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Abstract

In this thesis we study corrections to parton showers in the context of soft collinear
effective theory (SCET). Monte Carlo event generators like Pythia or Herwig are
heavily used by experimentalists to simulate events and they are indispensable tools
to make exclusive theoretical predictions. They are based on a leading log parton
shower algorithm that allows to resum the dominant contributions in the soft and
collinear radiation. In this work we construct a framework to classify corrections
to the parton shower that can be used to systematically improve event generators.
We formulate parton showers as a standard matching procedure between a tower of
soft collinear effective field theories called SCET;. We find two different kinds of
corrections: hard-scattering corrections and jet-structure corrections. To relate these
different effective field theories we make use of an important symmetry of SCET,
called reparametrization invariance. In order to systematically study this symmetry,
we construct operators that are invariant under reparametrization and we use them
to find a minimal basis of operators that are homogeneous in the power counting.
Complete basis of operators are constructed for pure glue operators for deep inelast-
ing scattering at twist-4, for production of two and three jets from ete~ and for
production of two jets via gluon fusion.
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Title: Associate Professor of Physics
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Chapter 1

Introduction

1.1 QCD

Quantum Chromodynamics (QCD) is the theory of the strong interaction which is
one of the four fundamental forces. It describes the interactions between quarks and
gluons and how they bind together to form particles, called hadrons, such as the
proton, neutron and pion. It is also one of the building blocks of the Standard Model
(SM) of particles physics. QCD emerged in the 1970s and since then its predictions
have been verified by a huge number of experiments. With the Large Hadron Col-
lider (LHC) at CERN, we will probe nature at energies never experimentally reached
before. The discovery of the Higgs boson, the last piece of the SM that has not been
detected yet, and possibly of physics beyond the Standard Model are the major goals
of the LHC. Detecting a signal at the LHC of Higgs particle or of new physics, is not
easy because of the huge background of events that depend on SM processes. For this
reason it is extremely important to improve our prediction of QCD events as much
as possible.

One of the key predictions of QCD is asymptotic freedom [57]. This means that
the coupling constant, o, becomes large at low energy and small at high energy. This
makes it possible to use at high energy “fixed order perturbative perturbation theory”,
where we can expand QCD in powers of the small o;. When we study a physical

event, in general, several energy scales are involved. This poses two main problems
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to perturbative QCD. First it is fundamental to disentangle the physics that happens
at high energies, where we can use perturbation theory, from the physics at lower
energies that is non-perturbative. This is achieved using “factorization theorems”
[37]. Second, even in the regime where a; is small, in the perturbative expansion,
a; often appears multiplied by factor of log(u1/ps), where p1 and po are two scales
that are present in the process. In general a generic observable (O) has the following

schematic expansion in perturbation theory

O=1+a,[*+a?L* +aL°+--- (1.1)
asL + a2l +a3L° +- -

as+ ol + oLt + - -

where 1 denotes the tree level result and L = log(u/p2). Even if s < 1, for gy > o
we may have o, log®(i1/p2) ~ 1, and the perturbative expansion breaks down. In
this case the large logarithms need to be resummed. Resumming the first row of
Eq. (1.1) is called leading logarithmic (LL) resumation, resumming the second row of
Eq. (1.1) is called next-to-leading logarithmic (NLL) resumation and so on. In this
thesis we study large logarithms that arise in collinear and soft emissions using an

effective field theory approach.

1.2 EFT

In nature different phenomena happen at different length, time, or energy scales. The
idea behind effective field theory (EFT) is that the physics at a lower scale should
not depend on the details of the physics at a higher scale [76, 88]. For example at the
length scale of everyday life, ~ 10° meter (m), classical mechanics is a very successful
theory, but we know that at the scale of atoms, ~ 1071 m, classical mechanics breaks
down and the theory that describes the motion of objects is quantum mechanics. We

can consider classical mechanics as an EFT of quantum mechanics at length scales of
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~ 10°m. Another example is Newtonian gravity. Planetary motion (orbital radius
~ 10%m) can be well explained using Newtonian gravity but we know that the more
fundamental theory that describes the gravitational force is general relativity (GR).
We can recover Newtonian gravity from a perturbative expansion of GR in the ratio
¢ = GyM/(c*R), where M is the mass of the sun and R is the typical orbital
radius. Newtonian gravity is an EFT of GR in the limit of small ¢. An EFT is an
approximate theory of an underlying more fundamental theory, that includes only the
appropriate degrees of freedom to describe physical phenomena occurring at a chosen
length scale. The appropriate parameters are those that are at the same scale as
the physical quantities we are interested in studying, and the rest of the parameters
are either too small or too large for the description. In some cases an EFT can be
obtained from the underlyine theory by doing a perturbative expansion in the small
parameters or in the inverse of the large parameters. Using an EFT makes it possible
to do calculations, and to make predictions, that would be much harder to do using
the underlying theory. For example it is possible in principle to study phenomena, like
the motion of a bullet using quantum mechanics, but it is in practice computationally
prohibitive.

There are many EFTs for QCD; each one is suitable to describe phenomena at
a particular scale with particular degrees of freedom. Some examples are: chiral
perturbation theory [97], heavy quark effective field theory [79] and non relativistic
QCD [88]. In this work will use soft collinear effective field theory (SCET) [8, 10, 14,
18]. SCET is the theory that describes soft and collinear particles that we define in

the next section. We give an introduction of SCET in chapter 2.

1.3 Parton Showers

The LHC is a proton-proton collider. In a typical proton-proton collision, two partons,
quarks or gluons, are extracted from the protons and interact in a hard collision. The
collision may produce leptons, such as electrons, muons and neutrinos, and hadrons.

There are at least two energetic scales involved: @, the energy at which the pro-
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tons interact, and Agep the scale where perturbation theory is not valid anymore.
@ is called a hard scale and in an energetic collision it is high enough that we can
use perturbation theory. Agcp is called the hadronization scale because it is the
energy scale governing how quarks and gluons bind together to form hadrons. Us-
ing the fundamental theory of QCD, fixed order perturbative calculations have been
implemented only at next-to-leading order (NLO), aZ, in many cases and next-next-
to-leading order (NNLO), o2, in few cases. At tree level, the number of Feynman
diagrams to calculate grows factorially with the number of partons in the final state.
These calculations have only been performed for a relatively low number of external
particles. Even tree-level expressions have only been worked out for O(10) particles
[55, 69, 75, 83]. At one-loop the frontier is four external particles processes (26, 27, 67]
and at two loops is three [2, 3, 30]. These limitation show that a direct computation of
QCD processes with many external particles is not currently feasible. However, high
energy colliders produce events with thousands of particles in each event. Besides,
there are regions of phase space in which high-order terms are enhanced and cannot
be neglected. If @ is a hard scale in the process then, in these regions, the amplitude
gets enhanced so that its coefficient is (a, In*(Q/q))™, where ¢ < @ refers to a small

scale that is induced by the choice of observables.

Instead of studying a process for a precise prediction to some order in perturbation
theory, a different approach is to seek an approximate result where we capture the
dominant contributions taking into account such enhanced terms at all orders. En-
hanced higher-order regions come from kinematic configurations where the relevant
QCD matrix element becomes large. In particular, this is associated with emissions
of soft or collinear particles. To be more precise, let us consider a particle ¢ with
momentum ¢; coming from some hard scattering that happens at energy scale @,
branching into two particles j and k with momenta ¢; and gy, see Fig. 1-1-(A). Be-
cause of the internal propagator, the amplitude (A) of this process is proportional to

1/q? and in the limit where the mass of the particles j and k is zero, we have

1 1
A~ — = .
¢ 2E;E;(1— cosb) (1.2)
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@QO/{/

q1

(B)

Figure 1-1: (A): branching of particle ¢ to particles jk; (B): strongly ordered limit
where g3 > ¢ > ¢2 > ..., this implies that each emission is more collinear than the
previous one.

where E; and Ej are the energies of the particles j and k, and 6 is the angle between g
and Gi. From Eq. (1.2) we see that the amplitude gets enhanced when E; or E; — 0,
or # — 0. In the first case the particles emitted are called soft because of the low
energy, while in the second case they are called collinear because the particles are
close to each other. A key characteristic is that in the collinear limit the cross section

factorizes

dg;
dO’X_;_jk = dz“q%‘Pi—deO'XH, (1.3)

i
where dox; is the cross section to produce the particle ¢ inside some larger process
X, dox;x is the cross section to produce the particles jk, and P is called “splitting
function” and represents the probability of the particle i to split into particle jk and
can be calculated perturbatively in a,. As an example, for a quark splitting to a
quark and a gluon (¢ — qg) after averaging and summing over spins, at leading order

in ag, this is

1422
1—-2’

PO %CF
2

q—q99

(1.4)

where z is the momentum fraction of the emitted quark with respect to the parent
quark and Cr = 4/3. If we integrated Eq. (1.3) over ¢?, we would get a large logarithm
log(Q/q). We can extend this argument to the emission of an arbitrary number of

particles (go, g1, @2, - - - ) and we get large logarithms in the “strongly ordered” region
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where
CE>SE>E>. ... (1.5)

Condition Eq. (1.5) is equivalent to go1 > ¢i11 > q21 > ... where L refers to the
perpendicular component of the momentum with respect to the momentum of the
mother particle. This means that in the strongly ordered limit, each emission is more

collinear than the previous one, as depicted in Fig. 1-1-(B).

We saw that P(© gives the probability for a parton to split. Using the Altarelli-
Parisi equation it is possible to prove that the “Sudakov Factor”, A(¢?, ¢3), gives the

probability of a parton to evolve from g2 to ¢° without branching [44], where

2 g2
A(g*, q) = exp [— /ng ?2 /dx%P}E)(w)} - (1.6)
We can use the splitting function and the Sudakov factor to construct an algorithm
that branches a parton 7 into two partons jk and then iterates this process to produce
an arbitrary number of partons in the final state. This process is called a parton
shower and can be implemented in a Monte Carlo simulation as an event generator.
Whereas a fixed order calculation is based on the perturbative expansion of aj, the
parton showers is defined in the soft-collinear limit and uses a probabilistic Markov
chain of 1 — 2 particle splittings to recursively generate partons. In this way we

resum the LL contributions by systematically treating real parton radiation.

To study an event in a hadron collider both fixed order calculations and parton
shower event generators are used. We generate an event in three phases [40]. First
we select the hard process at the parton level with a probability proportional to its
production cross section, calculated using standard fixed order perturbation theory.
Second, the produced partons, which are taken to be highly off-shell at the hard
scale @, radiate additional partons using an event generator and evolve down until
their off-shellness reaches the hadronization scale Aqcp. Finally, all the partons

hadronize using a confinement model. We illustrate these three phases in Fig. 1-2 for
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Figure 1-2: pp collision with final shower: two partons taken from the protons (red
blobs) interact at scale ). parton showers is used to emit radiations from Q down
to the scale Aqcp where the partons hadronize (blue blobs). There is also radiation
from the initial partons and from the remnants of the protons (not shown).

a pp collision. Two partons taken from the protons (red blobs) interact at scale Q
producing two partons. A parton shower event generator is used to emit radiation
from @ down to the scale Agcp where the partons hadronize (blue blobs). There
is also radiation from the initial partons and from the remnants (not shown); these
are also described using a parton showers approach. Monte Carlo event generators
like Pythia [91, 92] or Herwig [5, 38] are heavily used by experimentalists to simulate
these types of events and have proved indispensable for making exclusive theoretical
predictions.

There have been several improvements to LL parton showers such as MC@QNLO
[52], or CKKW [31], but a systematic way to resum NLL is missing in the literature
and there is not even a clear method to catalog all the necessary corrections. The main
problem to include NLL corrections is that we have to take into account emissions
that are not strongly ordered, where ¢7 > ¢?,; and where the factorization formula
Eq. (1.3) is no longer valid. This means that we have to consider interference between

different amplitudes as well as spin and color correlations.

In this thesis we set up a rigorous framework to study corrections to parton showers
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using SCET to pave the way for an implementation of a NLL parton shower algorithm.
SCET is an appropriate effective theory for studying parton showers because it is
designed to reproduce exactly the limit of soft and collinear particles. Moreover,
SCET is organized in an expansion of a power counting parameter that makes it
possible to classify all corrections to a known order in this parameter. The first
work on parton showers using SCET was Ref. [17], where the authors proved how the
splitting function and the Sudakov factor emerge naturally in SCET. They reproduced
the LL parton showers using SCET but they introduce choices and approximations

at several points which makes prohibitive to calculate corrections.

In our work, we describe the parton shower using a tower of independent but
related effective field theories that we call SCET;. Each SCET); is a soft-collinear
effective field theory. The difference between SCET; and SCET;,, is that SCET;,;
describes collinear particles with virtuality that is much smaller than the virtuality of
a collinear particle in SCET}, that is if ¢, is a generic collinear particle in SCET; 4,
and ¢; a generic collinear particle in SCET; we have that ¢?,; < ¢7. We describe
each emission in the strongly ordered region using a different SCET;. Even if we have
many EFTs, we will use only a single power counting parameter that we call A. The
LO operator in A for n partons describes n emissions in the strongly ordered region.
To resum NLL we need to calculate the NLO operators in A as well as correction in a.
In this work we will focus on corrections of the power counting, but in our framework
we can also calculate corrections in a,. We find two different kinds of corrections
at NLO in \: hard-scattering corrections and jet-structure corrections. The hard-
scattering corrections depend on the hard-scattering process being investigated. The
jet-structure corrections are independent from what happens at the scale @, hence
they are universal in the sense that they are the same for each process we want
to study. The SCET; picture, besides defining a clear method to calculate NLO
corrections, has another important advantage in that we have factorization between
emissions also at NLO. This characteristic is a cfucial ingredient that gives hope for

a future construction of a NLL parton shower algorithm.

In order to relate these different SCET; we will make use of an important symmetry
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of SCET, called reparametrization invariance (RPI). Part of this thesis is devoted
to study RPI. Symmetries are fundamental tools in all fields of physics. Knowing
that a quantity is invariant under a set of transformations allows us to make some
predictions. For example, if we have a quantity that depends only on two vectors,
p* and ¢*, and we know it is a Lorentz scalar, we can immediately say that it can
be only a function of ¢, p® and p - ¢. Similarly, knowing that SCET is invariant
under RPI, we are allowed to express all quantities in SCET using a complete a set of
RPI invariant objects. In this thesis we construct operators that are invariant under
reparametrization. Using RPI operators will turn out to be very powerful method
to find a minimal basis that is homogeneous in the power counting in particular for

processes with multiple jets.

1.4 Outline

In chapter 2 we give a brief review of SCET. After describing the main ingredients
of SCET, we define RPI in this context. In chapter 3 we construct a set of operators
that are invariant under reparametrization. It is based on Ref. [80]. We can use
this set to reduce the number of operators in SCET. We construct a minimum basis
of pure glue operators for DIS at twist-4, for production of two and three jets from
ete”, and for production of 2 jets from gluon fusion. Chapter 4 is dedicated to
parton showers and is based on Ref. [21]. We formulate the shower emissions as a
standard matching procedure between different SCET;, namely SCET; —+ SCET,,,.
We use this formulation to classify and compute various corrections to the shower.
Conclusions are given in chapter 5. We leave many of the technical details to the

appendices.
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Chapter 2

Soft Collinear Effective Field
Theory

2.1 Introduction to SCET

Soft Collinear Effective Theory (SCET) is an effective field theory of QCD that de-
scribes the interactions of collinear and soft particles [8, 10, 14, 18]. The momentum p
of any particle can be decomposed along two light-cone vectors, n and 7, with n? = 0,

n2=0andn-n =2, as

n* n*
p“=n-p7 +hg + P, (2.1)

where p = 7 - p and the particle’s invariant mass is p> = p*p + p2. We use a
Minkowskian notation for p7 = —p?, where p, is Euclidean. SCET’s degrees of

freedom include collinear and soft fields. !

A particle is collinear to a direction n if its momentum scales as:

(n-p, B, p1) ~ (N, 1, N)p, (2.2)

'Our primary interest here is the perturbative structure of jets, so we use what in literature is
often called SCET] theories with collinear and ultrasoft modes. For simplicitly we will always use
the phrase soft in place of ultrasoft.

27



Figure 2-1: In SCET, a particle with momentum p is collinear to the direction n if p’
is inside a cone centered in 7 and of angle A.

where 5 ~ @ is the hard scale, and A < 1 is the power counting parameter of the
SCET. Pictorially, we can think of a particle collinear to the direction n as having its
three-momentum 7 is inside a cone centered on 7 and of angle A, see Fig. (2-1). A

particle is soft if

(n-p, §, 1) ~ (X%, X%, X)) Q. (2.3)

Both Egs. (2.2) and (2.3) imply p* < QX%

We obtain SCET from QCD by expanding in powers of A, integrating out the hard
modes and dividing the quark and gluon fields into separate soft and collinear modes.
The soft fields are &,(z) and A,(z) where 6# &, (z) ~ 0" As(z) ~ A%, For the collinear
case, we introduce a momentum-space lattice and we give each field an index-label
describing which lattice vector it is collinear to. To divide the QCD fields in this way,
we split the momentum of a collinear particle into a “large” part p* and a residual
one k# ~ \?

nt

p* =p* + k", where f)“En-pQ

+ p’j_ . (2.4)
We can remove the large momenta p from the fermion field by the Fourier transform

Y(z) = Z e P 5. (2.5)

For a collinear particle along n, 0" ¢, 5(z) ~ A% The four component field, ¥, 3, has

two large components &, ;, and two small components &3 5, that are defined using the
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following Dirac-space projectors:

ot

_ 1 ot
4

Ynp = Twn,ﬁ + —=Unp = &np + np- (2.6)

These satisfy the relations

i
4
ot

L a5 =np, bns =0, 27)

§n,ﬁ = g’n,ﬁ ) %f’n,ﬁ = 07

We can also similarly define a collinear gluon field A} .(z) whose fluctuations are
characterized by the scale of its residual momenta, ¢> ~ 2. Pictorially, we can
think of £, ; and A}, .(z) as fields that create a particle whose three-momentum lies
. inside a cone with opening angle ~ A about the three-direction 7. We define P*
as the momentum operator that picks up the large component of the momentum:
Préus(x) = p*&,5(z). Collinear fields always appear with a sum over p, so it is

useful to redefine the fields as
&= Z eiﬁ-zfn’ﬁ 7 Alrf — Z eiti.a:Az’q ) (28)
P q
The leading order SCET Lagrangian is

L =LO+ Y £O " (29)

ne{n;}

where £ has only collinear interactions among particles collinear to the same n.
Particles collinear to different directions can interact either by the exchange of soft
modes in z:g"), or from their coupling to other sectors in external operators. Two

collinear sectors in SCET, n; and n,, are distinct if [9]
nyng > A%, (2.10)

so any particle is collinear in at most one direction within a given SCET.
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Thus the key defining concepts of an SCET-theory are its hard-scale @, its
collinear sectors {[n;]}, and its power counting parameter A which governs the im-

portance of operators and size of the collinear sectors.

We define collinear covariant derivatives as

if-Dp = P + gii-Anp, 1D =P +gArE, in-D,=in-0+ gn-A,p, (2.11)

n)p )

where P,, is the momentum operator that picks up the large component of the mo-
mentum, that is Pn&sn = P&pn. When integrating out hard offshell fluctuations and
constructing gauge invariant structures in SCET, it is necessary to include collinear

Wilson lines, W,,, defined by [14]

Wa(z) = [Zexp (%—iﬁ.An,p(x))]. (2.12)

perms

The collinear fields A%  are defined with the zero-bin procedure [78]. To couple soft

degrees of freedom we define an soft covariant derivative
iDV =i0" 4+ gAY, (2.13)

that can act on collinear fields. At lowest order the coupling to n-collinear fields in-

volves n-D, and can be removed from the Lagrangian by the BPS field redefinition [14]
bnp(®) = Yo (2)np(T), Ang(z) — Yn(x)An,q(w)Y,:’(a:) ) (2.14)

with the soft Wilson line
0
Y, (z") = Pexp (zg/ ds n-As(z" + sn“)) . (2.15)

—00

This field redefinition allows us to organize power corrections as gauge invariant prod-

ucts of collinear and soft fields as we discuss in the next subsection.

The SCET collinear lagrangian, £, is derived from the QCD lagrangian by inte-
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grating out the field, &;. At LO, we have [10, 18]

_ 1
LY =& (in-0+gn-An + z‘zpnlwnp—wwnl)—gfn , (2.16)

where we intrinsically sum over the large, label momenta, p, as well as the collinear
index, n, which we have kept explicit as a label. The LO collinear Lagrangian for

gluons is given in [14].

Operators are formed from products of the above fields, and the power counting
for an operator is determined by adding up contributions from its constituents. The

power counting for the fields and derivatives in SCET is

En ~ A, (n'Amﬁ'An,ArJf) ~ ()‘2) 1, )‘) ) gs ~ )\3, Ag ~ )‘2a
O~ X2, (in0, 7P, Par) ~ (A 1L,N),  W,~Y, ~ . (2.17)

2.1.1 Gauge Invariant Field Products

To build operators in SCET we want to use structures which are gauge invariant and
homogeneous in the power counting. For SCET a convenient set of gauge invariant

structures are:
Xn = Wi, DY = WIiDFW,, (2.18)

together with the P% label momentum operator and derivative operator i9* acting
on these structures. The collinear fields in Eq. (2.18) are the ones obtained after
the field redefinition in Eq. (2.14). It is convenient to be able to switch the collinear
derivatives multiplied by Wilson lines for gauge invariant field strengths, for which

we use

iD= P +gBy, 25# = —PM - 9B,
(_
inD, = in-d+gn-B,, m(ﬁn =in-0 —gn-B,, (2.19)
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(I1)

Figure 2-2: Final state with a quark (q;), antiquark (p;), and gluon (k). Different
kinematic configurations are described by different SCET operators. In (I), the quark
and the gluon are collinear to the direction ny, represented by their sharing a cone. In
(IT), the vectors ¢; and k; are too far apart to be collinear. The Feynman diagrams
below show that collinear fields can come from the Lagrangian vertices, but non-
collinear ones arise from higher-multiplicity operators.

and note that #-D,, = P,.. Here the field strength tensors are

9B, = [%[m-pn,m#]], gn-B, = [

n

[z’ﬁ-Dn,in-’Dn]}, (2.20)

A

where the label operators and derivatives act only on fields inside the outer square

brackets, and gB"  and gn-B, are Hermitian.

We can construct gauge invariant operators using the fields defined above. Since
the collinear fields carry a label referring to a specific light-cone vector, these operators
describe particles in a specific region of phase space. SCET therefore distinguishes
situations with the same number particle but different kinematics using different, op-
erators. For example, one can take an amplitude for three external particles: a quark
(¢1), a gluon (k) and an antiquark (p;). We can consider two different configurations

that we call [¢nygnyGn) and |gn, gn;@a). In the first, shown in Fig. 2-2(I), the quark
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and the gluon are ng-collinear, and the antiquark is collinear to a different direction,
.. Here the amplitude is described by operators with two distinct directions, say

XnoFXﬁ ~ >‘2, )—CnogBﬂo_LF,Xﬁ ~ /\3a (221)

n

(where the form of the Dirac structures I' and I" are not central to our discussion
here). The first operator in (2.21) can emit 7 - A,, gluons from the Wilson line in
Xno, but requires a Lagrangian insertion to emit an A,fo gluon. Schematically the

amplitude for a transverse gluon has contributions

Al = / d*z (O|T L) () %noTx7(0)]GnoGnor) + (0] Xm0 9B, L T'X7(0) | g Gno @ ) -

(2.22)

In Fig. 2-2(11) each of the particles is collinear in a distinct direction, so no cone of
size ~ A fits two of the momenta. In this case, the amplitude can only come from an

operator with three distinct directions, such as x,, B / xa

AT — (lenlng:,llF”xﬁlqmgn/lcjﬁ>. (2.23)

2.2 Reparametrization invariance

When a set of fields have their largest momentum component in a light-like or time-
like direction then the structure of operators built from these fields is constrained
by reparametrization invariance. This invariance appears due to the ambiguity in
the decomposition of momenta in terms of basis vectors and in terms of large and
small components, in other words reparametrization constraints arise because the
decomposition in Eq. (2.1) is not unique. We can shift n by a small amount and still
have a suitable basis vector for the particle. We also have a large amount of freedom

in the choice of 7. For each {n,n} pair the most general set of RPI transformations
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which preserves the relations n? = 0, 7> = 0, and n-n = 2 are

n, = n, + At n, —n 1+a)n
o amg mn (L+a)n, (2.24)
Ny — M Ty — My + €5 n, — (1 —a)fy,
where the five infinitesimal parameters are {AL, e-, o}, and satisfy 7-e- = n-et =

n-ALt = n-At = 0. The transformations (I), (II) and (III) in Eqgs. (2.24) are
called RPI-I, RPI-IT and RPI-III. To ensure that n provides an equivalent physical
description of the collinear direction for these particles requires the power counting
{AL ek, a} ~ {X, A% A%} [77]. Thus n can only be shifted by a small amount, while
parametrically large values of a and 5j are allowed. This is because the vector n has
physical meaning, 7 is the direction where most of the momentum is allocated, that
is the direction 7 is inside a cone centered on 7 with on opening angle ~ A. The
~ RPI-I transformations moves n inside this collinear cone. 7 does not carry any real
physical meaning and it is only needed to decompose the momentum in (2.1). The
collinear sectors {n;} in SCET are really equivalence classes of null vectors, {[n;]},
where an equivalence class [n;] is defined as

;] = {n € [nj]|n-n; S X°}. (2.25)

~J

The class [n;] consists of all light-like vectors connected to n} by a type-I RPI trans-

: b n I
formation ny — nji + Anj Ir

The type-11I boost simply ensures that (#Nn;) — (#N7;) — (#Dn;)+ (#Dn;) =0
for each i, where (#Nn;) counts the number of n; factors in the numerator of an
operator, (#D;) counts the numbers of i; factors in the denominator, etc. With
three collinear directions an example of a type-III RPI invariant parameter is

ny-Ng NN
SRR LY (2.26)
Ng- N3
The type-I and type-II transformations of collinear objects are more interesting and

are summarized in Table 2.1, which we take from Ref. [77]. Since the factors induced
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Type (I) Type (II)
n — n+ A" n — n
n - n n — n4et
n-D, - n-D,+A+.-D+ n-D, — n-D,
A Elj_ nt
Dt — DﬁJ_— L n.D, ——AJ‘ D, Dy = DZ_L—"2—n~Dn——7€'L-Di'
n-D, — #-D, n-D, — #A-D,+et-Dt
b o (L+1441) & & - (1+1855 Ph) &
W W woo [1- el-D,f)W]

Table 2.1: Summary of infinitesimal type I and II transformations from Ref. [77].
With multiple collinear directions these transformations exist for each {n;,7;} pair.

by these transformations occur at different orders in )\, demanding overall invariance
of a physical process provides connections between the Wilson coefficients of operators

at different orders in the expansion.

When we couple collinear and soft particles there is another ambiguity, associated
with the decomposition of a collinear momentum into large and small pieces. If the
total momentum P* of a collinear particle is decomposed into the sum of a large

collinear p* and a small soft momentum k*:

Iz M
Pro= PR = T (p K)ok (pu+ L), (2.27)

then operators must be invariant under a transformation that takes n-p — f-p + 7-¥,
P> +0, nk > na-k—n-f and K] — K —¢. To construct invariant
objects that have nice gauge transformation properties we use the combined covariant

derivatives [15, 25],
iD" + W iD* W!, in-D,, + W,ifi-D,W . (2.28)
This can be implemented by taking

Z’ng_ - lDﬁ:lLl = ’LDgJ_ + ,[’Dsl# ’ fn — iﬁ'Dfull = fn + ?:T‘l'Ds ) (229)
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and then expanding in \. The results in Eq. (2.29) give powerful relations as they re-
late the coefficients of operators involving collinear fields to those involving soft fields.
These relations are quite easy to derive order by order in A. Note that reparametriza-
tion constraints associated with transformation of the soft Wilson line Y,, are auto-

matically enforced by the other constraints.?

2For example, prior to the field redefinition only the combination in-D = in-9 + gn-A; + gn-A,
appears acting on collinear fields. A type-I transformation connects this to a D;-, and Eq. (2.29)
then connects this to the same iDZ that one would find by direct transformation of Y.
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Chapter 3

Reparametrization Invariant

Collinear Operators

3.1 Introduction

To study a process using SCET, the standard procedure is to take the QCD current,
Jqcp, underlying that event and to expand it in terms of SCET operators using an

operator expansion:
Jacp = Y CiO;, (3.1)

where C; are the Wilson coeflicients describing the physics at the hard scale, and O;
are the SCET operators that reproduce the infra-red (IR) behavior.! The process
of calculating the Wilson coefficients is called matching. All the operators in SCET
have a power counting in A, and the OPE is organized as an expansion in A. In
order to fully reproduce Jocp, we have to match it to an infinite tower of SCET
operators with higher and higher power counting, but at a given power of )\, the
number of operators is finite, and we only match Jgocp to SCET operators up to a

fixed order in A. To construct the expansion (3.1), the standard procedure is to build

1 We will see in the next paragraph that the product of Wilson coefficients and operators in
Eq. (3.1) is actually a convolution.

37



a gauge invariant basis of operators with a definite power counting, using the gauge
invariant fields defined in Section (2.1.1). We call leading order (LO) operators, OX°,
the operators in (3.1) with the lowest power counting, next-to-leading-order (NLO)
operators, ON©, the operators with the next higher power counting and so forth.

Thus we can write (3.1) as

Jacp = ) CFPO° +> " CNOOMO + .. (3.2)

SCET is invariant under reparametrization invariance, thus we have
5RPI(Z Ci0;) =0, (3.3)

where with dgp; we indicate the set of transformations in table (2.1). We can solve
the Eqgs. (3.3) order by order in A and find relations among Wilson coefficients, and
because the transformations in (2.1) occur at different order, Eqgs. (3.3) allow us to
relate Wilson coefficients at different order. In other words, we use RPI transforma-
tions to reduce the basis of operators that we need for the matching. Because the
reparametrization invariant transformations depend on the collinear direction n, if we
have operators with different directions, we have a different set of transformations for
each n. Thus when dealing with operators with multiple directions, solving Eqs. (3.3)

becomes hard, if not prohibitive.

In this chapter we will construct RPI operators QF, which are reparametriza-
tion invariant, that is 6Rp1(Qi) = Q. The results of the chapter were presented in
Ref. [80]. The operators Q' are made of reparametrizatibn invariant fermion fields
¥, and gluon fields G*, that we call superfields. The superfields are made gauge
invariant using a reparametrization invariant Wilson line W, that is the generaliza-
tion of the usual W,,. These objects do not have a definite power counting order,
in particular we will know the order in the A-expansion where they start, but they
will contain terms at all higher orders as well. We build a basis with these RPI

and gauge invariant objects, which is made minimal using equations of motion and
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kinematic constraints as discussed below in Section 3.4. Each element of this basis
is assigned a Wilson coefficient, and then the elements are expanded to find the final
basis with elements of a definite power counting. In this way we immediately obtain
relations between Wilson coefficients of operators at different orders. Once we expand
and check for redundancy, the number of independent Wilson coefficients is equal to
the number of independent RPI operators in the reduced basis. We will apply RPI

operators to construct the minimal basis of operator for several processes.

In hard-scattering processes, DIS provides a familiar context where the construc-
tion of a minimal operator basis requires judicial use of the quark and gluon equa-
tions of motion, and an invariance under reparametrizations of a light-like direc-
tion [41, 42, 62, 63, 86], for a review see [64]. The invariance under reparametriza-
tions becomes more valuable at higher orders in the expansion, being particularly
constraining on the basis of twist-4 operators derived in Refs. [41, 42, 62, 63]. We
derive RPI constraints for collinear operators in DIS and compare to these classic
results as a test of our setup. For DIS the minimization of the basis of RPI operators
is quite similar to the reduction of operators in Ref. [63]. On the other hand the basis
of SCET operators are comprised entirely of analogs of “good” quark and gluon fields,
namely a two-component quark field x, and just two components of the gluon field
strength, B . These objects both incorporate Wilson lines, and for these operators
it is easier to find a minimal basis. The RPI relations provide Lorentz invariance
connections between the Wilson coefficients in this basis. These constraints carry a
process independence, they depend on the type of operators being considered, but
not on the precise process in which they will be used. It should be emphasized that
when matrix elements are considered for a particular process, a further reduction in
the number of independent hadronic functions becomes possible. For twist-4 quark
operators in DIS this type of further reduction was discussed in detail in Ref. [42]

and for inclusive B-decays in. [95], but this type of reduction is not our focus here.

Our construction is general enough that it applies not just to DIS like processes,
but to operators with multiple collinear directions, which are useful for processes with

multiple hadrons and jets. These operator bases provide a starting point for deriving
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appropriate factorization theorems for different processes. The invariant operator
procedure becomes more and more efficient as the number of directions grows.

The outline of this chapter is as follows. In subsection 3.2 we study the convolu-
tion between Wilson coefficient and operator. We divide hard interactions into two
categories, those with an external hard leptonic reference vector ¢#, and those where
the hard interaction is between strongly interacting particles. Since most SCET ap-
plications focus on the former case, we address some of the additional notational
complications that occur for the latter. A set of RPI invariant collinear objects is
constructed in subsection 3.3, followed by a summary of identities that can be used to
reduce the operator basis in subsection 3.4. The inclusion of mass effects is considered
in subsection 3.5, and the expansion of the RPI objects is carried out in subsection 3.6.
Applications for constructing operators are considered in subsection 3.7. In subsec-
tion 3.7.1 we verify that our approach provides a simple way to reproduce the known
RPI result for the chiral-even scalar current given in Ref. [58]. In subsection 3.7.2
we construct a general basis of field structures involving up to four active quark or
gluon operators, and with up to four distinct collinear directions. In subsection 3.7.3
we consider the special case of quark operators for DIS at twist-4 with one collinear
direction, and compare with fhe literature. In subsection 3.7.4 we derive a basis of op-
erators for pure gluon scattering in DIS up to twist-4. Finally we apply the formalism
to jet production. In subsection 3.7.5 we demonstrate that very little information is
gained about the operator basis describing ete™ — 2 jets. In subsection 3.7.6 we show
that RPI turns out to be quite powerful for constraining the ete™ — 3 jet operators.
Finally we show that RPI is also useful for two jet production from gluon-fusion,
gg — qq, and we construct a basis of operators for this process in subsection 3.7.7.

Conclusions are given in subsection 3.8.

3.2 Convolutions

In the presence of collinear fields, a hard interaction can introduce convolutions in

variables w; between the perturbatively calculable Wilson coefficient C(Q?, w;) and the
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matrix element of the collinear operators. In this case the amplitude, cross-section,

or decay rate has the form
A= / (dovs - - - deoe] C(Q2, w3) (O(ws) - (3.4)

The convolutions occur because a component of the hard momentum and of one or
more collinear momenta are O(A°). The exchange of momentum between the hard
and collinear components yields a convolution in variables w;, where the number of
such variables is constrained by gauge invariance and by momentum conservation in
the matrix element. A gauge invariant momentum from the collinear fields can be
picked out by a delta function acting on one of the collinear objects in Eq. (2.18),
such as [6(w — - Pp)xn], and traditionally in SCET a subscript notation is used for

these products,

Xnw = [6(“) - fn)Xn] ’ (?’Dﬁl)w = [Z'D::J_ 5((4) B ;—P—IL)] ’
(9B = 9B 6@ =P)],  (gn-Bou= [gnBad(-Ph)].  (35)
We will refer to these as homogeneous objects since they have a definite order in

A, and call the operators build from these objects homogeneous operators. As an

example we have the bilinear scalar operator,
O((—Lh, (U2) = Xn,wl %Xn,wz - (36)

When we consider RPI it will be convenient to use different § functions and con-
volution variables @, that are type-III invariant. Essentially each P,, = 7i-P,, must be

multiplied by a scalar transforming as n under RPI type-III. There are two cases to

consider:

i) situations where there is a reference vector ¢* for the hard interaction, |¢?| =

®Q?* > Aqcp, which is external to the QCD dynamics,

ii) situations where the hard interactions are purely from strongly interacting par-
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ticles.

Case i) applies to examples such as DIS where ¢* is the momentum transfer from
the virtual photon, or ete™ — jets where ¢* is the four momentum of the e*e™ pair.
Here we can use n-q ~ A° to make the -function type-III invariant for n-collinear
fields. Since @* > AAqcp > AZQCD we know that n - q¢ > n - p, where p is the
momentum of a collinear particle in the jet. Thus we use a variable w with mass

dimension two, and will find J-functions of the form?
§(@—n-qPn). (3.7)

We also introduce a subscript notation with hatted variables,

Xn,o

(9Bp1)e

[6@-naPw], (Db = [iDh 8(@—nqP})],

[gB,’“:J_é(cD—n-qu)], (gn-Bn)wE[gn-Bné(d)—n-qu)]. (3.8)

Since §(& — n - ¢P,) ~ A, it is leading order in the power counting. Furthermore,
we have 0(&0 —n - qP) = 6(&/n - q—P)/n - q, so identifying & = n-qw there is no
real change to the structure of Eq. (3.4). An operator built out of the components
given in Eq. (3.8) has multiple labels, O(&1, &, . . .), and the Wilson coefficient for the
operator will be a function of the same parameters, C(wy, @, . . .), yielding Eq. (3.4)
with @’s replacing w’s.

For processes in case ii) there is no analog of the external ¢#. Examples here
include pp — jets, or any other hard process that does not involve external leptons or
photons. The key difference with case i) is that here the hard interaction must involve
two or more collinear directions, so we are guaranteed that there are scalar products
ni-n; ~ A’ For this type of reaction the type-III invariant d-functions which are

convoluted with Wilson coefficients always involve large momenta for two different

2 For B-decays these type-IIl invariant d-functions were used in Ref. [85], with ¢ ~ myv#,
(0 ~n-qPp) = 6@ —mpn-vPy) = 1/mp 6(&’ —n-vP,), where & = myc’. This form of invariant -
function was also quite useful for analyzing the factorization theorem for ete™ — J/¢ X in Ref. [49].
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collinear directions,
—_ ~ 1 T T
Ay = 5(%’ — Gy Pnipnj> : (3.9)

Here P, acts on a gauge invariant block of n;-collinear fields, and —ﬁnj acts on a
block of nj-collinear fields. Since this d-operator does not act on a single block of
collinear fields we will not use a subscript notation like Eq. (3.8) for &;;. In this case
the structure of the factorization theorem between operators and Wilson coefficients
is a bit different than in Eq. (3.4). For example, consider an operator with collinear

objects for four directions, where the convolution is
[ T ] C@)TT Bem) o (955 (9550 (3.10)
2 km .

Here the products are over the six unique pairs ij with i # j, and P, in the A,
acts on the n;-collinear field(s). The convolutions in Eq. (3.10) can be manipulated
into the form of Eq. (3.4) by inserting four factors of 1 = [ dw; §(w; — Pp,), writing

A

;5 = 6(Wi; — n; - nj w;w;/2) and carrying out the integrals over the six dy;’s to give

/ [dwl . 'dw4] C(ni'nj wiw]’)Xﬂl,wl (ngl_g,wg)(gB';i;,w‘;)XnQ;wQ . (3-11)

Here the RPI-IIT transformation of the measure cancels against that of the §-functions
in the operator, and RPI has constrained the Wilson coefficients to only depend on

invariant products ni -nowiws, N -N3wWiws, etc.

Due to the simplicity of the soft-collinear coupling at leading order in SCET a
further factorization of the EFT matrix element can be made into collinear pieces J,

and soft pieces S at each order in the power counting:

(O(ws)) = / dhy J(wi, ky) S(ky). (3.12)

However it is the factorization in Eq. (3.4) that will be central to our discussion of

reparametrization invariant operators.
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3.3 Construction of RPI and Gauge Invariant ob-

jects

We now construct reparametrization invariant objects in SCET whose leading terms
give the fields in Eq. (2.17). These are then generalized to objects that are simultane-
ously RPI and gauge invariant whose leading terms give the objects in Egs. (2.18,3.8).
For simplicity only collinear objects are considered in this section. Pulling out the
large phases from the collinear quark field and gluon field strength, and decomposing

the full theory field into independent collinear sectors we have at tree level,
P(@) =D e yn(a),  G(@)=) e TG (@) (3.13)

Full Lorentz invariance act on the fields ¢(z) and G*(z), but the RPI transformations
that we are interested acts independently on each collinear sector labeled by n. Two
sectors i, j are independent if n; - n; > A?, and the sums in Eq. (3.13) are really over
equivalence classes, {n}, where a class consists of vectors related by RPI. From the
discussion in section 2.2 the n-reparametrization invariant collinear quark and field

strength are easy to identify

1
Yy = (1 +— Dnm@ €n, igGy, = [iDy,iD}] . (3.14)

Under the transformations in Table 2.1 for {n, 7}, the quark field v, remains invari-
ant [77], while the gluon tensor is invariant because the vector D# is invariant. To
make the fields in Eq. (3.14) invariant under the additional reparametrization trans-
formations that link collinear and soft derivatives we replace in-D,, — in-D,,+gn- As,
iD* — iD" + W,iD¥ W}, and in- D, — ifi - D, + Wit - D;W]. After this re-
placement the decoupling field redefinitions in Eq. (2.14) can be made. In Eq. (3.14)
#E, = 0, and the term in ¢, with a L-covariant derivative corresponds to the two
components of the full fermion field that are small when p, /7i-p < 1. Since 7, # 0,

the 1, field does not provide a definite power counting for operators. For example,
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Yniithn ~ A° whereas 1,1, ~ \*.

We also need reparametrization invariant ¢-functions whose expansions reproduce
Egs. (3.7) and (3.9) at lowest order. For example, these are needed to construct an
RPT operator which when expanded gives Xy, u; #Xnw, at lowest order. For situations

where there is an external hard vector ¢* the invariant d-function is

A

Ay =6 —2q-i0,,) =6(0 —ni-qPyp,) + ..., (3.15)

where as described in section 2.1.1, ¢ is a parameter specific to the kinematics of
the process being studied. Notice that §(& — 2q - i9,) starts at O(A?), is RPI, and is
gauge invariant when acting on singlet operators. Here

ior =%, 1P+ Ling (3.16)
n — 2 n nl 2 n .

and functions of i0# ~ (A\2,1, ) can be expanded in powers of X. Note that P, and
P, are only non-zero when they act on n-collinear fields. It is useful to extend this
property to the full i0%, which we can do by distributing an i0* derivative across all
fields that it acts on, writing for example 10¥thn, Yn, = (i0% P, )¥n, + Yy (104 Yn,).
In some hard processes there is more than one external hard vector, and a natural
question arises as to whether ¢* provides a unique choice for this construction. For
example, in DVCS, v*p — ¥y*)p’ we have the momentum ¢* of the incoming v* and
the momentum ¢* of the outgoing v*). In appendix A we show that as long as
g1 — ¢ ~ X or smaller, the choice ¢ suffices, since for the purpose of constructing
a basis of operators it is equivalent to the choice of any linear combination of ¢ and
¢’. On the other hand, for situations where there is no external hard vector ¢*, the
appropriate RPI d-function is

A . . . . 1 S —

Ayj = 0(wy; — 210y, - i0,;) = 5(w¢j - hi ’Pni’Pnj> +... . (3.17)
This d-function operator acts on two independent collineaf directions. In general we

must include in an operator a set of A,; and Aij which are linearly independent. Once

45



we expand, the first term in the series for Aij is not independent of the first term
from A;, so the d-function shown on the RHS of Eq. (3.17) can always be eliminated,
as we did in Eq. (3.11).

We will also make use of a reparametrization invariant Wilson line, W,, which

has the same gauge transformation properties as W,
W, = W, e7#n (3.18)

Here the operator R, starts with a term at O()\) and is built of n-collinear gluon

fields,
Rn = Rn [fn )’Pj:_]_ 7gBZJ_ ,tl"] ] (319)

where the vector t# is either ¢* or i9%, with n-n’ ~ A\°. Furthermore, R, is Hermitian,
dimensionless, and collinear gauge invariant. We leave the explicit construction of R,
to section 3.6 below, and for the remainder of this section take these properties as

given.

Under collinear gauge transformations, 1, and W, transform the same way as
&, and W,,, and G%¥ transforms as a nonabelian field strength. Thus using W,, we
can form analogs of the results in Eq. (3.8) that are simultaneously RPI and gauge

invariant, namely the superfields

U, =Wh,,  G* =WIGHW,. (3.20)
For cases with an external ¢* we also introduce a subscript notation,
U, = [0@ - 2i0,)0,], G = [ggv (& + 2q.z’§n)] . (3.21)

Operators built out of the superfields ¥,, and G4 are simultaneously RPI and gauge
invariant. They are not homogeneous in the power counting, but the superfields

reduce to the objects in Eq. (3.8) at lowest order in the A expansion. For example,
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the superfield for the fermion

. B 1
U, = e W) (1 + z%%) En = e/ MirliOn bl (1 + :i%%) Xn

i - Dy P,
C=Xn (3.22)

Similarly, (g%,7,)ig(G*") = P, gB%,+. ... Thus to form a RPI version of the bilinear

fermion operator O(ws, ws) in Eq. (3.6) we simply take
Q(@1,@2) = Yoy § Vnsy (3.23)
and note that expanding in A gives Q(&1,&2) = (n-q) ™! O(wy,wa) + .. ..

We will also need the equations of motion for the RPI quark and gauge superfields
in Eq. (3.20). The n-collinear Lagrangian for the quark field is [10]

Lon =&, (m - Dy, + z‘@,&m .1D upg) %gn : (3.24)

We can write Eq. (3.24) in terms of ¢, as a simple Dirac Lagrangian
Lon = Pty ¥n, (3.25)

The equation of motion for ¥, is a simple Dirac equation ), ¢, = 0. Using W, Wi =
1, we can write WiilD, W, Wi, = 0, and thus obtain the equation of motion for ¥,

PV, =0. (3.26)
Here f?,’j is the RPI and gauge invariant derivative
D¥ = WIDEW, = ¢ifin Dt g=ifn (3.27)

For the gluon field we have the equation of motion [iD?, G¥] = igT4 5" f YITAypS
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and for the superfield
iDIGYH = [iD?, GH] = —ig TAUI T4y TS (3.28)

Note that igG& = [iD*,iD¥).

3.4 Reducing the Operator Basis

In general there are three steps that one can consider to reduce the perturbative and

nonperturbative information in the EFT to its minimal form:

a) Find a minimal basis of homogeneous operators and of RPI operators that
suffice at the desired order in A\. The homogeneous operators can be written

" entirely in terms of x,, B, and P/.

b) Compare the homogeneous and RPI basis to determine which perturbative Wil-

son coefficients are fixed by RPI.

c) Consider the decomposition of matrix elements of operators in the homoge-
neous basis, and derive further relations between the resulting non-perturbative

functions.

Generically the relation between the operator basis looks like

S5 [T o) ety Q) = 33 [T ds] Culws) O] + .., (3:29)
n; J4 7 Lz £ J

where Q,(&;) are RPI operators and O,(w;) are homogeneous operators, and the
ellipse denotes higher order terms in the power expansion. In general our focus in
this article is to carry out b) which is still largely process independent. For the most
part we give no discussion of item c), which obviously must be considered process
by process. In order to consider b) we must first determine a) which is the focus of
this Section. We will discuss the equations of motion and other relations that allow

a reduction in the basis of operators at each order in A.
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First we consider the gauge invariant objects with homogeneous power count-
ing. We would like to demonstrate that all operators can be reduced to a form that
only involves the basic building blocks x,, g8, and P{. All other homogeneous
objects can be reduced to these. For example, one might think that the objects
gBY = [1/PWIiD: | ,iDy ]W] and gBY, = [I/PW![iD" ,in-D,]W] are indepen-
dent. However they are related to the building blocks by

v 1 ,
9B = =Pi(gB1) - 7—)71(98 D+ [gB ,98%] (3.30)

1 1. 1
B, = %Pﬁ(gn'B) — ﬁm-@n(gl’)”i) + > [gBi,gn-B] ,

where we will see below that n - B and in - 9,8/ can also be reduced using the gluon

equation of motion. For yx, the equation of motion is

1
N-OnXn = —(gnBn)Xn — 1Py =Py X, (3.31)

which allows us to eliminate ind, derivatives on x,. To obtain the equations of motion
for the gluon objects we consider —g*T4 }7 . YIW, TAW Syl = [iD?, [iDk,iDY]].
Expanding in A and multiplying on the right with §(w — fi) gives three equations
Ly pav 2w 1 2 A A
w (gn-B), = 2P} (9B7). + [(gBL)w s (9B))w] = = 8T Z T T4x]]
wlin-0.98L], = ~[PloB, B)],, ~ [9B;, [PYaBI],, — 9By, 9BY, 98],

+ 2 [Phgn-B), - [PrPY 9B, + S [oBL, gn-B], — % [(9nBlu-ur, (9BL)s]

- ¢°T4 Z [ TA’YL— (Pe +g$¢ ] gT! Z [XnQ (PutgB)— TA%X"] ’

5T Y [P+ oBI T S (PutgBL ]

f
= —;—[in'angn'B}w - [('P-L)%Qn'B]w —_— [,Pyl[gBI,gnB]]w _ [gBJ_y, [Pign'B]]w

+ [9BLy, [in-0.9B1]] , — [9BL, [9BY, gn-B]]  + [in-8,P,gBY]
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+ 2[00 B (9B (3:2)

Here we sum over the color A, over the flavors f, and integrate over the repeated
index «’. In our analysis the first two equations will be used to eliminate gn-B,, and
in-0, gB' respectively. The last relation only becomes relevant at higher orders than
those we consider here. The above relations imply that when building a homogeneous

basis of operators we do not need to consider the objects

in-OnXn n-By, in-0,B., , B, BY,. (3.33)

Next we derive relations that can be used to reduce RPI operators to a minimal
form. Given the definition in Eq. (3.27), we can write 1D = id¥ + [iD¥], and it is

straightforward using Eq. (3.50) below to prove that
lq-1001D}] = uigGh” , (3.34)

and hence that g, [25#] = 0. (The results here and below apply equally well for ¢t = ¢
and t = i0,y with n-n’ ~ A°. For simplicity we use the notation with ¢t = ¢.) Eq. (3.34)

can be used to rewrite the quark superfields equation of motion in Eq. (3.26) as
TR [ ! : gﬂ”]q/ (3.35)
n¥n — — | T35 vi3dYn, ns .
o L
Since q - 10, (W — 2q - i0,) = %d) d(w — 2q - i0,) we also have the result

T . | (3.36)

9

| &

q- ian\lln,dz =

In a similar way, q - i0,G,, = (—=©/2)G) ;. The collinear gluon equation of motion

for G* in Eq. (3.28) can be rewritten as

GONGYH) = —ig TATI T4 0S¢ qu > qagf:u] , z‘gg;;"] | (3.37)
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The quark and gluon operators will have w subscripts, ¥, and G, s, so only the
equations of motion in Eqgs. (3.35,3.37) should be used to remove derivatives since
the i0,, derivatives commute with the presence of the é-function denoted by the @
subscript. The QCD Bianchi identity, D,G.,, + D,G,, + D;Gp = 0, also gives a
relation for G#, namely DG% + D¥Go* + D°GH = 0. Rearranging it gives the

n

following relation

050 = an{ || 507 0w | - [ 200 oue| + [ 2] x| } - ok,
(3.38)

which implies that i05GLY, 104G, and i0,G2* are not all independent. Closing
Eq. (3.38) with v* allows us to remove i@,G~”, which is how we will choose to use this
identity in quark operators. An analog of the Bianchi identity does not occur for the
building block gB# in homogeneous operators; it easy to verify that when expanded
in A, Eq. (3.38) is trivially satisfied. Egs. (3.35-3.38) are the RPI equivalent of the
results in Egs. (3.31,3.32), and can be used to reduce the RPI operator basis.

The above results imply that when building an RPI operator basis we do not need

to consider the objects
17 q- 10,V , [i0,G¥], i, Gh” | [q-10, QZ‘L . (3.39)

This list is not exhaustive. By manipulating operators in specific situations further
structures can be eliminated using a combination of the above identities. For example,
for in Sections 3.7.3 and 3.7.4 below we will see that ¢,G%i0], with the 0] acts on
a n-collinear quark or gluon field, can be eliminated.

In principle one can just count the number of RPI operators and compare to the
number of operators in a homogeneous operator basis with definite power counting
to determine whether there are any RPI constraints on the Wilson coefficients. The
key issue here is that of linear independence, even if one has the the same number
of operators in the RPI and homogeneous basis, it could be that two RPI operators

constrain the same linear combination of operators in the homogeneous basis.
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3.5 Extension to Massive Collinear Fields

Massive collinear quarks in SCET were first studied in Refs. [74, 89]. After the field
redefinition in Eq. (2.14) they have the LO Lagrangian

L= i Dot (P —m)— el +m)| B a0

The appropriate RPI transformations with massive quarks were determined in Ref. [34].
The only change is in the type-II transformation of the fermion field, where one has
to add a mass dependent term:

o

11
n— |1+ —
§ + 2 n-iD,

(iDL —m)| & (3.41)

Under this transformation the Lagrangian in Eq. (2.14) falls into two invariant parts,
one fixed by the leading order kinetic term and one whose coefficient encodes the
choice of mass scheme. Note that the RPI transformation itself is not modified by

the presence of a mass term, the transformation of 7 is still exactly as in Eq. (2.24).

We can now build an analog of the RPI superfield for a massive collinear quark.

The reparametrization invariant quark field is

Yn = <1 +— iDn (iPy + m)%) &n- (3.42)

This leads to the modified RPI superfield for a massive collinear quark

U, = ¢ifn ll + %(ﬂ?ﬂ; + m)%l Xn - (3.43)

This result is included for completeness. Our focus in the remainder of the chapter

will be on massless collinear quark fields.
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3.6 Determination of R, and Expansion of ¥, and

G

In this Section we derive an expression for R,, appearing in the RPI Wilson line, and
then expand the invariant objects ¥,,, G**, 6(w — 2q - ¢0,,), and 0(W12 — 20y, - 10y,).
We can define the collinear Wilson line W,, by the equation:

(- D)W, =0. (3.44)

We define the RPI W, generalizing (3.44) to a covariant derivative D, along a (non
light-like) direction ¢ as:
[(t : Dn)Wn} =0, (345)

where t is such that n - ¢ ~ A%. This implies the momentum space representation:

W, = [Z exp ( 7 fi%n)t : An)] . (3.46)

perms

We would like to find R, such that W, = W, e *f». Thus e *F» is the operator that
rotates W, from the light-like direction n to the direction . W, is reparametrization
invariant to the choice of the basis vector n, which labels the n-collinear fields A#,
since such reparametrizations cannot change the fact that n -t ~ A°. Recall that
the subscript 7 on W, labels the equivalence class {n} of vectors that are related by

type-1 and type-I11I RPI transformations. For any ¢ such that n -t ~ \° we have

1

T nAn+..., (3.47)

tAn= =
Pr

and thus

Wp=W,+..., (3.48)



where the ellipses represent power suppressed terms. In Eq. (3.47) the n - t’s in the
numerator and denominator cancel out in the leading term, leaving a ¢ independent

result.

For situations where we have an external hard vector Q“, we can simply take

t* = ¢* and use the corresponding W, as the RPI invariant Wilson line.

For situations where there is no external ¢*, the choice for t* in W, is less obvious
since the only available RPI vectors are operators themselves, 0%, where n’ is a
distinct collinear direction from n. In this situation, any choice t* = 9", satisfying
n-t=n-nPy+...~ A +... is equally good, and the existence of the hard
interaction guarantees that such an n’ exists. In this case W, still yields W, at lowest
order, and hence only behaves like an operator in the n’ direction through terms in the
power corrections, namely the ellipsis in Eq. (3.48). In these ellipse terms the i0,’s
appear linearly order by order. Since the derivative i0,s does not act on n-collinear
fields it behaves just like an external vector ¢ as far as manipulations related to the

n-collinear fields are concerned.

In the remainder of this Section we adopt the notation ¢ = ¢, even though the
algebra applies equally well to both cases mentioned above, with the substitution
g — t = 10, in appropriate places. The only complication for the case ¢t = 0, is

that the dot product n - 0,y must be expanded using

nn = = — n = . . n-n =
—2— 'Pn'Pn/ +n -ZanJ_'Pn/ + n-z@n/ﬂ?n -+ 228nl "Lan/_L + T n'zan P
_,

= =
n i I _ . . ;. . n-n . .
0 10y Pp + 7105 n-i0, + 710 010 + Tn.z&b n -0, ,

210y, 10p =

n
+

(3.49)

where the first term is ~ X°, the next two ~ A, the following three are ~ A2, then the

next two are ~ A3, and the last one is ~ A%

Adopting t = ¢, Eq. (3.45) can be used to prove that
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To calculate iR, we exploit Eq. (3.50) and calculate iR, order by order in \. Substi-
tuting Eq. (3.18) into Eq. (3.50) we find

(q-1D,) = e B (q-40,) P~ . (3.51)

Because of the Hermicity of sD* and i0%, R,, is Hermitian. Applying the Hadamard
formula to Eq. (3.51) we obtain

(@+D,) = (a-i02) + 3 5 {{(a-02) (iR B (352

where {{ A, B}} = [A, B] and

J
A

{A, B} = {[A,B], B} =---[A,B,]B,]...,]B] . (3.53)

Expanding R, in terms with R¥® ~ X we can expand all the objects in Eq. (3.52)

in A and solve the resulting equations order by order for R Thus we write

[o.¢]
iRy =) iR,
k=1

(q : an) - anfn + (QJ. ' Pn_L) + (QJ_ : an_L) + _2_q'(n ' Zan) + Zl;z"g(gan) )

(q-10n) = 2P+ (g1 - Pos) + 2 (n - i) (3.54)
(g-10,) is a derivative operator, so when it acts in a commutator with (¢B*) we have
[(q-10n), (9BM)] = [q-i0n (98B7)] , (3.55)

where the last set of square brackets means that the derivative acts only inside.

Substituting Eq. (3.54) into (3.52) we can solve for iRP. The first two terms are

- cu-(gBi)} , (3.56)
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iR = [ (7q) (gn-B,)] [0 g, (g2

n-qPn (n-qPn)
+ [anfn Hn-qlfn QJ_’(QB;J{)]7 QL'(QBi)H .

The n-B,, term should be further reduced with the equation of motion in Eq. (3.32) to
terms involving x, and B%, . In terms of the iR%® we can determine the A expansion

of the invariant Wilson line

W, = i Wk (3.57)
Using the definition in Eq. (3.18) the first few terms are
WO =w,, WP=_-W,(RY), W= E(z’Rﬁ}))2 — (mf?)]. (3.58)
The expansion of the invariant Wilson line is therefore
W, = W, — W,(iRW) + W, E(iRS))Z - (iR?)] +o (3.59)

Using these R%¥Ds and Table 2.1 it is simple to check explicitly that W, is RPI up to
order O()\3). Note that we did not assign a suppression for ¢, anywhere above (ie,
we took q; ~ A°). Taking q; ~ A causes further suppression of some of the terms in

Eq. (3.56). For cases where q; = 0 the expansion of W, starts at O(\?).

We will also need the A expansion of the invariant d-functions, §(w — 2¢ - i0,) and

8(@r2 — 2i0p, - 10y, ). For the former we have
§(@—2q-10,) = (& —n-qP, — 29, -PpL — n-qin-0,) (3.60)
1 > —
=— (1 *) ) §(w — ]
nq[< +k§=:1p“ ) (W =P},
where the first two terms are

P = _2¢1Pus d @ = 2(_‘1_%_'_7371&)2_‘52_ _ @;ﬂ(m O,) d

, -0 )— .61
" n-qg dw " n-q dw? n-q dw (361)
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When combining the operator with the Wilson coefficient C(w;) we can integrate by
parts to move these derivatives onto the C'(w;) and leave a simple §-function in the

operator. For the J-function with two collinear directions we have

d(w12 — 20y, - 13n2) (3.62)

= . = . . . 1Ny
Pnl Pnz Pnl ny -28n2_L - Pn2n2 'Zanll — 228n1l -z@nzL

N2 My ™ a a = nyng . )
- N210ny Py — N1 -10p, 71 -10p,1 — Ng-10p,Mi2 10k, | — 11 10p, Mg -10p,
2 2

= [(+ 2 r)o(n - 5P

where the first two terms are

d
p5111)n2 = {Pnlnl ’Laan_ + Pn2n2 z@nll} Jio s
@ = : = . 2 g2
pnlnz - [Pnlnl 'ZangJ_ + Pnan‘zanlj_] w

d
o

’Fll Mo

1110, Pray + — (3.63)

— [27;8”1_1_'?,87121_ + 2 1 n2'langpn1]

All terms with n-40, in Eqgs. (3.61) and (3.63) will be further reduced by the equations
of motion in Egs. (3.31) and (3.32) when they appear in operators.

Finally we expand the superfields in Eq. (3.20) in A, writing
U, o= Z o g =" glm, (3.64)

k=1 k=1

where \IfkaL ~ A* and Q,(l’%” ¥ ~ Ak, The expansion of the quark superfield is straight-

forward, the first few orders are

1 .
\I!S,z):; = Xnw: (365)
7

n- q
¥ = (Zi D + 1R, e+ [PP%0])
nis = = q ey Xnso + 1Ry Xnwa + [P Xom]
1 it
\11(31 - (R(2) n,w @ W R(l) o An,w,
"o T g vy Gy —wXnwa T [pn X J + Wby | TaaTerw Z%WbQX Wa
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1.
+ [pg) ; Z%wa——ngn,wa} [ (l)lLRnlc)ua—-an,wa} _ZRfllZ)a—wb—wZRgzubXn,wa) -

Here there is an implicit integration over the repeated indices w, and wp. For the

gluon superfield first it is useful to expand W1G,, W

WhigG,,W = 2 Elin-D,iD1,] — 2" [in-D,iD1,] + [iDi,, iDL, + - [m D,in - D]
¥ %% li7i- D,in - D] + Z;ﬁ[m .D,iD,,] - %[m : ’D, z’DLu]

=5 [PoBu] -5 [73961%] +[PgBLt] - " [Pgn-B]+ 4 [Pgn-B]

e 1Py 4 2 " [P (360

where gB;.- and gB,;* are given by the combinations of fields in Eq. (3.30). Using
this result to determine the first few terms Q,(fg” ” from expanding Eq. (3.20), we find

- 1 v w v v
i9G" = 5 g [ (OB = (9B10).] (3.67)

1062 = L [PLaBL)] - [PLOBL).] + (0850, 0B,

W

w
+ Z(ﬁ“ny‘nuﬁy)(gn'lgn)w + 9 [Z’RS,L)U—wa’ nu(gB'f‘:_L)wa “n”(QBZJ_)wa]

;[n PVw(9Bl, ) = (9B )] |

i9Gn" = {[@#PL = 2PL)(gn-Bu).] — [in-0a(79BY, — 7981 )]

2(n - q)

+ [t gBY ,, gn-B,] — [ 9B, gn-Ba) — [n w(gBl)upPt — nfw(gBy, )wpﬁf”]

+}

where again there is an implicit integration over w, in terms where it appears. Here
the ellipsis denotes terms in Gy, O with an iRY or pn ) which were not needed for our
analysis. The (gn-B,) and [in-0, gB'] terms are further reduced to P, ’s, (¢B})’s, and
X»’s by using the equation of motion in Eq. (3.32). Finally, recall that the expansion
coefficients in Egs. (3.63,3.65,3.67) do not encode the RPI relations between collinear
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and soft fields which can be determined using Eq. (2.29).
The above results can be used to expand the RPI basis of operators in terms of

operators in the homogeneous basis as in Eq. (3.29).

3.7 Applications

3.7.1 Scalar Current

As a first example to show how the expansion of a RPI current works, we expand
the scalar chiral-even bilinear currents (LL+RR), for processes with a hard external
vector g* up to order A\3. In the basis built from superfields there is only one current

that satisfies these conditions
\I!n,algf U, o - (3.68)

All the other possible currents (for example ¥, ;, Yudv G oy Un,i,) have expansions that
start at O(A\*) or beyond. To recover the basis with a homogeneous power counting,
all we have to do is to expand (3.68) using Eq. (3.65),

1

\I}n,&ué \I}n,cim = Wi{n,wl EXn,wg (369)

1 1 ) '
+ 20.)1 (TL q)2Xn,wa ﬁlou waﬂ dJ.Xn w2 T zwz(n_q)ZXn,wlélﬁ z@lwa—szn,wa
1 \V —_—
+ (UJ1—W )(n-q)2 Xn,wa (Q_L-QBJ.)w1—wa77£Xn,wz + (w2_w )(n-q)2 Xn,wlﬁ(ql'gBJ.)wa~w2Xn,wa
a a

1 0 1 0

— TV Xnw PT nwa P nw
(n_q)z E Xnwi I ). QL”_]iX w2 ( anlﬁf 191 Xn,wy -

n-q)? Ows

Thus all the O(\?) terms (the twist-3 terms on the last three lines) are connected.
Eq. (3.69) agrees with the original derivation of these constraints given in Eqs. (122-
126) of Ref. [58]. The ease at which Eq. (3.69) was derived demonstrates the power
of the invariant operator formalism. In this example there is only one supercurrent to

O(N?), so all Wilson coefficients are connected to the coefficient of the leading operator
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Xnw1 #Xnws- Note that here all of the connected operators involve a g1, which we have
~ counted as O(\?). We will see below that for situations with two collinear directions,
where in the end its natural to specialize to a frame where ¢, = 0, the connections
tend to appear at higher twist. For situations with three or more collinear directions

RPI will provide useful constraints on the basis already at lowest order.

3.7.2 General Quark and Gluon Operators

In this Section we enumerate an operator basis for the general set of collinear quark
and gluon operators up to O(A*). This basis is useful for many applications, and we
keep our notation as general as possible. In particular we consider up to 4 distinct
collinear directions (which for example could be used for ete™ — 4jets, or gg, ¢9, 97 —
2jets). We also discuss a basis both for the homogeneous operators with a definite

power counting, and for the RPI operators.

For processes with a hard ¢*, the most general basis of homogeneous quark oper-

ators in SCET up to O(X*) is

0 = 1 01 T Xngaon » 019 = 5, ., Do PI* % Xnawn s (3.70)
O = Xy n Ta P X O = Xy s Ta (19855 1) 4y Xonan
0% = Znrn Tas YA PE | Xpos O = % or Tap PrL Pary Xmaon »
0% = L Tap PELPE  Xnnion O = Xy T Pars (980 1) g Xz
O%) = Xy T (9B2,1) . Pt Xnnson O = Ky Las [Py (9Ba?) o] Xz o

0(29) = anvwll_‘aﬂ (g g‘B-’-)wg (gB£4l)w4 Xnz,wa 1 O(2h) = (an,wlFIan,wz) (Xng,w3F2Xn4,w4)-

If we need to specify the subscripts we write for example O®9)(wy, w3, wy, ws), with
the w; listed from left to right. Due to the equations of motion in Egs. (3.31,3.32)
we did not need to consider in - O,x, or gn - B,. For each operator there may be

a set of different Dirac, flavor, and color structures I'/ which depend on the

Qi-an

particular phenomena being studied (including also two choices for color for the I';
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in the four-quark operators O®)). In general for each independent I}, ., structure
the operator has a Wilson coeflicient that must be determined order by order in
perturbation theory. We included in Eq. (3.70) the mixed quark and gluon operators.

For pure gluon operators up O(\*) we have the homogeneous basis

O = BLt, B, O =Bt Pl By (371)
O(le) = BT_i_l;fwl 7?2.1. Brjb-zl:wz ) O(lf) = B;ll—l/fwl B7J1—2V,w2 B7Jl_37:‘*’3 )

0% = BrJ{ﬁwl PJ;L:J_PJL?J_ BrJ;zV,wz J o) =8 i111141 ,Pl?llple B'JL-:W ’

O = plu pa ps pLv O = [Pr 1Bt ] Batis By
O™ = Bl [ProsBiin] By 0P =Bule, B, [PruBil,]

0(20) — BJ_u BJ.I/ B.Lo BJ_T

n1,w1 TN2,w2 T N3,w3 T ng,wq ”

Here we do not need to consider operators with gn-B, and gn-0,B% because using
the equations of motion in Eq. (3.32) they can be written in terms of the operators

in Eq. (3.71), and are hence redundant.

To setup the computation of constraints on Wilson coefficients we also need to
build an RPI basis of operators using the objects in Eq. (3.13) and i9¥. Because each
operator will be RPI, its Wilson coefficient is truly independent of those for other oper-
ators in the basis. The RPI operators can then be expanded in terms of homogeneous
operators made out of of gauge invariant objects, and doing so we obtain operators
in the homogeneous basis with all the constraints coming from reparametrization in-
variance. The number of constraints on Wilson coefficients is equal to the number of
homogeneous operators minus the number of RPI operators, once we have accounted

for linear dependencies [46, 73].

Let’s construct the RPI basis of operators which is the analog of those in Eqgs. (3.70)

and (3.71). The operators with no i9* derivatives are

Q(Oq) :anl,&qr\ynz,@z 3 Q(Og) = gvlf:,cbl gg;@’z ’ (372)
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where the basis of Dirac structures I', and contraction of indices pvor in Q% depends
on the kind of current we are studying. For cases without a ¢ the subscripts w; are
erased and RPI operators are multiplied by the Aij factors shown in Eq. (3.17).
Recall that we do not have a good power counting in the RPI basis, this basis makes
the RPI properties transparent but the power counting more tricky. When Q@9
and Q{9 are expanded in terms of operators that are homogeneous in the power
counting, they contain a leading order term, so they are relevant operators to consider
at LO. Of the RPI objects only i0* starts at leading order, so theoretically we can
construct an infinite set of LO operators using (i0,)* for any k. However, the structure
of this operator provides additional constraints. In particular the O(A°) term is
io# = (n#/2)P, + -+, and the collinear momentum P,, acting on a n-collinear field
such as Xn ., just gives a number, wy, which can be absorbed into the Wilson coefficient
C(wy,w2). For cases with a ¢” this implies that adding i04’s in a scalar operator
(where all vector indices are contracted) most often gives an operator that differs
from one we already have only at O(A). For these scalar operators we can count
i0* ~ O(X) when determining which RPI operators are required, and for simplicity
we follow this counting in the remainder of this Section. If we have an operator with
a free vector index y, then this index can be carried by 0¥ = (n#/2)P, + ---, and

the partial derivative does count as O(\°).

The expansion of the RPI operators in Eq. (3.72) in terms of homogeneous oper-

ators up to O(A\?) is

+92. 1ol 4 g0 g (3.73)

n1,w1 ng,ws ni,wi ng,Ws

Q(Oq) _ @(1) F\If(l)

n1,w1 n2,ws2

+9% el

n1,01 n2,wz

+o, Tel®

ni ,(:11 n2 yL:)Z

+0? 1o

n1,w1 no,w2 + O(/\s) )
09) _ g (o7 | o@uv Mor | oWuy @)
Q( 9 = gnl W1 gnwf)z + gnl,dfl gnz,tﬁz + gnl,tin gnz@z

n g(2)m/ g(2)a‘r + g(3)ﬁw g(l)UT + g(l)’“’ g(?’)m + O()\s) ,

n1,w1 Jng,we n1,01 Jne,ws n1,w1 I n2,ws

where the U*) and g}ﬁl are given in Egs. (3.65) and (3.67). To look for RPI relations

n,w

the results of this expansion must be compared to power suppressed operators which
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also can generate O(\?) and O(\*) terms. Up to this order the power suppressed

operators involving two or more quark fields are

QU =, 5,10 02 Uny o,

Q) =T, Tsp fo ;,3 S
Q™ = T,,, 4, Tow 10210 U, g,
QP =, 5 Tapp Z%-,?l gff :;,3 Ui s

Q(2f) = anl,ﬁq Faﬁﬁ' gff,@s ia::z ‘11"27“:’2 !

_ -
Q(lb) \Ilnl,llura 7’87?1 \11"2,‘;'2 ’ (374)
— -(_a . a'

Q(Za) = \Ijm,dzl]-—‘aa’ Zam 28"2 lIan’d& ’

Q(Qc) —
Q(26)

9 - §
Q( 9) = \I{nl,du Paﬂ’ﬂs grc:sﬂ,tbs g;:4,cb4 \I/nz,wz !

=]

!
cac Ao
71,01 Low Zanz lang \I’n2,<1'2 ’

NT . BB
\Pnl @1 Faﬁﬁ’ [2323 gn3,§)3] \I"nz W2

Q) = [T 0, D1 ¥y 2] [Ty T2 W]

Again a minimal basis for Dirac structures I will depend on the process being studied

and may differ between the various QU=

) operators. Such a basis will also in general

differ from the one for the homogeneous operators in Eq. (3.70). We will adopt

notation such as Q9 (&, W3, Oy, 2) when we wish to specify these subscripts. For a

field basis for the higher order operators with gluon fields (whose expansion starts at

O(A%) or O(A\*)) we have

(1d) _ pv  raa oot
Q - gm,@lza"z

ng,ws
(f) _ puv oT af
Q - gnl,n@l gnzywzgn&fda ’
Q) = g, 152 398, g,
ni,w1 N1 N1 Ynz,ws?

2 _ ;97 ouv oT af
Q - [Zanl nl,Ql]gnz,a’ZgnS,@S ’

2 : B
Q( " = g'gf,dn gg’;tbz [7,5'23 gzs,@s] ’

Q(le) — oM

n1,w1

'<-_-a oT
i0y,

n2,wz ?

(3.75)

21 A N I oT
Q( ) = gflif] ,L?leanz 187/32

n2,ws

(2k) _ ppv h B ~oT
Q - gm,cblzamzam ng,ws ?

(@m) _ guv oy gor 1008
Q - gnl,cbl [Za'nz nz,d;g]gng,(bg ’

(20) _ omv oT af  ~v6
Q - gnmi!l gnz,@gns,@sgm,@ :

We will include a basis of Dirac structures and expand the RPI operators in Eqs. (3.74)

and (3.75) in terms of the homogeneous ones in several of the examples below, and

consider whether there are non-trivial RPI relations on a case-by-case basis.
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3.7.3 Deep Inelastic Scattering for Quarks at Twist-4

In this Section we consider spin-averaged DIS at twist-4. This provides a test of our
technique of constructing a minimal basis, for an example where the basis is already
well known [42, 62, 63]. We will see that RPI constrains the Wilson coeflicients of
the homogeneous collinear operators. Our analysis is really of scalar operators with
one collinear direction, g; = 0, with overall derivatives set to zero. DIS is the most
popular application for these operators, so we frame our discussion in that language.
For simplicity we consider the QCD electromagnetic current J* = gy*q for one-
flavor of quark. (We briefly discuss the generalization to non-singlet operators in a
footnote.) The study of higher twist in DIS and related processes is an active field of
research, for example [23, 28, 36, 53, 66, 87]. In the language of SCET, DIS was first
studied in [9], whose notation we follow. The virtual photon has momentum transfer

¢ =—-Q?% and z = Q*/(2p - q) is the Bjorken variable.

In the Breit frame the momentum of the virtual photon is ¢* = Q(7* — n*)/2,
and the incoming proton momentum is p* = n## - p/2 + 7i*m2 /(27 - p) where m,, is
the mass of the proton. Expanding in m,/Q we have n-p = Q/z — a:m?, /Q+.... The
energetic proton has a small invariant mass p* = m2 ~ Ajcp, and in the Breit frame
it is described by collinear fields in the effective theory with a power counting in A =
Aqep/@. It is convenient to pick this frame in order to be able to assign definite power
counting to momentum components. What reparametrization invariance enforces is
that all results are invariant to small perturbations about this frame, encoded by
changes to the collinear reference vector n*. Since these changes are small we are free
to use the same power counting when studying the RPI relations. There is a larger
class of frame independence, which says for example that the same results would be
found if we compare an analysis in the Breit-frame with an analysis made about the
initial proton rest frame, but this set of “big” frame transformations does not encode
non-trivial dynamic information that relates coefficients of operators at higher twist.

All final results are of course entirely frame independent.
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For spin-averaged DIS the hadronic tensor has the structure

Tﬂu = <_guu + ‘]:‘73’1) Tl(x: QZ) + (plt + g_;) ( v+ ;1_;) T2(x> Q2)7 (376)

where

Tu(p,q) = %Z@ITuu(q)lp), Trulg) =i / d*ze"*T[J,(2), 1,(0)].  (3.77)

spin

The scalar structure functions T; can be projected out of 7}, using

T,(Q? )__1< w_ 42 p”' ”)T
1 y L) = 2 g Q2+4m12,x2 Y4 uv

222 ( " 1222
Q? + 4m2z? I Q? + 4m2a?

Ty(Q% ) = Py ). (378)

The expansion of 77 and 7T, has been carried out up to twist-4 with the Wilson
coefficients determined at tree level in Refs. [42, 62, 63]. To simplify our calculations
we will make use of the fact that the projections in Eq. (3.78) commute with taking
the proton matrix element, and hence can be applied directly to f’”,, to give T; and
T, where % Zspin (pITz|p) = T;(Q? ). Thus we consider the expansion of 7} and 75

in scalar chiral-even operators, by writing
5= / [deok] CF () O; (i) (3.79)
J

Here [dwy] = dw; - - - dw, is the integration measure over the independent parton mo-
menta wy, carried by the Wilson coeflicients ij and the operators O;. The superscript
[i] indicates that the Wilson coefficients for the two tensor structures will in general

differ. We also consider a basis of RPI operators Q, by writing
7= 3 [ € @0Q 0. (3.80)
J

Unlike the O;’s the Q;’s do not contain contributions of a definite order in the power

65



counting. Using the RPI Q; operators we can test if there are relations between the
Wilson coefficients CJ[i] of the O;’s. A connection would mean, for example, that the
one-loop coefficient for a twist-4 operator is determined by a coefficient at twist-2 at

all orders in .

We first write down a gauge invariant basis of chiral-even quark operators that
are homogeneous in the power counting. This can be done using the general basis in
Eq. (3.70) with all directions n; = n. Furthermore, since the DIS matrix element is
forward, we have (p|[P*O]|p) = 0 for any operator O. Thus we are free to integrate
1 -label momentum operators by parts, and hence can ignore all terms with Pl’s in
Eq. (3.70). (If we consider our analysis to be of the general scalar operators with
one collinear direction, then this is the only simplification that we make which relies
on the form of the final matrix element.) For simplicity we also drop the square-
brackets from inside O?/) in Eq. (3.70). A minimal basis of chiral-even parity-even
Dirac structures between the n-collinear quark fields is easily constructed using the
properties of the SCET x, fields. We have i) just {7#} when there are no vector
indices on fields, ii) no elements at all when there is one vector index, and iii) just
{g”, i\ s} or {#g”, #Y\ v} for two vector indices on fields. Here ii) is the
standard fact that the spin-averaged case does not have twist-3 terms. (For polarized
DIS it does not suffice to only consider the scalar operators.) For the four-quark
operators we can have I'; @ Iy = {7 ® i, fiys ® fiys} and color structures 1 ® 1 or
TA ® TA. Thus the basis is

0 = )—(n,wlg Xnws » 0, = Xn,w%?’i Xngwn » (3.81)
O = T b (0B )P O = i & PGB e

Ote = S b (98,0 Pi s O = Tk PL(0B,

05 = S b (981 (0B o O = Koo S T((08,)es(98, D
Or = T b (9881 (9B o O = T 5 TH[(9 ) (9B o s
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_ _ 7 _ _
09 = {X",wl %Xn,wz] [Xn,ws '2—Xﬂ,w4] ) 010 = [Xn,wl g"YE)Xn,wz] [Xn,u.ag %i’ySXn,m;] )

011 = [Xn,wl %’YSTAXn,wz] [Xn,wg %75TAXn,w4]a 012 = [Xn,u.u %TAXn,wz] [Xn,w;; gTAXn,w‘;} .

Recall that in an operator like O, the position space analog of P/ is to translate all
gluon and quark fields in xn ., in =, differentiate twice with respect to z’/, and then
set z; = 0. The basis shown in Eq. (3.81) can be used to describe twist-4 effects in
DIS at any order in «s. Note that we have already discussed and taken into account
the quark and gluon equations of motion in the general result in Eq. (3.70) and hence
already in Eq. (3.81). For O;; there are two color structures associated with the
product of B,’s, but these are picked out by consider Wilson coefficients Cs 7 that are
odd or even in the exchange wz ¢> wy. The forward proton matrix element of these
operators will be proportional to an overall é-function, which is d(w; — wa) for Oy,
§(w1 +ws —ws) for O3 40,46, (w1 + w3 +wy — ws) for Os_g, and §(w; + w3 — wy — wy)
for Og_12.

Next we derive the analogous results for the RPI basis of chiral-even operators.
From Eq. (3.77) the hadronic tensor operator T, v depends on ¢* which we use as
our reference vector. To construct this basis we cannot use n* or a#. Comparing
Egs. (3.77) and Eq. (3.78) we see that it suffices to construct a basis of scalar operators
for the expansion of g7, e and p“p”T#,,. The forward proton matrix element of the
expansion of these operators then yields an expansion for the observables T7 and T5.
Thus, for the scalar basis we allow any number of g’s to appear, but only zero or two

p’s. This implies that at twist-2 there is only one RPI bilinear quark operator
Ql = \i]n,cblg \IITL,(I)Q . (3.82)

At twist-3 there are no scalar chiral-even RPI operators. The candidate opera-
tors V,i@, ¥, and ¥, , 4(q - i9,)¥, s, are ruled out by the equations of motion
in Eqgs. (3.35) and (3.36). Another possible operator is ¥, (p - 8,)¥,, but it starts at
twist-6, since (p - 0,) ~ O(\?), being suppressed either by an n-p or n-9,, and p adds

another factor 2 to the power counting when it is squeezed between the n-collinear
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fermion fields x,. All the operators with G, like for example \'I-fnfy#qygﬁ”\lln, have
expansions whose lowest term is twist-4 because the Dirac structure of the twist-3
component of this operator vanishes between the n-collinear fermion fields, since x,7
Xn = 0. Thus the power suppressed terms start at twist-4 in agreement with the
homogeneous basis in Eq. (3.81). Writing out the RPI operators different from zero

at twist-4 and not connected by operator relations we have

Q, = @ny®17ﬂqvgs:33qln,®2 ) Qs = @n,®1¢7ﬂ7Vigg5:33\Ijn,@2 ' (3.83)

Q; = 0" Vo 1t G V05000 Unin, Qs = — 0" Unanf Vud Va8 Tr(GE%, Gl [Wna »

Qe = —gzq}n,&zldq“qu(gn,cba)yagg:a4\pn,cbz ) Q7 = _92\Iln,o31¢quqvﬁ[(gn,&a)#agzru]\Iln,@!z )
QS = [@n,&ué\l’n,@z] [‘I’n@sfé@nm] ’ Qg = [\I’n,alﬂ’)’s‘l'n,wg][‘i’n,wg,ﬂhs‘l’n,w,;] )

Ql() = [\Tln,algTA\IJn,déz] [{I}n,w3gTA\I}n,(ZJ4] ) Qll = [\i’n,&ugTArYE)\I’n,&z] [\Iln,&3éTA75\I[n,&4] .

One can think of other possible operators at twist-4, but all of them are either ruled
out by the equations of motion and operator relations, or start at higher twist. For
example, there are not operators with both p# and G}, like \Txn@l%p,,gg’"d,aqfn,@,
because they all start at higher twist. We have integrated by parts making all deriva-
tives act to the right, since here our interest is in forward matrix elements, and we

removed 9, G, with the gluon equation of motion in Eq. (3.37). The operator U, ind

(10n - 100)¥n o, = Vi o, 4 iPniPnVn sy, and is removed by the quark equation of mo-
tion in Eq. (3.35). For the operators with two G’s only the structures in Q,_, have
expansions that start at twist-4. For example, G.% Gn o, at LO is proportional to
(gB%) s (9BL)wan*n” so closing the indexes with y* or 7* generates a 1t that next to

Xn ElVes zero.

It is less obvious that operators with one G, and one i0, are redundant and can

be eliminated from the RPI basis. Consider the operator

Q. = Vo d quigGh 100 Vg, - (3.84)
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To remove it we use a manipulation discussed by Jaffe and Soldate in Ref. [63]. First

we write
GLrio) = GRYiDE — G[1/(q - i0,)44igG2, ], (3.85)

and note that the term with two G,’s can be ignored since it is already in our basis.

Next using the definition (3.20) we can write

n

iy AN An A AL An AR A A g, . A
qui9GL"iDy = ¢*[iD},,iDy)iDy = 5{—Q"[’LDW [iD};,iDy]] — (iDy)%iq-8n + iq- 0, (iDy)* } .
(3.86)

The double commutator term is turned into a four-quark operator by the gluon equa-

tions of motion in Eq. (3.37). For the remaining terms we write (iD,)? = i P, /

iD, + 10,, Gk, where the 0, term gives Q, and terms involving (i],)? are turned

into the operators Q,, Qs, Q4, and Qg by the quark equation of motion in Eq. (3.35).

(They are not simply set to zero, since j7,,] does not commute with §(—2q-i8,).) Fi-
v

nally, we can also rule out the only other non-trivial operator ¥, #i07.9.G, 5, Voo

Using the gluon equation of motion we write
\Tfn’wlﬂi@’)’“q,,gg::}s ‘Iln’u_}‘z + \Tln,glyj'y#iagﬁ’”wzqullln@ = —QQ* +..., (387)

where the ellipsis denotes operators with two G,’s or four-quark fields that are part
of the basis. The Bianchi identity in Eq. (3.38) gives another relation for the two
operators on the LHS of Eq. (3.87) and implies that they can be written in terms of
Qs Q., Qq and Qg. Thus both the operators U, g, didh 1,0, Gh s, ¥n e, and U,z g
Yyt gﬁ:%q,,\lln@z are redundant. Finally we note that the order of the G,’s in an
operator like Qg is not important, since we can always symmetrize or antisymmetrize
its Wilson coefficient in @3 and @,;. Note that when considering the transformation
of the operators under charge conjugation one must consider both the operator and

its Wilson coeflicient. We discuss an example below in Eq. (3.94).

The number of independent RPI operators in Eq. (3.81) is smaller than in the basis
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of homogeneous operators in Eq. (3.83), implying that there exist further constraints
on the Wilson coefficients of the homogeneous basis at twist-4. To find the constraints
we must expand the operators in Eq. (3.83) in terms of those in Eq. (3.81). We start
with Q, through Q,; which are in one-to-one correspondence with operators in the

homogeneous basis,

W3y W3y W3y
= Os, = 2 0, = O,
Q4 4(n‘Q) 5 QE) 4(nq) 6 QG 4(n'Q) 7
_ —Wswy _ 1 _ 1
Q7 - 4(nq) 08 ) QS - (nq)2 09 ) QQ (nq)2 010 )
1 1
Q= a? Or2, Q= nq? Oq: . (3.88)

Here the order of the @; subscripts in operators on the left exactly matches up with
the w; subscripts on the right. For the remaining operators whose expansions start

at twist-4 and for (); that starts at twist-2, we have

A 1 W w
Qz(wl,w3,w2)—( NE {2—204:1(601,603,002)+ﬁ04b(w17w3aw2) (3.89)

— O3q(w1, w3, wa) + O3b(w1,uJ3,w2)] +...,

A A 2
Q3(W1yw3yw2) = W [ O4a(w1,w3,w2) + O4b(w1,w3,w2) - 203b(w1,w3,w2)] +o,
N n-q -1 d 1 d 1
Q, (@, @2) = n_qol(wlaw2) + g [{w1w2 Jor o + dios w2}02(w1’w2)
2 d 2
+ {(wa—w2)2  dw, wa—wg}{Oaa(wl’wa_w2’w“) - O3b(w1’wa—w2’wa)}
-2 d 2
+ { wl—wa dwl W1 —W, }{O3a(w“’w1_w‘“w2) - O3b(wa’w1_wa>w2)}
= ~ 104 )+ oL O, g, )
-5V a\Wq, W Wa, W -5 a\W1,We — )
w1w2 dwl w1 4 1= 2 iy 4a\W1 2, Wq
+{ Lo 1+ -4 L o )
T W1, W —W2, Wq - Wa, We, W
Wiz dwg wy ST WaWa) T i e 1T 2

Here the ellipses indicate terms involving operators Os_1, that have already occurred
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in Q4_;; and hence they are no longer important for determining the linear indepen-
dent combinations. It is interesting to note that expanding the operator Q, gives the
same combination of O3, and Og, that appears in Q, — 4¢u1 Jw3Qs, so even if we had
not eliminated Q, from the RPI basis, the implications for the homogeneous basis
would be the same.

The three RPI operators in Eq. (3.89) have expansions in terms of six homogeneous
operators O1, Oy, O34, O3zp, O4q, and Oy, so there are three RPI relations. The Wilson
coefficients of these six homogeneous operators are determined by three coeflicients,
(:’1,2,3 in the RPI basis. It is convenient to trade 6’1,2,3 for the three coefficients C1,
C3q, and Csp. The remaining coefficients Cy, Cy,, and Cy, are then determined by

RPI. We find

nqr 1 1 d 1 d
Cafonsan) =4 Ly LA 1 d g,
(w1, w2) n-q Lwiws + wy dwy + wy dwo 1w, w2)
1 -
Cia(wr, w3, w2) = —Ecsa(wl,wsnwz) - é%c%(whw&wz) + *ﬁ—;gi-w—s Ci (w1, wa—ws)
n-q(ws+w
—_ E%;%ZL_U—Z—;—) Cl(w1+w3,w2) y
w n-q (w; —w
Cap(w1, w3, ws) = —2—(510311(“1;“)3;“)2) - §C3b(w1,w3,wz) + nq(w—gl(wl)zz C1 (w1, w2 —ws3)
n-q
— m C](CU]‘HU;:,, (.dz) . (390)

We have cross-checked the relation for Cy with a tree-level matching computation.
Note that C5 (w1, ws) multiplies a matrix element that gives 6(w;y—ws), while Cyq 4p(w1, w3, w2)
multiplies a §(w; + w3 — wy), and that we have used these é-functions at various inter-
mediate steps. That is, the result in Eq. (3.90) applies for a basis of operators, whose
matrix elements have vanishing total derivatives.

Our operator bases can be compared to the flavor singlet and parity even basis
of Jaffe and Soldate in Ref. [63] which has one operator at twist-2, and 12 operators

at twist-4.> There is a simple correspondence between the 11 operators in our RPI

3The notation in Eq. (3.81) suggests that all quark bilinears are flavor singlet contractions if x,
has multiple flavor components. To incorporate other possibilities for the flavor indices is straight-
forward [63]. We consider x,, as a doublet of SU(2) flavor, or a triplet of SU(3) flavor, with elements
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basis in Eq. (3.82,3.83) and the QCD operators in their basis. The correspondence
is one-to-one for Q;, the four-quark operators Qg_;;, and the operators Q, 3 that
have one G#¥. For the operators with two G4’s we have four operators compared to
their six, but the difference is accounted for by the way in which the twist towers
are enumerated. We used continuous @;’s x;vhere even and odd symmetry under the
interchange 3 <> @ encodes two possible color structures with f48¢ and d45¢,
while Ref. [63] uses a discrete basis with integer powers of (i72 - D,,), where the choice
of which operators to eliminate by integration by parts implies that the two color
structures yield different operators. Our homogeneous basis has 14 operators up to
twist-4, and most closely corresponds to an enumeration of an operator basis in terms
of the so-called “good” quark and gluon fields. The good quark and gluon fields have
been discussed in Refs. [7, 64, 70]. In this basis the power counting is manifest.
From the three RPI relations in Eq. (3.90) the number of independent short distance
Wilson coefficients is 11, and so encodes the same amount of information as the OPE
basis from Ref. [63]. Note that there is no room in the traditional OPE in DIS for
a correspondence with higher order operators with soft fields. In our language, the
validity of the OPE for DIS with generic x implies that soft degrees of freedom are
not needed, and one can consider that fluctuations from that region are reabsorbed

into the collinear fields.

When the basis of bilinear quark operators is considered in the forward proton
matrix element it can be reduced even further as discussed in detail in Ref. [42]. In
this process it is found that the matrix elements of operators like Oy, Oy, and Oy
do not provide independent information. Hence at this level the RPI relations in

Eq. (3.90) do not appear to have practical implications.

X{r For photon currents one has a charge matrix in flavor space in each QCD current, which is
Q = diag(2/3,-1/3,—1/3) for SU(3). Thus, at leading order in the electromagnetic interactions
one must simply introduce a Q? in all bilinear-quark operators, O! through O8 in Eq. (3.81). When
counting the four-quark operators O? to O'? induced by photons we double the number of operators
because there are two possibilities, Q2 ® 1 and Q ® Q. In this notation the flavor singlet contraction
for the four-quark operators is 1 ® 1. For the RPI basis of operators the analysis of flavor structures
is identical, and hence flavor does not modify the constraints in Eq. (3.90).
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3.7.4 Deep Inelastic Scattering for Gluons at Twist-4

Next let us consider the minimal basis for pure gluon DIS operators up to twist-
4. We proceed in a similar manner to our construction for quarks, first writing the
homogeneous basis and then the RPI basis to check if reparametrization invariance

provides constraints on the homogeneous operators. The homogeneous basis is

5

9Bn1 )y (9Bn1)wr ] » (3.91)
anJ_ )wxPL 9B, /,A,)LUQ] )

anl ) (9B J_)wsz_(gBBJ.)wa'] ;143043?

(9811 )an (9851 )wn (98, )ws(gBB_L)w«i]Fuua,@ )

078 = TI' J_)wl g J_)wz] [(ngJ_)ws(ngJ_)w]P;]Lfaﬂ !

[(

[(

It

Os6 = Tt [(
[(9B

= Tr[(9B)y1 ) P PL(9Br, )]

where I’}lfaﬁ = {90905, Guagvp} and the traces are over color. Recall that the equa-
tions of motion (3.32) were used to eliminate the operators gn - B, and in-9,(gB~ ).
Again since the basis is designed for taking forward matrix elements we are free to
integrate by parts and hence we do not consider Pf. There is a third tensor struc-
ture, Fiuaﬂ = gupYar, that can also be considered for O3_g, but which can always

be eliminated. For Os4 this is done using integration by parts and the cyclic trace,

giving
Tr[(9B% ) )un (9851 ) PE(BE s | T = —Oalwn, wi, w1) — Os(ws, wi,ws) . (3.92)

For Os_g the cyclic property of the trace suffices to eliminate I'3

“wap 1D an analogous

manner. The operator Tr[(gB" | )uy PF(9B% ), (9B )uy] is also not needed in the
basis because it can be put into the form of the operators O3 and O4. This is done
by acting with the P¢ on the two B ’s to the right, using the cyclic property of the

trace, and again noting that Os 4 encode all orderings for the w; subscripts.

For forward spin averaged matrix elements the RPI basis of gluon operators up
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to twist-4 is

Q; = ¢4 Tx 196", 19G2%, | ua (3.93)
Q, = Tr[igG"", 9G] Guagus
Q; = 4.9 Tx 196", 19G27 19627, | 9uasp
Q4 = .90, Tt [lggﬁwlzggn 210 i9G,, W3]gap’
Qs.6 = G000 Tr[19G2%, 190", 19G2, i9Gm s, | Tz
Qrs = Wwasdonr Tr 1902, i9Ges 1 Tr[19GE%, 196 % Tz sr

) DY Writing (ia)2gg§ =
(10, )iauga/i and then using the Bianchi identity in Eq. (3.38) to rewrite this oper-

Here we remove a possible operator ¢, gz Tr [(iggn}@) (i80)%igG*~

ator in terms of operator with two G,’s, plus (i0, )zaag{j*;? and (48,)i0°G,%,. The
last two terms are removed by the gluon equation of motion. There is no need to

include the analog of Q, with the 20, acting on igG*  because it is related to Q, by

TLLU ?
integration by parts up to a term, iapz'ggf;wl that reduces to other operators through
the gluon equation of motion. Again the cyclic nature of the trace allows one to

3
remove I', . for Q;_s.

In order to consider the effect of charge conjugation on these basis one must

consider the transformation of
/ ds;]Ci(;) Qu(@y),  or / [duw;|Ci(w;) Ox(w;) (3.94)

where C; is the Wilson coefficient associated with Q;, and C; the Wilson coefficient
associated with O;. We can impose constraints on C;(&;) and C;(w;) such that (3.94)

is C-invariant. For example, note that under charge conjugation Q transforms into

~0005 Tr [i9Gh %, 19G 0,195 ns, | Iua9p » (3.95)

so to make it C-invariant we impose that C3(d1, @9, 03) = —Cs(Ws, @2, wq). Simi-
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lar considerations apply to the homogeneous basis. For example, the combinations
O3(w1, wa, w3) — Oz(wz, wi, w3) and Oy(wr, ws, ws) + Oy(wy, w3, wy) + O3(ws, wy, wy) are

even under charge conjugation.

Next we must expand the RPI basis in Eq. (3.93) in terms of the homogeneous
basis in Eq. (3.91) to find possible constraints. We first expand Qs_g, they have only

operators with four gB8/’s, that is Os_s,

Wiz wiwolwzw.
Qs =" Oss. Qrg = Org. (3.96)

Next we expand Q; 4 to find

w
Q; = s [— Og(wr, w2, wz) — Og(ws, wi,ws) — 03(‘*)2"”3""1)] LA
4(n - q)
w
Q, = wlo;: E [04(w1,w2,aJ3) - ﬁ03(&)2,Wz«z,wl)] +o (3.97)
W

where we integrate over the repeated w, variable. The ellipses in Eq. (3.97) indicate
terms involving operators Os_g that have already occurred in Q;_g and hence are no
longer important for determining the linear independent combinations. Eq. (3.97)
implies that O3 and O, have Wilson coefficients that are independent of other oper-
ators in the basis. When we expand the remaining RPI operators Q, ,, we may also

have terms with O; 59 which have two gB’s. We find

WiWs (7i-q) d d
9 _ —
4 4(n-q) ( dw; 17w

Qy(@1, @) = ..., (3.98)

Ol(wl,wg) +

Ql(wl’ (:)2) =

w2)02(wl,w2) +.o,
2

where the ellipsis indicates terms involving operators Oz_g that have already occurred
in Q,_g. The fact that O° does not occur in the expansion of any of the RPI operators
indicates that it is ruled out by RPI (explaining why we listed it last in the basis).

Furthermore, the operators O' and O? only enter in the combination obtained from

5



expanding Q', and so their Wilson coefficients are related by

‘,_QI

(24w + ) Sl )

CQ(wl;L‘JQ) = dwl d(.dQ

3
2

Wiz

ng ( 44y )cl(wl,wg). (3.99)

WiWs N-q dw, dw,

For the gluon DIS operators the RPI relations are similar to that for the quark
basis, namely it is the collinear operators with P, ’s that are constrained. This was
also observed in Ref. [4] for the heavy-to-light currents at second order in the power
counting. Overall there are eight homogeneous operators for spin-averaged gluon DIS
up to twist-4, and seven independent Wilson coefficients.

An analysis of twist-4 gluon matrix elements was done in Ref. [6] using leading-
order Feynman diagram, based on the methods of Ref. [42]. To the best of our
knowledge, the complete linear independent bases of twist-4 pure glue operators given

in Eq. (3.91) and (3.93) have not been given earlier in the literature.

3.7.5 Two Jet production: n-n’ operators

An important application for operators with two-collinear directions, n-n’, is the
study of two jet phenomena and event shapes. The effective theory SCET has been
used to study jets at leading order in the power expansion and various orders in the
o expansion in Refs. [12, 13, 22, 47, 48, 59, 65, 71, 72, 90, 96]. Another interesting
application is to describing parton showers with SCET [16, 17], where both leading
and subleading operators with two-collinear directions play some role. In this Section
we study the leading and first power suppressed quark operators with two-collinear
directions. For two jet processes it is convenient to use the center-of-momentum (CM)
frame where the two jets are back to back. In this frame we can take n’ =7 so that
n’-n = 2. Our main interest will be in the operators that do not vanish in this frame,

however part of our discussion touches on the additional operators that do.

To be concrete we consider operators that appear in two jet production from a

virtual photon of momentum ¢* in e*e~ — J,J,». In QCD the fundamental hadronic
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operator is the current J* = ¢y, which is conserved 9,J* = 0 or ¢, J* = 0, is odd
under charge-conjugation, and transforms as a vector under parity and time-reversal.
To describe high-energy jet production this current is matched onto a series of SCET

currents Jék) (w;) ~ A\* with Wilson coefficients Cy(w;),

Jr=3"3"% / [H dwi) Co(wr) [JP ()]} s - (3.100)

nn’ k=0 £

Here k denotes the power in A, the subscript ¢ denotes members of the basis at a
given order, and the w; are the set of gauge invariant momentum fractions upon
which the operator depends. We also sum over all collinear directions n and n/, and
the appropriate ones for a given computation are picked out by the jet-momenta in the
states. Because of this sum we are free to swap n <> n’ when considering symmetry
implications. The C, P, and T symmetry properties of Cg(wi)Jék) (w;) are the same
as J#, and they also satisfy current conservation, g, [Je(k) (wi)]* = 0. Finally, since the
matching takes place at a hard scale where perturbation theory is valid, the SCET
operators should have the same LL + RR chirality as J*.

We first construct a basis of SCET operators that is homogeneous in the power

counting and with even chirality. For the construction of this basis it is convenient

to define
w o ¢ b . 94
gT = g - 2 ’YT - 7 - 9 (3'101)
q q
- /o . I0
r’i:—nzqn'“—n2qn“, riz—n2qn"‘+ 2qn",

where 7 is odd under n +> n/ and r, is even. We also define s/} as r{ with n — 7
and n’ — 7/. Four of these objects are transverse to ¢*, ¢,95" = 0, ¢,7% = 0, and
q-7— = ¢-5— = 0, which is helpful for satisfying current conservation. For constructing
the homogeneous basis it suffices to consider the vectors {r_,¢q,s_,s.} in place of
{n,n,n/,7'}. When we specialize to the CM frame, ¢, = ¢!, =0, s& = Fr§, and
the vector ry =¢*, and hence % and s do not need to be considered.

In a general frame the LO operator is Xaw,[*Xnw, with T* = {y4,r" ¢,rm" /
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r_, gT g, T, g Tl -, gk #4 } plus terms where vy or r_ are replaced by s..
No terms with ¢* are allowed by current conservation. Things become much simpler
if we focus on operators that are non-zero in the CM frame. In the CM frame Y ., ¢
Xnws = 0, Xn/ w1 ¥=Xnw, = 0, and the vectors 7, and s. become redundant, so there

is only one operator at lowest order

'][50) :Xn’,un ’Y;Xn,wz . (3102)

Here w; = {w;,w»} and for brevity we suppress the index p on the LHS.

To construct a homogeneous basis at NLO we again consider only operators which
are non-vanishing in the CM frame. In the CM frame we can take the total transverse
momentum of the jet equal to zero, so we have the relations Xn w,I'uP [ “Xnw, =
Xn/,wlFuP_TL“ Xnw, = 0, with T', any gamma structure, and hence do not need to
consider operators with a single P,. Again all operators with a ¢ or ¥_ vanish, as do
those with ¢ - (gB,1) and r_ - (¢B,1), and the analogs with n — n’. Operators with
three +’s can all reduce to operators with a single « plus terms that are zero in the

CM frame. This implies that at NLO there are only two operators

Jl(l) =rt Xn’,w17V(gB:ll)w3Xn’w2 ’

I = 1% X o Yo (9B L eos X - (3.103)

Linear combinations of these two SCET currents can both be made odd under charge

conjugation by imposing appropriate conditions on their coefficients under w; <> —ws.

To see if there are constraints on the Wilson coeflicients we write down a basis of
RPT operators up to NLO. The objects 44 and ¢4~ are invariant under RPI and can

be used for this construction, but the object 74 cannot. We find the basis

B T (3.104)
ng) = \Iln',wxgga’)/ﬁz.gg:is\pn w2 ng) = \I}n/ wlgﬂafyﬁz'ggn'ﬁ Ung w2

1 T . . 1 T
J:(3 ) = gEA\I’n’,GJfYaqﬁ [2827’99323] \I/n,d)z 3 ‘]t(i ) = gZA\I’n’,&17aQﬁ [z@’\zggn, @3 ] n,W9
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I = Ima W 2 Valp igGn 10 U ey I = ggxq’n',wl(“i%;\y)%% igg,‘ff? o5 Ynos -
Here we do not write down RPI operators which vanish in the CM frame when
expanded, such as W,gT id} ¥, or operators with only the Dirac structure ¢. This set
also includes three 7y operators since in J §1) replacing I ;o = gf;afyﬂ by T uap = Y5 Ya V8
gives an operator that vanishes in the CM frame, and any other order for the 7’s is then
redundant. The same is true for I',op = fyggfyaqg — q2gza75. Analogous arguments
rule out three v terms replacing the tensor in J S). There are no others operators with
02 or i9), besides J gl_)G at LO. To see why, notice that for the operators with 9, and
i@, only the contraction with g7, has the potential to give a LO term. Momentum
conservation requires ¢* =i, + 9, and because ¢*gl, = 0, we can exchange i),
and 9,. The operators J g?s correspond to keeping 9, when we have a Qf:fb, and 0,
when we have a g;;,‘fa.

The number of operators in Eq. (3.104) is greater than that in the homogeneous
basis, and when expanded Jg12 — Jo12. Thus the operators in Egs. (3.102) and
(3.103) are not connected by RPIL. For two jet production the constraints imposed
by considering the CM frame are strong enough that RPI provides no further infor-
mation. (RPI could still constrain the homogeneous basis of operators in a general
frame, but does not have practical implications for determining the basis of operators

for an analysis to be carried out with homogeneous operators in the CM frame.)

3.7.6 Three Jet Production: n;-ns-n3 operators

Here we analyze operators for three jet production. As in the two jet case, we consider
production of jets from ete™ scattering through a virtual photon. To construct the
minimal SCET basis needed for a matching we could proceed like in the previous cases,
by writing down both the most general homogeneous basis and RPI basis consistent
with the symmetry of the process, and expanding the RPI basis to find possible
connections. In the two jet processes the interesting terms in the homogeneous basis
are made of only two operators up to NLO. However, for three jets the homogeneous

basis has many operators at LO since we have three distinct directions ny, ny and
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n3. With only two directions we could greatly reduced the number of operators by
focusing on the ones that do not vanish in the center of momentum frame, meaning
those that do not vanish when ny — n, no — 7, and ¢, — 0. This choice rules out
many operators because of the relations xzI' 1 7#xn = Xal 17X, = 0, where T} is a
Dirac structure without 7 or 7 factors. With three directions there is more freedom,
for example the perpendicular direction of n;-72; is not the same as the one of ngy-7iy,
or of n3-n3. Now to construct the homogeneous basis, we can use ni, 71, ng, iz, N3,

fiz, v, so in the three jet case we have a bigger set of objects available.

On the other hand the RPI basis still has a reasonable number of objects, namely
U, Gk, 04, ¥*, and ¢*. The 9%, operators and ¢* are connected by momentum
conservation, 0% + 0k, + 104 = g*, so one of them can be eliminated. Hence we
expect that reparametrization invariance will give a large number of connections on
the homogeneous basis, so many in fact that it is not even convenient to write down
the homogeneous basis. It is much quicker to just write only the RPI basis and

expand it to determine a basis of allowed homogeneous operators.

The RPI basis for three jets at LO is made of two quarks fields and a gluon
field (we do not consider here the case with pure gluon jets). n; and ny will be the
directions of the quark and antiquark jets, and ng will be the direction of the gluon
jet. As for the two jet case, because of current conservation, the only objects that

can carry the vector index and are RPI invariant are g5 and ~%. The RPI basis is

Jl == \I]nl W1 ’Yuﬂj'ygsz.qu;% \Iln2,d12 ) J2 = \Iln]_ ,5)175¢ ’Yquzgg:;(;,S \Ijnz,dlz 3
J3 = ‘I’nl @1 %%ﬂf ngZ§a3 Wing 2 Iy = qj%ﬁ’l’y/{ Vv Yolg g::;% Wizas
J"‘T\I’ R %a-gl/a U J_T\If R -gua ~8a\I, R

5 — gua ni,é1 Yvlo b nlzg n3,w3 * n2,w2 ) 6 — g,ua n1,@1 Tvdotg ng,(I)gZ ng © N2,wW2 )
J—T\Tl R %_a'gua U . J_T\If R -gua -aa\p R

7= 9ua nyonfl Yo Vol n19Yn3 @3 = no,@2 8 = Yo ny ol Vo Volg na,w30ny ¥ n2,d2

= . = = . by
Jo = giuqlm,@lgZggvlg,aﬂal?aqlnz,tbz ) Jio = \IJnl,GJlfYZﬂ ’Yu’ngZ;ngal%‘I’nz,cbz )
. S

J11 = \Ilm7(;,175q,,zggn3@3@8IQU\IJM,@ . (3105)

For the first four operators we chose the Dirac structures {7, ¢ 7. 4o, Y 4 V90> Vo172,
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fyff’y,/y,,} in order to simplify the transformation of the basis under charge conjugation.
Since {fyf, ¢} = 0 the sum of the first two structures gives —g,:f,, 44, and using the
antisymmetry of G,7 the sum of the last two gives 495,,’70, so structures with a gff,, are
redundant. Other three ~y operators are also redundant. We have used the equations
of motion and Bianchi identity in Eqgs. (3.35,3.38) to eliminate i@,,, and momentum
conservation to eliminate i0f, = ¢* — 104 —i0),. For the operators Jo_1; we have
a derivative contracted with ¢gG,?, and we can use the gluon equation of motion,
10n30G9: = (@0 — 10n10 — 10n,0)Gyy = ..., where the ellipsis denotes higher twist
terms, to eliminate (id], + i97,) and leave only 7,812 = (f(';g —10y,). Note that we
cannot use the trick used in DIS for Q,, to eliminate Jg9_11, because here zBf:l , and
G,7 have different collinear directions. Operators with two or more derivatives are

redundant for the construction of the LO basis of RPI currents with one-vector index

1, and hence do not need to be considered.

We can match the three jet RPI basis of currents with the basis of homogeneous

SCET currents by writing

> 3 [ b ey = 57 [T dod Cood it +

ni,nz,ng £ ni,nz,n3 £

(3.106)

On the RHS the integration variable was changed using w; = n-qw; and any additional
n-q factors were absorbed into the Wilson coefficients Cy(w;). We can determine the

currents [J;(w;)]5.:., of the homogeneous basis, whose form is as in Eq. (3.70), by

3-je

just expanding the currents (3.105) using Egs. (3.65) and (3.67). This yields the

homogeneous operator basis

Tt = X aon (9B )essl VE X oz » (3.107)
o = Xna an Vo (9 Br; s Xm0z »

Tz = w3 Xy e (9B, s B3V Xmaon »

Ta = W3 Xy en V1 W3(9 By Jeos Xmz,on »
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Ts = w1 Xy o Mor (9B, eos Xz 5
Ts = w2 X on o7 (9B, s Xz 02 »
Tr = w1 Xy on M7 4 H3(9 By e Xz o
Ts = w2 Xy s W 4 H3(9 By ooy Xz o

Jo = W3 Xnym fé[ng(gsggl)ws - ngT(gBZ:gJ_)WZS] (M2t +11,W1) Xngyws »
\710 = w3 an,wlfy’?‘dling(g[z:{z‘ )ws - %3 (gBZ,sJ_)w:z] (ng,,w2+n1,,w1)xn2,w2 ’

Jn = an,wlfyg“(gB%L)ws (n2vw2+nlvw1)Xn2,w2 )

where nliy = nft — g(ns-)/q°, nlip = n§ — g(na-g)/* and § = (R Yts/2+ (na - g}
% /2. To simplify the results we did not bother to write out the terms with g, (9B, | )
in Eq. (3.107), which are terms that vanish in a frame where ¢,,, = 0. In some cases

we have absorbed RPI factors in the Wilson coefficients Cy(w;) when carrying out the

expansion.

The tree level matching from QCD to SCET for three jets comes from matching
two Feynman diagrams in QCD onto the operator basis in Eq. (3.107), and is done
at the hard scale p = @. This gives

—2 -2
Ci=C=—"—, (Cy=-C5=

Ny N3 Wiws Ny N3 Wal3

y 03,4 = 07_11 =0. (3108)

The results for these Wilson coefficients are invariant under type-III RPI as expected.

The above matching computation can be compared with the tree level SCET com-
putations for parton showers in Ref. [17], where three final state jets are considered.
To compare the calculations we take the two stages of matching of Ref. [17] both
at u = Q, and we split the operators in Egs. (27,28) of Ref. [17] into two parts,
O3 = O3, + O3, and 0§2) = Oéi) + Ogi). The matching computation of Ref. [17] used
a frame ¢,,,; = 0 for O3, and (’);(,31) and a frame g,,; = 0 for Oy, and (’):(i). With these
frame choices, we confirm that C1J1+CgJs = 03a+0§? and CoJo+Cs5J5 = Ogb+0§,2)),

providing a cross-check on the results in Eq. (3.108).
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3.7.7 Two Jets from Gluon Fusion: gg — qq operators

Next we consider the example of the production of two quark jets from gluon fusion,
which is relevant for the LHC. In this application we will see that RPI substantially
constrains the number and structure of operators. This basis of operators have not
yet been constructed. The factorization theorem for pp — 2 jets has been discussed in
Ref. [68], and were also considered recently in Ref. [11] using SCET. SCET has also
been used to resum electroweak Sudakov logarithms by solving RGE equations for
four quark collinear operators in Refs. [35, 98, 99], and to consider Higgs production

from pp collisions [1].

We consider the incoming gluons to be collinear in different directions, which is
appropriate for the high energy collision of energetic protons at the LHC, and we
assume that the final state jets have a large perpendicular momentum relative to the
beam axis. Hence the final jets are described by two additional collinear directions,
making four in total. Unlike our previous examples, here there is not an external ¢*
vector, the hard interaction takes place entirely between strongly interacting particles.

Hence this is an example of the case ii) discussed above Eq. (3.7).

Similarly to the three jets case, it is convenient to directly write the RPI basis
without first writing the homogeneous basis, because the presence of four collinear
directions imply that there are a large number of homogeneous operators, many of
which are restricted by RPI. Due to the absence of an external hard vector ¢* in
this process, in the definition of the currents we make use the RPI delta function
factors of Eq. (3.15), Ay. The general formula for matching the RPI operators onto

homogeneous operators is

[ Z Z/Hdw“ ] Gl [H Apm|Qp =i Z Z/Hd‘*’z] Ce(ws) [Oe(wi)]gg-rq5

ni,ng,ng,ng £ ni,nz,n3,ng £

+.., (3.109)

where we use the same manipulations needed to get Eq. (3.11). Note that here we

have divided the RPI operators into the d-functions in Akm which depend on @y,,, and
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the remainder of the operator QK that does not. The starting point for building a basis
for Q, is the object U, G¥ G2, .. We assume a LL + RR chirality for the quarks
which is suitable when strong interactions produce massless quarks, and hence include
either v* or ¥*y°7". Since the overall operator is a scalar, all the vector indices on
the field strengths and on the Dirac structure must be contracted with g,,’s or i0%4 ’s.
We can use the equations of motion and Bianchi identity in Egs. (3.35,3.37,3.38) to
eliminate terms with i@,, in any operator, and terms with 0,,,G%” or 0,,,GLy. In
addition, momentum conservation implies 0} + 10k, + 105, + 10k, = 0, and we will
use this to eliminate all operators with an ¢0,,. This leaves twenty operators for the

RPI basis

Q; = U, V8900 191 100,u19G2 W, Q; = U, VuGvaiBnyp 19G4Y 19G 0 U,y
Qs = VY900 19G219G2P10,,5 T, , Qs = T, V5900 1952 19G 2210,V s,
Qs = Uiy 1 Ya¥8 1954, 10n,x19G 0 Uy Qs = U, 170 YaiOnsp 19G 119Gt Uy
Qr = Uy 1oV 1952 19T 101350 s Qs = U, 1 Ya8 195k 1900 O U,

QQ = \Ijmf)"a iggﬁ;iamuigggfianzViaﬂzﬂ\Ilnz )

Q10 = Uy Y10z 19G 1952  101,10,5 U, - (3.110)

The other ten operators Q;;_,, have the same structure as Eq. (3.110) but with a trace
over color for the gluon operators, for example Qq; = Wy, V5900 Tr[19G# 105, ,19GSP |V, .
Note that Q;_;, have G,, to the left of G,,, so one might think that there are ten
more operators with the G’s in the other order. However, in Eq. (3.109) we sum
over ng4 and integrate over dwsdw,, and hence include operators obtained from the
interchange n3 <> n4, W3 <> @W4. Recall that the directions n; are only determined by
the matrix elements. So if we consider a matrix element with gluons in the n and
n’ direction then there is a contribution from ns = n, ng = n’, and from n3 = n/,
ny = n. Other possible operators might be Wy, Y 10n,19G 100,u19G3 10,0 U,
(VN To z'ggﬁ;’iam,,igggfian?gﬁ’nz and similarly with the trace. We can use the

Bianchi identity (3.38) to rule them out. For example, in the first operator we have
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implicitly already used the Bianchi identity for the 19,,,i9G2* term because we did not

write operators with iamigg,‘j‘f . But we can apply the Bianchi identity to i0p,19G*”

n3’

that is not connected with +’s. In this way we can write this operator in terms of
Q;, Q, and operators with three gluon fields. Note that we do not need to consider
operators with i0, - 10, since all these contracted derivatives are contained in the

Akm’S.

A natural frame for analyzing gg — ¢g is the CM frame with the choices 71 =n.,
Ny =nq, fi3=ny, ig=n3. We expand the currents (3.110) with an eye towards using
them in this frame. Actually, only the condition 713 =n4, 714 =ng3 is necessary to find

the following operators

O1 = w4 )Zn1,w177£4 (ngl;_L)wa (981%4;/,)W4Xn2,w2 ) (3'111)
Os = w3 Xni w1 %3 (9353L)w3 (gBi;u)anz,wz )
O3 = W2 Xny (9Bnsi)ws (9”2'Bi4)w4Xn2,w2 )
O4 = W2 Xny w1 (gna .le,—g Jws (93n4l)w4Xn2,w2 )
Os = wy an,w1¢4(g[3n3l)w3 (93n4.1.)w4Xn2,w2 )
Og = w3 Xn1 w1 ¢3(g$n3l)w3 (g$N4J-)w4Xn2,w2 )
07 = WalJzly Xm,w1¢3 ¢4 (ansJ_)ws (gnQ'B;;)w‘;XnQ,wz )
OS = Walgly an ,w1¢3 7"4(9“’2 ByJ;3 )wg (g$n4i)W4Xn2,w2 y
09 = (w2)2w4 an,w1¢4 (gnz.B’rJIj;;)wS (gn2'By-i-4)w4Xn2,w2 )
2, < 1 L
O = (w2) W3 Xnyw 77i3 (gnz'an)wg (gn2'Bn4)w4Xn2,w2 .
O11_90 have the same structure of (3.111) but with a trace over color of the two gluon
operators. O; is given by the expansion of Q, for i=1,2, 5,6, by the expansion of a
suitable linear combination of Q,; and Q,_; for :=3,6, and of Q, and Q,_; for 1=4, 8.

Oyg/10 are given by the expansion of a suitable linear combination of Qg 19, Q2 and

Qy/3- In some cases we have absorbed reparametrization invariant prefactors that
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appear in the expansion into the Wilson coefficients Cj(w;). By using momentum
conservation it is possible to reduce these ten operators to just four independent

operators at leading order in SCET.*

It is straightforward to carry out the matching from QCD onto the SCET operators
in Eq. (3.111). At tree level there are three Feynman diagrams. The amplitude
squared is also known analytically at one-loop [43], and a full matching computation
at this order involves regulating infrared singularities in the same way for the loops
in QCD and SCET before subtracting. The only point to be careful about is the sum
over the n;’s in Eq. (3.109), since definite values for these n;’s should be determined
by the states. For example, if we consider the tree level gg — ¢ matrix element of

O; with perpendicular polarization for the gluons then

(04 @024 9] 3 [ desliCen, 3, 00,2)01 )

g2 (o), (v4) )

= ig*Cy (W], wh, W), wh)w) [EZ::J_EfQ J_M] [ﬂn; dﬁ;TATBUng]

+ 192 Ch (wh, wh, wh, wh)wh [eﬁ&efi‘l#] [t BT T ] - (3.112)

The two terms come from the cases n3 4 = n’3 qand ng 4 = nﬁw respectively. Therefore
to determine the Cy’s it suffices to compute terms contributing to the color structure

TATE in QCD, which at tree level gives

- 1 1
Clm e = =t =

(’I’L3 '7?,4)(4)3(4}4 ’ (713 -n4)w3w4 ’ (n2 'TL4) Waoldg ’ (TLQ '7?/4) Waoldy ’

Cy= Cﬁ_Q() =0. (3.113)

Note that the results for the Cy’s are invariant under type-III RPI transformations as
expected, and that in the frame used for our computation ns - ny = 2. We have con-
firmed that a consistent result is obtained by considering the T2T4 terms. Eq. (3.112)
expresses the interesting fact that with distinct collinear directions for all final state

particles, only the color ordered QCD amplitudes are needed for the matching which

4We thank W. Waalewijn for his explicit derivation of this point.
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determines the SCET Wilson coeflicients.

3.8 Conclusion

In SCET the momenta of collinear particles are decomposed with light-like vectors n#
and 7*, where 7 is close to the direction of motion. The vectors n* and 7# are required
to define collinear operators that have a definite order in the power counting. However,
there is a freedom in defining n and 7, which leads to reparametrization constraints.
The decomposition of operators in the theory must satisfy these constraints in order
to be consistent. This reparametrization invariance gives nontrivial relations among
the Wilson coefficients of collinear operators occurring at different orders in the power
counting, and for situations with multiple collinear directions gives constraints on the
form of operators making up a complete basis.

In this chapter we have constructed objects that are invariant under both collinear
gauge transformations and reparametrization transformations, a superfields ¥,,, for
fermions and a superfield G4 for gluons. Here the subscript n; denotes an equivalence
class of light-like vectors under RPI. The superfields are invariant under collinear
gauge transformations through a reparametrization invariant Wilson line W,, that
is the generalization of the usual W,,,. We constructed RPI operators out of these
superfields by introducing reparametrization invariant é-functions. The ¢-functions
act on the RPI operators to pick out large momenta, and are convoluted with hard
Wilson coefficients that must be computed by matching computations. The power
of the RPI operators is that they encode information about the minimal basis of
Wilson coefficients. However, they do not have a definite power counting order. By
expanding them in A one obtains a minimal basis of operators with a good power
counting, where all constraints on the Wilson coefficients are made explicit. The final
basis of operators with a good power counting involves a two-component field x,,, for
quarks, a field B); | for the two physical gluon polarizations, derivatives P/ |, and
delta functions d(w — P,,) that pick out the large momenta of these collinear fields.

That is it. Other field components such as n;-B,,, and other derivatives such as
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in; - On,, are eliminated from the purely collinear operator basis using the equations
of motion.

This procedure was applied to several processes. We studied spin-averaged DIS
for quarks at twist-4, as a means of testing our setup in a framework where the power
suppressed basis of operators is well understood. We then constructed a minimum
basis of pure glue operators for DIS at twist-4. These applications involve a single
collinear direction. For processes with multiple collinear directions we considered
operator bases for jet production. Useful constraints from RPI were not found for
the first power suppressed operators in ete™ — 2jets. On the other hand, already
at leading order in the power counting, RPI provided important constraints on the
complete basis of operators for ete™ — 3 jets with three distinct collinear directions.
RPI was also very useful in constructing a complete basis of operators for gluon fusion
producing two quark initiated jets, where there are four collinear directions. In this
case the process of interest is pp — 2 jets, which will be studied at the LHC. We
expect the complete bases of operators constructed here will be a useful ingredient in
the study of factorization theorems for this process. The steps we used to construct
complete basis will also be useful when considering factorization for processes with
more jets in the final state. In general we found that RPI becomes more powerful
for processes involving more jets, essentially because the number of vectors n; and 7;
proliferates faster than the number of objects that must be considered to build the
RPI basis.

An interesting observation discussed in Section 3.7.7 is that when matching from
QCD onto SCET operators describing multiple collinear directions n;, the Wilson
coefficient is determined by the color ordered QCD amplitude. Since results for
multi-leg QCD amplitudes are often expressed in a color ordered form, this should

simplify the matching of QCD amplitudes onto SCET.
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Chapter 4

Parton Showers to NLO

4.1 Introduction

A final state shower MC is based on the “strongly-ordered limit” which describes the
leading log contribution (accounting for soft emission by angular ordering or other
approximations). In this kinematic configuration, each radiated particle comes off
much more collinear to its parent than the previous one, a situation that can be

formulated in terms of perpendicular momenta or invariant masses, i.e.

QoL > Q11 > Gay > ..., or C>SE>E>. ... (4.1)

Furthermore, and important for practical computation, each emission is independent
of the previous one to leading log order. Thus, if we have calculated the differential
cross section for (¢ — 1)-parton emission, do;_;, then we can obtain the i-parton case

as
dO’i = gk dO’i_l, (42)

where P(©) is the leading order (LO) “splitting function” that captures the probability
of the (i — 1)** emitted parton to split into two others, jk, and ¢?_, is its virtuality.
Thus, we can formulate the process in terms of a probabilistic Markov chain of (i —1)

1 — 2 particle splittings. The probabilities are determined by the functions Pi(i)jk,
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which are related to Altarelli-Parisi kernels. As an example, for ¢ — ¢qg in QCD, after

averaging and summing over spins,

2

9749 27 1—2’

(4.3)

where z is the momentum fraction of the daughter with respect to the parent. This
classical, probabilistic process gives rise to the parton shower algorithms used by
event generators to model radiation through Monte Carlo, such as Pythia [91, 92],
Herwig [5, 38], and Sherpa [54] (although by now more sophisticated generalizations
such as the dipole shower [32, 33] are becoming more popular). Given some initial
virtuality, g2, and an initial momentum fraction, zo, MCs generate the virtuality and
the momentum fraction of the daughter particle after the spitting. The virtuality is
determined by a Sudakov factor, A(q?, ¢3), which gives the probability of a parton to

evolve from g3 to ¢* without branching,

@ dq? o
A(g*, q5) = exp [— i 1 /dw =P (x) (4.4)
q

2 q/2 o0

The traditional LL parton shower makes a difficult problem tractable, but has some
shortcomings related to its dependence on the leading log approximation. Even
though the splitting functions only dominate in soft and collinear limits, the shower
is used everywhere in order to generate events that cover the full phase space. In
addition, since each emission is independent from the previous one in the shower, the
LL approximation does not include any spin or color correlations. Furthermore, the
procedure is classical and the interference between different amplitudes is only probed

beyond leading log.

The hierarchy of scales in the parton shower makes it amenable to an effective field
theory treatment. Since the shower regime occurs for fields in the soft and collinear
regions, we can describe it with Soft-Collinear Effective Theory (SCET) [8, 10, 14, 18].
SCET is the appropriate effective theory for studying parton showers because it is de-

signed to reproduce exactly the limit of soft and collinear particles. Moreover, SCET
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is organized in an expansion of power counting parameter that makes it convenient
for classifying all corrections. The first work on parton showers using SCET was
Refs. [16, 17], where the authors showed how the splitting function and the Sudakov
factor emerge naturally in SCET. They reproduced the LL parton showers using
SCET, and showed how higher order virtual corrections can be encoded by match-
ing onto Wilson coefficients in the effective theory. Unfortunately they introduced
choices and approximations at several points along the way, which makes our task
of identifying the full set of corrections beyond LL difficult, so some modification of

their setup will be required.

Before discussing our approach, we give here a brief discussion of literature on
improvements to the basic shower Monte Carlo picture. To begin with, consider a
simple setup where one declares that an artificial scale ug divides collinear from hard
radiation. We describe emissions above pg through fixed-order tree-level calculations,
and those beneath by running shower Monte Carlo. Each regime would get an accu-
rate treatment, but interfacing the two results in leading-log introduces sensitivity to
the scale po. This is because the LO (in «;) result contains no LL-resummation. The
CKKW algorithm [31] defines a method to include this information. One distributes
the particles in an event according to the probabilities given by the exact tree-level
matrix element, with u2 as a lower cutoff on the virutality between any two particles.
One then clusters the event using the kr algorithm [29] to determine the splitting
virtualities, 2. With these scales in hand, one reweights the event by multiplication
by appropriate Sudakov factors, as well as factors of a,(g;)/as(Q), where @ is some
hard scale. We can then run a parton shower algorithm on these amplitudes, veto-
ing any splitting virtuality harder than u2 to avoid double counting. The resulting

distribution depends on jg only at the subleading order o (s In*(Q/po))™.

Another important effect concerns soft gluons which are also kinematically en-
hanced. Collinear emissions reinforce the picture of partonic radiation as an isolated
jet as they get distributed within some narrow cone about the original hard parton.
Apriori soft emissions have no preferred direction and can communicate between el-

ements of the shower. Fortunately, azimuthal averaging confines these emissions to
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lie within the cone containing the nearest collinear gluon as well as the showering
quark or gluon. This effect is called angular-ordering and can be accomodated by
methods such as evolving the shower by decreasing angle monotonically, as is done
in Herwig [81], or by enforcing it with a veto in a mass-ordered shower (rightmost
expression in Eq. (4.1)), which is an option in Pythia [91]. Additional considerations
treated in shower programs include putting s at the scale of each splitting, and
encoding momentum conservation at each vertex, which give the parton shower in-
formation beyond an analytic LO/LL calculation. All of these are treated in different

fashions by different MC codes.

There are of course further corrections to include to go to NLO in a; and NLL
in kinematic logs. The most effort to date has gone to working out the NLO/LL
contribution to incorporate one-loop-corrected amplitudes. Adding « corrections in-
volves the numerical challenge of combining real and virtual results which separately
diverge. The basic resolution is to extract the pole-portion of the real emission of
i-partons and include it along with the virtual contributions to the ¢ — 1 case. Un-
fortunately this does not sum leading logs. One cannot blindly extend the CKKW
procedure to NLO/LL, as it leads to double-counting problems; the Sudakov factors
in the reweighting contain a portion of the one-loop contributions. Thus seperately

adding on the full one-loop result would clearly double count.

There are two main solutions to the NLO/LL merging problem. The older of
the two, MCQ@QNLO [52], works by means of subtraction, finding the places where
the Sudakovs will contribute at NLO, and removing the splitting function contribu-
tion. While conceptually clear, this has numerical and theoretical complications. The
full amplitude and splitting function portions are calculated separately before sub-
traction, which is time-consuming. Furthermore, since the subtractions occur for the
amplitude squared, one cannot guarantee positivity of the result. Hence one deal with
negatively weighted events (and in some pathological cases negative cross-sections,
see eg. [20]). To avoid the computational difficulties of process-by-process subtraction
and the problem of negative weights, an alternative is the POWHEG algorithm [82].

It keeps the IR-safe NLO cross-section manifest, and defines a Sudakov factor based
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on a modified splitting function to handle LL resummation. In this way, it makes
use of quantities already obtained in the fixed order NLO calculation, requiring fewer
additional steps for its implementation for each known process. The conservation of
probability obeyed by the splittings and related Sudakov factor avoid double count-

ings and give back onLo upon integration.

Another approach to go beyond LO/LL is to incorporate subleading logs by in-
cluding in the Sudakov the contribution of the O(a?) corrections to the Altarelli-Parisi
splitting kernels, Pq(;). Unfortunately, doing this alone would fail to conserve proba-
bility if one did not also correct the probability for real emission in Eq. (4.3). Some
of the subleading contributions take the form of 1 — 3 splittings, requiring a modifi-
cation of the usual 1 — 2 algorithm. The KRKMC group aims to incorporate these
subleading contributions in shower MC [60, 61, 93]. Similar to CKKW, their correc-
tions take the form of a multiplicative reweighting. For a particular configuration of
partons in phase space, they reweight by a factor that includes the insertion of 1 — 3
“defects” as loop-corrected 1 — 2 splittings that account for the affects of Pq(;). If p
is the fully differential cross-section, they define a corrected weight for n partons, w,,

as:
_ pro(ky, ..., ky) + Z:fl pneLolk, ..., kn)
pLO(kly"'ak’n) ,

where r determines the number of defect insertions in any configuration.

(4.5)

n

In this chapter we set up an EFT framework to classify and study perturbative
and power corrections to parton showers. The results of this work will be presented
in Ref. [21]. While the ultimate goal is to facilitate the implementation of a complete
NLL/NLO parton shower algorithm, our goals here are much more modest. The
main objective of our work is to explain a computational framework where we can
enumerate and classify all the needed theoretical ingredients in a NLO/NLL shower at
a theoretical rather than algorithmic level. When carrying out explicit computations

within this framewrok we focus primarily on shower power corrections in the fully
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differential cross section for an arbitrary number of emissions, that is

do

—_—_ 4.
dﬁf’---d",ﬁ” ( 6)

for n-partons. Similarly to [17], we use an operator approach based on SCET. A
main issue to resolve is taking into account different possibilities for the kinematic
configuration of subsequent emissions, to go beyond the strong ordering described
in Eq. (4.1). We overcome this issue by setting up a tower of related soft collinear
effective fields theory called SCET;, which also helps us deal with several technical
obstacles. We formulate the shower description as a standard matching procedure
between operators in different SCET;. Power corrections are encoded by performing
matching computations at subleading order in the kinematic power expansion between
different regions. The hierarchy between regions is expressed by a power counting
parameter A < 1. These power corrections modify the structures that initiate the
shower, branching probabilities, as well as opening up the 1 — 3 splitting channel.
Virtual perturbative a; corrections are encoded by performing matching calculations
beyond tree level between SCET; theories. Finally, corrections to the Sudakov no-
branching probabilities are encoded through anomalous dimensions of leading and
subleading operators at the appropriate order within the different SCET;s. We will
carry out the necessary computations for the power corrections, and a subset of the
required calculations for anomalous dimensions occuring for operators beyond the
leading shower. This analysis includes the leading corrections to the shower from
interference and from spin correlations. As much as possible we attempt to give
pointers for additional computations that are needed in places where our analysis is
incomplete. For example, to simplify things we have not treated color correlations
since doing so increases the basis of operators and the number of computations, but

does not change the conceptual setup.

The outline of this chapter is as follows. We review the Bauer-Schwartz SCET
shower method in subsection 4.2.1 and discuss the technical obstructions to extend-

ing it to the level needed to determine the desired power corrections. We present our
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SCET,; framework in subsection 4.2.2 to resolve these issues. In subsectidn 4.3 we an-
alyze the LL shower in the SCET; framework, and show that the transition between
SCETs, SCET; — SCET, 1, can be encoded by operator replacement rules on single
parton collinear fields. Soft emissions in SCET; are discussed, and we summarize
the correspondence between SCET; objects and LL shower ingredients to show how
the mapping works. In subsection 4.4, we use the SCET); formulation to classify and
compute various corrections to the shower to O(A?) in the cross-section. Two main
categories of branching corrections emerge, which we refer to as hard scattering and
jet-substructure corrections. We also discuss ingredients needed for renormalization
group evolution, and derive all the LL anomalous dimensions for our subleading op-
erators. A summary of the NLL/NLO corrections is presented as a table mapping
ingredients needed for the subleading shower to those in SCET. Conclusions are given

in subsection 4.6.

Many details are relegated to the appendices B and C. We describe finite reparame-
trization transformations in appendix B.1, we use RPI in our matching computations
to disentangle kinematic choices from kinematic power corrections. Details on the
matching of QCD — SCET,, SCET; — SCET,, and SCET; — SCETj; with gen-
eralization to SCET; to SCET;;; can be found in appendices B.2, B.3, and B.4,
respectively. Appendix C contains a cross-check on our results, where we integrate a
subset of our power suppressed terms to rederive the abelian terms in Pq(lzqg, namely

the O(a;) correction to the ¢ — gg splitting function [39].

Before we start analyzing parton showers in SCET, we introduce the operator
notation we will use for this chapter. Most of our discusion will involve interactions
with collinear fields, and we use the notation x,, for quarks and B!, for gluons defined
in subsection 2.1.1. We proved in subsection 3.4 that we need only three key building

n I

blocks to construct operators in SCET, these are: x,, B}, and P, , each of which

carry a power counting scaling of O()\). A general notation for the i-parton operators
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we will consider in this chapter is

/2 J k
O kL) (n[llll’ o ’nyﬁck]) _ [H(,Pnai)laXnu} l H (/PnbL)eb)an] lH(Pncl)KCQBncJ_] ,

a=1 b=3/2+1 c=1

(4.7)
where the number of partons is the sum of quarks and gluons, j + k£ = 4, and the

jtk

) —1%m. The arguments in brackets denote the

total number of L derivativesis £ = )
collinear direction for each parton field, with the superscript denoting the number of L
derivatives acting upon it. The power counting scaling of these operators is OUF4) ~
X+k+e These operators are tensors in the space of spinors and Lorentz vectors,
and the indices get contracted with structures contained in the Wilson coefficient
C for the operator. If CO is a Lorentz scalar then j is even. Since the collinear
fields carry a label réferring to a specific light-cone vector, these operators describe
particles in a specific region of phase space. We have seen in chapter 3 that the Wilson
coefficients and the operators are in general convoluted. In this chapter, because we

only treat tree-level quantities there are now convolutions between Wilson coefficients

and operators and we do not need to use the notation in Eq.(3.5).

4.2 Obtaining the Parton Shower with SCET

4.2.1 Bauer-Schwartz Method

The original application of SCET to study and improve the parton shower was carried
out in Refs. [16, 17] by Bauer & Schwartz. The main reasons why SCET is useful

here are:

e The SCET fields, soft and collinear quarks and gluons, encode the infrared
contributions which are exactly where the parton shower amplitudes have their

dominant contributions in phase space.

e Since SCET is improvable order-by-order in the kinematic expansion parameter,

A, one has the potential to systematically correct the shower.
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We will give a short overview of the Bauer-Schwartz approach, and then discuss
the complications that arise when trying to extend the analysis to NLO in the A
expansion. In this subsection we will use notation that is not found elsewhere in this

chapter to retain consistency with Refs. [16, 17].

The procedure of [16, 17] starts by constructing i-parton operators, O;, through
matching SCET to QCD at a hard scale. For example, their O, will equal 0?29 (ny, ny)
in the notation of Eq. (4.7), and O3 will be O®10 (n;, ny, ng). As we run O;(u) down,
the leading log renormalization group evolution (LL RGE) does not mix operators
and the exponential evolution operator encodes the no-branching probability. The

evolution continues until another parton becomes apparent at a scale p = pp.
If we have an i-parton operator, O; = QW70 (n,, ... n;) with all n’s distinct,
then it has the RG solution 0;(Q) = U 39(Q, u)O;(1) with

(3,i—3,0) Cdl Giio
U =9(Q, p) = exp |— s 2w (4.8)
n
where 7#=30) is the operator’s anomalous dimension. The leading-log resummation
effects of the Sudakov factor in the PS enter through one-loop operator running in
SCET, as dictated by the cusp anomalous dimension. The one-loop cusp portion is
especially easy to calculate in SCET as it depends solely on the number of collinear
fields, even though the loop calculations do generically involve soft loops as well [16,

17),

w
Q@

This form of the kernel yields a product of Sudakov factors which are the no-branching

- as [, n
YO () = - [_qCF + 790,4] log (4.9)

2

probabilities for each parton in the operator:

iJ
P)
g

UEINQ, 1) = DIQ, WAT(Q, 1), (4.10)

Thus, in agreement with Ref. [31], we can account for leading-log effects for any
particle multiplcity by simply multiplying matrix elements by appropriate Sudakov

factors.

97



As we run O;(u) down, another parton becomes apparent at a scale u = py. To
account for this, Bauer & Schwartz devised a “threshold matching” of O; to a new,
higher multiplicty operator, (’)Z(_?l, where the subscript still denotes the number of
partons in the operator and the superscript tracks the parent operator. The general

threshold matching equation is [16, 17]

[COOM)] v = [CRUOIN . (4.11)

After more running and threshold matching, we eventually wind up with 0 for
various n > ¢. The n — ¢ particles emitted at increasingly lower scales by this process
correspond to the parton showering of the original fields created at the hard scale by
O;. Refs. [16, 17] also showed that an appropriate list of SCET operators (O;’s and
Ogn)’s) can interpolate between fixed-order QCD and parton shower (PS) calculations
of IR-safe observables. Furthermore, Ref. [16, 17] carried out the important task of
including O(ay) effects from matching QCD to SCET at one-loop.

That these subsequent emissions reproduce the usual parton shower splitting func-
tion emerges easily from SCET. Consider an operator O; = Xn,(?, where §) is arbi-
trary and we have made explicit a single collinear quark field, ¥,,. If we emit a

collinear gluon from the quark, ¢(¢5) — q(gi)g(k}), the amplitude for the process is:

A" = ﬂn(ql)p“q—gﬂ, (4.12)
0

where u,, is the collinear quark spinor, and p® is the combination of the SCET gluon
emission Feynman rule plus the x,, Wilson line emission (the quark £ can be found

in Eq. (2.16)),

(gl)noLfygo_L 730¢(§10)nol n* qg (gl)nol(ﬂo)nol
— + - ——|=+ — .
q1 q1 do Lk1 q1

(6]

p* =ng +

(4.13)

Note that p® in SCET comes entirely from x,, without reference to anything residing
in Q. The subscript (ny L) refers to components perpendicular to ny and 7#, which

we denote by L for the remainder of this computation. The amplitude in Eq. (4.12)
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X¥99 and summing over spins we have

is gauge invariant and k{'p, = 0. Squaring A7
Zspin Un(q1)un(q1) = @u7ty,/2, and the gluon polarization sum denoted Zspm €ably =
dog- Since p* commutes with 7,, we get an answer proportional to p*p'? d,s, where
without loss of generality we can use a light-cone gauge, dog = —gag + (Fakis +

k1ang)/k1. Crucially, this is a Dirac scalar:
2¢5 4 2001 - q1L 43
a 18 — 12 — 0 1l oL
p°p'dag = |p —2(—__‘___+T'_—:—)X]I, 4.14
o = Il kido @i Goq1 B ! (4.14)
where we have used the on-shell conditions ¢ = 0 and k% = 0.

In a frame where g5 = 0 we have q;; = —ki; and /¢ = 1/(no - qo). Here
no-qo =mno-ki+no-q = —k? /[@2(1 — z)], where z = /. Thus we have the

simpler expression

o (g1)n0l7gu _ N%ng - go

o — n — = y 415
p 0 i 3 ( )
and
2n-ky  2¢3, ¢ 2k, (1+2?)
a,th g :2< R l_l_A) I, = —2-1L . 4.16
PP =N Tk T g ) T g a9

Putting these properties together in the full amplitude squared we get

2

— §’Cp 2z (IJQ—) Tr [ o QQT]
k1]

Thus, all information about the emission factors out to the front of the amplitude
squared and is independent of the rest of the process encoded by Q. Unlike the
analogous computation in full QCD there was no need to expand the amplitude to
obtain this result. In order to recover Eq. (4.3), we still need to include the z-
dependence from phase space, since PJ(,S)(Z) operates at the level of the cross section.

Using d3k/(2Ey) = dk~d*k, /(2k™), for ¢; and k; we have

doy d®q11 dkT dPkyy dgg dqoy dzd?kyy
24, 2k 23 22(1—2)°

(4.18)
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Thus we recover the expected 1/(1 — z) dependence from the measure. Combin-
ing pieces and performing the trivial azimuthal integral d¢y,, we get the expected

expression:

dk?
1L Pq@qg(z) doxq, (4.19)
kl_L

dJX+qg = dz

where Pq(g)qg(z) is the quark splitting function in Eq. (4.3). Here dox., is the cross-

section for the rest of the process with emission of a momentum gy quark, and the
corresponding amplitude squared is Tr [9_29%{291]. Whether 2 represents a simple
hard current or an entire chain of collinear splittings, we see that the ¢ — gg emission
factors out with the expected logarithmic singularities, as in Eq. (4.2).

In order to obtain their results, Bauer and Schwartz introduced choices and ap-
proximations at several points which obscure the path toward systematicaly com-
puting NLO corrections in the SCET power-counting parameter, A. Indeed, they
concluded that obtaining these corrections “... may be prohibitively difficult” [16].

Some of the issues one encounters trying to work at higher orders are:

1. At NLO, it becomes crucial to distinguish which simplifications correspond to
approximations with power corrections, and which involve a choice of coordi-
nates where the final answer is coordinate independent. For example, in general
a collinear state has nonzero momentum components perpendicular to the in-
dex n of the field that annihilates it. In Refs. [16, 17] a choice was made to
have collinear SCET fields in the operators only create particles whose momenta

perfectly aligns with their index direction, n:
anq) = 5n,nq: where ’I”Lg = qﬂ/Eq- (420)

Eq. (4.20) enforces certain kinematical restrictions on final state particles, and

required that fermions fields be rotated to an appropriate n# via &, — (1#7/4)&n, -

2. At LO it was possible to avoid a potential double counting between collinear
and soft fields by dropping soft emission and Wilson line emission, and taking

only collinear emissions with transverse polarization. The threshold matching
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procedure is designed to avoid double counting of collinear operators, such as
a Lagrangian emission from O, and direct emission from ng), since only one
of these is allowed to operate at a time. However, the threshold matching in
Eq. (4.11) makes the technical procedure for incorporating power corrections

unclear.

3. Threshold matching contains another impediment to systematic improvement.
The basic idea is that the initial operator O has nonzero projection onto Fock
states of any multiplicity, but the number of particles created by an operator is
a scale-dependent question. The matching scales are determined by the strong
ordering kinematics, p1; > ... > pnu. At the scale of an emission, say py,
one matches to the operator (953). However, going to higher orders in the shower
necessitates encoding departures from the strong-ordering condition needed for

this procedure.

There is also an interplay between some of these. For example, if we wish to construct
a ggdg operator that is obtained from a time-ordered product of the SCET lagrangian
with O,, then there is a kinematic conflict since the mother quark has nonzero in-
variant mass, but the quark in O, is suppose to have null momentum to enforce
Eq. (4.20). Encoding the emission in (9:(,,2) via threshold matching avoids the conflict
with the choice in 1. In carrying out their method, Bauer & Schwartz carefully enu-
merated the above approximations. They affect the ability to include corrections in
A, but do not impact the LO shower.

Building on the work of Refs. [16, 17], the main goal of the framework we develop
in the next subsection is to overcome this list of issues so that we can determine the

NLO corrections to the shower using SCET.

4.2.2 Using SCET;

The main feature of the parton shower is the ability to capture the dominant physics
of particles emitted in kinematically hierarchical regions of phase space. Our goal

is to reformulate the SCET interface with the shower using a standard sequence of
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matching and running steps in different versions of SCET,
QCD — SCET; — SCET; — --- — SCETy . (4.21)

We refer to this as the SCET; procedure. The key distinction between a SCET at
one stage and the next is the definition of the corresponding resolution parameters
1> A > X > - > Ay, where )\ is the power counting parameter of SCET;. As
we move down the chain, the corresponding SCET resolves smaller invariant masses
~ (Q);)?, and has a different meaning for its collinear sectors {[n;]}scer;. To keep
track of this we will attach a subscript to the operators to denote the SCET; in which
its fields live,

09RO (ny, . nik) - (4.22)

Effectively with Eq. (4.21), we partiton the momenta of particles in an event into

classes,
903013...391\], (423)

where ; is defined to contain the momenta of all propogators or particles with invari-
ant mass p*> ~ (QX;)? or smaller, or an equivalent condition on relative perpendicular
momenta.! The allowed momenta in €2; correspond to the IR particles of SCET;. The
sequence of SCET;’s is truncated when we resolve ai scale of order the parton shower
cutoff, QAN = p* ~ 1 GeV, that is in SCETy.

The strongly ordered configuration of partons in Eq. (4.1) corresponds with re-
moving a single ¢7 in €; as we pass from Q; — Q;,,. However with Eq. (4.23) nothing
stops us from having multiple emissions at a single scale. If two mother particles,

with q]? and qu 1, are associated to the same (2, then when we integrate out the scale

INote that we do not associate a strong hiearchy to the hard scales p; in each SCET;, and we
consider p; ~ @ despite the fact that the partons loose energy as they split and evolve. This does
not imply that the hard scale for each SCET); is fixed, but mearly that parametrically it does not
tend to decrease as rapidly as the invariant masses encoded in the power counting parameter A;.
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in SCET}, this configuration just contributes to an operator with a different parton
multiplicity from the strongly ordered case. Thus, with the Eq. (4.21) setup there is
no obstacle to considering corrections from an arbitrary assignment of qf’s to £2’s.
This resolves issue 3. of Subsection 4.2.1.

To carry out calculations in the SCET; framework it is convenient and sufficient to
take a specific definition of the power counting parameters, A; = ()\)*. The motivation
for this is that we want the hierarchy between neighboring splittings to stay the
same throughout the shower so as not to privilege any portion of it. We will see in
Subsection 4.4.4 that this democratic setup allows us to interpret our O(\) corrections
to i-parton amplitudes as universal corrections to the splitting probability, given at
LO by Eq. (4.3). Our defintion of collinearity will change as we go to lower scales,
and from Eq. (2.2) fields collinear to n within €2; have:

(n-a, @ g1) ~ (A% 1, \)aq, (4.24)

and virtuality ~ (g;)2A\%. For convenience we use the same auxillary vector 7i* defined
for n-collinear fields in SCET; for all subsequent collinear fields in SCET,’s that
descend from these n-collinear mothers. In SCET; £ again only couples collinear
fields in the same direction n. Since different SCET;’s have different definitions of
collinearity, our description of identical physical processes changes when we switch to
a theory with a lower scale.

We depict this in Fig. 4-1, where the left panel is in SCET; and the right panel is
in SCET;,;. In SCET;, the quark (¢;) and gluon (El) are ng-collinear. This means
that at LO they are emitted from a gqg vertex in the LO SCET; Lagrangian (or a
Wilson line). Schematically, the amplitude for a | -polarized gluon looks like?

A1 — Cyy [ da(OIT {Lsoer, (2)07) laag) (4.25)

namely like the first term in Eq. (2.22). The right-hand panel of Fig. 4-1 denotes

the same configuration as seen by SCET,,;. The scale of this theory is lower and

2 From here on we will drop the superscript (0) and the subscript n from the collinear Lagrangian.
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Figure 4-1: The same three-parton process as seen in two different SCET’s, SCET;
and SCET;,;. Above: Kinematic configuration of the quarks and gluon. The solid
cones represent the regions considered collinear to the vectors drawn. Below: Feyn-
man diagrams for the corresponding amplitude. Note that in SCET;,; we have re-
moved a propagating degree of freedom. The amplitude thus comes from a higher

dimension operator 9%, rather than time-ordered product of Lgcgr, with the current
J9 as seen for SCET;.

the definition of collinearity stricter, so the quark and gluon are not collinear here.

Therefore, the amplitude now comes from an operator with three partons,
A% = Coqy(0|0"|qqg), (4.26)

as in Eq. (2.23). As usual in EFT, continuity of the S-matrix is maintained by
matching SCET); to SCET;;, to calculate Cyg,.

Before moving on, we list some technical advantages to working in the SCET,

framework:

1. Collinear fields in SCET with different n-labels, as well as soft fields, do not
overlap in Hilbert space. SCET provides built in mechanisms to avoid double
counting that will be inherited by terms in the SCET; chain, such as zero-

bin subtractions [78]. This allows us to separate an i-jet process with ¢ dis-
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tinguished partons, from an (7 — 1)-jet process with ¢ partons, where two are
collinear and unresolved. Lower-scale SCET;’s distinguish processes more finely
based on their stricter definition of collinearity. This resolves issue 2. from Sub-
section 4.2.1. This SCET property also illuminates simplified structures in the
power corrections, such as the form of the amplitude interference (cf. subsection

4.4.4),

2. Soft modes communicate between collinear sectors and threaten the factoriza-
tion of different jets. Fortunately, SCET constrains the interactions they have
with collinear fields. In fact, one can decouple them with soft Wilson lines in
the LO SCET Lagrangian. At LO we maintain factorization and derive the
angular ordering and coherent branching of soft emissions (cf. subsection 4.3.2).
Soft interactions which are power suppressed can also be systematically studied

in SCET with Lagrangians available in the literature [15, 24, 25].

3. In SCET; we have a symmetry group RPI; which corresponds to coordinate
choices. In SCET};; only a subset of this RPI;;; C RPI; remains a symmetry
of the new theory. The kinematics in the coset portion RPI;/RPI;,; within
SCET; become a set of higher-dimension operators in SCET;,;, and describe
configurations which would not otherwise be contained in the SCET;,; La-
grangian (cf. subsection 4.3 and appendix B.1). This resolves issue 1. from

Subsection 4.2.1.

4. In matching between SCET; and SCET; 1, higher order operators in the lower-
scale theory are needed to reproduce the physics of the higher one. We proved
that all higher order purely collinear operators can be built from quark fields
(Xn), perpendicular gluon fields (B, ,), and the perpendicular momentum op-
erators (P, ,) (cf. subsection 2.1.1). Thus the symmetries and equations of
motion of SCET greatly simplify the operator basis one needs to consider at

each order in A (cf. subsection 4.4 and appendices B.2 and B.3).

The final SCETy corresponds to the scale where the shower stops, i.e. where

QAN ~ p¥t. In SCETy, we only require the coefficients of the operators where all
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collinear partons belong to distinct sectors and which have no P, ’s, C](\?’k’o)@%’k’o).
Here we have n;‘ = p;‘ /p; for each parton that is each perticle is collinear to a different
direction, this is as in Eq. (4.20), but we only do this for operators which have just one
parton in an equivalence class. The more general operators with more than one parton
in a single collinear direction and l-momenta are required for the steps through
intermediate SCETS, to calculate NLO corrections. The coeflicients C}J”"O) encode
the history of the shower, including branching and evolution, and can be written
entirely in terms of: dot products n; - n; (that is equivalent to products of physical
parton momenta), hard momenta p;, and the renormalization scale of dimensional
regularization, p. The dot products of ns carry the power counting in A. It is also
worth mentioning that SCET maintains gauge invariance for power corrections, so

the Wilson coefficients encoding the shower information are gauge invariant.

Our goal is to carry out the transition SCET; — SCET;; with a standard match-
ing procedure, and to find a correspondence between the SCET; setup and the in-
formation needed for carrying out the probabilistic parton shower. A traditional LO
parton shower needs four basic ingredients: an evolution variable, no-branching Su-
dakov factors, the splitting function, and a notion of factorization yielding an iterative
algorithm. Given a desired evolution variable, a correspondence must be set up with
the n; - ny’s in the SCET; procedure. At LO this is straightforward, but at NLO
this will effect the manner in which the power corrections enter a probabilistic shower
code. The no-branching Sudakov’s are obtained by renormalization of operators in
each SCET;, with calculations that are along the same lines as those covered in detail
in Refs.[16, 17]. At LO, only operators with distinct collinear sectors are required,
while at NLO the renormalization becomes more complicated since operators may
now contain two or more partons that are collinear in the same direction. The split-
ting functions appear in the matching between SCET; and SCET;,;. At NLO, this
includes 1 — 3 splitting functions as well as corrections where more partons appear
at the start of.the shower. The majority of the splittings in a tree still factorize at

NLO, and the properties of SCET control complications in the interference.

In the above discussion we did not identify the parameter A with an outcome in

106



the probabilistic shower. As far as the shower is concerned A is merely a bookkeeping
device which helps determine what pieces are needed beyond LO, and those pieces
depend only on physical momentum and not on A. One could try defining A\; = k1, /@,
Ay = ko1 /@, etc., but this is not ideal since probabilistically there is a chance for
events where k) ~ Q or ky; ~ p3**. The organization in Eq. (4.23) instead exploits
the fact that on average showers are strongly-ordered. Our expansion in A will then
on average give a description of the most likely first deviations from strong-ordering.
The correspondence between shower ingredients and ingredients in SCET; implies a
probabilistic interpretation, rather than fixed unique values for the scales Q\;. In the
end, we pass to the shower the information obtained along the way to determining
the operators of SCETy to NNLO in A at the amplitude-squared level. Again, what
is important is to obtain the ingredients in the shower, and in this sense SCET; is a
crutch to derive the NLO shower ingredients and not a physical theory that outputs
precisely the desired NLO shower.

Now that we have defined the basics of the SCET; setup and its advantages, we
are in a position to give an operational overview of our results. Building on item 4
above, the bulk of this work is devoted to studying how one derives SCET};,; from
SCET;. We will find that many simplifications occur. We can write down the operator
which reproduces the strongly-ordered parton shower in a closed form expression for
an arbitrary number of partons (subsection 4.3.1). Improving the parton shower then
simply corresponds to matching at higher orders. We will find one set of corrections
that only involve fields near the hard-scattering process. One can determine them
from matching to QCD amplitudes with a small number of partons (subsection 4.4.1).
They represent a set of non-resummable contributions, which we can interpret as
improving the initial condition from the hard-scale matrix element. We will also find a
generalizable set of corrections for an arbitrary number of partons that admits a closed
form expression (subsection 4.4.2). This leads to a correction of the substructure of
the jet, and we can use it to cross-check it by known O(«;) corrections to the usual
parton splitting functions. Lasﬂy, when we construct the squared amplitude the

interference between all of these operators in the SCET; picture is straightforward
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(subsection 4.4.4).

It is also worth commenting explicitly on shower ingredients that we do not com-
pute in this work. We only treat the case of a showering quark ¢ — ¢g and for the
abelian portion (ox C%). We have left gluon splittings, ¢ — ¢g and g — gg out of
this analysis, though the extension to these cases should be straightforward. We have
not computed the evolution factors at NLL required for a full NLL shower with a
proper resummation of double logs. We have also not determined the full effect of
NLO power corrections from subleading soft interactions, although we briefly examine
the factorized structure of such corrections in subsection (4.3.2). Finally, and most
importantly, we do not attempt here to develop a realistic numerical algorithm for

implementing an NLL shower. These items are all left to future investigations.

4.3 Parton Shower in SCET via Operator Replace-

ment

In the previous subsection, we presented our approach of using a series of EFTSs, the
SCET;, to handle processes with a hierarchy of many scales. We will now use this
technique to calculate the leading contribution to a series of collinear emissions, as
occurs in the parton shower. Our ultimate goal is to incorporate corrections, but
as a starting point we want to easily reproduce the strongly-ordered configuration
Eq. (4.1). We can do this if we declare that in a shower, the " particle decomposes
as:

(n Qi @i, CIu) ~ ()\%, 1, /\i) Q, (4-27)

and therefore has virtuality ¢ ~ Q?\%. strongly-ordered i-gluon radiation in Fig. 4-
6. This is exactly the same condition as Eq. (4.24), which we used to define the EFT,
SCET,. Thus, it is natural to treat the i*® emission in the theory SCET;.

To calculate the operators that describe 7 emissions in the strongly-ordered limit,
we will perform a series of matchings SCET; — SCET;,;. We will find that the most

efficient way to describe the process at LO is to be in SCET; for i-parton radiation.
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P S’ QCD

p? < Q22?2 | SCET,

> S Q*X| SCET,

p* S Q*A° | SCET;

p2 SJ Q2A2i SCET’!

Figure 4-2: We construct the operators that reproduce strongly-ordered gluons
through a series of matchings and emissions. Horizontal dashed arrows refer to the
radiation of a gluon from a time-ordered product of the SCET; lagrangian with the
operator creating fields at the point marked by ®. Diagonal solid arrows denote the
matching the process to a higher multiplicity operator in SCET;,;.

Thus, we emit and match ¢-times in series, as shown by Fig. (4-2). At LO, we will
show that one can implement this using an operator replacement rule. In the case of

g — qg emission, it takes the form:

Xn, = €9B, 1 Xna s (4.28)

where x,, and B, are the SCET fields associated with collinear quarks and gluons
respectively, and C' is the Wilson coefficient whose indices are suppressed. Though
we do not compute them, there should be similar gB; | — ¢ XnyXns +¢” 95’52 198,10
rules as well. In SCET, each collinear field carries the label n, which gives its direc-
tion of collinearity. Note that the quark field on the LHS of (4.28) has a different

one from those on the RHS. This relates to the stricter definition of collinearity in
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Figure 4-3: The opening angle of the light grey (blue) cone is A*, and the aperture of
the dark grey (red) one is A2*1). The particle with momentum p is collinear to both
n and n’ in SCET;, but only to n’ in SCET;,;. RPI in SCET; allows us to move the
index direction, n, anywhere inside the appropriate collinear cone while keeping the
theory invariant.

SCET,; shown in Fig. 4-3. In order to perform the matching we will make use of

the reparametrization invariance (RPI) to change fields’ index labels, n.

4.3.1 LO Shower Revisited

We first want to reproduce the strongly-ordered contribution to i-gluon radiation
from the quark in ¢g pair production. Our iterative matching procedure for multiple
EFTs takes a particularly simple form at LO (LO, NLO, etc. refer to the expansion
in A). For our standard example, we take the process ete™ — jets. Starting in QCD,
we couple the quarks to another sector via the operator, JSCD = gI'*q. This allows
us to avoid complications that come from the initial state such a backward evolution.
In SCET; (which is equivalent to the usual SCET), matching to QCD at tree-level
converts the quark coupling to the following operator at LO: ¥,,,I"*x#, which produces
q and g in different collinear directions, for details on the matching QCD to SCET,
see appendix B.2. Using the notation in Eq. (4.7) we write the SCET; operator in

the following way:

%ol = (C158)), (08 (mo,m)) (4:29)
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where

(087 (10,7)) = (Rno)ilxn)s (4.30)

L)

(CES), = s

and 7 and j are spinor indices. The subscripts 1 in Eq. (4.30) means that the fields are
defined in SCET;. Our focus is on gluon emissions from the quark, and we always take
the antiquark in the same direction, 7. We can therefore use the following shorthand

notation:
OO (ny .. nh, ) = OF (g, nl, ... nl), (4.31)

where the subscript indicates that the operators are defined in SCET;. In the rest
of this chapter we will drop the spinor indices to make the notation more readable.

Using the above convention we write the operator in Eq. (4.29) as
_ 0 0
Xnal" X = C111601” (no) (4.32)

The LO derivations are independent of the exact structure of I'*. In fact, even the
antiquark is a spectator, and we could just as easily use O@ = x,,.Q, where € is
arbitrary. However, as we will discuss in sec. 4.4, matching QCD to SCET; at higher
orders requires us to specify €.

We start with single gluon radiation. In this case, shown in Fig. 4-4, the emission

amplitude is3:

A% = 00 o(0] [daT{L5% ()0 (10) } gno Gno i) (4.33)
_ ( )n .1.77? q

— (e (n3+——¢1 - “)-Z—‘;r“vﬁ(pa, (4.34)
0

where we have now labelled the collinear directions of the particles in the state

_3All the amplitudes we write in this work refer only to the hadronic part of ete™ — jets, thus
AlE is the amplitude of v* — ¢qg.
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(A4) (B)

Figure 4-4: Vector labels for single (A) and double (B) gluon emission.
|Gno gno@n) for later convenience. The SCET; Lagrangian is given in Eq. (2.16). Here

we study the process in the center of mass frame with p, = (Q,0,0,0) and the quark

(go) and and antiquark (p;) along the directions ng = (1,0,0,1) and @ = (1,0,0, —1),

respectively:
Q Q_
Py =gty
No " Pg
=g
do T " qo

We decompose the emitted quark (q;) and gluon (k;) along the directions (ng,7)

¢ g " q1 _

o = Tt + (@ + ", (430)
k ng - k

ki = éng‘ + (k)pe s + 02 -

The variables are defined in Fig. 4-4. By momentum conservation we have (k1)n,1 =
—(q)nots @ =@ = k1 + @ and ng - p; = Q — ng - q1 — no - k1. We take all the
external particle on -shell, thus ng - ¢; = —(ql)io /@ and similarly for ng - k1. As
we discussed in subsection 4.2.1, [16, 17] showed that single gluon emission in SCET
reproduces the splitting function (Eq. (4.3)) and factorization behavior (Eq. (4.17))
of the standard parton shower. Take this simple behavior of a single radiation will
reproduce the shower for an arbitrary number of gluons.

We proceed to two-gluon emission as this demonstrates the benefit of going to a
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1o no ni n}

Figure 4-5: Left panel: Single gluon emission in SCET; comes from the time-ordered
product of the lagrangian with a quark-creating operator, A = (0|T{Lscet, O\” }qq).
Right panel: For parent quarks which are too virtual for SCET,, the gluon comes
from the central vertex via a higher-dimensional operator, 4 = (0|0 |g¢q).

lower-scale EFT as more gluons are radiated. If ky;, and ko, are the perpendicular
momenta with respect to their parents of the gluons emitted first and second, then
strong ordering dictates that ko; < k11. SCET; makes no parametric difference
between the two, as all perpendicular momenta are assigned a factor A. Since SCET,
has a stricter definition of collinearity (a cone size of O()\?)), it can distinguish that
of the two fields. This allows us to integrate out the parent of k;, as its offshellness is
too hard O(Q?)?) for SCET, and match to a higher-dimension operator. In this way,
we remove information unneeded to reproduce strong-ordering. By systematically
putting it back (subsection 4.4.2), we can improve upon the standard strongly-ordered

parton shower.

We want to describe the less collinear emission (k;) as coming from a higher-
dimension SCET, operator (Fig. 4-5), in this case Cé}ioOél)(nl,n’l). To find it,
we just need to find the SCET; operator that reproduces the amplitude for single
gluon emission in Eq. (4.34). As one can see, Eq. (4.34) makes explicit reference to
the label direction ny. In SCET}, this labels the virtual quark (go), the real quark
(¢1), and the gluon (k;) directions. However, as we have discussed (c¢f. Fig. 4-1),
we have a tighter definition of collinearity in SCET,, such that ¢; and k; cannot
share the same label direction with each other or ¢q, which is not even a propagating
degree of freedom in the theory. Spinors in SCET have a label dependence, and

so we can have different spinors for ¢; according to whether we are in SCET; or
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SCET,. This makes it difficult to match at the level of an unintegrated quantity such
as an amplitude. The momentum p decomposed along n’ and 7 is This leads to a
technical complication in the computation, but one that is easy to surmount, making
use of finite reparametrization invariance transformations that allow us to rotate the
label vector while keeping the theory invariant, Fig 4-3. We define reparametrization
invariant in subsection 2.2 and we construct finite RPI transformation in appendix
B.1. We define new labels n; and n} as the basis where the final quark, and gluon

respectively have zero perpendicular momentum,

. M
g =q —2' )
!
ki =k % . (4.37)

The momenta are especially simple in this basis, ¢; and k; are on-shell, which means
ni-qy = n)-k; = 0. In SCET;, we are free to use ng or n; to describe the ¢; quark
and k; gluon because we can use the RPI symmetry to transform between this choice
and other equivalent choices. Whatever choice we make the results for the Wilson
coefficients in the matching will be the same. Since n; is also a valid index for the field
in SCET,, we can do the matching computation using the same spinor, u,,(¢1), in
both theories. The following results show how to express a spinor in the n; direction
in terms of one in the ng direction and how to rotate the vector ng to n;(n}) such that
the quark(gluon) field with perpendicular momentum (g1),, ; (k1)no1 in the no-basis

has 0 perpendicular momentum in the n;(n})-basis:

Ung = Z/L—Qﬁunl, (4.38)
9 2
n$ =n§ + (qi)nol - (QIZSOL ne,
q1 a3
2(k1) (1)>
nla — na + - nQJ_ _ _'noJ. ﬁa.
1 0 kl k%

The two different n;-vectors’ directions lie within cones of size A, and so we apply

the transformation in SCET}. It is simple to check that in the new basis, (¢1)n,1. =

114



q1 — (n1-p)n/2 — @1n1/2 = 0 and similarly for (k;)n;1. In appendix B.1 we derive
Eq. (4.38) and other rotation formulas. Acting on Eq. (4.34), we get:

G d ( )n .L’Vz'
qug:gg_ga"l <"g+ . o %f%"“ﬁ’ (4.39)

where qo = ¢1 + k1. Terms with subscript ng, n1, n} are in the frame defined by
do, G1, k1, respectively. Having changed bases, we can easily write the SCET; operator

that reproduce the amplitude (4.39) C’SL)O(M)(DS)(nl,n’I), where:*

O (n1, 1) = (n,); 98% 1 (X » (4.40)
( )noJ-'.Y;:’
( ng + 4 - = %Zio T4l Oxe[ng - ny].
ik

O o =UR (n0)(Q, ) [ -

Y

(4.41)

We have included in the Wilson coefficient the leading log RG-kernel UIE(I),) that comes
from running down the SCET; operator (’)§0) from the scale @ to the scale u; ~ AQ

where we have the emission. From Eq. (4.10) we have

ULY (n0)(@, 1) = 8g(Q, 1), (4.42)

where we have simplified the superscript as in Eq. (4.31), that is
Uﬁi’k’o)(nl,ni, ey M, ) = LL (nl,nl, CM) - (4.43)

When Uy, refers to an operator where all the collinear directions 5re distinct, we will
drop ns from the notation. In the interpretation of this factor as a Sudakov, we see
that it accounts for the non-branching from the scale @ to the u; of the emission. We
can write the coefficient C’Sﬁo only in terms of scalar product of ns, this is shown in

Eq. (B.53) in appendix B.3, for the running coefficient we can take p; = +/|n; - n4|Q.

The function ©)2{n; - n}] in Eq. (4.41) is a function that encodes the information

4 See appendix B.3 for more detail on this matching.
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that (ny - n}) < A2, The SCET; operator O (n,, n}) knows that the gluon and the
quark are not collinear in SCETy, that is ¢, - k; > A1Q? (or ny - n) > A*), but it does
not know that they were collinear in SCET;. We calculated the coefficient Cé,lio
in a phase space region where q; - k1 < A2Q? (or n; - nf < A?) in the matching to
the SCET, (’)§°)(n0) and this information must be encoded in the Wilson coefficient.
We encode that n; - n} < A? using the © function in Cé’lio. For a LL shower we
can take © = 1, because there is not problem of overlap between different regions.
However, once we start considering power corrections, we will need © to turn on and

off particular regions of phase space. For later convenience we define the complement

to the © function as
é)\k [’I’I,Z . nj] =1 - @/\k [ni . ’I'Lj] . (444)
Schematically, we have

1 n; - Ny S Ak

In principle, we could choose © to be the usual step-function, #, but for practical
integration, it is better to define a smoothed step. We give an example of such a
function in Eq. (B.61), and plot it in Fig. 4-9.

The coefficient Cé’llzo has a power counting in A because of the presence of multiple
SCETs. This is different from what happens in a usual SCET matching where all
the coefficients are of order A°. Cé}go has an overall weight A\™!. We get A™2 from
the SCET, propagator, 1/g5. The numerator is proportional to A and comes from
the vertex: (ng‘o + ({41)7,,@7,‘:/1 v/ 971). The second term is O(\) because of the power
counting of (41)n,1 ~ A. Since nf§ also gets contracted with WERRY only contributes
its perpindicular component in the n frame. From Eq. (4.38), we see that (ng), 1 ~
ng—mn, ~ (k1)nor/k1 ~ X The vertex thus contributes the power of A corresponding

to the perpendicular momentum of the daughter with respect to its mother.

We can obtain C’é,lgo OS) (n1,n}) from the original two-parton operator, Cf?go(no)O
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in two steps: first we multiply it by the running factor UIE%) (no)(@, p1) = Ag(Q, 1),
where the A; are given in relation to the RG kernel in Egs. (4.9-4.10), and second we

apply the replacement rule

(Xno)i = (F0(n0))si (Xma); 9B, (4.46)
where cf, is:
i (@)L 75
Cﬁo(no) = q_(2) (nf," + 0__J_ 1t %?‘IO ("))\2 [’I’Ll . n’l] . (447)
9 q1 4

The relation (4.46) is the operator statement of splitting in the parton shower. The
scale p1 defines the endpoint of running in the UV theory. As we evolve down,
more partons become apparent. We can see this here by the presence of two fields
where there had been one. It makes the basic aspects of the shower manifest. The
replacement rule affects the quark alone, and so we see that the amplitude for splitting
factorizes off from the rest of the process. The RG kernel gets modified to reflect the
changing no-branching probabilities. We can interpret the vertex portion of cf as
the “square root” of the splitting function. The spinor projector (jizt,/4) in Eq. (4.47)
rotates the spin-sum from 7, to #, in accordance with Eq. (4.2). The remaining part

of cfy after stripping off the Sudakovs is:

G LV
p=% <n3 + Uit T "”) : (4.48)

a q1

which squares to a trivial Dirac structure. Furthermore, even though p,(7/q3) # P

because of the RPI rotations we performed (where p is defined in Eq. (4.15)), where

we square |p|*(qo/q2)? = |P|? with respect the gauge polarization sum, d,g, so
1 2
P = 2 (4.49)
911

Just as before, including the z-dependence from the measure and spin-sum, we re-

cover the the standard splitting function o< (1 + 22)/(1 — 2). Thus, cf, weights the
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probability assigned to the expectation value of C’(l) olu )(951)(711, n}) appropriately.

Having computed the LO result for a single gluon, it is straightforward to proceed
to an arbitrary number of emissions. In SCET,, we know that two-gluon emission
comes from the T-product of the lagrangian with C Lo(nl, nl)O( )(nl, n}). We can
proceed by emitting a third with another SCET, lagrangian insertion. The situation
is now exactly parallel to when we were considering two-gluon emission in SCET);.
Once again, we are carrying around more information than we need to reproduce the

strongly-ordered contribution, so we should integrate out the scale ~ QM2 to get a

new theory, SCET3, that has a two-gluon operator, Cj’ Lo(ng,nl,nz)O@) (n2,n},nj)
at LO. Similarly to before, the amplitude has the contribution,
A% = Co(w)(0] [dz T{Lscrr, ()08 (12, 74)}H gy Ins G Gr) - (4.50)

The vertex for gluon emission in the SCET, lagrangian is identical to that in SCET;.
Thus, integrating out the parent of the Lagrangian-emitted, second-most collinear
gluon, we obtain a two-gluon SCET3 operator exactly as before. Similar to the
matching SCET; to SCET,, we can obtain the SCET3 operator Cé’zgoogz)(ng, ny, ny)
from the SCET; C’(l) olu )(’)él)(nl,n’l), just multiplying it by the running factor for
oy,

Ul(i) = Aq(ko, 1) Agl,ﬂ(,uo, 1) (4.51)

and applying the replacement rule

(Xna)i = (S0 (11))ji (Xns )982, (4.52)
g ( )nlJ.’Yff'
oln1) == (n‘f + 4, i iy Oxing - ny),
q7 qs 4

where ny and nj are the direction where the quark and the second emitted gluon are
collinear, they are defined in appendix B.1. One can iterate this procedure to obtain

the LO result for N-gluon emission. If we use the replacement rule N — 1 times we go
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Figure 4-6: Left panel: our kinematical convention for a strongly ordered process.
Quark momenta are denoted by ¢; and gluon momenta by k;. Right panel: power
counting of the LO coefficient in SCET 5. The powers of A with negative exponents
refer to the propagator contribution to the amplitude. Those with positive exponents
refer to the perpendicular momentum of the gluon with respect to its parent, since
SCET vertices are proportional to it.

down to SCETy operator C - 1)(9(1\]*'1)(nN,n’1, ...,My,), after which Lagrangian

emissions are no longer distinguished as separate particles. We have®

N-1
— —_ n/J_ .
OV Dy, n,, ... ny_y) =Xnn (H 9Ba} ) X7 (4.53)

k=1

I(VNL('I)) = (H (g1, ) Cﬁé(”k-i)) re,

( kl)nk 1 /nf k—1 ’
cr6(nk-1) —Z—k— (ni’“ d - kl) i Oax[(nx - )],

-1 - [778 4

k_ —_
U™ (o1, 1) = Dg(ttory i) (D (1, 1)) * D72,

Where the variables for 7 emission are defined in Fig. 4-6, g = Q, pr = \/WTQ
and ¢, = (qi + Z?:k_i k]-)2. ng and nj are the directions where the quark ¢, and
the external quark k; have not perpendicular component, they can be related to
nk—1 through reparametrization invariant (cf. appendix B.1). We can extend the
argument we used to calculated the power counting of C Lo to the SCET y coefficient

in Eq. (4.53), just counting the contributions form vertices and the propagators,

> Because we only analyze gluon emissions from a quark, we have at SCETy exactly N —1 gluon
emissions, so the SCET y operator is (’)( )
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C’I(\,JY]:OI) has a power counting va_l 1/A~F = \"NW-1)/2 see Fig. (4-6).
Similarly to the discussion above Eq. (4.49), we can extract the vertex part of ¢

to define P*. We get that
1+ 22

|Por? =
ql%_Lnk_l

, (4.54)

where 2z = @x/dx—1. Thus, we get that the amplitude squared goes like the factorized
product of the appropriate 1 — 2 splitting functions. Since (’)z(i_l)(ni_l, ni,...,nl_q)
is just built up from the repeated use of Eq. (4.46), we see that it requires no added
information after we compute the first ¢ — qg splitting. Thus, what we need to pass to
a shower algorithm comes just from single real and single virtual gluon computations,
as we list below in Subsection 4.3.3 in Table 4.1. Collinear splitting is entirely handled
by the splitting rule in Eq. (4.46) at LL order.5

We have seen that to describe LO parton shower we only need operators with x,
and B, fields, but when we go to NLO, we will see that we can also have operator
with P, . In the final SCETy where all x,, and B, fields have their own n; directions
we do not need operators with factors of P, ,, in the operator. Such operators encode
redundant information that is specified by RPI. That is, in SCETy we only have the
operator OgVN_l) (nny,nf,...,n/y_;) and all the corrections are encoded in the Wison

coefficients.

4.3.2 Soft emissions

SCET describes soft degrees of freedom using soft quark and gluon field: gs(z) and
Ag(x). In this work we focus on fully differential cross section where we can always

distinguish collinear and soft modes, but in an integrated cross section we have to

61t is straightforward to see that we do not have additional contributions at LO. Firstly, consider
the possibility of operators that do not take the form of a single-field replacement rule. These
would depend on the details of the hard process that produced the quark in the first place and
could threaten the factorization of the shower. In fact, we will get such terms when we match QCD
— SCET,, but they are always suppressed, as we discuss in sec. 4.4. Returning to single-field
replacement, let us consider matching SCET; — SCET,, as results in this case will generalize to all
SCET;. Rule (4.46) sends xn, — CBZ3 | Xn,. At LO, we cannot get such a replacement involving
mutliple gluon fields, Bp;1, as this implies that we have integrated out multiple, hard (~ QX))
propagators. Such a contribution would not be strongly ordered, and is suppressed. We will see in
sec. 4.4 that we do have such contributions at higher orders.
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implement soft emissions with some form of zero-bin subtractions [78] to avoid in-
terference between soft and collinear radiation. As we have seen in subsection 2.1,
the collinear sector and the soft sector couple through the covariant derivative A2,
iD# = i0* + gA¥, (Eq. (2.13)) acting on the collinear fields. At LO the collinear
particles only couple to the n- A; component of the soft gluons and the soft-collinear
factorization guarantees that we can absorb all this couplings into Wilson line Y (z)
along the direction of the collinear particle, Eq. (2.15). In SCET this is accomplished
by making the field redefinitions in Eqgs. (2.14), so the new collinear fields no longer
couple to soft gluons through their kinetic term. The outcome for the composite fields

considered here is that
Xn = Yoxn,  Bi—=Yo.BRY. (4.55)

Note that here we consider nonabelian soft interactions which is why the soft Wilson

lines do not cancel for the B field.

In matching SCET; to SCET;,; we will only consider external soft modes in
SCET;,: with momenta k* ~ QA20+1) These modes are contained within the soft
modes in SCET;. We do not consider particles with soft momenta k* ~ QA% that
could not be encoded by onshell modes in SCET; ;. Since such modes are forced to
have larger momenta than the soft fields in SCET;; they are not responsible for IR
divergences, and any contributions from momenta of this type can be encoded in the

Wilson coefficients of our SCET;,, operators with its field content.

In a given SCET); after making the field redefinition the effect of soft gluons is

encoded by Wilson lines Y,, in the operators, with the form

ny NN
k=1

N
_ 0)a
v ] Y Bfl;)fYJ; T,Ynxn. (4.56)

In the context of SCET;, the angular ordering property of the soft emission and the

coherent parton branching formalism for soft emission with multiple hard partons
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emerge naturally. If we take the Fourier transform of Y,,(z) we get

S (=g)™ n-AP.-..n- Al
=1 s am ., Je1 )
Y + Z Z m' n.kln. (k1+k2)...n_ (Z:T;l k@)T T (4 57)

m=1 perms

where ki, k, ... k, are the momenta of the gluon fields. The eikonal structure of (4.57)
leads to angular ordering. If a collinear particle with momentum ¢; in the n; direction

emits a soft gluon of momentum £k, the amplitude acquires a term proportional to

Nn;-Es — qi-€s
n'ks qi'ks

Footy = +0(}), (4.58)

where ¢; is the polarization vector of the soft radiation and ¢}’ = gn!'/2 up to power
corrections. If A,(q1,¢2, " ,qn) is the amplitude to emit n collinear particles with
momenta qi, g2, - -+ ,qn and A,,; the amplitude with one more emission &, in the soft

region, we get An+1(q17 g2, ,qn, ks) ~ An(qla gz, aqn) Z?—_—]_ Cz q; - gs/qi : k7 where

C; is a color factor. For the cross section this implies

dE, dS), o
dn =d n"_s g ,7VVi,7
Int1 o E, 27 2m v Wi

(4.59)

where df); and F, are the element of solid angle and the energy of the emitted soft
gluon, C;; is a color factor. Here

= 4.60
’ Qz"ks qj'ks ( )

is called the radiation function. After integration of W;; over azimuthal angular
variables the soft gluons only contribute when the gluon is confined to the cones

centered in the direction of the particle ¢ or 7, and are hence angular ordered.

To see how coherent branching emerges we consider the effect of soft gluons in
our leading order matching between SCET; and SCET;,;. If we consider effects
encoded by operators with exactly the same collinear field content in SCET; and
SCET;,, then graphs involving soft gluons agree and there is no contribution to the

matching. If we consider instead the calculations that lead to the LO replacement
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rule Xp, — CLOXmB z then the soft gluons are encoded by
SCET; : XY, , SCETit1 ¢ cLoXm Yy, Yu, Bo YT (4.61)

For soft gluons at wide angles relative to ng, ny, and nj the effect of attachments to
Vi Yo, are power suppressed because soft attachments to these two lines cancel up to
terms that are power suppressed by n; - nj ~ A\*. The remaining attachment to YJ,I
looks the same as attachments to Y} at leading power since ng - nj ~ A%. Thus wide
angle soft gluons do not resolve the substructure revealed by matching to SCET;
and effectively only couple to the overall color charge of the parent quark x,,. Soft
radiation that is close in angle to n; and n} resolves the split quark x,, and gluon
Bi,l , compensating for the n, -n) suppression by additional collinear singularities in its
propagator factors. Thus the coherent branching formalism for soft gluons emerges
naturally for amplitudes in our SCET; picture.

From the SCET point of view it would be natural to distinguish soft and collinear
radiation in the shower and treat them independently, being careful not to double
count. For simplicity all available shower codes treat them in a coherent fashion.
The effect of accounting for soft coherent branching in the shower typically leads
to modifications of the Sudakov probability factors (see for example Ref. [44]), and
effects the choice of evolution variable or by adding additional vetoes. In the context

of SCET the implications of this were discussed recently in Ref. [19].

4.3.3 Summary LO Parton Showers

In table 4.1 we summarize results for the mapping between the LO/LL parton shower
at and our SCET); picture. In the first column we put the elements needed for show-
ering, and in the central column the translation to elements in the SCET; setup. The
usual splitting function is related to our replacement rule ¥,, — cv anB that
in turn is related to the SCET; coefficient of the operator 02 . The LL Sudakov
comes from LL running factors related to the one-loop cusp anomoulous dimension

as in Ref. [17]. At leading order soft emission in SCET; is taken into account adding
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Shower Ingredients | Quantity in SCET; | Found In:
Splitting function Replacement rule Eq.(4.46)
LL Sudakov factor One-loop cusp Eq. (4.10)
anomalous dimension

Soft emission Soft amplitude Eq. (4.59)
Evolution variables g, n;-n;

Table 4.1: Mapping between parton shower and SCET; at LO/LL.

soft Wilson lines Y, into our operators. This leads to angular ordering and coherent
branching, which must be accounted for with modifications to the shower to account
for the soft singular regions. Finally, showers are constructed with different choices
of evolution variables and the choice effects the structure of power corrections. In
SCET; we have seen that we can write all coefficients in terms of the large momenta
(q@) and dot product of ns vectors (n; - n;), which are natural variables in the SCET,
picture. At LO/LL the translation to any appropriate set of evolution variables is
straightforward. Beyond this order one must systematically account for additional
power corrections induced by changing variable from g; and n; - n; to the desired

evolution variabbles for the shower.

4.4 SCET Power Corrections to the Shower

As we have seen in the previous section, we reproduce the usual parton shower by
matching collinear gluon emissions to increasingly lower-scale EFTs, the SCET;. Our
goal is to catalog the leading corrections (in A) to the cross section for the emission
of an arbitrary number of collinear gluons to a quark. By this we mean all amplitude
terms to LO and NLO, as well as those at NNLO that can interfere with LO. As we will
argue in subsection. 4.4.4, in many cases of interest, there is no LO/NLO interference,
and so we focus on NLO/NLO and LO/NNLO. Just as in the strongly-ordered case, it
is convenient to integrate down to SCET;; when describing the emission of i-gluons.
We obtain these corrections by doing our matching computations at higher order. We
will show that there are two distinct types of subleading matching, and they have a

different physical interpretation:
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e One set originates in matching QCD — SCET]; at higher orders. This generates
a set of subleading terms that remain suppressed as we move down to lower-scale
SCET;’s. We call them hard-scattering corrections as they involve the details
of the hard-scale process that created our initial hadrons. Also, they are most

important for partons radiated closest to the original vertex.

e The other set comes from the subleading matching SCET; — SCET;,;. They
involve processes described by the SCET; lagrangian, but ones that get inte-
grated out into higher dimension operators at lower scales. These corrections
are ubiquitous. They do not depend on the hard-scattering details, and we can
determine them for arbitrary SCET; — SCET;,; once we have found them in
SCET; — SCET;. Furthermore, they relate to known O(a;) corrections to the

q — qg splitting function. For this reason we call them jet-structure corrections..

Determining the above to NLO in the cross-section will only involve single and double
gluon emission. Thus, we will never need to compute in a lower-scale theory than
SCET;3; . We perform all the QCD—SCET; —-+SCET,—SCET3 matchings ‘for these
amplitudes necessary to calculate the corrections in appendices B.2-B.4. Below, we
discuss the final results for the corrections, with Subsection 4.4.1 focusing on the
hard-scattering corrections and Subsection 4.4.2 on the jet-corrections ones. For these
portions of the work, the matching is only done at tree level, though formulas in the
appendices include one-loop RG kernels. We discuss the effects of LL running on
correction terms in Subsection 4.4.3. Lastly, in Subsection 4.4.4, we will study the
amplitude squared and we will see there is a great simplification of the interference
structure in SCET . We will also describe steps going from our subleading operators

toward the systematic improvement of the parton shower to NLL.

4.4.1 Hard-Scattering Corrections

Let us begin by examining the matching QCD—SCET; for single gluon emission
collinear to the quark. For this case, all corrections are of the hard-scattering type.

Unlike LO, corrections can have dependence on the process that creates the gg pair.
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For concreteness, we will consider the coupling of QCD quarks to the vector current
chD = @y*q. The matching is performed in the centre of mass frame with the
initial virtual photon with momentum p., = (Q,0,0,0). The full details of matching
calculation for QCD to SCET; is performed in appendix B.2. To reproduce the full
QCD current J§cp, we need an infinite tower of SCET; operators increasingly higher

order in . However, to get the required amplitude to NNLO, we only need four:

Ao = ko [do(OIT (Lscrr, ()01 (10)} dnotet)

+ C (19, 0) (01O (0, 110)| G Gno @) + CL- (110, 110) (O T (110, 10) | Gy G T
+ C (1, 1) (010X (1, 11| Gy Gt T, (4.62)

where

O (n0) = Xno X » (4.63)
oM (10,M0) = Xno 9Bpy,1 X7 »
71(1) (no, o) = Xno ['Pfol g SOL] Xn

1 - e’
Og )(nhnﬂ = Xnq an’lJ_Xﬁ-

We gave the expression for 01(?%,0 in Eq. (4.41). The amplitude from the operator
(9§0) (ng) is shown in the first diagram in the SCET; column of Fig. 4-7, those from
(’)ﬁl) (ng, no) and Tl(l)(no, no) in the second, and that for Ogl)(nl, n}) in the third. We
call O (ng, no) and 7. (no, mo) “two-jet” operators as they are labeled only with two
distinct collinear directions (ng and @) (for the direction of the antiquark we do not
put a symbol following the convention in Eq. (4.31)). They describe a gluon collinear
to the quark. We obtain the coefficients C{l) (no, no) and Cf}(no, ng) by expanding
the QCD amplitude in the limit of small gluon momentum transverse to the quark’s
direction with the usual SCET parametrics: (ng, k1, kingr) ~ (A2,1,A)Q. There are
an additional set of two-jet configurations corresponding to the gluon being collinear
to the antiquark. These are trivial to obtain by charge conjugation and we do not

discuss them separately here. The operator 0§1)(n1, n}) is a three-jet configuration,
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Figure 4-7: Matching QCD to SCET; to SCET, for one emission collinear to the
quark direction. We depict the operator structures that lead to this process in each
of the the three theories. The QCD contribution is standard. In SCET,, we either
emit a collinear gluon through the time-ordered product of the Lagrangian with an

two-parton operator, or from three-parton operators. In SCETS,, this configuration
only arises from a higher-dimension three-parton operators.
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as it describes three distinct directions where the quark, the gluon and the antiquark
are far apart according to the definition of collinearity in SCET,;. Whenever we have
an operator where each field has its own index label, we can chose for the purpose of

matching the n; such that they are exactly aligned with the external particle momenta.

The coefficients C’l(l)(no, ng) and 01(1) (n1,7n}), are discussed in Egs. (B.36) and give:
(1) Low_ iy e
C1 7 (no, mo) = 6( o 7N )7n0J_7
(1) _ 1 5 2 s
01,7*(710, no) = ql_lzrl'}/goj_')’no_ﬁ’:ol - ‘q_l_Q' g ”me ) (4.64)
We use the same kinematic variables defined in Fig. 4-4. For Cl(l)(no, ng) and C§}7)-(n0, ng)
the initial current is not a spectator, so neither term is simply proportional to the

~v* that we started with. This dependence on the details of the rest of process is

a characteristic feature of these hard-scattering corrections. We give the coefficient
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Cfl)(nl,n’l) of the operator with quark, gluon, and antiquark in distinct collinear
directions in Eq. (B.39).

Going to SCET, for single gluon emission is straightforward. The basis of oper-
ators needed to reproduce the amplitude (4.62) is equal to (4.63), but where they
are defined in SCET, instead of SCET;: Ogo)(no)} (’)gl)(no,no), 7'2(1)(n0,n0), and
(’)él) (n1,n}). As the computations get more complicated with subsequent emissions,
we wish to minimize our effort by only including those terms necessary to give the

corrections to a shower algorithm. This means we are only interested in the following:

1. Since we construct observables by squaring and integrating amplitudes, we will
need to keep those NNLO contributions that can interfere with LO. These give
terms at the same order as an NLO operator squared with itself. We do not
compute NNLO amplitude terms which have zero interference with the LO

amplitude. A list of the necessary computations is found in Appendix B.3.

2. Our ultimate goal is not a complete SCET; theory from which one can do
computations, but an improved shower algorithm. In Table 4.1, we give a
list of those ingredients needed to construct a map between SCET; and a LL
parton shower. We will augment the map with items needed for corrections
(Table 4.2 in subsection 4.5), but will not calculate contributions which only

contain redundant information for the shower.

The latter point has important implications for the sorts of operator structures we
need to consider. If we wanted to do computations in SCET5, then of course we
would need all operators and Wilson coefficients to the order we are working. As
discussed above, single gluon contributions in SCET, where the gluon and the quark
are collinear at O(\?) (i.e. Oél) (ng, o) or 7;(1) (n1, ny)) correspond to a quark which
does not split until after the scale of matching SCET; — SCET,. However the
corresponding no-branching probability is already determined in SCET}, so the coef-
ficients of these operators in SCET are not required. Thus, we only need to calculate
those single gluon contributions where each field has its own index label in SCET},

meaning determine the Wilson coefficient Cél)(nl, n}) of O;l)(nl, ny).
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The matching equation for C{" (n1,n}) in SCET} is:

Ot o (n0) / dz*(0|T{ Lscrr, (2) O (n0) }Hany 9wy Ta) + C (0, 10){0]OF (0, 70) 1y Gt T

+ OO (1, 7)) (01O (1, 1)) Gy 9w, Ta) + CLH (10, 10) (0 T (n0, 710) |Gy Gy G

= 3 (m, 1) (0103”1, 13) |41, G ) - (4.65)
It is convenient to decompose Cél)(nl, ny) as
1 1)H,a 1)H,b 1)H
gV 02 Lot Cé o + 02( X + C I)\INLO ) (4.66)

where Cé’lio is the coefficient multiplying (O|(9§1)(nl,n’l)lqn1 9n, @) that reproduces
the second line in Eq. (4.65), C’éll)\fig the third line, etc. CS{O was calculated in (4.41)
using RPI to rotate objects in the SCET; amplitude such that they can come from
SCET, operators. The third and fourth terms give NLO coeffcients, which we can
calculate in a similar manner to C’é’lio. Their values are derived in Eqgs. (B.57) and

(B.59):

o 1/ +agnt Gk \
Ous =g (T = (1 G ) ) O ], (467)

do 24
CES RO P, T
* L (59, = on) Bl i)
C§no = (5 (i VImn il + (- 0) 2
E \/F - n# (n;- n1)(k2 le)>’)’3'l¢)@,\2[nl -ni.

Here n; and n) are aligned with the direction of the quark and the gluon for the
matching, as in Eq. (4.37), and v, is defined in Eq. (B.14). In Eq. (4.67) we have not
displayed the running factors that come from evolution of the SCET; operators. The
SCET, operators in Egs. (4.63) can have different running factors, in particular the

two-jet and three-jet operators have different LL evolution. Therefore it is important
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Figure 4-8: Plot of the ratios of the amplitudes squared for v* — ¢qg for Rio =
| A9 /| A% |3cp (blue) and Rnpo = |A™ R0 5 jer/ A ]%cp (red) versus [Kilng.,
for k1/do = 0.4. The amplitudes are evaluated without running factors.

to decompose the coefficient C’él) as in Eq. (4.66) so that we can keep track of which
SCET, evolution factor to include for each one. The running of these operators is

discussed further in subsection 4.4.3.

To illustrate the effects of including hard-scattering corrections, in Fig. 4-8 we plot
the ratios Rro = [A%%[3o/ lAqqgléCD and R0 = (|A% |20 +|AT3, NNLO,2—jet)/ lAqqg'?gCD
versus the gluon perp momentum. Here |A%%|3p is the QCD amplitude squared for
one-gluon emission, |A%9)2 5 is the SCET, amplitude squared for one-gluon emission
from the LO coefficient C4 1O (from Eq. (B.62)), and |A%9|2 \10,2—jet 1S the NLO
amplitude squared for one-gluon emission in the two-jet region that comes from the
coefficients CQ(II)fI]JS and C’é}%ﬁmo (given in Eq. (B.65)). Notice that including correc-
tions up to NNLO in the amplitudes extends the region where tree-level SCET; and
QCD agree. The advantage of using the one-gluon SCET amplitude over QCD is

that it is incorporated into shower language of branching and no-branching, and also

automatically avoids double counting with LL emissions.

In the above computation we have seen that the SCET; coefficient C’él) and cor-
responding operator (’)gl) carry results that occured in several different operators in

SCET;. This operator carries the information that its fields are in distinct equivalence
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Figure 4-9: Plot of ©(z)s, defined in Eq. (B.61) for A = 5 and @ = 0.8. The
parameter A tells where the function switches from 0 to 1 and the parameter a how
fast it does it.

classes, {[n;|}, with separations > A\*. However it does not know just how inequiva-
lent they are, whether they are separated by ~ A? or by ~ A° which is information
that was stored in the operators in SCET;. In SCET), this information must be stored
in the Wilson coefficient in the matching procedure. For the case of C’fl)(no, np) and
Cfl)(nl, n}), we need to keep their contributions separate as they correspond to para-
metrically distinct regions of phase space in SCET;. To enforce this distinction, we
use a Wilsonian cutoff on the dot product of collinear directions for different fields
with the smoothed #-function, ©,;[n;, nj] described in Subsection 4.3.1. The notation
means that © — 0 once n; -n, > N, and © = 1— O behaves in the opposite fashion.

Therefore, Céll)ﬁg x Ox2[n1,n}] and Céll)\f,{g o Oy2[ny,n}], as these enforce where
in the SCET phase space these contributions originated. In appendix B.3, we define
a smooth O function in Eq.(B.61), which is plotted in Fig. 4-9. It depends on two
parameter, ©(z)a o, The parameter A tells where the function switches from 0 to 1
and the parameter a how fast it does it. By virtue of its appearance in the Wilson
coefficients this © function merges the two-jet amplitude squared with a quark and
gluon in one-jet, (|A%%9|Fq + [A%%2 \nro,2jet)> With the three-jet amplitude squared
| A% |3 N1, 3jet» that is the amplitude squared that come from using the coefficient

C’;yll)\fl{fio. The full expression is given in Eq. (B.64). As shown in Fig. B-3, the theta
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Figure 4-10: Merging of the two-jet and and three-jet amplitudes squared for v* —
qdg process using a smooth theta function. Plots of the two-jet amplitude square,
|Aqqg|%o + |Aqqg|t20NNLO,2—jet’ (green), three-jet, IAqqgh%ILo, 3—jet) (blue) and sum (red)
versus |ki|n,1. The amplitudes are evaluated without running coefficients for k1 /g, =
0.4.

function smoothly merges the two squared amplitudes.

With two-gluon emission, the SCET; graphs will include jet-structure corrections
in addition to hard-scattering ones. It is straightforward to distinguish the types
as the former result from taking time-ordered products of the SCET; Lagrangian
with operators generated by the LO replacement rule, Eq. (4.46), while the latter
will come only from terms involving a power suppressed SCET; operator. To fully
identify the subleading contributions to two-gluon emission, we must match down to
SCET, where the LL contribution is first uniquely identified. We already know that
the LO result comes from two applications of Eq. (4.46).

In Fig. (4-11), we show the contributions to two-gluon emission in QCD, SCET},
SCET,, and SCET3. The first column in the SCET; category correspond to the
jet-structure corrections to be considered in the next section. In the second col-
umn we have a set of hard-scattering corrections from taking the T-product of the
SCET; Lagrangian with the suppressed single gluon operators we calculated above

in Eqgs. (4.64), cVoM and C’l(’l)r'ﬁ(l).

" In considering the basis of operators in SCET, we do not need operators such as
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Figure 4-11: Matching QCD to SCET; to SCET> to SCET}; for two-gluon emission
collinear to the quark direction. Once again, we depict the operator structures that
lead to this process in each of the theories. Gluons drawn away from the central vertex
are emitted by the renormalizable lagrangian in that theory, while those coming from
the vertex are due to higher-dimension operators.

’I;(l)(nl, n}) since, Py, 1 By = 0, with n lying along the gluon momentum. The
coefficient of such operators are determined by RPI, and we can use RPI in SCET,
to make a coordinate choice where they are not necessary. As mentioned above in the
single gluon matching section, our interest is only in calculating those terms needed
to improve a shower algorithms, which precludes us from considering operators such
as 7;(1)(710, ng) or Oél)(no, ng). Therefore, for double gluon emission we only need to

calculate the coefficients of the following operators

Oél)(nla ny) = )ngBg’lJ_Xﬁ (4.68)
2 =

0:(2 )(n2a na, ’I’E';_) = XﬂnggzL ngflJ_Xﬁ )
2 s

O (2,1}, ) = Xnz 9By 1 9Bl L X

2 =
Oé )(n2v n’1: nrz) = angsg’lj_ ngszXﬁ .

Thus in SCET,, we are interested in fwo gluon operators where two fields can have the
same label. When we pass to SCET5 we can restrict our interest to only O:(),z) (ng, nf, nj),
the operator whose collinear fields are all in distinct light-cone directions.

The coefficients of Oél)(nl, ny) needed to compute the leading power corrections
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are given in Egs. (B.59) and (B.57). We get an NLO contribution to the two gluon
amplitude by computing the matrix element, C’%LO(O|T{£SCET2O§1)}|chgg) (fifth
column in Fig. 4-11). The power counting of the contribution does not change as
the gluon from Lgcgr, gives a vertexxpropagator factor of A=3, which is the same
as LO. There are also coeflicients we need from two-gluon matching calculations
for the operator (952) (sixth column in Fig. 4-11). Putting in the index structures
on the fields, these include Cé?l)qio(nm n}, nh) for ng’ (ng, ng,n}), C’é:?l)\IJLO(nZ, ny, n})
for ng) (ng,nf,n}) and Cé?l)qio(ng, ng, Ny) + ngﬁlm(ng, ng, Ny) for 0P (ny, ny, ny).
Since only the last one multiplies an operator that interferes with LO, it is the only
one we will need to keep track of to NNLO for the hard scattering. (We will see in
the next subsection that there are jet-structure corrections to all three terms in the
sixth column at NLO.) All other hard-scattering contributions are beyond the order

we need. Thus we only need to compute 052)H(n2, ng, ny) given by the matching

equation

C4? [d (O[T {£scrr, (2)0F" (20, 10)} s 1) (4.69)
— Colias ) [dn(OIT{Lsoer, ()08 (12, 15) Haaos s 1)

H _
= Céz) (n27 N2, nll)<0|052) (7?,2, Ny, ”,1)I‘Jn29n29n’1 Qﬁ> )

where we subtract the time-ordered product graph in SCET; from the time-ordered
product graph in SCET;. The result for C;z)H(nz, ng, nb) is given in Eq. (B.104).
It is easy to see why (9;2) only gets hard-scattering contributions up to this order.
By defintion, hard-scattering has to involve a suppressed operator from the QCD
— SCET; matching, and so we begin at NLO at the lowest order. Including a second
gluon, but demanding that we cannot write it as coming from a SCET; lagrangian

emission takes us to one order higher, namely NNLO.

All the contributions we have discussed so far have come from the hard-scattering,
single-gluon, suppressed operators in SCET;. There are also those with two gluons.

That is to say a process where neither gluon comes from the SCET; Lagrangian,
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represented by the diagram in the third SCET; column in Fig. 4-11. One example is
double emission from the antiquark, as shown in the third QCD graph of Fig. 4-11. We
know from applying Eq. (4.46) twice, that LO for this process is at O(A™3) counting
only vertexxpropagator factors, as these are all we need to compare different gggg
processes. We readily see that double antiquark emission is ~ A\°. This follows from
the same arguments we give above for single emission from the antiquark. Thus, they
are N3LO. This is higher order than we are analyzing. Besides antiquark vertices, we
also have subleading emissions from the quark in QCD that arise from the suppressed
SCET-spinor portion of the QCD quark propagator (c¢f. appendix B.2). In fact, we
have already such contributions for single emission. However, if both emissions come
from the suppressed propagator, once again, this is ~ A° at lowest order, and so
we can neglect it. Mixed antiquark/suppressed spinor contributions are also N3LO.
Thus, we do not need corrections to double emission collinear to the quark if they do
not involve at least one SCET; Lagrangian insertion. We can extend this argument
to further emissions without using the SCET; Lagrangian. Once again, these will
go as O(\Y), while LO goes like (’)()\‘ﬁ%i)). Thus, to the order we are working, we
only need the single gluon hard-scattering correction (plus Lagrangian insertions).

Furthermore, we only needed the NLO Wilson coefficient C’l(l), given in Eq. (4.64).

4.4.2 Jet-Structure Corrections

The jet-structure corrections only involve contributions from the SCET; Lagrangian.
These arise from the graphs in the first SCET; column in Fig. 4-11. We specifically
designed our leading order replacement rule in Eq. (4.46), so when it is used twice
it only contains that part of double emission corresponding to the leading strongly-
ordered limit. This occurs for the gluons having collinearities ~ A, A%, respectively.
However SCET; also describes other kinematic situations and in this section we com-
pute the corrections from these regions.

The prescription for obtaining two-gluon jet-structure corrections is to compute
the double gluon emission amplitude in SCET; coming from two lagrangian inser-

stions and take different limits on the relative collinearities of ng, nj, and nf, where
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these labels refer to the null vectors exactly proportional the corresponding particle

momenta. We can define:

AR = 1 0o /dﬂhdxz O|T{Lscrr: (21)Lscrr, (22) O} dns g 19 @n)s  (4.70)

and then calculate,

i ATES = G50 (e, mh, 1) (0105 gnsgng 9, 37) (4.71)
i ATE = CiRLo(ma, i, 1) 0108 s g 0o (4.72)
mlgn)\ A?\?I?(g) = éliO«)lT{ESCETgO Hano 9, 9y, @)

+ O Lo (M2, 12, 1) (01O |91, 9t Gt T (4.73)

We make a few things about the above equations. Firstly, there is a four-parton
correction operator that has the same index structure as LO, (nq, ng, n}). We cannot

obtain it as a pure limit of A% and we will need to subtract off the LO contributions.

Secondly, the limit in Eq. (4.71) does not lead to an expansion of any part of A3, as

the scaling of the n-indices’ dot products is exactly that from SCET;. Even though
it just gives back the same expression as the SCET; amplitude A%, the SCET,
2

result for C{N) o (na, n), ) O tells us something more. This Wilson coefficient is
proportional to ©y2[n - n}]O2[ny - n4)], where the ©’s only have support outside the
phase space region of Eq. (4.72), as well as the strongly-ordered limit of Eq. (4.73),
(see Eqs. (4.45) and (B.61) for the defintion of ©, ©). The full results for the Wilson
coefficients shown in Eq. (4.73) can be found in Egs. (B.80), (B.94), and (B.102).
At the amplitude level, given a particular phase space configuration for an external

state, we will only ever need one of these terms for double gluon emission in SCETs;.

Squaring the result is straightforward as there will be no interference between them.

We will now examine how to improve the matching of SCET; to SCET,,,, and
show that the jet-structure corrections computed here generalize to a matching result

for this case. We first notice that the first two operators above do not interfere with
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the one giving LO, as they have different index structures. The subleading term in
Eq. (4.73) does inhabit the same region of phase space as Cé}ioogl), but as we will
argue in Subsection 4.4.4 LO/NLO interference cancels out of most observables of
interest. Before proceeding, we note that our description of corrections to two-gluon
emission gets even simpler when we match to SCET3. In SCET}3 the only operator
we need has distinct collinear directions for all fields. Thus, we can write all hard and
jet corrections to two-gluon emission we have found in the coefficient, C§2) for the
operator (’)g) (ng,n},nb) = )ngBfl‘,llng,zlxﬁ, as we do in Egs. (B.110). The same
will hold for i-gluon emission in SCET; ;. Our NLO jet-structure operators therefore

have the following form:

Cé?l)\IJILIo(”% n1, ”'1)0:5,2) = h7’ anng:'ngBg'zLF“Xﬁa (4.74)
where h$” is given by Eq. (B.118). Here I = {1,2,3} and we distinguish the co-
efficients C:’Ezl)\ﬁ) depending from which SCET; operators they come from in order
to properly account for their renormalization group evolution factors in SCETS,.
For I = 1, it comes form the SCET, operator ng)(ng,ng,n’l), for I = 2 from
ng)(nz, nj,n}) and for I = 3 from C’)éz)(ng, N2, N)).

When doing the LO matching for SCET; to SCET;, 1, we found that the replace-
ment rule to go from SCET,; to SCET; generalized to the case of i-gluon strongly-
ordered emission. Similarly, we can take the above operator, Eq. (4.74), and recast it
as a replacement rule for our original current insertion, C’l(%oOgo). It takes the form

of a 1 — 3 replacement rule:
)—Cno — h?ﬂ )_(nfngf:’l_Lng/Q_La (475)

with contributions from I = 1,2, 3.

If we want to consider the NLO radiation of i+1 gluons, we can perform a very
similar matching between SCET; and SCET;» to the one above for SCET; — SCET};
to obtain an operator Ci(i;’ll)\}ioogigl). Since the first (¢ — 1) emissions are strongly

ordered, they completely factor out. Thus, the amplitude for the emission of the
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final two gluons will be identical to that for simple two-gluon emission. We can
therefore take the (i — 1) gluon LO operator, C’i(f;é)Ogi_l), and use the replacement
rule in Eq. 4.75), to obtain C,fi;}%\]JLO ,(’)g:;l). Our NLO replacement rule corresponds
to violating strong ordering at any location in the shower, either by taking the ;!
and (j + 1)** gluons to have the same parametric collinearity with respect to their
parents, k111 ~ kj1, or by including the region of phase space where the propagator
between them is hard, and so we get no collinear divergence as the quark and second
gluon become collinear.”

It is not difficult to see that this gives an NLO contribution for any j. If we have
i-gluon strongly-ordered emission, the propagators and vertices will go as A~*+1)/2)
where the j*® gluon contributes A™7. If we violate strong ordering as we mention
above for any two gluons, the product of their vertices times propagators goes like
A% instead of A~*¥*+1. Thus, we can insert Xn, — A1 XnogBn; 1 gBn; 1 instead of two
successive Xn, — CLOXn, anl 1’s in operator matching as a “defect” in strong ordering
at any stage and obtain an NLO jet-structure correction. The ©-functions contained
in the Wilson coefficients, Cz(lﬁ)g, allow us to read off at which step in the shower we
violated strong-ordering. In appendix C, we show how an integrated version of h}"ﬁ
is related to the subleading splitting function which serves as a cross-check on our

computations.

4.4.3 Operator Running

Up until now, our discussion of matching has taken place mostly at tree-level. Con-
necting to the leading-log parton shower, however, also requires that we include the
effects of full one-loop and two-loop cusp needed for NLL running. For this reason,

our final expressions for Wilson coefficients in Apps. B.2-B.4 all include the neces-

7 At this point, one may ask why we do not go farther and consider the case kj+11 > kj. . In fact,
we do not have to. Since the amplitude for i-gluon emission has an underlying Bose symmetry, we
are free to partition phase space into 3! regions, each of which gives an identical contribution to the
cross section. Thus, to get the final answer, we only need to integrate over one of them. While we
can choose this region such that k;;11 > k; . never occurs, we are forced to include kj111 ~ kji .
If we do not wish to partition phase space in this manner then the Bose symmetry implies that the
result for k411 > k;1 can be obtained from the configurations already discussed.
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sary notation for evolution kernels. Identifying the power suppressed amplitudes as
corresponding to perturbative corrections to more inclusive observables it is natural
to take only LL evolution for power suppressed or a, suppressed corrections, and
include NLL evolution only for the leading shower terms. In this section we give
arguments that determine the LL evolution for the subleading operators, and discuss
what precisely is missing to obtain the full NLL evolution kernel.

To set the stage we consider as an example the running in SCET,. We can consider
our matching to QCD to have taken place at a scale (), but we can run down to a
lower scale p, as is necessary before we further match to SCET,. The zero and single
gluon operators in SCET; acquire the following factors (cf. the tree-level version in
Eq. (4.64)):

C§" (no) = UV (n)(Q, 1) ey 1
nh — pk
Oy)(nO) nO) = U(2’1’0)(’I’L07 nO)(Q) :u’) ® OT’Y;.:O_L ’
2,1,1 1 N 2
C{ Ym0, o) = US (0, m0)(Q 1) & = (Wi 7017500 = =5 9751 )
qiky 1@

2
OV (ny,n)) = U (ny, 0,)(Q, p) ( mﬁol P T
1

1 " T ) 2(n-pyg) —u] )
_ — _— a ) 4.76
+ l:(n'pg)kl (7T p’)’ ql an + (nl .na)q—lkl nT ’Y’n,o_L ( )
UGk (ny,ng, ... ,njx) is the RG-kernel of the operator OUF) (ny ny, ... n; ) de-

fined in Eq. (4.7) and U(T2 1 ig the RG-kernel for the operator 7;(1). Since the
antiquark is always collinear to 7, we avoid writing 7 in the RG-kernel’s argument.
We inserted the symbol ® in the second and third line of Eq. (B.40), because when
we have an operator where two or more fields share the same collinear direction, there
can be a convolution in the fraction momentum p between the running factor and the
coefficient. If the field are collinear in the same direction, they can talk each other in
SCET and they can exchange momentum in running down from scale @ to p. The
anomalous dimension of an operator is independent of which SCET; it is defined,
but does depend on the field content and in particular how many different collinear

directions are in the operator. Thus, the RG-kernel of the operator Xn,98;,  X& is
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different from that of xpn, ng’:f,1 1 X7

In Ref. [17] the LL part of UU#=39(Q, u) was related to the Sudakov form factor
Eq. (4.10) (up to accounting for the soft effects of angular ordering). The cusp term
in the anomalous dimension gives the LL part, and comes from soft and collinear
one-loop diagrams. The result from the soft diagrams is constrained by that of the
collinear diagrams in order to cancel out infrared sensitivity that cannot be absorbed
in local counterterms at the hard scale. Here we will use this same argument, but
in reverse, in order to determine the LL anomalous dimension of various subleading

operators.

Due to the soft-collinear factorization, the soft structure only depends on the
number of collinear directions. After making the field redefinition operators like
XnoXs 80d XnogBy, | Xn both have YJOYﬁ, and so both have the same soft divergences,
and hence have the same one-loop cusp term. Thus the leading-log resummation only
depends on the number of collinear index directions in the operator. We therefore

have
(2,0,0) _ 7r(2,1,1) _ 7r(21,1)
UL ™ (no) = Ury " (no, mo) = LL,T (0, m0) - (4.77)

Thus at LL order we have the full set of evolution kernels for subleading collinear
operators and we account for these factors in the appendix expressions. Since this
is a LL effect we expect the effects of soft radiation and angular ordering to be

incorporated in a manner identical to the evolution factor in the LL shower.

An important consequence of this result for the LL evolution is that it justifies
treating our hard-scattering corrections as improvements to the fixed-order, matrix-
element calculation that goes into a shower algorithm. Correcting the two-jet ampli-
tude with either Cill)\mo or Cl(}%—, we see that the LL resummation is the same as that
in the standard shower except that there is an extra parton already inside the leading
jet. We thus get a shower correction just by using a matrix element improved by in-
cluding our hard-scattering terms. This is different from simply running a LL shower

on higher order matrix elements, as different anomalous dimensions control each op-
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erator’s evolution. Some, operators, like those just mentioned with only ng and 7
collinear directions, run like two-jet configurations, that is with a quark-antiquark
Sudakov. Others, (e.g. Cfl)(n’l, nl)(’)gl)) have three-parton running since they have
three distinct collinear directions. This latter set correpsonds to the usual implemen-
tation of fixed order corrections in parton showers, but the former is a novel type of

shower improvement whose implementation will require further study.

On the other hand, the effect of jet-structure corrections is not to modify the
initial scattering process, but to go hand in hand with the NLL change to the leading
operators’ running. The complication we must face for this calculation is that this
correction to the evolution kernel must in principal be carried out in the same scheme
used to distinguish the phase space regions for the jet-structure corrections, and hence
may depend on the choice for the © functions. Furthermore it is likely that power
suppressed soft effects will also have implications for the subleading evolution kernel.
Our lack of an appropriate NLL evolution factor for the shower is due to these two
issues. In addition at this level of accuracy one must take into account the appropriate

scale choice for as(p) in the LL expressions.

To setup the distinction between kinematic regions we used Wilsonian type ©
functions, but from the point of view of evolution MS would be simpler. Although it
is not directly relevant to our setup it is nevertheless still interesting to consider how
the NLL evolution kernel would arise in MS. As we will discuss in Appendix C, when
integrated over phase space in dimensional regularization the jet-structure corrections
give the real emission portion of P, which is the O(c) correction to the Altarelli-
Parisi splitting kernel. Combined with known SCET results for single-emission at
one-loop, we can recover all of Pq(;). Obtaining this expression is important both
conceptually and practically. It validates our formal expansion in A, showing that
corrections to O(\?), along with a set of previously calculated SCET one-loop dia-
grams, capture the contributions needed for NLL resummation. On the practical side

it provides a cross check on the computations.

With Pq(;) in hand we can extend the argument of [16, 17] that the Sudakov factor
gives the LL part of the the RG kernel U®(Q, 1) (Eq. (4.10)) to the NLL level, looking
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at U©(Q, p) for running of the operator C’l(?io(ﬁo). Using the Sudakov factor of [31]

for quarks, we have:

Q dlf"’a ( /) - C;l d 1+ 22
S z b
/'l’/ M Q/” 7 1 —z

(4.78)

where we recognize Pq(g), Eq. (4.3). Performing the z integral and expanding in the

limit of large @ gives:

Q / 2
8@ ~ e {ZE [T Loy e () +5]} @)

which is identical to U@ (Q, 1) at one-loop. The term in the exponent proportional
to log(u2/Q?) sums the leading logs in the parton shower. Interpreting Eq. (4.79) as
an RG kernel, this log piece is coming from the one-loop cusp anomalous dimension,
Cr. The factor of 3/2 is the remaining part of the one-loop anomalous dimension,
and it sums part of the collinear NLL.% In order to get the full NLL summation,
one also needs corrections corresponding to the two-loop cusp anomalous dimen-
sion. This is a known result in SCET for the operator X,xs, which we can relate
to Pq(;), by adding the subleading splitting function to the exponent of A, (Q, p).
Unlike Eq. (4.79), this new expression actually sums next-to-leading logs in the MS
scheme. We wish to stress, however, that the ultimate goal to improve parton showers
through resummation is to include all next-to-leading-logs. In this work, we have not
considered the effects of soft NLL, nor those related to the two-loop running of «.
Furthermore, one needs the NLL running for all of our operators. While our formulas
in Apps. B.2-B.4 do include all LL running, we only have NLL for C’Z.(O)Ogo). The

collinear-NLL-improved Sudakov corresponding to it is:

NLL Cdy [T % 0 1
A (@, ) = exp —/ 7//7 dz [Pz, ) + PP (z,1)] 3, (4.80)
1 o

8 Since Eq. (4.79) resums some NLL contributions [31] calls it the NLL Sudakov factor.
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where Pq(g) given in Eq. (4.3) and Pq(;) in [39]. Once again, we integrate in z, expanding

in large @ to get:

Qdu / 2
AYM@Q, 1) = exp {L % [as;” A (log (52—2) + g)
2(,/ 2 9
+ azf:; )CF <Cg <%z - %) - '2§OCFTF np> log <%)] } , (4_81)

where the term oc o2 reproduces the known result for the two-loop cusp anomalous

dimension.

4.4.4 From Operators Toward a Corrected Shower

As discussed previously, our end goal is to match down to an EFT, SCETy, where
each field has its own index direction. Further Lagrangian emission from these oper-
ators is physically meaningless, as the resolution scale is set ~ O(GeV), below which
we stop computing in perturbation theory and pass to a hadronization routine. Thus
in SCETy we match everything to the single operator O% "V (ny,n},...,ny_,) and
all the information Lo and NLO is encoded in the Wilson coefficients. We have calcu-
lated the coefficients From this SCET y, we define a map to different shower algorithm
ingredients. We gave those needed for a LL shower Monte Carlo in Table 4.1, which
only required single gluon considerations for collinear effects. To include the leading
SCET power corrections and consistently resum collinear NLL, we will need operators
with an arbitrary of partons in the mapping. However, as we saw in Secs. 4.4.1 and
4.4.2, we only needed to do two-gluon emission computations to obtain the ampli-
tudes to NNLO that contribute the leading corrections in A\ to observables. For the
hard-scattering corrections, this was because modifying the emissions of particles fur-
ther away from the initial hard-scale production led to increasingly suppressed terms.
For jet-structure, while corrections can occur anywhere, the leading ones only involve
the most minimal deviation from strong-ordering, that affecting nearest-neighbor The
LO coeflicient for SCETy is given in Eq. (4.53), and for NLO are given in appendix

B.4. As we demonstrate below, upon squaring these amplitudes, the simplicity of
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the picture remains, and we only need to consider the non-trivial phase space of two

particles at a time.

Interference for LO? and Jet-Structure Corrections

It is a general statement about SCET fields with different n index labels that they
have no overlap in Hilbert space. As an example, we can take two different operators,
O,, and O,,. All the fields in O, except that labeled by n; (e.g. xn,), have exact
analogs in O,,, creating the same type of particle and having the same index label.

Instead, O, contains a field labeled by ny, which may or may not be the same as n;.

We thus have:?

<q1a qz; .-y Qm|0l1|0><0|0n2‘q1’ QQa" T qm> =

5711,”2 <q1’ q2, .- -, le(,)Ll'O) (0|O’n2|QI7 q .-, Qm>- (482)

It is to guarantee a relation like Eq. (4.82) that our Wilson coefficients contain
O-functions (¢f. Eqgs. (4.45) and (B.61)), which will cutoff the overlap regions in
phase space once we begin integrating. The amplitude squared is particularly easy in
SCETy, where we have only the operator (’)I(VN_I)(nN, n},...,Ny_1), and where each

particle is defined in a different collinear direction.

SCET; simplifies the amplitude squared by distinguishing at the operator level
which configurations are strongly-ordered and which are not. This means that we have
no interference between C](Vjtjfé)(’)%v_l) and C,(V]\fgﬁg(’)%v_l) where C](VJYE(;) is the LO
SCETy coefficient defined in Eq. (4.53), and C’](VNI;ﬁg is the NLO SCETy coeflicient
defined in Eq.(B.119). Even though the O’s are the same, the ©-functions in the C’s
enforce different conditions, where the former is strongly ordered, while the latter is

not. Thus, in the analog of Eq. (4.82), the Kronecker delta will give zero.

We get a further simplification when we square the NLO contributions. Looking

9By RPI, n; and ny do not have to be exactly equal, but must concur up to an angle of O()\?) in
SCET;.
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Figure 4-12: Amplitude squared for the LO operator Cﬁ)LOOS). Though we do the
amplitude computation in SCETy, we illustrate the process here with a cut SCET;
Feynman diagram in order to emphasize the simple ladder structure.

at CJ(V]\,JNﬁ)J in detail, we have:

N-1)J N—-1)J
Cinis = Z Cinis (1) (4.83)
where

3 -1
k— a - a
C](VNNEO Z [( HUl(JL U(Mk—l; Nk)cL?)(nk—l)>UI(,L Y (Be-1, 1) @ hI’ﬂ(nHl: ny, ”f+1)

I=1 k=1
x ( H U5 (g, ﬂk)cgg(nk_l))]rﬂ. (4.84)
k=l+1

C'I(VNNE%)J( l) we have made explicit that the [, (I +1)* gluons violate strong-ordering

and come with the factor h®? of the subleading splitting rule, Eq. (4.75). The sum
in the last term over I counts the different types of NLO jet-structure terms given
in Eq. (4.74). The c§ are defined in Eqs. (B.115), and the U’s are running factors.
The complete explanation of the symbols in Eq. (4.84) can be found in the discussion
around Eq. (B.120). Since different ! correspond to a violation of strong-ordering

at different points in the shower, each of the C; ’;i)c‘)](l, [ + 1) codes a different index
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structure. Therefore, there is no interference for different values of [, and we have
that the amplitude squared to NNLO for jet-structure corrections is just the sum of

squares of the individual operators:

|ATN-Da T2 | AAND2 |AdN-D9a)|2 (4.85)
where
lAq(N—l)gz7|2 — | (N— 1)| |<O|O(N 1)|q( 1)9@[2’ (4.86)
(N— _
AT R Z Cnis OPIOIOK VgV — 1)ga)

where with|q(N — 1)¢g) we indicate a state with N — 1 gluon emission. The simplifi-
cation even extends inside each of the terms, since the 5" gluon only gets contracted
with itself. Diagramatically, this means there are zero nearest-neighbor crossings in
the |LO|? diagram, as we see in Fig. 4-12 and a maximum of one in the [NLOJ|? case
shown in Fig. 4-13. We thus only slightly modify the factorized emission formula,
Eq. (4.2).

We have proved that at NLO for the jet-structure corrections the only non trivial
part on the amplitude squared involves at most two near gluons. We can see why
terms that have interference with more than two gluons are suppressed, just looking
at the internal propagators in the amplitude. The amplitude for ¢ + 1 emissions has a
factor 1/¢2 x 1/g3 x - -+ X 1/q? due to the propagators. The LO term comes form the
strong-ordered region where each new emission is more collinear then the previous
one, that means where ¢> > ¢2 > --- > ¢2, Eq. (4.1). The jet-structure NLO is
given when q? ~ qu +1 and this allows the two gluons k., and k; o to share the same
region of the phase space and so to interference. Let us suppose that we instead
want to interference the gluon k;;; with kj 3. When these two gluons have the same
momentum we have qJ? ~ @241 ~ Gy, and therefore the associated amplitude is

clearly suppressed with respect to the LO and jet-structure NLO amplitudes.
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Figure 4-13: Contribution to the amplitude squared of the jet-structure piece at

NLO. We are using a cut SCET; Feynman diagram to show that the SCETy oper-
ator, C](VIYI)\I{JO(Qg\J,V), contains only a single deviation from the simple ladder structure

apparent at LO (Fig. 4-12).

Interference for Hard-Scattering Corrections

The corrections to the cross-section to O(\?) involve hard-scattering ones as well.
Unlike the jet-structure case, these involve NNLO amplitude terms, as well. As we
argued above, they only involve the gluons closest to the hard interaction. Thus,
we will not need to sum over many terms as we do in Eq. (4.86). In fact, for hard-
scattering corrections, we only need to worry about interfering SCET; operators that
arise from acting with the LO replacement rule Eq. (4.46) on Cl(?io, Cf,ll)\n,o: and C’SZF,
which are given in Eqgs. (4.30) and (4.64). Since the 2"¢ through ** gluons arise
from the LO rule for all three coefficients, they proceed as in the LO/LO case. The
interference to look at in detail is that of the first two gluons. We only need to compute
single emission graphs, as we can add the other emissions to the amplitude squared

by multiplying the appropriate splitting functions and propagators. In SCETy, we
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have:

1)es (N=1)t ~(N+D)H (N=1)H} ~(N—1) (N—1)H 2
| ATV DT H S o :(|CN,L0 Cynto TCnnto Cnio'|l + 10N w0 (4.87)

N1t ~(N—1)H N—1)H} ~(N—-1 N-1 ~
+ |Cz(v, LO)TCJ(V, NN)LO + CJ(V,NN)LOTCJ(V,LO)D |<0|01(v )|Q(N — 1)gq)|?

The Wilson coefficients are found in Egs. (B.114), (B.116), and (B.122), respectively.
The only nontrivial interference in Eq. (4.87) occurs between the first two-gluon
emissions.

The interference between LO and NLO simplifies in many cases of interest. For

example for one-gluon emission

7 4q:P4 _
IAtII,%I/NLOl/ZLV = qg qli_ v(nu - nu)- (488)
If we can cleanly separate the initial and final states (e.g. ete™ — jets), then by a clas-
sic proof (i.e. that in [84])) involving the Ward identity, once we have integrated over
final state vector quantities (we are allowed to keep scalars such as z; unintegrated),

the resulting differential observable depends on g**|ALo /Lol ,, Which for Eq. (4.88)

o
is zero. While this is quite straightforward for leptonic initial states, one may be able
to extend it to certain hadronic ones as well. Once again, as we said in sec. 4.4.1,
one can account for these corrections by modifying the hard-scale matrix element and
then running a parton shower modified to include the different no-branching prob-
abilities for different phase space configurations of the same particle content. Also
unlike standard shower corrections, we can avoid double counting issues, in principle,

because all contributions, whether LO, hard-scattering, or jet-structure corrections

are kept separately in distinct operators.

4.5 Correction Map at NLO/NLL

We summarize our results for parton shower in Table 4.2 including ingredients neces-
sary for NLO/NLL accuracy in the cross-section. Since it is easier, in the table we use

the language of SCET} to discuss the corrections, rather than referring to terms in the
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Category Shower Ingredients Quantity in SCET; Found In:
Hard Scattering | Hard matrix elements | Wilson coeff. of Xn, B xn | Eq. (4.67)
with more partons in SCET,
Power correction Wilson coeff. of xn,Bnoxn | Eq. (4.67)
to initial branching and Xno[PLBunolXn
within the leading jet
O(as) hard virtual One-loop matching for | See [16, 17]
correction Xni X7
Jet Structure 1—3 Double gluon real Eq. (4.74)
Splitting functions emission in SCET;
O(a) virtual correction One-loop correction Left for
for LO 1 — 2 splittings | to 1 — 2 replacement rule | future work
Probability Compare SCET Left for
ofl >2vs. 123 amplitudes future work
No Branching | NLL Sudakov factor for | NLL anomalous dimension Left for
Probabilities leading branching for leading operators future work
LL Sudakovs for LL anomalous dimensions | Eqgs.(4.10)
subleading branching for subleading operators | and (4.77)
Soft Emission Subleading corrections Include effects of soft Left for
from soft gluons emission from subleading | future work
SCET soft Lagrangians

Table 4.2: Mapping between ingredients for a NLO parton shower algorithm and
computations in SCET;. For exclusive cross-sections these ingredients would together
yield results accurate to NLO in a,, NLO in the power expansion ()\), and with
corresponding NLL resummation.

final SCETy. In SCETy the features of SCET operators that avoid double counting
and allow the various contributions to be distinguished are encoded by © functions in
the Wilson coefficients. In considering the totally differential cross-section we found at
NLO two kinds of power corrections. This includes a set of matrix-element corrections
that we called hard-scattering corrections (Section 4.4.4), and a set of contributions

that improve double real emissions that we called jet-structure corrections (Section

44.4).

In the the hard category we have overall three different kinds of corrections. The
first is due the the SCET); operator Xn, B, xa that gives the SCET, coefficient C’éll)\fig
in Eq. (4.67). It is an improvement of the hard matrix element that takes into
account an extra parton. The second is due to the SCET; operators Xn,Bn,x7 and

Xno[P1Bno) X7 that give the SCET, coefficients C’éll)\fig and C’é}g{;w in Eq. (4.67).
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This correction also accounts for more partons, but it describes a situation where
they are initially emitted close to the collinear quark rather than widely separated,
a correction to the initial branching within the leading jet. It is important to note
that the two kinds of corrections have different renormalization group evolution and
thus different Sudakov no-branching factors. For a full NLL resummation we also
need a third type of hard scattering correction, the one-loop virtual corrections to
the leading shower operator. For the required operator X, x» these were discussed in

Refs. [16, 17].

For the category of jet-structure corrections there are again several ingredients
to consider. We derived a replacement rule for two emissions 1 — 3, which should
be added on top of two leading order 1 — 2 splittings. This correction takes into
account emissions in a region of the phase space that is not strongly-ordered. In
addition at NLO/NLL we require the O(as) virtual correction to the LO splitting
rule. This would be derived from a one loop matching computation that should be
straightforward, but was not considered here. In addition the shower requires a new
type of probability for when to do a 1 — 3 splitting versus a standard 1 — 2 splitting.
The shower we are discussing has positive weights, since the square of amplitudes is
positive, and it is this additional probability function that accounts for situations
where the original LL 1 — 2 shower yields a result that is larger than the physical

observable of interest. A full investigation of this is left to the future.

We also saw that the Sudakov factors, that give the no branching probability, are
associated with the running factors of the operator and in turn with their anomalous
dimension (Section 4.4.3). To NLL we need the NLL Sudakovs factor for leading
branching and the LL Sudakovs for subleading branching that are associated repsec-
tively to the NLL anomalous dimensions for the leading operators and LL anomalous
dimensions for the subleading operators. At LL we have the Sudakovs for subleading
branching (Eqgs. (4.10) and (4.77)), but we have not yet calculated the NLL Sudakov
for leading branching in the scheme appropriate for our setup, as described in Sub-
section 4.4.3. The last item in the table is the treatment of soft radiation at NLO.

This can be achieved by considering time-ordered products for the matching of QCD
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to SCET; and SCET; to SCET;,; that involve soft gluons and subleading soft La-
grangians that are known in SCET [15, 24, 25]. One must then work out the effect
that these NLO soft amplitudes have on interference. The associated soft calculations
and investigations have been left for future work.

Not included in table 4.2, but worth recalling, is the fact that our NLO results have
been expressed in terms of a particular set of variables, namely dot products of light-
like vectors n; -n; and large light-cone momenta ¢;. As mentioned in Subsection 4.3.3
there will be corrections at NLO/NLL that arise because of the choice of shower
evolution variables and the translation of the SCET; results to this choice, and these
must be considered on a case by case basis. They are not accounted for elsewhere in

our NLO corrections.

4.6 Conclusion

In this work we developed a rigorous framework based on a tower of independent
but related EFTs, the SCET;, to study corrections to the parton shower. The work
of [16, 17] showed how to formulate the LL parton shower in terms of SCET, and
how virtual corrections are straightforward to incorporate by one-loop matching. The
SCET; framework extends these ideas in a manner that makes it easy to deal with
double counting issues, the issue of disentangling coordinate choices from kinematic
power corrections, and the construction of a complete set of operators for corrections
at a desired order. The interference structure and hence the leading corrections to
spin correlations and color correlations are also straightforward to work out in the
SCET; setup.

The SCET; are iteratively used to integrate out the characteristic scale, Q\* for
increasing i. This approach allows one to perform a systematic expansion which
can correct both the hard-scale process that produce partons and the parton shower
itself. We described the parton shower through the operators (’)](-i) in SCET; and used
standard matching procedures to make the transition from SCET; to SCET};; where

more partons become apparent. Performing the matching relied crucially on the RPI
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symmetry of SCET, and we extended the usual infinitesimal version to carry out the
finite rotations in each SCET; that we needed. A summary of ingredients required
for the NLO/NLL shower are given in Table 4.2, including both calculations carried

out here as well as those left for future work. The main result of our work are:

1. An easy replacement rule for the LL shower, xn, = ¢foXn, ngL‘,l |, where cro
is related to the standard LO splitting-function. Also a demonstration that
angular ordering and coherent branching for soft emissions emerge naturally in

the SCET; framework.

2. At NLO we found two kinds of corrections: hard-scattering corrections and
jet-structure corrections. The hard-scattering corrections depend on the hard
process and appear near the top of the shower tree. They came from matching
QCD to SCET; at higher order. Since they only occur at the top of the shower
one can treat these as a modified form of matrix-element correction. A sub-
set of these corrections correspond to the usual implementation of fixed-order
matrix elements, while the remaining ones give power corrections to the initial

branching in the LL shower.

3. The jet-structure corrections are independent from what happens at the hard
scale, hence they are universal for any process we want to study. They come
from matching SCET; to SCET,,; at higher order for any ¢. They can appear
anywhere in the shower tree and they take into account emissions in regions of
the phase space that are not strongly-ordered. For these corrections we found
that the NLO operator are related to the LO operator via a replacement rule

for two emissions: Xn, — 7% Xn, 9By, 98’ "

4. The SCET; picture allows us to easily take into account interference. Once we
reach the final SCETy theory all the fields are labeled in a different collinear
directions. Because in SCET we can only can contract collinear fields that
share the same collinear direction, in SCET y calculating the amplitude squared

becomes very easy. Kinematic information that is encoded by the shower history
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from passing through earlier SCET;s is encoded by © functions in the final
SCET y Wilson coefficients. We proved that when emitting an arbitrary number
of partons, the non-trivial part of the amplitude squared involves at most two

fields.

The framework developed here allows for systematic improvement to arbitrary
orders in the kinematic expansion. There are still several important steps to take,
though, before this picture can lead to a practical implementation, including addi-
tional computations that we have outlined. We list here three topics whose develop-
ment would be particularly useful, and which we believe should be straightforward to

approach:

1. This work has only considered ¢ — qg splittings and an abelian theory. One
should include the full nonabelian results and compute the coefficients required
for gluon splitting as well. This is required to properly treat color correla-
tion corrections in a manner determined by the NLO interference pattern. For
collinear particles we expect that one can include the dominant part of these ef-
fects by considering nearest-neighbor interference, leaving the rest of the shower

as before.

2. Only a subset of the terms required for a full NLL resummation were considered.
We computed LL evolution for subleading operators, but did not carry out the
computation of the NLL evolution of the leading operator in a scheme that is
consistent with our power corrections (we only considered it in MS). In order for
a consistent treatment as a probabilistic process, the real emission probabilities
and Sudakov no-branching corrections must go hand in hand. We also did not
consider how to include the effects of our NLO jet-structure 1 — 3 replacements
in an algorithm. The non-trivial task is how to simultaneously implement 1 — 2

and 1 — 3 splittings in a consistent manner.

3. Since soft modes in SCET can communicate between different collinear jets,

they carry the ability to spoil their factorization. Fortunately, this did not
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happen when we included their LO couplings. In fact, we were able to derive
the condition of angular ordering and coherent branching in SCET;. It is open
question as to what extent NLO soft couplings can be factorized in the shower
tree and the necessary SCET computations were not carried out here. The
treatment of soft NLO interactions in SCET in the past has always led to
factorized structures, so we remain optimistic that such effects will be tractable

for the shower.

We also briefly comment on how the corrections in Table 4.2 relate to corrections
already implemented in parton shower codes in the literature. In most cases the goal
of these codes differed from the strict NLO/NLL shower corrections considered here.
This makes a strict association impossible, but there is still a general correspondence
that can be made. CKKW [31] is a LO(a;)/LL procedure whose goal is to merge
matrix elements involving multiple partons with a parton shower in a manner that
avoids double counting. In our language this corresponds to the real emission hard-
scattering corrections in the first row of Table 4.2. The ¥, X7 and Xn, Bi,l X7 operators
describe processes with different numbers of initial well-separated jets. In CKKW a
parameter ., is used to separate the extra emission in the matrix element from
emissions in the shower. In our analysis the contributions from showering X,,x» does
not interfere with the direct contribution from )anBj,l X#, and this is encoded by ©
functions in the Wilson coefficient of SCET y.

In MC@NLO [52] and POWHEG ([82], virtual and real matrix element corrections
at NLO in «, are incorporated into the shower, with the goal of ensuring that it
reproduces an associated cross-section completely at NLO in a,. The implementation
includes careful handling of the cancellation of real and virtual IR divergences. In
Table 4.2 our goal was to implement corrections at NLO in powers and NLL in logs/as,
but for all jets from the shower rather than just the first jet needed for the NLO cross-
section. At NLL we have only terms up to O(a;log) in the total cross-section, and
hence does not encode the entire NLO result (in a;). In our language the corrections
that contribute to the NLO cross section correspond to the hard scattering corrections

in the first plus second row, and third rows of Table 4.2. In order to compute the
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NLO cross section it is not necessary to distinguish between the terms in the first
and second rows of the table, and these terms are indeed considered simultaneously
in MC@QNLO and POWHEG.

The hard scattering corrections in our second row correspond to how to treat real
radiation at higher precision that has the same strongly ordered kinematic config-
uration as the LO shower. The work of KRKMC group [60, 61, 93], on the other
side, aims to improve the shower algorithm taking into account the Altarelli-Parisi
splitting function at NLO: Pq(;). In our language this corresponds to our jet-structure
corrections and we have seen in Appendix C how the replacement rule in Eq. (4.75) is
related to Pq(;). In our method we can consistently take into account both correction
at order g in the 1 — 2 splitting function, as well as the subleading contribution

that comes from the 1 — 3 splitting function.
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Chapter 5

Conclusions

At hadron colliders we compare data to theoretical predictions for exclusive quantities
in order to take into account experimental cuts and detector effects that are necessary
to isolate the signal from the the background. Monte Carlo event generators have
been proved indispensable for making exclusive theoretical prediction and they are
heavily used by experimentalists to simulate events. They are based on a leading
log (LL) parton shower algorithm that is defined in the soft-collinear limit and uses a
probabilistic Markov chain of 1 — 2 particle splittings to recursively generate partons.
There have been several improvements to LL parton showers, but a systematic way
to resum next-to-leading log (NLL) is missing in the literature and there is not even
a clear method to catalog all the necessary corrections. An improvement in the

traditional event generators up to NLL, would allow us to better distribute particles

in phase space, and to have a better normalization of the shower. This will in turn
improve the shape of prediction for cross-section at the LHC and thus yield more
precise theoretical predictions.

In this thesis we developed a rigorous framework to study corrections to partons
showers using soft collinear effective field theory (SCET) to pave the way for an
implementation of a NLL parton shower algorithm. Our work is based on a tower of
independent but related EFTs, the SCET;. We described the parton shower through
the operators (’)?’ ) in SCET;, where j is the number of parton in the shower, and we

used standard matching procedures to make the transition from SCET; to SCET;
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where more partons become apparent. Even if we have many EFTs, we will use only
a single power counting parameter and we calculated corrections to next-to-leading

order (NLO) in the power counting for the parton shower.

At LO in the power counting we recover the usual LL shower. We also proved that
angular ordering and coherent branching for soft emissions emerge naturally in the
SCET; framework. At NLO we found two kinds of corrections: hard-scattering cor-
rections and jet sub-structure corrections. The hard-scattering corrections depend on
the initial hard process and one can treat these as a modified form of matrix-element
correction. A subset of these corrections correspond to the usual implementation of
fixed-order matrix elements, while the remaining ones give power corrections to the
initial branching in the LL shower. The jet-structure corrections are the same for any
process we want to study. They can appear anywhere in the shower tree and they take
into account emissions in regions of the phase space that are not strongly-ordered.
For these corrections we found that determing the NLO operator can be encoding by
a 1 — 3 particle splitting replacement rule. The SCET; picture allows us to easily
take into account interference. We proved that when emitting an arbitrary number

of partons, the non-trivial part of the amplitude squared involves at most two fields.

Thus, our work represents an improvement of parton shower both at the interface
with the matrix element and in the parton splitting. In Table 4.2 we enlisted the
corrections we calculated as well as all the missing ingredients for a full NLL shower.
The next things to calculate are: virtual collection for the LO 1 — 2 splittings, the
NLL Sudakov factor for the leading branching and the subleading correction from
soft gluons. The last step towards a NLL shower is to implement these corrections in
a NLL shower algorithm that is able to disentangle the probability of 1 — 3 splittings
versus a standard 1 — 2 splittings.

Performing the matching between different SCET; relied on the reparametrization
invariant (RPI) symmetry of SCET. We extensively studied RPI in Chapter 3. We
constructed operators that are invariant under reparametrization transformations and
we use them to reduce the number of operators in SCET. We constructed a minimum

basis of pure glue operators for DIS at twist-4, for production of two and three jets
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from e*e™, and for production of two jets form gluon fusion.
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Appendix A

Invariance to the choice of

hard-vector g¢*

From the construction in section 3.3, a natural question arises about the special role
of ¢* in Eq. (3.15). What happens if there is more than one possible choice for ¢# in
a given process? Say we have a ¢* and a ¢’* with Wilson coeflicients that can depend
on ¢%, ¢?, and q - ¢, where q; ~ ¢ ~ \. It turns out that in this case any linear
combination of ¢ and ¢’* in Eq. (3.15) is equally good, and is equivalent to any other
choice. Hence, one choice suffices. To prove this we consider the expansion of the

reparametrization invariant variable

2g-¢’ 2¢:¢\2 4¢% n-¢ 2
&= + — = , Al
2 \/( 2 ) q> -q ( )

where we take the plus sign if the expansion is done with n-¢'/n-q > @ -¢'/f-q and

the minus sign otherwise. Now use this variable to define
. . (2
¢-i0—-¢(g-i0) = QRy, (A2)
where the operator QINV is RPI and its expansion starts at order A2. Thus

/dwa)(Sw q- /dwC (w—€q-i0 - Qg\]lv)
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= /dw' C(&w') d(w' —q-10 — Q%\]I\//g)

= / de [C(w) 8! = q-i0) + BW) QR 0w/ —q-i0) +...],  (A3)

where in the second line we changed the dummy variable to ' = &w, In the last
line both terms are RPI, and the ellipsis denotes higher order terms which are also
RPI order by order in A\. Eq. (A.3) demonstrates that we can swap the parameter
¢ — ¢ in the d-function, since the change is compensated by a change of notation in
the leading order Wilson coefficient C' — C. Given that we imagine starting with a
complete basis of RPI operators built with §(w — ¢’-i0) or with §(w’ — ¢-i0), the higher
terms in the series in Eq. (A.3), like B, also simply change a Wilson coefficient in
our basis. Thus, the choice of ¢ or ¢’ in the d-function just corresponds to a different

choice of the basis for the invariant operators, and one choice suffices.
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Appendix B

Matching SCET; to SCET,,

In this appendix we perform the matching QCD to SCET] in subsection B.2, SCET,
to SCET, in subsection B.3, and SCET, to SCET3 to SCETy in subsection B.4.
A key element that we use in the SCET; to SCET;,; matching is the finite RPI

transformations that are defined in subsection B.1.

B.1 Finite RPI

We have seen in chapter 2 that we can always decompose the momentum p of a
particle in two light-cone directions n and n

n# nt

Pt = n'P? +15‘§‘ +P’i, (B.1)

with n? = 0, 72 = 0 and n -7 = 2. We define p collinear to the direction n if the
components of (B.1) scale as (n-p, p, p1) ~ (A%, 1, \) Q , where Q is the hard scale
and A < 1. The vector n has physical meaning, 7 is the direction where most of the
momentum is allocated, that is the direction ? is inside a cone of opening angle A
around ﬁ), see Fig (2-1). 2 does not carry any physical meaning and it is only needed
to decompose the momentum in (B.1). The power counting X defines the level of the
collinearity. The decomposition (B.1) is not unique, we can shift n by an amount A

and the particle we still be collinear to the direction n. Pictorially this means that
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if we move the vector n inside the cone in Fig. (2-1), p is always collinear to it. The
transformations that move the n inside the collinear cone are the reparametrization
invariant (RPI) transformation of type-I, Eq. (2.24). Thus if a particle is collinear to
a direction n, it is also collinear to any directions n’ that is related to n with an RPI

transformation.

Two collinear sectors in SCET, n; and ns, are distinct if [9)]
nymy > A%, (B.2)

We will label the external state with the direction n where the particles are collinear to
and with a subscript the magnitude of collinearity, so for example |gn,gn,)1 is a state
with two quarks, one collinear to n; and one to ny where n; - ny > (A)%. A collinear
field in SCET labeled with n; can create a particle collinear to the n; direction, but
this means that state is also collinear to any n; € [n;], where [n;] is the equivalence

class defined in Eq. (2.25), so we have
Up, if n; € [ny)

gn;'"]ﬂj) = ) , (B3)
0 otherwise

The type-I RPI transformation connects vectors that belong to the same class [n;].

For each {n, 7}, the type-I RPI infinitesimal transformations are given in Eq. (2.24)
These transformations preserve the relations n? = 0, 7?2 = 0 and n -7 = 2. In the
matching from SCET; to SCET,;; we need to rotate the direction n to a direction
n’ that is closer to the momentum of the particle, such that p is collinear to n’ in
SCET;;1, The RPI transformations allow us to do it. Thus the finite RPI transfor-
mations in SCET; is crucial to match the two theories and hence is not simply a
convention. On the other hand the choice within SCET};,; is purely a convention.
We have some freedom in choosing n’, if X*+! is the power counting of SCET;,; any

n' such that 7 is inside a cone of aperture A*! around 7’ is fine, see Fig. (4-3). The
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momentum p decomposed along n’ and 7 is

, n* _nt u
p“zn-p—é— tP5 Py (B.4)
For this convention we will pick n’ as that direction n, where p as zero perpendicular

momentum, that is

_ny nt
p=p—2£+np-p?. (B.5)
The relation between n and n,, is
Pr_ ()’

This is a RPI finite transformation (instead Eq. (2.24) is infinitesimal). It is easy to
check that n2 =0, n,-7 = 2 and that Ph,1 =P'—mnypi* /2 —pn/2=0.
We will derive similar relations for other quantities. To see how the quark field

transform we use the RPI invariant fermion field [80]

Yn = (1 + %%)ﬁn. (B.7)

Because (B.7) is invariant under RPI, 9, = 9,,, and we can write

Dy %)§n=(1+ B, #

7Dy, 2

(1+ 7D, 2

) (B.8)

Multiplying (B.8) by the projector 7tj/4 we get the finite RPI relation

_ 1

g’n - Téhnp . (Bg)

The relation (B.9) is in agreement with the spinor equation (A7) in [17] once you
choose 71y = np. Object with a full Lorentz index like p* or +*, are RPI invariant
because there is no reference to the light-cone vectors n and 7, but on object in the

perpendicular direction, like p/| or ¥} are not, because L is defines relative to n and
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7. Using the relation v = y* — a* #/2 — n* /2, we derive the expression

P i (pu)?

= ot be gt By (310
p D p

Now we focus on one gluon emission. We consider the case of a virtual quark

with momentum gy emitting an external gluon and quark with momentum k; and ¢;

respectively. In Fig. (B-1-A) we portrayed one gluon emission where the initial quark

qo comes from a QCD current gy*q. We call ng, n} and n, the directions where g,

qo, 1o

i ! / ! ]
41, k1,n} Ga,no ka,my ki,my ¢, n; ki, ng-- ki,my

(4) (B) (€)

Figure B-1: Kinematic variable for one gluon emission (A), two-gluon emission (B)
and ¢ gluon emission (C). The ns vector are defined such that the momentum has
not perpendicular component along that directions n — 7.

k1 and ¢; zero have perpendicular direction, that is

_ng s
= qo— + no-qgo—
do %2 OQOQ,

'n

n“
¢ Zfﬁ%, (B.11)

where § = @ + k1 by momentum conservation in the 7 direction, and ¢ has a 7

component because it is off-shell. Using the Eq. (B.6) we can relate n} and n; to ng

I 2
nllu _ ng -9 (ql_)no_L -y (Q].)'FLOJ.

3 e
H 2

=t 2 0t (s (B.12)
1
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where we have used the equality (k) | = —(q1)},,- Some useful relations are

-2 o 2 2
ny-ny = no-n'l(z—g = noonlg—g = —2(q1_)2"—9;q0,
ki 51 qi ki
Bl + ik
nt = 11 _+q1n1 _ (nl.nfl)%_; ,
4o 2qp o
1 g1k _ qik (k) — @)
o= —+/|ny - n} vt — a* (ng-nt) ——21 11
(ql)no_l_ 2(71 + k] | 1 1| 1 ( 1 1) 4qg )
(¢)nos it a
Iy = 1/no M = ’ 1
Mot = s~ M = (@ = P (M) g (B.13)
where
nt —nt
= AT (B.14)
Vna - ni]’
is a vector with |[v?| = 2. Another useful relation is
2 2 , @ik
% = (@1 + k1) = ny-ni——. (B.15)

2

Notice that we can express all quantities in terms of the vectors n}, m; and the

momenta §; and k;.

In two-gluon emissions the kinematic variables are defined in Fig. (B-1-B). We
called ng, n}, ny and n, the directions where qo, k1, k2 and ¢; have perpendicular

direction zero, that is:

—_n—g-{-n e
QO—(JO2 0%2 )
k1=k1%a

_nf #
Q1 =(I17+n1'Q17,
n
-n
k2=k272)
n#

q2 =(72—2%, (B.16) -

now ¢; is also off-shell and have a component along 7. The definition (B.12) is still
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valid, and we can define n), and ny as

22
nlzy, — ’n/; _ 2(q2)’n1_]_ n (q2)n1_]_

ks k3
2
TL2 _ nl + 2(Q2)n1_|_ A* (q22;1l , (Bl?)
Q2 a3
where (k3)n,1 = —(g2)n,1- The relations (B.13) are still valid, and also the relations
with 0 — 1 and 1 — 2, these are
% @B _ (@)@
Mg My = N1 NMy=> = Ng*T —=—2—1_,
ot — kong' + @nb n* (ng )qka
! Q1 "2 at’
1 92k2 e A Q2kz(k2 )
(¢ )n 1 ﬁ €72
et e By B B.18
Tl = Ty — T (g2)n,1 Fa # (ne n2)2q% , ( )
where
B i
of = 22 (B.19)
g - mj|

is a vector with |vZ| = 2. We can write n; - n} and v; in terms of n,, n} and n):

.I_C S = .’ g k
L SRS A LY (520
) Q1 B o
w 2k@nd + 2@ En! — koo (na-nh) A* — 2qin? , (B.21)

v =
VALCRECT
(B.15) for two emissions is modified to

k Go ke kik
qg - (QQ + kl + k2)2 = 1 n2q22 ! + n;ng% + n1n§——1§—2 . (B22)

Others useful relations are

et _ Gl (0 @or)y (0,

b b _p
y = +n ( — — = -
nol = 71, T k2 1 ko
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-
(ks + )" = (nfma) 2. (B.23)

For i gluon emissions Fig. (B-1-C), we call nj the light-cone vector parallel to
the k-gluon, n; the light-cone vector parallel to the external quark, and n; the light
cone vector such that the k internal virtual quark has zero perpendicular momentum
with respect to (ng, 7). To calculate n;, n; we can iterate the formulas above up to i
emissions. That is we can calculate n;, n} from n;_; using Eq. (B.12) with 0 — (:—1),

11—
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B.2 Matching QCD to SCET,

To study the process of ¢ — qg emission, we match the QCD current,
']SCD = q_')’”q, (B.24)

to SCET; operators for a final state with a quark, antiquark, and gluon. The particle
momenta are g; for the quark, p; for the antiquark, and k&, for the gluon, (c¢f. Fig. B-

2A). We do the matching in the center of mass frame with
Py = a1 +pg+ ki =(Q,0,0,0). (B.25)

SCET), being equivalent to the usual SCET, is formulated as an expansion in the
parameter A\. The current in Eq. (B.24) matches onto an infinite series of SCET;
operators. We will perform the matching up to NNLO for one gluons emission, and
focus only on the cases when the gluon is either collinear to the quark or far form both
the quark and the antiquark. Obtaining the limit of gluon-antiquark collinearity from
our work is a simple exercise in charge conjugation. We can construct the SCET,
operators out of a few building blocks: the quark field x,, the gluon field B;;, and
the perpendicular momentum operator P¢,, plus Dirac structures. xn, By, and PS,

n

all scale as A\. The basis of SCET; operators for one emission up to NNLO is [80]. 1.

03(10) (nO) = XnoX'ﬁ )
O§1) (nO) nO) = Xno ngOLXﬁ 3
1 _
T (n0,m0) = Ko [Pfo n QBS:OJ_] X7 »

O (n1,1}) = X 9B 1 X5 (B.26)

(950) (ng) standss for O§°)(n0, 1) and similarly for the other operators, we do not write

the antiquark direction as it is always 7. (9§0) is the LO operator and scales as A2,

l'7'1(1)(711,71’1) is zero because we can choose the directions n; and n} to align perfectly with
particle momenta such that e.g.. Pp,1Bn, L =0
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O§1)(n0, ng) and O&l)(nl,n’l) are the NLO operators, scaling like A3, and 7;(1) ox A%,

In SCET];, two particles are collinear if they are inside a cone of aperture A, or
equivalently if p;-p2 < (QA)?. Usually, we formulate this condition with dimensionless
quantities, n,, ‘n,, < A?, where n,, is exactly proportional to the particle momentum.
To distinguish a two-jet from a three-jet state, we label the external states with the
direction to which the particles are collinear. A state |g,,)1 indicates a state where a
quark with momentum ¢; is collinear to the direction ng, that is (G, 70 g1, (g1 )ner) ~
(1,A%,1)Q, and this state can be annihilated by any operator, x,, where n and ng
are in the same SCET; equivalence class, {[n]}. The subscript, 1, tells us that we are
using the SCET) classes here. As we will see when we match to lower-scale SCET;,
we will change this number appropriately. A two-jet state with a collinear quark and
gluon, and an antiquark along 7 is given by |¢ng gno @r)1. The fact that the quark and
gluon share an index label implies that ¢; - k; < (X\)2. A three-jet state is indicated
by [Gn, gnt @»)1, where each particle is collinear to a different direction. The operators
O§°) (no), (’)§1)(n0,n0) and ﬂ(l)(no,no) are two-jet operators, that is they can only
create a two-jet state, whereas (9§1’(n1, nj) is for three-jets. Multiplying the operator

in (B.26) by the Wilson coefficients, we have

JSCD = Cf?rzo(”O)OgO)(”O) + 01(1)(”07 ”0)09) (10, m0) + Cf,l%(no, n0)71(1)("0, no)
+ O (m, m) O (ma, ) + .. (B.27)

where the ellipses indicate higher order terms in A\. We begin by looking at two-jet
operators in detail. For this region, because we are in the center of mass frame,
the two jets are back to back. We define the kinematics as follows, the antiquark is
exactly parallel to 7 = (1,0,0, —1), while the quark and the gluon are collinear to

no = (1,0,0, 1), such that go = ¢ + k1 has no component perpendicular to ng and 7:

n n
P = HO'Pq?,
_nk nH
@ = %70 + o 1 + (@ )nor s
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QCD SCET,

Py | 5
40 '
| o
i
q ki Pg ' ong ng n
|
|
Dy l
I
Po :
|
I 0“ ‘0
q1 k1 Pg : i no n

Figure B-2: Matching QCD to SCET; for the two-jet configuration: In the first
column there are the two Feynman graphs for one-gluon emission in QCD, labelled
by the 4-momenta. In the second column there are the two Feynman graphs in SCET},
that reproduce the same amplitude in the case the quark and gluon are collinear along
the direction ng. The first graph come from the operator (910) with the insertion of

the SCET; Lagrangian, the second graph comes from the operators (99) and 71(1).

ng n+
K = (71—20' + n0'k17 + (k)b 1 s ' (B.28)

where (ng - ¢1,G1,¢11) and (ng - k1, ki, k11) scale as (A\%,1,\), and (ql)ﬁol = _(kl)ﬁol

by momentum conservation. The Wilson coefficients are defined through the equation

(01JA cp o Gno Ga)r =C\ 1o (10, 7o) / dz*(0|T{Lscer, (2)OV}ng 9o @)1 (B.29)

+ G119, 70) (010" gy Gns )1 + C (10, 10) O1 T Iy 9y T -

Calculating the C’s for this two-jet process goes as follows. We decompose the QCD
amplitude along ngy and 7 using Eq. (B.28) and we write the QCD spinor in terms
of the SCET; spinor Eq. (B.31). Expanding in A up to NNLO, on the RHS, we
compute the amplitudes for the three SCET,; terms. The coefficient Cf?ﬁo was already
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determined from matching QCD to SCET), for zero gluon emission, it is
o =7"" (B.30)

The coeflicients 01(1) and Cflg— come from solving Eq. (B.29) at NLO and NNLO,

respectively. Since (’)gl) and 7;(1) are at different orders in A, there are no ambiguities

in solving Eq. (B.29) for both C{" and 01(37)—

In order to do the matching, we need the relation between the QCD and SCET

spinors. Using Eq. (B.7), we can write:

u(p) = (1 + %)un(p), (B.31)

where u(p) is the QCD spinor and u,(p) is the SCET, one. It easy to see that the
SCET spinor satisfies

Tun = O,
@un =0,
3w = % : (B.32)

Note that the normalization in the spin sum does not introduce NLO terms.
The QCD amplitude for v* — ¢gg is shown in Fig. B-2:

_ 3 7
A% = a<ql>z’gw—q’?§vﬂv<pq> - a@nm#%wav(pq) - (B.33)
0 0

The amplitude (B.33) is intended to be multiplied by the polarization vector for the
gluon, that in general we do not explicitly write. Using Egs. (B.28) and (B.31) in
(B.33) and expanding to NNLO in A we get

Aflty = ATB + Ao + Ao, (8.31)
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where

A8 = gt [ (g + £ )B4 ]t o,
At = 4™ (s — Bkt
Ao = 9(211— + ;1 ) éuno’YnOJ_(%ﬂnoi (%OJ_ (kll—g#ﬁa) (3
_ ga%ano(kl)gol = %%lﬁﬂiﬁa)vﬁ . (B.35)

From (B.35), and knowing C’1 Lo it is easy to determine the other two Wilson coeffi-

cients to reproduce Ag’é’D, they are

1
D (ng,no) = g6 =1L

1 1 2
Cl(,7)—(n07 no) k fYnOJ_’YgOJ_’YnoJ_ Q g ’Ynol 3 (B36)

where we have used the relation §; + k1 = Q.

For the three-jet operator Ogl)(nl, n} ), the matching was done in subsection 3.7.6,
but we will translate to the notation used here. In this case we need three distinct
directions in SCET to describe the three external particles, and there is no small
parameter to expand in. This means that the amplitude for this operator is exactly
equal to the tree-level QCD amplitude for a ggg process. One may wonder then,
why we simply do not apply this everywhere instead of just the three-jet region. The
answer has to do with running effects. The RG kernels of our two-jet operators,
0Y, 01, and T, will resum the large collinear logarithms of those configurations (cf.
Subsection 4.4.3). It is for this reason that we gain by keeping track of these as
separate contributions.

Since the three external particles are collinear to three different directions, in
principle we have to decompose each particle using its own pair of light-cone vectors,
see Eq. (2.1). However, we can show that we need only four independent ones. In the
center of mass frame, qo = ¢q; + k; is back to back with the antiquark, p; oc 7. We

decompose qq along (ng, 72) such that it has no component perpendicular to them:
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go=n7N-qo/2+nng-q/2. Using Eqgs. (B.12), we define the light-cone vectors n, and
n} such that they are parallel to ¢, and ky, respectively. We can actually decompose
the quark along (n;, #) and the gluon into (n}, 7). Unlike the two-jet case, where
(q1)ner S A, since the quark was collinear to ng, here (g1)n,1 > A. Summarizing, we

have:

nli

@ =na5, (B.37)
nt
Pg = npi s

n#
K :ﬁ-lﬁ?l,

where 72+ q1, n-pg and 7o - ky are O(1). Since a three-jet configuration has q; - k; > A%
we have that n; - nj > A*. Choosing the directions n;, n} and 7 exactly parallel to

the external momenta means that we do not need 7, (ny,n}) = Xy Pry By | Xy @

Py acting on the gluon field gives zero.

The matching is therefore given by
1 1 ’
(01700l m @ 9m )1 = C1 (1, m1) (0[O (n1, )G, G5 9y )1 » (B.38)

and the Wilson coeflicient is

2
(7(1) A WY - M
Y (m-n'l)q'lk17 P, T
1 u R 2(n-pg) _,
4| — — 4 —_— ) B.3
[(n.pq)kl (’yT ]1)7 51 an) (nl '77'/1)(?1]?1 nT] ’Ynl 1 ( 9)

where the subscript 7" applied to a generic four vector f* means: fi = f+ — ph(f-
py)/P2 and p, is defined in Eq. (B.25). We notice that all the Wilson coefficients
in SCET,; are of order \°. We described the effects of adding running to them in
Subsection 4.4.3. As we discuss further in Appendix B.3, we do not need to compute
any suppressed two-gluon operators in SCET; to the order at which we are working.
In the next Appendix we will mach SCET; to SCET,. Before doing it we have to

run down the SCET; operators form the scale ) to the scale p; where we have the
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first emission:

G (no) = U (no)(Q, ) 7~ |

nh — n#
Cil)(no)nO) = U(Z’I,O) (n0>n0)(Qa :u’) ® . Q 77?0J. )

C{’l)r(ng,no) U(zll)(noyno)(Q,M)‘@ l—c (750J_77ﬁml7g01_ QQ”’Y&L)
2
(1) n — 1) ! - c
C (nh ) U (nlynl)(Q)ﬂ’) ( (n nl)q k 7n[)_Lp 7T
1 p ") 2(n 'pé) Al
_ _ S LA B.4
+ g Ot~ i) + o ) B840

For the definition of the running factors U%#%)(Q, 1) see Section 4.4.3.

B.3 Matching SCET,; to SCET,

B.3.1 One-Gluon Emission

We now match SCET; to SCET; for one-gluon emission and two-gluon emissions.
In this section we only deal with one emission. The basis of SCET,; operators nec-
essary for the matching up to NNLO is equal to Eq. (B.26) but with the operators
defined in SCET, instead of SCET:: O (ng), O (no, no), T (no, m0),05” (n1, ) 2
In the previous section we have matched QCD to SCET; for one emission and we saw
that in SCET; we can have either a two-jet (|¢n, gno @n)1) Or three-jet configuration
(I, 9ny @n)1), depending on the collinearity of the external particles. When we go to
SCET, we reduce the magnitude of collinearity, now particles with momenta p; and
py can be define collinear only if p; - p» < (A\?)2, and the SCET}; theory distinguishes
between the states |gn, gn, 7a)2 and |gn, gn; Ga)2- Because of the difference of collinear-
ity between SCET; and SCETj,, a two-jet configuration in SCET; can be matched
both onto |Gy Gny Ga)2 and |gn, gn; Ga)2 in SCET,, instead the three-jet configuration
in SCET| can be only matched to a three state |g,, In} gn)2 in SCET,. The matching

2 As before we do not consider operators like (’)gl) (no,7) that describe a gluon collinear to the
antiquark.
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is given by

Jbep = Ot o (no) O (n) + Ot (ng, no) O (no, o) + OV (1, n) O (my, 1)

+ C 0 (no, no) T (no, no) + - - (B.41)
=C§) (no)0F (no) + C§ (o, m0) 05 (no, mo) + C5 (ny, ) OF (ny, )
+ O (no, no) T3 (ng, mo) + -+ (B.42)

where in the first equation we have written the original QCD current in terms of
SCET, operators and in the second equation in terms of SCET, operators. The el-
lipses indicate higher order operators. If we close Eq. (B.42) with the state |gn, gno Gn)2

we get

Clon0) [ do*(OIT{Escur, ()0 (10)} g g T2
+ CO (10, 110) (010" (0, 110) | g Gro T2 + C (10, 110) (O T (120, 110) |y G T2
— C{(ny) / dz* (0| T{ Lo, (@) OL (116) Hdno Gno T2

+ 5 (n9, 10) {01 O5Y (10, 110) | o o G2 + CS (120, 110) (O T2 (10 10) G G T2 »
(B.43)

Because the structure of the operators in Eq. (B.43) is the same in the LHS and RHS,

we simply get

03" (no) = C) o (no),
C5P (o, m0) = C (no, o) ,

C§(no, no) = C{7(no, no) (B.44)
If we close Eq. (B.42) with the state |g,, gn; Ga)2 we have

CY%o(na) [ dz* O {Lscen, (@101 (10) i 9 )z + C1 (o, na) Q1O (i, o)l 1 )2

+ OO (1, ) (01O (1,0 Gy G, G2 + CL9 (110, 710) (O T2 (R0, 20) |Gy Gt T2
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= C§7 (1, m){0]OF (1, 1) Gy Gy G2 - (B.45)
We decompose Cél)(nl,n’l) as
1 1 H,a 1 1)H
C(l) Cé, io + Cz 1)\ILO + Cz( NLO + C( I)\INLO ; (B.46)

where C’Sio is the coefficient that multiplied by (0|0 (n1, 7})|gn, n!, Gn)2 TEproduces
the second line in Eq. (B.45), 02(11)\11;{8 the third line and so on. All the SCET,
coefficients in Eq. (B.44) scale as \° like in SCET;, but we will see that the SCET,
coefficients in Eq. (B.46) scale with different powers of A, thus what is meaningful is
not the power counting of the operator by itself but the power counting of the Wilson

coefficient x operator. We will prove that

CO (n0) O (mg) ~ AL, ) oy, m, )OS (ny, ) ~ A, (B.47)
O (0, n0) 08 g, m) ~ A%, ORI (i, ) O (ma, ) ~ A,
{0, n0) T (m0,m0) ~ A%, CENES (ma, m) O (1, ) ~ 28,
éll)\III{ILO(nla nh)OS (ny, ml) ~ A7

In the second column we have only one operator C’);I)(nl, n}) and we have decomposed
its coefficient according to Eq. (B.46). It is important to notice that the matching
constrains but does not conserve the power counting, this is because in SCET; the
fields scale as A, but in SCET; they scale as A?, for example we have that the LO
operator in SCET, is Cfo)(’)?) ~ A2, but for the LO operator in SCET; we have
cO O 53

If we have to calculate cross section with a fixed number of external particles
we have to take into account all the SCET; operators in Eq .(B.42). What we are
interested in this work is to reproduce parton shower. To reproduce the LL parton
shower we only need Cgio(nl,n’l)(’)gl) (n1,n}). To see why we can emit a second

gluon, ko from it. Before doing it we have to run it down to the scale of the second

3A consequence of it is that for two emissions we will have NLO operator in SCET; that con-
tributes only to NNLO operators in SCET,
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emission using the factor UM (ky,,ky)). Because the first gluon comes form the
operator O (ny,n}) whose coefficient was defined in the matching form SCET;,
and the second gluons comes form inserting the SCET, Lagrangian, we know that
k% > k2, as the parton showering condition requires. The operators 0 (ng) and
Ogl)(no,ng) carry information that we do not need to describe parton shower. For
example Oéo) (ng) describes a quark which had not emitted until after the scale of
matching k1. However, the RG kernels already give us the no-branching probability
so, even if they have lower order in A, we do not use them. For this reason we call
Cé,l)Lo (n1, n’l)(’)él) (ny,n}) our LO operator in X and we say that LO is at order A\5. The

1),H . :
C’é’ I)\INLO(nl, n}) give corrections to the parton shower

coefficients C’éyll)\}fo (nq1,n}) and
for one emission, and they describe a three-parton process. This means that if we
want to find correction to a parton shower process that start from a matrix element
with two partons, we have to take into account also parton shower starting from a

matrix element of three partons. Therefore in the rest of the section we will focus

only on the operator we need: O (ny,n)).

We now turn to calculate the Wilson coefficient (B.46). We do it in three steps:
first we calculate the amplitudes in SCET; on the RHS of (B.45), second we rotate it
using the finite RPI transformation define in Appendix B.1, so that they overlap with
the SCET),, states, and third we calculate the SCET, amplitudes in the LHS of (B.45)
and calculate the Wilson coefficients necessary to make the two side of Eq. (B.45)
equal. We do it order by order and we start calculating the coefficient 02(,1%0- The

SCET; amplitude in the first line of the LHS (B.45) is

AFE = U (ne)(Q, 1) 9 &y (ng + E@.’%ﬂ@i) " n (B.48)

1

U (ng) is the running factor (see Section 4.4.3), and u; ~ AQ is at the scale of the
emission. In (B.48) we have omitted the term proportional to 7* because we work in
the light-cone gauge where the Wilson lines are equal to the identity. The amplitude
(B.48) is written in terms of objects projected in the n and 7 directions. As discussed

in Appendix B.1, these directions are not suitable for a SCET; states but we can use
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the formulas (B.9) and write (B.48) in terms of the directions n; and n} that are the

directions where the quark and gluon have zero perpendicular component, this gives

q = q (T): (ﬂ )nolfys/ J
AIE = UO (o) (Q, 1) 9&n, (n’la + 5! 1]_21@ 4+ : @) %%ﬁ;ﬁﬁ, (B.49)
0

In (B.49) we have rotated the spinor in the ny direction, vn,1 in the n} direction
and we have written ng in terms of n;, n} and g,,,. We have dropped all the terms
proportional to n* and we made use of relations fif = 0 and &,,7, = 0. Because the
momentum of the gluon is parallel to n?, only the polarizations in the perpendicular
direction with respect to n’ are physical, thus we can neglect the term proportional

to n} in Eq. (B.49). The SCET, amplitude (0|¥n, 9By, X7 |G, Gt Gr) s
(01X, 9853, 1 Xal0ny 01, G} = 9Emi€ry 1 6 (B.50)

where in Eq. (B.50) we have explicitly written the polarization vector for the gluon.

From Eq. (B.49) and Eq. (B.50), we can see that the LO Wilson coefficient is

Cé,lio = U0 (no)(Q, (kl)nol)cﬁo(no)%’)ﬂu , (B.51)
0
where
n (¢,)n figy
cto(no) = (2 (q*l_zlml + ;_1 = ﬁfo Oxzlny - )] . (B.52)

O,2[n1 - n}] is a function that encodes the information that (n; -n}) < A2, we will say
more about it below. Because the matching come from a SCET; operator, (¢1)n,1
can go up to order A and g2 up to A2, thus C’Sio has power counting A~!. Using

formulas (B.13), we can write (B.51) only in terms of ny and n/, this gives

q — o, k = o 27
cﬁg=wwmmam(iwmhm%+iw%ymm%u)( °

Q nl'n'l)(h]_ﬁ

x (o = g I ). (B.53)
0
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where v} is defined in Eq. (B.14), G + k1 = Q. For u; we have to take a quantity
that scale as AQ, we choose y; = +/|n; - n}|Q. Because |v?| = 2, the power counting
of (B.53) is only from the scalar product n; - n} that here is of order A\2. In a similar

way we can calculate Céll)\ig and C’é’ll)\ff\mo.

We have done the matching starting from the QCD current Joop, = g#q. If we
had started from a general current, GI'*q, the results (B.51) for C'é,lio would have the
same upon the substitution

Voot — %F“. (B.54)

We can obtain Cé’lioogz)(nl,n'l) from the SCET); operator X,,['*xs running down
from scale Q to scale y,; using the factor U®(Q, u1)(no), and subsequently using the

replacement rule

(Xno)i = (£0)5i(no) (Xmy); gBI™ . (B.55)

On the other side we will see that the coefficients Cé}l)\lig, CS%I]}E’C};, C’é}ll)\f;w are much

different in the presence of a different QCD current. We labeled the coefficients whose
structures depend on the hard scattering with the upper-script H, that means hard-
correction. Starting from two-gluon emissions, there are corrections whose structures

are independent from the initial currents and we will call them jet correction.

We now calculate 051}{{5 and CS;{I{,LO. For the NLO and NNLO amplitudes in
the second and third line of the LHS of Eq. (B.45) we have

-y ) b su
il 2,1,0 Ng —n" _ ng —n" _
AI({I(II?O = U( )(’no, nO)(Qa :ul) Q gunolygolvﬁ = Q gum’)’g'l_LUﬁ_,

Ao = UM (ng,m0)(Q, 1)

1 1\1 _ 2 a
X (5; + E) @guno’)’ﬁol(h)nol’ﬁolvﬁ - @guno(kl)zo_]_’ynolvﬁ
= U7('2’1’1)("0, no)(Q, 1)

1 ]. 1 _ u o 2 — k 12 fe] B 6
X (a + I_c_l) agunl%oi(kﬂnol%aivﬁ - _q:;—égunl( l)nOL’Yn;LUﬁa (B.56)
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where in the last equation we have performed the rotation to the directions n; and

n}. The SCET; coefficients needed to reproduce the amplitudes in Eq. (B.56) are

CIEe = U (ng, no)(Q, p1)es o (B.57)

1)H (2,1,1
Cé,l)\INLO = U )("07"0)(@ Ml)CgNNLo

where

a ng —n*
C?NLO = U0 (ng, no)(Q, Hl)"—Q“Q—%OL@,\? [ny - ny] (B.58)

kil + qin! Tk _u) o
= U9 (ng, no)(Q, ﬂl)a( : % - - (1 + F(”l'“i))"“)%uev [n1 - ny],
1 2
Cg,NNLO = U (L, 1)(""’/Oa nO Qa ,Ul)( (T '—_) 7n0i(k1)nol'7n'1_|_ qu(kl)nOJ_’Yn’J_)@/\z [nl nl]

U(211)(n0,no)(Q, Iy ( ( nl’/lnl nl 1+n —(n1 nl))’)’n’l_L

k
+Q_12(\/|71,Tn_’1lvi‘—ﬁ“(n1‘n1)( 20?2 ))’7’J_)®/\2[n1 ‘nyl.

C;gll)\gg has power counting A\° and C’é’ll)\ﬁ{mo ~ AL

For the coeflicient C(ll)\gg, the matching comes from the SCET three-jet operators

where n; - 1 is now of order \°. Because C§1)(n1, n}) defined in Eq. (B.39) is already
labeled in terms of the directions n;, n} and . exactly parallel to the external particles,

we can simply write
Cixro(m,ny) = O (n,n)Oselna - mf] (B.59)

where ©y2[n; - n}] carries the information that (n; - n}) > A. Knowing that now

1)H,b
ny-ny ~ A9 Cé M8 (n1,n)) scale as A% and

O (n, )OS (ny, ml) ~ A°. (B.60)

The SCET; coefficients (B.53) and (B.57) comes from matching SCET; to SCET,
for the two-jet SCET phase space region where q;-k; < A2Q? that implies ny-n) < A2,
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instead the coeflicient Cé,ll)\f{’g comes for the three-jet SCET; region where ny-nj > A2
Because the operator Oél)(nl,n’l) only knows that n; - n}{ > A%, it is not able to
distinguish the two regions, and this information has to be encoded in the Wilson
coefficients, and we have done it inserting the function © and ©. We can think of
Ox2[z] as usual theta function: Oy:[z] = O[\* — z] and Ox2[z] = 1 — O,z2[z], but if
we have to calculate inclusive quantities we need to integrate the phase space and
having hard theta functions in the integrand could be problematic. We can define a

smoother theta function, an example is in Fig. 4-9

0 ifr<A—a
Opalr) = ¢ —Sign(z — A)e(z-zf\a)s-linsg;&-fw + (Sign(z —A)+1)e™? fA—a<z<A+a ,
1 ifx>A+a
(B.61)

and O 4(z) = 1 — O, ,(z). The parameter A tells where the function switches from
0 to 1 and the parameter a how fast it does it. To see how this theta function works,

we integrate the amplitude squared up to NLO. The LO amplitude squared is
lAqqg|Lo = | 2Lo(nl’"/1)'2G(QIa ki, ka2, pq) » (B.62)
where

Gar, k. k2, pg) =2{dmy Gy 8l O (1, 11)10) (01O (m1, 71 iy G G)> - (B.63)
The NLO and NNLO amplitude squared is
|A%9 R0 + A" Rinpo = 1A% |toNNLO 2-jet T | A% |NNLO 3—jet 3 (B.64)

where

5 1 1),H (1)H,
|Aqqg|§oNNLO,2—jet (C (ﬁg(m, 1)( 2(121NLO(n17n’1)+C2121L(;T(n1’nll))

1)H,a 1),Hi
+(C (IZILOT(nhnD CélleLO(nl’nl)) 2121L0(n1’n1)
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Figure B-3: Merging of the two-jet and and three-jet amplitudes squared for qgg
process using a smooth theta function. Plots of the two-jet amplitude square,
|A9992 | + | A999 |12\ILO,2_jet, (green), three-jet, | A% |§L0’3_jet, (blue) and sum (red) ver-
sus ky1,,,- The amplitudes are evaluated two-jet and and three-jeted without running
coefficients for k; /g, = 0.4.

+ Iéé}lzl{{g(nlin/l)P)G(ql’ kla k2;p¢i) 3

q 1),Hb
|A%912 010 5mser = OS5 Rt (n1, m) PG (qu, K, k2, D) - (B.65)

|A999|%; 5 jes is the contribution to the amplitude squared from the two-jet region
and [A%|3; 5 is the contribution from the three-jet region. In Fig. 4-8 we plot
the ratios [A79[2o /| A" [ep and (A2, + AT 2 o o ) /| A9 By versus ki,
We notice that including NLO corrections extends the region where tree-level SCET
and QCD agree. In Fig. B-3 we plot the the merging of the two-jet and and three-
jet amplitude squared using the theta function. The theta function defined above
smoothly merges the two amplitude squares. In Fig. B-4 we plot |A%9)?  + |A9%|%;

with and without running factors.

B.3.2 Two-Gluon Emissions

We now match SCET; to SCET; for two-gluon emissions up to NNLO. In order to
do it we first should calculate the matching QCD to SCET; for two emissions up
to NNLO. Besides the operators in (B.26), for two emissions in SCET; there is the
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Figure B-4: Plot of the SCET; amplitudes square up to NLO, |A%|2, 4 |A%9[3 ,

with (green) and without (red) running factors versus ki, for k1/g = 0.4.

additional NNLO operator
0P = Xno9B3 1 985 | X B.66
1 (n07 1o, nO) Xno9Pn1 9P 1 X7 ( : )

but this operators in not relevant for the matching SCET; to SCET; at NNLO. (B.66)
matches to SCET; operators with two gluon field, like for example (952) (ny,nf,n}) =
Xn B3, J‘Bgll 1 Xa, with Wilson coefficient Céz)(nl,nl,n’l) of order X, that is (B.66)
matches to a Wilson coefficient xoperators in SCET, of order A8 that is N3LO ac-
cording to the power counting in (B.47). Thus the SCET; operators (B.26) are enough
for the matching to SCET; up to two emissions.

Besides the operators necessary for the matching for one emission, the SCET,

basis for two emissions has the additional two gluons operators

n2),n'27n€l) = anngglgBﬁ’_LX’ﬁa (B67)

2 _
( ) n2’n/1an’1) = X'nngs’lj_gB _I_X’ru
(2)

il
(
Oy (ng,ny,my) = Xngng']J_gB 11 X
(

OP (n9, n0,10) = Xno 9B L 9BE  Xn -

In the first operator in (B.67) the quark and the gluon are collinear and it does
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Figure B-5: Matching SCET; to SCET; to SCET; for two emissions for the two-jet
configuration. In the first column there are the QCD Feyman diagrams; in the second
column the SCET; diagrams from the operator (9 ( 0); in the third column the

SCET, diagrams from the operator (’)1 (no, no) and 71( (ng, np); in the fourth column

the SCET,; diagram from the operator (952) (ng, ng, ng), this operator contributes only
at N3*LO to the SCET, matching; in the fifth column the SCET, diagram from the
operator O(l)(ng,n’l); In the sixth column the SCET, diagrams from the operators

(’)( )(na, By M)y Of) (n2,ng,n) and Og (ng,ny,n}); in the seventh column the SCET;
diagram from the operator O (ny, n}, nj).

annihilate the state |gn,9n, Int Gn)2, in the second the two gluons are collinear and it
does annihilate the state |g,, In', Gn, dn)2, and in the third all the particles are far apart
and it does annihilate the state |gn,gn; gn,@s)2. The last SCET; operator in (B.67)
is not necessary for the matching at NNLO. It can only be closed with the state
|Gno9nogno@n)2 that describes two emissions both collinear in SCET},, his coefficient
can only come form the SCET; operator Oiz)(ng, ng,No) and so it only contribites at

N3LO. The Wilson coefficients of the operators (B.67) are defined such that

Thep = Oo(n0) O (ng) + C1P (ng, no) OV (ng, ng) + CLo TV (ng,me)  (B.68)
+ C(l)(nl, n’l)Oil (nq,n}) + -+
= 2 (no) O (o) + C (g, n0) O (g, no) + CF T3> (ng, mo) (B.69)
+ C§Y (n1, 1) O (ny, m)) + CF (na, ma, ) OF (3, ma, )

+ CP (ng, n, 1)) OP (ng, ), ) + C (ng, nl, ny) OP (g, mfy, 1) + - - -
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where in the first equation we have written the original QCD current in terms of
SCET; operators and in the second equation in terms of SCET; operators. The

ellipses indicate higher order operators.

We divide the Wilson coefficients in two category: jet and hard. We labeled the jet
coefficients with the upper script J, and the hard with H. As already mention in the
previous section, the jet coefficients are those whose structures do not depend on the
QCD current. That is, if we had starting the matching from a general QCD current,
GI'*q instead of JSCD = §y"q, the jet coefficient would be the same upon the substitu-
tion in Eq. (B.54). The corrections that come from these coefficients are universal in
the sense that they are independent of the information about the hard scattering that
happens at the beginning of the shower. Instead the hard coefficients are those who
depend on the QCD current, that it they give corrections that depend on the hard
scattering. All the jet coefficients come from the matching with the SCET; operators
O§°)(n0) because it can emits two gluons only through the Largangian insertion and

the Lagrangian does not dependent on the initial QCD current.

We have seen in the previous section that the LO coefficient xoperator that we
need for the parton shower is C’él) (nl)Ogl)(nl, n}), that is of order A\, Eq. (B.47). We
are interested to calculate the amplitude squared at NNLO, that is we only need to

calculate the NNLO amplitudes that interference with the LO amplitude. The LO

amplitude for two emissions is
AT = O30 (ma, ) / dz(0|T{Lscrr, ()05 (n1, M) HanagnsGmyGa)2 - (B.T0)

Because A7 comes from closing the operator with the state |g,,gn, In', @n)2, it can
only interferences with the amplitude that comes from Oéz) (ng2, na,n}). Thus we will
only calculate the component of the coefficients Céz)(ng, nj,ns), and C§2) (ng, nf, n})
that give NLO contribution, that is such that C’éz)(’)éz)(nz, n}, ny) and 02(2) (952) (ng, nf, nj)
is of order A®. Knowing that (’)52) ~ A we have to calculate Céz) (ng, nf, nj), and
052)(n2,n’1,n’1) only up to A72. For Oém(nz, ng,n}) instead we have also to calcu-

late his coefficient up to A=!. We will use the lower script NLO/NNLO/N3LO if the
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coefficient scales as A=2/A71/A°.

We now turn to calculate the coefficient of (B.67), it can be defined by closing
Eq. (B.69) with the state |¢n,9n, gny,Gn)2. We decompose C’f) (ng,n},nb) as

052)(712, n/17 77/2) = é?l)\IJLO(n% nllv n/2) + 02(2)H(n27 n{l) 71/2) ) (B71)
where
2)J 2 _
CN0 (0108 (n2, 7, 1) |Gy G Gy )2 = (B.72)

Cl(?io(no) dz1dw9(0|T{Lscrr, (71)Lscrr, (22) O (19, 10)} |Gns G, Gty T )2
and

CE (ng, ) (01057 (ma, i, ) ldns Gy G B2 = (B.73)
+CP(no,no) [dz(0|T{Lscer, ()0 (0, 10) } Gy Gt 9r, T2
+ C{9(no, mo) / da (O[T {Lscrr, (2)T" (0, 70) Hany Gny Gy )2

+ Oy (na, m)) / dz(0|T{Lscer ()01 (n1, 1) Hana o Iny Gz -

We decompose C’éQ)H(nz, n,ny,) as

(2)H 1 1\ _ ~(2)H,a o (2)H ro (2)H,b 1o
Cy7" (ng,my,my) = CZ,NNLO(n2>n1’ ny) + Oz,NaLo(n2a ny,my) + Cz,NNLO(”?a ny,ny),

(B.74)

where Cé?l)\%’go(ng, n/,,n}y) is the coefficient that multiplied by (0|0 (na, 1}, n}) |2 Gnt Gt G )2
reproduces the the second line in the Eq. (B.73), C’é,z%gm(ng,n’l,n’z) the third line
and so on. In Egs. (B.71-B.74) we put the labels in the coefficients to indicate their
power counting. Because the operator (’)52)(n2, n},n4) does not interference with the
LO operator we only need the coefficient Cé?lllio(nz, n}, nh) to calculate the amplitude

squared at NLO. We calculate C2(,21)\,JLO (ng,nf, nj) and also Cé?l)#ffo (ng, nf,n}) because

it will be useful later, and we prove that are of order A=2 and A~! respectively. We
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Figure B-6: Feynman diagrams for two emissions in SCET; from the operator (’)§0).

will not calculate here the other coefficients, however it is easy to do it just repeat-
ing the method we will show below and one can prove that they have the power
counting labelled in Eq. (B.74). Cfl)\,JLo(nz, nj,ny) and C’é’zl)\flﬂ]fo (ng, n{,n}) come from
two-jet operators in SCET;, thus they are defined in a phase space region where
ng-m, ng-nb, ny-nh S A% As we have done for the coefficients calculated in the one
gluon matching, we have to encode this information in the Wilson coefficients because
the SCET, operator ng) (ng,ny,n}) only knows that ny - nj, ny - nb, nf -nbh > 2. We

will do it inserting © functions in the coefficients like for the one gluon matching.

To calculate the coeflicients we proceed like we have done for one-gluon emission:
on the LHS of Egs. (B.72) and (B.73) we calculate the SCET; amplitude, we rewrite
it along the direction ng, n, n, where the quark and the two gluons are aligned using
the finite RPI defined in Appendix (B.1); on the RHS we write the SCET, amplitude
and calculate the Wilson coefficient necessary for the matching. We decompbse the

SCET; amplitude
Atog _ O /da:ldacg(OlT{ESCETl (1) Lscer, (@20 amgn, 0y @)2,  (B.T5)
in
ATES = ARES 4+ AVS 5+ AV o (B.76)

where A, B, C correspond to the three graphs in Fig. B-6. Using the SCET Feynman
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rules we have

_ ( )nJ- ( )nJ_
ASES, 4 = U0 0@, (o) g [+ 75, 22 +—gih° Yoot

% l:ng + (glznol go-l_] a1 Qo 1"#
1 Q1 QO

f%%B=U@mw@Ahmn¢wmhame

8 (ﬂz"*'kl)nol 8 M
< [od + ]

£%p=w%mx<mmug%4%

— ’YnoJ_

(¢, + Fi)noL (dy)not %@ + ki
T+ ki * q2 ] (

1 L
_ k F)Inolﬂy'no_l_ k + q2

where ¢ = g2 + ko and g9 = q1 + g2 + ko. As before we do not write terms with
n* and 7#, they are not necessary for the matching because the operator 7-A,, is
constrained by gauge invariant to be only in the Wilson line. Now we rotate the
amplitude (B.77) to the directions ny and n} and nl parallel to the quark and the
two gluons, as described in Eq. (B.16)

. Y

ATES, 4 = U0 (n0)(Q, 1) ¢ Unz[ + k2 [l vy PRAERE _2275@]
0 1 Qo
x [ /Ins i v + ] g ] f%lm
q + k 1k

] q

ﬂﬁm=U@WMQmM%mh;hVWHMW
k2 3o

k
|n2‘"§|%—7§'¢_ —lqi =/ |1 "1|¢21]

+Y |
TG R)(@ R %+ k)@ + F)

P k1 k1 14
< [ Vine o — Vi Tof + e 5

q2 + kz G1 + k1
Btk u
X e 7 B.78
(q2 +k )2 3 Tn LV ( )
Aqufgc: Ut (no)(Q Ml)g Um[ ! Yt L’Y Lt ! ’y o ]Cjo 0/ LV -
Go—hky M ey g et g

ny - ny is defined in terms of nq, n} and 7}, in Egs. (B.20),

v; and v, are defined in Eqgs.(B.14) and (B.19), and the values of ¢2, ¢? and
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(q1 + ko)? are given in Eqs.(B.22) and (B.23). As for the one-gluon emission, we can
neglect the term with n/* and n2 because not physical. The SCET5; amplitude for

(01057 (ma, 7, 15)|Gns 9t 9ot G I8
(01985, 198, Xl Gna 9y 9y Tn) = 9*Umaery 1€y | V- (B.79)

In Eq. (B.79) we have expicitly written the polarizations vectors of the external gluons

in the state. Thus the Wilson coefficients Cfl)\IJLo(nz, ny,ny) is

CN o (n2, i, my) = U (no)(Q, 1) df “ (ng, )y, ny)O e [na -4 Oxa [ng -] ©a [y -ms ]
(B.80)
where

dfaﬂ(n% n?l) nl2) = df,iﬁ(n2’ nlh n,2) + diaBﬁ(n2’ n,l’ 712) dJ 'B(n% nl’ n2) (B'SI)

with
8750 (o) = [T o + 2 /g n2|¢2~ﬁ L]
' G + ko q +k2 2 K
7 T a q1Go ,
X |z = \/|nl'”1|U1 7 7—57nol’
1+ ki 4 9

(B.82)

a 7 « ?é o
a5 2,y = [ Vo + o2Vl

Q1+ Kk

EQ (j2 / ’ ¢2 a kl (jl 7 ¢1
} no-nhl = — , — —_—/ . —
)"1 ( I 2 2| 2 PY’nlJ_(— kl)(q_]_ k:] |n1 n]l :I

B+ k1) (% + ko)
k
x [ Bl of — e ] of + %]
G + ko a1+ ki
q2+k1 (jo m
Y ’Yn 1
(g2 + k1)2q5 ™
Qo

1 1
77,2;7?:/1,”,2) = [q_ k f)/nl_l.’yn + ]‘%2 + (j ’Yn2J_’Yn _L] q2 fYnOJ_

[ni-ny| =

dJ OéB(
The © functions in Eq. (B.80) are necessary to encode the information that 02( Lo (ne, ny, nd)
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Figure B-7: Feynman diagrams for two emissions in SCET; from the operator (’)9).

comes from the two-jet SCET; operators. To calculate the power counting of C’é NLo (M2, 1Y, nb),
we have to consider that this coefficient comes from matching SCET; to SCET; in

the region where ny - n} ~ ny - ny ~ n) -nb ~ A% thus we have
2)J -
C’é ) (g, m,mh) ~ A2 (B.83)

We proceed similarly to calculate the coefficient C£2I)\INLO(712, n}, nb) and prove that

it has power counting A~!. We decompose the SCET; amplitude
A3Z99 = O (ng,me) [dz(O1T{Lscrr, ()OS (10, 10) }dns Grt Gy G
in
Allo = AR A+ AV B (B.84)
where A, B correspond to the two graphs in Fig. B-7. We have

B /ng ] v (B.85)
G2 + ko

Y28 ] « BP0,
an n2| 2 ’Yn/2_]_ ,YTLIJ. q% qg Q ’Yno_l_v'n”

= q
Ao, =w“%mmMQmm%mg;%wmmmﬁ
1 1

ks @ 14
V|“2"2 L Ry e S —— v|n2-n’2|52

%/i ’Yn’ (G2 + k1)(G2 + k2)

A%ﬂio 4= U ng,n0)(Q, 1) g Ung [

QQ+:’€2
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o k1 G b8 @don -7 ,

-/ |n1n ]’y, == vE v,
@+ k) (@ k) i3 Mg Q0 T

where in Eq. (B.85) we have already rotate the amplitude to the directions no,

n} and n,. From Egs. (B.79) and (B.85) we can see that the Wilson coefficient

(2)H,a AN
Cz NNLO(”?a 1y, ”2) 1S

Ot (g, my, ) =UPO (ng, o) (Q, pa )diT * (g, my, )

X Oy2[ng-n]Oxz[na-n5|Oxz[ny-ny], (B.86)

where

dflaﬁ(n‘% n,la nl2) = dfﬁ?ﬂ(n% nll’ nl2) + d{{gﬁ(n% nlla nl2) (B.87)
with
d2 2P (ny, n’)z[ a2 |n2-n’|vﬁ+ [ng-n’|— , ]'y", @@————nﬂ_ﬁuv“
bAETRTRIT g 4+ g domtlimtgg QT

G1

415 (i) = | Il + 2Tl 2

l_{,' —
I p—1 B \/lng-n'2|-¢—2 (B.88)

(G + k1) (@2 + ko)

o ki@ 751] 3@ + k1 q‘on"—ﬁ“ L
- 1 = n n .
G TR Ry VT R Tnol

. 2)H, .
For the power counting of C( %INEO(nz,n’l,n’Q), as for the previous case, we have to

consider that the matching is done in a region where ny - nf ~ ng - nb ~ nf - nh ~ A2,

this implies

Cézl)\I}I{II?O(n% ny,my) ~ AT (B.89)

We now turn to calculate the coefficient Céz)(nl, ny,ny). We will follow the same
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path done above. We decompose 052)(711, ny,my) as

C (ng, nf, ) = CAL o (n2, ) + O (o, mh, ), (B.90)
where
C0(n2, 3, 1) (01O (na, 1, 71| Gy G G )2 (B.91)
=0, / dzd25 (0| T{ Lscrr, (21) Lscrr, (22) O (10, 70) }dna Gy Gy T2 »
and

H .
O (ng, my, 1) (0|OP) (g, 1, 1)) |4y Gt Gy )2

=cW /dx<orT{z:SCETl (2)OM (110, 110) Hana Gt Gt T )2

ol / dz{0|T{ Lscer, (2) T (10, 10) g 9ny 9 G2 - (B.92)
We decompose C;Z)(nz, ny,n) as
H H H
052) (na, nlla nll) = Cé2l)\INLO(n2’ nla nl) +C, 21)\131,0(”2: nla nl) (B'93)

where C’;?l)\ﬁ{o (na, n,n}) is the coefficient that multiplied by (0|O£2)(n2, N4> M9)|Gny Gn!, Gty T )2
reproduces the the second line in the Eq. (B.92) and Cé%o(ng, nj, ny) the third line.
We will only calculate Cé?%}io(n%"'pnﬁ) and prove that scales as A™2. This is the
only operator that we need to calculate the amplitude squared at NLO. We will not
calculate C’fl}\,}l{mo(nz, n},n}) and C’éyzl)\ff%o(ng, n},n}) here, but it is not difficult to do

it and to prove that they scale as A™! and A°.

To calculate the amplitude in the second line in Eq. (B.91), we can use Egs. (B.78)
that is written in terms of the directions n, n} and nj, that are the directions parallel
to the external particles and take the limit n} - n} — A*. This is because in this case
the two gluons are collinear in SCET}, that is we have k; - ky ~ AQ or equivalently

ny-nly ~ X with n;-n} and n, -n}, still of order A2. Thus we can define C Lo(nz, ny,n})
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as
O o (n2, iy, mh) = U (no)(Q, m)dy ** (ng, iy, ny)Oa[ng - n]0xelny - mh], (B.94)
where

d]%P (ng,nl,nh) = lim  d%%(ng, ), n)) (B.95)

4
nh- nl—n\

Ing-ny| == ] (B.96)

V |y -m ?jl’Ygl ]

n
,}Ino_[_ )

Q _ 4qo _
93 ok1(na-n}) + Goka(na- n'z)

+ [ Vil +
1
a k2 32 4 /_91(71

+ \/Inz'nélf—ﬁfl_ Al il

@+ B (@ + o) @+ k)@ + Er)
g ki - k;
X[q ¥ oy VALZS "2|U2‘“ Lt h VI n1|v1 Ttk E’Ynél}
G + k1 ) 4670 )
(g2 + k1)% Goky (na-n)) + Goka(ng-nb

1 1
+13 oy Tl
qo k ’YTLI_LFyn k + q 7n2J_7n1

Ing-ny| =

In1-n|

)’erljo_l_7
G@2k1 (n2-nt) + Gaka(ng-nj)

Pyﬁol)

X Oya[n]-n].

In Eq. (B.94) there is a mismatch of notation between the LHS and RHS. In the LHS
we have the quark labeled with ny and the two gluons with n} because the coefficient
(B.80) is for the operator (’)52) (ng,nf,n}), where the tow gluons are labeled with the
same direction n} because they are collinear in SCET,. In the RHS of (B.80) n,,
n) and n; are the directions parallel to the quarks and the two gluons as defined in
Appendix B.1. We encode the information that the two gluons are collinear using
the theta function in the RHS of equation Eq. (B.96) that carries the information
that n} - ny < A. In the RHS of Eq. (B.96) we could decompose n, in terms of n;

and 7, writing everything only in terms of this two directions, and in this way we
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can avoid to insert the theta function, however it is convenient to leave explicitly no,
n} and n}, because it will make easier for the matching to SCET3. We notice that
the RHS of Eq. (B.96) is just equal to the coefficient C'é?l)\}io(m,n’l,ng) defined in
Eq. (B.80) with the substitution ¢ — Gok1(n2-n})/4 + Goka(nz-n})/4. Knowing that
ny-nh ~ A4 nyonh ~ A2 and ny - n) ~ A2, it is easy to check that Eq. (B.96) scales
as A2, Because Cé?%(nz,n’l,n’l) comes from a two-jet SCET; operator, we have

encoded the information the ny,-n) < A% in Eq. (B.94) on the © functions.

For the coefficient Céz) (ng, na,n}), we decompose it as

052)(712, ng,ny) = 05’21)\}10(712, na,my) + CéQ)H(ng, N2, M), (B.97)
where
J _
CyNLo (2,72, M)01OF” (12, 7, 71 s G 9 )2 (B.98)
=% / dz1dzs (01T { Lscrr, (21) Lscer, (22) O (10, 110) Hang s Go G2
— Cél,io(m, ny) /d$<OIT{£SCET2 ()05 (ny, 11) o GnoGnt, @)z »
“and

Céz)H (n2, na, n’1)<0!(9§2) (2, M2, 1) Gy o Gy G )2 (B.99)

= {D /dx<OIT{£SCET1 (‘,B)Ogl) (’l’Lo, nO)} Iangnzgn’l qﬁ>2
- ;1,1)\ILO (nQ’ nll) d'z(OIT{‘CSCETz (m)oél) (nZ’ n,l)}lqnzgnzgn’l Qﬁ>2
+ 08 [0 {Lsoen, (2)T (10, 10) Yoo 82

— CMexro(n2, ) / dz (0| T{Lscrr, ()OP (n2, 7))} dny G G, G2 »

We decompose CéQ)H(ng, ng, M) as

C§? (ng, na,mh) = Cy Anwo (2, ma, ) + 02(,2%\131,0("27”2’”/1) ) (B.100)
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where C;?I)\II;LO (ng,na,n,) is the coefficient that multiplied by (0|0 (ny, 71, M9)|Gng Gt Gty T )2
reproduces the the second and third line in the Eq. (B.99), and Cé?l)\IIgLO the forth
and fifth line. As for the previous cases, the coefficient C’é?l)\io(ng,nz,n’l) scale as
A2 Cfg\gﬂo(ng,ng,n’l) as A7 and C’;?l)\gw(ng,ng,n’l) as A\0. Because the operator
(9%2)(n2, ng, n) ) interferences with the LO operator Oél) (n1,n}), to have the amplitude
squared up to NLO we need both Cé?l)\IJLO and Cé?l)\fl{mo. Let us star with Cé?l)\IJLO' To
calculate the amplitude in the second line in Eq. (B.98), we use Eq. (B.78) and take
the limit ny - ny, — A* with ny - n} ~ n) - n}, ~ A\? because now we have the quark and

a gluon are collinear in SCET,.4 It is easy to check that

lim 5 4O (ng,na,n}) = CH / dz{0|T{ Lscrry (2) OS5} dny Gro Gy G2

na-nh— A4

(B.101)
Thanks to Eq. (B.101), we can write Cé?%qio(nz,nz, n}) as
CPhro(n2,n2,my) = UO(no)(Q, ) dy * (na, ), np)Oxalna - ny]Oxa [ - my] (B.102)
where

a3 (na,m,mp) = i (d15" (n3, i, mf) + i (na, i, m) (B.103)
n2:-ngy

:([ Do e k1@ ﬁ]

Q+k (@ k) (@t k) 2

V+[ 1_7"‘/7’8 +~1 E fy"‘,]
Qo—ky ML T By 4 gy et Mt

_ 4qo
k1 (ka(ny-ni) + @(ng-n)

x 5 Yoo ) Oela 7]

The limit (B.102) is define for (non}) ~ (njn}) ~ A2, thus the coefficient Cé?l)\]‘io(nz, ng,n})

is of order A™2. As previously for C’ZE?I)\IJLO(nl, n},n}), we prefer leaving (B.102) in terms

L 2)H :
of the direction n, 7} and n}. To calculate C2Ue o (na, ny, }) we proceed in the same

“We could alternatively take the limit na - nj — A* with ng - nb ~ nb - nj ~ A\?
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way. We have

O Lo (2, n2,my) = UM (ng, no)(Q, pa)di ° (na, mfy, nh)Oxz[na - h]Oxeln} - mh]

(B.104)
where
) =l Al )
n: ~n2
= ([ @ _ Iy n v — 2 _/51 @ oy ] ﬁ}
@+ ka " (G + k1)(@ + k) 2
G+ ki G n* —n*
s (+k)PE  Q Vo1 ) Osalnaenf]. (B.105)

In Eq. (B.104) we have use the fact that

lim CﬁﬁLO,AOg) (n2) N2, nll) = Cél,l)\ILO /dx<0iT{‘CSCET2 ($)0§1)}|Qn2gnzgn/1@‘1>2 .

nz-nh—A4

(B.106)

In Egs. (B.102, B.104) there is a mismatch of notation between the LHS and RHS of
the same kind of Eq. (B.94). In the LHS we have the quark and one gluon labeled
with ny and the other gluon with n} because the coefficient (B.100) is for the operator
(’)52)(712, ny,n} ), where the quark and a gluon are labeled with the same direction ns
because they are collinear in SCET,. In the RHS of (B.80) ng, n} and n), are the
directions parallel to the quarks and the two gluons as defined in Appendix B.1.
We encode the information that the quark and a gluon are collinear in the theta
function in the RHS of equation Egs. (B.103, B.104) that carries the information that
no - ny S A% Because 02(’2%:{)(71,2,712,77/1) and C’gﬁLo(nQ,ng, n}) comes from two-jet
SCET; operators, we encoded the information that ny, -nj S A? in Egs. (B.102,B.104)

in the © functions.

We have that all the NLO terms from the two gluon matching come from the
SCET; operator O§0) (ng) and are jet corrections and at NNLO we have only hard

corrections. Before matching SCET, to SCET;3, we have to insert in the coefficients
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the SCET, running factors. Below we list all the SCET; coefficients at NLO that we
have calculated with the appropriated SCET5 running factors. From the matching of

one-gluon emission we have the coefficients:

q
O o(ny,my) = UL (nl,na)wl,mmm(no)(@,m)cLo(no)q—sz,,L, (B.107)
1]
Cie () = U (g, 1) (a, 1)U (g, m0) (Q, 111) ® chfovo »

O o(na,nh) = U0 (ny, nd) (ua, 1)U (ng, no)(Q, 1) ® i

CNEE (n1,nh) = U9 (ng, m)) (a, w)CP (n1, 1) Bl - my]

where the first coefficient in (B.107) is defined in Eq. (B.51), the second and third
in Egs. (B.57), and the last in (B.59). From the matching of two-gluon emission we

have the coefficients:

052,1)\}10 (n2,n,n}) = UMD (ng, ng, nf) (1, 1) U (no)(Q, pa) (B.108)
X dy (ng, ny, 15)Ox2[ng 302 [n2-15] O [y -n1 ]
C0 (2, m,mh) = U (ng, i, md) (s, 1) © U (no)(Q, i)
X dj (na, ny, n5)Ox2[ng - m)]Ox2[ny - 1)
Cro(nz,na,mi) = UG (ng,mg,mf) (1, 1) © U (1n0)(Q, )
X dy (12, ny, m3)Ox2[ng - m5}@xe ] - my)
x di (ng, n},n5)Ox2[ng-n]|Ox2[ng 1502 [nh-n]]
C8 ko (ma,ma,nh) = U (g, ma, ) (1, 1) © U (ng, mo) (@, )

X df(ng,n’l,n;)@p [na - n5)Oxz[n] - ny],

where the coefficients are defined in Eqgs. (B.80, B.94, B.102, B.104).

B.4 Matching SCET, to SCET3 to SCET y

In this Appendix we match SCETy to SCET3. All the SCET;3 operators necessary

for the matching up to two-gluon emission are: (’):(),O) (no), Oél)(no, ng), Oél)(nl, n),
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(’)§2) (ng,ny,nb), O:(,,Z) (nq,m1,n}), Oéz)(nl, ny,n}). We have seen that to describe par-
ton shower for one emission we only need the information of the coefficient of the
SCET, operator (’)gl) (n1,n}). We can apply the same argument here and infer that
in SCET; the only information that we need, is in the the coefficient of the op-
erator 0§2)(n2,n’2,n'1), that is the only one that we calculate. We can follow the
same steps made for matching SCET; to SCET; to calculate the Wilson coefficients

C§2)(n2, ny,ny). In this way it is no difficult to show that

2 2
O (ng, nly,n}) = CPlg

2)H, 2)H,b 2)J 2)Jb 2)J
+ Cig,l)\ILg + 03(,, I)\ILO + C?(.,I)\IL% + Ctg,l)\ILO + C:S,,l)\ILco

+Cto + Cto (B.109)
where
Cio(na,mi,mh) = Cio(na, n5)CEll o (m1, mh) (B.110)
CTS (n2,mi, mh) = CH 6 (na, np) CINTS (na, 1)) ,
CiAto(n2,my, ny) = i o (na, my) CEALS (1, )
CPhL6(n2,my, mp) = CPX (a2, 1), 15)Bxalna nh]Oyslna-n}]@yalng -]
CPXLo(n2,m1,m5) = Ch0(n2, 1), 1)) Bxalna )@ alny m}]@alng i
O (g, miy ) = O Nr o (N, gy 1) Oxa g my)Oxa[ng-m} |Oxalny-mf]
CZE,QI)\II—I&EO(”‘% ny,ny) = C?E})Lo("% nlz)cél I)\INLO(nh n),

H,b 2}H ~ =,
OS2t (2, iy, ) = CS Lo (n2, 2, 1) Oalng - myOralng - mi]Oxalny -my]

and

5 ( )n J.’ij/ q
C:glio (n2, n/z) — |9 (q2_)n1_]_ + ¢2 0— ol % %%1 @/\4 [le . TL/2] . (Bl]_l)
' ko g2 q; 4

In the LHS of the equations in the first, second and third line of (B.110) we can write

n; in terms of ng, n) and n} using the formulas in (B.18). The SCET, coefficients
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C'é,zl)\}io and C:,E’zl)gffo are defined in Egs. (B.108) and thy were already defined in terms
of ny, n}, and n) (see Egs. (B.80, B.94, B.102, B.104). As for the SCET; to SCET,
matching, there is the problem of encoding additional information into the Wilson
coefficient. The operator 0% (ng, nb, n}) only knows that ny - ), ng - nh, 1) - nfy >

A, but we can see that the Wilson coefficients defined in Egs. (B.110) come from

0(2) 0(2)H¢l

matching SCET> to SCET}3 in different regions of the phase space. U310, C3Npo»

2)H, 2)J,
C@Me  are defined for ny - ny < A and M < ny -7, nh - nh < A2 O for

M < ng-mh, ng-nb,nf-nh S A% Cé?l)\}ig for nf -ny <A and M < ny-nf, ng-nh S A%
Cézl)ng for ny - ny < A and A < ny -y, ) - nh < A2 Some information about the
scalar product of ns is already present in the theta functions of the SCET; coefficients,
we add the missing information in the © functions present in Egs. (B.110). All the
coefficients SCET; defined above are for the same SCET3 operator, thus now all the
power counting is in the Wilson coefficients. The LO coefficient scales as A~3, the

NLO coefficients as A~2 and the NNLO coefficients as AL

At LO the coefficient x operator in SCET}3 is given by the LO coefhicient x operator
in SCET,, C’é’lio@én (n1, 7)) multiplying it by the running function U140 (ny, n}) (11, 1)
and applying the replacement

(Xna)i = (€50)55(n1) (X, ) ;9B ", | (B.112)
where ¢f5(n1) is
iy ( )nlJ-’YTC:'
Cﬁo(nl) _ <2 (qQI_ZnoJ_ + g2 = 5L %%Z—FI Oy [n2 . nlz] ) (Bll?))
2

Eq. (B.112) has the same structure than Eq. (B.55). If we go on with the matching
down to SCETy we find that the LO result would be given applying the above
replacement N — 1 times. At SCETy we could match everything to the operator

(’)](\J,V_l)(nN_l, ny,...,Ny_y), and the LO coefficient is
N-1
Cito = TT U% ™ (i1, ) ety (ma—)T (B.114)
k=1
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with up = /Ing_1-n}_;|@Q and

N o
& (ng) = (2(%%::“ + (gk+1);:1’7n;+m> ﬁ?k Outsnplngss -] (B.115)

At NLO we have two kinds of corrections: hard and jet. The hard coefficients
in Egs. (B.110) depend on the QCD current, that is on the hard process at the top
of the shower. We notice that the coefficient xoperator in SCETj3 is just given by
the coefficient x operator of the hard corrections in SCET, with the application of the
replacement rule (B.112). If we go on with the matching down to SCETy we find
that the NLO hard correction would be given applying the above replacement rules
N — 2 times to the SCETy hard correction operators. Thus we can consider this

correction as a correction on the matrix elements from whom we start the shower:

N-1
N-1)H 1)H, 1)H.b -
CJ(V,NL()) = ( é,l)\ILg(nla ny) + Cé,l)\ILO(nl’nll)) ( H A 1)(Uk~l ,,Lbk>0f6(nk—1)) .
k=2

(B.116)

The NLO jet corrections do not depend on the QCD current. In this case the
SCET3 coefficient X operators Ch'é?l)\ljfdé(’)g?)(ng,n’l, ny), where I = {1, 2,3}, are given by
the LO SCET; operator X,,v*Xxa in three steps. First we multiply it for the running
factor U9 (ng)(Q, p1), second we apply the replacements

— [eY — n’ nh L
(na)i = (h$7)ji(n2, my, 1) (Xmy ) 9B 9B, (B.117)
where

WP (ng, mly,mb) = d¥P(ng, n', n)Ona[ng - nb)Oxalng-n O [nh-n)] (B.118)
1P (ng, i, ) = d5 (ng, mt, n) O [ng-nh]Oa[ns-nl]Oa[nh ]
hP (g, ml,nl) = d§P(ng, nl, n})Oxa[ng-nh)Oalng - |Ona[nh 1] .

The d° coefficients are defined in Eqs.(B.81, B.96, B.103). Third we multiply the
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opeartors that come from applying Eqgs. (B.118) by the second running factor. This
depends on the SCET; operator so each replacement rule (B.117) is followed by a
different factor: h$® by U0 (ng, nf,n)(u1, p2), by by U290 (ng, ), n)) (11, ps2)
and hPby U@29)(ny, ng,n))(u1, pz). Because these corrections are independent of
the hard scattering, we would encounter the same calculations we have done in the
previous section for SCET; to SCET,, at any matching SCET; to SCET;,;. Thus
the NLO jet coefficients for the SCETy final operator is

N-1)J o7
z(vm}) Z I)\ILO (B.119)
where
3 -1
N-1)J — [e" - a ro 7
Cz(v NL)O ) = Z [( U (g, Nk)CLkO(nk—l)) ut Y (ie-1, ) © hIﬂ(nHl’nl)nHl)
I=1 k=1
N-1
x ( T v% Y, uk)cﬁg(nk_l))]I‘”. (B.120)
k=1+1
and

h?ﬁ(m_{_l, n;, n;_H) = d?B(TLl_H, n;, n;+1)é(>\l+l)2 [nl+1 'n;+1]é(,\l+l)2 [n1+1 ‘n;]é()\l+l)2 [TL;_H n'l] ,

hP (g1, mp i) = d5P (g, mg, i) Oy i nl [0y g i) © sy [y -mi]

WP (nuya, mfymiyy) = A3 (nuga, mfy i) O (a1 41O g2 [N 1] O a2 [ g 1)
(B.121)

The coefficients df” (ny11,n},n},,) are equal to the coefficients d5* (ny, ny, n}) defined
in Eqs.(B.81, B.96, B.103) upon the substitution (ng,n},n5) — (ni1,n;,n;,,) and
A2 — A%, At NLO we calculated only the coefficients for the operators that interfer-
ence with the LO operator, and we found only hard corrections. The considerations

we have done above for the NLO hard corrections apply also to the NNLO hard
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correction, and we can write for the NNLO hard coefficient at SCET y

U*D (1, 1) (ng 1)) (B.122)

-3

U (agr, )y (ne-1) )
3

(N=1)H (1)H.
CNNNLO = 02 NNEO(nlanl (

(1)H.b / /
02 NNLO (n2,ni,ny

- =
?rAZ wz

where the coeflicients 02 ﬁiﬁo(nl, 1) and C. éll)\fégo(nz, n}, n,) are defined in Egs. (B.108).
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Appendix C

O(a2) Correction to Splitting

Function

In this appendix we rederive the (Abelian part of) the O(a?) correction to the g —
qg splitting function, Pq(;). This follows from obtaining the NLO (in A, the SCET
power counting parameter) correction to two-gluon emission. For comparison, we
have chosen the classic result of Curci et al. [39]. The full expression for Pq(; ) involves
many real and virtual contributions. We only calculated the ~ C% component of Pq(; ),
and found that it agrees. Fortunately, [39] tabulated the different terms by graph,
and so we were able to determine that we matched exactly for those calculations we
did. Obtaining the full result would be a straightforward calculation of various one-
loop renormalizations and non-Abelian emissions in SCET and combining them with
our result. Ref. [39] splits the Abelian, two-gluon, real emission contributions to Pq(;)
into two topologically inequivalent diagrams, the box and crossed graphs, Fig. C-1.
We calculated each of these individually.

The SCET; amplitude contains three graphs for two-gluon emission. These are
shown in Fig. B-6, and we give the corresponding amplitudes in Eqs. (B.77). In order
to obtain Pq(,}), we will need to square the amplitudes and integrate over phase space.
Thus, we need to choose an explicit kinematics. We redraw, in figure (C-2), our
vector labels for two-gluon emission. We choose a somewhat nonstandard assignment

for our variables. This is to aid in the comparison with [39]. The final state parton
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Figure C-1: Two distinct real emission contributions to Pq(;) drawn as amplitudes
squared. They are referred to as the box (L) and crossed (R) contributions.

Figure C-2: Kinematics for double gluon emission. This particular diagram corre-
sponds to the “A” graph of figure (B-6).

shower occurs for timelike virtual particles, and momentum fractions decrease the
farther we are from the initial hard scattering. By contrast, [39] considered a DIS-
type interaction where the shower is spacelike. Since the radiation in that case comes
from initial states, the momentum fractions decrease toward the hard interaction.
Only at LO in «, are the spacelike and timelike splitting functions equal. This is
the Gribov-Lipatov relation [56]. At higher orders, this gets violated, but there is a
straightforward conversion procedure, detailed in [39, 94]. We, however, choose our
kinematics such that our variable relations are equivalent to those for a spacelike
process. For example, Pé;} is a function of x = /G- In a spacelike process,
z € [0,1]. Rather than convert our answer, we will also define x as above, even
though this means for us z € [1,00). Other integration variables will have their

ranges shifted so that they have the same relation with z as in DIS, and thus they
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enter into our expression in the same way. Lastly, we do not do the phase space
integration for g;. While this ¢s necessary for the timelike splitting function, the
analogous particle for a spacelike process is a fixed initial state. Thus, for comparison
purposes, we can leave it undone. Our vectors are as follows (note that this is a

different frame from the one used previously for matching):

q> = {p)oao)p}
k3, : KTy
ky = {—21p— Tos.’ k11 cos(¢r), kiy sin(¢y), —1p +
1

4p dpz
k2 k2
b = {_@p_ﬁ, kz.L,o,—zzp+ﬁ}

- -
@+ kis tkeif* 2 | 2 a5 + |kiy + ko |?
Qo = TP+ kit +ko,zp— . (C.1)
dpx dpz

Before proceeding, we wish to note some things about our assignment. First of all,
while it is redundant to include qo = k; + ky + ¢2, we will integrate over dq, and
wanted to present our parametrization. We see that © = 1 — z; — zo. This is for
consistency with the spacelike case, but here, z;, 22 € (—00, 0], hence the minus signs
in k; and k.. Additionally, only the relative azimuthal angle between k; and k, is
physical. Thus, to simplify our formulas, we fix ko in the z — z plane. A trivial factor

of 27 will enter from the k; phase space once we integrate.

As a last step before squaring and integrating, we will introduce our measure
and integral parametrization. While one could integrate the full final state phase
space, we found such an approach prohibitively difficult. Instead, we can exploit the
factorization of the the cross-Subsection into a hard interaction and a jet-function
for an appropriate definition of each. We need only integrate the latter, and it will
remain independent of the details of the former. We split up the cross-Subsection as

follows (d = 4 +¢):

o = /d?x’l-[(x) (Fro(z,q%) + Tsnro(z,¢%) +...)g8,r(z), (C.2)
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where

Jo = zqﬁ / H"f % g0 dg? PP [ O 010 la(Na)DE] (.3

X8z — G0/ ;)0 q,+2k) ) (2m)™ 8™ qo—Zk
-1
Jinwo = /Hd kjd dgq PP{ NL0|<OIO§VN)|Q(N9)Q>|2] (C.4)

x6(z — 0/3)0(¢" — (q: + Zk) ) (2m) ™6™ (go — Zk))

and the ¢; phase space and spin-sum gets moved into H. We define z; analogously
to Egs. (C.1) and (C.1). The function g r(z) is the bare fragmentation function
which determines how the partons arrange themselves into hadrons. We call it ‘bare’
as it contains singularities necessary to cancel the collinear divergences from parton
splitting to give a finite observable. The J terms defined above consist of only the
pole portions of the corresponding operator expectation values. The reason we extract

only the pole terms is that these are precisely what give the expression for Pq(; ),

By fixing the virtuality of ¢3 = ¢, we can obtain an expression without having
to know its exact limits, which will depend on the details of the hard scattering. For
Pq(;), one only needs to calculate one-loop corrections to single emission and double
emission, and we now specialize to the latter case. We perform the d-dimensional
d-function over d?q, and rewrite the integral in terms of k;, and ky; dependent
functions with z; o-dependent coefficients. Using the parametrization of [45], we can

write:

(1—.’13—21—22)
Z1 29 s ™

1 dz; dzy dd_lel dd_zkgl
qu\;(I]J%g (1671’2)2 / d = — 0

x5(q2—(a1kli+a2kgi—ku-ku))

ki -k ki, -k
§ (A(zl’ 22) + Bz, )5 + Cla, ) ==
kil o2
ki, -k 2 K2\ 1
+ D(z1,z2)%+ E(zl,zz) + F(z1, ) L) = (C.5)
li_k2J_ 2_]_ k]._L q
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~ Loy, (C.6)

where

a1:—1_22, a2:—1_zl. (C.7)
21 29

The functions A, B, C, D are defined in [45], and their corresponding k;, integrals
are finite. We can check the intermediate step of their integration with [45]. The
terms in our ¢? é-function have a relative sign compared to theirs, as our g2 > 0. We
found it simplest to calculate in SCET3 where only C?Ezl)\}ié in Eq. (B.110) contributes.
This corresponds to taking limits such that only its ©-function gives support, while
the jet-structure coeffecients are zero. ABy doing this, we wind up integrating over the
strongly-ordered region of phase space, but since we know the LO contribution from
C’éz), we can formulate the subtraction in Eq. (C.6) at the operator level. There is just
one subtlety, which we describe below, having to do with the appropriate treatment
of dim reg in the standard scheme for calculating Pq(;).

As a computational aside, we found it easiest to pass to a change of variables:
(u = kiikay, w= ky1/ks1). Then the é-function just enforces:

¢’ w

a1w? + ay — 2w cos(¢p1)

1l

(C.8)

U = Ug

Performing all but the dz; integrals in J, we get Table C.1, which corresponds to

[45]’s Table 5. We thus reproduce the earlier result except for what we believe is a

Function of k; | Contribution to J multiplying
in integrand of equation (C.6) ﬁ Jdz1dz0(1 — 2z — 2 — x)
1 A(z1, 22)
k—ll‘i‘% —‘1—_2_2z—1.B(Zl, 22)
—rklﬁ:iu —125C (21, 22)
% (1 + 223100 In (1—21)55(1—22) ) D(zl’ 22)

Table C.1: Purely finite contributions to J

typo on their part swapping the B and C entries.
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The E, F functions multiply integrals that lead to single € poles after the dk;|
integral (and double poles after integrating ¢?), and so we must be more careful in
treating them. These double poles correspond to the LO contribution, which we are
explicitly subtracting as it does not contribute to Pq(;). We discuss it in detail below
Eq. (C.17). For now we concentrateon the divefgent integrals multiplying E and F'
When we did our computations for Table (C.1), we were helped by the finiteness
of the expressions under the dk;, integration. We could thus take ¢ — 0 for these
terms, which greatly simplifies their integrals. By contrast, we will need to keep the
e-dependence of the E, F' terms, which results in an intractable computation. To get
around this, one can introduce subtraction functions, which simply reproduce the ¢
poles (these are merely a computational aid and are not related to the subtraction of
LO). We will need to take care that they do not remove any finite pieces. Secondly,
since their full contribution to J is o« 1/€%, we will need to include for E and F
any terms o< € that multiply %% or :—:% These arise from doing Dirac algebra in
* m-dimensions.

To do the integrals in J multiplying and E' and F', we will change variables to

u, w, and perform the u integration as well as the trivial ¢, azimuthal one. We get

for this contribution to J:

1 2 le dZQ
= ——" [ df —="dpydwé(l—z — 2 —
J|e F (167r2)?7r/ q o Prdwd(l —z — 21 — 22)
2-+€ 2+e
w Ug Ug 1
X ( 2q2 E(Zl,ZQ) + _2w——q2F(Zl,Zz)) —'q4, (Cg)

where ug is defined by equation (C.8). Unfortunately, we could not manage to perform
the w and ¢; integrals for the functions multiplying F/, F' and obtain a result in terms

of elementary functions. However, we only need the leading poles in ¢, and so we will
2+€ u2+e

define subtraction functions to reproduce the poles of =&, 52—, respectively:
2 —€
P w
Sp=-L
P w+1)
2 €
q w
Sp=————. C.10
7262 (w + w?) ( )
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Integrating these in w gives us a pure 1/e term. Subtracting them from the functions

in equation (C.9):

2,3 2 €
_wudtt g w wa 11
A = 5p 2(az + a1w? — 2w cos(¢1))? \ a2 + a1w? — 2w cos(¢1) (C1D)

e 2 wq? €
Ap = - 7z = )
2wg 2w(az + aqw? — 2w cos(¢1))? \az + ayw? — 2w cos(¢)

leads to finite integrals, allowing us to pass to the e — 0 limit prior to integration
making the calculation tractable. Note that the subtraction terms are purely com-
putational aides and are different from the factorization scheme mentioned above,
which is designed to absorb a collinear divergence into a fragmentation function. Af-

1.0 pieces as these turn into the single and

ter integrating w and ¢;, we want the e~
double poles upon doing the ¢? integral and contribute to J. The ¢® piece, has one
contribution besides that from (Ag r — Sg,r)|e=0 (Sg,r contributes a pure 1/¢ pole).
Our w integration goes from 0 to oo, and we obtained Sg ¢ by expanding Ag r in the
appropriate w — 0, 0o limit to pick up the pole, while carefully regulating the other
integration limit so as not to contribute its own spurious divergence or any subleading
terms. However, we see that in equation (C.12), taking these limits actually results
in factors (a;w)™¢ and (w/ay)¢. Expanding the a¢ to LO in € does not affect Sg .
Nonetheless, since the subtraction functions have 1/e poles, including the NLO piece
will yield an €® contribution. We do not have it in Ag r|=o since that sends u§ —
1. Thus, we have the followihg addition to the contributions from the integration of

JlE F:

2 w—€

(w+1)
q w*
BF = —Gln(ag)Q—Clém. (013)

| <

Bg = —€ln(a,) (C.12)

[\]

[ V]

a
2

L0 contributions after w and ¢; integration come from: Sgp +

In the end, our €~
Bgr + (Agr — Sgr)le=o. For integrating the first two terms, we leave the full e
dependence as this is tractable. Once we have accounted for where it is needed, we

can set ¢ = 0 in the last term to pick up the remaining finite result. Collecting
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all terms, we can obtain the counterpart to Table C.1 for E, F. The origin of the
contributions in terms of S, B, and S — A should be straightforward.

Function of k; | Contribution to J multiplying
in integrand of equation (C.6) —1—(5;{2;)—% Jdz1dz6(1 — 2y — 23 — )
ki’ 2z 2 1-
o i (L el |52 )

+z2(1z+22)2(2122+1; (hl M —1)) E(Zl,ZQ)

zZ1x

k22 2129 1—2z
P P) 1 — € 1Il -
kit | (1-21)%z1 ¢ | =2

+ o (lez +z (hl aldoz)) _ 1)) F(z1, 2z3)

20T

Table C.2: Contributions to J|g, r

Having set up this much of the integration, we can take the amplitude squared
from the process of interest and decompose it in terms of the A(z, 23), B(z1, 22), etc.
basis. We then simply have to read off the results from Tables C.1 and C.2, and
perform the 2; 5 integrals. One of these is made trivial by the remaining z-dependent
d-function. As mentioned at the beginning of this Appendix, Ref. [39] recognizes
two topologically distinct contributions, which we shall refer to as box and crossed,
Fig. C-1, because of their appearance as cut two-loop diagrams. We can identify
them in our calculation by their color structure (C% and C% — —;—C’FCA, respectively).
In fact, we can already calculate the entire crossed contribution as it only involves
terms from Table C.1, having no double pole contribution to 7. Determining the box
graph, however, involves treating the LO subtraction properly.

As this subtraction is one of the more subtle points of the computation, we will
present it in some detail. Its handling is tied up with what one means precisely by
a “subleading splitting function.” At LO in «,, the definition is clear. The same
splitting function that gives us the probability for a 1 — 2 radiation also determines

the running with scale of parton densities:
Qo0 @) = [ B (L (@) S 07 (1)

where the O(a;) part of P,,, P\ is given by Eq. (4.3). To determine P, we have

had to calculate a 1 — 3 splitting, thus the probabilistic interpretation in terms of
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radiation is nontrivial as it involves a mix of 1 — 2 and 1 — 3 processes. At the
level of Eq. (C.14) though, we see that we are just correcting PDF (or fragmentation
function) evolution. In addition to the real-emission calculation that we are pursuing,
one can alternatively determine F,, from the anomalous dimension of certain twist-2
operators [50, 51]. Ref. [39] made a comparison to this approach and found agreement
to O(a?). Since Pq(; ) is thus a two-loop object, it has the scheme dependence one would
expect at this order, and so we need to make sure that we compute in the same one.
In SCET, one could attempt the same cross-check from a straightforward two-loop

calculation after fixing the renormalization scheme.

We will now show how to subtract the LO portion in the calculation of J7 {5 We
get a double collinear pole associated with the strongly-ordered emission of two gluons.
We want to write this as removing the emission from our LO operator, C’é?io(?:(f).
As with any subtraction scheme, while the pole is unambiguous, we need to make
sure to remove the appropriate finite pieces. We note that ¢, defined by Eq. (4.47)
contains NLO pieces (in SCET3 power counting) which come from the offshellness
of the intermediate quark. It is true that the LO replacement rule, Eq. (4.46), gives
only the splitting function times the logarithmic, collinear divergence. Nonetheless,
the Wilson coefficients given by Eq. (4.53) for offshell quarks have additional terms.
From the point of view of amplitdue matching, this poses no problem. However, if
we want to copy [39]’s scheme, then we can only subtract poles associated with the
pure LO result. As an operator subtraction in SCETj3, this means we need to change
(9§2). In order to recover the correct splitting function with no NLO contribution, we
will need to project the offshell quark momentum to an onshell one with the same p-
fraction. This alone, though, does not specify the spatial orientation of the vector and
will not necessarily kill the subleading terms. To do that, we write the replacement
rule, but in the limit that the offshell quark’s daughters are exactly collinear with
it. Equivalently, if we are in the frame determined by 7 = {1,0,0,—1}, we can
project the quark momentum along n = {1,0,0,1}, i.e. ¢; = %n = ¢}. Since the
replacement rule also makes reference to the quark’s parent’s momentum, we also

need to project it to what it would be if it had emitted an onshell quark with ¢;.
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Thus, ;-1 — ki+ ¢, = ¢,_;. In the end, this changes our replacement rule coefficient

for the j* quark to:

/ o
~ gj—l—lj_nq, T+ ik,

J

(C.15)

B i+ 4

This changes the expression for Cé?I)JOOéQ) to involve ¢} instead of ¢} (cf. Eq. 4.53)

After the dg” integration, the 1/¢ term in J7 g will allow us to read off Py
The subtraction operator lives in SCET;3 as both gluons have their own direction and
Wilson coefficient in that theory. We need it because our NLO operator, 0(2%1‘1%)0(2)
is supported over all of phase space, and there contains LO portions. We therefore

have

T8 = [ il [IOSEH0101a990)  (Ieho™ cho™ (0108 Plagaml?) ]
(C.16)

The MS indicates that we are only subtracting pole parts of the LO contribution,
with no finite pieces. However, there is still an amibiguity over which pole parts we
subtract, as even though the LO contribution has a double pole from its two collinear
divergences, we are at some liberty to decide which single pole parts we remove as
well. As we expect, this subtraction operator squared takes the form of a convolution

of two splitting functions:

2

/oy 1 a2 _ . e o
/dH ('CLO ‘Lo (0|O(2)F”|qqgg)|2>m = Q/dq2 dyzp (1—1y)2 (¢*)7'F /Qﬁ

0
y 1 0 (y)Péi(,q)q(x/y).
y d,qq €

(C.17)

What may seem surprising is that different splitting functions live in different dimen-
sions. The reason for this particular scheme for regluating phase space has to do with
the alternate, two-loop method for calculating P(g), which was the original approach.
For that result, in MS we would subtract a simple pole counterterm, regulate the loop

integral in d-dimensions, and leave external particles in 4d. Since the phase space
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integrals are related to loops by cuts, we see above that our y-integral is, in fact, in
d-dimensions, but the splitting involving two external particles is left simply in four.
Looking at the SCET; diagrams for the process (Fig. B-6), the amplitude

o™ ¢,o%2(0]0PTH|qggq) comes from a subset of diagrams A? and B?. The ex-

pression for subtraction is thus:

e / « . V4 %
[ an (1™ o™ 00 lagaa) ) = [ diazap ()

T+ 2z

2
L@ et 1 [ (ER) e @ | (1+@ta)
€ 2t 4+ 2 -1 2 T+ 2 z+2z—1

a:+z1

+ 21 ¢ 29. (018)

We can note several things about this expression. For concreteness, we discuss the
z;-dependent term corresponding to graph A2, Fig. B-6. The p fraction of qq relative
to g1 is /(z+21), and that of ¢; to ¢z is £+ 21, in terms of the variables in Eq. (C.17),
Yy = z/(z + z1). Performing the integrals leads to double and single poles. For later
use, we write down the result of doing the dq?, dz; integrals, where one of latter is

trivial since we have §(1 — x — z; — 25) sitting inside II (¢f. Eq. C.6).
H /) o1 ) CY2 O( )FH —
/d (Ic Lo (O] lgdgg)| )Ms
o (1 2 . 0

+4 (2 + 1) log(z — 1) — (2% — 1) log(x))]

+§(x_—11)2; [295(9: <2(~’0 +1) (Ll? 1-2)—Li, (%)) + (@ =)L <$;1)>
+:B(—2(3: +1) (z — 1) log® A)+4((w2+1) (10% (x;) telog (:cfl))

—(x—-1) )log( ) — (3.’1) +5)( — 1D log?(z) +2(z — 1)210g(:z:))
+6z (22 + 1) (z — 1) log*(z — 1) — 2z(z — 1)°

—2z(z +1)(z — 1) log(x — 1) log(z)((x — 1)%)D (C.19)

where we have done the dz; integrals between 1 — z + A and —\ to regulate soft
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divergences. All A-dependence cancels out of the final answer, which gives us a
consistency check on the scheme.

Before comparing Pq(ql), we can check our setup with P}S), by looking at the O(ay)
contribution to Ji,0 We see that [39] gets the following contribution:

2
0 _ (Q=)21te 9
P (27r) el—2za’ (C.20)

Calculating in SCET}, we get the following amplitude squared:

Qo (2n-k1 2k -qui Qfl>
A == M, = 2L ) Tyt C.21
a9 @ ( k1 q1k1 a bt ] ( )

With our definition of J10 in Eq. (C.6), we get:

PO —

qaq

(&) 21+o (C.22)

2n) ex—1"
The overall minus sign between eqns. (C.20) and (C.22) is due to the difference
between the spacelike and timelike processes. It arises in the dz; integral. Even
though the z; dependence is the same in the two calculations, and the integration
limits are the same, 0 and 1 — z. For us, 1 —z < 0, but in Ref. [39], it is positive.
We will compare the different contributions to double emission separately. In
SCET}, the C graph in Fig. B-6 will give box and crossed terms when interfered with
itself and the A and B ones. We identify the crossed contribution by inserting the color
structure and taking those terms proportional to C% — %CFCA. As mentioned above,

it only contains the integrals in Table C.1. In terms of its notation, we have: The

Function defined in Eq. (C.6) | Value in crossed diagram
A(21, 22) B 161(12:it(11 :z(lz:)l)zlﬂ)
B(z1,2) 8(”2(21;1);z_z11+z1—1)
C(z, 22) S(x(x2+(x—zi)z1+2)+zl)
Dizr. ) 6 1)

Table C.3: Contributions to crossed amplitude squared diagram

box contribution additionally contains the functions in Table C.2, though we are only
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interested in the finite parts. Their z; dependence is: For the crossed contribution,

Function defined in Eq. (C.6) | Value in box diagram

A(zla ZZ) ].2.132 + 8.’13Z1 -+ 8(2’1 — 1)31 +12
8(z1—1)(2?+(21—2)z1+2
B(z1,22) ! (x+zf—11 )z1+2)
T+z ;1;2 21 z2
C(z1, 22) 8(zt=1)(2 oo 711)
'D(Zla 22) 0
E(z1, 22) 4 (2z4+6;c3z1+12(7z%+2)2+2z(2zf+zl)+Z‘11+z%) J
51
+‘i€ [ (x2 (@42 _1)2+Z% (($+21 ~212)2+x+z1 )+wz1 (z+=1 —1)2) :'
1
2222142 (224 (21—1)2
F(Zh Z2) 4 ( 1 l(a:+)z(1—l)§ 1 )J

(zz((zl—l)z1+1)+z(z1—1)((z1 —2)zl+2)+(21—1)2((z1—1)z1+1))

+4e (z+21—-1)2

|

Table C.4: Contributions to box amplitude squared diagram

we perform the multiplication in Table C.1 with the functions defined in Table C.3
and integrate dz;, having already done the trivial dz; integral. We again use a cutoff
to avoid soft divergences, thus its range is between 1 —z + A and —A. In the end, we

obtain:

PO e = (22 Kf_‘f) (41n(z — 1) — In(z) — In(A)) — 2( + 1) ln(a:)]
(C.23)
The A-dependent pieces will cancel against those from the box contribution. The
other terms agree with [39] up to the previously discussed minus sign, and wherever
In(1 — z) appears in the spacelike calculation, we get In(z — 1). Since our integrand
and integration region are real, the imaginary pieces generated by In(l — z) when
making z > 1 all must cancel.
The box calculation proceeds similarly except that we also include the terms
proportional to E(z1, z2) and F'(z1, z2) and perform the internal collinear subtraction,

which changes the overall single pole term. Doing all this, we get:

PO = (&) [(1 s x2) (In(A) - In(z — 1)) +2(20 — 1)111(3:)] . (C29)

2 z—1
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The soft divergent pieces cancel against the crossed contribution, and once again we
agree with [39] up to an overall sign, and the continuation In(1 — z) — In(z — 1).
In addition to these real emission contributions to the C% portion of Pq{;), there

are also single-emission, one-loop diagrams, Fig. C-3. We can account for their con-

q2

Figure C-3: Single emission, one-loop contributions to Pé; ),

tributions in SCET easily. We have already derived the the same expression for single
emission (Egs. C.20 and C.22). Furthermore, both the quark wavefuncton renormal-
ization and the vertex renormalization are the same in SCET as in QCD [10]. Thus,
we recover the entire, gauge-invarant, o< a2 C'% contribution to the splitting function

[39],

2 2 2
(1) _ 2 9 B _3l+4+xz _Gl+z 3
quabelian - CF o (1 "L‘) lIl(CE) 21—z 11’1(3?) 2 1—1z ln(:r:) 111(]. "I’.)
1
_ 5(1 +z)In*(z) — 5(1 — z) — g(l + 1) In(z)} : (C.25)

where we have written it with its usual sign conventions for spacelike evolution.
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