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ABSTRACT

The Hodge Laplacian acting on differential forms is
examined for a certain class of complete Riemannian
manifolds of dimension n. This class consists of the
interiors of compact manifolds with boundary, each endowed
with a ‘conformally compact’ metric. Such a metric, by
definition, is of the form g = p—zh where h 1is any
smooth nonsingular metric and p 1is a defining function
for the boundary. These manifolds are all negatively
curved near infinity; examples include the hyperbolic space
H™ and those of its quotients which have no cusps.

A parametrix is constructed for the Laplacian acting
on the space of L2 k-forms for all degrees k # %n,
%(nil). Thus, in these degrees the Laplacian is Fredholm,
and in particular its null space is finite dimensional.

The space of 'L2 harmonic k-forms is then identified with

the relative and absolute deRham cohomology of the manifold

when k < %(n—l) and k > %(n+1), respectively. It is



also shown that the range of the Laplacian is closed when
k = n/2, although its null space is of infinite dimension.
The parametrix construction is microlocal: the
Laplacian should be thought of here as a degenerate ellip-
tic operator on a compact manifold, and a space of
pseudodifferential operators lérge enough to contain its
Green operator is defined and studied. A fairly complete
calculus, including L2 continuity properties, is

developed along the way.
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"Don’t brood too much on the superiority of
the unseen to the seen. It’s true, but to

brood on it is mediaeval."

— from Howards End

by E. M. Forster
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Introduction

The many recent advances in the analysis of partial
differential equations notwithstanding, the study of
general linear elliptic operators on unbounded domains
remains as yet inchoate. The lack of a systematic theory
is due no doubt to the fact that the geometry of the domain
and the asymptotic degeneracies of the equation each can
radically affect the analytic nature of the operator. A
natural class of problems in &hich the geometry and analy-
sis are rather intimately intertwined is in the study of
Laplace’s operator on a complete Riemannian manifold, act-
ing either on functions or differential forms. Even this
case is far from well understood.

A typical question here is whether, on a complete non-
compact Riemannian manifold M, there exist functions, or
k-forms, which are both harmonic and square-summable (or
bounded). As was widely suspected from the classical sepa-
ration of Riemann surfaces into those which do or do not
admit bounded harmonic functions, the operative feature is
the curvature. (Of course, the L2 class is not well
defined in the conformal geometry of Riemann surfaces,
whereas boundedness is an invariant concept, so long as

attention is restricted to functions.) The first general

theorem of this type in higher dimensions is due to Yau



[28], and asserts the nonexistence of nonconstant bounded
harmonic functions on complete manifolds of nonnegative
Ricci curvature.

Negative curvature produces the opposite effect, as
may be discerned from the harmonic analysis of the hyper-
bolic space H". Although this space has no L2 harmonic
functions, it admits many bounded harmonic functions--in
fact, by a Poisson-type representation theorem, there is

. . . n-1
one corresponding to each continuous function on S =

aH™

(and others with less regular boundary values).

Much attention over the past several years has focused
on the Laplacian of complete negatively curved manifolds,
and some quite general results have been obtained. Let us
discuss some of these, first for the Laplacian on func-
tions. Here the concern is only with bounded harmonic
functions since there are no nontrivial L2 ones. In
fact, if u € L2 N dom A 1is harmonic, an integration by
parts—vwhich relies on the completeness of M to ensure
the lack of a boundary term—implies that du = O. Thus u
is constant, and must vanish if the volume of M |is
infinite.

If M 1is simply connected and has all sectional curv-
atures KM negative, then the theorem of Cartan-Hadamard
asserts that exp_: TpM — M 1is a diffeomorphism for
each p € M. It is possible to define a sphere at
for such manifolds, cf. Eberlein-O'Neill

infinity, S

o’



[15]. Each point x € S is identified with a set of
geodesics all asymptotic to one another, and these are said
to converge to X. Sco itself is the aggregate of such
mutually asymptotic classes of geodesics. There is a
natural topology which makes M = M U S, into a compact
topological manifold with boundary (in fact, a disc). The
asymptotic Dirichlet problem may then be posed: for any

given continuous function f on S find a function u

m’
on M which is harmonic and assumes the boundary values f
asymptotically. It should be remarked that it is insuffi-

cient merely to require

lim u(~(t)) = f(x)
t -0

for any geodesic ~(t) converging to x € S instead,

o’
the convergence must occur in the topology of M, which is
stronger than this °‘radial’ convergence.

This asymptotic Dirichlet problem was posed by Choi in
[7] and partially solved. For various technical reasons
one must assume that the sectional curvatures are bounded
away from zero: KM < -a2 < 0. Choi proved the result with
this hypothesis, but also assuming a convexity condition at
infinity—mnamely that for two distinct points x, y € S
there are disjoint geodesically convex neighbourhoods Ux'

Uy with x € Ux' y € Uy' This extra condition is

unnecessary when M 1is a surface. Mike Anderson finished
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the proof [1] by showing that if there is a two-sided bound
on curvature, —b2 < KM < —a2 < 0, then M satisfies the
convexity condition. Sullivan independently proved the
result [27] using probabilistic methods.

This positive resolution has the consequence that M
carries many bounded harmonic functions. In fact, the
asymptotic maximum principle of Yau asserts that, in this
situation, the infimum and supremum of u are attained on

S hence coincide with those of f. At this juncture it

o’
is reasonable to seek a Poisson-type representation
formula. This was accomplished in Anderson-Schoen [3].

Their paper also addresses a quite interesting and
relevant question: namely, to what extent may M be con-
sidered a smooth manifold? Inasmuch as there is a

homeomorphism between the unit sphere SpM in the tangent

space at any point and S, one may form the composite map

qu : SPM — S, — SqM
and study its regularity. Anderson and Schoen prove that
this map is Holder continuous with exponent «, with a =
a/b depending only on the curvature bounds. Little else
is known one way or the other about this question, though
it seems likely that qu is rarely c”. We note, how-
ever, the result of Fefferman [16] concerning the Bergman

metric in the interior of a smoothly bounded strictly
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pseudoconvex domain. This metric has asymptotically
constant holomorphic sectional curvatures, and he proves
that each qu (which is only defined locally) is Cm; in

fact, the map from SpM to the boundary of the domain is

0

C

Finally, on a spectral note, it is also known that the
spectrum of the Laplacian (on functions) is contained in
the interval [(n—1)2a2/4.w). cf. McKean [21]. In addi-
tion, if M (is simply connected and) has sectional curva-
tures tending uniformly to -, 1its Laplacian has pure
point spectrum, cf. Donnelly-Li [13].

Much less is known about the Laplacian acting on
differential forms. Of course, when M 1is compact the
Hodge theorem provides topological meaning to the dimension
of the space of harmonic forms in each degree. When M is
complete but noncompact, it is natural to allow the
Laplacian to act on

120K = {0 € o¥ = r(a¥m) : I lo]2 < =)

the space of L2 k-forms over M. The subspace of harmon-
ic forms is denoted

xk = {w € L29k N dom A : Aw = O}.

Recall that w € dom A means dw € L29k+1. dw € L2 k—l,
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and 6dw, déw € 120%.  The (by now) classical theorem of
Andreotti-Vesentini [4] allows one to integrate by parts,

as on a compact manifold, to deduce that

#* = {0 € 120X : do = 60 = 0}
provided M 1is complete. Notice that this implies w €
dom A if o € L29k and Aw = O pointwise. We shall call

ﬁk the Hodge cohomology space of degree k.

Another similar, but perhaps more widely studied,

space is the L2 cohomology space of degree k:

128X = (o € L20% : do = 0}/d{n € L20¥71 : an e L20¥).

Since each w € ﬂk is closed, there is a natural map
ﬁk _— L2Hk for each k. However, unlike the compact
setting, the two spaces are rarely isomorphic. A gauge of

their relationship is afforded by Kodaira’'s weak Hodge

decomposition [9]:

2,k k k

120K = aqrL20k!

N dom d} ® 6{L%0X N dom &) & #

which is valid quite generally. The summands here are pair-

wise orthogonal. From this it is easy to see that

k 2,k k-1

# & {0 € L20¥ : do = 0}/4{L%0¥" ! n dom 4}
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whence the map %k —— Lzﬁk is always injective.

Furthermore, the two spaces coincide precisely when the
range of d 1is closed.

The L2 cohomology will rarely be mentioned again.
The bulk of this dissertation is devoted to the computation
of ﬂk for a certain class of manifolds. It has been sus-
pected for quite a while that if M is simply connected,
and its sectional curvatures satisfy —b2 < KM < —a2 < 0,
then most of the harmonic spaces ﬁk should be trivial.

It is straightforward to do the necessary calculations
for the hyperbolic space Hn, or in fact for any complete
rotationally symmetric manifold (which need not satisfy the

curvature constraints), see Dodziuk [10], to arrive at the

following conclusion: if in polar coordinates the metric

of such a manifold has the form d52 = dr2 + f(r)2d92. r €
R*, 8 € s® !, then
(
n-1
1 if k =0, n and f(r) dr (
0
00 .
k dr
dim ¥ = { o if k = n/2 and J T(r) { «
1
0O otherwise.

\

The first line simply asserts that constant functions are

in L2 iff the volume of M 1is finite. The second is
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more interesting; it reflects the fact that both the kernel
of the coboundary operator and the L2 norm are conformal
. . n/2 < .

invariants on . The finiteness of the integral means

that M is conformally equivalent to a Euclidean disc of

r
finite radius: introduce R{(r) = exp J f%z) as the new
radial variable. Then one only need note that there cer-

tainly is an infinite dimensional family of smooth harmonic
forms on such a disc.

It is striking that in this proposition, the important
geometric feature is the growth of the metric rather than
the curvature. This is unexpected since the spaces #k
implicitly depend on the derivatives of the metric, by way
of the coefficients of the LapIacian. If g’ is uniformly

equivalent to g, c.g { g' ¢ c,g, then its Laplacian has
1 2

domain different than that for g unless g is uniformly
02 close to g. In contradistinction, the spaces L2Hk
are patently stable under such a CO perturbation of the
metric.

Further support for the conjectured vanishing of Hodge
cohomology outside of the middle degree(s) was given by the
discovery of Donnelly-Xavier [14] that, so long as the cur-
vature is (negative and) tightly enough pinched, |[azb-1] <
e(n,k), then #5 = 0 for all k such that |k-n/2| >

1/2. Donnelly-Fefferman [12] extended the method to show

that for the Bergman metric of a strictly pseudoconvex
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domain in €%, where ﬁk splits as ® #P° 9, then
ptq=k
0 P+q#n
dim #P 9 -
« p +q=n

Recall that the Bergman metric has holomorphic sectional
curvatures asymptotically constant at the boundary of the
domain.

It was thus quite surprising when Mike Anderson [2]
constructed counterexamples to the conjecture; there exist
simply connected manifolds with —b2 < KM < —a2 < 0O for
which xk is infinite dimensional for any given k. Fur-
thermore, it is seen that the curvature pinching ratio of .
Donnelly-Xavier is sharp.

Many questions are thereby raised dealing with how one
might recognize the negatively curved manifolds with suit-
able vanishing of the harmonic spaces. It appears that the
key to this problem lies in the (intrinsic) regularity of
the sphere at infinity. The characterization of those man-
ifolds for which S |is smoothly attached is very likely
quite difficult, so a first step might be to a priori
assume some regularity at infinity. Among the many forms
this assumption could take, we pursue the course of consid-

ering manifolds with metric differing from that of the

interior of a compact Riemannian manifold with boundary by
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a singular conformal factor; these we call conformally
compact.

More explicitly, let M be a compact manifold with
boundary, h a metric nondegenerate and smooth up to JM,
and p a function defining &M (so that dp aM * 0).

Consider the metric g = p_zh. The singular factor p

-2
has the effect of pushing dM to infinity. It is not hard
to see that, like the Poincaré metric on the unit ball
after which it is patterned, this metric is complete and,
more importantly, negatively curved near JM. There are
other ways to produce metrics with ‘inverse-square asymp-
totics’ and the correct geometry. In particular, the
Bergman metric is obtained as the complex Hessian of

c log(é;p

+ ¢, log p)
with ¢1, ¢2 smooth, ¢1 nonvanishing, and p the dis-
tance to the boundary. (For the unit ball, ¢1 =1 and
¢y = 0.) But, were it to be written as p_2h, the metric
h then partially degenerates at 8M —in fact, precisely
in the directions of the CR bundle in TJdM.

Our principal result is the
Theorem (4.8): For the metric g = p—2h on M, as

described above, there are natural isomorphisms
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# ~ g, oM) k< 25E

X ~ 1) x> 22
obtained by sending a (necessarily closed) form o € ﬂk to
its de Rham class. By virtue of conformal invariance, ¥

is infinite dimensional when k = n/2.

This is proved by constructing a parametrix for Ag,

i.e. a pseudodifferential operator E such that

where Q and its adjoint Q* are compact and smoothing on
L2(dg). From a fairly explicit knowledge of the Schwartz
kernels of Q and Q*, it is possible to deduce the
boundary asymptotics of elements of ﬂk. This, in turn,
allows the isomorphisms of the theorem to be proved. A
closely related ‘Poisson’ operator solves the asymptotic
Dirichlet problem, but due to constraints of time and space
this will not be developed here.

The main difficulty in the construction of E arises
from the fact that the principal symbol of Ag degenerates
quadratically at &8M. The Schwartz kernel of E must
therefore have a fairly complicated singularity at the

corner of M x M. The systematic introduction of singular
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coordinates at ﬁhis corner allows one to adequately
‘resolve’ this singularity. In effect, the degeneracies
are transferred from the Schwartz kernel of the operator in
question to the geometry of the new “blown up’ manifold
which replaces M x M. This type of construction was first
developed by Melrose [22] to deal with differential opera-
tors degenerating somewhat less thoroughly than the ones
considered here. Melrose-Mendoza [23] studies that class
of operators further, in particular proving Fredholm prop-
erties for the elliptic elements. Both that work and ﬁhe
present one are part of a more general construction, to be
contained in the, as yet mythical, Melrose-Mendoza [24]--
from which inspiration for the following pages comes.

The interest in these methods as presented here lies
perhaps in the ease of their applicability to a natural
geometric question (albeit in a somewhat artificial set-
ting). It seems likely that similar techniques will prove
effective in other related geometric problems. For in-
stance, Mazzeo-Melrose [20] employs essentially the same
construction as here to deduce the meromorphic extension of
the resolvent and Eisenstein series for certain quotients
of H".

This paper is organized as follows. The first chapter
examines conformally compact manifolds from a differential
geometric point of view. Their curvature is seen to have

fairly simple behaviour, and in particular is negative at
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infinity. Asymptotics of the geodesics are also studied,
and it is shown that in a special case the ideal boundary
has an intrinsic regularity structure. In the second chap-

2

ter, the V operator calculus is developed, including L

0
continuity of its elements, and the parametrix construction
is outlined. In Chapter 3, a certain model for Ag is
analyzed. In these circumstances this model is nothing but
the (constant curvature) hyperbolic Laplacian; however we
require some rather unusual mapping properties of it.
Finally, the hard work now complete, the actual construc-
tion and proof of the Main Theorem are contained in the
brief last chapter.

In conclusion we recall an old conjecture of Heinz
Hopf'’s, for it has stimulated much of the work directed
toward the computation of ﬁk on negatively curved mani-
folds. One formulation of the classical uniformization
theorem classifies surfaces by which constant curvature
metric they admit. Motivated both by this and the higher-
dimensional Gauss-Bonnet Theorem, Hopf proposed the
generalization:

Conjecture: If M2m is compact and admits a metric with

strictly negative sectional curvatures, then

(-1)™x (M) > o.
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The correspondihg query for compact flat manifolds is
trivial, and the one for compact manifolds of positive
curvature is likewise unresolved. The proposed methods of
proof are quite different for the positive and negative
cases; in the positive case much work has been devoted
toward showing that the Gauss—-Bonnet integrand—the
Pfaffian—is pointwise positive. This was shown to be a
hopeless task by Geroch [17] (who gives a local counter-
example) and Bourgouignon-Karcher [6] (who give a global
one).

Following a similar pattern of history, Anderson’s
counterexample [2] likewise dashed hopes that the negative
case could be resolved by settling the hopefully less
complicated issue of determining the L2 harmonic spaces
on complete noncompact negatively curved manifolds. In
fact, Singer had suggested that combining Atiyah’s index
theorem for covers [5] with suitable vanishing of the Hodge
cohomology would settle Hopf’'s conjecture. This index
theorem equates the alternating sum of the Betti numbers of
a compact manifold M, which of course is just the Euler
characteristic, with the alternating sum of certain L2

~

Betti numbers on the universal cover M:
k k, T,
x() = ) (-1)¥p 0 = ) (-1)Fp 0

r = WI(M). These b£ are nothing but the (normalized)
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dimension of the ﬂk. Thus, since if the curvature is

~

negative M is simply connected, if one could show that

ﬂk =0 for k #m = % dim M for the negatively curved

~

pullback metric on M, it follows that

x(M) =) (-1)%bL (M) = (-1)™b.

The b£ are always nonnegative, and it is not hard to show
that bg is strictly positive, so the conjecture is
proved.

This method of proof does work when the curvature is
close to being constant—and in particular when M is
hyperbolic—by virtue of Donnelly-Xavier’'s work. We remark
also that Anderson’s counterexamples are not universal
covers of compact manifolds since their isometry groups
have no cocompact subgroups. Thus it may well still be
true that such periodic covering manifolds have vanishing
Hodge cohomology outside the middle degree, but to prove

this would likely be quite difficult. It is, I think, a

question that warrants attention.
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Chapter 1. Conformally Compact Metrics

A. Definitions

The interior of a compact manifold with boundary M
may be endowed with a complete Riemannian metric, and thus
becomes a complete open manifold. The general effect is
that O&8M 1is placed at infinity; geodesics take an infinite
time to reach it. The seminal example, and model, for us
is the Poincaré metric on the unit ball B™. 1In local
coordinates near the boundary the components of the metric
become arbitrarily large. The rate of this blow-up is
essentially fixed by balancing the requirements that the
metric be complete and that its sectional curvatures be

negative and bounded away from zero near JM. Explicitly,

suppose

h 1is a nondegenerate smooth metric on the
(closed) manifold M.
(1.1) p 1is a defining function for dM: p 2 O,

p-l(O) = M, and dp 1is nonvanishing on N*aM\0

and set

Then, from computations in sections B and C of this chapter
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it will follow that g 1is complete for o 2 2, whereas
its sectional curvatures are bounded above by a negative
constant only when o ¢ 2. 1In fact the curvature diverges
to negative infinity if o 1is strictly less than 2.

This thesis focuses on a study of the analytic proper-

ties of
-2
(1.2) g =p “h
which is both complete and negatively curved near JdM, and
in particular of its Laplacian. Let us however mention

that there are other examples of metrics of this general
form which are both complete and negatively curved, but
which are not "conformally compact"—i.e. as in (1.2) with
p and h satisfying the hypotheses of (1.1). For exam-
ple, the Bergman metric on the unit ball in C™ has the
correct geometry (and there is a vanishing theorem for its
Hodge cohomology), but in Cartesian coordinates it blows up
as (1—|z|2)-.1 in directions converging to the complex
subbundle of T3B" and as (1-|z|2)"2 only in the other
two directions. It would be quite interesting to under-
stand the ways p and h could degenerate so that p—2h
still is complete and of bounded geometry.

This chapter is devoted to a discussion of the geome-

try of (M,g)., g as in (1.2). In particular, we examine
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the behaviour of diverging geodesics fairly thoroughly, as
well as asymptotic properties of the curvature tensor. All
computations use p and h routinely, but note that, in
addition, g = (¢p)—2¢2h for any strictly positive ¢ €
Cw(M). All formulae for the geometric quantities of g

must therefore be invariant under such a transformation.

B. Geodesics at Infinity
Introduce coordinates (zl,"°,zn) near a point p €
M such that z" = O on the boundary and 3/3z" is the

inward pointing h-unit normal. z' = (zl.°°~,zn-1)

are
then coordinates on JdM. It is more convenient to work
with the co-geodesic flow, the equations for which, in

terms of z and the dual coordinates §1,~°*,§n are

éi - pzhijfj

. a3 pq 1 2 gnPd
(1.3) E. = -p - nP g -5 0" S— ¢
i gz 1 p*q 2 g1 P4
1 3p 1 2 anPd
=T e i 2° 1 Spéq
dz dz
Here all indices vary between 1 and n, the summation

convention on repeated indices is used, and attention is

restricted to the energy surface
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2, 1] _
(1.4) p~h Eifj = 1.
Notice that (1.4) implies
2 2 2
(1.5) C,/p < |El < Cozp. EIT = ET #oco+ Eo.

Cl’ C2 depend only on the largest and largest eigenvalues
of the matrix h'J.
Now consider a maximally extended geodesic ~(t) =

(zl(t)."°,zn(t)) and suppose
p(7(0)) < e, 2Z™(0) <O

where € 1is sufficiently small. ~ 1is, of course, the
projection of a Hamiltonian curve (zl,°°°,zn,§1,'°°,§n)
which solves (1.3). By virtue of the choice of coordi-

nates,
6p/62i = ai(z)p(z), i =1,°++,n-1, 8p/3z" > 0

for some Con functions a and in particular p_lap/az1

i ’
is smooth up to J8M. Using (1.5) in (1.3) one concludes

éi =0(1) i =1,+++,n-1

(1.6)

“k;/p $§ < -ky/p
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where kl' k2 depend only on e. We first prove

(1.7) Lemma: If ~(t) 1is a geodesic as described above,
and e > O 1is sufficiently small, then in(t) < 0 for all
t > 0.

Proof: By (1.3) z" = p?n™g, = p?(h™%f, + h"PE_) where
the sum in a 1is from 1 to n-1. Set F(t) = hnafa +

hnnfn; then F(0) < O by assumption, and we compute

. _ whag nng dh °i dh *i
F'(t) = h §a+h §n+——-azi z §“+_azi z §n.
e i *i °i
By (1.5) and (1.3), z° = O(p) so =z Ea’ z En are O0(1).

Thus

F'(t) = h“nén + 0(1) ¢ hnnén + C
where C again depends only on the metric but not on .
By applying the bound (1.6) and assuming e 1is small
enough we may ensure that

E (t) < -K if z%(t) < z"(0)

where K 1is chosen so that - %K + C ¢ -1. Now set
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t, = inf{t > 0 : z7(t) 2 0}.

If 0 <t <ty them z"(t) < z"(0), so & (t) < -K.

0]

Finally, if 't

> 1/2 in {z : p(z) < e}, we conclude

that
. nn _1 B}
F'(t) < h En + C < 2K + C < -1

for all O < t < ty- Hence F(to) < F(O0) < 0, 1i.e.

%n(to) < 0, a contradiction.

(1.8) Proposition: g 1is a complete metric. In
particular, if ~(t) 1is a geodesic with p(7(0)) < e,
in(O) < 0, and € 1is small enough, then ~ can be

extended to infinite length.

Proof: First observe that the function z" of our
coordinate system may be defined on a collar neighbourhood
of the full boundary. On this neighbourhood there is a

product metric
-2 2
k = (z") (h|gy *+ (42)7).

Clearly for some c, g 2 ck. This implies that
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n

1 = |7'(t)|g > c|z®|/7z" = -ez™/2"

t t
>t = J |~ ()] _dT 2 J (-c) Zngl dr
0 y 0 2 (7)

which by Lemma (1.7) reduces to

z"(0) |
t Y c 42— - ¢ 1og(2(0)/2"(1)).
z
2" (t)
In other words, t tends to infinity as zn(t) tends to
0, and consequently ~+ has infinite length.

Notice that completeness still obtains if (zn)_2 is
replaced by (zn)_a, o > 2, in k and the rest of the
proof is modified accordingly. Now, as might be hoped, it
is also true that geodesics approach definite points of the

boundary. More is true:

(1.9) Proposition: <v(t) tends to a definite point of the

‘ . n
boundary as t —— ®., Furthermore, taking =z as the new
variable, the reparametrized geodesic is tangent to the

h-unit normal 3/8z" at the boundary.

*
Proof: Since En — -®, we may use §n as a

nonsingular parameter, and then
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A .. p
az'/0¢_ = p2h1J§j/(—2 2+ o(1))

3,1 2

p~h jEj/(-2pn + 0(p)) = 0(p™).

i=1,°<°,n-1, P, = ap/az“. From (1.5) it follows that
i -2

|6z /6§n| < CE_“.

Hence ~(t) tends to (zi.°°°,z

- 0O

z1(0) + J (8z'/8€_)8E_
£_(0)

is well-defined since the integral converges.

Next, (1.5) and (1.6) imply
En 2 —C/po En _<_ "'k /p
> 6§n/6t < kfn. k > 0.

Recalling that En < 0, this differential inequality

integrates to
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£.(t) < ~ceX®t,

On the other hand, éa = 0(1), a = 1,+++,n-1, and thus

l§, ()] < Ct.
Finally,
dzi/dzn = éi/%n = p2hij§j/p2hnj§j
ia in
CBM(E/E) +h
na nn
h"*(E_/E_) + h
By assumption hin ——> 0, h" —— 1, and by the
estimates above, Ea/fn — 0. VWe conclude that

dzi/dzn — 0.

C. Curvature Asymptotics

The conformally compact metric g of (1.2) is
patently modelled on the Poincaré metric on the unit ball
in R™. The obvious desire is that much of the well
understood hyperbolic geometry (and analysis) will be
reflected in this more general setting. Indeed, this is
the case with geodesic behaviour at infinity, as we have

demonstrated in the last section. It is also true that the

sectional curvatures of g are negative when p 1is small;
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in fact there is a well defined limiting curvature tensor

for which dM 1is isotropic.

(1.10) Proposition: Let ~(t) be a geodesic which

approaches p € M. The sectional curvatures in any direc-
tion at ~(t) tend to - (6p/62n)2(p) as t — ©,

Here, as usual, 3/8z" is the h-unit normal to &M at

P-

Remark: Since Py # 0 on JdM, this proposition implies

that the sectional curvatures are bounded between two nega-
tive constants in some collar neighbourhood of the bound-
ary. Also, recall from the end of section A that we may
replace p by ¢p, h by ¢2h. for any strictly positive

function ¢ without altering g. The quantity 6p/azn is

invariant under this transformation at p = O. Indeed, the
new ¢2h—unit normal is ¢—16/62n and
¢—16 (¢p) = p_ + ¢_16¢/aznp =p at p =0
2P n n ’
Proof: For the duration of the proof only, we use coordi-

nates (zl,°°°,zn) which are normal with respect to h,

for which p corresponds to O, and such that 3/3z" is

orthogonal to dM at p. Thus ap/azi(p) =0, i

1,-++,n-1, 38p/3z"(p) > 0. and
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hij = 6ij + 0(|z]).

Set u = log p, with subscripts on u referring to zi
k
i
hy;- Notice that r?i = 0(]z|). The Christoffel symbols

of gij are

derivatives, and denote by T the Christoffel symbols of

k ek
(1.11) rij = rij - uiﬁj - ujéi + ueh hi

J

Insert these into the formula expressing the components of
the curvature tensor in terms of the TI’s and their deriv-

atives. A straightforward but messy calculation shows that

_2"’
Rijij =p {Rijij + U,y 2uij6ij + ujj

2 2 2 2
+ |vu] (éij—l) +uj - 2uiuj5ij + uy o+ o([|x|)}.

Here R, R are components of the curvature tensor for g,

respectively h. Substitute

2 2, 2
ug = Py/Pe Uy = PRyy/PT - py/P
and assume 1 # J to get
-2% -4 _ 2, 2 2
Rijij = P Ryggqy* P {p(pys*py;) lvo | + p%0(|2]%)}.
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Therefore, the sectional curvature in the 1i-j plane is

Ryt , = lop]? = - [ae ]2

-4 2
p(hyihyy=hiy)

as t — o,

It is easy to follow through this proof using the

metric p_ah, for any o > 0, 1instead. Indeed, the new
Fﬁj are obtained from those for o = 2 by replacing u
with %au. The sectional curvature in the i-j plane now
becomes

2
g~ o-2 2 a,o o-2, 2 2 g o-1 o
= 3P T velT + S(5-1)eT TR *RY) + 5PT (eyytpgg) + O(RT).

This substantiates the claim of section A that only when

g = 2 1is the curvature bounded between two negative con-

stants near JdM.

D. Boundary Regularity

By their very definition, conformally compact mani-
folds have c” compactifications, but it is quite unclear
" to what extent this regularity is intrinsic to the metric
£g. In the present section we partially resolve this issue.

Geometric regularity of an ‘ideal’ boundary is natu-
rally gauged by the asymptotic properties of diverging geo-
desics. In this particular setting, let p € M and ~(t)

be a geodesic ray emanating from p and tending toward the
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boundary. Define

T : w — lim exp_(tw).
P to P

This maps a neighbourhood of ~'(0) 1in SpM (the unit
sphere in TpM) to O8M. Since g has negative curvature
bounded away from zero in the cone around ~(t), the re-
sults of Eberlein-O’'Neill [15] imply that "p is a local
homeomorphism. To impose an intrinsic smoothness structure

on JM it is sufficient to show that the composition maps
-1

T
q P
ity. Anderson-Schoen [3] prove quite generally that each

SpM —_ SqM all possess a certain fixed regular-

such map is c%, where the Holder exponent a depends
only on the upper and lower curvature bounds. Here, how-
ever, we are able to strengthen this considerably, but only
with the strong proviso that the limiting sectional curva-

(ap/azn)2 is constant in a neigh-

ture function on JdM

Yo+ This bears marked resemblance

bourhood of wp(w'(O))
to Fefferman’s analogous result [16] for the Bergman metric
of a strictly pseudoconvex domain, in which case the curva-
ture is asymptotically constant along the whole boundary.

I do not yet understand how essential this hypothesis is
for conformally compact metrics.

(1.12) Proposition: Suppose, for the metric g = p_2h,

that - (ap/azn)2 is constant on a neighbourhood of
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ﬂp(7'(0)) = T, in 8M. Then T, maps a neighbourhood of

¥'(0) € SpM diffeomorphically to a neighbourhood of =~

[ ]

in JM.

Proof: The technique, inspired by [16], is to reparamet-
rize the geodesic equations (1.3) so as to obtain a nonsing-

ular system on a finite interval. It is convenient to

nn

. an
choose coordinates so that h =1, h

= 0. Here and in

the following, we assume all Greek indices a,B,v,**** vary

between 1 and n, while i,j,<*++ take the values
1,+++,n. By renormalizing we also assume p(v(0)) = 1.
Introduce new functions vl,'”.vn by

‘a 2 a -+n n
(1.13) z =p VvV, Z = pv
so that

a a n

(1.14) v =h ﬁfﬁ, v o= pfn.

From the relationship (1.4) we have

2 a B n,2 _
p han v+ (v)T = 1.

By differentiating (1.14) and using this last equation, a

bit of algebra shows that the vi satisfy
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a2y on®® + 5, . on® 4
Bé 527 B~ 9z
(1.15)
ap
h pQ 23 afB ant? o 7
- - h h _h \4
p 2 Ho T azB
°n
vi=pp vV - p pnhanavB
MY
- % p3h h oh vavB.
pa vp az"
Now introduce z" as the new parameter. The resulting

equations of motion are

dz%7dz" = pva/vn
ap ap
(1.16)  dv®/dz" = phy, Gh— Ty hg, Gh_ 7
dz dz
- haﬁp /(pzvn) -1 ph h haB oh'” vovT /vt
B 2 Uo T 3 B
z
n n _ a _ a B, n
dv /dz = PV ppnhaﬂv vo/v
7%’
-1 p2h oh vavﬁ/vn.
2 pa vp Py

These equations are nearly regular, the obstructions
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being only the v? factors in the denominators and the
third summand in the equation for v®. However, from

(1.14) and the proof of (1.9) we have the a priori bound
0> -¢c, 2 Vv 2 -c

where €y» €y are independent of the particular geodesic.
This resolves the former difficulty; as for the other one
write p(z) = a(z')zn + b, b = O((zn)z). The coefficient
function a(z') 1is naturally associated with the metric
g, being simply 6p/azn|p=o. Hence pB = O(p2) precisely
when a(z') 1is locally constant, and in this case pB/p2
is smooth.

Since we already know that solutions of (1.16) exist
down to z" = 0, the standard theory for ordinary differ-

ential equations—in particular, smooth dependence on ini-

tial conditions—implies that the map
(z'(0).v(0)) — (z4.Vy)

from the initial values at t = 0O to limiting values as
t —— © is a c” diffeomorphism from the energy surface

|[v(0)| = 1 to its image. Of course we need to show that

Wﬁ(O) v(0) — z
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is a diffeomorphism. It has already been noted that W?(O)
is known to be a homeomorphism, so it suffices to prove
that its differential is nonzero.

To this end a Jacobi field argument is natural. If

w € Tw(O)M is orthogonal to ~'(0), then essentially by

definition
dr w) = lim ] t).
‘Ir(O)( ) £ o0 W( )

Here Jw(t) is the Jacobi field along ~(t) such that

JW(O) = 0, J;(O) = w. It satisfies the equation

" + [ . - .
Jw R(Jw,v )~ 0
By calculations very similar to those in section C, the
components of R and of the corresponding curvature opera-
tor RO for the metric of constant curvature —a2 both

blow up as p—z. Furthermore, using strongly that Py =

O(pz), it is also the case that
IR—RO| = 0(1).

Hence, by the technique of asymptotic integration we con-
clude that Jw grows at the same rate as the corresponding
constant curvature Jacobi field JS. With respect to the

basis 6/621.°"6/62n, this latter field
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tends to a finite nonzero limit as t — o, Thus Jw

does also, and the proof is complete.

E. Laplace’s Operator

This chapter concludes with a calculation to express
the action of the Laplacian for the metric g on differ-
ential forms. We use, now and for the rest of this paper,
coordinates (zl,°°°,zn) with 2z vanishing simply at
M, and 8/8z" the h-unit normal there.

With the hindsight of experience, the metric on AkM
(1.17) <, > = p77K, >

is best regarded as a nondegenerate metric on singular

k-forms. Introduce the space of sections
{dz1 e dzn}
p’ p
over T*M. In the next chapter we shall define a new vec-
tor bundle for which these are nonsingular sections. At
any rate, k-fold wedge products of these 1-forms give a
basis for AkM over any point of the interior. Smooth

combinations of these basis forms may be written

0o =10
-k
P
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where ® is a genuinely smooth form on M. If n = p "7,

then

~ ~

Instead of studying the operation w —— Agw it is

more convenient to study the induced operation on w:

(1.18) Ag(p—kw) - p KPo, P = p¥A p7K,

Much of the ‘hard’ analysis later will focus on deter-
mining the mapping properties of a simpler operator which
models P.

Now, since there is a factorization

k, -k+1

dp ) (oX”

-k-1 k+1, -k

1, -k k
P = (p 5 p ) + (p 5P dp )

e )(p

it is easier to first calculate the conjugates of d and

5 . First, then,
g

o1 i —ild
pd T (p Y dw-jp" I dpAw)

©
[}
B
|
[
€
]

(1.19)

pdw - jdp A w.

As for the adjoint, use duality:
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<dn,w>, p3 "dh

-J
j <dn,p w>gdg h

- J-n
= <n.5h(p w))hdh

_ j-n 2-2j+n
= | <m.8,(p7 T0)>.p dg

-j+1 -j+1 j—
= | <n.p7d [p"7Y 5th "0]> _dg
N g
for any j-form ® and j-1-form m. In other words
j-1 -J _ n-j+1 J-n
P 6gp =p N .
Furthermore, for any metric
6(fea) = fba = Lof®-
Combining these last two formulae yields
j-1 - _ n-j+1, j-n s j-n-1
P 5gp w =p (p° "6,0-(3j-n)p vaw)

péhw + (n—j)cva.

Here vp 1is the gradient of p with respect to h.
Finally, (1.19) and (1.20) together, along with a bit of

computation, show that
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Pw = pzAhm + (2-k)pdp A 6,0 - kpéh(dpAw)

h

(1.21) + (n—k)vapw - 2vapdm

+ (n-2k)dp A top? k(n—k-l)va(dp)w

va = dva + vad is the Lie derivative.
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Chapter 2. The Calculus of VO Pseudodifferential Operators

A. Vo Vector Fields

The only distinguished submanifold of a manifold with
boundary M is its boundary. Related to this is the ob-
servation that the ring of differential operators Diff (M)
has two natural subrings of geometric origin: Diffb(M)
and DiffO(M). The former is the space of operators which
are sums of products of vector fields, unrestricted in the
interior but required to lie tangent to the boundary—the
so-called totally characteristic vector fields, the class
of which is denoted Vb. The latter space is defined

analogously using the Vo—vector fields, the ones vanishing

at J8M. Both V and V0 are Lie algebras under the

b
usual bracket operation for vector fields.

Diffb(M) and Wb(M), the related space of totally
characteristic pseudodifferential operators, were intro-
duced and studied by R. Melrose in [22]; Melrose-Mendoza
[23] contains further developments. It is the purpose of
this chapter to define and examine the ring WO(M) of
pseudodifferential operators generalizing Diffo(M). Much
of the material here derives from information gleaned dur-
ing conversations with Richard Melrose.

- +
n-1 x R are coordinates of the

If z = (y.x) € R
usual type, with z" (= x) vanishing on JM, then VO

is generated as a Cm(M)—module by
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(2.1) {zn‘a CLeee. 2D Q—;}.

Thus a typical element of Diffg(M) has an expression

(2.2) P= ) al(z)(z" "
la|<m

The (modified) Laélacian of a conformally compact metric
(1.21) lies in Diff5(M).

Associated to VO is the group composed of those
diffeomorphisms of M which fix OJOM pointwise. The expo-
nential of a vector field in VO belongs to this group.
Any diffeomorphism induces a linear action on the tangent
space of one of its fixed points. In particular, if p €
dM and Mp is the inward pointing half of TpM, a member
of this class induces a linear transformation on TpM

which preserves Mp. Such a map is of the form

R

(2.3) (x,y) — (sx,y+xu) s €ER , ue aMp

where now (x.,y) are linear coordinates on Mp (with the

order reversed from the previous paragraph). Let Gp de-

note this linear group which is the semidirect product of

R+ with Rn—l. Its composition and inverse laws are
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(s.u)*(t,v) = (st, tu+v)
(2.4)

(s,u)_1 = (s ~,-s "u)

(2.3) should be recognized as the left action of Gp on
itself. 1In addition, the vector fields in (2.1) are the
infinitesimal generators for this action. For future

reference let us record the right action, along with its

invariant vector fields

(s x. s (y-u))

(x.y) — (x.y)*(s.u)"

(2.5)

It is interesting and significant to identify Gp
with the solvable subgroup S = AN in the Iwasawa decompo-

sition G = ANK of the group of hyperbolic isometries:

+ n-1 K

]
=
=2
]
=

G = SO,(1.n), A = SO(n).
Furthermore, the S invariant metric on G/K =z Mp is
hyperbolic. Thus, the introduction of the VO vector
fields leads rather inexorably to constant negative curva-

ture geometry.
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In order to view VO somewhat more globally it 1is

convenient to define the Vo tangent bundle °TM as that
bundle, the Cco sections of which are precisely the V0
vector fields

V. = r(°t™).

0]

This way of constructing a bundle will be used several
times later on, so we pause to elaborate briefly in this
case. The individual fibre oTpM is obtained by an equiv-
alence relation on V0=

vV, V' € VO; V ~ V' &
P P

0
Vi = V'f V £ €C (M), p ¢ aM; d(v-v')f|p =0

V £€C (M), pe€ aM.

(2.1) exhibits a spanning set of sections with no rela-
tions; these determine a unique C°° bundle structure on
°TM. The dual bundle OT*M is also quite useful. A basis

of sections here, dual to the vector fields of (2.1), is

(2.6) {iﬁi,...,éﬁﬁ} _ {%x.g_}_
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An operator in Diffg(M) has a well defined symbol,
which is a homogeneous polynomial of degree m on the

fibres of °T'M. If P is written as in (2.2), then

o
(2.7) o (P)(z.0) = ) a (z)("
lo[=m
i.e. each " 6/62i is replaced by Ci. and lower order
terms are discarded. Invariance follows by continuity from

the interior.

The operator P is elliptic in this calculus if
°am(P)(z,g) =0& (= 0.

The Laplacian (1.21) is elliptic in this extended sense.

Our goal in this paper is to prove Fredholm properties for

this particular operator acting on certain weighted L2
spaces. The general theory applies of course to any ellip-
tic VO differential operator.

In the study of Diffo(M), as in the usual theory of
standard differential operators, it is important to under-
stand simpler models of operators in this class. In the
interior of M these are obtained by freezing the coeffi-
cients so as to obtain constant coefficient operators on
each tangent space, also discarding all but the top order
terms, exactly as usual. This last reduction is justifi-

. a
able since 62 is ‘stronger’ when |a| = m than when
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la] < m. At a point p on the boundary, P will be
modelled more effectively by a certain Gp invariant oper-

ator on Mp, which we call the normal operator Np(P).

n

Its definition is suggested by the fact that near =z = 0
a
1, z" g 1 [zn Q—T][zn Q_E]' and each [zn Q—]
8z dz oz dz

are all equally strong. However, any (zn)k[%;]a with
k > |a] 1is dominated by one of these operators, hence
weaker.

Motivated by these observations we describe a proce-
dure to define NP(P) when P 1is differential. (2.43)
further on contains a more general definition for pseudo-
differential operators. We require first the notion of a
normal fibration at p € M. This is a diffeomorphism from
a neighbourhood % of p to a neighbourhood %' of O €
TpM such that

f(p) = 0, f(u) C Mp, f(ou) C aMp, f Id.

Such a map is readily constructed using for example the
geodesic flow of a metric for which &M is totally
geodesic. Then

1, %

(2.8) N (P)u = Il:)g (R)TEFP(£7) (Rl/r)*u



49

where Rr is dilation by the factor r. Letting, for the

moment, Z denote the linear coordinates on Mp induced

by z on M, then from (2.8) one may easily check

a -n 3 1%
(2.9) Np(a(z)[zn 5—2—} ] = a(O)[zn ;g] . p={z =0}
(2.10) N (P-Q) = N_(P)-N_(Q). P, Q € Diff (M)

These formulae show that Np is a homomorphism from

Diffo(M) to the Gp (left)-invariant operators on Mp

B. The Stretched Product Construction

Any attempt to construct a pseudodifferential inverse
for an elliptic P € DiffO(M) must reconcile itself with
the rather complete degeneracy of P at JdM. In partic-
ular, the Schwartz kernel of such an inverse must possess a
singularity somewhat more severe than usual at the submani-
fold where the diagonal of M x M intersects the corner
dM x M. In order the more thoroughly to display this
singularity we shall define the appropriate class of
kernels on a slightly larger manifold M 0 M, the VO
stretched product of M with itself. It is their natural
abode; the additional singular behaviour is transferred to
the geometry of M 0 M and these kernels are as smooth as

possible here.
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We first examine the product M x M more closely. It
has rather more natural structure than M alone. Thus
there are two natural hypersurfaces, the left and right

boundaries

3,(MxM) = oM x M, @ (MxM) = M x OM.

These are mapped surjectively to M by the right and
left projections T and L respectively, which send
M x M onto the right and left factors. They intersect in

the corner

3,(MxM) N @ _(MxM) = 3M x 3M.

Finally, the fixed point set of the involution I which
interchanges the two factors of M 1is the diagonal A..
This, in turn, is bounded by the diagonal of the corner

Al

dAc.

Figure 1
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As noted earlier, the kernels of Vo—pseudodifferen—
tial operators should exhibit a singularity at JAc
greater than their customary conormal one along the whole
diagonal. This new behaviour is best exhibited by passing

to the V stretched product M 0 M where these kernels

0]
have a certain extension property. This manifold is de-
fined by taking the real blow-up of M x M around JdAc,

or to put it more familiarly, by introducing polar coordi-
nates around this submanifold. Abstractly M X0 M is
formed from the disjoint union of (MxM)\dAc¢ and SN++6AL,
the closed inward pointing sector of the spherical normal

bundle to &8Ac¢. [25] contains a proof that M 0 M has a

[+
unique C structure such that the blow-down map

(2.11) b:Mx.M—> M x M

defined as the identity away from the new face, and as the
bundle projection on SN++8AL, is smooth and of rank n-1
(= dim 8A.) along this new face. We shall content our-
selves by relying on coordinate descriptions.

Using the coordinates (x,y) on the first factor of

M in the product, and an identical pair (x,y) on the

second, then
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Let Y =y -y, and define the singular coordinate system

(R,v,y)
(2.12) R = [x2 + |Y|% + x271172,
-1 ~ ,
w = R "(x,Y,x) = (mo.w ,wn)
n n+1
R20, we€s ={v€R lo| = 1,
Wy, @, 2 0}
so that
X = Rmo, ; = Ro
(2.13)
y =y + Ro’

This system lifts to be C°° on M X0 M. The new codimen-
sion one boundary, where R = 0, 1is called the front face.
The original two codimension one boundaries lift to the top

and bottom faces:
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F={R=0}, T={v,=0)-= b1 ({x = 0})\F
(2.14)
B = {o =0} =b l({x = 0})\F

Figure 2

It is often easier to picture M 0 M 1instead as

—TAl

Figure 3

The front face is the location where the analysis of
the next chaper takes place. It has more structure than

one might first suspect. First and foremost it is a

quarter-sphere bundle over JdAc¢ with fibre Fp ~ Si+ over
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(p.p)., P € M. This follows either from (2.12) or its
intrinsic description as SN++3AL. Each Fp also has a
completely natural origin Op, which is where Fp inter-

sects the lifted diagonal

(2.15) Ay ={o = (1/V2.0,1/V3), R, y arbitrary}.
The bundle of origins O = F N ALO = 6ALO is clearly sepa-
rated from JdF. In fact ALO intersects B(MxOM)
transversally, and only at the codimension one boundary.
This remark indicates the fundamental gain incurred by
passing to the stretched product, as we discuss in the next
section.

The fibre Fp admits two separate transitive G
actions in its interior, where Gp is the group of (2.4).
The groups

¢t -¢ x1d, ¢f =1d x @G
p p

t th t M M CT MxM), € OM.
act on e quarter space p x M, (p.p)( ) p

Since Gp fixes 6Mp they also fix T( )aAL, hence

’

these actions descend first to the normal bundle

N++6At|p = Tp(MxM)++/Tp6AL

thence to its projectivization SN++6AL Fp. Because of
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the natural origin Op’ Fp may be identified with Gp
either by way of the action of Gg or that of G;
Through this identification these actions on Fp corres-

pond to the left or right action of Gp on itself, and aré

intertwined by the (lift of the) involution I. Specific-

l1ly, th ap on M M
ally e map p x p

-1
(2.16)  o((x1.v1). (x5.¥5)) = (x1.¥1)(x5.95) = = [Qg’ X
is invariant both under dilations and translations by ele-
ments of T(8At). Hence it diffeomorphically identifies
the projectivization of (the interior of) (Mpop)/TpaAL =

F  with G . Then G° acts as
p p p

(£.v) = ((x,.7,) (X5.¥9)) = ((£x1.¥7,+%,V) . (%5.¥5))

L]

X, ¥,V X X, ¥Yq,7Y
2N [t—l.—i——g + —lv] = (t.v)-[;l.—l——g]
X9 *9 2 2

whereas for G;

(t'v).((xl'yl)’(xz'Y2)) = ((Xl.yl).(tx2,y2+x2v))

X Y-y X, ¥Yq17Y -
¢, (L1l%2 g (1 2] (6w
2

proving the claim.
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Next we describe the infinitesimal G§ action, which

leads to an important perspective on the nature of Fp.

d
dy
the left factor of M x M, thence to M 0 M. The res-

(2.17) Lemma: The vector fields xg;, X on M 1lift to

i

trictions of these lifts to F lie tangent to each Fp:
there they span the space of Gg—invariant vector fields.
These restricted lifts are in VO with respect to (i.e.
vanish on) Fp N T and in Vb with respect to (i.e. are
tangent to) Fp N B. Finally, the quarter-sphere Fp may
be regarded as a ball B blown up around a point on its
boundary, with Fp N B as the created face. The full
space of 'mixed VO - Vb' vector fields, generated by the
Gﬁ-invariant ones described above, is then the lift of
VO(Bn) under this blow-up.

]yn

an T B

r’\B : 1

Figure 4

Remark: All assertions concerning tangency properties of

various lifts in this statement are special cases of a
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general property of the blow-up construction: if a
manifold is blown-up around a submanifold, and V 1is a
vector field tangent to this submanifold, then it lifts on
the blow-up to a vector field tangent to the new boundary,

which is the pre-image of the submanifold.

Proof: Use the coordinates (x,y.x,y) on M x M and

(R,0,y), as in (2.12), on M X0 M. Then xd8_, xd lift
X Yy

to M x M to vector fields with the same expression.

Next, if b 1is the map of (2.11), then a brief computation

shows that

(2.18)

Since b 1is a diffeomorphism on the interior, and all

these vector fields are smooth, the vector fields in paren-

theses here are the unique smooth lifts of xax. xay .
i

Their restrictions to F are
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0] j=0 J
(2.19)
n
Yi = mo{awi - ey z © m.}’ i = 1,¢¢¢ n-1
=0 J
These are patently orthogonal to 2 mjaw , hence tangent
J
to F. Furthermore, since they contain no 6; terms, they
are also tangent to each Fp. The factor @, ensures

their vanishing at Fp N T where Wy = 0. On the other

hand,

at F__ N B, where w = 0 and 4 is the normal, so
P n ©

they are tangent here, as claimed.
It is by no means obvious that X and Yi of (2.19)
are Gﬁ invariant. It is convenient therefore to use the

projective coordinates of (2.16)

~

(2.20) s = x/x, u= ¥ (x,.y).(x.y) € Mp.
X
These are nonsingular on the interior of Fp, and even on

neighbourhoods of Fp N T bounded away from Fp nTANB.

Notice that
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(2.21) X = sd8_, Y, = sd

from which Gg invariance is obvious.

As for the last assertions of (2.17), first observe
that the blow-up of a ball around a point q in its bound-
ary is smoothly equivalent to a quarter-sphere. Denote the

blow-down map by

It carries Fp\Fp N B diffeomorphically to Bn\{q}. and
sends Fp NB to q. We need to verify that the lifts of
VO(Bn) vector fields vanish at Fp N T and lie tangent to
Fp N B. The vanishing is obvious from the bijectivity of
B near Fp N T; the tangency is proved by essentially the
same computation as goes into (2.18), which we leave to the

reader to check. This completes the proof.

(2.22) Definition: E 1is the vector bundle over Fp whose
full space of c” sections are the vector fields vanishing

at Fp N T and tangent to Fp N B described above. Ve
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have shown that
B*(r(°t(8™))) = Ir(g).

Our description of the basic natural baggage carried
by M 0 M concludes with a discussion of certain vector
bundles we shall be using. These are the VO density
bundles and the VO k-form bundles.

Let us commence with the density bundles, as they are
somewhat simpler to understand. Recall the Riemannian
density dg of (1.2), which grows as p_n near dJdM. De-
fine then FO(M) to be the space of all c” densities v
on the interior of M such that pn°v extends smoothly to
the closure. TO(M) is the space of sections of a c”

line bundle over M, and a typical element may be written

in coordinates as
v = h(x.y)lx_ndx dy | h € Cw(M).

This generalizes naturally to a manifold X with (codimen-

sion one) boundary components X1.°°~.X which have de-

N ’

fining functions P+ Py respectively. Let

(2.23) FO(X) = {smooth densities v on X such

that p?°~'p§v extends smoothly to X}.
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The connection between these densities and Vo—geometry is

illustrated by

(2.24) Lemma: Densities in FO(MxM) lift to densities in
FO(MxOM) under the usual blow-down map. In fact, the line
bundle for which the latter space is the space of sections
is the pullback under b of the line bundle corresponding

to the former space.

Proof: Away from F and JdAt. there is nothing to prove
since b 1is a diffeomorphism there. At F wuse the coor-

dinates (R,w.,y) of (2.12):

dx dy dx dxl _ I R"dR dw dy I _ IdR dw dxl
n.n n n nnn
X X (Rmo) (Rmn) R 0o

~

The left term spans FO(MXM) since x and x are defin-
ing functions for the left and right boundary components,
whereas the term on the right generates FO(MXOM) as F,

T, B are defined by R, o ©o respectively. This

O’

proves the lemma.

One may also consider the powers of either of these

density bundles; they too correspond under pullback. The

half-densities are the ones we use later. Both Té/2(MXM)
and Fé/2(MxOM) will commonly be denoted simply Té/z;

the base space should be clear from the context.
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Let us turn now to the k-form bundles; consider first

(o]

the V cotangent bundle T*M. By pulling it back to the

0

left factor of M x M, and then to M X0 M, one obtains a
bundle OA; over the stretched product. The subscript ¢
signifies the involvement of the left factor of M x M. By

functoriality the pullback of Ak(oT*M) as above coincides

with Ak(oAz). Call this new bundle OAE. Using the right
factor of the product, OAE is also defined. Their spaces
of sections are denoted 095, OQE.

The blow-down b carries Fp to the single point

(p.p) € 6Ac. Hence oAg, for example, restricts to a
canonically trivial bundle over Fp. To identify this res-

triction with a more familiar object, compute the lifts of

dy .
g—, ~ on M to M X0 M. Using the coordinate system

LR

,¥), with (s,u) as in (2.20), which is nonsingular

~ %

s,u,

away from the bottom face B,

We define their ‘formal pullbacks’ to F

dyi dui

L 2

(2.25) x

(2.26) Lemma: The correspondence (2.25) induces an isomor-

phism
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where E* is the dual of the bundle E described in
(2.22).

Proof: s_lds, s—ldui are dual to sas, sau ,  which by

i
(2.17) generate the bundle E. In addition, we showed
there that E 1is a smooth bundle over the closed face Fp,

2
hence E also extends smoothly to the closure. The rest

of the proof is obvious.

Remark: We shall prove a slight extension of this Lemma in
(3.3). Also, the rules (2.25) apply to the Vo density
bundles since densities are simply ‘absolute values' of

n-forms. So analogously

I (Mx M) F, ~ Io(F ).

C. Vo Kernels

The temperate distributions on a manifold with bound-
ary M are those with specific extension properties across
this boundary. If ﬁ is an open region containing M in
its interior, then distributions on ﬁ with support in M

constitute the space of distributions dual to Cm(M). On

the other hand, restrictions of arbitrary distributions on
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~

M to the interior of M 1lie in the space dual to
éw(M)——functions vanishing to infinite order on JM. The
resulting spaces on M, of supported and extendible
distributions, respectively, are quite similar but have
slightly different extension properties nonetheless.

On a manifold-with-corner, for example M x M, there
are various other possibilities. For instance, an ordinary
pseudodifferential operator on M has a Schwartz kernel k
on M x M which has a conormal singularity along the diag-
onal and is C~ elsewhere. In fact k then extends to be
conormal along the ‘longer’ diagonal of ﬁ x ﬁ. and this
in some sense fixes its singularity at JdAc¢. There are,
however, other quite reasonable extension properties which
k could be required to have. To formulate one of these,
recall that a manifold with boundary can be doubled across
its boundary. In particular, we may form the double

[MxOM]2 of the stretched product across its front face.

X ~7Al

[M xor"l]

Figure 5
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The lifted diagonal joins with its double, resulting in a
boundary-less submanifold contained in the interior of

[MXOM]z.

(2.27) Definition: Kp(M:ry’?

o )
: . 172 2
tional sections of FO (MXOM) which extend to [MxOM]

is the space of distribu-

as distributions conormal of order m (see [19]) along the

o]
extended diagonal (tensored with C sections of a smooth

extension of Fé/z) and vanishing to all orders on

3([Mx M1%).

Wg(M;Félz), the space of VO pseudodifferential

operators, is the collection of operators with Schwartz

172

kernels on M x M 1lifting to elements of KE(M;FO ).

Remark: If A € ¢T then we shall say that its kernel

Ol
k{(A) Dbelongs to Kg. Notice also that the pushforward of
Kk € Kg is well defined: the blow-down map b is a

diffeomorphism away from F, and the intersection of JA¢
with F 1is transversal so by wave front set considerations
this operation makes sense.

Let us examine how A € Wg(M;Fé/2) acts. Set

B= n
X
(2.28)
ds du dx dv|1/2 _ Idx dy ds dul|l/2
T = n”n - n
S X S*X
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where s and u are defined in (2.20). The full system
(s.u,x,y) are regular except along B, and shall fre-

quently be used. Then

(2.29) k(A) = k(s,u,x,y)°*7
where k 1is conormal of order m on (s =1, u = 0}, and
decreases rapidly as s — 0, s — ®, or |u|] — o,

On the half density feu, we have

X X X X ,ds .
(2.30) (Af)(x.y) = {f k(s,u,;,y-;u)f(;,y—;u);—du} L
. ~ -1 ~ -1 .
since x = s X, y =y - s "xu. In particular, the ident-

ity is represented by

172

(2.31) k(1d) = 5(s-1)6(u)-7 € KQ(M:T"?).

We record another representation of this action, now using
the coordinates (x,y.t,v), t = x/x, Vv = (y-y)/x. Here
the half density ~ equals

dx dy dt dv 172

n_n
Xt

and
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(2.32)  (Af)(x.y) = {J k'(x.y,t,v)f(xt.y+xv)g§dv}°u
t

if k(A) = k'(x,y.t,v) 1in these coordinates. Although
(2.32) appears both more natural and neater than (2.30),
the first expression is better for our purposes. The
reason is that we are frequently interested in the behav-
iour of Af as x —— 0, but (;,v) are singular along
the top face T, hence less convenient.

It is straightforward to extend these definitions to
include operators acting on the k-form bundles of the last
section. Thus

A

ko172

er,’<)

(2.33) A € Wg(H:°A

172 o,k o,k

m
& k(A) € Ky(M:iTy"%) @ Hom(°A[.%A,).

Unfortunately the class of operators we have defined

is not large enough to contain inverses of elliptic VO

differential operators. For if E 1is to invert P €
Diffg, it must somehow incorporate information about the
asymptotic behaviour of (formal) solutions to Pu = O near

the boundary. The kernels we have already introduced
vanish to infinite order at the relevant boundary compo-

nents T and B.
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We remedy this shortcoming as follows. Let T and B
denote also the extended top and bottom faces in [MxoM]z,
and

with their corresponding defining functions.

Pt P

Suppose Vb is the space of vector fields on this double

which are tangent to both boundary components; set

da,b -

' b N, o
{u € 9 ([Ux M]%) : Vis+Vu € phpp(log pp log pp)'L

V, €V i =1,¢*+,3j, for all j and some N

independent of j}.

This has an invariantly defined subspace of polyhomogeneous

elements

o Ni
£ ] 'b +. j
dzhz = {u € 42 tu o~ z 2 uijp? 1(log PT)J
i=0 j=
near T,
(2.34)
o Ny
., _b+i J
u 2 E uy 4P (log pB) near B}.

i=0 j=0



69

and u. are C° and depend only on the

Here u, . . .
1] 1]

‘tangential’ variables at the appropriate boundary.

(2.35) Definition:

. -©,a,b _ ,a,b © pl/2
i) KO = dphg Mx M ® C (MxoM,Fo ).
. m,a,b,, 172, _ .m, . 1/2 -©,a,b,, ~1/2
ii) Ko (M,FO ) = KO(M,FO ) + K0 (M.F0 ).
iii) A € \I/’c‘)"a'b & k(A) € Kg'a’b.

The kernels in i) are just sections of Fé/2(MxoM) which

are Coo in the interior and up to the front face, and
conormal with classical expansions at T and B.

The extension of these last definitions to operators
acting on differential forms is slightly arcane since we
need to consider forms with tangential and normal compo-
nents vanishing with different rates at the boundary. Some
additional structure is needed so that these components are
well-defined; for the present problem we have the conformal
class of the metric h with which to work. Using this,
the ordinary form bundle splits at OJM:

k k k
AS(M) gy = Af ® A

Similarly, from the formal pullback (2.25) we have



70

oAk(M)IaM = %Ak o °ak.

Next, by virtue of the metric h again, we may actually
assume that such a splitting is defined in a neighbourhood
of the boundary. This is less natural, but the important
point is that in any two such splittings the summands agree
to first order at the boundary. Another way to phrase this
is to say that the conformal class distinguishes the col-
lection of coordinate systems (y.x) for which x = 0O on
the boundary and 8/8x 1is orthogonal to JdM. Henceforth
only such coordinates will be used, and we assume that a
splitting of the VO form bundle is given.

The real purpose of these machinations is so that we
may attach an invariant sense to the requirement that the
components of w = w_  + w vanish at different rates at

t
aM:

w, = O(xa) w, = O(xb).

If w w ~are computed with respect to the coordinates

t .
(y.x) and are seen to vanish at these rates, and then

recomputed with respect to new coordinates (y.x), these
rates might be intermingled. If, however, both coordinate

systems are of the special type above, then from the fact

that
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- .ox), - =ox)

ax y
it is easy to see that the new components at, at vanish
at the rates min(a,b+1), min(a+l,b), respectively.

Hence, these rates are well defined provided we assume
b-1 < a € b+1l. Similarly, it is likewise invariant to re-

quire that

Ve € d;gh' n zhg
if |a-b| ¢ 1. The spaces here are simply those of (2.34)
when only one boundary is present, and of course are
extended to contain vector-valued elements.
Now, using all of these technical hypotheses, we
g and OAE split in a neighbourhood
of F in M x. M 1into their tangential and normal sub-

0]
o,k o,k .
bundles. Thus any G € Hom( Ae. Ar) may be associated to

assume that both O

a matrix

G G
(2.36) G = | nt
G G
tn nn
where
o,k o,k . o,k o,k
Gee + CAL)y = (), Cne © CAr)y ("Ap)
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Cin (OAE)t (OAE)n nn (OAE)n _;_* (oAg)n
Thus, for o = I Gw = (Gw)t + (Gm)n where
(Gu), = G oy + Gpevy
(Go)p = 6 * Cnn®n
The G, ., i, j = t, n, are also called the components of

These byzantine preliminaries allow us finally to de-
fine kernels generalizing those of (2.35). The idea is

simply to let each Gij' when expressed as a matrix, con-

a,b
phg’
two by two real matrices

tain entries in o More precisely, suppose o, T are

(2.37) Definition:
-0 . g,T o,k -1/2

i) KO (M; A @Fo ) = (G = (Gij)’ i, j =t, n,
-®,g T
Tiit i 1,2 o,k o,k
1 € K0 (M,Fo ) ® Hom(( Ar)i'( Ae)j}
. m,o,T m -®,0,T
ii) KO = KO + KO
m,o,T m,o,T
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As before, these spaces are well defined only when

|min(o min(atn,a )| <1

tt'%ne) T nn

T )l < 1.

|m1n(T tn’ Tnn

tt’Tnt) - min(7T
To conclude this treatment of VO pseudodifferential
operators, we discuss their composition properties (espe-
cially with VO differential operators) and the symbol
isomorphism. The following results will only be stated and
proved for scalar operators, but obviously still hold for

operators on forms, by, for example, referring to a basis.

(2.38) Proposition: W;’a’b is a two-sided Diffg module
KL, gm.a,b m+u,a,b
Diffo WO c WO
m,a,b _ _...H m+p,a,b
WO lefo Cc WO .
Proof: It suffices first of all only to prove the first

inclusion, for the other follows by taking adjoints (note

that adjoints of elements in wg,a.b lie in Wg’b’a).
Furthermore it also suffices to take u = 1 and then
iterate. Consider then the vector fields xax, xd._ . By

Yi
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(2.17) these 1ift to M 0 M to vector fields tangent to

all boundaries, whence they preserve the conormal spaces

da,b

we showed there that

b*(sas) = xax, b*(sau ) = x4

i i
- m,a,b
Thus if A € V¥, ., and «k(A) =
~ o~ ~ov1/2
k(s,u,x,y) ds du~dx dy = k*v then
n>n
s X
8k _n).
K(xax A) = [as 2k]
(2.39)
dk
k(x8_ <A) = s < 7.
Yy 6ui
These new kernels each belong to K8+1’a’b, SO we are
done.

A symbol map on Diffo(M) was introduced in (2.7);
there is a natural generalization of this map to WO

Recall first that

m -©,a,b _ -®
Wo n WO = WO .

This implies that if A = A' + A" is a decomposition as

% a,b

Furthermore, using the coordinates (s,u) of (2.20)

in
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(2.35) ii), theh it makes good sense to let 0am(A) =
0om(A') and only define the symbol on Wg. Now, the map
here, apart from simplifications in the density factors, is
just the usual symbol on the space of distributions conor-
mal along At

o:

1/2

oMo
o KO(M.FO

) — S™(N'(Acy): Ty(M) @ T(fibre))

The space on the right contains symbolic densities on the

fibres of the conormal bundle of A '(fibre) -—densi-

0:
ties on the fibres of this bundle—arises through the use

of the invariant Fourier transform. Also FO(M) results
from the restriction of Té/z(MxoM) to the diagonal, for
the half densities on each factor combine along ALO to
give densities of weight one.

The VO symbol map oam is obtained by first apply-

ing the map o above, and then removing the density fac-

tors. It suffices to construct a natural density on
N*(ALO) by which to ‘divide’. This proceeds in three
steps. First note the isomorphism

y(M) @ Ir(fibre) = rO(N*(ALO)),

the latter being the space of densities along N*(ALO)

singular like R™™ at F. Next, observe that there is a

natural isomorphism
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5 1 N'(Ay) — °T7H.

~

This is dual to the isomorphism N(ALO) —— °TM, which is

the usual natural isomorphism N(At) —— TM away from

aALO; near this boundary it comes from the identification
of xax. xay , which span °TM near dM, with their

i
lifts sas, saui, which span N(ALO) near 6ALO.

Finally, by way of the natural map
T —— °T"'M

(ﬁhich is not an isomorphism at 8M) the symplectic
density on T*M corresponds to a density on OT*M. This
density is singular at JM, yet a nonsingular section of
TO(OT*M). The resulting naturally defined element of

FO(M) ® I'(fibre) may thusly be removed so as to obtain the
VO symbol map

(2.40) M s™(°T*N).

Here we have also used & to transfer the symbols from

N*(Acy) to °TTM.

(2.41) Theorem: WS is filtered by the symbol maps Oam,

m € R. For any such m we have a short exact sequence
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(o]
ag
0 — v™ 1 g™ M, s™°1™NM)/s

m m—l(o
0 0

™M) — 0

and the product formula

0am1+m2(A1.A2) = oaml(Al)oamz(A2)'

Proof: The exactness of the sequence is a consequence of
the same property of the symbol map on distributions co-
normal to ALO. The product formula follows from the usual
one on standard pseudodifferential operators, provided we
ascertain that A1°A2 is in fact a Vo pseudodifferential
operator. For, both the symbol map and the composition
rule agree with their ordinary analogues away from J&M,
hence the product rule must extend by continuity, provided
the left hand side makes sense.

The first step is to derive an expression for the
kernel of a composition. Use the representation (2.30),
but write the kernels kl’ k2 of Al. A2 as functions of
X, ¥, s, u (rather than ;. ;. s, u). This is legitimate

since we may assume that k1 and k2 are supported quite

near ALO. With
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and recalling the half densities of (2.28), the composition

A1A2f becomes, on the level of kernels,

N' rv' . ~ ~ X N-x 2 .
R N L R TPIRLI Gt TS Fa I

X X
— J kl(x,y,sl,ul)kz(;z,y—g:ul,52.u2)

< X ds, du, ds, du
f( Y- (sou +u,))e = ° u.
$159 sls2 271 72

Now, introduce

_ X _ _ Y-y _ _
0 = X~ = 8;5,. v = T = spuy + u,.
X X
Hence
AAE = | k £(X, y-xv/0)2<2 ap -
1Asf = (x,y.0.,v) ory-xv p 3

where, by the substitution s, = a/sz, u, = (v—u2)/s2

k(x,.y.o,v) =

ds du2

2 2
n-1
2

J kl(x,y,a/sz,(v—u2)/s2)k2(ax/52,y—x(u—uz)/a,52,u2) )
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The k;, are conormal along {s; =1, u; = oy, i =1,2,
so we must show that k, as given above, is conormal

along, and supported near, {o =1, v = 0}. The support
condition is obvious from the similar assumption on kl'
k2. As for the conormality, consider first the special

case x =y = 0O:

(2.42) Lemma: If kl’ k2 are distributions on the group

Gp of (2.4) which are conormal at, and supported near, the

identity (1,0). Then
k(o,v) = Jkl((a,v)°(s.u)-1)k2(s,u)s—n ds du
enjoys the same properties.

Proof: We reduce this to the corresponding assertion for
the group R™ where this result is well known. The main
point is that the space of distributions conormal to some
submanifold (e.g. (1,0)) 1is coordinate invariant, and
furthermore that, under a submersion, conormal distribu-

tions pull back to conormal distributions. Thus, since

(o,v,0-s,v-u) bF— (a/s,(v-u)/s)

o-s,-1
)

g-s,-1 _ b-u _
o/s = (1 - ) . = g (1 p
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is a surjection, there is a distribution ki defined by

kl(a/s,nggl) = ki(a,v,a—s,v—u)

which is conormal at o-s = O, v-u = 0, and Coo else-

where. The pairing
J ki(a,v,a—s.v—u)kz(s,u)s_n ds du

defining k 1is therefore of the required regularity, which

proves the lemma.

To understand the group convolution when the param-

eters x, y are present, only a slight modification is

necessary. Thus, as before, there is a distribution
o-s
ki(x,y,.0,v,8,.u,) = ko(x(1 - 2)_1 y - l(-(v—u ).Sq.U,)
ARG A 2 o ’ o 277272
also conormal along Sy = 1, Uy = 0, and for which x, y.
o, v are smooth parameters. As in the lemma, the kernel
k(x,y.o,v) 1is conormal along o =1, v = 0. The proof of

(2.41) is complete.

Remarks: Though we did not verify it, that oam(P), P €

Diffg, as defined here agrees with the earlier definition
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(2.7) is quite easy to check. In addition, the product

rule

o Ay = © o B
am+u(P A) = am(P) au(A). A€V,

is simpler to prove, since we may operate directly on the
kernel of A with the lifted operators on M 0 M cover-
ing P.

The residual space for this symbol calculus is Wam;
the kernels of the operators in this space are Cw on the
stretched product M 0 M, but not on M x M. Thus, al-
though smoothing in the interior of M, they are not com-

pact on any reasonable space. This is discussed at length

in the next two sections.

D. Indicial and Normal Operators

The first step in constructing a parametrix for P €
Diffo is to iteratively ‘remove’ the conormal singulari-
ties of its kernel along ALO. As in the ordinary con-
struction, this is reduced to algebraic manipulation by way
of the symbol calculus. But, as noted at the end of the
last section, the resulting error after this step is not
compact. This necessitates the use of two additional

steps, both iterative in nature, and both employing models

for the various operators involved. These we describe now.
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If Eo is the operator obtained in the first step:

-0

PEO= I - Qo, QO € WO

then Kg» the kernel of QO‘ is Coo on M X0 M up to
all boundaries. In fact, o vanishes to infinite order
at T and B; at F, however, its Taylor series is non-

trivial (which causes QO not to be compact). Thus the
second step of the construction is the removal of this

Taylor series. We seek an E1 such that

and Ky the kernel of Ql’ vanishes to infinite order
at F. Unfortunately, in order to accomplish this, we must

settle for a correction term El lying in Waw’a’b for

some a, b. (We are restricting discussion to scalar oper-

ators for simplicity.) Consequently

o _ -0 3a,b o - a,b

where the space of kernels on the right consists of those

elements of ,Kaw’a’b which vanish to infinite order on F.

If a and b are sufficiently large then Q1 is actually
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compact and the construction is complete. Usually, though,
it is necessary to carry through the third step: the re-
moval of the conormal singularity of K4 along the top

© a,b

face. Here we seek an E2 € mea such that

o _—0o o b

PE2 = Q1 - Q2, Q2 € R WO

The operator Q2 is compact on appropriate weighted L2

spaces and

P-(EO+E1+E2) =1 - Q2

so that E = EO + El + E2 is the desired parametrix.

From this somewhat vague discussion it should be clear
that E1 and E2 may be ‘locally’ constructed. Specifi-
cally, El should only depend on the operator P frozen
at F and the relevant Taylor series of Kg» whereas E2
must rely only on the infinitesimal action of P near T
and the conormal expansion of K4 there.

Consider first the former of these steps. Toward the

stated goal, define the normal operator of A € Waw’a’b

(2.43) Np(A) = k(A) le

By the remark following (2.26), and recalling that k(A)

is actually a section of the half density bundle, Np(A)



84

is a section of

172
r F ® o
(F,)

,b
o 2 ha(F.)

phg* p

i.e. smooth in the interior, and with the appropriate co-
normal singularity at T N Fp and B N Fp. As it stands,
this seems to bear no relationship to the previous defini-
tion (2.8) for Np(P), P € Diffo. To make this comparison
we must interpret Np(A) as an operator. Remember that

Fp is naturally identified (in its interior) with the
group Gp in two ways. Using the Gﬁ identification,
Np(A) is to be thought of as a left convolution operators
on half densities over Fp. Thus, in the coordinates

(s.u.x,y) of (2.20), p = (0,0):

ds du ds d;
n~n
s's

1/2
N_(A) = k(s.u.,0,0) l

(2.44)
N (A)E = Ik((s.u)°(;'5)'1'O-O)f(;':)d':"ndu'

ds dull/z

n
S

1/2

ds du/sn

where f = f(s,u)

Now, if P € Diffg is expressed as in (2.2), then by

(2.21) its lift to M x4 M is
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a) z aa(s;,;+;u)(sau)a.(sas)an, a = (a',a_).

la|<m

Hence, applied to the kernel of the identity (2.31),

k(P) = 2 aa(s;,;+;u)(sau)a.(sas—%)ané(s—l)é(u)-w

so that, according to (2.43)

b) N (P) =

ds du ds du|l’2

n~n
s

) aa(o,O)(sau)“'(sa —g)ana(s—1)a(u)

S S
la|<m

However, according to (2.8)

a
n

c) N (P) = ) aa(o.O)(sau)“'(sas)
la|gm

Finally then it is not hard to see that the expression c),

applied to a half density f(s,u)|ds du/snll/z. coincides
with the result of setting expression b) into (2.44). Ve

have shown that (2.43) is a proper generalization of (2.8).

(2.45) Proposition: There is an exact sequence
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N
0 R\p(—)m.a.b ‘p(‘;w,a,b P

a,b 172

a5 o(F)) 8 To(F ) — o.

,a,b

If P € Diffg, A e v’ then

0
N (P-A) = N_(P)-N_(A).

,a,b

Remark: For k = 0,1,2,°°-, Rkwaw is the space of

operators whose kernels vanish to order k at F.

Proof: The exactness of the sequence is obvious, save per-—
haps the surjectivity of Np. But that too is easy since
one may readily construct in local coordinates a kernel

with fixed restriction to Fp. As for the product formula,

either by applying the operator a) above to k(A) and then

~

setting x =y = O, or by applying the operator c) to

Np(A) in (2.44) one arrives at the same section of Félz,

~
for x and y are merely parameters in a).

The conjugate RkNpR—k acts on Rkwaw’a’b, though we
shall not use this fact. Nonetheless, as k varies in
Z+, the residual space

[ —eo’a,b
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is the outer limit of the effectiveness of N _ . Kernels of
elements in this space, when pushed down to M x M, 1lie in

42 P(MxH) @ ro/2(ux).

The space dg’b consists of those distributions which are
conormal (with expansions) along the boundary components
dGM x M, M x @M of M x M, and which vanish to all orders
at JdAc.

The final step utilizes the indicial operator, which
once again models kernels in the last residual space. It

is defined by the exact sequence

(2.46) 0 —— R7yW 2D gy ™2 b L,
42:? g r /23?0 172 — 0
Thus, for A € waaw,a,b' I(A) 1is simply the top term of

the expansion of the kernel of A on JdM x M. It too may
be defined as an operator, but we have no need of this.

On the other hand, P € Diffg(M) also has an indicial
operator, which we do want to regard as an operator. Note

that

A € R®y="'2:D 4 p.a e R%yI22:0,
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I(P) 1is now defined to be that operator acting

‘infinitesimally at 8M’, or equivalently on NJ&M, for
which
(2.47) I(P-A) = I(P)I(A).

Strictly speaking there are many operators satisfying

(2.47). But since

a,b +1,b
xta o+ oy ) po> 1
x"a ag'b sag”’b v Y 1
i
there is a natural choice for I(P). If
_ k a
P= ) oy a(x¥)(x8,) (x3))
k+|a|§m
then set
k
(2.48) I(P) = ) a, (0.¥)(x3,)".
k<m

This is well defined, provided only coordinate systems of
the type discussed in section C are used, and obviously

satisfies (2.47). The residual space of the filtration

induced by I» is
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©_~o o b

the kernels of which are compact on L2 (so long as b

is large enough), as we prove in the next section.

E. Continuity Properties

We now study the continuity properties of VO pseudo-
differential operators. Following the usual scheme of such
proofs, first the L2 boundedness of residual operators is
demonstrated—this is the most arduous part of the proof—
then the symbol calculus immediately implies boundedness
for operators of order zero. Finally a few more refined
statements, including criteria for compactness, are proved.
Other less general results are discussed in the last sec-
tion of the next chapter. As before, we limit all
consideration to scalar operators; the analogues for opera-
tors on the form bundles are either obvious or will be

commented on when required.

-o.a,b

0 induces a bounded

(2.49) Proposition: Any A € V¥

map

A x"L2(xPax dy) — X L2 (xdx dy)
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provided r' {(r, a-r1 > Bél, b +r' > E%l, and
a+ b > n-1.
Proof: The slightly bizarre method we employ is to reduce

the statement to the familiar one concerning L2 bounded-

ness of ordinary pseudodifferential operators of order

zero. First note that we may assume that the kernel k

of A 1is supported in O < x, ; <1, |y|, |;| < 1. It is
of course Coo when lifted to M X0 M, except at T and
B where it is conormal. It also suffices to demonstrate

boundedness of

x T —(n—l)/2Axr+(n-1)/2 on Li(x-ldx dy).

The kernel of this last operator is

k, = xr-—r’[’%]—r—(n—l)lzk _ ;r—r'[f]r'+(n—1)/2k.

X

Split kc into a sum of two kernels, one supported in x ¢

2; and the other in x ¢ 2x. As r - r' 2 O, let k1 be

the first of these divided by x' T and k2 the second

divided by xT°T . We need only demonstrate boundedness of

k1 and k2 since k1 + k2 dominates kc

Write k1 as a function of x, y, s, u as in (2.30)

and k, as a function of x, y, t, v as in (2.32). Then

by assumption k1 is supported in O ¢ x < 1, ly| < 1,

~
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0 <s <2, and k, in 0 < x <1, ly] <1, 0 ¢ t < 2;
both are supported within the domain of regularity of their

coordinate systems. Furthermore

a) k1 € C for s # 0, 1is conormal at s = 0

with an expansion of lowest power

and a symbol of order - a-b in u
(2.50)
b) k2 € ¢” for t #£0, 1is conormal at t = O
with an expansion of lowest power tb+r'+(n—1)/2
and a symbol of order - a-b in u.
Consider first k1 alone. By the Plancherel formula

~

j kl[x,y.§,151]f(x,y)x—n dx dy =
X X

X
since the Fourier transform of kl[-——.xix] with respect
X
to y is kl(x.y,x/x,—xn)e_iy.nxn—l. Next, introduce into
-t -t ~
this last integral the new variables e = x, e =X to

obtain

~ ~ ~

I ﬁl(e_t,y,e_(t_t),—e_tn)e-ly.nf(e_t.n)dt dn
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where the integrand is supported in t 2 O, t 2 O,
t-t 2> -1. Notice that by (2.50) a) the first factor in-

creases exponentially unless a-r > (n-1)/2, 1in which case

it decreases rapidly. Finally set

~

Kl(t,y,'r,n) = Jkl(e—t,y,e—a.e_tn)e—iy'ne_“" do

so that the former integral becomes

~

J el(t‘t)7+1(y‘Y)'"Kl(t,y,T,n)f(e—t.Y)dt dy drt dn.

We shall show that Kq is a symbol in 7, m of order O
(and type (1,0)), except for a mild conormal singularity

~

at e_tn = 0, and so represents an Lz(dt dy) bounded

operator. Since Lz(dt dy) = Lz(x—ldx dy). this shows
that k1 has the required boundedness.

To prove the claim we need only examine the effect of
differentiating the integral which defines Kq- First
notice that by (2.50) a), the symbolic properties of
kl(;,y,s,u) in u imply that its Fourier transform is
rapidly decreasing in the dual variable { and conormal at

~

{ = 0. Since a+b > (n-1), k is bounded there. Hence

1
Kq also enjoys these properties. In addition, if a-r >
(n-1)/2 as assumed, €l is rapidly decreasing in 7.

Thus differentiating with respect to either y or 7
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preserves this rapid decrease. Differentiating with

~ A

respect to t either affects the first slot of k1 or the

fourth. As x 1is a smooth parameter, the former preserves

~

regularity. In the latter case a factor e tn is pro-

duced in front:

vk, = - | (e ta.k, + e 'n.8. k )e WVIMTIOT 4
t1 1 J7C.1
X J
is of the same regularity as Ky in particular bounded.

Finally,

—-iyen-ior do

is also uniformly bounded. By iteration it is readily seen

that

. P) ~ -0~
aia;aTagKI(t.y.r.n) < Cipapl + I7l + InD) Ip]
t

and, as mentioned before, K4 has a bounded conormal
singularity at n = O, wuniform in all other parameters.
By the standard theory k1 induces a bounded transforma-
tion on L2(x_1 dx dy).
The proof for k2 is quite similar, only here one
n-1

requires the hypothesis b + r' > -5 This completes the

proof of (2.49).
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Before proving continuity of operators of order zero,
m . . .
let us note that ¢0 is invariant under the operation of

taking adjoints, for any m. Thus if A € Wg then the

kernel of A* is

~ovoldx d d; d
K L (x.y.x,y) §~n Y
X X

~ |1/2

dx dv dx dy 172

EA(x,y.x,y)I

which certainly has the same regularity as K, on M x. M.

In addition, it is easy to see that

0 (A7) = %a(A).

0,a,b

(2.51) Theorem: A € WO’ ’ is bounded from
r.2.1/2 'L2.1/2
x L FO L FO

provided a+b > n-1, a-r > Bél. b+ r' > 25

. _ 0 -©,a,b .
Proof: Write A = A1 + A2 € WO + WO . A2 is bounded
between these spaces by (2.49). As for Al’ use the sym-
0

bol calculus of (2.41) to find B € ¥ such that for some

0
sufficiently large M € R
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€ -

A’I‘A1 + BB = M-I + R, R €V

Then, for f = f(x,y)lx—n dx dyll/2

J |A1f|2 + J IB£|2 = M J 1£]12 + f REf-f

which implies, using the boundedness of R, that

[ ez cw [ o2

as desired.

The next step is to consider the action on Sobolev-
type spaces. Since the interest here is with parametrices
of differential operators, the full theory shall not be

developed. For m = 0,1,2,+++ set

172
0

2,172

) = {u € L7} 2

(2.52) Hp(M.T (xax)i(xay)“u € L2,

i+ |a] < m}

(2.53) Corollary: A € W-g.a,b is bounded from

2.1/2 am,o1/2
xT 0 — x' Hb(FO )
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Proof: If k 1is the kernel of A, then recalling (2.39)

(xax)i(xay)“k e kK'**®  for i+ la| < m.

The corollary follows.

The space of conormal half densities

[}

a>(M:r 2y = (£ e ré’z D f = f(x,y)lgiggll
X

i N, »
(x8,)" (x8,)*f(x.y) € p*(log p) 'L
for all i, a, and some fixed N}

has, as in (2.34), the subspace of polyhomogeneous elements

172

(2.54) dzhg(m;ro ) =

N.
o i
+1 .
{f € 42 £~ z z fi(y)xa 1(log x)J}.
i=0 j=0

This is the natural range of V0 pseudodifferential opera-
tors applied to smooth functions. Again we only prove a

special case:
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(2.55) Proposition: For any b, m € R, A € ¢8’a’b maps

(where the space on the left denotes the smooth half densi-

ties vanishing to infinite order on dM).

b

Proof: If k € Km,a, is the kernel of A, then the

0
product

~ ™~ |ldx d d; d~
k(x,y.x.,y) §~n Y
X X

1/72 . o d; d~ 172
e ||
X

° 00 ~
f € C, vanishes to infinite order on {x = 0} and has an

ordinary conormal singularity along the diagonal. Its
integral then is that of an ordinary pseudodifferential

kernel against f. Furthermore, if

kK~ k. Kk €dfloP
i i phg

then each

+i
€ da 1

~ o~ o~ o~ogy dy |dx dy

|1/2
X

which gives the result.
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Our final result concerns compactness of operators of

negative order with appropriate boundary conditions.

(2.56) Proposition: A € waam,a,b is a compact map
between

r,2.1/2 r',2.1/2

L TO L FO

for m > O, a+b > n-1, a-r > Eél, b+r' > Q%l
Proof: x A =B € Wam.a—e,b' and if e 1is sufficiently
small, B is bounded between
r,2 r'.,m
x LY — x Hb
also. The compactness of A = x®B is furnished by the

uniform smallness of x°B in a neighbourhood of JM and

the uniform equicontinuity of functions in H: on

{(x.y) * x 2 el} for each e, > 0, «cf. [29].

1
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Chapter 3 Analysis of the Normal Operator

A. Identification of the Model Operators

The novel step in constructing a parametrix for Ag,
as indicated in section D of the previous chapter, is the
use of simpler models for this operator at the boundary,
where it degenerates. These models, the normal and indi-
cial operators, are employed in iterative schemes analogous
to the initial symbolic step of the construction to obtain
a parametrix for which the remainder is compact. It is
important then to reach a thorough understanding of their
mapping properties; this is the goal of the present chap-
ter. In this section we identify these operators explicit-
ly and analyze the indicial operator. Since it is an
ordinary differential operator of Euler type, this is quite
easy. The normal operator, however, is a partial differen-
tial operator, and the derivation of those of its proper-
ties we need later will require more of an effort.

We have given two different, yet equivalent, defini-
tions of the normal operator of P € Diffg(M). The first
one, (2.8), is an operator on the half tangent space Mp.

p € M, while the second, (2.43), is a convolution kernel
on the fibre Fp of the front face. This latter
interpretation is the one we ultimately use, but the former
is easier to manipulate, hence the one of interest in this

chapter. Recall now that the action of Ag on oAk(M) is

given by
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the operator P of (1.21), so that P = pkAgp‘k. Then
Np(Ag) is an operator on Mp acting on sections of
oAk(Mp); the induced operator is Np(P). It turns out
that Np(Ag) is actually the Laplacian of a constant curv-
ature metric, whence it has greater invariance properties

than merely the expected Gp—invariance.

(3.1) Proposition: Np(Ag) is the Laplacian of the con-
stant curvature metric (dpp)_zhp; here dpp is to be
thought of as a linear function on Mp' The induced action

on oAk(Mp) is given by Np(P).

Proof: Choose coordinates z = (El.°",2n_1,2n) = (y.x)
on M near p, such that § = (z ,°°°,2 are geodesic
coordinates for h restricted to JdM, centered at p,

and z" = X is a defining function for the boundary and
|6/6§n'h = 1. Let z = (y.x) be the corresponding linear

coordinates on Mp. Finally, write

p(y.x) = a(y)x + b(y.x). b = 0(x7).

Then |dpp|2 = a(0)2. Now, for o € Q7 (M)
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Po = p2Ahw + (2-k)p dp A 6,0 - kp 8, (dpAw)

(1) (2) (3)
+ (n—k)vapw - 2vap do
(4) (5)
+ (n-2k)dp A top® ~ k(n-k—l)cvp(dp)m
(6) (7)
is the operator of (1.21), defined by Ag[gﬁ] = Lg%l .
. P P
Suppose ® = Wy dz-, I = (il,~°°,ik), 1 < i {eeel
ik { n. We shall consider each term (1) - (7) separately,
always using the product rule (2.10).
2
(1) »p Ahm has normal operator
n 2
07w
[—a(O)2 z .I ]de
(9z)?
i=1
(2) p dp A 5hm =
-n -=n,-n I —I\is
(az +b)(adz +z da+db)/\(—6i CING (vi wI)dz )
s s s
o_ _ s awI _I\1s
= a%z" az" A (-1) n dz +oee
s
dz

which becomes
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Jdw
- a“z® ——% dzI if ik = n
dz
or
o INi
Y 2®(-)**TIr —— 4z S Az if 4 <
s agz S

(3) p6,(dpAo) = (az+b)5, ((adz™+---) A wdzl)

INi
k+1 I n - s
= (az™b) ) (-1) 53 1 .n"s_(807)42

A dz"

k+1 I n

+ (az +b)(-1) v (a(.)I)dz PR

which reduces to

dw Jw IN\i
s O s

dz s az s



(4)

(5)
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i

_ _ s i eeci__ji
(azn+b)(Vp(w )dzI+m QET- dz 1 s-1%7s+1
I I a73
z
dw
_ a2—n _I d—I oo
az"
dw
which remains as azzn ——% dzI for any I
dz
-n So1 -5 , .-I
pLy do = (az +b). i -i [-:T dzJ A dz ]
p (ptasaz’) lazd
-n i 9w o P ¢
= (az +b)p — L _i(dzJAdz )
azd 8/8z
dw .
= a22n —:L L _n(dzJAdzI) +eee
dz 8/d8z
recalling pi = O(p) if 1 < n
yielding
do
azzn — dzI if i, < n
n k
dz
dw :
a2 } ('l)an ——§ dzJ A dzI\n if 1, =n

e e
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(6) dp Aty o = (adz” ++++) A pte

and all that remains is

(7) Finally, dp(vp)w = a2wI dEI Fooe

leaves a2mI dz for any I.

Heuristically, the procedure throughout is to expand the
coefficients of P in a power series, discard any term in
which the power of z" exceeds the number of derivatives,
and then replace all coordinates z! by their linear ana-
i
logues =z
Collect all terms above with the appropriate coeffi-

cients to obtain
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-,

o 62w
2 2 I
cor{[-em? 3 T
i=1 (927)
dw
(n—2)zn ——% - k(n—k—l)wI]dzI
dz
(3.2)
dw IN\i
+2(-)% ) 2 —— (- taz % A dzn}
s gz S
if ik {n
Np(P)(w) =<
n 2
0" w
2 2 I
a(0) {[-(z“) > -+
i=1 (927)
n awI
(n-2)z — - (k—l)(n—k)ml]dz
Jdz
n-1 S
+ 2(-1)k+1 E z" L gz A dzI\n}
. gz
j=1
\ if ik = n

Furthermore, the product formula (2.10) shows that

n,-k n,k
N(8) = (21 TN (P) (")

N (P)w
w ] > i.e. the action induced

(2K T (amE

o,k . .
A (M i b N (P), as claimed.
by Np(Ag) on ( p) is given by p( )

e () |
so that p( g)
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Finally, to see that Np(Ag) is the Laplacian of the
metric (ax(O)zn)—2 dz2, simply observe that this a special
case of all of the calculations above, and preceding
(1.21), with p = a(0)z®, h = dz=2.

The corresponding P 1is already dilation invariant
and so no terms are lost in passing to the limit in (2.8).
The assertion now follows, for (3.2) depends only on the
dimension n, the degree k, and Idppli.

In the next section we construct an inverse for the
action of Np(Ag) on oAk(Mp), i.e. for Np(P). However,
it is really the normal operator, as defined by (2.43),

acting on sections of OA: ® Félle that we need to

invert. It is true, though not immediately obvious, that

172

o,k
A (Mp) ® FO

this bundle and (Mp) are naturally isomor-
phic. Thus it suffices to study the operator over M .,
then transfer the results back to Fp. Let us now examine
the details of this bundle isomorphism. We prove the
identification only for the k-form bundle; a similar argu-
ment applies equally well to the half-densities. In fact,
the density bundles will be systematically neglected
through most of this chapter. Their later inclusion is

effected by ‘conjugating the whole discussion by xn/2.,
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. ’ o,k o,k
(3.3) Lemma: Both A (Mp) and Ae F

p

though not naturally so. There is a canonical equivalence

are trivial,

between these two bundles over the interiors of their

bases. Furthermore, each is also naturally equivalent to
»*

0Ak(Bn) = Ak(oT Bn). again only over the interiors of

their bases.

Proof: oAk(Mp) lifts to the left factor of Mp x Mp,

thence to Mp X0 Mp; the resulting bundle we denote
°A1;(Mpxonp). It then pulls back to the fibre F, over
(0,0) € aMp x aMp. Examination of the rules (2.25) for
formal pullback show that this restriction is isomorphic to
oAk(Mp). Now, the linear model Mp is equivalent‘to first
order with M at p. This means that the stretched pro-
ducts M 0 Mp and XN 0 M are also first order equiva-
lent near FO and Fp, respectively. Hence
oAk(Mp)(MpxoMp) and oAg(MxoM) agree to order zero at
these fibres, so their restrictions to F0 and Fp coin-
cide in a natural manner. Finally, Lemma (2.19) asserts
the equivalence of any of these bundles with OAk(Bn), at
least over the interiors of the bases. Notice that the

isomorphism ‘oAk(Mp) > oAk(Bn) is not induced by the usual

conformal map R: —— B™.

As we have indicated earlier, the indicial operator of

P 1is an ordinary differential operator of Euler type; it
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is actually an uncoupled system. Using the coordinates of

(3.1) with p corresponding to O, from (3.2) we derive

(
2
0w dw
2(0)?[-(z"?2 —L5 + (a-2) —
(8z7) dz
- k(n-k-1)ow dzI if i, < n
I k
(3.4) I_(P)(w, dzl) =
P I ﬁ
2
97w dw
2 n,2 I _ I
2(0)2[-(z"?2 —L5 + (n-2) —L
z dz
- (k-1){(n-k)w ]dzI if i, =n
I k -
\
Reverting now to the notation z = (y.x). the solutions of
I (P =0
S (P) (@)
s s
are of the form o = x 1 dyI. w = X 2 dyJ A dx, 1] = k.
|J| = k-1. The numbers S and s, are called the indi-
cial roots. A short calculation shows that
-k ~k-1 less k = =1
s, = or n unless = 5
(3.5)
n+l
Sg = k-1 or n-k unless k = 5
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The solutions in the exceptional cases k = (n+l1)/2
involve additional logarithmic factors, but we are not con-
cerned with these here.

The basic reason the parametrix construction breaks
down in these exceptional cases is that only for these
values of k do the indicial roots not vanish at different
rates at x = O. For the other values of k, only one of
the solutions corresponding to each pair of indicial roots

lies in the L2 space which is natural for the problem.

Thus:
Both x™ K, x® ¥l e 12 (x™ax) iff k <2zl
loc 2
(3.6)
Both xX, x5! e 1?2 (x™® dx) iff k > il
loc 2

Slightly restated, if ® solves Ip(P)w =0 and o €

L?oc(x—n dx), then (with summation intended)
w = C xn-k-ldyI + c xn-kdyJ A dx if k < n-l
I J 2
(3.7)
w = chkdyI + chk-ldyJ A dx if k > le

We shall prove in the next chapter that if o € L2(dg),
Pw = O, then it is polyhomogeneous conormal at JM, and
(3.7) is the leading term in its asymptotic expansion

there.
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We should femark, as a general note, that the anaylsis
of this particular VO elliptic problem is greatly simpli-
fied by the fact that the indicial roots (3.5) are indepen-
dent of the base point p. In the general problem they may
well vary, and complications arise from repeated roots,

etc.

B. The Inverse of the Hyperboiic Laplacian

Let NP denote the operator of (3.2), neglecting the
a(O)2 factor. From Lemma (3.3), NP may be interpreted
as the operator induced by the constant curvature Laplacian
either on oAk(RE) or oAk(Bn). It is important that we
have both of these models available. The inverse for NP
is constructed using the Fourier transform on the y vari-
ables in the upper half space. This is quite natural, for
these hypersurfaces are horospheres, hence have natural
Euclidean structures. Then, however, the additional rota-
tional symmetry of the ball is useful in understanding the

. . . n
behaviour of this inverse near ®© € R+.

So, NP has a partial symbol given by

iyng - iyen, ixn)o
NP(xﬁx,xay) J e w(n)dn = J e NP(xax,1xn)w(n)dn

where 7 = nldyl LR 171,1_1dyn“1 is dual to y, and
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w(n) = J e 1Y My (y)dy

is the usual Fourier transform on the components of w.

is easy to see from (3.2) that

2/\ A
R 2 991 oy
NP(xax,lxn)wIdy = [—x ax2 + (n-2)x5;—

2 2 ~
+ (x |n| —k(n-k—l))wI]dyI

+ 2(—1)kL(ixn)wIdyI A dx

(3.8)
a0 36
. ~ J I D i | B i |
NP(xax,lxn)dey A dx = [ X 5+ (n 2)xax

Igx
+ (x2|n|2—(k—1)(n—k))aJ]dyJ A dx
+ 2(—1)k+11xn A ;deJ.

~

The 71 in the first of these formulae is the h-dual of

Q@

M =mny 7 teeed oM
1 ayl n-1 ay

and is to be contracted with dyI A dx.

The operator of (3.8), which we also call NP’ is

only mildly coupled. This allows all solutions to NPw

It
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to be found, whence the inverse may be constructed and
analyzed. Thus, regarding m now as a fixed parameter,
the y coordinates may be rotated so that (3.8) assumes a
particularly simple form. In fact, rotate y so that =n =
1

[n] dy Then

n A dyJ # 0 & j1 > 1

c(mdyl A dx 2 0 & 1 = 1.

There are three cases to consider:

(3.9) i) w = Wy dyI, i > 1.
9w Jw
~ 2 I I 21 12 L a0 I
> Npo = [—x ax2 + (n-2)xax + (x°|n|“-k(n-k 1))w1]dy

. A _ A J _
ii) @ = g dy* A dx, jl = 1.

~ 5 62; aA
> pr = [—x ——Ei + (n—2)x§—‘L
dx X

+ (x2|n|2-(k—1)(n—k))8J]dyJ A dx
111) o = o ay ! + GJ ay? A dx,

I = (il’...’ik) = (l’jl'...’jk—l) = (1sJ)
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~ 5 070 80 2, 12 ~
> NPw = [—x ax2 + (n—2)x5;— + (x |n| —k(n—k—-l))wI

+ 2(—1)k+1ix|n|;J]dyI

o )
37w e} ~
e RN G G TR PICE LT

+ 2(-1)kix|n|al]dyJ A dx.

The first two of these operators are quite easy to invert.
The third one is slightly less so, since not all of its
solutions are known explicitly. Nonetheless, it may be
regarded as a compact perturbation of the diagonal system
formed by i) and ii).

The program now is as follows. Ultimately we seek to

prove that the partial differential operator N of (3.2),

P

acting on

LZ(R* <R 1, x™™ dx dy) = LZ2(R*.x™™ ax;L2(R""!.ay))
has a bounded inverse. Yet more refined regularity proper-
ties of this inverse are proved in the next section. Upon
conjugation by the Fourier transform it suffices to show
that the ordinary differential operator N of (3.8),

P

acting on
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n-1

D ax; LR any)

L2(R+.x_

also has a bounded inverse.

(3.10) Proposition: There exists a unique kernel G(x.x,n)

which is bounded on
LZRY,x ™ ax;L2(R™ 1. dn))
and such that
NP(xax,ixn)G(x,;,n) = xnﬁ(x—;).
(The right side of this equation is the Schwartz kernel of
the identity on the space above.)

The proof is quite long and involves several lemmas

along the way. Consider first the two operators (3.9) i),

ii). Set
2 g2 d 2, (2
P1 = -x" —5 4 (n—2)xa; + (x“|n|“-k(n-k-1))
dx
2 g2 2, 2
P, = -x° S5 + (n-2)xgg + (x7[n]"-(k-1)(n-K)).
dx

These are Fuchsian operators, the indicial roots of which,

as expected, are k, n-k-1 and k-1, n-k. In fact, for
k < n-1 (the case k > ntl is treated similarly, and

2 2
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shall be mentioned only rarely) we find, cf. [19],

n-1 n-1
2 2
Plu1 =0 > ul(x) = ¢ X Ivl(xlnl) + coX Kvl(x|n|),
b = n-2k-1
1~ 2
(3.11)
n-1 n-1
P,u, = 0 3 u,(x) = c,x 21 (x|n]) + cox 2 K. (x|n])
272 7 2 1 v 2 vy ’
b = n-2k+1
2 - 2

The Iv amd Kv are Bessel functions—specifically, the
modified Bessel function of the first kind and Macdonald’s
function, respectively, of order v > O. Their asymptotics
are well-known [19]

I (x) ~ x"/2°T(1+v), K (x) ~ 2" Ir(vy/x?

+
x — 0

(3.12)
Iv(x) ~ eX/V2wx, Kv(x) ~ e *Vr/2x
X — ©,
Thus, near x = 0,

“a v

—k-1 1
x 21, xlnb) ~ 7l
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)]
1
x 2K (x|n]) ~ <X|n]
1

b))

(3.13)

-k, (°2
X Iv2(x|"|) ~ x"T 8 n] “,

n-1

=D
x 2k, (xIn]) ~ xHn| 2
2

(up to constant factors). Recalling (3.7), uy €

2
Lloc(x

n dx) only if Cy = 0, 1 =1,2. On the other

hand, these solutions are exponentially increasing at
infinity. The other pair, with c, = O, decrease suitably
at infinity, but do not vanish to sufficiently high order
at x = 0. (For the exceptional degrees k = (n+l1)/2, the
ID and Kv differ only by a logarithmic factor at x =
0.)

Now we construct kernels inverting P1 and P2. In
fact, these two operators are treated so similarly that

only the work for P1 is displayed. With

n-1 n-1

u(x) = x 2 I, (xlnh. vex) = x 2 k, (In)

we know the kernel is of the form
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G, (x.x.m) = a(x)u(x)H(x-x) + B(x)v(x)H(x-%)
and satisfies

PlGl(x,x.n) = xn5(x—x),

which is the kernel of the identity on Lz(x'-n dx). This
form is chosen so that G1 is a “free’ solution for
X £ X, satisfying the boundary conditions (with respect to

x) of sufficiently rapid decay at x = 0, @. A bit of

calculation, with a(;) = 7(;)v(;). B(;) = 7(;)u(;), shows

P1G1 = xnﬁ(x—;)[—27(x)x2_n(u(x)v'(x)—u'(x)v(x)].
nd 2-n d 2 2
ax(x Il

Now, as P, = -x o= E;) + (x

. -k(n-k-1))., the

expression

x2 T (u(x)v' (x)-u’ (x)v(x))

is simply the Sturm-Liouville Wronskian of Pl’ hence
independent of x. By examining, for example, its power
series as x —— 0, it is also independent of n. Choos-

ing ~(x) to be the appropriate constant
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[Ivlcxlnl)xvl(ilnl)H(Z—x)
+ I (xInDK, (x|n])H(x-%)].
1 1

Analogously, the kernel G2 for P2 is obtained by re-

placing vy with vy -

It is convenient to introduce the space
(3.15)  #{P) = BP([0.2]:x™® dx) + x"HP([1,=):dx)

where p € Z+, r € R, H? is the usual Sobolev space of

order p and

A i ddf

HP = (f @ x' St e 12([0.2]:x ™ dx) for p 2 i > j > 0}
dx

so as to formulate the

(3.16) Proposition: For k < > or k > N
. 4(2) (0) i =
P, : ﬂr —_— *r+2 i=1,2

is an isomorphism, with inverse represented by the kernel
Gi(x,x,n).

ﬂ(o) so

} . (2) .
Proof: Obviously P1 and P2 map ﬂr into 42

it suffices to show that
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c. : #(0) 5 %(2) i=1,2
i r+2 r
is bounded. By construction it must then actually invert
Pi’ Uniqueness is also immediate since ,Piu = O has no

solutions in ﬂ£2) for any r.

The basic tool to prove boundedness of a kernel is

Schur’'s Test:

The positive kernel G(x.,x) induces a bounded
map on L2(du) if there exist positive

measurable functions p and q such that

[ et Sraranc) < aptx): [ et pean) < Ba()

Now, given the decomposition of ﬂ(o) as a sum in (3.14)

r+2
it suffices to prove boundedness on each summand. Thus if
(0) . _ 2 R !
f e #.,5. write f =1, + fz, f1 € L7([0,1]:x dx),
f2 € xr+2L2([l.w);dx). Accordingly

1 00
anf’(o) = J Ifl(x)lzx-n dx + J (x-r-2f2(x))2 dx.
0 1

Case I: £ € L2([0.17.x ™ dx) = x™212([0.1].4dx).
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It is convenient to include the various weight factors

in the kernel. Thus let

J(x.x) = x—n/zcl(x,;);_n/z.

n

Then G. : L2([0.1].x ™ dx) — H2([0.1].x ™ dx) is

1
bounded if and only if

12(dx) 3 f F— x*2%f —s I ¢, (x.x)x™2£(x)x ™ dx

— J x_nlzcl(x,;);_n/2f(x)dx

~

- I J(x,%x)£(x)dx € H2([0.,1]:dx)

is also bounded. Furthermore, it even suffices to prove
boundedness of J on L2(dx) since xdJ/dx, x2d2J/dx2
are similar to J 1in their asymptotics as x —— O and

x —> ®, (These derivatives contain terms with ©&6(x-x)

as a factor, but never 6'(x-x), multiplied by a bounded

coefficient; these are obviously bounded on Lz.)

~

Now, since x and x lie in [0,1] we may replace

J by
Ja(x’;) - x-n/z[xn—k—lka(x—x) + xkxn_k—lH(x-x)]x—n/z
S-k-1.k-5 .~ k-2.0-k-1 .

= x2 X H(x-x) + x X H(x-x).
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n_ _n
k-2 o~k By ~KTyg
2 X | 2 p.d |
= X . n + X -——n—'—
(§—k) 0] (k—§+1) X
n n_ - _n
k—2 5) k n ) k-1 k §+1 n
= X (x /(2—k)) + X (1 - x )/(k-§+1) < C
. : n n )
since neither k—E nor §—k—1 equal -1, and
Dy
> k-1 > O.
1
Symmetrically J J(x.x)dx £ C.
0
For k = % - 1 (the only excluded case), use p = q =
(-log x)/V;.
1
J Ja(x,x)(—log x)/xl/2 dx

0

~

X ~ 1 ~
_ -1 -log x = —log x
= J x ~172 94X * J 7
0 X X X
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= X 1(—2x1/2 log x + 4x1/2) + (2x 172 log x + 4x 1/2)

< C(-log x)/V x and likewise for

1
J Ja(x,;)(—log x)/Vx dx.
0

On the other hand, as x +— ® the only nonvanishing

term in
~e ~ ~-n ~
I Gl(x,x)f(x)x dx

is, by (3.14)

X 1
J vix)u(x)f(x)x ® dx = J v(x)u(x)£(x)x ® dx

0 0)
since supp f C [0,1]. This decreases exponentially
provided the integral makes sense. But u ~ xn_k_l, so
that -

1
J kel D)iom o
0

1 1
N 1172 DI V2
< [J g2y ™ dx] [[ xn-2k-2 dx] ¢ .

0 0
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Case II: f € x"*2L2([1,»);dx).

Again we combine weight factors into the kernel. Thus

we need to prove boundedness of the composition

~r+2-n

2f — I G, (x,x)x £(x)dx

L2[1,9):dx) 5 f +— x'F
— J x‘rcl(x,§)§r+2‘“f(;)d§

= J J(x,%x)f(x)dx € HZ([1.»],dx)

where J(x.x) = x—rGl(x,x)xr+2-n. As before it suffices to
prove that J is bounded on L2. for its derivatives are
handled similarly. We require the

(3.17) Lemma: If p € R then as x — ©®,

X ~
[J xueX dx]x_p'e—x —_ 1

00
[J x“e_x dx]x-uex —_— 1.

Proof: Apply L’'Hopital's rule.
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Now by (3.12) we may replace J by

n ~ ~

n
Tolardl=g ek, X-X -
[e H(x-x) + e H(x-x)].

Ja(x,;) = x2

Apply Schur’s test with p = q = 1:

X n_._ oo~
J 27T 1 -X ~F+1 2 x =
x X
o]
E-r—l ” ~TH1-T _; ~
+ X e’ x e dx < C by (3.17).

00
By symmetry, J Ja(x.x)dx < C.
1

Finally, if supp f C [1,»], then as x — O

J G, (x.x) £ (x)x " dx = J u(x)v(x)£(x)x ® dx

X

= u(x) J v(%)E(x)x ™ dx € H2([0.1]1:x ™ dx)
1

since the integral exists and is independent of x, and
u(x) lies in this space.

This concludes the proof of Proposition (3.16).
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We must now construct an inverse for the operator of

(3.9) iii). Set

Pp 0 0 2(-1)%* Yix|n|
L = . A =
° o p, 2(-1)Xix|n| 0
Then that operator is L, = L. + A. More generally, let

0

L, =L, + tA, 0 ¢t £ 1.
By (3.16), for any r

. %(2) (0)
L0 ) xr — #.42
is invertible. (Strictly speaking, these spaces are
defined to contain only scalar functions. Here of course
we extend the definition to allow vector functions by
requiring each component to lie in the space.) Clearly

(2) | (0)
each Lt maps *r into *r+2'

(3.18) Lemma: A : ﬂiz) — #gg% is compact.

Proof: Certainly A : erz([l,W),dx) i xr+1H2([1.m).dX)

is bounded. The inclusion

r+l1..2 r+2. 2
X ———
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is compact by the L2 version of the Arzela-Ascoli

Theorem. On the other hand, between

82([0.27.x ™ dx) — L%([0.2].x"" dx)

A 1is the strong limit of the same multiplication operator

acting between

A2([e.2].x ™ dx) = n2([e.2].x ™ dx) — L2([e.2].x ™ dx)

which,

for each e > O, is compact as before. Such strong

limits are compact provided a ‘uniform smallness’ condition

at the boundary holds, cf. [29]. Here this states that if

f varies over a bounded set in H2([O.2],x_

n dx), the

functions Af have uniformly small norm in

L2([O,e],x_n dx). This follows from the factor of x in

A. The proof is complete.

By the Lemma,

0)

. 4(2) (
L, ¢ *r e r+2

is an analytic family of Fredholm operators. Thus, for any

t:
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: . 4(2) (0)
(3.19) index Lt : ﬂr —_— ﬂr+2

. . 4(2) (0) _
= index LO : ﬂr —_ ﬁr+2 = 0.

To prove that L1 is an isomorphism we need only show

(3.20) Proposition: Llu =0, u¢€ wgz) for some r >

u = 0.
(3.21) Corollary: L1 : ﬂgz) —_— ﬂgg% is invertible for
each r.

Note that from (3.16), a solution to Llu = 0 lying in
some ﬂ£2) must actually lie in every x£2)' -0  r o,
For

- _ (0) (2)
Au € ﬁr+1 > u € xr—l

2
u € #£ ). (L0+A)u =0 > Lou =

and the assertion follows inductively.

In essence, (3.20) is nothing but the statement that

% has no L2 harmonic forms outside the middle degrees.

H
However, rather than developing this connection directly,
which requires a fair bit of effort, it seems better to

give a proof more nearly consonant with our overall tech-

niques. There is actually an easy proof that L1 is
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strictly positive based on the inequality

d n—1
dx *© 4

—which is equivalent to the well-known fact that the spec-
trum of the hyperbolic Laplacian on functions is bounded

below by (n—1)2/4. Unfortunately this fails in the two

degrees k = % + 1.

The method which covers all cases involves an integra-
tion by parts to replace the second order system NPw =0

by the larger first order system—which may be solved—

Obviously this is just the normal operator analogue of the
fact that L2 harmonic forms on H"™ are both closed and

coclosed.
Recall first that the conjugated hyperbolic Laplacian

may be factored

= (xk d x—kql-l)(xk_1 6H x—k) + (xk 6H x_k—l)(x d x ).

n
Here & is the coboundary operator on H Furthermore,

H
by the product formula (2.10),
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k-1 -k

kg x Xt 5, x7K)

+ N(xk 1)N(xk+1 d x )

6H X
(neglecting basepoints). Now, from (1.19) and (1.20) a
calculation similar to that in Proposition (3.1) shows that
the (conjugate by the Fourier transform of) the normal

operators are

~ K, 391 ~ 1A ]
Ndm = (-1) (x——— - ka)dy A dx + ixm A (mIdy +dey Adx)
(3.22)
Naw = (-1) ( X35 (n—k)mJ)dy - ixc(n)(mIdy +dey Adx) .

Using again the reduction |n|dy1 = 7, this system splits
into three cases, just as in (3.9). Only the last of these
possibilities is of interest here, and arises when I =

(1,J): then, for o = wIdyI + deyJ A dx

N d
de = [( l)k(x—Sl - kw ) + 1x|n|mJ]dyI A dx
(3.23)
et sl
L5m = [( 1) ( = (n—k)wJ) - ixInlwI]dy .

and the relationship
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is still valid. (The degree k in Ld and LB has been
suppressed, so in this last equation it is different in the

two Ld's, and also in the two L5’s.)
. - I J ~
(3.24) Lemma: Let o = fIdy + ngy A dx and pu =
aKdyK + BLdyL A dx be k-form and (k-1)-form valued func-

+
tions, respectively, on R . Then using the pointwise

Euclidean scalar product on forms we have
o0 (o]
J (Ndw,u>x-n dx = J <w.N6u>x_n dx
0 ) 0
00
. . ) 1-n
if and only if for each 1I: —(x f
0

(re]
Proof: J <Ndw.u>x—n dx
0

de

dx

(-1 ¥(x -n

kfI)dyI A dx + ixn A o.p>x P dx

® df N ~ o~
(-1)K(xs=% - k£ )P, + <@.-ixc(mn> |x ™ dx
dx 1’P1 : niu
0



131

(ve]
k d 1-nz - S A
= J (-1) (—fI 5;(x nﬁI)—kBIx n) —_(m,1xc(n)p>x T dax
0

+ J (-1)% (' P B )ax
0

00 00
A~ A -n k (-i— l_n -
= J <(|J,N6]J.>X dx + J (-1) dx(x fIﬁI)dx'
0] 0

Hence Nd and N6 are adjoints iff this boundary

term vanishes.
Proof of Proposition (3.20): suppose o = f dyI +

3 dyJ A dx solves

(here I and J are fixed, I = (1,J)). and ; € ﬁ£2)

for some r. The comments following (3.21) indicate that

w € L2(x_n dx) and decreases rapidly at infinity. Then

00
0 = (le,w>x dx = J <LdL5“ + Lade,w>x dx
0



132
(o0
~2 A9 -
= J (IL5m| + |de| )x? dx
0
provided
00
d 1-n,_d k+1. -
a) —[ E;[x (xaﬁ - (n-k)g + (-1) 1x|n|f)g]dx =0
0
and
00
d 1-n,_df k. -
b) [ EQ[X (x3x - kf + (-1) 1XIn|g)f]dx = 0.
0

Now L1 is a Fuchsian operator, the indicial roots of

which coincide with those of the indicial operator of P.

n-1

From (3.6) and a bit of calculation, if k < 5 f and

g have convergent expansions

n-k-1 n-k+1

f = CoX +ec++ log x-(céx +eee)

(3.25)

n-k +ooo).

g = dox +e+++ log X'(dOX
The logarithmic factors arise since the indicial roots
differ by a pbsitive integer. That these factors actually
occur follows from an explicit computation of the first few

terms of the Frobenius series. For later reference we
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record that when k > E%l

k

Uk
f = Cox Hecct log x0(cox + )

(3.26)

g = doxk_1 +++++ log x0(d(')xk+1 + eee)

To prove that the boundary contributions vanish, use

these expansions near x = O and the rapid decrease as

x — ®©, Then, for example in a), when k < le, the

integrand is

d

d n-2k+1
dx(aOx

+--o)

while in b) it is

d . _n-2k-1 .
dx (PoX vere)

By the second fundamental theorem of calculus the boundary

terms vanish as desired; similar reasoning holds when k >

n+1
5

We have so far shown that an L2 solution of pr =0

also satisfies

In terms of the coordinate components f and g these
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equations are

df k
Xix ~ kf + (-1)"ix|nlg = O

x$& - (n-k)g + (- " lixlnlt = o.

These equations may actually be uncoupled and solved.

Thus, with a bit of work one sees that

2 d°f daf 2 2
X" T - nxgo + (k(n-k+1)-x“|n|“)f = 0
dx
2 42 d 2, 2
x“ =% - nxg® + ((kr1)(n-k)-x"|n|%)g = ©.
dx X

Once again f and g are Bessel functions, [19]:

n+l n+1
2 2 n-2k+1
f=cx I (xIn]) + cox © K (x|n]) vy = ‘——5———
2 2
(3.27)
n+l n+l
2 2 n—-2k-1
g = dlx Ivl(xlﬂl) + d2X Kvl(xlnl) Ul = ’ 2 I
In order that f, g lie in L2(x—n dx) near zero, oy
and d2 must vanish, as in (3.13). But the solutions thus

obtained increase exponentially, which is a contradiction.

This proves Proposition (3.20).
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Notice that the solutions f and g with ¢

2

d2 = 0 above are the factors of the logarithmic terms in

(3.25) and (3.26). Finally we may complete the

Proof of (3.10): By virtue of (3.16) and (3.21) there is a

kernel G(x,x,n) for which

NP(xax.ixn)G(x.;,n) = xné(x—;)

and such that, for each n, the corresponding operator

¢ : L2(x ™ dx) — L2(x™® dx)
is bounded. As of yet we may not assert this uniformly in
1. which is what we require. Of course this uniformity is

obvious for the ‘uncoupled part’ of G (3.14); for the
‘coupled part’ we know little save that it is an analytic
solution of NP' of the form (3.25) for x < ; and (3.26)
for x > ;. For this extra information we use the dilation
invariance of NP.

Thus let G(x.;.;) be the solution above when |%| =

A

1. It is obviously smooth in 7. The solution G to
. - -1 ~
Np(xd,.ix[n|n)6 = |n|™" x"6 (x-x)

obtained by replacing x, x by x|n|, xlnl must be
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(3.28) G(x.x.n) = |n|t " ®c(xInl.x|nl.n/Inl)

where % = n/|n|. The known part of the kernel (3.14) does
indeed satisfy this.

The L2 boundedness of G as in (3.10) is now quite
easy. Define the transformation

1-n

D : f(x) —m fa(x) = a 2 f(ax),. a € R

This correspondence is readily seen to be an L2(x"n dx)

isometry. Set fa into the inequality

2

(3.29) j ” G(x.x, M E(x)x P dx| x P dx < C J I£]12x"™ ax

where C may be assumed independent of n € Sn_2. The new
right hand side, with fa replacing f, 1is independent of
a. On the other side, a change of variables x }— ax

results in a new inner integral on the left side

n-1

J G(x,;.n)fa(x)x—n dx = I a 2 G(x,a_lx,'q)f(x)x-n dx.

Applying the dilation D -1 transforms this to
a

f an_IG(a-lx,a—l;,;))f(x)x_n dx



137

which retains the same L2(x“n dx) norm. Thus, with a =

|n|_1, the definition (3.28) implies

. a2
(3.30) I II G(x.x.m)f(x)x P dx| x P dx ¢ C j l£(x) |2x™ dx

where C 1is independent of n € Rn—l\{O}. If £ 1is now
allowed to depend on 7 also, then by integrating both
sides of (3.30) with respect to m we obtain the required

estimate of (3.10).

The kernel inverting the partial differential operator

NP is

(3.31) G(x.y.%.¥) = c_ j (YY) M6 (x, %, n)dn.

It is bounded on L2(x-n dx dy), hence is the unique Green
function for the constant curvature Laplacian. It also has

some isometry invariance, namely that of translation and

dilation:

G(x,y+v.x,y+v) = G(x,y.x.,y)

~ o~

(x.y), z = (x,y)

G(az.,az) = G(z.z)., z

the latter following from a change of variables in (3.31).
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C. Structure of the Kernel
We now discuss the structure of the kernel G of

(3.31), which is of the type discussed in the last chapter.

(3.32) Theorem: G(z.2)-7 € K 2'9"T(R® x, R*:TL72 @ °pK)

0 + 0 +°0
where
(n-k-1 n-k+1 . -1
g = , T =0, for k(< 25—.
. n-k n-k
[k k . -1
o = , T =0, for k > 25—, and ~
k-1 k+1
is the half-density of (2.28).
As always, the proof is rather involved. First we prove

~

uniform symbol estimates in the regions x ¢ ;, x £ x.
This implies the requisite regularity in the interior and,
together with properties of the indicial operator, yields
the correct estimates at the boundary.

We commence by examining the ‘uncoupled’ part of the

kernel:

(3.33) Lemma: The kernels G1 and G2 of (3.14), which

furnish inverses for the operators P1 and P2, satisfy

the estimates, for |[n| 2 1,
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lojalaZe, (x.x.m)] (1+|n|)~ 1 lel+iti = lx-x]In]

< Ce . s
X slaJya

uniformly in e ¢ x ¢ x ¢ e_l, e { x ¢ x (¢ e_l for any

e > 0, i = 1,2. 1In particular, neglecting the (x,x)
dependence, they are symbols of order -1, wuniformly in

these regions of the (x,x) plane. Finally, each Gi has

a classical expansion as 7 —— O of lowest homogeneity

0
Inl™.

Proof: Consider only G1 in the region x ¢ x; the other
cases are quite similar. Then
n-1

G (x.x0m) = (xx) 2 I (x|n])K,(xIn])

where v = (n-2k-1)/2 for k < (n-1)/2, which we also
assume. Both Iv and KD have asymptotié expansions for
large values of their arguments, the first terms of which
are given in (3.12). All derivatives of Iv' Kv also have

expansions which must equal the ones obtained by

differentiating those for Iv’ Kv' All these expansions
are of step size one in descending powers of x|n| or
x|n]. hence it suffices to argue only for the first terms.

Thus replace G1 by

n-2 ~
() 2 e O Il =2
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as |[n] —— ®, e ¢ x { x. The estimates of the Lemma are

quite easy to verify; the only point to be noted is that

age‘(X'X)|"' } pﬁ(n,x_;)e—(x—x)lnl
1B81<|al
where each pﬁ = (;-x)|ﬁ|°{a term homogeneous in 17 of
degree |B] - |a]}. Since

Inl|5|"|a|(;—x)|ﬁle_(;_x)]nl < C3(1+|n|)_|a|

this too has the correct growth.

As for the behaviour as 7 —— O, both Iv and Kv
have convergent Frobenius series (the one for Kv contain-
ing logarithms) so that from (3.13)

G,(x.x,m) = coxn_k_lxk + |n|(clxn_kxk+cixn_k_1xk+l) 4o

(with an additional In] log |n] term when k = - 1).

N

This proves all claims.

To extend this to the ‘coupled’ part of the kernel

G , which inverts Ll’ we must understand its structure
better. This necessitates a closer examination of the
solutions to Llu = 0. Altogether, this nullspace is four

dimensional and two independent elements are identified in
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(3.27). In one of these, both components are exponentially
increasing——call this solution vy the other solution uy
has both components exponentially decreasing. Let us
record that when |n]| =1
aoxn—k+1 oo aéxn/zex fees
e U boxn—k ve.. | M7 b(.)}{1r1/2e:<+... *x —°
(3.34)
coxk +eee c(')xn/ze_x +ooo
Vi = doxk+1 o Vi~ d(.)xn/ze—;<+... *x —/°

Other solutions are not known explicitly, but fortu-
nately their asymptotics may be derived as follows. A

Frobenius series calculation posits two additional solu-

tions of the form (also when |[n| = 1)
50 xn—k—l feee
u, = |_ _ + Au, log x
1 5 <P k ... 1
0
(3.35)
EO xk L
Vo = |_ _ + Bv, log x
2 do xk 1 ..., 1

In (3.34), (3.35) none of the coefficients a a,, a A,

b b B, ¢c.,. ¢/ c d dé. d vanish.

o' Po* Po- 0 o' do- 0
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On the other hand, the singularity of L1 at x = ®
is not regular. One may find formal solutions which are
(possibly divergent) series in descending powers of x
multiplied by an exponential. Thus a straightforward

computation produces series

-1
n_, @, x + aq + a 1¥ + e
2 X
b'd e ,
le + Bo 4+ oo
-1 -2
%_1 a_lx + a_2 b d +oe
X
X e -1
B_lx 4+ oo
r—l_l alx +ooo g_l a—lx-l 4+ e o0
2 X 2 X
X e , X e -1
le 4 oo B_lx 4+ o oo
The a. Bi are different of course in each of these solu-

tions, and none of the leading coefficients vanish. Once
these formal solutions have been found, the theory
developed in Chapter 5 of [8] (for which the analyticity of
the coefficients of L1 is essential) implies the exis-
tence of actual solutions obeying each of these asymptotics
x —— ®, Indeed both u, and vy of (3.34) fit this

as

pattern—their series being the ones commencing in x

Thus for some choice of 51' Si’ Ei’ ai in (3.35)



143

n
a'x2_2ex +eoee
0
u, ~ n_, - RE bO # 0
b'x2 eX 4.
0]
(3.36)
n_
c'x2 2e_X teoee
0
Vg n_y . Coe dO #0
d(')x2 e X 4.
The kernel Gc(x,x,n), In] = 1, has a form similar
to (3.14):

~

Gc(x,x,n) = U(x)A(x)H(x-x) + V(x)B(x)H(x-x)
where U, V are two by two matrices, the columns of which
are linear combinations of u;. u,, respectively Vi Vg

and A, B are matrices chosen so that

n ~
Lch = x 6(x-x)-I.

-n

But L is self-adjoint with respect to x dx (both

1
formally and by (3.24) as an operator), so that Gc is

Hence A(x) = V(x)%. B(x) = U(x)™ and
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(3.37) G, = U(x)V(x)"H(x-x) + V(x)U(x)H(x-x).

The only obstruction to completing our task is the explicit
identification of the columns of U, V 1in terms of the

u., V.. However, the condition that L1Gc = xné entails

U () V() - VI )U(x) = - 37T
Of necessity then, from (3.34) and (3.36)
(3.38) U(x) = [au2 bul]. V(x) = [cv1 dv2]

for some a, b, c, d, none of which may vanish.

Since

~

G (x.x.m) = |n

1-n
o I

G (xInl.x|nl.n/Inl)
a verbatim repeat of the proof of (3.33) shows that

(3.39) Lemma: Gc satisfies the estimates, for |n| 2 1,

latadadc (x.x.mX ¢ ce’i’J'a(1+|n|)-1-|a|+i+je-lx—x|InI
X

1 -1

, e < x {(x £ e ". Further-

uniformly in e { x { x ¢ e

more, each term of Gc has a classical expansion (in fact
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a convergent series) as n — 0, uniform in x, x { C

and of lowest homogeneity |n|o

We now have sufficient information to study the kernel
G(z,z) of (3.31).
(3.40) Lemma: G(z,z) 1is c” when z # z and x, x > O.
The singularity along the diagonal is classical conormal,

with an expansion involving (quasi-) homogeneous terms of

~

increasing degree in z - z; the first such term, up to a
constant factor, is |z—z|2—n.
Proof: By virtue of the uniform symbol estimates of the

two previous lemmas, the usual arguments imply that G(z,;)
is Cco in the stated region. The singularity along the
diagonal is the normal one for the inverse of an elliptic
differential operator. From our vantage point, though, the
symbolic behaviour of G(x,;,n) away from m = O shows
that when x = ; G(z,;) has an appropriate expansion in
powers of y - ;, the most singular of which has degree of
homogeneity -(n-1) - (-1) = 2-n. That the singularity
behaves thusly in all directions along {z = ;} follows by
invoking the rotation invariance of G. Alternately one
might consider the Fourier transform of G(x.x+t,n)p(t)
with respect to t (where p 1is a cutoff function

identically one near t = O and compactly supported in,
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say, (—%x,%x)). It is straightforward to show that this
is symbolic in (7.n) of degree -2 (T being dual to t)

and polyhomogeneous.

(3.41) Proposition: G(z,;) is conormal on {x = O,

% >0}, {x=0, x>0} and {x =x =0, y #y}. Its
components each have expansions on either of these codimen-
sion one faces, with leading terms determined by the two-by-

two matrices o for {x =0} and T for {x = 0} of

(3.32).

Proof: We prove all assertions only for the inverse

transform of the kernel G1 of (3.14), and assuming

k < Eéli The methods apply equally well to the full

kernel, though the notation becomes more intricate.
Consider first the region near x = O, ; 2 e. From

(3.33) the integral

(xax)eaia;aﬁ J 1Y) e (x.x.m) dn
X y

~ n-1
i(y-y)- .3, . ~y 2 ~
- [ e ) eltim  im P xx) 2 1, (In DK, (xIn e
X
converges absolutely for any ¢, j, a, B, and uniformly in

x < %e, e ¢ ; < e_l, |y|. l;l ¢ C; 1indeed it decreases
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exponentially there. Furthermore, it obviously has the
same regularity as x —— O independently of these
various indices. This yields the conormality along

{x = 0, ; > 0} since e was arbitrary. Similar arguments
apply to {; = 0, x > 0}.

For the corner, where both x, ; ~ 0, it is
convenient to observe that we may assume Iy—;| > e, since
the dilation invariance G(az.a;) = G(z,;) allows for all
computations to be performed well away from {x = ; =
y - ; = 0}. Now, assuming only that x ¢ ;, we may multi-

ply both sides of the equation above by (y-y)q and re-

place 8. by xd. to get
X X

J ei(y—Y)'n(_ian)7

n-1
[(x0,)8 oy I m @ (-1mP ) 2 1, (xIn Ik, (RCInD)] an
X

as the new right hand side. (The integration by parts in
n 1is permissible since the whole expression is to be

considered as an oscillatory integral.) Now, by choosing

v+ so that -1+ & + j + |a| + |B] - |7| < -n, the

integral over Inl > 1 1is convergent, whereas the integral
00

over |n| ¢ 1 can only produce a C contribution.

Furthermore, the regularity of this expression is stable as
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x, x —> 0. Since y - y # 0, the conormality along the
corner is now established.
As for the various expansions, notice that when

x —> 0O, X 2 €, the first factor in

n-1 ~
[ 1,enbr,Glnh ) 2 et 77 gy

may be replaced by its Frobenius series. Again, provided
x < %e, each term of this (convergent) sum in the inte-
grand decreases exponentially with 7, hence we have a
series

(e ]

_n_1+o ~ ~

E X Jcj(x,y—y)

j=0
furnishing the asymptotic behaviour as x —— 0. To
obtain this expansion uniformly down to x = O, but still

~

assuming x ¢ x of course, we may instead replace
Iv(xlnl) by the first N terms of its Frobenius series
plus an exponentially increasing remainder. Each term in
the resulting integrand exhibits symbolic behaviour, and
the first N summands still decrease exponentially in n.
These provide the first N terms of the asymptotic expan-
sion:; the remainder term is indeed lower order as may be

seen by multiplying it by (y-—y)’Y for |7| sufficiently
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large and integrating by parts so that the resulting
integral converges.

Applying the arguments of the last paragraph to the
full kernel yields the correct expansions in all compo-

nents, for these all are derived from (3.34), (3.35).

Proof of Theorem (3.32): The 1ift of G(z.z) to R} X R
has the correct behaviour along ALO. T, and B, as

demonstrated in (3.40) and (3.41). Indeed the only point
not yet discussed is the behaviour near the front face F.
However this is trivial since the dilation invariance of G
is equivalent to the independence of the lifted kernel on
R. Hence not only is G smooth on F, except at aALO,
but the expansions at ALO, T, B all continue uniformly
down to F.

Let us now untangle the various definitions and iden-

tify both the operator induced by the Laplacian on OAk ®

F1/2 and its inverse. First recall that the operator P,

0

for which G 1is an inverse, satisfies

k

w) = x-k(Pw) & P =x Ax—k

A(x—k

G then is the kernel induced by the standard Green func-

tion GA €T Hom(Ak,Ak). In fact, since Ak and oAk are

canonically identified over the interior we may let GA

o,k
act on AT
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w(x,y) — J GA(x,y,x,y)x—kw(x,y)x—n dx dy

= x I G(x,y,;,y)w(x,;);-n dx d;

~ o~~~

G,(x,y,x,y) = x—kG(x,Y-x.y)xk
(3.42)
AGA = xnb(x—x)é(y—y)-l.
To incorporate half-densities, use p and ~ of

(2.28) and define P by

A(x—kw~u) = x_k(Pw)'u & P o= xk"'n/zAx—k_n/2 = xn/sz_n/z.
It is of course the operator induced by A on OQk ® Fé/2.

~

The corresponding kernel GA €T Hom(oAk,oAk

) must satisfy

n/2, -n/27%

A+ (G o1 = (MPaxTM%6,) e = x5 (x-x)8(y-y) -1

—which is the kernel of the identity with respect to

ré/2. From (3.42) one may check that
(3.43) EA _ xn/ZGAx-n/2 _ k#n/2.7k-n/2
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n . . .
and is invariant

The kernel GA transfers to B
under all hyperbolic isometries there. The preceding dis-
cussion may be carried through on the ball, the only
difference being that x must be replaced by 1 - |w|2 (w

is the Euclidean coordinate on Bn). The appropriate

kernel inverting the Laplacian acting on, 0Ak(Bn) ®

re/?(8%) s
~ 2.n/2 ~ ~ 2. -n/2
(3.44) Gy = (1-]w] e Gy (w.w)(1=|w]%) nse.

Suppose now that o is any two-by-two matrix—the compo-

nents of which regulate decay rates of the tangential and

normal components of a section of Hom(oAk,oAk) —and
define the new matrix
o+ q = (aij+q), i, j =t, n, q €R.

In summary, we have proved

(3.45) Corollary:

EA(W.W)‘7 € K62,a—k+n/2,-r+k--n/2(Bn;oAkm.(l)/2)

o, T as in (3.32). Furthermore

A(G, ) = (1= |w|?)P6(w-w)v-1.
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D. Refined Mapping Properties

In this section we further refine the mapping proper-
ties of the Laplacian and its inverse. Two results are
proved; the first, a straightforward extension of Proposi-
tion (2.55), is valid more generally, but its statement and
proof are simpler in the present circumstances. Let us

define a form valued version of the space (2.54).
a o,k
w € dphg(M’ A7), a = (at,an)

(3.46) So=o0, +o € °0¥ @ °0f near oM

a,
i o
w, € dphg(M) ® 0

1

k
i ’

The decomposition oAk

= OA% ® oAﬁ near JM is defined
following the discussion in Chapter 2, Section C, and the
spaces above are invariant under coordinate changes only

when Iat—an| < 1.

(3.47) Proposition: Let f € dg;g(Bn,oAk), where a =
(n-k-1,n-k) if k < (n-1)/2, a = (k,k-1) if k > (n+1)/2
and a + q = (ai+q), q € Z+, in either case. Then there

n oAk) such that

is a unique o € d;hg(B ,
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Proof: Let p be a defining function for 8B™, p > O,

and 6 the variable in aB" = Sn_l. Now, the tangential

and normal components of f have expansions

[+
f., ~ z f.. i = t, n
i ij
j=0
N1j
ai+q+j P)
£y = 2 Cije(e)p (log p)
=0
near the boundary. Inasmuch as
A - I e da+1
A
for any a, we proceed by first choosing ©io i = t,n
so that
IAmio = f1o
Ni
° a;+q 2
Wip = Cioe(0)p (log p) .
£=0
Then, assuming ©in have been chosen, m < j, pick mij

so that
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N. .
o ai+q+_j P
oy5 = ) ©jy0(0)p (log p)°.
£=0

The fij are quasihomogeneous terms of the correct degree

which depend only on fij and (A—IA)wtm, (A-IA)wnm,

m < j. All these equations are solvable by finite series
methods. Note only that uniqueness holds at each step
since each exponent a, + q + j 1is greater than the

largest of the indicial roots of IP —the operator in-
duced by IA on oAk. For the same reason the highest

power of the logarithm at each stage is never increased.

°2® N o,k
If o, z“’ij then Awy - f = g € C*(B") & °A%.

(2.55) and (3.45) together guarantee the existence of a w

such that

Then A(w f, as desired.

0"v1) =

The other solvability result is of the same type as
(3.47), but with somewhat more singular right hand sides.

Recall from (2.17) that it is useful to think of the

quarter-sphere s? as the ball B™ blown up around a

++

point w in its boundary. Analogous to the spaces (3.46

0

1

)
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are
a,B,on o,k a,B,,n o,k
(3.48) dphg(s++, AT) e— dphg(B , AT)
a = (at,an), B = (Bt,Bn). An element is a section of oAk

which is conormal, with classical expansion, at the top and
bottom edges of the quarter-sphere. The two-vectors a, fB
determine the most singular terms in these expansions; as

in (3.46) we require Iat—a |, |Bt—Bn| =0 or 1. The

n
analogous spaces over B™ are those with expansions at
aB" - {wo} and at {wo}. In particular, using the defin-

ing function r(w) = Iw—wol. the tangential component of

an element has an expansion

o Ni
ﬁt+i 2
(3.49) ft ~ } z ¢ier (log r) r —— O
i=0 ¢=0
and similarly for the normal component. The ¢i£ here are
functions of 6 € Sz—l, the sphere in the half tangent
space to B" at LAY We may now state the

(3.50) Theorem: For any f € da+q’3(Bn,°Ak), q € z*,

phg

there is always a solution

© € dgﬁg(Bn,oAk)
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to Aw = f, so long as the entries of [ are integers and

a 1is the 2-vector of (3.47).

The typically arduous proof involves removing the

additional singularity at W, so as to reduce the problem

to (3.47). This step is essentially local, so we replace
B" by RE with LA corresponding to O. In addition,
replace A by N and regard ® and f as sections of

P
k o,k . . . .
A rather than A°. The principle tool is the Mellin

transform, taken in the radial variable r, where =z € R?
has polar coordinates r € R+, 0 € Sz_l. This is the
transform
-C-1
u(r,0) — uM(C,G) = r u(r,0) dr
(3.51)
-1 C
u(r,0) = (2m) r uM(f,G) d(.
In general, Uy is only defined (and analytic) in a half-
space Re { < a, and so the integral defining the inverse
transform is taken over a line Re { = c, ¢ < a fixed.

(For all facts quoted here regarding the transform, see
[23].) The constant a which limits the domain of u, is
closely related to the decay of u as r — O. If u =
0 for large values of r and vanishes at a definite rate
at r = O, then Uy is rapidly decreasing as

|Im ¢] —> », Re { fixed.
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The most ihportant property of Uy for us is that if
u(r,8) has an expansion as in (3.49), and vanishes for r
large, then Uy continues meromorphically to the whole
{-plane, with poles only at ( € BO + zF (if BO is the
most singular exponent in the expansion). Furthermore, the
order of the pole at ﬁo + i is Ni + 1. Conversely, if
v({.6) 1is meromorphic in ( with real poles and decreases

rapidly on each line Re { = constant, then

u(r,0) = IR c rcv(C,B) d{
e {=c

has an expansion as in (3.49) with the exponent s in each
term rs(log r)e the location of a pole of v. Only those
s occur for which Re s > ¢, and the order of the pole at
{ =s 1is one greater than the highest power of the loga-
rithm multiplying r’

Define the operator L by

3

(NPu)M = LCuM(g,G).
Clearly
Lo = 12| 7SN, 12 ]S

Since NP is invariant under the homothety z —— az,

this conjugate is also. Therefore it is differential only
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in the 6 variable; in { it is purely algebraic.

n-1

Furthermore, as an operator on S, = {(91.'°°,6n)
le| = 1, Gn 2 0} it is in Diffg —with respect to the
boundary ©6_ = 0 of course. A short calculation shows

n

that its indicial operator is one we know:

(3.52) I(L) = Tp.

The present goal is to invert Lf' so as to solve the

equation ngM = fM' Naturally, L is not invertible for

¢

every value of (. Its inverse Gc is meromorphic, and

its poles contribute to the expansion of w,. Let p(r) €

CS(R) equal one for |r| < 1/2, and define, at least

formally, the inverse for Lc

Ggf = lim M:{r—cG(rgp(r)f(e))}
t-0

f € ém(S+_ ) ® °A%, G the inverse of N and Mt the

P ,
dilation by t. Substituting the integral for G in this

formula we get

- Svecoy(s y-(n-1) 45
(3.53) G f(8) = j . H(0.6)f(8)(6,) de
+

where
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(3.54) Hg(e,a) - Jo cee,r8)rs 4 .

T6
n

For any value { at which this last integral con-
verges, GC then serves as an actual inverse for Lg. In
fact, but for an insignificant difference, G( is actually

a V,.-pseudodifferential operator. Let us now examine the

0
values of ( where (3.54) converges. Fix 6 # 6 and

notice that by the dilation invariance of G, G(6,70) =

~

G(T_IB,G). The components of G decays at various rates

as T —> 0 and T —> o, However, the extreme case is

Gtt; all other components exhibit ‘more favourable’ rates
of decay. Suppose k < E%l; then

G, (0.78) ~ 7KL T T 0

-1, %y . .—(n-k-1)
Gtt(r 6,0) T .

T — ©,

Hence (3.54) converges when - (n-k-1) < Re { < n-k-1.

(3.55) Lemma: H extends meromorphically to the whole

¢
{-plane with poles at + { € n-k-1 + zt if k< Eél and

+ € k-1 + Z+ if k > Bél. These poles are of at most
order two; the residues at ( = N of Hc and ((—N)Hc

are kernels of finite rank.
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Proof: Choose a partition of unity 1 = ¢1(T) + ¢2(T) +
¢3(T)’ where ¢3(t) = ¢1(T_1). ¢1 is supported in

T < 1/2, and ¢, in (1/4.4). Write H. = Hl + HZ + H

~ be defined by the integral (3.54) with

¢

¢i(7) inserted into the integrand.

by letting H

H? is entire in { for 6 ¥ 6, which singularity we
discuss later. By a change of variables
Hl(6.8) = J s, (T)G(8.78)rt 4T
¢ 1
T0O
n
H3(8.8) = I ¢, (7)G(v0,0)r ¢ 4T
¢ 1
T6
n
A A .
Replace T by T, A=+, 1in each of these expres-
sions. The family Ti of homogeneous distributions is

well known to extend meromorphically to € with simple

poles at A € —Z+; the residue at A = -N is

(-1)N 1o (N-1) /(no1y.

~

Now, replace G(6,76) and G(76,6) by their expan-

sions as T —— 0. These expansions involve terms Tmeo,
T log 7 Gml’ where the Gme are kernels in (6,8) which

are polynomial in 6 or 6 for G(16,8) or G(6,76),

respectively. The expansions commence with Tn—k—l, k <
le, or Tk—l, k > E%l. Inasmuch as TiTm = Ti+m for

any A, m, and Ti log 7 = dx(Ti). the integrals of each

term of the expansions should be thought of as a pairing of
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T£+m or T$+m log T with ¢1(T); the coefficient here is

a kernel of finite rank since it is polynomial in 6 or

6. Finally, since ¢§i)(0) =0, i > 0, only one or two
terms will actually be singular. Specifically, at ( =

-(n-k-1+i), for example, H1 will have a pole resulting

¢

only from the two terms Tn_k+iGio(9.9). Rkl log T

Gil(e,e) in the expansion for G(6,76), and H? is

regular. Similarly, the pole at ( = n-k-1+i occurs only

in H?, and not in Hé. The proof is complete.

Since Lgcg = (gn)n—la(g-g) in the region where
(3.54) converges, it must continue to hold in the extended
domain, away from the poles, by the uniqueness of analytic
continuation. The kernel Hg essentially lies in

-2,0,7-1 n-1 n-1

KO over S xo S+ .

+ as we shall now demon-

strate. First of all, Hg is the pushforward of G (with
a few extra T factors) under the submersion (9,5,7) _
(9,6). The restriction of this map to the submanifold ({6
= g} is still a submersion onto its image, and G(G,Tg)

is conormal along {6 = 5, T =1}, so HC is conormal

~

along {6 = 6}. Next, H( has the proper singularities
along the top and bottom faces, as may be ascertained by
setting the expansion for G 1into (3.54). Finally, the
one way in which Hg differs from the VO kernels we have

already studied is that it has a logarithmic singularity at

the front face. The easiest way to check this is to
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observe that the kernel GA of (3.42) is actually a
function of the hyperbolic distance between z and ;.
This simplifies the calculations.necessary to display this
singular behaviour, which are then straightforward and much
the same as those in [20], hence will be omitted.

Despite this one difference, Hc still enjoys all the
continuity properties discussed in Chapter 2. From this,

and using (3.52), the proof of (3.47) may be repeated to

show that

_ a+q,n-1 ,k
Lcm = f € dphg(s+ L AT)
has a unique solution ® € 4% (Sn_1 Ak) depending
phg* "+ °
meromorphically on . 1Its poles are precisely those of
H..
¢
; a+q,B,,n o0,k .
Proof of (3.50): Take f € dphg (B, A7) and transfer it
to the upper half-space, with L 0. Also, multiply it
by xk so as to get an ordinary k-form. Now, express its

components in polar coordinates, and take their Mellin

transform with respect to r. The new form, fM(f,e), is
meromorphic; its poles are at ([ € min(Bt,ﬁn) + Z+, and it
. : i T+q _

is still in dphg in 6. Let wM(f.G) = GCfM(C’e)' It
too is meromorphic in (, and lies in dghg in 6. By

virtue of the hypothesis that the Bi are integers, YUy
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has poles at + { € n-k-1 + z" (or k-1 + Z+) and

min(B,.B,) + Z

+

Define

wl(r,B) = (21r)_1 I rgwM(f,B) d{

where the integral is over Re { = min(ﬁt,ﬁn) - 1/72. Then

vanishes to infinite order at r = O, and upon being
transferred back to B", lies in dg;:(Bn,Ak). Now apply

(3.47) to find W, such that

w; T @y s the desired solution: NP(ml—mz) = f.
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Chapter 4: Hodge Cohomology

A. The Parametrix Construction

We now have all the analytic tools at our disposal
necessary to construct a suitable parametrix for the
Laplacian on k-forms for a conformally compact metric
(1.2). As described in section D of Chapter 2, the con-
struction proceeds in three stages. Each of these involve
inverting model operators for Ag —the symbol, the normal
operator, and the indicial operator at the diagonal, the
front face, and the top face of M 0 M, respectively.

The first step uses the symbol calculus of Theorem

(2.41), but is otherwise identical to the usual microlocal

procedure. Thus we seek an operator

-2, 0,ko1/2
E, € ¥ (M;°A7®r," %)

the kernel of which is supported quite near ALO in
M X0 M, and of course such that
AE I € v
First choose E € W—2 satisfying %, (A )oa (E ) =
0,0 0 2' g -2+70,0

1, which is possible by the V ellipticity of A

0 g’
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Then

A E -1=-Q e vl

go'o 0,1 O :
Similarly, by induction, we may find EO j € Waz_j such
that

- j-1
A¢F0.3 7 Q0. Q,j+1 € Yo

j =1,2,+++. Obviously it may be assumed that the kernel

of each EO,j’ and thus QO,j' is supported near ALO.

Now take

Eg ~ ) Eo.j

and the first step is complete.

Next we seek an operator E for which
(4.2) A E. = QO - Q1

where the kernel of Q1 vanishes to infinite order on the
front face F. Although K(QO) is supported well away
from all other boundaries, it is not possible to choose E

1
and Q1 with this property. In fact, we will find that

(4.3) E, € ¥
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where o' = o-k+n/2, v' = 7+k-n/2, o and T the matrices
of (3.32). We note that it is precisely at this step where

the proof breaks down in the middle degrees k = n/2,

(n+l)/2.
As in the first step, El is obtained by an iterative
process. The first term E is chosen to satisfy

1,0
A )N _(E =N
N (AN (E; o) = N (Qg)
for each p € 8M. 1In fact, by (3.47) there is a function

o', T 1/2
N (E; o) € 0,7 (F ) ® T

solving this equation, and then, by the exactness of the

sequence in (2.45) there is an E1 0 with this function as
its normal operator. Thus
' —m’a"'r'
AeE1.0 ~ % = 79,1 € RY

It is crucial to observe now that Qi 1 is actually

slightly better:

. -0 g'+l,1'
Ql,l € RWO
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1 - (1] " —(X),a !T
>0Q,1 =xQ7 ;- Q1 ; €Y

The reason for this gain is that the normal operator of Ag

annihilates the top order term of the asymptotic expansion

for E1 0 at the top face. Indeed, this is so because

Np(E1 O) is given by applying the Green function for this

normal operator to Np(QO) (which is supported in the

interior), and now (3.47) implies that E1 0 has the

correct top order term.
To get further terms in the series for El' let us

assume that, instead of a Taylor series in R, we let

~ Y xd
E1 2 X El,j

so that
AE, ~ 2 A E. ..
g1 *hgF1,
Define Q1 j = X I J.; then the inductive step is to solve
A1y 7 Q5 = X9 5
where
-0 g'+]l,7'-j v -0, g', 7' '-j+1
Ql’je\llo @Ql’je\llo .
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This has already been accomplished for j = 0. For greater

values of j, we solve this equation by first solving

172

_ g'+l,7'-j .o,k
Np(Ag)Np(E ) = Np(Q ) € o (Fp, A ®Fo ).

]-’j 1'j

By Theorem (3.50) an appropriate solution may indeed be
found; its extension into the interior of M 0 M then

satisfies

A E .- Ql

g 1.] Vi “RQ; 541

' —mna.o-r.—j
Q. 541 € Yo '

However, by reasoning as above—and now the point to note
is that by hypothesis the top order term in the expansion
for Q1 i is of type o' + 1 and so doesn’t interfere

with the argument—we actually have

8gB1.5 7 QL3 T XY 5
Q) 4 € LA
as desired. Finally, since El,j € Wam'a"T'_j
E. e ™o T
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and

This E solves (4.2).

1
The final step of this construction is to find E2 €
ROy ™7 T such that
© —o o T'
(4.3) AgE2 - Q1 = Q2 € R WO
This is quite easy: one merely solves for each term in the

expansion at T wusing the indicial operator, cf. the proof
of (3.47). This completes the construction.

Set

E=E, + E, + E

-2,0',1' o,k 1/2

(4.4) Theorem: E € WO (M; A @FO ) 1is a parametrix

for A :
g

-0 o 7' o,k,~1/2

o (M:°A7@r,

[+2]
AE=1-0Q QeRYV ).

(4.5) Corollary: Q : Lz(oAk@Té/z) —_— L2(0Ak®ré/2) is

compact, and thus
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%) — 12(°s¥er;’®) is Fredholn.

B. Proof of the Main Theorem

It follows from Corollary (4.5) that the harmonic

space

#* = (o € L%0¥(4g) : 2,0 = 0)
is finite dimensional. It remains for us to identify it in
terms of the topological cohomology of M. First observe

that the adjoint of the remainder

Q* € R®u "9 - “(u;%4Ker

E 3 0 00

o,k,.1/2

0 o) )

To double check the order of K(Q*) on the top face,

notice that

implies

(4.6)

Thus the order

that

w € ﬁk > Q*(w°u) = WM.

'

o is the only one possible which ensures
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I(A )0 =0

modulo terms of one order higher.
Remove the density factor and regard ® as a section

of the ordinary form bundle. From (2.55) and (4.6)

n 1 a k
w € %, |k—§| > 5 Pw € dphg(M,A )
(4.7)
(n-2k-1,n-2k) k¢ B5L
a =
n+1
(0.-1) k > B

These explicit asymptotics of L2 harmonic forms, together
with various consequences of the existence of the param-
etrix, allow us to identify ﬁk with the deRham cohomology
spaces of M.

Let us first briefly review the deRham theory on a
compact manifold with boundary. There are, of course, two
flavours of cohomology to consider, the relative and the
absolute, and these are dual. Inasmuch as M and its

interior share the same topological cohomology, it is

reasonable to let the absolute cohomology be defined by

HX(M) = {0 € a¥() : do = 0}/{dn : n € <7 (H)).
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In this equality we must specify what sort of regularity—
and boundary values—these forms should possess. In fact,
it suffices either to let w and n be c® in ft or
just distributional (currents), cf. [9], with no boundary
constraints. However, when proving the Hodge theorem for a
nondegenerate metric it is more convenient to use smooth
forms on M which satisfy ‘absolute’ boundary conditions,
cf. [26], which we shall not define here since we do not
need them. On the other hand, the relative cohomology not
surprisingly always requires constraints at the boundary.
Hence, it is well known that we may compute Hk(M,aM)
using the complex of forms satisfying relative boundary

conditions

(o € c”a¥(M) : i%0 = 0, do = 0}

k
H (M,6M) = . > %1 e
{dn : n € C Q (M), i o = 0}
Here i : M —— M 1is the inclusion. We could equally
well use forms supported in the interior of M, as shown

by an argument using the chain homotopy operator in the
proof of our next theorem.

We need to define the relative groups using somewhat
less regular forms. There are two spaces of distributions
on M, briefly mentioned already in Chapter 2, but see

° 00

[22] for more details. Let C denote the smooth func-

tions vanishing to infinite order at JM and let
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cTMy = (ET(M))y. &MY = (c®(M)) .

These are the 'extendible’ and ‘supported’ distributions,
respectively. If M 1is an open extension of M, then the
former space contains the restrictions to ﬁ of arbitrary

~

distributions on M, while elements of the latter are

distributions on M actually supported in M. The

sequence
- 00 ® - 00 - 00
0 — C (M, M) — &(M) — (M) — 0

is exact, the initial space being of distributions on M
supported in O0M. One of the few differences between these
spaces arises by comparing how differential operators act
on them. As may be checked from duality, an extendible
distribution is to be differentiated in ﬁ. the result
extending to the boundary by continuity; a supported
distribution is differentiated as a distributioﬁ on ﬁ. so
that boundary layers may well occur.

Having stated these facts, we now come to the point of
the discussion. It is the case (which unfortunately is not
to be found in the literature) that the absolute and rela-
tive cohomologies of M may be computed from the complexes

s —00

of forms with values in C_m and C , respectively. Ve

mention all this to justify a minor technicality concerning

regularity in the proof of our
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(4.8) Main Theorem: There are natural isomorphisms
#5 o — [0] € H'(M,aM) Kk < 25
£ 50 — [0] € HE(M) k> 2
Proof: L2 harmonic forms are closed and coclosed since
the metric g 1is complete. Hence when k > Q%l’ w € ﬁk
represents an absolute cohomology class. If k < E%l’

then from (4.7) both components of ® vanish at JdM. Ve
may then consider it as lying in é_w(M). and it is still
closed in the sense of supported distributions. Thus o
represents a relative class. It will suffice to show that
below the middle degree the map is injective, while above
the middle degree it is surjective.

Suppose then that for k < E%l. w € ﬁk. we have

Choose finitely many coordinate patches near JdM such that

h = 0, h = 1, and the coordinate z" is defined glob-
an nn

ally near the boundary. Then, since 5gm = 0, we compute
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ol dn,w> - {M,6_w> = J d(n A * _w)
g M g

= lim n n A *hm p2k-n.
e20 J{z =e}

By assumption on the coordinates, only n, and w, =

*. enter into this last integral. We know that
h '/t

o = o(pn—2k

n log p)

but it is less clear at what rate N, vanishes.
We study this issue by using the chain homotopy opera-

tor of [26]. Thus if
w = oy dyI + g dyJ A dx € Qk

and wI(y.O) = 0, then we define Ruw = (Rw)J dyJ by

1

(Ro); = (-1)%! J 0 (v, tx)x dt.
0

This is actually coordinate independent, and satisfies

dRw + Rdw w

%
so long as i*w = 0. Note also that i Rw = O.
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If ® 1is closed then © = dRw in the neighbourhood
of the boundary where Rw 1is defined. If ¢y 1is a func-
tion supported in this neighbourhood which is identically

one near JdM, then

w - d(yRow)

represents the same relative cohomology class and vanishes
near the boundary. We are assuming that this class is

trivial, so there exists a form f for which

ipB =0, o - d{(yRw) = dp

which is c” up to J8M. This shows that we may take

n =p + YyRo

and so

n, = 0(p log p).

The limit above must now vanish, hence ® = O and the map

into relative cohomology is injective.

On the other hand, when k > Eél, take a smooth

representative a for an arbitrary absolute cohomology

class. Obviously a 1is square-integrable with respect to
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p2k*n since Ialﬁ is bounded. We know that Ag has
closed range with a finite dimensional complement, so we

may write

= A + w.
a gB (4]

for some fB € Lzﬂk and o € ﬁk. Obviously B 1is c” in

the interior of M, and since da = 0 it follows that
a = db + w.
gﬁ
Hence [a] = [w] and the theorem is proved.
As the last part of this proof shows, we have actually

proved{something about the L2 cohomology spaces discussed

in the introduction.

(4.9) Proposition: For k < Qél or k > E%l we have
L2k ~ £

and so, in these degrees, L2Hk is finite dimensional.

Proof: We have established a strong Hodge decomposition

for these values of k:
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L2Qk(M,dg) a = ngB + 5gdB + w

w € ﬂk. a 1is closed iff the second summand vanishes, and

so [a] = [w] 1in L2Hk.

The existence of a parametrix away from the middle
degrees implies that the spectrum of Ag on L29k is
bounded below by a positive constant for these values of
k. However, when k = (n*l1)/2 -—so that the dimension n
is odd—then judging from the special case H®, cf. [11].
the continuous spectrum should in general extend down to
zero, and Ag would not have closed range. About the

final case, when n 1is even and k = n/2, we can reach a

definite conclusion.

(4.10) Proposition: xn/2 is of infinite dimension, but on
the orthocomplement (:an/?")'L the spectrum of Ag has a
positive lower bound. Hence the range of the Laplacian on
L2Qn/2 is closed, a strong Hodge decomposition holds, and
L2Hn/2 o wn/2.

Proof: Since L20"2(M.dg) = L20"/2(M.dh) and 5, = 05,
on Qn/2 (the space ﬁn/2 depends only on the conformal

class of the metric), it is necessary only to solve the

elliptic boundary problem
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Ao =0, iw=pe c®a™ 2 (am), i*6,0 = 0
for the nondegenerate metric h; each solution is Cm,
hence in L2(dg), and an infinite dimensional subspace of

ﬁn/2 is thereby obtained.

The argument for the next part follows [14] closely.

Choose e > 0 so that [O,e] does not intersect the spec-

trum of Ag/2t1 (the superscript indicating the degree of
form on which Ag is supposed to act). Now suppose

n/2

w = )((Ag Ja # O.
By the assumption on e,
dw = dx(Azlz)a x(An/2+1)da =0
5,0 = 8, (A;/2)a - x(Ag/z—l)Gga =0
and so w € ﬂn/2. This proves that
spec(A;/z) N [0.e] = {0}

as desired.

The last assertions are now immediate, and we are

done.
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It seems quite likely that a fairly complete spectral
picture of the Hodge Laplacian for a conformally compact
metric in any degree could be obtained from refinements of
the analysis in this dissertation. Perhaps this issue will

be addressed later if it seems warranted.
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