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It is very well known that a sequence of polynomials {Qn (:C)};’LC:O orthogonal with respect
to a Sobolev discrete inner product

(f.9)s = / fadu+ A(0)g(0), AeR*,

where f1 is a finite Borel measure and [ is an interval of the real line, satisfies a five-term
recurrence relation.

In this contribution we study other three families of polynomials which are linearly inde-
pendent solutions of such a five term linear difference equation and, as a consequence, we
obtain a polynomial basis of such a linear space. They constitute the analog of the associated
polynomials in the standard case. Their explicit expression in terms of {Qn(l’)}fzo using
an integral representation is given. Finally, an application of these polynomials in rational
approximation is shown.

Keywords: orthogonal polynomials, recurrence relation, difference equations.

AMS Subject Classification: Primary 42C05 ; Secondary 33C25.

1. Introduction

Let u be a positive finite Borel measure supported on the real line and suppose that
I = supp(y) is an infinite set of points. Let us define the inner product

(. G = /1 f(@)g(x)dp(z), (1)

and the corresponding norm || f||, = \/(f, f)u. Obviously, (1) satisfies the identity
(f(@), 9(x)p = (f (@), 29(x))p, (2)

i.e. the multiplication operator is symmetric with respect to the above inner product.

If {P,(x)}5°, is the sequence of monic orthogonal polynomials with respect to the
inner product (1), a direct consequence of (2) is that {P,(z)}>2, satisfies a three
term recurrence relation

Fri1(z) = (2 = nn) Pa(@) = mPo-a(2), 1 >0, (3)
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= 1577 | eP (@) du(@), = 15—, 0 = [u] = ),
N T t I Paalli

with initial conditions P_j(z) =0 and Py(x) = 1.
Equivalently, we can rewrite (3) in terms of a linear difference equation of order
two as

Tn1Yng1 = (-T - nn)Yn — TnYn-1, 7_7% =Y, n =0, (4)
with initial conditions Y_1 = 0 and Yy = 1. It is well known that the set of solu-

tions of (4) is a bidimensional linear space. Of course one solution is {py, };—y where
Pn = ||Pn||;1Pn(x). Another linearly independent solution, is the (not necessarily

monic) polynomial pgll (deg(lell) = n — 1) that can be obtained from (4) with

the initial conditions Y_1 = 1 and Yy = 0. In the theory of orthogonal polynomials
the sequence {pg] e 1s often called sequence of first associated, numerator or sec-
ond kind polynomials with respect to the sequence of monic orthogonal polynomials
[P,

The recursion (3) plays an important role in the study of analytic and algebraic
properties of orthogonal polynomials. In fact, this three term recurrence relation
characterizes the orthogonality with respect to a measure. This result is known in
the literature as Favard theorem (see [5]) and states that if a sequence of monic
polynomials {P,}22, satisfies a three—term recurrence relation as (3), with n, € R
and v, € Ry, then there exists a positive Borel measure pi such that {Pp}7 is
orthogonal with respect to the inner product (1).

Note that Pq[ll] = | ,u|71p7[11] is a sequence of monic polynomials satisfying the three
term recurrence relation
1 1 1
PL(@) = (& = ) P @) = P (@), m> 0, (5)

with initial conditions Pﬂ =0 and P(gu = 1. According to the Favard theorem there

(0. 9]

exists a positive Borel measure v such that {Py] "o

the inner product

is orthogonal with respect to

(o gh = /I f(2)g(x)dv(z) (6)

(see [12]).
It is well known that {P,} and {Py]} satisfy

(1) Pr[zu(z) _ ﬁ /Ipn+1(zi:fn+1($)du(m)‘

B 7[11—}1(»2) 1 .
—_— — [ ——, uniformly on compact
Pn(z) n—00 |[L| 12—7T
subsets of C \ supp(u) (Markov theorem).
(3) v is an absolutely continuous measure with respect to u (see [9, Theorem 3]).
(4) Every solution of (4) can be written as y,, = A(x)P,(z)+ B(a:)lel_]l(x), where
A(z) and B(z) are functions which can be explicitly given in terms of the

initial conditions of (4).

(2) If I is a bounded interval,

In [2] the author proved that a sequence of polynomials satisfying a higher order
recurrence relation is closely related to a sequence of matrix polynomials satisfying a



three term recurrence relation and that Favard’s theorem for matrix polynomials and
Favard’s theorem for polynomials satisfying such a higher order recurrence relation
are the same. Indeed, if {r,},—, is a sequence of polynomials satisfying a recur-
rence relation like 277, (z) = cporn(z) + Z,ivzl(cmkrn_k(x) + Cntk kTn—k(2)) Where
(cn,N)pZp is a nonvanishing real sequence and (¢, ;)peg, with 0 < k& < N — 1, are
real numbers, assuming, as a convention, that if k& < 0 then ¢, j = ri(x) = 0. Notice
that for N = 1, we get the three term recurrence relation (3). It is easy to prove
that if the multiplication operator T defined in the linear space of polynomials P
by Typ(x) = 2Vp(z) is selfadjoint for an inner product B, then the set of orthonor-
mal polynomials with respect to B satisfies a 2N + 1 recurrence relation. In [2] the
integral representation for such an inner product is deduced. A characterization of
general (non diagonal) discrete Sobolev inner products is given in an elegant way
using that in such a case B(Tnp(z), T1q(z)) = B(Tip(x), Tnq(z)). In particular,
the diagonal case appears if and only if the extra condition B(z*, z™) = B(1,2™F),
when 1 < k,m < N —1 and k # m, holds.

Later on, in [3], by considering a general polynomial multiplication operator, the
authors show that discrete Sobolev orthogonal polynomials are related to orthogonal
matrix polynomials and they obtain the orthogonality matrix measure in terms of
the parameters in the inner product. The advantage of this approach using matrix
orthogonal polynomials is that the orthogonality conditions no longer require the
evaluation of a function and their derivatives at several points.

On the other hand, in [4] the authors characterized discrete Sobolev inner products
using another approach. The support of the discrete part of such an inner product is
also deduced.

The aim of this paper is to analyze the set of solutions of the fourth order linear
difference equation defined by the above five term recurrence relation when N = 2
and we assume that the bilinear functional B is defined by a particular case of discrete
Sobolev inner product. We obtain a polynomial basis of such a linear subspace using
a generalization of associated polynomials of order k with k£ = 1,2, 3, for the sequence
of discrete Sobolev orthonormal polynomials. This approach is quite different of the
presented in [8] based on the generalization of the Taylor expansion of the above
orthonormal polynomials.

The structure of the manuscript is as follows. In Section 2 we consider the five term
recurrence relation that a sequence of monic polynomials, orthogonal with respect to
a discrete Sobolev inner product, satisfies. We obtain a basis for the space of solu-
tions of the corresponding fourth order linear difference equation. In Section 3, the
location of the zeros of such orthogonal polynomials is deduced and we emphasize in
their interlacing properties. Section 4 is focused on Gauss Quadrature formulas asso-
ciated with the zeros of such orthogonal polynomials. Finally, in Section 5 we obtain
some convergence results for a sequence of rational functions whose denominators
are the above discrete Sobolev orthogonal polynomials. An estimate of their speed of
convergence is given.



2. Five—term recurrence relations

Let i1 be a measure with the same properties as above and let introduce the Sobolev
inner product

fgs—/f )+ AF(0)g(0), where XeR*, (7)

and the corresponding norm || f||ls = /{f, f)s. Again it is straightforward to prove
that

(@*f.9)s = (f.2°g)s. (8)
Hence, the sequence of monic orthogonal polynomials with respect to (7), {Qn}52,,
satisfies a five term recurrence relation (see [1] and [11]). Notice that this is a partic-
ular case of the problem analyzed in [7], where recurrence relations for polynomials
orthogonal with respect to the discrete Sobolev inner product involving the kth order
derivative at the point x =0

fgs—/f D)+ AP 0)g®(0), where AeRT,  (9)

are studied.
Indeed,

Qn+2<x> = (552 - ﬁn,O)Qn(x> - ﬁn,lQn+1(x) - 5n,71Qn71(37) - 05721an2(1’)7 (1())
with n > 2, and the initial conditions
Q-2(z) =0,Q-1(x) =0,
Qo(x) =1, Qi(z)=Pi(x) =1z —a,
where

2
a4 — /l‘d Qg = ||QnHS and 5n,]<; _ <$ Qn;Qn—;k)S, k=—1,0,1.
] [|Qn—2lls’ |Qntll

Let {R,}>2 be the sequence of monic orthogonal polynomials with respect to the
measure dus(xr) = x2du(r). We define for k& € IN the kth associated polynomials

{R%ﬂ ]}%O:o by the recurrence relations

k !
BRI (@) = (2 = Do) BR(5) = Ynsn2 Ry (2), (11)
1 | Rk |2,
Nntk,2 = m/wRiM(w)duz(f% Vrtk2 = M 2 = |pa| = pa(l),
n n —1 2

] _

with initial conditions R[ 1 =0, R[k] = 1. Furthermore, the sequences of kth associ-
ated polynomials can be represented by the following formula (see [12, (2.13)])

Rgc](x) . / Buri(@) = Rui (1) Ry_1(t) duo(t), for k€ IN and n > 2,

mg T —t

where my, = / RZ_ () dus(t). Additionally, by RY (x) we denote the polynomial

Ry (x). The next formula expresses the well-known relationship between kth associ-
ated polynomials

k k i s 1Rn]1%,
RLE](%)RL}—A;(@ - REL]—kZ-i'l('r) n+k;1] (@ H Vh+i,2 = =

1Rk,

> 0. (12)



From the standard theory of orthogonal polynomials it is well known that a direct

[]

consequence of (11) and (12) is that the polynomial Ry, does not have common zeros
with the polynomials Rf]_l and R%f + Furthermore, from [12, (2.5)]

Ry (@) = (o — 1 o) Ry (2) — 2R (0). (13)
Now, we associate to the sequence {Q, }7°, the next three sequences of polynomials
i 1 n+i(2) — Qn4ill
Q) = - [LetD =2 1) o), (14)
m; Jr T —t

for i = 1,2,3 and n > 1. Additionally, by Ql?} (x) we denote the polynomial Qy(z).

Note that Q%] is a monic polynomial of degree n, for i = 1,2, 3.

THEOREM 2.1. For n > 3, the sequences of monic polynomials {Qn o, where
1=0,1,2,3, satisfy the following ﬁve term recurrence relations
Qn+2( ) ( 671—1—2 O) Qn ( ) Bn—&-i,l Qk}_ﬂ(x) - 6714—2’,—1 QZL@)

_anJri QTZL—Q(‘I)? (15)

respectively, with initial conditions Q[i]z = Q[_Z}l =0, Qg] =1,71=0,1,2,3, and
Q1 Y@) = Pi(x)
i+1(T
/ Qun1(z ?Z“( ) R s(t) dpalt) fori=1,2,3,
1: —

Proof. For i = 0 the recurrence relations (15) and (10) are the same. Suppose that
i =1,2 or 3, hence by (10)

22 Qn+i(%) = Qnyit2(t) + Brtit Qntit1 () + Brti,0Qnti(2)
+Brti—1Qnri-1(x) + a2 L, Qnyi—2(x),
2 Qnti(t) = Quit2(t) + Bnrin Qi1 () + Brti0Qnti(t)
+Brti—1Qnpio1 (t) + a2 Quri—a(t).
Rioa(t)

Subtracting these two relations, multiplying both sides of the equation by ( D
mi\x —

and integrating on I with respect to dusa(t), we get
22 Qnyi(r) — *Qnyi(t)
Ri—1(t) dus(t
J e ) ) | |
= Qly(@) + Busia Qs (2) + B 0@ () + Buri 1 Q4 (1) + a2 Qo o).
Adding and subtracting 22Q,,+;(t) in the numerator of the left side of the last
equation and using the orthogonality condition, for n > 3 we get

1 /I 22 Qnyi(r) — 2Qni(t) Ri_1(t) dus(t) = 22Q1 (2).

m; r—t

]

Now, we recall the initial problem of this section, find a basis for the linear space
of the polynomial solutions of the recurrence relation (10). This recurrence relation
can be interpreted as a linear difference equation of fourth order in the following way:

Yn+2 = (xQ - ﬂn,O)Yn - ﬂn,lyn—i-l - 6n7—1Yn—1 - O{%Yn_Q, n = 27 (16)



where z is the parameter and Y,, : IN — P is a polynomial solution of (16). Let S the
linear space of polynomial solutions of (16) with dimension 4. Consider the following
systems of polynomials

Yoo = Q@) Yar=Quli(@), Yao=Qils(@) and Yoz = Q).
THEOREM 2.2. The set of the four sequences {Yno}o2o, {Yn1}olo, {Yn2}olo:
{Yn.3}0°, is a basis of S.

Proof. From Theorem 2.1 it is straightforward to prove that {Y,, x}>°,, kK =0,1,2,3,
are solutions of (16), with initial conditions
Yoo =1,Y10=Q1(x), Y20 = Qa2(), Y30 = Q3(x).
Yor=0Yi1=1,  Ya1=@Q(x) Ya1= Q) ().
()

2
Yoo=0,Y1,=0, Yoo=1  Y3p=0Qy
Yo3=0,Y13=0, Y23 =0, Y33 =1
Hence is easy to see that the solutions {Y, 0}5% o, {Yn1}02, {Yn2}02, and {Y5, 3102,
are linearly independent. O

THEOREM 2.3. Fort=0,1,2 or 3 and alln > 2 + i, the following relation holds

Q%Lz(ﬂﬂ) = R%Lz(x) + GnRELifl(x) + bnRgLi—2<x)’ (17)
where
b:M#O and a, € R. (18)
|| R 1%2

Proof. For ¢ = 0, (17) is a direct consequence of the orthogonality properties of @,
with respect to (-,-)s and R,, with respect to (-,-),,. Hence

Qn(7) = Qn(t) = (Rn(x) — Rn(t)) + an(Rn-1(z) — Rp—1(t)) + b (Ry—2(x) — Rn—2a(t)).

Ri_1(t

Multiplying both sides of the equation by LU and integrating on [ with respect
mi\xr —

to the measure dpusy(t) we obtain (17) for i = 1,2, 3. 0

COROLLARY 2.4. Fori1=0,1,2 or 3 and all n > 2+ 14 the following relation holds

Qulil) = (o =Tt Ryl iy () = Fuci Ry (), (19)
where fju—1 = 12— an and Fum1 = Y12 = bu. Furthermore, the polynomials Q).
and R%]ﬂ-fl are coprime.

Proof. From (11), Rgl_z(x) = (x — nn_lig)R[i] (x) — ’Yn_LQR[i] () and sub-

n—i—1 n—i—2
stituting R%LZ(Z’) in (17) we have (19). Note that 7,—1 = HRn,gH;f Cp1 # 0 and
[i]
n—i—1

obviously the polynomials QE}_Z and R are coprime. O

THEOREM 2.5. The following relation holds

Q' (R () — o ()R (1) = Chi £0, n >3, 20
n—i—1 n—i—1 n—1i n—i—2 )

1Rn—1ll7, — 1@nll
s 1%,

where Cp; = ,1=20,1,2,3.



(2)— Q. (x)R Y (x), multiplying (17) for i+ 1

n—i—2

Proof. If Ay, ; = Q[iH] (x)Rm

n—i—1

-1
by Rl (x) and (17) by R 2(x), taking the difference between these expressions

n—i—1

and using (12)

Api =R ()R, 1<as>—R“]_-<x>R£ifﬁ () = baRE ()R (2)
+b R7[’z+3]3() nz]_ H ’ka_b H 7[432
k=i1+1 k=i1+1

From (12) and (18), we get the above expression of C), ;. Now, suppose that there
exists ng € IN such that Cy,; = 0 or, equivalently,

QI (@)RY . (2) = Q! (@RI (@) (21)

Taking into account Corollary 2.4 and (11) the polynomial Rzl—i—l doesn’t have

common zeros with the polynomials R[ and Q[ .. Evaluating (21) in any zero

of Ruﬁi*l we have a contradiction. Hence Cn,z # 0. O

3. Zero location and interlacing

In this section we consider a Sobolev inner product as (7) where the measure p is
supported on a interval I = [a, ] with § < 0. The zero location of orthogonal
polynomials with respect to this inner product was studied in [1, 6, 10, 11], where
the authors proved that the zeros of the polynomial @),, are real, simple, and at least
n — 1 of them belong to the interior of /. We will summarize some of the results of
such contributions which will be very useful in the sequel.

Let { Ry (x)}72, be monic orthogonal polynomial sequence with respect to the mea-
sure dug(z) = x?du(x), that is,

(i) deg(Bn(x)) = n,
(i) (Rn, Rm)ps = /Rn(x)Rm(x)d,ug(x) = KnOn,m, with k, > 0 for all n € IN.
1

LEMMA 3.1. [6] Assume that B < 0. If the orthogonality interval I of the monic
orthogonal polynomial sequence { Py} is lower bounded then there exists

no € N such that Q,(0) <0 Vn > ng,
and the zeros xpn;, 1 =1,...,n, of Qn(x) satisfy the following separation property:
Zp—11 < Tp1 < 2n—12 < Tp2 " < Zp—1n-1 < Tpn-1 < B <0< 2y
where zp_11 < 2p—12 < -+ < Zn—1,n are the zeros of Ry,_1.

LEMMA 3.2. [1], [6] If I is a bounded interval and Qn(0) < 0, then
0<wpn< Tal
So, Tpn converges to zero.
LEMMA 3.3. Let {Qn(2)}5, be the monic orthogonal polynomial sequence associ-

ated with the Sobolev product (7), then

AQL(0) = — /I Q) dp(z).



With these assumptions, we get

THEOREM 3.4. The zeros of the polynomial Q%] separate the zeros of the polynomial

in—y, 1 =0,1,2, wn the following way
2]1 < ZE[ " ] 1 < m[l] < :c[ H] xz} < < a:%ﬁ]n 1 < x%]n, (22)
where xg]l < IL]Q < e < mun and x[lﬂ]l < [+}]2 < e < x%fl}n_l are the zeros

of Q%] and Qgi], respectively.
Proof. 1t is enough to prove the result for ¢ = 0.
Then from (20) and Lemma 3.1
Tpo=—1<zp-11<Tp1<2p-12<Tp2 < < 2Zp-1n-1<0<apy,
we have that
1 1
Q3 (k) B (k) = Q4L (T pp1) B 1 (B pg), k=0, — 1.
As it is very well known, R,_1(xy ) and R,_1(zy, r+1) have opposite signs. So,
QE} (k) and in 1(xn Ic+1) also have opposite signs, then Qm has one zero be-

tween x, , and z,, 41 Q - ; cannot have more than one zero between x,, ,, and z, j41.
Then we have (22). 0

4. Gauss Jacobi Quadrature Formulas

THEOREM 4.1. Let Qn(x) be the monic orthogonal polynomial of degree n with re-
spect to the Sobolev inner product (7) and zp1 < xp2 < -+ < Zyy its zeros. Then
for all polynomial of degree at most 2n — 3, Pgn 3(z), we have

/17)271_3( )d/ubg Z /\n 27)271 3(In Z) <23>

=1

d/m )
nz /Q xnz xnz>. <24)

Proof. Let L,_1 be the Lagrange polynomlal that interpolates Pa,—3(x) in the n
zeros of the monic orthogonal polynomial @), i. e.,

»Cn—l(l‘) = Z,PQn—?)(xn,i)
i—1

where

n(z)
Q;l(xn,z>(x - xnﬂ') '

Then
2 Pon—3(x) — 2*Lp-1(x) = 2°Qn(x) sp—3(),

where s,,_3 is a polynomial of degree at most n — 3. From the orthogonality

/x2(732n_3(x) — Lp—1(x))du(z) = /szn(:v) sp—3(x)du(z) = 0.
1 1

/P2n 3\ dlu2 ZPQTL 3 mnz (/Q :L‘ dﬂ2 :B) )) .

Then




Let us consider the particular case, for k =1,...,n — 1, when

732”_3@):( Qn() ))2 1

Q/n(xn,k)(x — Tnk T — xn,n.

Thus

Qn(2) ! Y
/I (Q;L(xn,k)(x - $n,k)) T — Tnn d,UZ(ff) B Tnk — wnm.

In other words,

Qn(l‘) ank_xnn
)‘n,k—/< ; ) : ~dug(x) >0, k=1,...,n—1.
I Qn(

xn,k)(x - Imk)
For k = n, let consider the polynomial

Pan—3(x) = ( 9n(z) )>2 1

an(xn,n)(x — Tnp,n T — Tn,l .

We have that

Qu() ! _ an
/I (Q%(mn,n)(l‘ - xn,n)) T — Tnp dM2($) B Tnn — In,17

or, equivalently,
Qn<x> )25(77171_33711
A = / ( : ~d xZ).
n,n T Q%(QTn,n)(x _ xmn) T —Tp1 MZ( )

5. Markov Theorem

PROPOSITION 5.1. Let {Qn(2)}5%, be the monic orthogonal polynomial sequence
with respect to the Sobolev inner product (7). If I = [, 8], 8 < 0, is bounded, then

1
Quli(@) _ 3
Qn(x) |p|(2 = 2 )’

where A\ i, are the Christoffel coefficients defined by (24), xp with k =1,...,n, are
the zeros of Qn, and |p2| is the moment of seconder order with respect to the measure
1.

Proof. I is bounded, then from the previous results we have that the zeros of @),, are
simple and at least n — 1 are in the interior of I. Thus

(1] n 1]

Qnlqi(z) b,k . L Qn-1()

—Qn(ﬂf) = ; —— with by, 1, = xgrxrik@ — xn’k)—Qn(@ )

But,
T e A PN N € S I 0
= o W T T )
1 Qn(t) o 1 / Qn(t) 2

_ 2du(t) = 2du(t
1) Jr T O = Tl S G mn @)
)‘n,k

el



PROPOSITION 5.2.  Under the hypotheses of Proposition 5.1, the sequence of rational

1] o
x
functions {QQH_—(l())} is uniformly bounded in C\ A where A is the convex hull
n\T _
of the set of the zeros gfall the polynomials Qn(x), n > 0.
n—1
Proof. First, we prove that Z)\nk < M|pz|, with M > 1. For that, we use the
k=1
Gauss Jacobi Quadrature Formula when Pgn 3(z) = —x + zp . Thus,
/ ( x‘i‘xnn)d,u ZAnk xnk‘i‘xnn)
N I - 7 k‘ 1
>0
n—1
= )‘mk(_xn,k + xn,n)-
k=1
But, by Lemma 3.1,
n—1 n—1
> Mk(—Tng + Tnn) = dY Apg with d =[xy, — B
k=1 k=1

where [ represents the right end point of I. So,

n—1
1
Z Ank < q /x2 (=2 + znp)dp(z)
k=1 I v
<d

where d’ = |25, — a| and « denotes the left end point of I.
Then we have that

n—1 /!
Mg < —
k=1

oo
Now, to prove that the sequence { ) (x) } is uniformly bounded, we choose a
" n=1
compact set K c C \ A. By Proposition 5.1 we have that

1

Q@) Z ‘ A

Qn(x) x_xnk: |N2| x_xnk |,u2| x_xnn)
<1 zni gl | <2 (2 21), where D = min|z—1y|

—_— — —2— — where min |z —
= Dl W) =D\ ) r

k=1 yeK
Notice that D > 0 since K is a compact set and A is a closed set. O

Definition 5.3. Let u be a positive Borel measure supported on I. The Markov
type function associated with p is the function

/thu
T el Jp a1

The next result gives a relation between the Markov type functions, the monic or-
thogonal polynomials with respect to the Sobolev inner product (7) and its associated
polynomials of the first kind for ¢ = 1.

10



PROPOSITION 5.4.  Let pu be a positive Borel measure supported on I and Qn(z)
and lel(a:) defined as above. Then

R CIONN @ww%mw:@(l )

Qn(z)  lp2| J; Qu(x) = —t 21

Proof. Using the definition of Qm ( ) we have
Qn(@) — Qn(t) o
t2du(t
n 1 |,LL2‘ / T —t :u( )

1 Qn(t)t?
|:u2|/$_t |,u2| ;7 x—1 d'u(t)
_ o1 [ Qu(t)r
= Qn(2)p(x) il )i x—t dp(t).
Thus,
lel(x):ﬁ(x)_ 1 [ Qu(t) 2du(t)
Qn(z) \pa| Jr Quz) z—t

From this last relation we have the first equality. To obtain the second one we use
the orthogonality condition

(Qn72($> - an2(t)>t2 _
<Q““ il — 1) >S‘“

From this we get

/Qn Qn 2 Qn Z(t)tg d,u(t) —0

|M2!($ —t)
Qn Qn 2 Qn Qn 2
|M2|/ r—t ol / r—1 M(t)
2 2
1 Qn( ) t dﬂ@) _ 1 Qn( )Qn—2(t) t d,u(t).

|,u2| I Qn(x) x—t ’N2| I Qn(x)Qn—2(l’) r—1

O

THEOREM 5.5. (Markov’s Theorem) Let assume that I is a compact set. Then the

QUL (2)

Qn(2) _
compact subset of C \ A where A is conver hull of the set of the zeros of Qn(z) for
every n > 0.

sequence of rational functions { } s uniformly convergent to p in every
n=1

Proof. From the second equality in Proposition 5.4 we have that

TN 1
p(z) — on(2) _O<W>’ Z — 00.

Let us consider

l={=: lo(2)| = 0}
where ¢ is the conformal representation of C\ A onto {w € C : |w| > 1} such that
p(o0) =00, ¢ (00) > 0. Of course,

11
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1
@)
M(Z)'_ 62 (Z)
d e HC\ A),
iy e HC\ A
since ¢ has a simple zero at z = co. On the other hand,
1
sup @n(2) < G,
zel, | ©PHz) = pnly
since the sequence Q—() is uniformly bounded over compact subsets of
n(2
1

C \ A. According to the maximum principle, the function is bounded in every disk

D, = {z: o(2)] < p}. _
Let K be any compact set on C\ A. Taking p close enough to 1, we have that
K C D, and, then, for z € K

1]
- QL 1 (2) Ci 2n—1
sup |(z) — < “— sup |p(z
2€K lz) Qn(2) p2n—1 zeKw( )
2n—1
o, (1) o 25)
p n—oo
which proves the statement. O

We shall notice that we can estimate the speed of convergence in the above rational
approximation.
Indeed, taking the 2nth root in (25) we get

1
ﬂ(z)-—>C2L]1(Z)
@Qn(2) K p
for all p sufficiently close to 1. Finally, taking into account that p converges to 1, we
obtain

1/2n

lim sup el

n

1/2n
QL)

fi(z) “Onl2) < llellx <1. (26)

lim sup
n

K
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