponds to a standard skew Young tableau by definition.

The chain polytope C(P) of P is a convex polytope defined as follows:

C(P):={f:P—1[0,1]] f(p1)+f(p2)+--+f(pr) <1 for all chains py <ps <--- < P}

Let x; : P — [0, 1] denote the characteristic function of I, i.e. x;(z) =1ifr €[
and y;(z) = 0 otherwise. Stanley [28] showed that the vertices of C(P) are exactly
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the characteristic functions of antichains in P. It is clearly a 01-polytope, and the
volume of a 0l-polytope in N dimensional space is a integer multiple of 1/N!. The
value N! times the volume of a such polytope is called normalized volume. Let us
denote the normalized volume of a polytope @ by Vol(Q).

Stanley also showed that the normalized volume of C(P) is the number of linear
extensions of P. In particular, when P is the skew partition diagram of shape A/
then the normalized volume of C(P) is the number of standard skew Young tableaux,
which is the same as the dimension of the Specht module S*#. As a special case,
when P° is the zig-zag diagram (or staircase diagram) of length N, the normalized
volume of C(P) is the number of alternating permutations of length N, hence the
famous Euler number Ey.

Lemma 2.3.1. Let P be the poset of toric staircase diagram of length 2k. The poset
structure 1s defined in Section 2.2.2. Then

VOZ(C(P)) = kEQk-_.l

Proof. When P is the poset of a cylindric diagram, then the normalized volume of
C(P) is the number of corresponding standard cylindric tableaux. In particular when
P is the toric staircase diagram of length 2k, the normalized volume is the number
of cyclicly alternating permutations of length 2k. Note that there are k positions
where 2k can be put in. Once we fix the place of 2k, the number of permutations of
remaining numbers is the Euler number Ey,_;. Hence the result follows. O

Remark 2.3.2. The number kFs._, appeared in other context as well. It is called
Eulerian-Catalan number in [3].

2.3.2 Alcoved polytopes

The regions of affine Coxeter arrangements are called alcoves. An alcoved polytope is
a convex polytope that is the union of several alcoves. Postnikov and Lam studied
alcoved polytopes in [15]. They found a special triangulation of any alcoved polytope,
and combinatorial method to calculate the normalized volume of an alcoved polytope
by enumerating certain permutations.

Every alcoved polytope can be defined to lie within the hypersimplex A ,,. In this
case, alcoved polytope () C R” is defined by the hyperplane z; + 2o + -+ + z,, = k,
the inequalities 0 < x; < 1 together with inequalities of the form

bij <z 4+ x5 <oy

for integers b;; and ¢;; for each pair (¢, j) satisfying 0 <i<j<n—1. Let p: R" —
R"~! be the projection that sends z, to 0.

Theorem 2.3.3 (Postnikov-Lam). The normalized volume of the projection p(Q) is
the number of permutations w = w(l)w(2)---w(n—1) € S, _; satisfying the following
conditions:

43



1. w has k-1 descents,

2. The sequence w(i) - - -w(j) has at least b;; descents. Furthermore, if w(i) - - - w(j)
has exactly bi; descents, then w(i) < w(j),

3. The sequence w(i) - - - w(j) has at most ¢;; descents. Furthermore, if w(i)-- - w(j)
has exactly c;; descents, then w(i) > w(j).

In the above conditions, we assume w(0) = 0.

Since @ lies on the hyperplane z, + - - + x, = k, we see that the volume of ) is

<n‘ﬁ>! times the number of permutations satisfying the above conditions.

2.4 Matching Ensemble Polytopes

In this section we define matching ensembles and matching ensemble polytopes of a
general diagram. We state our main conjecture and look at evidences that supports
the conjecture. In particular, we calculate the volume of the polytope coming from
toric staircase diagram.

Given a finite graph G, a matching M of G is a collection of edges of GG such that
no two edges in M share a vertex. Any subset of edges in M is called a submatching.
A matching M is called perfect matching of G if every vertex of G is covered by an
edge in M. An induced subgraph H of G is called a minor if it admits a perfect
matching. For a set of edges I of G, let x; be the characteristic function of 1. i.e.
xr(z) = 1if z is an edge of G, xs(x) = 0 otherwise. Now let us define the central
object of this section.

Definition 2.4.1. Let G be a finite graph. The matching ensemble &£ is a collection
of matchings of G that satisfies the following conditions:

1. For every minor H of G, exactly one perfect matching of H belongs to &,
2. If a matching M is in &, then any submatching of M is also in &£.

Given G and a matching ensemble &, the convex hull of characteristic functions of
matchings in £ is called matching ensemble polytope M(G,E).

It is clear that M(G, &) is a 01-polytope and every matchings in £ correspond to
vertices of the polytope. We will denote the normalized volume of the polytope by
Vol(M(G,E)).

Proposition 2.4.2. Let G be a disjoint union of graphs G1 and Gy, where G has
n, edges and Go has ny edges. Any matching ensemble € of G induces matching
ensembles on G and Gy by restriction, namely & and &. We have

ny + ng
ny

Vol(M(G,€)) = ( )VOZ(M(Gl,Sl)) - Vol(M(G2, &))
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Proof. Any matching of GG is uniquely represented as a disjoint union of matchings of
G1 and Gy It follows that M(G, &) = M(Gy, &) x M(Gq, ;). Therefore,

Vol(M(G,€&)) _ Vol(M(Gy, &)) Vol(M(G, &)

(nl +n2)’ n1! TLQ!

The claim follows from this. O

2.4.1 Main conjecture

Let us state our conjecture on the matching ensemble polytopes.

Conjecture 2.4.3. Let D be a diagram, and Gp the bipartite graph corresponding to
D in the sense of Section 2.2.3. There exists a matching ensemble £ of Gp such that
Vol(M(Gp, &) = dimSP, where SP is the Specht module of the diagram D.

Using Proposition 2.4.2, it is easy to see that the conjecture is consistent with
taking direct sum of two Specht modules. Hence we can restrict ourselves to the
cases where Gp is connected.

Note that not all matching ensemble gives the correct normalized volume. Al-
though, we conjecture that good matching ensembles are “generic” in the sense that
the normalized volume of M(G, £) is maximal when the equality holds.

There are two special families of diagrams that support the conjecture. Namely
the skew partition diagrams and forests. Below we give the proofs of the conjecture
for these two families.

Proof for skew partition shapes. Let D be a skew partition diagram. The rows and
columns are naturally ordered, and this order induces a lexicographic order on the
set of matchings of Gp. More precisely, let M = {(i1, /1), - ,(ir,jr)} and N =
{31, . (2, 7.)} be two perfect matchings of the same minor. Here (7,7) is the
edge connecting ¢-th row vertex with j-th column vertex, and 4, < -+ < 4,, 4] <--- <
2. The lexicographic order between M and N is defined so that M < N if there exists
1 < s <rsuch that j, = j; for all t < s and js; < 5. This is a total order on the set, of
perfect matchings of the given minor. Now we choose the lexicographically maximal
perfect matching from each minor of G. Then this collection of matchings clearly
form a matching ensemble £;. On the other hand, since D is a skew partition shape,
if we have two edges (i, 7) and (i, 5') such that ¢ < ¢ and j < j' then we also have
(,7") and (¢, 5) in Gp. Hence the lexicographically maximal matchings are exactly
the antichains of the poset of D. Therefore M(Gp,&L) is the chain polytope of the
poset of D, and its normalized volume is the number of standard Young tableaux
which coincides with the dimension of SP. O

Proof for forests. Let D be a diagram such that Gp is a forest. It is clear that for
any minor of Gp there is a unique perfect matching which is the set of all edges
of the minor. Hence there is a unique matching ensemble for Gp. In this case,
the matching ensemble polytope is just the matching polytope of G whose vertices
are the characteristic functions of every matchings of Gp. Liu [13] showed that the
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normalized volume of the matching polytope of Gp is the same as the dimension of
SP. Hence we are done. 0]

Remark 2.4.4. The lexicographic ordering can be defined on any diagram, and gives
the lexicographically maximal matching ensemble. Although, the choice of ensemble
heavily depends on the ordering of rows and columns, and permuting them gives us
a different matching ensemble. The matching ensemble polytope also changes if we
choose a different ordering. This is unlike that the Specht module is invariant under
the permuting rows and columns.

Remark 2.4.5. There is other interesting families of diagrams, namely 3-row diagrams
and graphs with a unique cycle. 3-row diagrams are the ones that have at most 3 rows.
The character and dimension formula of Schur modules of 3-row diagrams are com-
pletely spelled out by Magyar and van der Kallen in [14]. They actually constructed
the Schur modules geometrically using Borel-Weil type method. Interestingly, we
were able to check using computer for large number of diagrams in this family that
not only our conjecture is true but also the volume of M(Gp, &) does not depend
on the choice of £. The tricky part of this observation is that the combinatorial
type of the polvtope M(Gp, £) actually changes very much when we choose different
ensemble £, nevertheless the volume does not.

Any graph with a unique cycle has only two matching ensembles. This family of
diagrams contain toric ribbon diagrams, and in particular, toric staircase diagrams
which will be studied in the next section. We conjecture that the volume of a matching
ensemble polytope for any graph with a unique cycle does not depend on the choice
of the ensemble. and it is always the dimension of the Specht module.

Remark 2.4.6. The matching ensemble appears in other contexts as well. Let us
assign weights generically on each edge of the graph G, and pick the perfect matching
from each minor that maximizes the sum of weights. Then the collection of matchings
form a matching ensemble. Such matching ensembles are called regular. Postnikov
showed that the regular matching ensembles of GG are in bijection with regular central
triangulations of the root polytope R¢, and regular noncrossing matching ensembles
of G are in bijection with regular central noncrossing triangulations of R¢. They are
also related to polypositroids.

2.4.2 Toric ribbon shapes

The next simplest graph other than forest is the cycle graph. Let C?* be the cycle
graph with 2k vertices. The corresponding diagram is the toric staircase diagram of
length 2k. It fits inside a k x k square. In the notation of toric diagrams, it is the
toric shape A\/1/\ where A = (kK — 1,k —2,--- ,1,0). See Figure 2-1 for an example.

Let us start with the observation that the matching ensemble polytope is inde-
pendent of the choice of the ensemble in this case.

Proposition 2.4.7. There are only two matching ensembles for C**, and the corre-
sponding matching ensemble polytopes are isomorphic.
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Figure 2-1: The toric staircase diagram of length 12

Proof. For any strict minor, there is a unique perfect matching. The only minor
that admits more than one perfect matching is C?* itself. Since there are two perfect
matchings of C?*| there are two matching ensembles as well. Let us denote them by
&1 and &. The obvious graph automorphism that flips the graph along its diameter
interchanges &£ and &£;. Therefore it induces a coordinate permutation which inter-
changes M(C?*, &) and M(C%*,&,). Tt follows that the two matching polytopes are
isomorphic. O

Using this proposition, let us denote the matching ensemble polytope of C?* by
M(C?*). The following theorem gives us the volume of this polytope.

Theorem 2.4.8. The normalized volume of M(C?**) is k(Eo,_y — Cr_1), where Fy,_,
is the number of alternating permutations of length 2k — 1 and Cj._, is the (k — 1)-th
Catalan number.

Observe that the matchings of C?** are exactly the antichains of the poset of the
toric staircase diagram. Therefore the matching polytope of C?* is the chain polytope
of the poset of the corresponding toric staircase diagram. The chain polytope is a
convex polytope in R?* defined by the following set of inequalities:

0 S Ii,Vi

Ty +ry <1

To+x3 <1

Top—1 + o <1
Top +17 <1

All of these inequalities are tight, i.e. each of them corresponds to a facet of the chain
polytope. The polytope M(C*) is different from the matching polytope of C%* just
by missing one vertex, namely (1,0,1,0,---,1,0). Now let us describe M(C?) by
similar inequalities.

Lemma 2.4.9. The polytope M(C?*) is a convex polytope in R* defined by the in-
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equalities listed above together with the following additional set of inequalities:

2%k
in —Tos—1 < hk—1
i=1

foralls=1,--- k.

Proof. Let @ be the polytope defined by the inequalities of the lemma. It is easy
to see that @ is unimodular, hence a lattice polytope. Furthermore, by the obvious
restriction 0 < x; < 1 for all 7, it is a 01-polytope. In other words, every lattice point
is a vertex. Since it is an intersection of the matching polytope with certain half
spaces, it follows that the set of vertices of () is a subset of vertices of the matching
polytope. On the other hand, every matching but one corresponding to the vertex
(1,0,1,0,---,0,1,0) still satisfy the additional inequalities. Therefore the vertices of
Q are exactly the same as the vertices of M(C'¥). So the claim follows. U

Note that the additional inequalities make some of previous inequalities redun-
dant. However the new inequalities are tight since we can easily find enough number
of vertices satisfving each of the new inequalities. As there are k& new inequalities.
they produce k new facets. Hence the difference between M(C?*) and the matching
polytope of C?* is decomposed into k& number of cones whose bottem facets are the
newly produced facets and the upper vertex is the missing vertex (1,0,---,1.0).

Lemma 2.4.10. The newly produced facets are cones whose bottom facets are alcoved
polytopes and the upper vertex is (0,1,0.1,---,0,1). The bottom facets are isomorphic
to the alcoved polytope defined by the following inequalities:

$1+ﬂ?2§1

Top—2 + Top—1 <1

I1+"'+I2k_1:k—1

Proof. First, we slice the polytope M(C?*) by the hyperplanes Zfil z; = s. When
s < k — 1, the additional inequalities in Lemma 2.4.9 does not contribute anything.
Hence the part of M(C?) below the hyperplane Z?in = k — 1 is the same as
the matching polytope. In other words, the each of newly produced facets is a cone
whose the bottom facet lies on the hyperplane Zfil x; = k— 1, because there is only
one vertex (0,1,---,0,1) above it. Let us look at one particular newly produced
facet (cone), namely the one on the hyperplane zo + -+ + @9 = k — 1. On the
bottom facet of this cone, ;1 = 0. Therefore after shifting the indices by —1, we
get the inequalities given in the lemma. The set of inequalities define an alcoved
polytope, see Section 2.3.2. In fact, it is easy to see that the polytope is defined by
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the inequalities

i1, i1 R
(-l s st r ey < 5

for all 0 <7 < j <2k —2. It is also clear that any other newly produced facet has
the same set of inequalities after permuting the indices appropriately. Hence we are
done. a

Lemma 2.4.11. The volume of the alcoved polytope in Lemma 2.4.10 is X Ch_y.

(2k 2)'

Proof. By Theorem 2.3.3, it is enough to show that the number of permutations in
Sar—2 satisfying the following conditions is Cy_y:

1. w has k& — 2 descents,

2. The sequence w(i) - --w(7) has at least LJ L — | 1] descents. Furthermore, if
w(i)---w(j) has exactly |51 — [ 2L descents, then w(i) < w(j),

3. The sequence w(i) - - - w(j) has at most [%j—lj descents. Furthermore, if w(i) - - w(j)
has exactly |22 | descents, then w(i) > w(j).

It is easy to check that the descent set is {2,4, - -+, 2k—4} if a permutation satisfies
the above conditions. Moreover, the permutation has to satisfy w(2) > w(4) > --- >
w(2k — 2) and w(1) > w(3) > --- > w(2k — 3) because of the condition 2. and 3.
Now, the number of such permutations is the number of standard Young tableaux of
2 x (k—1) rectangular shape. By the hook length formula, the number is the Catalan
number Cy_;. O

Now we are ready to give a proof of Theorem 2.4.8.

Proof of the Theorem 2.4.8. As we have seen before, the difference between M (C?)
and the matching polytope is decomposed into k cones whose common upper vertex
s (1,0,---,1,0). By Lemma 2.4.10 and Lemma 2.4.11, each of cones’ bottom facet

is also a cone over an alcoved polytope that has the volume éz’ig)l! x Cy_1 with the
upper vertex (O 1,---,0, 1) The distance between the alcoved polytope and the
vertex (0,1,---,0, 1) \/T and the distance between the vertex (1,0,---,1,0) and

the bottom facet is 1. Therefore, the volume of each cone is

V2k -1 1 1 1 Ci-1

@h =) O T ST C W (b))

and the normalized volume is C}_;.

Recall that, by Lemma 2.3.1, the normalized volume of the matching polytope is
the number of standard toric tableaux, which is kFs_;. Since there are k isomorphic
cones, the normalized volume of M(C*) is kEy_; — kCy_y = k(Eop—y — Cy). O

49



Remark 2.4.12. The toric staircase diagram is a special case of toric ribbon diagram.
Let A be any partition in Py,. Then the toric diagram DM of shape A/1/) is the
toric ribbon diagram contained in a k x (n— k) rectangle. The corresponding graph is
the one we get by attaching multiple number of single edges to each vertex of a cycle
graph. There are also only two matching ensembles by the same reason as for toric
staircase diagram. It is not entirely clear that the corresponding matching ensemble
polytopes have the same volume, but we believe that a very similar technique using
cone decomposition of the difference from the matching polytope can calculate the
volume of the matching ensemble polytopes:

Vol(M(DMVA £)) = #STT — (Z -

) for any &£

where #STT is the number of standard toric tableaux of shape A/1/A, i.e. the volume
of the matching polytope of Gpx/1/x.

2.5 Toric Specht modules

In this section we study the toric Specht modules of shape A\/1/p. We will define
a combinatorial game called cylindric jeu de taquin and proper semistandard toric
tableau for these diagrams. We will use them to express the character of the toric
Specht module as a generating function of proper semistandard toric tableaux.

2.5.1 Cylindric jeu de taquin and proper semistandard toric
tableaux

Recall the definition of jeu de taquin in Section 2.2.1. Given a semistandard cylindric
tableau of shape \/d/u, the cylindric jeu de taquin is a combinatorial game similar
to the jeu de taquin except that we do it on the cylindric setting. More precisely,
cylindric jeu de taquin slide is the following process:

1. Pick a box ¢ to be an inner corner of u.
2. While ¢ is not an inner corner of A do

(a) if ¢ = (i, ) then let ¢ be either (i + 1, ) or (4,5 + 1) so that we can slide
¢ into the position of ¢ retaining semistandard-ness.
(b) slide ¢’ into the position of ¢ and let ¢ := ¢'.
Remember that a box ¢ = (i,7) is a coset (z,7) + (—=k,n — k)Z. So each step of a

cylindric jeu de taquin slide applies simultaneously to all boxes contained in the coset
(i, 7) periodically.

Definition 2.5.1. The cylindric jeu de taquin is a sequence of cylindric jeu de taquin
slides that ends when the box (1, 1) is filled after the last slide.
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Unfortunately, this definition of cylindric jeu de taquin slide is not as good as the
ordinary jeu de taquin. In particular, the resulting tableau is not independent of the
choice of slides, hence there is no analogue of Robinson-Schensted P-tableau in this
definition. (See Figure 2-2 for an example of proper tableau of type (3, 6) that has two
different resulting tableaux. 5 is initially outside of the 3 x 3 rectangle.) Nevertheless,
we can use it to define certain “bad” toric tableaux in some cases. Below we describe
how to do it.

3]5] 3]5] 315
116 1]4]6 113]5
214 ~ 2 — LLAL6] = T

= 2
19 15 —

315] 113]5] 13 113]6]
L6) ., 146, 3Tale] - [2]4
s 5 5
15 5 — —

Figure 2-2: Proper tableau of type (3,6) with two different resulting tableaux

Given 0 < k < n, let us consider a toric diagram of type (k,n) with the shape
A/1/p such that Ay, g < n—k and A\, = pp = 0. When embedded in the k x (n — k)
rectangle R,,, the diagram looks like a skew partition shape with one extra unit box
placed at the left upper corner. See Figure 2-3 for an example.

X XX
X | XX
X | X
X[ XX
XXX
X | X

Figure 2-3: The shape (4,3,3,2,1,0)/1/(3,2,2,1,0,0)

Let T be a semistandard toric tableau of shape A/1/u. After doing a cylindric jeu
de taquin on 7', the resulting tableau is either embedded inside Ry, or not.

Definition 2.5.2. A semistandard toric tableau of shape A/1/u is called proper if
the resulting tableau after a cylindric jeu de taquin fits inside Ry,,.

Since the resulting tableau depends on the sequence of cylindric jeu de taquin
slides, it is not clear that the proper semistandard toric tableau is well-define. The
following lemma takes care of the problem.

Lemma 2.5.3. Let T' be a semistandard toric tableau of shape \/1/p. If there is
a slide sequence such that the resulting tableau is embedded in Ry,, then for any
sequence of cylindric jeu de taquin slides, the resulting tableau fits inside Ry.,.
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Proof. There is only one box that is initially outside of Ry,, the one placed at the left
upper corner. If at some step of a cylindric jeu de taquin, the box slides into Ry,
then the cylindric jeu de taquin from that point is just the same as ordinary jeu de
taquin. Hence the resulting tableu will be a partition shape inside Ry,. Therefore if
T does not end up contained in Ry, after some cylindric jeu de taquin, the left upper
corner box never comes inside Ry, during the process. The only situation that can
happen is when the number written inside the left upper corner box is the largest
number appearing in the tableau, and it is the only largest number. In this case,
cylindric jeu de taquin on 7' is essentially the same as ordinary jeu de taquin applied
on the skew Young tableau we get by removing the left upper corner box from 7.
Therefore, the resulting tableau is independent of the choice of slide sequence. We
are done. (I

Remark 2.5.4. In the above proof, notice we proved that the resulting (cylindric)
tableau of a nonproper semistandard toric tableau of shape A/1/p is independent
of the slide sequence. See Figure 2-4 for an example of cylindric jeu de taquin of a
nonproper tableau. N is the largest number placed outside of 3 x 3 rectangle.

1[N] 1[3[N] 1[31N] 1[1]3]N]
203 2 1,2 2
14 14 N 4]
N V] V) V]

Figure 2-4: Nonproper semistandard toric tableau of type (3. 6)

Let us now formulate our second conjecture on the Frobenius character of the
Specht module SM#.

Conjecture 2.5.5. For a toric shape A\/1/p as above, the Frobenius character of
SMk s the generating function of proper semistandard toric tableauz (PSSTT) of

shape N\/1/p:
X/\/l/u — Z =7
T:PSSTT )1/,

In particular, the dimension of the Specht module SM/* is the number of proper
standard toric tableaux (PSTT) of shape \/1/u:

dim SN = #PSTTy 1,

It is not obvious that RHS of the conjecture is a symmetric function. Recall that
the cylindric Schur function sy/1/,(7) is the generating function of all cylindric toric
tableaux of shape A\/1/u. Hence,

s = > T+ Y a2

T:PSSTTh 1/, T:NPSSTTy 1/,
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We will prove in Section 2.5.2 that the latter sum over nonproper semistandard toric
tableaux is a symmetric function, so the former sum is as well.

Combining this conjecture with Conjecture 2.2.6, we get

Z zl = Z Covtsy()

T:PSSTTy 1, VEPyy,

In particular, if we look at the coefficient of zyz5 -+ xy, where N = [\ — |u| + n is
the number of boxes in the diagram, we get another combinatorial equation

Al
APSTTy = Y CNf"

UEP}”-,

where #PSTTy,1, is the number of proper standard toric tableaux of shape A\/1/pu,
and fY is the number of standard Young tableaux of shape v.
Recall that we get a toric ribbon diagram by taking A = u.

Proposition 2.5.6. The number of proper standard toric tableaux of shape \/1/)
is #STT — (Z:f) In particular when n = 2k and A = (k — 1,k —2,--- ,1,0), it is

k(Ey—y — Cp_1).

Proof. Every nonproper standard toric ribbon tableaux go to the cylindric hook di-
agram after cylindric jeu de taquin. Furthermore, this correspondence is bijective
since there is only one tableau of a given ribbon shape whose Robinson-Schensted
P-tableau has the hook shape. The number of standard cylindric hook tableaux is
just (Z 1) because after removing the box containing N we get an ordinary hook
shape (n — k, 1¥71). Hence the result follows. O

Remark 2.5.7. Together with Theorem 2.4.8 and Remark 2.4.12, this gives another
evidence to Conjecture 2.4.3.

2.5.2 Cylindric Schur positivity

In this section we show how Conjecture 2.5.5 is related to McNamara’s conjecture of
cylindric Schur positivity. In particular we prove that Y ;. pegpp2” in the previous
section is a symmetric function by showing that Y ;. \psepr 27 is cylindric Schur
positive.

A cylindric Schur function sy/4/,(z) is not Schur positive in general. For instance,
McNamara [18] showed for toric ribbon diagrams that

syiale) = D Clsu(@) + sm,, (2)

ve Py,

where sy, (2) is the cylindric Schur function of the cylindric hook shape, and

SH (37) = S(n——k,l"‘)(x)—s(nfk—l,lk“)(LI')+' : '+(‘“1)n_k_28(2’1n—2)(I)‘{‘(wl)n"k«lS(ln)(aj)
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Although not Schur positive, it is a positive sum of Schur functions and a cylindric
hook Schur function. McNamara conjectures that every cylindric Schur function is
cylindric Schur positive, i.e. a positive sum of cylindric Schur functions of the form
$x/d/e(2) for some partition A and a nonnegative integer d. This is the cylindric Schur
positivity conjecture.

Recall that nonproper semistandard toric ribbon tableaux are in bijection with
the cylindric hook diagram by the cylindric jeu de taquin. It follows that

Z xT = SHkn(:C)‘

T:NPSSTTA/l//\

Therefore we have,

Proposition 2.5.8.

Z ' = Z CUls,(2).

T:PSSTT,\/I//X vEPy

In fact, the same technique can be used to all shapes A/1/p. For a partition
A= (A, -, A) such that Ay < n —k and Ay = 0, let A + 1 be the partition
(n—k A +1.-- . X_1+1). Also for a partition v = (vq,--- , ;) such that vy =n—k
and v, > 1, let v—1 be the partition (o —1,--- ., —1,0). The following proposition
shows that the generating function of proper semistandard toric tableaux is indeed a
symmetric function.

Proposition 2.5.9. We have
symle) = 3, Y G s yel@)
T:PSSTTy 1, v

where the second sum ranges over all partition v € Py, such that vy, = n—k andy, > 1.
Assuming Conjecture 2.5.5, this implies cylindric Schur positivity of sxj1/.(x).

Proof. By Theorem 2.2.3 and Remark 2.5.4, we have . a7 = ¢)f's,_1/1/4(x) where
the sum ranges over all NPSST of shape A/1/u that goes to the shape v —1/1/¢ after
cylindric jeu de taquin. Therefore

Z g’ = Zcﬁjlsy_l/l/(p(a:).

TZNPSSTT)\/]/N

The result follows. O

McNamara also conjectured the form of cylindric Schur expansion, and in his
conjecture the case of \/1/p is as follows:

Sx/1/u(T) = Z C[)},lsu(@ +ZCQVSV/1/¢($)-

vE Prp

Comparing this with Proposition 2.5.9, we expect the following equality.
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/\+1

Proposition 2.5.10. c = Chpil

Proof. 1t is enough to find a bijection between the set of corresponding Littlewood-
Richardson tableaux that count each side of the equation. Let T’\ be a Littlewood-
Richardson tableau of shape \/p whose Robinson-Schensten tableau has the shape

v. We construct T:ﬁrl by the following algorithm:

L. Write 1’s in the boxes at the top of each column of the shape (A +1)/p.
2. Write 7 in the box at the rightmost place of i-th row of the shape (A + 1)/p.

3. The remaining boxes form a shape \/u, hence write in the boxes the corre-
sponding numbers of Tj_y,, added by 1.

We illustrate the correspondence below in Figure 2-5 using an example of Téf 12 (2 221)

and n = 10, & = 5. In this example, (3,2,2) +1 = (5,4,3,3,1) and (2,2.1) +1 =
(5,3,3,2.1). It is straightforward that the correspondence is bijective for any A, i, v,

and Robinson-Schensted tableaux have the correct shapes. J
olo oo L{1]1]1]
11] 2]2] 2/2]e 2(2[2
2 = 3 < |e|3]e < 111313
12]3 314 3/4]e 3|44
Ll 15

(5433,

Figure 2-5: Correspondence between Tll Y220y and To 7 vams o
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