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ABSTRACT

The basis of this dissertation is a review of the
quantum mechanical formulation of damping and stimulation,
particularly in non-linear optical processes. The basic
problems of the quantum theory of damping are discussed,
and the formalism for the quantum theory is introduced.
The study of a particular example, that of a damped simple
harmonic oscillator, provides an introduction to the
handling of the basic tool, the master equation.

The physical aspects of the non-linear processes
are contained in the systems' photon statistics, and the
master eguation provides several approaches for obtaining
these. This theory is then used to formulate a quantum
mechanical model of Raman scattering by phonons, and to

thus obtain the photon statistics of the scattered

radiation.
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INTRODUCTION Tk

We usually try to account for damping in quantum
systems phenomenologically, which is not a very success-
ful approach for many systems. By allowing the damping
to be described by interaction with a heat bath, we obtain
a formalism by which damping can be treated successfully.
This method is used widely in the theory of non-linear
optical processes, particularly in laser processes.

Haken (1970) gives a comprehensive discussion of the
method and its applications.

Using a form of perturbation theory, we can derive
an equation of motion (the "Master Equation") for the
density matrix describing our damped system. By adopting
a particular form for the bath, or reservoir, we obtain
a working equation. We follow Louisell (1969), who takes
the bath to be a large number of simple harmonic oscillators.

The master equation gives us an operator equation for
the density matrix. It is convenient to reduce this to a
c- number equation, and this may be done in several ways,
depending on the information required and on the initial
conditions of the system. Once the equation is solved, we
have a complete statistical description of the systenm,
since the average of any dynamical variable (e.g. photon
number) may be found. This theory may then be applied to

the non-linear process of Raman scattering, which is the

inelastic scattering of light by a medium.




Until Walls' paper (Walls 1872), the only work on
Raman scattering using a master equation type approach
was that of Shen (1967) who dealt explicitly with
electronic type interactions. A fhorough classical
description of the stimulated Raman effect has been given
by Bloembergen and Shen (1964 and 1965) and this allows
the photon-phonon damping to be easily introduced pheno-
menologically. This is not the case in a quantum approach,
and earlier papers (Walls 1970, Mishkin and Walls 1969)
accounted for the interaction by considering coupling to
a single phonon mode only. This approach is particularly
deficient when describing the stokes - antistokes coupling,
since it allows coupling through a single mode only. The
master equation approach allows interaction with a whole
phonon reservoir, and this is much nearer reality. By
solving the master equation, the stokes and antistokes
fields' statistics, and hence a complete description of

the effect, is obtained.




1, QUANTUM THEORY BACKGROUND

1.1 The Density Matrix:- Quantum Statistical Mechanics

(Dirac 1958)

In general, the processes we study are noisy (due
mainly to spontaneous emission). Thus, even though initial
conditions may be known exactly, we cannot obtain exact
information about the system's state at any later time..
For this reason a statistical approach is necessary. We
consider an ensemble of a large number of systems similar
to the one describing the process of interest, with each
system being set up in an identical manner to the others
(i.e. all have the same initial conditions). If [p(t)>
_ represent possible pure states of the system, let Py be
the distribution of these states throughout the ensemble.
Let M be some dynamical quantity of interest. In a pure
state |y(t)>, M's average value is <M> = <y(t)|M|yp(t)>.
For the average value of M with the system in its mixed
state, we make the standard hypothesis of statistical
mechanics. That is:

<M> = the ensemble average of <y(t)|M|y(t)>

i.e. <M> = I p, <y(t) [M|y(t)> represents the

actual average value of M in our real system.




This may be written  <WM”» =Ty ‘-Mﬁ Pelpo<ypi]

We then define our density operator by

. ; B . 4
Then <My = TriMpld. €1:1.2.)

o2 Second Quantization (Dirac 1958)

In the light-scattering processes, we describe the
light as an electric field, and carry out second quanti-
zation. We consider a free electromagnetic field, in a
cavity, so that eigenvalue expansions may be used. The
fields E and B may be described by the magnetic vector
potential A and the scalar potential ¢. In the absence
of free charges, it is convenient to work in the coulomb
gauge, in which V.A = 0, and

A (g, )

-4
s Y e s » BLr

The Maxwell's equations then yield

) = Ux fle,e) (1,2.1.)

0 Q}g,t) =0 : (1.2.2.)

Sturm-Liouville eigenfunction theory shows that in the
cavity, a general solution of (1.2.2.) is

Alg,t) = S by uylz) €™ romplex conjugate.

ity

=

where w, = ¢
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The Uu(L) are orthogonal w.r.t. the weighting function

k3
5%2“ » or, since w, and c are constants, ( € may vary



spatially and/or temporally)

S ik
. . - - 'I-
Possible mode functions uk(y) are Uklr) = r—-:\(&., €
where ey is a unit polarization vector.
Redefining a few constants, we may write
'{'1 Stk g
Alyt) = fl;ﬁ,ﬁ“z%s‘!m g a: g?(;)e“"“% (1.2.3.)

Second quantization involves the canonical quantization
of A. This means a, and a;' become operators a.,',a:._r
and the canonical commutation rules for A give the
following commutation rules:

lagael=lafal=0 | fagael=Sy (1.2.4.)
These (boson) commutation rules imply a, may be inter-
preted as a "destruction" operator, and 4. as a "creation"
operator. If we let n, be the number of quanta in the

VI 4

mode of the field described by yywle s, then a basis

of pure states of the field is of the form {hwn” ..... Pueyere VY

and Gk‘n\,V\-",,.lY\v,...? = (;‘.\4'"\,“1,-:---,“’l",c-'“7' (1.2:5.)
ath\y'ﬂt’.../nh’..> o ‘“I&‘V‘ h\”'\‘l,.:--,hi'“,”?' (1. 206.)

The vacuum state ‘o7 of a mode is defined by a.le%Y =0
From the Lagrangian formulation, we may obtain the free

field Hamiltonian:

H=if(@e8" = Thudladags ) 2%
v -~
In the second quantized form, we have the field as follows:

; vt ‘
Etgt) = u%ﬂiﬁagwye b saitme ™, eaials)




Note: If we define canonical co-ordinates and momenta

1“’?“ by I
Ay = mu(wkc&u+LPk)

Y el

+ = 1 (w —L 3, (1.2.9.)
O m“ kqu =t Pw
y +
then the Hamiltonian for a single mode, ™= 'ﬁwg(quc\u*%ﬂ
becomes H = %lm:%:+P:Y
which is a simple harmonic oscillator Hamilton. Thus
in the second quantization, a field mode is formally

equivalent to a simple harmonic oscillator.

l.3 Coherent States of the Field (Glauber 1963)

We may define nth order correlation functions for

the electric field:

5‘“‘(1.,...3(:.\\ =Ty [e E ) eeee E 0N E (o) B X))+ (1.3.1.)
where: E~ and E* are the -ve and +ve frequency components
respectively of (1.2.8.), and Xi =(r; ¢).

By a simple analogy with classical optics, we may

say that the field exhibits nth order coherence if all

correlation functions up to the nth factorize. i.e. if

9
There exist certain pure states in which the field

¢
.) s
9“’(&,,,.::;‘.\ z N 5“ ('l‘,,,‘lz-\ AR R
J=!

exhibits coherence to all orders. These states are known



as coherent states of the field. For a single mode, they
are written xY and alw? =«la>., For a number of modes,

they are written (&, da,....8«,..” and

Ok‘dl,dn’;...,o‘u,....> T K "{\)Kz)...ka,-"? . (1.3.2.)
’ie €, sy,
In terms of number states (>
—l?y, © %7
\0‘>=e zf; S;'.\nv' (1»3.3.)

nzo
Using <winY =¢., we have

g (1.3.4.)

Kpla>|* = e

so that the coherent states do not form an orthogonal set.
LY

However, using the completeness relation = W»<wi=i. for

h=o

the number states, we can show
K?;O‘ b’(h‘gl (1.3.5o)

where 0 = dlRek)h(Imet). sO that the coherent states do
form a complete set. (In fact the set is over-complete.)
This makes the coherent states extremely useful.

NOTE : As defined, the coherent states are in the
Heisenberg picture. In the Schrddinger picture they are

=tw (E=te) S.

%, > = le C1:8¢6:)

where w is the Wy of the mode in question.

1.4 Damping and Stimulation (Louisell 1964)

Consider the Heisenberg equations of motion for

for a free field in a cavity:

{ s
%%“ = wla, Hl = —lwwaw
dow' o L(al W] = {weat
S Bk




el .
e and ci'(‘(t\=o.i'<’.r“‘“"'t where

Thus a(t) = aye

U= Ax(®)  1is the Schrodinger picture operator.
Thus [a,#,ad] = Cay 01 =1, which does not violate
the uncertainty principle for canonically conjugate
operators.

In order to describe any damping of the mode, we

might attempt to add phenomenological damping terms,
guided by classical damping:

%%“ T -iway "‘Xi.q“'

" . :
B = (wal-Lal
e , dt

—iwyt =Yt (wt-%t

This gives a.lt) = qaue and otﬂ)sate

¢

Then {auth), ad®)] ze”¥ This violates the uncertainty

principle since for large t, eVt — o0

This is because the phenomenologicél terms account
only for the action of the mode d, on the loss, but not
vice-versa. For ti'#’: mode "lifetime", only the action
of the mode on the loss is important, and the above method
is suitable, since e is not close to zero. For t>>'%
the mode has certainly acted on the loss, which now acts

back on the mode. For a self-consistent theory of damping

we must look further than the phenomenological approach.




2,  THE QUANTUM THEORY OF DAMPING

2.1. The Damping Mechanism (Louisell 1969)

The loss mechanism for a system (optical field
modes in our case) may be represented by a heat bath, or
reservoir, with which the system may interact. We enclose
the system and reservoir in a cavity, so that the normal

mode decomposition may be used.
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The complete Hamiltonian may be written as

H'= HS + HR +V 4 3 ks TR

where Hg free Hamiltonian for system

HR free Hamiltonian for reservoir

v system-reservoir interaction Hamiltonian.

2.2 Density Matrix Equation of Motion (Dirac 1958)

Let |y(t)> be pure states of the complete system

plus reservoir.

Then the density matrix is PR = 3 p¢|w><w|.
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In the ensemble, the py are time independent, hence
‘& 9030 L DIV L DA
gk-,;i = % W[;ﬁ%—g <Ph s WY i ﬁ“’ e

Now the \y? are in the Schrodinger picture, so we have

X L 3 % oJoig P

h %t = Hiy> with the adjoint relation:-
2L

-k -_a‘?l T <YlH. using H*: H

Hence we obtain the equation of motion for Qgs,

ch%’i"“ * LH,05,0] - €2.2,1.)

2.3 The Reduced Density Operator. The Master Equation
(Louisell 1969)

Os,» contains information about the system and the
reservoir. Clearly, the reservoir information is unwanted
information as far as we are concerned, since:

In general we are interested in system operators Mslt)

only:
<MS (h, = TYs, g{ MS “" es,p, (61 ’

= Trs [Mst) Teg 05,2181 -
Define the reduced density operator for the system by
estt\ =T"E(€5,u({‘]' (2.3.1.)
Then <Ms 107 = Ty LM, (B, (6)] . (2.342.)
We proceed to use (2.2.1.) to obtain an equation
for es&)- As a first step, we transform to the inter-
action picture, (see e.g. Merzbacher, 1961) which removes

high frequency motion due to the free Hamiltonians:
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Define the unitary operator U“)=€xptéi(Hs+Hﬂt]
Let B = U e Qg alt) U -
Then es, = UEYX YA (1), (2.8.3.)"

Substituting (2.3.3.) into (2.2.1.) gives the

following equation of motion for YXIt).

th X =y, X (2.3.4.)
where Vi) = WV UK).  is the interaction Hamiltonian

in the interaction picture.
We transform (2.3.4.,) to an integral equation:
o ) --S TV, KOV +7XLo).
and proceed as 1n normal perturbation theory by iteration.

Two iterations yield:

Wie) =X (o) 4 ;SYV“‘\ (o) 1d¢
‘i S S Vi, Ly, X ety (2.3.52)
We could keep on 1terat1ng, but this standard technique does
not converge sufficiently quickly to yield exponential
behaviour. Instead we use a different technique.

Differentiating (2.3.5.) giveS'

é ¥
B\:t( h {V‘“{Y(O\Luws[\l“\ vt 'N'mdt (2:3.54)

To remove the reservoir 1nformat10n, we now trace (2.3.6.)

over the reservoir:

B L v, Yol

t
|
Hin* S Toe Lvie, v, Y71 de

(-]

\U

where S = Tr, X T LU (E)os o (Y LAY (2.3.7.)

W g, (B ULe).
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We assume the system-reservoir interaction is turned on
at t = 0. Then X&) = @5ale) = Qylo) folHa) = SO folHe)
i.e. because there is no interaction at t = 0, the
operator factorizes. We have taken the reservoir to be
at thermal equilibrium at t = 0, so the reservoir density
operator at t = 0 is
v fO(Hg) = exp('{%),/T}R{exP('%i)l - (2.3.8.)
which is the normalized Boltzmann distribution.

| We choose a representation in which HR is diagonal,
and put any diagonal elements of V(t) into HS + HR, SO
that V(t) has only zeros on the diagonals. Then

T LV, ] = Te, [vit), st fe (W21 = 0

We now assume that V is so small, and the reservoir so
large, that the reservoir remains in thermal equilibrium.
Then the reservoir is always described by .%(ﬂwh
If V = 0, we would have X(b)=S(tHe(He) , However, V # 0.

But V<<Hs'and HR’ hence we may write

Y = SUEMs (Ha) + DXIE) - (2.3.9.)
where AX(E) = OWV).
Now SHE) = Txit)y .. (23:9) = T, AXIE)=0- (2.3.10)

Using the above, equation (2.3.6.) becomes:

i Xt"r[ LV, S (M) s A%1] o
3 % o | Te utt VIR, S (W) s AXE)T) ok

Retaining only those terms up to 0(V2?) we obtain:

Bl SET Tvie), vy, s o) 1] "
=t %GR ) T LV, L, si folHa) 1] dt (2,315
(2.3.11) is an integro-differential equation for S(t),
showing that %% at present (and hence S in the future)

depends on the whole of the past history of S. (S appears
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integrated from 0 to t on the R.H.S. of (2.3.11))\

In practice, the reservoir correlation times are
such that the system very rapidly loses all knowledge of
its past; i.e. the damping of the system is Markovian.
Hence we may use S(t) in the R.H.S., there being no

contribution for tz<t.

¥ P
S 7w S-K'R{V“\)(.Vu‘))S(H*Eo(Hu\]]d{‘ (2.3.12)

(3]
This is the "Master equation" for gaw) in the interaction

picture, and is valid to 0(V2%).

2.4 Example: A Damped Simple Harmonic Oscillator

We take the bath to be a large assembly of simple
harmonic oscillators with which a system comprising a
single harmonic oscillator interacts. (This form of
interaction is well known classically.)

Using the standard boson operators for simple

. harmonic oscillators, we may write the Hamiltonians:

Hs = hw, (atask).
He * ?"‘”“J"vfbd*"l\' Cd..1.)
bV e

‘-;tﬁ'](‘;a*\a\; + he.
W, is the resonant frequency of the system oscillator
wj is the frequency of the jth bath oscillator. V is a
phenomenological interaction Hamiltonian. Its physical
applicability can be seen as follows:

The term a+b5 represents the destruction of a bath
quantum with a system quantum being created simultaneously.

The terms in the hermitian conjugate (which must be




1y

included in order that V be hermitian) represent reverse
processes. K. is a coupling constant (Kj<<wj) which
measures the coupling between the system oscillator and
the jth bath oscillator. We expect that kj is appreciably
different from zero only for j s.t.w; ¥wo.

In the interaction picture, we have:

VI = # Rk U athul) « £ hRTUTDak] U

where Glf) = axpﬂ-it(woa‘q b E b b))l :
Rearrangement yields terms such as ebw°“bt d*e:cwdﬁat'

Having earlier solved the Heisenberg equations of
motion for a free field mode we can readily evaluate such
terms. Recalling section (1.4), we see that for Heo =
hu%(odag»%\, G Hk) sadetnt in the Heisenberg
picture. G: is the Schrodinger picture operator a6).
But we know also that any Heisenberg operator Ault) is

connected with its Schrddinger picture counterpart A, by
cwoead o o
AH“” = Q)tPi bHot/k] AS gxpc-", Hot/b"] a ebwk.a\to.u A$Q/ VWi Qu Qi
Hence qg(p) = @ weos®ebt oriwealant o g g Lt

We may thus write

Vi = hgat 4 kgt iva (2.We24)

st bW ~wolb ,
where %(U r ?Kje 58 o,

Upon inserting V(t) into the master equation (2.3.12) we
find we have to evaluate terms such as

TrnLosbnfoldn)] = Kbebm>s

Tre Lot bunfo ()] = <bFom%
etc, on the R.H.S.

These may be easily evaluated, using the following:
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In the number state representation, if A is a reservoir

00 M
operator, TVR{A] * ?,3“{-;“' <My, VA N, S

bzbm, Bﬁbm etc. are reservoir operators, hence this

is applicable. We find:
(i)  <bgbw>g =0 (ii) <bdbs % =O (2:8.35)
(11i) <beowdn = Sgaiy (iv) <bglomIn= Sy, (10,
AR H.t 3 (etm/m Nz 1}-1. ;
As an example, we evaluate the 4th term of the R.H.S. of
the Master equation:
This is a'awgrr,l{sm;,mn)vw)vmsou‘ ‘
= -S(k) Sf‘\'vaw.mn)(gw\a“ {GHal gt e al} de
= st abat| To, S, GUIGEAR - S(blata (TedLtggintae
- -Slaat S‘ Trd (GO - StWaa | Teg 1 )G GHME
Using the results (2.4.3.) and definitions (2.4.2.) we

see
Tl GG = <GUIGH%, = 0
Tratfe GV RE = <GHOY (Mt =0
'ﬁ'l{{.(H;) %W)(a&lk)k = <(3u\)<34“]7n = ,,ﬁ lk;,\’(u'ﬁJ} e’ i
TS MG QT = <CHEIG BV, = % 1 % g Pl

- L(w‘s -Wo)( e t)

To evaluate the sums, we make two assumptions. The first
is that the reservoir modes are sufficiently close
together in w space that the sum over “j may be replaced
by an integral over w: i.le. ‘-;’:--gtw,') -> §i{lw\3(w)dw

where f is some function of the w/sand ¢lw) is the w-space

density of reservoir modes. ¥
Thus f.-”‘Jl‘(\»7536'°‘“3"‘”"m"“ ~ S,mmum‘hw\w.ﬂs(w)e:'““'wﬂudw
j :

clw=welu

Ead 1 ’ \- = —
and ?\'Kjl‘ me”‘%'w-‘“ bl ~ g 1 %) 1* Aww) Q)Lw) e dwr

-0

where u=zt-t
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1 (we-wedA oscillates rapidly except near

We note that e
Lusxng,so only those values of w near mo contribute to

the integrals. We thus make a second assumption, which

is that lmwn‘mwsskm and Kl ? (1shun) %xw), are
slole.varying functions of w near w = Wy N
Then _Sw\\(h»)l"(l+7~kw))%(w)€-uw.w°)udw 2 IKlwal® (4B i) gl Sf."‘“""""?:‘fw
and [ TR R gL @ MG 8 TR Riwe) e S_:e‘“”’“’”&w
From Q;e theory of distribution, it is well known that
i'?\ S:inu aw' is a representation of §(u) ,the
Dirac delta function. £ i
Since W, is a constant, S:’i’"w-w"’wdw '-'._Sf;;w\uctw‘ =l.’l“8w.).
If we write X'-"Mrtk(wo)\’%two)
(2.4.4,)

and N = Alwe)

the 4th term in the master equation becomes
- sLUa*aX(HR\S:SLM o - sWaat¥in g:z(u\db‘
= - Llmrsiwata -¥ fsbaat (2.4.5.)

" y
since Soihddf‘ - b

The other terms in the master equation can be
obtained in an analogous manner, yielding the following
interaction - picture master equation for gs,the oscillator's

reduced density matrix:

%%m * 2 (vasat ~a%as - Satal + Y (atsa - asat-atas -saat) .
or, in more compact notation,
8K % o

We can convert this result to the Schrodinger picture by
using S} = UWHe (WU, o= ubalb) W)  ete,. along
with W'u=04u'=1.
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S(H'—' Q)‘F[ %(u5"”ﬂ)&]€5(«*) QYPt—’%\' (Hs‘HQ)Q] i
7 exp {iwatat) et ) v.xP (- iwo atat)
%T; z u"{Lon.o*a,Qs(G)_l v .%%m} el

Using all this in (2.4.6.) gives the following Schrddinger
picture master equation: |

%%‘9 = = {wLata Q] +%(qu,,01 +£q,e‘a"ﬁ R o030t (2.4.7.)
This example may be used to describe the damping of an
electric field mode in a cavity due to interaction with
all other field modes, since a quantized field mode is
analogous to a simple harmonic oscillator. The above
equations may be obtained from the familiar interaction

Hamiltonian:

Ho=legawr = {ewy
? the polavrization is P>k,
This S.H.0. example extends quite generally to other
cases. We often find that the interaction mechanism can
be decomposed into a large number of normal modes. These

are then quantized, giving a reservoir of oscillators as

in the above example. This is the case for the Raman

scattering, which is discussed in Chapter u.
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3. PHOTON STATISTICS

As mentioned earlier, the electric field may be
described by either of two complete sets, the number
states {v} , or the coherent states 4l«¥} . In
evaluating the photon statisties, that is, the field's
reduced density matrix, of our light field system, we
may make use of either description. The initial conditions

dictate which description is more convenient.

3.1 The P-Representation (Glauber 1963)

Even though the coherent states are not orthogonal
they are over-complete, so they form a possible represent=-
ation for states and operators of the field; e.g. we may
write any field operator A as A =‘L‘,SS<d\AIB>u><pld’ad’p
If the operator is diagonal in this representation,

= -'!ﬁ fabd VA <ot e al) = <)V AVA .

>
We assume the system's density matrix may be written in
this form. i.e.

pu) = Spu)e) x> <ol . (3.1.1.)
say.(for a single field mode).
This is the "P-representation" for p, and Pixt) is the
P-function which may be time dependent. Not all systems
will possess a P-representation. The P-function is useful
because it has some of the properties of a classical
probability distribution:-

Consider the (ensemble) average of a normally ordered

operator WMit)  :-




(a normally ordered operator is one in which the
commutation relations have been used to place all creation
operators to the left of annihilation operators in each

term. This eliminates vacuum fluctuations)
<Mty = TeleM) = Te L P, Dot MBI ).

= {mia) Pla bt (8,1:2.
where wmia) = <ximiaha)le> = Mla¥ ) - that is, the
operators a,G+ in M are replaced by the numbers a,x*
(3.1.2.) is rather like a classical averaging procedure.
(Note that the Hermiticity of p implies P must be real.)
However, since P may take negative values, and the {&%}.
are not an orthogonal set, P is not a true probability
function.

To describe systems of more than one mode, the
definition (3.1.1.) is easily extended:
Qm : S P(“‘)"‘lz-‘-v A LEAT S P2 PR B LN CHR
This gives the joint density operator for the system, and
Pl g, .o, t) is the joint P function. To obtain the
P function for a smaller number of modes we sum out P
over the modes not required. e.g. for a two mode system,
Plant) = SP(A.,dq,ﬂ d?dy is the P function for mode one.

A Fokker-Planck Equation for P:

If we substitute el&hgpuxi,é) IMD“M”Pd’d;into our
master equation, we obtain a Fokker-Planck type equation
for PUal), analogous to Fokker-Planck equations for
classical damped and driven systems.

e.g. In the damped simple harmonic oscillator case, we
have a single mode, hence QU”YPH#J\&5<¢\d%c is used.

We use the following results (see Appendix)
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gp(ok Yara lo<at din f\mulm oL—-~ ) Pla)diu .

ij o<l atad?ol S Jor <t (o, o= 2 w0t | Pla) diok

SDu\a\a alatdix = Smu\ (ko) Pla) d2 (3:1:8.)
S Pl at wKatind?x = S Wo<ei ] (1 oot = S0t —.,%;‘x ¥ *52:64‘7 Plet) dl et ,

Any others follow from the qa*

commutations.
Inserting the P-representation for p into the Schrddinger
picture master equation (2.4%.7.) and using (3.1.3.), we
obtain:
2 > o
j\x}«t'&a’t-(gnwo)ﬁd -( —oWo)’b * X F =X St QP(A b) dix
. , A

This is true for all times only if the term 1{...... Spbhﬂ

vanishes. 1.6,
v A

(;nwo)w&(dp) +(*"~Wo)a,a* (o P) *\AV\ZJ; x (3.1.4,)
This is the Fokker-Planck equation for the damped
oscillator. The Fokker-Planck equation may be solved to
give a completely general solution, with constants evalu-
ated from the initial conditions. This has been done by
Louisell. (Louisell 1969)
‘ Another useful method is the "Green's function"
"method, (Wang & Uhlenbeck 1945) for which we assume the
system is initially in a coherent state, |« 4 say.
Then Playtao) = grla=me) = Slomno) Sla*=odt ).
(Glauber 1963)

The solution of (3.1.4.) subjec%ito gﬁ%% initial condition
~-(LWo+
ik
1 (3‘1.50)

4 \ | ; {-‘b{-o(oe'
is Pyt * ZTTEv Pl TR (e Y)

An outline of the method for solution is given in the

appendix.
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3,2 Equations for p in the Number State Representation

In the interaction picture, the number states are

> exp ['% (Hyg+ He) 1INy

nk

Y exp C=itinwe] .

Hence, taking the m,n th matrix element <wlj 4. 35,

of the master equation (in the interaction picture) for
the simple harmonic oscillator gives the following differ-
ential - difference equation for the matrix elements Pmn=
<v’n\eln7-

%gtmn - A(V\'\Y\)Vzew‘-\,h-‘l e .L'L A(M& V\-‘"l') ew\v\

=L C(men) Cwin + € Lim+din m‘lg Ermnynar. £3:2.1.)
where A=z¥n , C=X@s).
Similar equations are obtained from master equations for
other systems.

In many cases we need only know the diagonal elements
of p because the system operator we are studying is
diagonal in the number state representation. .An example
is the number of photons in a single mode system:

<n)> = Teing) = TTelatag)
= Z<nlatge Iny.
= ﬁm::z<hm+a\wb <mlginy
f(since the completeness of the number states means %\w7<h\=1)

<nlafaImy =W S,,. , w: ni) = a*ag is diagonal

' e <“LH» =2“€“nle\ (30202.)
wie

To obtain @wwit) we set m = n in the equation of motion for

the elements g {t) « In the case of the oscillator,

(3.2.1.) we obtain:

B0un
%et“" = A V\en_"“_‘} - Bins) e“"- C'V‘enn = Clwst) ems,m—l (3.2.3.)




A solution for this equation, subject to the ihitial
condition  Qu.f0) = Ono (i.e: system initially in a
vacuum state) is:

Panl) = (R (-2 ¥8]" [ DR (-7 ¥ ™ (3.2.4.)
(Pike 1970).

A general method of solution of such equations can

be found in most books on probability (e.g. Bailey 1964).
NOTE:
(1) (a) The P-representation and Fokker-Planck equation
approach is best suited to systems which are initially in
»a coherent étate, because the Green's function solution
is readily obtained.

(b) The number state representation approach is
best suited to systems whose initial conditions are
specified in terms of number states, since the solution
of equations of type (3.2.3.) follows more readily from
such conditions.

(2) The example of the simple harmonic oscillator is
that of a damped system. The above formalism also covers

stimulated systems if we make the substitutions

S | (3.2.5a)

il LY | (3.2.5b)
(3.2.5a) is equivalent to the damping constant becoming a
gain constant. Since ;;=(e“wdgv_\y4 s (3.2.5b) is

equivalent to replacing the bath by a reservoir at negative
femperature.
This will be seen more clearly in the work on Raman

scattering. (see section 4.5)
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3.3 Connection Between P(a,t) and the ppn(t)

Using g SP(&,{;\ ol <at) kel and gmm-_- <mlg In®
we have e"'“ (t) = gp(x,kkmwxam At
Using (1.3.3.) this gives:
G lt) = Fy (Pl ™ @70 gy (3.3.1.)

3.4 Further C-Number Equations of Motion

We may obtain equations of motion for expectation
values directly from the master equation. These equations
can then be solved, giving expectation values without
having to calculate p.

We may write the master equation (2.3.12) as

%ﬁ'= NHQ\ say in the Schrddinger picture,

where p is the system's reduced density operator.

Let A be a system operator, not explicitly time

dependent.
> ’ 2
mhen 27« Zlniap] = WA
ie. B = T lamipnl, (3.4.1.)

(3.4.1.) gives a differential equation for <A>, first

order in time.

3.5 The Diagonal Elements of p in the |a> Representation

If p has a P-representation, we have
Qm s EP(oc,L) | ><o ) Aot

The diagonal elements of p are <g!elp§-in the coherent

state representation.




% ] 918 d 2.
<plpIpY = | Pubicpiaaipy dit
= (Playb) WKpIk7I* %,

~loepi?

From section (1.3), Kplavlt = e so we have

<prpipy = [Pure* Flanx. (3.5.1.)

3.6 A Note on Averages

Since averages of observables are physical quantities,
we expect them to be independent of the picture in which
they are calculated. (Pictures are corrected by unitary
transformations.)

This is in fact true, as the following shows:
Consider a variable M in one picture, with the corresponding
variable in some new picture being M', say. Now if U is’

the unitary transformation connecting the two pictures,

M's UMU™, Hence:

<M> = Tv (eM) =T (U Ug U uM) sine U UL
=T (UpU Umu) by cyclic props.
=Tv(€\ MY
<MY

This fact is useful in work such as in (3.2), where the

interaction picture is used.
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4,  RAMAN SCATTERING

4,1 Introduction

Raman scattering is the inelastic scattering of
light by optical vibrations in a medium. The mechanism
which couples the light field to the medium's vibrations
is the polarizability of the medium, which is modulated
by the vibrations. A simple study of a gaseous diatomic
molecular medium gives the qualitative aspects:-

If the molecular polarizability tensor is «&i , then the
dipole moment ¥=(P,%,%) induced in a molecule by the
light field  £2(g,6,§) is posag€ or psdif

In a gas, the molecules are free, so «y is a function
of the nuclear separation only. If Q is the instantaneous
departure from equilibrium separation of the two nuclei,
we may expand «y thus:

Xy =old +AGQ +AGQP 4.
where &l = Xgl@e0), o = ‘i'%‘l‘a"i (@=o0),....
Pe = oS Ej v el QEj 4 coe (4.1.1.)
which shows how the vibration (represented by the Q
co-ordinate) and the optical field are coupled.

The term o(:ja EJ- gives first order Raman scattering,
fhe next term gives second order scattering, and so on.
Which orders occur, and their strength, is determined by

1 A o T .
the sizes of the ¢, %ijy..... coefficients,; which are

determined by molecular symmetries. In general, in Raman
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active media, d% » that is first order scattering, dominates.
We may write
i & ol sl QE; (4.1.2.)
In terms of energy level transitions, light quanta are
absorbed by transitions between molecular vibrational
~levels in the medium, and new light quanta are emitted.
Two first order processes occur:

(a) Stokes Emission

 meeescuassansnane was

Wout
oW é hwod
e i -——1—— V=l Fig, 2
Ry
Wi Y J vzo
The levels v are the vibrational quantum levels.
(b) Antistokes Emission
' x--;;----------~ e
e Fig. 3
P ; PP SERSS
S|
w\f\L ?\wv‘nb

V20 | \/

In case (a), the molecule is excited vibrationally by the
ingoing quantum , Wew<wi, -

In case (b), the molecule is initially excited, and is
de-excited by the ingoing quantum, Wg,, > Wi,

In the case of scattering in a solid medium, or in more

complex molecular gases, we use a normal co-ordinate
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decomposition for the vibration co-ordinate Q. (In a
diatomic molecular gas, Q is already its own normal

co-ordinate under the simple harmonic potential assumption.)

4,2 Raman Scattering and the Master Equation

In order to use the master equation to describe the
process, we must carry out the scattering in a cavity.

Raman Hamiltonian:

We take the Hamiltonian H = SE-EA?S. (4s2.1,)
A

For a single molecule, P; w(;(;EJ &oh}QEd ‘
or p otk vQt (4.2.2.)
I'&l x ~
(4.2.2.) is a microscopic-variable equation, with E being
the local field at a molecule. The E of (4.2.1.) is the
macroscopic field. Eioca
(h*32)

3 , where n = average refractive index

in optical range.

1 and gmac are related by the

Lorentz factor

Macroscopic polarization is then I-:Ng where N is

the number of molecules in the sample.

T
ie.  PegnOesdne Y
or: P= EE*QQE say TR

~

1
where « is redefined to include N &“——g‘?)
Hence the Hamiltonian H of (4.2.1.) becomes
H=le.eEae + (E.2@Edy. (4.2.4.)

Quantization of Molecular Vibrations (see e.g: Ziman 1969)

We make a standard decomposition of Q into normal
.\" )
modes: @(r) = %CL(L:)Q'“ L (4.2.6.)

We now quantize the vibration, by settihg

h ¥
) = (mn“\} (loy 4 by ) (4.2.7.)
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The b%,b; are ordinary boson operators. The quantized
normal modes are phonons:- bg destroys a phonon of wave-
vector k, bl creates a phonon of wave-vector 5,.[15is

the frequency of the phonon k. M; is an effective mass.

We shall see that the set of phon;ns behaves as a reservoir
for the interaction.

In the Hamiltonian (4.2.4.) we insert the expression

(4.,2.6.) using (4.2.7.), for Q, and the expression (1.2.8.)

for E.
The term SEQE dzr, yields the following:
Hs = 2hwilaraek ) (4.2.8.)

J
which is the free electric field Hamiltonian.

The term gg.gﬂlgcﬂl, gives the inté;action Hamiltonian
V between the field and the phonons.
To the Hamiltonian (4.2.4.) we must add the free-phonon
Hamiltonian, which is

Mo = 2R, (bibuak), (4.2.9.)
We thus see that the interaction is describable in the

formalism of Chapter 2.

4,3 Stokes Emission

Since antistokes emission depends on the Stokes
emission (see 4.1), if there is initially no antistokes
present, we may ignore the presence of antistokes radiation
for a short time. We can thus consider the electric field
to consist of stokes and laser photons only. We will deal
with standing waves, so we may take the stokes and laser
radiation to be in monochromatic modes. Thus, if the

laser mode has frequency w, , and the stokes mode has
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Hamiltonian must be hermitian, in order to be an observable.
(ii) TFrom (4.2.4.) we find that the coupling constant Kj
is given by

s B Al
Kf({%\:ﬂ)g“

‘, . (4.303.)
= (’V\wpws Y. v, % Ls g et‘,‘ﬁs *..LJ" l:»\-rdz,r
VIR0 6.6 &%,

We see that Kj is only significant when kil = ke .
To (4.3.1.) and (4.3.2.) we add the free phonons' Hamil-
tonian
He= f-t\ﬂb(bj@'a)- (4.3.4.)
The number of phonons is the number of molecules times
the number of degrees of freedom per molecule, which is
of the order of 10%%., Hence we are justified in taking
the aggregate of phonons to be a reservoir in thermal
equilibrium, unperturbed by the interaction.
Thus our laser-stokes-phonon interaction is describable
by the approach of chapter 2. 1In fact, if we compare
equations (4.3.1.) - (4.3.4.) with equations (2.4.1.), we
see that the laser-stokes system is exactly analdgous to
the damped oscillator system if we make the identification
a « a.af
We can proceed as in section (2.4) to derive the analogous

master equation
s 75(

— [

-3

2t Y-QLC‘S*S’Q;*QQ] + {QLa;,SQtaA)
= i
+¥7 Llawds], atas]. (4,3.56.)
We assume the reservoir spectrum is such that
lklw)l"i(w)ﬁtw) is flat near WzWw~Ws ,

Az B we-wse) and Y= W Rlw -we) ¥ Stw.,- ws ) .

pJ
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To make the problem further tractable, we must make the

parametric approximation:- We assume that the laser is

undepleted. That is, we replace @, by its expectation
value E e~wit
With this approximation (4.3.5.) becomes

%‘séu = é((a,"s,aﬂ + (0 sag)) pkallanslas]. (4.3.6.)

where K=|£.1*Y ., (4.3,6.) is in the interaction picture.

‘Some equations of Motion

(i) Destruction operator ag:

as> . T R :
e 4.1}(053t§ (see section 3.4)
LaglbY> = <aglory e ¥t (4.3.7.)

(ii) Number operator ng:

D(Y\s\ N S
;SL" - T\’ (“s ’.b"e )

= Ky K(An) by (4.3.6.)
. o <Y\‘(&)> =<V\5(03>6Kb #(ﬁ{-\) (ekt—‘)' ("".3.8-)
The term <Wiol» e represents stimulated emission,

kt gives exponential gain to <ng>.

since k is +ve, so e
The term (AnMekb-1), represents spontaneous emission noise,
since thig term exists even if <WloY)=0 (i.e. if there are
no stokes photons initially present.)

In practice, the exponential gain would be limited in time,
since the fact there is gain will cause depletion of the
laser, so the parametric approximation will not remain

valid. In practice, a "steady state" situation will result

eventually.
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4.4 Stokes Radiation Photon Statistics

Fokker-Planck Equation

If we insert 5ib)= S\oﬁ(&lmd)t—) el into the master
equation (4.3.6.), and proceed as in section (3.1), we

obtain the following Fokker Planck equation for the stokes'

P-function
2P 2 = 2P
St ° ”%(g;‘o(sm’k «MP + KRa) (S;-boz’“ (4.4,1.)

If the stokes' mode is initially coherent (i.e.
Pt b20) = §* (-0 ) say), the solution is:

e o -‘d-do&khtv] (
= = —_— b.4.2.)
P(d’e) TR (eRE) QXP [(7\“)(@‘“-') ’

(see appendix)

This is a Gaussian, with complex,time varying mean ouek“t'
and time varying variance  (an)(e¥¥-1)

This is the P-representation for a chaotic state (i.e. one
of maximum entrepy). (Glauber 1963)

"Thus the initially coherent state becomes chaotic, due to

the noise of spontaneous emission.

Number State Equations for p

Taking the m, nth matrix element of each side of
the master equation (4.3.6.) yields the following equation:
%’“" = A% Qe e - LAtz )P,
4 COnem) P 4 € Lm0 mal]E Qo s (4.4.3.)
where AzKi{xw) and C=Khn
If the stokes mode is initially in the vacuum state, (i.e.
gmm‘m = Smnﬁh, ) the solution of the equation for the

diagonal elements, viz
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a nn
'9 = Aﬂe_, i = A(M\)en -Ch@m + Clnw) em, e (BB L)

ia: ity = (R (0]" [T e kta]™ (4.4.5.)

(e.g. Bailey 196u4).
Using the result (3.3.1.), it is possible to obtain the
elements QPmait) from the P-function:-

Using (3.3.1.) and (4.4.2.,) we have, for an initially

coherent mode,

k|2

‘ KLt
FIE ISR, S xn -Iplt [-l%-xoe ol ] A
Punlt) = {win! WEN) (M) SF B e Pl G- B

This integral is evaluated in the appendix. The result is:

2 y
r..., g(m—n\(@o‘ﬂ ~Av, (Aroymh

(t) 5 | 1ha i
Qrant) 5 Il (Ran (¥t =) (WAY™ (men) > g ) (h.4.8.)

where 1F1 is the confluent hypergeometric function, and
A= Fin e '
fo= Idaly @Qp= org e
Since the particular coherent state «o*0 coincides with
the vacuum state, (4.4.6.,) can give us Pmnlt) for an initial
Vacuum state.
We set «o=0 in (4.4.6.) (i.e. Yoz 0o=0 ). Noticing that
1% s <5 "Wy 40 and using 1{-‘1(&,3,0) = 1 V¥au

we obtain

[w m‘“-ﬂ]
emn"b) [(“ 17\"‘ " (4.4.7.)

We see that the result (4.4.5.) for ggiﬂis regained. "Also,

we see that the density matrix remains diagonal as the
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interaction proceeds. This is not unexpected, as we see
from (4.4%.,3.):- the elements Pmn are only coupled along
lines parallel to the diagonal. Hence an initially
diagonal density matrix (which is the case for a vacuum
sfate initially) will remain diagonal.

Expression for <apla>

Using the P-function we may obtain an expression
for <alglay the diagonal elements of p in the |a>
representation. Using (3.5.1.) and (4.4%.2.), we have,

for an initially coherent state,

| —Ié—doe““qzl :

<KLQ7 T T(R4y) (50-1) S’v’*\D(-‘\ok-p\")u?[ Uhat (e ¥ a) A2E

e

Using the integral relation %‘Sd’-ﬁ QXP{'MIF‘EVF”\?*] .
= ,I'ZQ“P(Y;%) , Rein)vo swe have

! 1A+Ad.%fifpl

e 7 2kt
«]e\x) ”L('-\J")(c‘b_‘ypg,x? {“ﬁl’.“hld.\ [ + (A+|) (q‘- l’}. 8 o)

where A = (Rentest=n]"
Note that for an initially vacuum state stokes mode,

(Kez0) (4.4.5.) becomes a gaussian.

4.5 Comparison: Damped and Stimulated Processes

It is interesting to compare damped processes, such
as the damped oscillator, with stimulated processes, such
as the stokes radiation as discussed above. If we compare
the appropriate master equations, (2.4.7.) and (4.3.6.),
we see that (4.3.6.) is obtained by replacing -y by k and
T by =T in (2.4.7.). (The change T + =T means n + (n + 1).
Thus the stimulated process is described formally in the

same manner as the damped process, except now the coupling
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is of opposite sign, and the heatbath is now a reservoir

at negative temperature.

4.6 The Coupled Stokes and Antistokes Fields

The build up of stokes radiation means increasing
excitation of phonons, so that antistokes emission becomes
more likely. For this reason, we should include the
antistokes' field in our calculations.

We thus consider the following problem, which is
the field E = EL + ES + EA’ with free Hamiltonian

f (atacsd) shwglagday s X)) vhuwaladas s ) interacting with the
phonon reservoir, with free Hamiltonian ?%ﬂ:, (otb; +% ).
The subscript A denotes antistokes operators. Inserting
the expression £ =t E‘%at\ﬁ\(gm"w"t Fu Jg,s Gg Uy (xre” ha s @% O,QA(x)ef‘.w‘t
+h.c. into the interaction part of the Hamiltonian (4.2.4.)

gives our interaction Hamiltonian in terms of the field and

reservoir operators. As before, we make the rotating wave

approximation: .
V = haalz k:k,;‘ +’ha.,a:3€-kj“kj+kc. (4.6.1.)
J
where, similarly to (4.3.3.)
husLwa % R o W T
0+ (o, | Bl f etk iy
A "

s- .
k‘) -ko Of (l’l’osoao) ;
We proceed to derive the master equation as before, again
making the parametric approximation for tractability. The

master equation in the interaction picture is:

Kss K
29 - T (dsyad+ bAsa]) r 3 (as, a4 Lay, sakd)




M i (TR G PRI (4.6.2.)
» B2 ¥ (a5, 6.7+ Lan,sa5])
PR kes [068597,05] v kan [ Laa, 57,041,
P ke P ol 57, atd 4 1 Kas Skeid 3V By
where: K = 1'\1;50».,) 3w l® LELI?
Kan = 21 6)lwe) KA (w1 * (517
Ksh 7 Kas = 2m glwek Alue) K23 (we) 15,17
n T niwe)
where We-wg ¥ Wws ¥ Wa~Ww, .
As in section (2.4), we must assume that
lk’(w\l"it\»)gt\w and \K“(w3177\‘w)%(w3 are flat
functions of w near w = W
LW =L we Wy - wp is an allowed frequency mismatch,

obtained by varying the laser input frequency, and/or

the cavity resonances.

4,7 Some Equations of Motion

(1) Coupled equations for <as%> and <aad Y.
d<agy ? s o Ksa SR
qe =Telas 28 ) = F<asy + S capty et (4.7.1.)

+7 - - -k e kAS g ’
T = Telant B) = TPMcad> - P <o ve it
We may ignore small dispersion effects in the gain constants,

and set Kg=Kaa=Kas = Ksa =K. say.

Setting A =<as> g vk and B = <asyertowt 14T N
becomes d A K7, 3 Aw K/p A
d | g A ~(% 4] B (4.7.2.)

(4.7.2.) may be solved in the standard manner to yield
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solutions which are linear combinations of time varying
exponentials. The time variation is given by the eigen-
values of the coefficient matrix in (4,7.2.) - i.e.:

y S TRT T T P | (4.7.3.)

The solution is:

A /2
< A - C‘ k/‘ ]e’xtﬁ C’L[ » e-‘xt (u.7.uo)
8 A=Ky aw) ) “= (K Law)
where =4t lawl- "’an\‘/z A
and o {0y (ki s caw) Alo)s K BN /K -
Cp = LI N - (%2 (aw) T Ale) - 7y BloYS /K™ -
If DwwK, (4.7.3.) reduces to
Ax E(Bw ¢ ). (4,7.5.)

In this case, A and B become uncoupled, (4.7.4.) reducing

to A = Alode ™t = A\o\uPC(meat]. (4.7.6.)

i.e: <G (b)Y =<Lagloy et

RlE) & Blole ™ = 3(ohxef-(iw+‘=/z\t] : (4.7.7.)

R
i.er <adlDS> = <atle)ve fat

We have two waves, one of gain constant %, the other of
-%. If we compare (4.7.6.) with (4.3.7.), we see that the

first wave is almost wholely stokes in character. The
second, attenuated, wave is almost wholely antistokes in
character. Thus in the case of a large frequency mismatch,
the waves uncouple into separate stokes and antistokes
waves.

According to (4.7.3.), if pAw=o there is no gain.
This is because the laser depletion has not been taken
‘into account. A classical analysis (Walls 1970) which takes
the depletion into account shows that there is a non-zero
gain even with Aw= o . However, this gain is still

small, and the main gain occurs for large Aus .
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(ii) Photon Numbers and Correlations

We can obtain equations of motion for the photon
numbers <ny (B> = <agtasy | <nalbdY = <G4 &aY - and for the

o . +
correlation functions <®aGs?V <aAJ’a55 :

o 2N
a&—hmiam = ’KAA<GA*QA7 4 Kaan

—Ka gm2ibwb g bt Kas paiawé g g0,
%<a:a,§ = Kss(nn) + Kgg <as*as> .

p ¥ At gy o BRE SRIBUE as> .
ﬁ@‘“ﬁ“’ﬁ B \%«aaﬁ = R ca.a

il ) 2 e S
vlgp e iawbeqta, asaty —Ksy e 20w

d = Ks /b K . 3
deatady = %cataty - Kat<agdaty -

pih3 o200t Lgta, L a0l Yy -k RPN

As before we shall ignore dispersion in the K's, setting
1-

all equal to K. Let A = <Q:Qa> s B = <Gsa45%
ca <a“q‘7€‘l;ﬁwt N QA‘ a;'5€-2 Awt
We then obtain the non-homogenous system
1 r K AR T T TG SR
A -K 0 --2' -'i' A Kn
B 0. Ko K B K(Ri+1)
| = ¥ ” + = (4.7:8.)
dt C -i- -5' 2iAw 0 C -k(n"’;i)
K K : &%
D ; e 0 =2iAw| | D ~-K(n+)

We can make this an homogenous system by defining

A' = A-n, B' = B + (n+l), to get:-

‘ ( K pohag
A -« o X X Al
B s T R R g

s = 2 ¢ (4.7.9.)
dat v ¥ K . A
C -2- --2- 2iAw 0 c
KX X )

D ) L-i --i- 0 -21Aw) ‘D J

We can further simplify by setting




(W) (0 -k 0 o Y{w)
4 |X x 0 -k 0 ||x
a_'E = ('4.7.10)
Y 0o k0  2iAe||Y
z 0o 0 2iaw 0 ||z
\ \ o, Bl

The solutions of (4.7.10) are exponentials,with time
dependence given by the eigenvalues A of the matrix of
coefficients. i.e: '

=tz Aw[‘ljl-ﬂ"/ﬁw-;]/z (u.7.11.j
For Aw>>k, the solutions again separate into waves of

almost wholely stokes or antistokes character.

4.8 Fokker Planck Equation

This is derived in an analogous manner to the previous
cases:-
We assume the joint stokes-antistokes density matrix has
a P-representation

. #%°T Q(t\ = g?(u,'ts’t\ \m\?ﬁ«klv,ld‘x difs, (4.8.1.)
where |a>_is an eigenstate of a, and |8> is an eigenstate
of aq.

Substituting (4.8.1.) into the master equation and
proceeding as in Chapter 3, we obtain the following Fokker-
Planck equation for the coupled stokes and antistokes fields:

0~ . B
‘%‘% = '&-(K/—;_{gmuﬂS"* 13 + (¥ » bw) -a—:.az,
AL 5&* -% 2% 4 Ko h *
2 p 3 op ~ zxfbl
+ complex conjugate} P(Q,ﬁf)-

ane -~ o‘.e“A“’t : % e ﬁewtwt
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The solution of this equation, subject to both modes

being initially coherent is outlined in the appendix.
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S. CONCLUSIONS

The quantum theory of damping and stimulation is
a self-consistent theory, applicable to systems perturbed
by small interactions. We see that the results it yields
agree with those expected classically (e.g. an exponential
decay or increase in average photon number is the quantum
version of an exponential decay or increase in a classical
field intensity). Further, in non-linear optical processes,
the effects due to spontaneous emission are described self-
consistently by the quantum formalism. In classical theory,
we have to add spontaneous emission in an ad hoc manner. ‘

The approximations made in the theory are in most
cases highly valid ones. A main short coming is the
necessity to make the parametric approximation in order
that a problem may become tractable. However, even this
approximation is valid for processes of low efficiency,
and for times t<% , the rise time constant.

Application of the Louisell damping and stimulation
model to the Raman scattering process yields results which
agree closely with the classical standing wave results.

The model successfully describes the coupling of the stokes
and antistokes fields through the phonon bath. Furthermore,
the quantum analysis yields the spontaneous Raman effect,

as well as the stimulated effect, in a self-consistent
manner. The classical analysis describes only the stimu-

lated effect, and hence is only applicable in situations
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where the stimulated effect dominates. (e.g: 1in a Raman
laser well above threshold.)

The work in Chapter 4 on the Raman effect is appli-
cable to standing wave problems only: the fields are
taken to be monochromatic modes. To study travelling wave
problems, we would have to represent the fields by wave-
packets. An outline of this method is given in several
papers on travelling wave frequency conversion (Tucker
and Walls 1969, Von Foerster and Glauber, 1971).

In our description we ignored higher order stokes
and antistokes fields. Experimentally, these can be
suppressed (Bloembergen 1964) so this is valid. For
Raman scattering by atoms, a similar approach to Chapter 4
may be used, replacing the phonons by atoms, and obtaining
atomic matrix elements in the tracing out process (Shen

1969).




APPENDICES

A. The P-Representations of Equation (3.1.3.)

1. Since alaYy = «\xy it is obvious that
SPMatm«la’fdm B So(*o( Pl ) lx D<ot} d2ex (A1)

2, Consider K%;x pod ) <) i =

lk> Lot = e_'“*‘" €da"°><o\e,°‘:“
e (3"“ bekdledX| = (%ﬁ LR P L AMONPL AN
2 e %™ ga¥ione0102M g
= X540t G
Hence SPW (y<aladia = S?(M(%}u b & D<) 2o

2P
Now XP(M lav<aotl adx® YP(MM»«;]_: - S\x‘m«d N da

|

0

- S\&5<a&l %5\ dd‘;
since P = 0 at infinity if p is to be a true density
operator.
3 ) . SP(&) l&y<xladin = S\oh«(l (ot - %Lﬂ Pla) A3k - (A2) |
Now SP(aO o<l aat dix = SP(A)MNM (l+ata) diot -
(using the a,a*' commutation relations)
s SP(M\«»&&I( l+ac™) d2u

since <«tal = *<wi-

3 S?m\mwmoﬁ dx = SPW\«»«I Aok S (o2 P) KXY < ) B e

- SP(M 1A Y<ol | A2 + Slot7<a‘~\ (x- g;%)(oa“?)d’x

(using a2))"
z S\nm{\%&x"‘ -%‘* o> % Pl d2x  (A3)
The other results of (3.1.3.) are obtained in a similar

manner.



B. Solution of Fokker Planck Equations

If wesetda =x #:dx , B ax 4+ ix ...y all x. Peal,
1 2 3 b i
i=1,2,.00.y2n, say,
we can always reduce a Fokker Planck equation to the form
oF AN P) %P
o " o i L < olp ] —
2t %3- MvJ po + 2 s /t"d' ?)a:.lb:xo' (B1)

" where the matrices M = (Mij) dandix s (Tij) are real.

LRy }N

We diagonalize M with an orthogonal matrix S (M is skew
symmetric in general) to get

Nz diagnda,n ) = SMo™
Using the orthogonality of S, we obtain

semg $3P | o 20l
vJ .

DXL ‘U
where v, oy
valile Sx =35 |
V-; Az
Similarly, zz7,%f = 226,27
v m.’b-ﬁ v bu;bu")v

where (6‘3) s eney

Hence (Bl) becomes )
P e 2P % ke BT
= =-=N\ . 4+ 2Z 64 ™
bt .‘ ’A‘l va L 3 \(J aud b%'

(B2)
We wish to solve (B2) subject to the initial condition
Pixy .. %aw, €20) = Blxy-m®) Sl-20)... Slapaxs,).

| 2 0 =u®) BWz-0,0). ... Sy, -02) .
Wang &€ Uhlenbeck (1945) show that the solution of this
problem is a 2n dimension Gaussian distribution in the

variables ViV, seeeasV, oy with

averages ;i = vi°exp(A§t)

PR
We substitute for the Vj in terms of the Xy to»obtain our

-6
variances (ui-Gi)y-J) = = [l-exp{wg »-)_Qb}] .
v

final answer.
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c. Calculation of pmn, section (L.4)
Set oo = f5 000
and B = re'® , SO dll’s z vdrd®

The © integration is

-

o
S e“'“'“mexP{—'lA""Om(@'- @o)k dé (€L
°

& where A = [(Ren(e**-0)]7
Al

Using | e ax\g'ﬁex @6d do = 2w T, (x)

(see, e.g. Watson 1966)

(C1l) becomes W™ Ty, ({24100

The r integration is then

S*r Pasi exp [-Canyr2] T, (20 A Fredde (c2)

. - 3 §(VEM (,?» v 3

Using 1 (at) expl-pr) e dt = z )\ 3 sV a
' &° y i 24 Ty sFalizovi, ? )

(see, e.g. Watson 1966)

(C2) becomes (Ao qwm-n
ml[mm‘s F szo‘)
i 1(m+\. .

M=Nyia 114
2O AT (e AE0

The result for pp, then follows.
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