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Abstract. This paper deals with monic orthogonal polynomial sequen-
ces (MOPS in short) generated by a Geronimus canonical spectral trans-
formation of a positive Borel measure p, i.e., (z —c¢) ‘du(z) + Né(z —c),
for some free parameter N € IR and shift ¢. We analyze the behavior
of the corresponding MOPS. In particular, we obtain such a behavior
when the mass N tends to infinity as well as we characterize the precise
values of N such the smallest (respectively, the largest) zero of these
MOPS is located outside the support of the original measure p. When
4 is semi-classical, we obtain the ladder operators and the second order
linear differential equation satisfied by the Geronimus perturbed MOPS,
and we also give an electrostatic interpretation of the zero distribution
in terms of a logarithmic potential interaction under the action of an
external field. We analyze such an equilibrium problem when the mass
point of the perturbation c is located outside the support of .

Keywords: Orthogonal polynomials, Canonical spectral transformations
of measures, Zeros, Monotonicity, Laguerre polynomials, Asymptotic be-
havior, Electrostatic interpretation, Logarithmic potential.

1 Introduction

1.1 Geronimus Perturbation of a Measure

In the last years some attention has been paid to the so called canonical spectral
transformations of measures. Some authors have analyzed them from the point
of view of Stieltjes functions associated with such a kind of perturbations (see
[23]) or from the relation between the corresponding Jacobi matrices (see [24]).
The present contribution is focused on the behavior of zeros of monic ortho-
gonal polynomial sequences (MOPS in the sequel) associated with a particular
transformation of measures called the Geronimus canonical transformation on
the real line. Let o be an absolutely continuous measure with respect to the
Lebesgue measure supported on a finite or infinite interval E = supp(u), such



that Co(E) = [a,b] C IR. The basic Geronimus perturbation of 4 is defined as

1
(z—0)
with N € R4, 6(z — ¢) the Dirac delta function in x = ¢, and the shift of the
perturbation verifies ¢ € E. Observe that it is given simultaneously by a rational
modification of u by a positive linear polynomial whose real zero c is the point of
transformation (also known as the shift of the transformation) and the addition
of a Dirac mass at the point of transformation as well.

This transformation was introduced by Geronimus in the seminal papers
[11,12] devoted to provide a procedure of constructing new families of orthogonal
polynomials from other orthogonal families, and also was studied by Shohat (see
[18]) concerning about mechanical quadratures. The problem was revisited by
Maroni in [16], into a more general algebraic frame, who gives an expression for
the MOPS associated with (1) in terms of the so called co-recursive polynomials
of the classical orthogonal polynomials. In the past decade, Bueno and Mar-
cellan reinterpreted this perturbation in the framework of the so called discrete
Darboux transformations, LU and UL factorizations of shifted Jacobi matrices
[5]. This interpretation as Darboux transformations, together with other canoni-
cal transformations (Christoffel and Uvarov), provide a link between orthogonal
polynomials and discrete integrable systems (see [1,19,20]). More recently, in [4]
the authors present a new computational algorithm for computing the Gero-
nimus transformation with large shifts, and [7] concerns about a new revision
of the Geronimus transformation in terms of symmetric bilinear forms in order
to include certain Sobolev and Sobolev—type orthogonal polynomials into the
scheme of Darboux transformations.

The purpose of this contribution is twofold. First, using a similar approach
as was done in [13], we provide a new connection formula for the Geronimus
perturbed MOPS, which will be crucial to obtain sharp limits (and the speed
of convergence to them) of their zeros. We provide a comprehensive study of
the zeros in terms of the free parameter of the perturbation IV, which somehow
determines how important the perturbation on the classical measure p is. Second,
from the aforementioned new connection formula we recover (from an alternative
point of view) a connection formula already known in the literature (see [16]) in
terms of two consecutive polynomials of the original measure p. We also obtain
explicit expressions for the ladder operators and the second order differential
equation satisfied by the Geronimus perturbed MOPS. When the measure u
is semi-classical, we also obtain the corresponding electrostatic model for the
zeros of the Geronimus perturbed MOPS, showing that they are the electrostatic
equilibrium points of positive unit charges interacting according to a logarithmic
potential under the action of an external field (see, for example, Szegd’s book
[21, Sect. 6.7], Ismail’s book [15, Chap. 3] and the references therein).

The structure of the paper is as follows. The rest of this Section is devoted
to introduce without proofs some relevant material about modified inner pro-
ducts and their corresponding MOPS. In Section 2 we provide our main results.
We obtain a new connection formula for orthogonal polynomials generated by

dvn(z) = du(z) + Né(z — ¢), (1)



a basic Geronimus transformation of a positive Borel measure p, sharp bounds
and speed of convergence to them for their real zeros, and the ladder opera-
tors and the second linear differential equation that they satisfy. The results
about the zeros follows from a lemma concerning the behavior of the zeros of
a linear combination of two polynomials. In Section 3, we proof all the result
provided in the former Section. Finally, in Section 4, we explore these results for
the Geronimus perturbed Laguerre MOPS. For i being semi-classical, we obtain
the corresponding electrostatic model for the zeros of the Geronimus perturbed
MOPS as equilibrium points in a logarithmic potential interaction of positive
unit charges under the presence of an external field. We analyze such an equi-
librium problem when the mass point is located outside the support of u, and
we provide explicit formulas for the Laguerre weight case.

1.2 Modified Inner Products and Notation

Let u be a positive Borel measure p, with existing moments of all orders, and
supported on a subset £ C IR with infinitely many points. Given such a measure,
we define the standard inner product (-,-), : IP x P — IR by

f, G = /E f(@)g(@)du(x), f.g€P, (2)

where IP is the linear space of the polynomials with real coefficients, and the
corresponding norm || - ||, : IP — [0, +00) is given by ||f]|, = \/fE |f(z)|2dp(z).

Let {Pn},~o be the MOPS associated with p. It is well known that the former
MOPS satisfy the recurrence formula

QI‘Pn(.I‘) = Pn—&-l(x) + /Bnpn(x) + ’YnPn—l(x)a P—l = 07 Pl =1 (3)

According to the Christoffel-Darboux formula, for the n-th kernel polynomial
corresponding to {P, } >0 we have, for every n € IN

CP@P)  Pona(0)Paly) — P )Pa(e) 1
Knlwp) =2 " pp = (z—y) DA

k=0

[k

Here and subsequently, { Py, ]}nZO denotes the MOPS with respect to

i = /E F(@)g(@)(@ — o) dp(x), (5)

where ¢ ¢ E = supp(u). The polynomials {Pﬁ’[k]}n>O are orthogonal with
respect to a polynomial modification of the measure p called the k-iterated
Christoffel perturbation. If k = 1 we have the Christoffel canonical transfor-

mation of the measure p (see [23,24]). It is well known that pott (x) is the



monic kernel polynomial which can be represented as (see [6, (7.3)])

Pelll(g) = ! (Pry1(x) —mn Py (z)) = Ln”(!)
(

(x—c)
rn = mn(c) = 1 ]’;:EC)C), Pa(c) #0. (7)

Kn(z, ), (6)

Next, let us consider the basic Geronimus perturbation of p given in (1). Let
{Q%}n>0 be the MOPS associated with vy (z) when N = 0. That is, they are
orthogonal with respect to the measure

1
(z—¢)

This constitutes a linear rational modification of y, and the corresponding MOPS
{Q¢ }n>0 with respect to

- [ r@g@are) = [ f@o L duta) o)

has been extensively studied in the literature (see, among others, [3], [10, §2.4.2],
[15, §2.7], [22,23]). It is known that, for n > 0, Q¢ (x) can be expressed as

dvn—o(z) = dv(z) = du(x). (8)

Q@) = Pu(x) —rp—1 Pooa(z), Q5 =1, (10)
Fu(c)
1 =1 (c) = . Fa(e)=1,c¢E. 11
r 1 T 1(6) Fn—l(c) I(C) c ¢ ( )
The functions F,(s) = [} (g)du( ), s € C\ E, are the Cauchy integrals of

{P,}n>0, or functions of the second kind associated with { P, },>0. For a proper
way to compute the above Cauchy integrals, we refer the reader to [10, §2.3].
From the above, it is clear that

K (o) ifg W) _ Q@) - Q@@ 1

= 12
2 ot (e —y) (AR

are the kernel polynomials corresponding to {QS },.>0, which also satisfies the
corresponding reproducing property of polynomial kernels with respect to v

Lf@ﬂﬁ@mﬂﬂ@=f@7 (13)

for any polynomial f € IP with deg f < n. The so called confluent form of (12)
is given by the positive quantity (see [6])

[Q511] (€)@ (c) = (@] ()@ () _ Zn: [Q%(c))?

K¢(c,c) =
m Q512 = sl

> 0. (14)



The key concept to find several of our results is that the polynomials { P, } ,>0 are
the monic kernel polynomials of parameter c of the sequence {Q¢, },,>0. According
to this argument, the following expressions hold

Q5117 1 ( Qnt1(c) )
P,(z) = Ki(z,c) = 1(z) — MEIR 15
Finally, let {Q%N}nzo be the MOPS associated to dvy when N > 0. That is,

{QeN }n>o are the Geronimus perturbed polynomials orthogonal with respect
to the the inner product

1

z—0) dp(x) + N f(c)g(c). (16)

F. g = /E f@oa),

Note that this is a standard inner product in the sense that, for every f,g € P,
we have (xf, ¢)un = (f,29)y- From (9), (16), an easy computation shows that

(fs@on = (f,9)v + Nf(c)g(c). (17)

Is the aim of this contribution to analyze the asymptotic behavior of the
zeros of Q%N and provide as well an electrostatic model for these zeros when
the original measure u is semi-classical. To this end, we will use the remarkable
fact that, for any f, g € IP the multiplication operator by (z — ¢) is symmetric
with respect to (9). That is, ((x —¢)f, g)» = (f, (x — ¢)g)» = (f,g)n, which is a
straightforward consequence of the inner products (2), (5), (9) and (16).

2 Statement of the Main Results

2.1 Connection Formulas

Next, we provide a new connection formula for Q%% (z) in terms of Q¢ () and

the monic Kernel polynomials Pﬁ’m(ac). This representation will allow us to ob-
tain the results about monotonicity, asymptotics, and speed of convergence (pre-
sented below in this Section) for the zeros of Q%™ (x) in terms of the parameter
N present in the perturbation (1).

Theorem 1. The Geronimus perturbed orthogonal polynomials of the sequence
{Q5NY, 50, with QSN (z) = K, Q5N (), can be represented as

Qe (x) = Q4 (2) + NB(z — ) Pl (), (18)
with k, =1+ NB; and

B¢ — _Q%(C)Pn—l(c) — K¢

C = < _1(e,e) > 0. (19)
| P12 '



Observe that one can even give another alternative expression for BY,, which
only involves polynomials and functions of the second kind relative to the original
measure p, evaluated at the point of transformation ¢. Combining (10) with (19),
we deduce that

Tn—1 Pﬁ—l - Pn(C)Pn—l(C)

B =K i(c,c) =
1P 17

(20)

As a direct consequence of the above theorem, we can express Q%™ () in terms
of only two consecutive elements of the initial MOPS {P,},,>0. This expression
of Q4N was already studied in the literature (see [16, formula (1.4)] and [7,
Sec. 1]). In fact, the original aim of Geronimus in its pioneer works on the
subject was to find necessary and sufficient conditions for the existence of a
sequence of coefficients A,, such that the linear combination of polynomials
P, (z) + A, Pr—1(x), Ay, # 0, n > 0 were, in turn, orthogonal with respect to
some measure supported on IR. Here we rewrite the value of A,, in several new
equivalent ways. Substituting (10) and (6) into (18) yields

Q%’N(x) = HHQ%’N(x) = Pn(x) - Tn—lpn—l(x) + NB,, (Pn(x) - 7rn—lpn—l(x)) .

Thus, having in mind that &, = 1 4+ NB¢, after some trivial computations we
can state the following result.

Proposition 1. The monic Geronimus perturbed orthogonal polynomials of the
sequence {Q%N }>0 can be represented as

QN (z) = Py(x) + AS Py (), (21)
¢ _ gac _ Tp—1— Tn—1 B
AS = AS(N) = 1+ NBe Th_1, (22)

With Tp_1, rn—1 given in (7) and (11) respectively.

Remark 1. The coefficient A (N) can also be expressed only in terms of quanti-
ties relative to the original non-perturbed measure pu, the point of transformation
¢ and the mass N. Thus, from (20) and (22), we obtain

1 P2 () )

AS(N) = -N_ " — 1.
(V) (Wnl_rnl [ Pr-1ll? '

Also, observe that for N = 0, the coefficient A¢(0) reduces to r,_1, and we

recover the connection formula (10).

2.2 Asymptotic Behavior and Sharp Limits of the Zeros

Let x, s, acf;,[f], yg o and yo Y, s =1,...,nbe the zeros of P, (), pol (), Q% (x),
and Q%N (), respectively, all arranged in an increasing order, and assume that
Co(FE) = [a,b]. Next, we analyze the behavior of zeros nyJSV as a function of the



mass N in (1). We obtain such a behavior when N tends from zero to infinity as
well as we characterize the exact values of N such the smallest (respectively, the
largest) zero of {Q%N },,>0 is located outside of E = supp(u). In order to do that,
we use a technique developed in [2, Lemma 1] and [8, Lemmas 1 and 2] concerning
the behavior and the asymptotics of the zeros of linear combinations of two
polynomials h, g € IP with interlacing zeros, such that f(z) = hn(x) + cgn(2).
From now on, we will refer to this technique as the Interlacing Lemma.

Taking into account that the positive constant B does not depend on N,
we can use the connection formula (18) to obtain results about monotonicity,
asymptotics, and speed of convergence for the zeros of Q%™ (x) in terms of the
mass N. Indeed, let assume that yfl],j, k =1,2,...,n, are the zeros of Q%" (z).
Thus, from (18), the positivity of BS, and Theorem 2, we are in the hypothesis
of the Interlacing Lemma, and we immediately conclude the following results.

Theorem 2. If Cy(E) = [a,b] and ¢ < a, then

(1] o [1]

c,N c, c,N N
<Y1 <Yn1<Ty 11 <UYpa <UYno< " <T 1, 1<Yn <Ynn

N . . .
Moreover, eachy,, 1is a decreasing function of N and, for eachk =1,...,n—1,

li oN _ li c,N _6[1]
11 yn,l =6 NE)I})o yn7k+1 - xnka ’

N —o00
as well as

: ¢,N -Q5 ()

lim Ny, J —c = <"y
N—o0 ’ BnPn,l(C)

¢/ el

. N c,[1] -Qu(zly })

lim N[y© —z = n—1, )
A N = 221kl = g e Zope e

Theorem 3. If Cy(E) = [a,b] and ¢ > b, then

N 1] N c[1] N
yrcl,l < y'rcz,l < mnfl,l << yrcl,n—l < y'rcl,nfl < ‘rnflmfl < yVCL,n < yrcl,n <ec

N . . . .
Moreover, each y,’} is an increasing function of N and, for eachk =1,...,n—1,
. . N c,[1]

lim yoY =¢ lim y&) =z
Noso Yn,n " Nooo ymk n—1,k’
and Q5(e)
lim Nfc—yolN]= "t
N—o0 [ yn,n] B%Pn6£11] (c) ) N
e/ el
. c,[1] c,N1 _ QL (=, 11 ),
lim N[:rn_Lk — ynyk] =

N—ioo Bg (1  —oPe @l

Notice that the mass point ¢ attracts one zero of Q%™ (), i.e. when N — oo,
it captures either the smallest or the largest zero, according to the location of
the point ¢ with respect to the support of the measure y. When either ¢ < a or
¢ > b, at most one of the zeros of Q5 (z) is located outside of [a, b]. Next, give
explicitly the value Ny of the mass N, such that for N > Ny one of the zeros is

located outside [a, b].



Corollary 1 (minimum mass). If Co(E) = [a,b] and ¢ ¢ [a,b], the following
expressions hold. If ¢ < a (or ¢ > b) then, the smallest zero yfljlv (respectively,
the greatest zero yflj,\{ ) satisfies

yfljlv > a (respectively yflj,\{ <b), for N < Ny,
nyjlv = a (respectively yoN =b), for N = No,
yfljlv < a (respectively yflj,\{ >b), for N > Ny,

where

NO — No(n’ c, a) = Ko (c)c_)((in*(z))PcL[ll](a) > 07

n—1
respectively

_ _ —Q5(b)
No = NO(n7 ¢, b) = KC,I(C,C)(b—C)PC‘,“l](b) >

0.
Proof. (a) In order to deduce the location of yfljlv with respect to the point
T = a, it is enough to observe that Q%™ (a) = 0 if and only if N = Np.

(b) Also, in order to find the location of yf;ﬁ with respect to the point = b,
notice that Q5N (b) = 0 if and only if N = Nj.

2.3 Ladder Operators and 2nd Order Linear Differential Equation

Our next result concerns the ladder (creation and annihilation) operators, and
the second order linear differential equation (also known as the holonomic equa-
tion) corresponding to {Q%™ },,>0. We restrict ourselves to the case in which y is

a classical or semi-classical measure, and therefore satisfying a structure relation
(see [9] and [17]) as

o(z)[Pn(2)] = a(z;n) Py (z) + b(z;n)Py_1(z) (23)

where a(z;n) and b(z;n) are polynomials in the variable z, whose fixed degree
do not depend on n. In order to obtain these results, we will follow a different
approach as in [15, Ch. 3]. Our technique is based on the connection formula
(21) given in Proposition 1, the three term recurrence relation (3) satisfied by
{P.}n>0, and the structure relation (23). The results are presented here and will
be proved in Section 3.

Theorem 4. Let a, = —£$(z;n)[+D,, and al, = —nS(x;n)I+D, be differential
operators, where 1, D, are the identity and x-derivative operator respectively,
satisfying
c c c,N
a0, Q5N (2)] = i (w3 n) Q57 (), (24)
c,N c c
af [Q5) ()] = & (x5n) Q5N (), (25)
where, for k=1,2

Cr(x;n)B2(z;1) Yn—1 + Di(z30) A5 1

§I§(man) = A(m,n) V-1



In turn, all the above expressions are given only in terms of the coefficients in
(3), (23), and (21) as follows

Ba(w;n) = AS_, (/121_1 + (z_ﬁ"‘1)> , Ci(x;n) = g(lz) (a(m;n) — A bmm) ,

Yn—1 T Yn—1

Dy(z;n) =} (b(:r;n) + AS b(z;n—1) (Zéi:ﬁ:}; + (z_ﬁ"‘l)» )

o(x) Yn—1

Cg(if;n) _ —A5 (a(m;n) + b(z;n—1) (Acl + (z—ﬁn_l))> ’

O'(ZD) Yn—1 Yn—1 n—1 Yn—1

DQ(Z‘;’IZ) — ALy o(x)=blzin)+a(zsn—1)yn_1+b(zin—1)(z—Bn_1) ( 1 + (‘T*ﬁn—l)):|

O'(ZD) Tn—1 Az_l Yn—1

A(x;n) = Ba(z;n) + An A:L‘l, deg A(x;n) = 1.

Yn—1

Thus, a,, and al are respectively lowering and raising operators associated to the
Geronimus perturbed MOPS {Q%N },,>0.

For a deeper discussion of raising and lowering operators we refer the reader to
[15, Ch. 3]. We next provide the second order linear differential equation satisfied
by the MOPS {Q%"},,>0 when the measure y is semi-classical (for definition of a
semi-classical measure see [17]). This is the main tool for the further electrostatic
interpretation of zeros.

Theorem 5. The Geronimus perturbed MOPS {Q%N}, >0 satisfies the holo-
nomic equation (second order linear differential equation)

[N ()" + R(w; n)[Q5™ ()] + S(a;n) Q5™ (x) = 0,
where

R(z;n) = — (gf(x;n) +n5(z;n) + i (@im)] ) ,

1 (:EJL)

Slaim) = &5 mpmg(win) = ni(win)é(asn) + S bl oo,

n$ (wim

3 Proofs of the Main Results

3.1 Proof of Theorem 1 and the Positivity of B_

First, we need to prove the following lemma concerning a first way to represent
the Geronimus perturbed polynomials Q%™ (), using the kernels (12).

Lemma 1. Let {Q5N},>0 and {QS}n>0 be the MOPS corresponding to the
measures vy and v respectively. Then, the following connection formula holds

QnN(x) = Q;(x) = NQRN (K (), (26)

AN = | g =G 27)

where kK, =1+ NB¢

n’

and KS_(c,c) is given in (14).



Proof. From (17) we can express Q%" (x) in terms of the polynomials Q¢ ()
with coefficients

Q5 (x),QnN(x) ,

n,k = o2 s 0§]€§TL—17
Q%1
and hence we have
= Qi(x)Qs (o)
QN (@) = Q4(x) = NQIN(e) Y F
=0 ”Qk”

Next, taking into account (4) for the sequence {Q5 },>0, we get

QuN(x) = Qr(2) = NQIN () Ky, 1 (x, ).

In order to find Q%% (c), we evaluate (26) in x = ¢, which yields (27). This
completes the proof.

Next, in order to prove the orthogonality of the polynomials defined by (18),
we deal with the basis B" = {1, (x — ¢), (z — ¢)?,...,(z — ¢)"} of the space of
polynomials of degree at most n. Thus

(1, QM) = (1,Q5), + NBE(L, (x — o) PII]Y, + NQS (¢) = 0,
(& =), QeN)n = ((x — ¢), Q%) + NBE(1, POy 1y =0,

(=), Q5N 0y = ((x — )" 1, Q%) +NBC<<x—c>” 2 poy =0,
((z = ). QN )un = 1QGI12 + NBgI P2 ) > 0.

In order to prove (19), from (6), (15), (13) we deduce

(@ =), Pl @)y = fp (= 0) Ly (Pasa(@) = T3t Pala)) dv(a)
= ”Ci"(‘cl) I K (x, c)dv(x)

@) IG5E Kiteo) 19512
10512 Qe Ko ooy @e o) B K1 (@, 0)dv(@)
lallz  Qu_i(o) Qul2 K"(cc) HQ; 1H2
Qe(e) T Qs LI Qele) Koy (ee) @5 (o)

—Qr(c)
Kflil(c,c) .

Hence, taking into account (14), we have

Q. (c)
Be —kn QS N( ) B /fnlJrNKfl 1(ese) —K°_ ,(c;¢) >0
n - 1 - —0c< (¢ - n—1\" .
(1, (@ = Pl (@)), Koo

10



3.2 Proofs of Theorems 2 and 3

To apply the Interlacing Lemma and get the results of Theorems 2 and 3, we
need to show that we satisfy the hypotheses of the Interlacing Lemma. To do
this, we first prove that the zeros of Q¢ (z) and (x — c)Pc’m (z) interlace.

n—1
Lemma 2. Let y;, ; and :rfl’y[,i] be the zeros of QS (x) and Pﬁ’[l](ac), respectively,
all arranged in an increasing order. The inequalities

c,[1] c,[1] L
Ynt11 <Tp1 <Ypi12 <Tpa < <Ypip1p < xfl,[n] < Ynt1nt1

hold for every n € IN.
Proof. Combining (15) with (6) yields

(x— )’ PyM(z) = Q5 o(7) — d5Q5 11 (2) + €5,Q5 (), (28)
where Qri1(c) Q5 1 1I7 (¢,0)
¢ _  Payi(c) Quypa(e) ntlls Kipa(ee
= Puo @i T el Kieo ~ 0
dc = Qr42(c) Prii(e) _ Qni2(0)+Q7 (c)er,
B %+1(C) Pn(c) Q?H»l(c)

On the other hand, the sequence {QS},>0 satisfies the three term recurrence
relation

Qr(2) = (z = B)Q5 1 (2) = 7pQn—o(x), n=1,2,... (29)
The coefficients 3¢, and 7% are given in several works. A particularly clear dis-
cussion about how to obtain 8, v¢ from those f,, v, of the initial y is given
in [10, §2.4.4]. From (11), for n > 1, the modified coefficients are given by
BS = Bn+1n — Tn—1, and VS = yp_1 :"‘1 with the initial conditions for n = 0,

gi=prn 2= [ @ = [ 1 auw) =R

Combining (28) with (29) yields

(w =) Poll(z) = (z = Biyz — ;) Qnya (2) + (€5, = Yig2) Qi) (30)
Being p a positive definite measure, the modified measure v is also positive

definite, because ¢ ¢ E = supp(u) and therefore (x —c¢)~! do not change sign in
E. Hence, by [6, Th. 4.2(a)], the coefficient of Q¢ (z) in (30) can be expressed by

1Q5 2 Kinaleo) () _ 1 [@5(F
=i = Gt ey —1) = ek Ko >0 GD

which is positive for every n > 0, no matter the position of ¢ with respect to the
interval E. Finally, evaluating Pﬁ’[l](a:) at the zeros yn41,x, from (30) and (31),
we get (2—0)2 P (yna) = (€5 = 76 42) Qaynrra), forevery k=1, n+1,
so it is clear that

sign (P M (yni1,1)) = sign (Q5(yns10)), k=1,...,n+1. (32)
Thus, from (32) and the very well known fact that the zeros of Q5 , () interlace

with the zeros of Q¢ (z), we conclude that pott (z) has at least one zero in every
interval (Yn+1,k,Yn+1,6+1) for every k =1,...n. This completes the proof.
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3.3 Proofs of Theorems 4 and 5

Next, we prove Theorem 4. Shifting the index in (23) as n — n — 1, and using
(3) we obtain

[Pnfl(ff)]l _ 7b(w;nfl)Pn($) + a(zin—1) + b(m;n—l)(m—ﬁn_l)) Pn,l(ac). (33)

o (@) Y1 o(x) o (@) Yn1
Next, taking # derivative in (21), we get [QSN (2)]" = [P, (@)] + AS [Pa_1(2)]".
Substituting (23) and (33) into the above expression, we obtain the relation

Q7 (2))" = C1(a;n) Pa(x) + Diw;n) Paos(2), (34)

with the explicit expressions for Cj(x;n) and D;(x;n) in the statement of Theo-
rem 4. Observe that the sequences of monic polynomials {Q%"},,>0 and { P, },,>0
are also related by

Qi 1(w) = Az(n) P () + Ba(w;n) Py (w), (35)
Q2 (2)] = Co(;n)Pa(x) + Da(w5n) Py (), (36)

where As(n), Ba(z;n), Ca(z;n), and Da(z;n) are given in the statement of
Theorem 4. The above two expressions are a straightforward consequence of (21),
(23), (34), and the three term recurrence relation (3) for the MOPS { P, },,>0.

We next provide the converse relation of (35)—(36) for the polynomials P, (x)
and P,_1(z). That is, we express these two consecutive polynomials of { P, }.,>0
in terms of only two consecutive Geronimus perturbed polynomials of the MOPS
{QSNY >0, as follows

xTmn c Afb C,
Py(z) = BAQ((@;L)) QnN(I) T Azin) Qnivl(x)7

AC

. (37)
Py i(x) = A(z;Sﬁn_lQ%’N(@ + A(;;n) Qf{,l(x).

where

Alwin) =220 o= fuy+ A+ ), deg Awin) = 1.

5
To obtain the above expressions, note that (35)—(36) can be interpreted as a
system of two linear equations with two polynomial unknowns, namely P, (x)

and P,_1(z), hence from Cramer’s rule (37) follows. Finally, replacing (37) in
(34) and (36) one obtains the ladder equations
z;n Tin) Y zin) A _ c z;n)— z;n)AS Ae,

QN (@) = R e P e (@) 4 PrmL A Qi ()
(@52 (@) = R TR QN () 4 PR Ta AR QN (a),
which are fully equivalent to (24)—(25). This completes the proof of Theorem 4.

The proof of Theorem 5 comes directly from the ladder operators provided
in Theorem 4. The usual technique (see, for example [15, Th. 3.2.3]) consists

12



in applying the raising operator to both sides of the equation satisfied by the
lowering operator, i.e.

e @l QN @] =al QY ()] = E5(im) QY (@)

is a second order differential equation for Q%™ (z). After some doable computa-
tions, Theorem 5 easily follows.

Remark 2. Observe that the coefficients Aa(n), Ba(z;n), Ci(x;n), Di(xz;n),
Cy(x;n), Da(z;n), and A(x;n) can be given strictly in terms of the follow-
ing known quantities: the coefficient A¢ in (22), the coefficients 8,—1, yn—1 of
the three term recurrence relation (3) and o(x), a(z;n), b(x;n) of the structure
relation (23) satisfied by { Py, }n>o0-

4 Zero Behavior and Electrostatic Model
for the Laguerre Case

Once we have the second order differential equation satisfied by the MOPS
{Q%N},,>0 it is easy to obtain an electrostatic model for their zeros (see [13,14,15]
among others). In this Section we shall derive the electrostatic model for the ze-
ros in case y is the Laguerre classical measure.

Let {LS},~ be the monic Laguerre polynomials orthogonal with respect
to the Laguer_re classical measure du,(z) = z%e~*dz, « > —1, supported on
[0, +00). We will denote by {Q%N},,>0 and {Q%},,>¢ the MOPS correspond-
ing to (1) and (8) when p is the Laguerre classical measure, and {yg3 sV }1_,,
{yn:$}ey their corresponding zeros.

The structure relation (23) for the monic classical Laguerre polynomials is

o(x)[Ly, (z))" = a(z;n) Ly (z) + alw;n) Ly (z),

and therefore o(x) = z, a(z;n) = n, and b(z;n) = n(n + «). Their three term
recurrence relation is xL§(x) = Lo, (x) + Bl (x) + v Ly _i(x), with 3, =
BY =2n+a+1, v, =2 = n(n + «a), and the connection formula (21)
for Q>N (z) in terms of {LY},>0 reads QUM (v) = L (z) + A2 L2 ().
Taking into account exclusively the coefficients in the above three expressions,
we obtain the explicit expressions for the ladder operators and the coefficients in
the holonomic equation for this example. After some cumbersome computations,

for A%¢ = A%°(N) in (21) we have

Comimy =" A, Diamy = ") (0= (DA
A= gy B =1z (T

Gl = =00 ey

DS (wsn) = (Z T A% (x+1-2n +§()75x_—1)(8ioi)r;)(x —n(n+a))
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Fig. 1. The graphs of L3(z) (dotted) and Q3" (x) for some values of N

Hence, they satisfy the holonomic equation
(@ N (@) + R (23 0)[Q N (2)) + Se(wsn)Q ™ (x) =0, (38)

with coefficients

e atl

M = n - 1

Re(w;n) A r+ (n— AR°) (n+ a — AR°) + x ’
Ac — Axc -1

Sp(win) = ®fr + (n+a)(n onc) +n .

(A 4 (n— AY) (n 4 a — AYC)) x

Now we evaluate (38) at the zeros {yg ¢V }7_,, yielding

a,ce, N1/ a,c

n’ a,c An’ a+1
[ acN],:_RL(yn,’S’N;n): a,c, a,c,N a,c a,ey acN+1'
[Qn7 ’ ] /1n7 n,’s’ + (n_/ln7 )(n"'a_/ln7 ) yn:s’

The above reads as the electrostatic equilibrium condition for {yf;;ng [

Taking uy,(n;z) = A%z + (n — A2°) (n + o — A%°), it can be rewritten as
e, N
Z”: 1 Lur(msypy™) la+1 1
&N &N Ny e, N
j:l,j;ékyz,; ~ Yok 2 ur(niy,) 2y 2
which means that the set of zeros {yf{;?N }7_, are the critical points of the gradi-
ent of the total energy. Hence, the electrostatic interpretation of the distribution
of zeros means that we have an equilibrium position under the presence of an
external potential

1 1
VES () = 5 Inwur(z;n) — 5 Inzotte™™ (39)

where the first term represents a short range potential corresponding to a unit
charge located at the unique real zero z1,(n;z) = ot (n — A%°) (n + a — A2)
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of the linear polynomial uy(z;n), and the second one is a long range potential
associated with the Laguerre weight function.

To illustrate the results of Theorem 2, we consider the Geronimus perturbation
(1) on the Laguerre measure with & = 0 and ¢ = —1, and we obtain the behavior
of the zeros {yggl’N}gzl as N increases. We enclose in Fig. 1 the graphs of L§(z)

(dotted line), Q3! (z) (dash-dotted line), and QY "™ (z) for some N, to show
the monotonicity of their zeros as a function of the mass V.

Table 1. Zeros of Qg‘fl’N(aj) and z(0, —1,3, N;x) for some values of N

N 1st 2nd 3rd z(N)
0 0.296771 1.794881 5.327153 —1.27309
0.0125 0.096936 1.381317 4.846199 —0.039345
0.025 —0.079531 1.196907 4.66079 —0.015274
0.05 —0.324373 1.050055 4.50679 —0.156362
5 —0.988481 0.87094 4.276644 —0.700057

Table 1 shows the behavior of the zeros of Qg’fl’N(:r) for several choices
of N. Observe that the smallest zero converges to ¢ = —1 and the other two

zeros converge to the zeros of the monic kernel polynomial Lg’c’[l](x), in ac-

cordance with Theorem 2. That is, they converge to acgzl_l’m = 0.869089 and

xg:2—1,[1] = 4.273768. Notice that all the zeros decrease as N increases. The
zeros outside the interval [0, +00), namely the support of the classical Laguerre
measure, appear in bold.
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