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Abstract

We present a new structure relation for the sequence of orthogonal poly-
nomials associated with a D,-semiclassical linear functional of class s, and
then we use it to obtain a matrix characterization of the D, -semiclassical
orthogonal polynomials in terms of the Jacobi matrix associated with the
multiplication operator in the basis of orthonormal polynomials, and the
nonsingular lower triangular matrix that represents the orthogonal polyno-
mials with respect to some bases of polynomials. We also provide a matrix
characterization of D, -coherent pairs of linear functionals.

Keywords: Semiclassical discrete orthogonal polynomials, matrix
representation, structure relation, D, -coherent pairs.
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1. Preliminaries

Every sequence of monic polynomials {P,(x)},>0 with deg(P,(x)) = n
is a basis of C[z], the linear space of polynomials with complex coefficients.
Then, there exists a unique sequence of linear functionals {p, },>o, called
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the dual basis of { P, (x)}n>0, such that (p,, P (2)) = dpm, n,m > 0, where
Onm denotes the Kronecker delta. As a consequence, a linear functional
U : Clx] — C can be expressed asU =} (U, Po(z)) pn-

Lemma 1.1. Let {P,(x)}n>0 and {R,(z)}n>0 be sequences of monic polyno-
mials, and let {p,}n>0 and {t,}n>0 be their respective dual sequences. If

n

Ru(z) = Pu(z), n <i+k, R,(r)= Z ’Vn,ij(x)a n=>i+k+1, v, #0,

Jj=n—t

then

tn if 0 <m <k,

Pm = tm_’_z;ntl—f—k;-&-l/ynmtn ka+1§m§2+k7

S YnmTh ifm>i+k+1.

Proof. For m > 0, we have
i+k
pm Z(pma n Zémntn—'— Z Z Tn.j mjtna
n>0 n>i+k+1 j=n—1

which establishes the result. O]

We can associate with a linear functional U a sequence of complex num-
bers {u,}n>0, where u, = (U,z"), n > 0, which is called the sequence of
moments of U. In this context, U is said to be quasi-definite or reqular if
det ([ui;]7,—o) # 0, for n. > 0. This condition is equivalent to the existence
of a sequence of monic polynomials {P,(x)},>o such that

deg(P.(z)) =n,n>0, and (U, P,(x)Pn(z)) = kndnm, kn # 0, n,m > 0.

{P.(x) }n>0 is said to be a sequence of monic orthogonal polynomials (SMOP)
with respect to the linear functional . The linear functional p(z)U, where
p(x) is a polynomial with complex coefficients, is defined as (p(z)U, q(z)) =
(U, p(x)q(x)) for all ¢ € Clz]. In particular, P,(z)Ud = U, P%(z))p,, for
n > 0.

For each ¢ € C, let By be the following basis of C|z]

= {ugp(®) | ugo = Liugp(z) =x(@—0) - (. — (k= 1)0),k=1,2,...}.

Notice that By is the canonical basis {ugx(z) = 2*}1>0. In this way, if Xj
denotes the matrix representation of the multiplication by = on Clz] with



respect to some basis B C C[z], then it follows that

01 0
g o(x) ugo(x) 0 ¢ 1
| wal@) | =X, | wa(®) || where X,= 00 20 - ;

( € C, since zugpp(z) = klugy(x) + wpppr (). Besides, ¥ [ugo(z), 1" =
X [ugo(x),---]", k > 0.

Given a monic polynomial sequence {P,(x)},>¢ and a basis B C Cl[z],
we can associate with {P,(z)},>¢ a semi-infinite nonsingular lower triangu-
lar matrix Az whose n-th row contains the coefficients of the n-th degree

polynomial P,(x) with respect to the basis B. For example, if

n

P,(x) = Zan,ju&j: n >0, (eC fixed,

j=0

then the entries of the matrix Ag, are a, ;, for 0 < j < n,n > 0, and zero
otherwise. Since P, is monic, the diagonal entries are a,, = 1 and, as a
consequence, Ag, is nonsingular.

Following the notation used in [26], a matrix B is said to be a lower semi-
matrix if there exists an integer number m such that b;; = 0 if i — j < m.
The entry b; ; belongs to the m—th diagonal if ¢ — j = m. If B is non zero,
we say that B has index m if m is the minimum integer number such that
B has at least one nonzero entry in the m—th diagonal. Furthermore, B is
said to be (n,m)—banded if there exists a pair of integers numbers (n,m)
with n < m and all the nonzero entries of B lie between the diagonals of
indices n and m. Finally, B is called monic if all the entries in its diagonal
of index m are equal to 1. Notice that the set of banded matrices is closed
under addition and multiplication, and that the inverse of a banded matrix
might not be banded.

The following result characterizes the orthogonality of a sequence of monic
polynomials with respect to some linear functional U in terms of its corre-
sponding matrix Ag.

Theorem 1.2 ([26, 27]). Let {P,(z)}n>0 be a monic polynomial sequence
and let Ag be its associated matriz with respect to some basis B C Clx] of
monic polynomials. Then, {P,(x)}n>0 is orthogonal with respect to some
linear functional if and only if AgXgAgz' is a (monic) element of T, the set
of (—1,1)-banded matrices whose entries in the diagonals of indices 1 and
—1 are all nonzero.



Let us consider the difference operator D,,, and the g-derivative operator
D, defined, respectively, by

(Dup)(w) = PEFLIZPE) e o,

w

plgr) — p(z
(D)) = PIDZPD o020, (D) (0) = (0,

(¢ — 1z
for ¢ € C\ {0} and ¢" # 1,n € Z*, for p € C[z]. From now on, v and v* will
denote either w and —w, or, ¢ and ¢!, respectively. Other notation that we
will also use is the following

1, ifv=uw, r+v, ifr=uw,
h, = . TxV = .

v, ifv=yg, v, ifv=q.

v, ifv=uw, k, if v=uw,
Jv = 0, ifv=g, Mh=1w = k], = qqk_—_ll, if v =gq.

Some properties of such operators are listed in the following lemma. They
can be shown using easy computations.

Lemma 1.3. For p,r € Clz], we have

(i)  Dulp(z+a)] = (Dup)(z +a), a € C, Dy[p(br)] = b(Dyp) (b2),
be C\ {0}

(i) (D, [pr])(z) =r(z)(Dyp)(x) + p(z *v)(D,r)(z).

(ii3) (D,-p)(z+v) = (D,p)(z).

(iv) D,D,- = hy-D,-D,.

For a linear functional U, the (distributional) D,-derivative of U, D, U,
is given by
(DU, p(x)) = = (U, Dyep(x)),  p € Cla].

Notice that the derivative operator D, yields the usual derivative operator
when ¢ — 1 and w — 0. Indeed, when w — 0 and ¢ — 1, (D,p)(x) converges
to “Lp(z) in Clz], and D,U converges to DU in (Clz])*, respectively, where
DU is defined by (DU, p(z)) = — U, P (x)).

The structure of the manuscript is as follows. In Section 2, we obtain a
new structure relation for D,-semiclassical polynomials, and then we use it
to characterize the D,-semiclassical character of a linear functional in terms
of banded matrices. A similar characterization for D,-coherent pairs is pre-
sented in Section 3.



2. A matrix characterization for D, -semiclassical polynomials

A pair of non zero polynomials ¢(z) = azz’ + ... + ag and ¥ (x) = ba” +
-+« + by, such that a;b, # 0, ¢ > 0,7 > 1, is said to be an admissible pair if
either t —1#rort—1=rand 7,_1,0,41 + b, # 0,n > 0. In this way, a
quasi-definite linear functional U/ is called D, -semiclassical if there exists an
admissible pair (¢, 1) such that

D, [¢(@)U] = (U, deg(6) > 0, deg(t)) > 1, (2.1)

holds. The class of U is the nonnegative number s = min{ max{deg(¢) —
2,deg(1)) — 1} : (¢,1) is an admissible pair satisfying (2.1) }, and the corre-
sponding SMOP is also called D,-semiclassical of class s.

The D,-semiclassical linear functionals were introduced by J. A. Sohat in
[25]. In the last decades, they have been extensively studied by P. Maroni and
his coworkers in [5, 13, 21, 23]. In [22], Maroni developed a complete study
of these functionals, showing how they act on polynomials and giving some
structure forms that will be vital in the present work. The D-semiclassical
linear functionals of class one were classified by S. Belmehdi in [7] through a
distributional study and by giving an integral representation for the canonical
cases, except for the Bessel case. The study of the distributional equation
(2.1) has revealed many families of D-semiclassical orthogonal polynomials
of class greater than one, see for instance, [6, 10|, where the authors study
the case s = 2 for symmetric and positive linear functionals and [20] where
F. Marcellan et al. obtain all the semiclassical linear functionals of class two
and their integral representations. For a complete survey on this topic see
[14].

The following result provides a criterion for determining the class of a
D, -semiclassical linear functional.

Theorem 2.1 ([21, 24] when v = w, and [15] when v = ¢). Let U be a
D, -semiclassical linear functional satisfying (2.1). Then, the class of U is s
if and only if

|

ceC,
#(c)=0

F < (cxv™) — (D,,*¢) () ‘ + ’ <U, By~ (Qc*l,*w) (x)— (96*,,* 090¢) (3:)> H >0

holds, where 0,p(z) = 1%, a € C,p eP. If there exists ¢ € C such that
¢(c) =0 and

hop(cx V™) — (D,,* q§) (c) = <?/l, By (Qc*y*w) () — (96*,,* o chﬁ) (ac)> =0,



then the D,-Pearson equation (2.1) becomes

D, [0ep(2)U] = [h (O 1)) () = (B 0 000) (x)}bl.

A D,-semiclassical linear functional of class s = 0 and its corresponding
SMOP are called D,-classical. In this case, for polynomials satisfying (2.1)
we get deg(¢) < 2 and deg(y)) = 1.

On the other hand, for & > 0, (D,,uh’k) () = Nk—1,u,, k—1(z). Hence, if
D, ,, is the matrix representation of D, with respect to B,, , then

000
X, Dy, = D, (X, 501 ) = 1, D 001
AJV Jv WJv Jv xv DV7]V DV,]V = O O 1 ’
DZ/,]VDVJV = I’
0 0 O 0 1/770,1/ O
Wlth DV,ju = 77(8 O e ) Dl/,]u = O /771’

T}l,y

If A, is the matrix whose entries of its k-th row, £ > 0, are the coefficients
of a polynomial py(x) of degree k with respect to the basis B, , then the
entries of the k-th row of A, D, , are the coefficients of D,py(x) which is
a polynomial of degree k — 1. Therefore, if py(x) is monic, then the k-th
row, k > 0, of 4,, = ﬁl/,jl,Aijl/,]U contains the coefficients of the monic
polynomial le’V] () = D”’;’;—*yl(x) with respect to the basis B, . The following
result characterizes D,-classical SMOPs in terms of their corresponding semi-

infinite lower triangular matrices.

Theorem 2.2. Let A, be the matriz associated with the monic polynomials
sequence {P,(x)}n>0 with respect to B,,. Then {P,(x)}n>o is D,-classical if
and only if A, A, is a (0,2)-banded monic matriz.

Proof. In [27], the author proved that
AJVA;,]lV =L,,Dy,, + D,,, [<_Mwu) * ’/[}a

where L, = A X, A°t € T and M,,, = A,,, X, A, . Thus, M, is a
monic element of 7 if and only if A) A, is a (0,2)-banded monic matrix.
Therefore, the result follows from Theorem 1.2. O]



On the other hand, D,-semiclassical linear functionals can be character-
ized, in terms of structure relations, as follows.

Theorem 2.3. LetU be a quasi-definite linear functional and let { P,(x)}n>0
be its corresponding SMOP. Then, the following statements are equivalent

e There exist non zero polynomials ¢,v, of degrees t > 0,1 > 1, respec-
tively, such that (2.1) holds.

o [22] (First structure relation) There exist a polynomial ¢ of degree t
and sequences {a, k tn>s such that {P,(x)},>0 satisfies

n—+t

¢($)P7[11’V*]($) - Z an,k:Pk(x)7 n Z S, a'n,n—s 7é O, n Z s+ 17
k=n—s
(2.2)
where s 18 a positive integer number with t < s + 2.

e [8] (Second structure relation) There exist non-negative integer numbers
t,s, and sequences {an}, {bni}, such that

n—+s n-+s
Z Q1 Pe(x) = Z En,kplil’y*](a:), n > max{s,t+ 1},
k=n—s k=n—t

holds, where @y, pys = 5n7n+s = 1,n > max{s,t + 1}.

In the next theorem, we provide another structure relation that charac-
terizes D,-semiclassical linear functionals. It will be used later to express the
D, -semiclassical character in terms of semi-infinite banded matrices.

Theorem 2.4. For a nonzero monic polynomial ¢(x) of degree t let U and
{P.(z)}n>0 be a linear functional and its corresponding SMOP respectively.
The following statements are equivalent

(i) U is a D,-semiclassical linear functional of class s satisfying (2.1), i.e.,
there exists a polynomial ¥(x) of degree r > 1 such that (p,1) is an
admissible pair and D, [¢p(x)U] = (z)U holds.

(it) There exist a non-negative integer s, an integer r > 1, and sequences
{bnj tn>st1 and {cy j}n>s+1 such that s = max{t—2,r—1} and {P,(x)}n>0
satisfies the structure relation

s+2

Z bon—iPn_j(z) = Z Cn7n_jP7£]:l;*]($), bon =Con=1 n>s+1,
=0 =0

(2.3)



Proof. (i) = (ii): Let consider the Fourier expansion

n+j
1,v* .
P"+j(x)zza’n+j7kpl£ ]([E), an—i—jm—i—j:la J :07"'737 n > 1.
k=0

Multiplying the above equation by b4y, With byys,+s = 1, and adding
for  =0,...,s, we obtain

s n+s
anJrs,nJranJrj(x) = Zﬁk,n+sPI£LV ]<x)7 n =1, (2'4)
=0 k=0

where
s—1
ﬁk7n+s = a/n+57k + E bn+s’n+jan+jyk, k = 0, o + S, n Z 1.
j=max{0,k—n}

If we apply (P, (x x v*)p(z)U, - ) to the above equation, for m+(s+2) < n—1,
then we get

n—+s

Zﬁk,n+s<¢<x>u, —(p. [PkH(x)Pm(x)]—Pk+1<x>Du*Pm<x>)>

Nk,

n—+s

S Z Brnts <L{, [w(x)Pm(x) + aﬁ(a:)D,,*Pm(:U)} Pk+1($)>

k=0 Tk,
m-+s

:—Zamvkﬁk,nﬂ, m=0,1,....n—s—3, n>s+3, (2.5)
k=0

where, for k=0,...,m+s, m=0,1,...,.n—s—3,andn > s+ 3,

<M, W(as)Pm(m) + gb(x)DV*Pm(a:)} Pk+1(:z)>.

Ak =
N, v+
In matrix form, (2.5) reads
BOm,—i-s
0 Qo0 Qo s 0 A 0
ﬁl,nJrs
0 Ap—s-3,0 "' Qpn—s-3s QAp—s-3s+1 *°° Qp_s-3n-3

ﬁnfS,nJrs



or, equivalently,

0 0,0 Qs Bon+s
0 Op—s—30 *°° Op—s-3s—1 (n—s—2)xs 5s—l,n+s
s 0 - 0 8
s,n+s
a5 a1 541 0 .
Bn—3,n+s
Ap—s5-3,s o crr Op—g—3n—3

(n—s—2)x(n—s—2)

In this way, since qu, mis # 0, for m =0,...,n — s — 3 (by the admissibility
condition of a SMOP), then S 45 =0, k =0,...,s—1, implies that By 4, =
0, for k=s,...,n — 3. Thus (2.4) becomes

s n—+s
1,v*
Z bn—l—s,n—i—jpn—l—j(x) - Z 6k,n+sp].£ ](.CE), n 2 17
=0 k=n—2

which is equivalent to (2.3), completing the proof. Now, let us prove that
Brmts = tnssk + 2o butstsngir = 0, for k =0,....s — 1, ie, let us
show that the system

anJrs,O
anJrs,l
Fn,s = - .
Apts,5—1
Qn,0 (n41,0 e (p4s—1,0 bn—i—s,n
an 1 Ap+1,1 e Ap+s—1,1 bn+s,n+1 A T
= . . . . =i Npslns
Gps—1 Optls—1 *°° Apiys—1,5—1 bn+s,n+s—1

SXS

has a solution. If A, ; is a nonsingular matrix, the desired conclusion follows.
On the other hand, if det(A,, 5) = 0, the system A, ;T,, s = I[',, s has a solution
if and only if the matrices A, s and [A,, 5 | T’y s]sx(s+1) have the same number
of linearly independent rows.

Let us assume that the jth and the kth rows of A,, ¢ are linearly dependent,
then there exists A\, € C such that

(an,ja Ap+y14, an—l—s—l,j) - )\n (a'n,ka An4+1,ks ", an—l—s—l,k) .



Since n is arbitrary, then the algorithm described above holds for n + 1, and
thus we get

(an+1,j7 An42.5, an+s,j) - >\n+1 (an—i-l,k:; Ap42ks """ an—i—ch) .

As a consequence, the jth and the kth rows of [A,, s | I',s] are also linearly
dependent. Therefore, A, s has the same number of independent rows as
[Ans | Tyl and then, A, T, s =T, ¢ has a solution.

(ii) = (i): Let us consider the sequence of monic polynomials { R,,(z) } >0
defined by

s+2
R,(x) = P(), n < 25+3, me»=2?%fQHRUH@»nZ%%&
=0 n—j,v*

Then, from the definition of R, 1(z), n > 2s + 3, and from (2.3) it follows
that

(Dy [¢(2)U], Rni1 (7)) = =N Z bnn—j (P(2)U; Poj(x)) = 0,

for n > max{s + ¢+ 1,2s + 3} = 2s + 3. As a consequence, taking into
account the assumption, we get

n>0 n=0

where {t, },>0 is the dual sequence of { R, (z)},>0.

In this way, using Lemma 1.1 with ¢t = s +2, Kk = s+ 1, and v, ; =
Nn—1,0+Cn—1,j—1

, we obtain that v, = p,, for n < s+ 1. Hence, since r < s+ 1
j—1,0+

and P, (z)U = (U, P?(x)) p,, it follows that

D, [p(0)U] = (U, where ¢(x) =

— U, P%(x
[
Notice that (2.3) can be expressed in matrix form as
BA,. =CAy, ., (2.6)

10



where B and C' are monic (0, s)—banded and (0, s + 2)—banded matrices,
respectively, whose entries are the coefficients b,,_; and ¢,,_;. As a con-
sequence, the previous result means that {F,(z)},>0 is a D,-semiclassical
SMOP of class s if and only if there exist matrices B and C' such that (2.6)
holds. Furthermore, if {P,(z)}n>0 is D,-semiclassical of class s, it follows
from (2.6) that BA, , A\ isa (0,s5+2)—banded monic matrix. Conversely,
if there exists a (0, s)—banded monic matrix B such that BA, . A, is a
(0, s42)—banded monic matrix, then (2.6) holds and, therefore, { P, (x) },>0 is
D, -semiclassical of class s. As a consequence, we have the following straight-

forward generalization of Proposition 2.4 for D,-semiclassical polynomials.

Theorem 2.5. Let {P,(x)}n=0 be a MOPS with respect to a linear functional
U. Then, U is D,-semiclassical of class s if and only if there exists a semi-
infinite (0, s)—banded monic matriz B such that BA, A, is a (0,s +
2)—banded monic matriz.

Remark 2.6. When s =0, {P,(z)}n>0 is D,-classical if and only if
BA, . A;}JV* = A, A}

*
v

is a (0,2)—banded monic matrix, (which is the result stated in Theorem
2.2, since a linear functional is D,-semiclassical of class s if and only if it is
D, «-semiclassical of class s). In other words, {P,(x)},>0 satisfies (see [2])

P,(x) = P}f”’*](x) + cn,n,lPE_’q*](x) + cnm,QPTEl_";](:c), n > 1.

Now, let us consider a positive definite D, -semiclassical linear functional
U that satisfies the D,-Pearson equation (2.1), and let {p,(z)},>0 be its
corresponding sequence of orthonormal polynomials. From the three-term
recurrence relation, we get

zp(z) = Jp(z), (2.7)

where

aq b1 o B .
0 as b2 ) p(l‘)—(po(gj), p1($), pg(l’), ) .

On the other hand, the matrix expression for the (normalized) first struc-
ture relation for D,-semiclassical polynomials given in (2.2) reads

o(x)D,-p(z) = Hp(z), with H = XTH, (2.8)

1"



where H is a (—t,s)—banded matrix whose entries are the coefficients ap-
pearing in the right side of (2.2), and D,p(x) = [D,po(z), Dypi(z),...]". In
this way, the relation between H and J is described in the following result.

Theorem 2.7. Let {p,(z)}n>0 be a D, -semiclassical sequence of orthonormal
polynomials and let H be the (—t + 1, s + 1)—banded matriz associated with
the first structure relation (2.8). Then

(i) [J, Hl,- = o(J),
(i) H+HT = —p(J),

where [J, ﬁ[],, = JH — f[(j*y*f), and ¢, 1 are the polynomials appearing
wn the D, -Pearson equation.

Proof. (i): Taking the D,«-derivative in (2.7), then multiplying by ¢(z) and
using (2.8) we get

(x v ) Hp(x) + ¢(x)p(x) = JHp().

Thus, since (zx v*)p(x) = (Jxv*I)p(x) and zFp(x) = J*p(x), k > 0, above
equation becomes

H(J* v )p(x) + ¢(J)p(x) = JHp(x),

and therefore, (¢) holds. (4i): From (2.7), we have
<Dy [p(2)U] ap(x)Pm($)> = |:<D1/ [o(2)U] , po(x)pm (), (Dy [¢(x)U], p1(x)pm(2)), . . .]T
= <w<$)u, p($)pm($)> = <Z/{, ’Lb(j)p(x)pm(q;)> ., m>0.

Notice that we get the m-th column of 1(.J). On the other hand, using (2.8),
we obtain

(D, [B(@)U], D(@)pn()) = (&)U Dy D(@)pm(w 5 v") + P(2) Dy pin ()
= — (U, Hp(@)pu(a » 1)) = (U, p()6(2) Dyopi(x) )

~ AT
= — [m—th column of H} — [m—th row of H} ,

which is the m-th column of —[H + H”]. Therefore, (ii) follows. O

Remark 2.8. Notice that

12



e From (i) we get

R

0=¢(J)— ()T = JH + (Jxv* I)H" — H(J »v*I) — H"
VPN ~ ~ ~N\ T - ~ ~
—J (H + hV*HT> _ (H + h,,*HT> J— e (H _ HT) ,
or equivalently,
~ [/~ ~ ~ ~N\NT - ~ ~
J (H + hV*HT> - (H + hV*HT> J= e (H _ HT) .
Therefore, when v = w, J (H +H /2 is a symmetric matrix, where
(H + H™)/2 is the symmetric component of H. On the other hand,

20(J) = ¢(J) + ¢(J)" = JH — (J»v* 1) H" — H(

B BT R BT . . B4dT
Hence, if v = w, the skew-symmetric component of H satisfies J2=AT H
H—2HT J= b j)

e From (u7), the symmetric component of H satisfies

H+ HT

1 .
7 = —§¢(J)-

Finally, we state the relation between the matrices A, . and H.

Proposition 2.9. Let A, . be the lower triangular matriz associated with
the D,-semiclassical MOPS {P,(x)}n>0, with respect to the basis B, .. If H
is the (—t, s)-banded matriz associated with the first structure relation (2.2),
i.e., ¢(x)D,p(x) = X Hp(x), we have

H = XoA,,. Dye ). (X, )A!

Proof. Y, . (x) = [1,z,2(z — gp+),x(x — Jo)(z — 29+), . . ] then p( ) =
A, .Y, (z),and therefore, D,-p(z) = A, . DY, .(x) = A, Dl,* g Y, ().
Multiplying by ¢(x) and comparing with (2.2), we obtain

XgHAJV* Y]u* (m) = A]l/* DV*JI/* ¢<x>Y]u* ($).
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Moreover, if ¢(z) = S0 5, 2% then

deg(¢) Uj,x 0 deg(¢)
gb(f[‘)Y]V* (Q’,’) = ’yk{[‘k UJV*,I — Z ’}/k [.I'kYJV* ("L'):|
k=0 . k=0
deg(¢)

— Z /YkX_]k;*Y ¥ ('r) = qb(Xju* )Y]y* (x)7
k=0
and, taking into account Xy X! = I, the result follows. O

3. A matrix characterization of D,-Coherent pairs

A pair of linear functionals (U, V) is said to be a (M, N)-D,-coherent
pair of order (m, k) if their corresponding SMOP { P, () },>0 and {Q,(x) }n>0
satisfy

M N
> ain D P i(®) = Y binDiQuiki(x), n >0,
=0 =0

where M, N, m, k € NU{0}, a;,b;,, € C, for n >0, ap,, # 0 for n > M,
byn # 0 for n > N and a;,, = b;,, = 0 for ¢ > n. When k =0, (U,V) is
called a (M, N)-D,-coherent pair of order m, and if (m, k) = (1,0), we say
it (M, N)-D,-coherent pair.

I. Area, E. Godoy and F. Marcellan in [3] and [4] extended the concept
of coherence from the theory of orthogonal polynomials in one continuous
variable to orthogonal polynomials in one discrete variable. They proved
that if (U, V) constitutes a (1,0)-D,-coherent pair, then either U or V is
D, -classical and the other one is a rational modification of the first.

Later on, in [16] (2004), K. H. Kwon, J. H. Lee and F. Marcelldn stud-
ied (M + 1-term) generalized D,-coherent pairs, (for us (M, 0)-D,-coherent
pairs). In particular, they analyzed (2,0)-A-coherent pairs, i.e., two SMOP
{P.(z)}n=0 and {R,(z)},>0 satisfying a relation

1

fn(x) = n+1

APy (z) — Z2AP(z) — 2L AP, _i(z), n>2,

n n—1
where ¢, and 7, are arbitrary constants and A is the D, operator with
w = 1 (forward difference operator). In this way, they showed that the linear
functionals must be A-semiclassical and they are related by an expression of
rational type. They also studied the case when one of the linear functionals
is A-classical.
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More recently, in [18] and [19], F. Marcellan and N. C. Pinzén Cortés
studied the (1,1)-D,-coherent pairs proving that (1,1)-D,-coherence implies
that the linear functionals are D, -semiclassical, one of class at most 1 and
the other of class at most 5. Moreover, the functionals are related by a
rational function. In [17] they also give a matrix interpretation in terms of the
Jacobi matrices associated with the corresponding sequences of orthogonal
polynomials. Finally, in [1], R. Alvarez-Nodarse, J. Petronilho, N. C. Pinzén-
Cortés, and R. Sevinik-Adigiizel analyzed the more general case, (M, N)-D,-
coherent pairs of order (m, k), concluding that the linear functionals are
related by a rational factor and, when m # k, then both ¢ and V are D,-
semiclassical functionals.

All the above constitute an extension of the results obtained for the con-
tinuous case given in [9] and in its introduction.

3.1. (M,0)-D,-Coherent pairs

Let us consider the simplest case of coherence, when N = k£ = 0 and
M = m =1, ie. U and V constitute a (1,0)-D,-coherent pair. In such a
case, the corresponding SMOP satisty the structure relation

P (@) + e PM(2) = Qu(z), n >0, (3.1)

From [12], we can characterize the (1,0)-D,-coherence by using banded ma-
trices as follows.

Theorem 3.1. Let {P,(x)},>0 and {Qn(x)}n>0 be SMOPs with associated
lower triangular matrices A,, and B, , respectively, with respect to the basis
B,,. Then {P,(x)},>0 and {Qn( )In>o constitute a (1,0)-D,-coherent pair
iof and only if B VAZ,JV 15 a lower bidiagonal matrixz with ones in the main
diagonal and nonzero entries in the subdiagonal.

Proof. Let assume ({ P, () }n>0, {@n(2) }n>0) is a (1,0)-D,-coherent pair. Since
A, ,, is the lower triangular matrix associated with {Py’”}(:p)}nzo, then (3.1)
can be written in matrix form as

T
Al/,_],/ + CIXO Al’u]u - B]y?
where C) = diag(ci,¢11,...). Since A, ,, is nonsingular, we have
T 1
I+CXE = B, A

As a consequence, B, A, ]ly is lower bidiagonal with ones in the main diagonal
and non zero entries in the subdiagonal, since ¢;, # 0, n > 1. Conversely,
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if BJVA;JIV = T is bidiagonal with ones in the main diagonal and non zero
entries in the subdiagonal, then

TA,, =B

Jvo

50 { P,(x) bn>0 and {Qn () }n>o constitute a (1, 0)-D,-coherent pair of SMOPs.
[

The case of (1, 0)-D,-coherence can be generalized to (M, 0)-D,-coherence
when we consider a finite number M of terms in the left-hand side of the
structure relation (3.1), i.e.

M
P(@) + 3 een Pl (2) = Qulw), n>0. (32)
k=1

In such a case, we have the following result.

Theorem 3.2. Let {P,(x)}n>0 and {Qn(x)}n>0 be SMOPs with associated
lower triangular matrices A,, and B, , respectively, with respect to the basis
B,,. Then {P,(x)}n>0 and {Qn(z)}n>0 constitute a (M,0)-D,-coherent pair
if and only if B, A, is a (0, M)-banded matriz with ones on the main
diagonal.

Proof. Assume ({ P, () }n>0, {@n(2)}n>0) is a (M, 0)-D,-coherent pair given
by (3.2). If for 1 < k < M, C} is a diagonal matrix with entries ¢ ,, n > 0,
then (3.2) can be written in matrix form as

M
I+ Cu(X))F| Ay, = B,
k=1
and, since A, , is nonsingular,
M
I+ CuX)=B,A,}.
k=1

As a consequence, B), A, is a (0, M)-banded matrix. Conversely, if B, A, =
T is a (0, M )—banded matrix with ones in the main diagonal, then we have

TAV?]V = B]u?

so that { P, (z) }n>0 and {Q, () }n>o constitute a (M, 0)-D,-coherent pair. [
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3.2. (M,0)-D,-Coherent pairs of order m

For m > 1, let us define the monic polynomial of degree n, PA’"”’] (x),
associated with the m-th D,-derivative of the monic polynomial P, ,(z) as

D"P, ., n+1),, ifr=uw,
PJLm’V] (x) — L(a:)) where My m. = Eqn+l;q)2n . n > 0.
Thn,m,v (I—q)™ ° if v = q,

Here (a), and (a; q),, denote the Pochhammer symbol and the ¢g-Pochhammer
symbol, respectively, given by

(a)p=1, (a)p=ala+1)---(a+n—1), n>1,
(a;q)o=1, (a50)n=(1—a)d—-aq)---(1—-ag""), n>1
Notice that if A, is the nonsingular lower triangular matrix associated
with the SMOP {P,(x)},>0 with respect to the basis B,,, then the nonsin-

gular lower triangular matrix Al associated with {P/"")(2)}nso is ALY =
Dy, A, Dy, where

l/,]u7
[0 0 0 ]
0 0
DL"’]V = | Dnm,v 0 ...| < mth row,
0 77n+1,m,1/
_0 ' 1 0 -
MNMn,m,v
0 0 .. 1
Mn+1,m,v
,T]V =0 O 0
0 0 0

(Notice that 7,1, = 1., given in previous sections). Then, considering
the structure relation of (1,0)-D,-coherence

Fir (@) + eLa P (2) = Qul), 020,
and arguing as above, we have the following matrix characterization.

Theorem 3.3. Let {P,(x)}n>0 and {Qn(x)}n>0 be SMOPs with associated
matrices A,, and B,, , respectively, with respect to B,,. Then {P,(x)}n>0 and
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-1
{Qn(x)}n>0 constitute a (1,0)-coherent pair if and only if B,, <A[V”}]u> is a
lower bidiagonal matriz with ones on the main diagonal and nonzero entries
in the subdiagonal.

Finally, the following matrix characterization for the structure relation of
(1,0)-D,-coherence of order m

M
PIr(@) + 3" en P (@) = Qula), n> 0,
k=1

can be easily obtained proceeding as in the proof of Theorem 3.2.

Theorem 3.4. Let {P,(x)}n>0 and {Qn(x)}n>0 be SMOPs with associated

matrices A,, and B,, , respectively, with respect to the basis B,,. Then {P,(x)}n>0

and {Qn(x) }n>o constitute a (M, 0)-D,,-coherent pairs of order m if and only
21
if B,, (AL"}L) is a (0, M)—banded matriz with ones on the main diagonal.
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