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RÉSUMÉ 

. La t héorie du risque consiste en l'étude de modèles décrivant le processus 

de surplus d 'une compagnie d 'assurance. L 'évaluation de différentes mesures 

de ruine dans le cadre de ces modèles permet d 'obtenir une idée générale de la 

. santé financière de la compagnie d assurance et d u risque assumé par celle-ci. Le 

modèle classique de risque pour décrire les arrivées et les coûts des sinist res est le. 

modèle Poisson composé. Ce modèle est basé sur une hypot hèse d 'indépendance 

entre le montant des sinistres et le t emps écoulé entre chacun . Cet te hypothèse · 

facilite le calcul des mesures de ruine mais peut s'avérer t rop restrictive dans 

, différents contextes. 

L'object if principal de cette thèse est l'étude d'extensions du modèle clas­

sique dans lesquelles sont introduites une structure de dépendance entre la 

sévérité et la fréquence des sinistres. La copule de Farlie-Gumbel-Morgenstern 

et une extension de cette copule sont utilisées pour définir cette structure. En 

raison de la forme et de la flexibilité de ces copules, il est possible d 'adapter les 

outils développés récemment en théorie du risque dans l'évaluation et l'analyse 

des mesures de ruine. La fonction de Gerber-Shiu et certains cas particuliers 

de cette fonction , comme la transformée de Laplace du temps de la ruine et 

l'espérance de la valeur actualisée du déficit à la ruine, sont étudiées dans le 

cadre de ces extensions. On s'intéresse également à l'évolution du processus de 

surplus en présence d'une barrière horizontale. Les mesures âe ruine citées plus 

haut , ainsi que le montant total actualisé des dividendes distribués sont évaluées. 
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CHAPITRE 1 

INTRODUCTION 

L'assurance est 'une opération par laquelle l'assureur offre à un assuré une 

protection en cas de réalisation d 'un événement incertain prédéfini moyennant le 

paiement d 'une prime par cet assuré. En contrepartie, la compagnie d 'assurance 

s 'engage à payer une partie ou la totalité de la perte encourue à la suite d 'un 

sinistre résultant d 'accidents, d'incendies, d'inondations, de catastrophes natu­

relles, etc. Ce sont ces deux engagements (paiement de la prime contre paiement, 

le cas échéant, de la prestation) qui constituent le contrat d'assurance, 

La théorie de la ruine est un des domaines importants de la. recherche en 

actuariat. Elle consiste en l'étude de modèles décrivant le processus de surplus 

d 'une compagnie d'assurance et en l'évaluation de la probabilité que le surplus 

prenne au moins une fois une valeur négative. Le surplus d'un portefeuille d'une 

compagnie d'assurance est la différence entre le total des primes et des mo~­

tants remboursés pour les sinistres. On définit la ruine comme étant le premier 

moment où le surplus devient négatif. Le modèle classique pour décrire les ar­

rivées et les coûts des sinistres pour un portefeuille de contrats d'assurance est 

le modèle Poisson composé. 



L'évolu tion du surplus est décri te p ar le processus !l = {U(t) , t ~ O} , où 

U(t) représente le niveau de surplus à l'instant t et est défini par 

U(t) = u + pt - S (t) t 2: 0, (1.1) 

où p > 0 est le taux de prime et U(O) = u est le surplus initial. On suppose que 

le taux de prime est désigné par 

p = (l + j.L )E{S(l)}, (l.2) 

où IL > 0 est la marge relative de sécuri té. L'évolution d·u processus de surplus!l 

est représentée sur le graphique 1.2. Le processus s.. = {S(t) , t 2: O}, désigne 

le processus du montant total des sinistres où 

N (t ) 

S(t) LXj , 
j = 1 

et S(t) = 0 si N(t) = O. 

N(t) > 0, (1.3) 

Dans le modèle classique de risque, le processus N = {N(t), t ~ O} , avec 

(N(O) = 0) est un processus de Poisson homogène de paramètre À > O. Le mon-

t ant du ième sinistre est représenté par la variable aléatoire X i (i = 1,2,3, ... ). 

Soit W i (i = 1, 2,3,· .. ), une suite de variables aléatoires positives de loi expo-

nentielle· qui représentent le temps séparant le (i - l)ème et le ième sinistre. On 

désigne par Tn = W 1 + .. . + Wn le temps d 'attente jusqu'au n ème sinistre (voir 

figure 1.1) . Le processus du nombre des sinistres jusqu'à l'instant t est donc 

N(t) = sup{n: Tn = W1 + ... +Wn ~ t}. 

On désigne par 

T inf{ t > 0, U(t) < O}, (1.4) 
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FIG . 1. 1 - Le vecteur (X, W) d es montants des sinistr es et des tef!1ps séparant deux sinist res 

le premier moment où le surplus devient négatif. 

De nombreux auteurs se sont intéressés à l 'étude du ~odèle classique de 

risque. Des études s~r ce sujet ont été présentées par Gerber (1979) , Gran-

dell (1991) et Rolski et al. (1999) . Les probabilités de ruine, le déficit à la ruine, 

l'excédent juste avant la ruine ont été étudiés dans le modèle classique de risque. 

On définit la fonction de Gerber-Shiu (1998) par 

où w(x , y) est une fonction positive pour x , y 2: 0, 5 est u~ paramètre non 

négatif (la force d 'intérêt) et l est la fonction indicatrice, telle que 1(A.) = 

1 si l'événement A survient et égale à 0 sinon. La fonction (1.5) offre une 

généralisation d 'un certain nombre de mesures de risque. En particulier, si 

w(x, y) = 1, 

rpT( u) E [e- 8T 1(T < oo)IU(O) = u] , u 2: 0, (1.6) 

est la transformée de Laplace du temps de la ruine. Si 5 = Oet w (x, y) = 1 pour 

x , Y E lR+, (1.5) correspond à la probabilité de ruine 'ljJ (u) = Pr (T < (0). 

Il 
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FIG . 1.2 - Évolution du surplus U(t) 
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La distribution de dividendes, en espèces ou en actions, constitue une compo-

sante fondamentale de la r ntabili té d'une compagnie en croissance et un signal 

important d'une bonne santé financière. Soit Ub = {Ub(t) ,t 2 O} le processus 

représentant le surplus de la compagnie au temps t avec le versement instan-

tanément aux actionnaires d'un dividende pau-delà d 'une barrière horizont ale 

d e niveau b ~ u, avec u le surplus initial. Le surplus stagne à la valeur b jusqu'à 

la prochaine réclamation , Ceci est illustré à la figure 1.3. 

Surplus 

6 , 
l 1 • Xl 

1 ï 

1 
1 Xl 

1 
1 
1 

f 
1 

./ 

Temps 

~ 
7; 

FIG. 1.3 - Évolution du surplus Ui)(t) avec une barrière b 
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Le surplus Ub(t) est défini par 

1 
pdt - dS(t) , 

dUb(t) == 
-dS(t ), 

Ub(t ) < b, 

Ub(t) = b. 

Le processus de surplus avec distribution de dividendes au-delà d 'une barrière 

a ét é ét udié par de nombreux auteurs, De F inetti (1957), Gerber (1979) et Lin 

et al. (2003) . On définit par 

le· temps de la ruine en présence d 'une barrière b. La t ransformée de Laplace de 

On défini t la fonction de Gerber-Shiu avec versement de dividende par 

pour 0 :::; u :::; b. 

Dans le modèle classique de la théorie du risque, on suppose que les temps 

d 'arrivées des sinistres et les montants des sinistres sont indépendants. Cepen-

dant, dans plusieurs contextes pratiques, cette hypothèse s 'avère inadéquate. 

Pour un contrat d'assurance de dommages offrant une protection pour un trem-

b lement de terre, le temps écoulé depuis la dernière catastrophe peut influencer 

la distribution des coûts de la présente catastrophe. Dans cette perspective, la 

dépendance entre les montants des sinistres et les temps d'arriyées des sinistres 
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peut être modélisée à l'aide' de cop'ules qui sont un outil pert inent de l'ét ude de 

la dépendance. 

Selon Sklar (1959) , une copule est une fonct ion de répart it ion dont les' 

marges sont uniformes . ' Les copules constit uent un out il intéressant permet-

tant de constru ire' des d istrib utions m ultivariées à p ar t ir des lois marginales. 

Nelsen (1999) et J oe (1997) sont des ouvrages de réference incontournables sur 

le suj et. Dans le cadre de l 'actuariat et de la gestion quantitative des risques, 

citons notamment McNeil et al. (2005) et Denuit et al. (2005) qui présentent 

différentes applications de copules. 

, Dans cet te thèse, nous nous intéressons à l'évaluation de la fonction de 

Gerber-Shiu dans le cadre d 'un modèle de risque dont la structure de dép endance 

est basée Sllr une copule. La classe des copules choisie est celle de Farlie-Gumbel­

Morgenstern généralisée. Cette copule flexible est définie comme suit : 

C(u, v) uv + Oh(u)g(v), 0 ~ u, v ~ 1. 

où h( u) = ua (l - u)b et g( u) = uC (1- u)d sont des fonctions réelles définies sur 

[0,1], a, b, d sont des réels strictement positifs et c un entier strictement positif. 

Rodrfguez-Lallena et Ubena-Flores (2004) obtiennent des conditions sur h et 

,g et ' des bornes sur le par3tmètre 0 afin que C soit une copule. Dans le cas où 

a = b = c = d = 1, C est dite la copule de Farlie-Gumbel-Morgenstern classique. 

Nous proposons une extension du modèle classique de risque dans laquelle 
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la distribution du montant du i ème sinistre, Xi, dépend du temps écoulé entre 

le (i - l)ème et le (i) ème sinistre. On suppose que '{ (X j , W j ) ,j E ~+ } forment 

une suite de vecteurs aléatoires indépendants et ident iquement distribués de 

même loi que (X , W) et que le montant ·du i ème sinistre Xi et le temps Wi sont 

dépendants . On introduit la classe de copules de Farlie-Gumbel-Morgenstern. 

Cette classe de copules qui est une perturbat ion de la copule d 'indépendance, 

offre plus de flexibili té pour l'étude du processus de surplus. Sa forme permet 

d 'adapter les outils développés récemment en théorie du risque dans l'évaluat ion 

et l'analyse des mesures de ruine. 

Cette thèse se compose de cinq chapit res , en incluant le présent chapitre. 

Dans le chapitre 2, nous dérivons une équation intégro-différentielle de la fonc-

. tion de Gerber-Shiu 'méJ par l'entremise de la copule de Farlie-Gumbel-Morgenstern 

classique. Des expressions expliCites sont obtenues pour la transformée de La­

place du t emps de la ruine et du déficit à la ruine. Dans le chapitre 3, nous 

considérons une extension du ' modèle claSsique de risque où 'la distribution 

conjointe du temps entre deux sinistres et du montant des sinistres est in­

troduite à l'aide de la copule de Farlie-Gumbel-Morgenstern généralisée. Des 

expressions analytiques exactes pour la transformée de Laplace du temps de 

la ruine et du déficit à la ruine sont évaluées. Le chapitre 4 est consacré à 

l'évaluation d'une équation intégro-différentielle de la fonction de Gerber-Shiu 

. m t5 ,b en présence d'une barrlère constante b et en supposant que la structure de 

dépendance est la copule classique de Farlie-Gumbel-Morgenstern. Sa solution 
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peut être exprimée comme la somme de la fonction de Gerber-Shiu en l'ab­

sence de barrière plus une combinaison linéaire de deux solutions particulières 

indépendantes. Dans le chapitre 5, en présence d 'une barrière constante, on 

évalue une équation intégro-différentielle de la fonction de Gerber-Shiu avec la 

copule de Farlie-Gumbel-Morgenstern généralisée. Une courte conclusion résume 

le travail accompli et propose de nouvelles perspectives de recherche. 

17 



CHAPITRE II 

Analysis of ruin measures for the classical 

compound Poisson risk model wit.h dependence 

Résumé 

Dans ce papier, nous considérons 'une extension du modèle classique de risque. 

Dans la littérature, on suppose que les montants de sinistres et les temps entre les 

arrivées des sinistres sont indépendants . Dans cette contribution, une structure 

de dépendarice entre les montants des sinistres et les temps entre les sinistres 

est introduite par la copule de Farlie-Gumbel-Morgenstern. Dans ce cadre, nous 

dérivons une équation intégro-différentielle pour la fonction de Gerber-Shiu. Des 

expressions explicites pour les transformées de Laplace du temps de la ruine et 

du déficit à la ruine sont évaluées pour des montants de sinistres qui obéissent 

à une loi exponentielle. 



Abstract 

In this paper we consider an extension to the classical compound Poisson risk 

mode!. Historically, i t has been assumed that the daim amounts and claim 

inter-arrival times are independent. In this contribution, a dependence struc­

ture between the daim amount and the interclaim time is introduced through 

a Farlie-Gumbel-Morgenstern copula. In this framework,· we derive the integro­

differential equation and the Laplace transform of the Gerber-Shiu discounted 

penalty function . An explicit expression for the Laplace t ransform of the dis­

counted value of a general function of the deficit at ruin is obtained for · daim 

. amounts having' an exponential distribution. 
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2.1 Introduction 

The classical risk model describes thesurplus process Il = {U (t) ) t 2 O} of 

a portfol~o of insurance cont racts as 

U (t) = u + pt - S (t ) , 

where u is the initial sur plus and p is t he premium rate. The total d aim amount 
N( t ) 

process, denoted by S. = {S (t) , t ~ O} with S (t) = L Xj. (L~ equals 0 if 
j=l 

b < a), is a compound Pofsson process (see e.g. Gerber (1979) , Grandell (1991) 

and Rolskl et al. (1999) ) . The daim number process N = {N (t) , t E }R+} is a 

Poisson pro cess where the interclaim times {Wj ) j E N+} are a sequence of inde-

pendent and strictly positive random variables (r.v.). The r.v.'s {Wj , j E N+} , 

identically distributed as the canonical r.v. W , have an exponential distribution 

with expectation i with probability density function (p.dJ.) Jw, cumulative 

distribution function (c.dJ.) Fw and Laplace transform (L.T.) Jw with 

Jw (t) À - )..t e ) t > 0, (2.1) 

Fw (t) 1 - )..t -e , t > 0, (2.2) 

Jw (8) E [e- sW ] = _À_ 
À+s' 

s> - À . (2.3) 

The claim amount r. v . 's {X j , j E N+} l W here X j corresponds to the amount of 

the jth claim, are assumed to be a sequence of strictly positive, independent 

_and identically distributed (i.i.d .) r.v. 's with p .dJ. Jx, c.dJ.Fx and p.g.f. Jx' 
Theclassical risk model relies on the assumption that, on the occurrence of 

the jth daim, the daim amount X j and the interclaim time Wj are independent . 
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This hypothesis simplifies the study of many risk quantities of interest but 

has proven to be inadequate and too restrictive in different contexts. In our 

paper, we -ass':lme that {(Xj , Wj ) ,j E N+} form a sequence of i.i.d. random 

vectors distributed as the canonical r.v. (X, W), in which the cQmponents may 

be dependent. The joint p .d.f. of (X, W) is denoted by fx ,w (x, t) with t E lR+ 

and x E lR+ . \ Nhen X and W are continuous, the associated L.T. is given by 

In this paper , the joint distribution of (X, W) is defi~ed with a Farlie-Gumbel-

Morgenstern (FG M) copula. 

Sorne recent papers consider extensions to the dassical risk model by allo-

wing dependence between the daim amount r. v. X and the interdaim time r. v. 

W. Among them, Albrecher and Teugels (2006) consider a dependence struc-

ture for (X, W) based on a copula. By employing the underlying random walk 

structure of the risk model, they derive exponential estimates for finite and in-

finite time ruin probabilities in the case of light-tailed daim sizes. Boudreault 

et al. (2006) propose an extension ta the dassical compound Poisson risk model 

assuming a dependence structure for (X, W) in which the distribution of the 

next daim amount is defined in terms of the time elapsed since the last daim. 

They derive the defective renewal equation satisfied by the expected discounted 

penalty function. They also obtain an explicit expression for the Laplace trans-

form of the time of ruin asssuming that the daim amount belongs ta a large 

class of distributions. 
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The present paper is organized as follows. In Section 2.2 we briefiy recall basic 

notions on copulas and present properties of the FGM copula. Basic definitions 

for ruin measures are given in Section 2.3 . We derive the generalized Lundberg 

equation and we analyze its properties in Section 2.4. In Section 2.5, we obtain 

an integro-differential equation for the . expected discounted penalty function 

and, in the following section, we derive the Laplace t ransform of the expected 

discounted penalty function. In Section 2.7, we derive · the defective renewal 

equation for the expected discounted penalty function. An explicit expression 

for the Laplace transform of the discounted value of a general function of the 

deficit at ruin is obtained for daim amounts having an exponential distribution 

in Section 2.8 . Numerical examples are also provided in Section 2.8. 

2.2 Dependence structure based on FGM co­

pula 

As mentioned in the introduction, the joint distribution of (X, W) is defined 

in this paper with the FGM copula. 

A copula C is the distribution function · of a bivariate distribution with 

uniform marginaIs. By the theorem of Sklar (see e.g. Nelsen (2006)) any bi­

variate distribution function F with marginaIs FI and F2 can be written as 

F (Xl, X2) = C (FI (xd , F2 (X2)), for sorne copula C. This copula is unique if 

F is ·continuous. Otherwise it is only unique on the range of the marginaIs. We 

refer the reader to Nelsen (2006) or Joe (1997) for further details on copulas. 
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Modelling t he dependence structure between r. v. 's using copulas has become 

popular inactuarial science and financial r isk man·agement . The reader may 

consult e.g. Frees and Valdez (1998) Wang (1998), Bouye et al. (2000), Denuit 

et al (2005) and McNei l et al (2005) for applications of copulas in actuarial 

science and financial risk management. 'As in t he present paper , Albrecher and 

Teugels (2006) use copulas to define the joint distribution for the 'interdaim 

t ime r. v. and the d aim amount r. v. 

Assume a bivariate random vector (U, V) with continuous uniform margi-

nals and with ·a dependence structure defined by a copula Fu, v (u , v) = C (u, v) 

with (u, ~ ) E [0,1] x [0, 1]. Important copulas are the independence copufa with 

cl. (u , v) = uv ; the comonotonic copula with C+ (u, v) = min (u , v) ; the coun-

termonotonic ~opula with C - (u, v) = max (u + v - 1; 0). It is important to 

mention that all copulas satisfy the inequalities C- (u , v) ::; C (u, v) ::; C+ (u , v), 

for (u, v) E [0,1] >.< [O,lJ. 

The joint p.dJ. associated to a copula C is defined by 

(2.5) 

Let ,the bivariate distribution function Fx,w of (X, W) with marginaIs Fw 

and Fx be defi~ed as Fw,x(t, x ) = C(Fw(t),Fx(x)) for (t, x ) E jR+ x jR+. 

The joint p .dJ. of (X, W) is glven by 

fx ,w (x , t) = c (Px (x) ,Fw (t)) fx (x) fw (t) , (2.6) 

for (t , x) E jR+ X jR+. 
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The Farlie-Gumbel-Morgenstern (FGM) copula is given by 

-1 ~ B ~ l, where ctGM = C J.. . The FGM copula allows negative and positive 

dependence, includes the independence copula '(B = 0) , but does'not include the 

comonotonic or countermonotonic copulas as limit cases. 

For the FGM copula, the expression for (2.5) is given by 

(2.7) 

The bivariate distribution function Fx,w of (X , W ) with marginaIs Fx and Fw 

and defined with the FGM copula is given by 

Fx,w (x , t) = Fx (x ) Fw (t) + BFx (x) Fw (t) (1 - Fx (x)) (1 ~ Fw (t)) , 

for (t , x) E IR.+ X IR.+. Combining (2.6) and (2.7) , we obtain the expression for 

the joint p.d.f. of (X, W) , 

fx ,w (x, t) = fx (x) fw (t) + Bfx (x) fw (t) (1 - 2Fx (x)) (1 ~ 2Fw (t)) , (2.8) 

and , given (2.1), we have 

fx:w (x, t) = fx (x) Àe->.t + Bfx (x) Àe->.t (1 - 2Fx (x)) (2e - >.t - 1). (2.9) 

Defining hx(x) = (1 - 2Fx(x))lx(x) and denoting by h'X (8) its associated 

Laplace transform, (2.9) can be written as 

Ix,w (x, t) = lx (x) Àe->.t + Bhx, (x) (2Àe - 2>.t - Àe->.t) ~ (2.10) 

We recall the definitions of two frequently used measures of association. 

We assume that the r.v. X and W are continuous. Kendall's tau, denoted by 
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T (X, W), is defined by 

where (Xl, Wd and (X2 , W 2 ) are independent and identically distributed ran-

dom vectors, wit h common joint distribution tunction Fx,w (with marginaIs 

Fx and Fw) . Spearman's rho, denoted by p (X , W) , is defined by 

where (Xl, W1 ) and (X ;}, W f ) are independent random vectors, the joint dis-

t ribution function of (Xl , W 1 ) is Fx ,w (with marginaIs Fx and Fw), and t he 

components of (X;} , W f ) are independent with marginaIs Fx and Fw. 

If the dependence structure of (X , W) is defined with a copüla C , T (X, W) 

and p (X , W ) can be expressed in terms of C, i.e., we have 

T(X, W) =; 41111 

C(u,v)dC(u,v)-l 

and 

rI . rI 
p (X, W) = 12 Jo Jo ecu, v)dudv - 3. 

For the FGM copula) we have T (X, W) = ~ and p (X,W) = ~ which implies 

that - ~ ::; T (X, W) ::; ~ and -1 ~ p (X, W) ::; ~ in this case. 

2.3 Ruin measures 

We define the time of ruin as the r.v. T where T = {t ~ 0, U (t) < O} with 

T = 00 if U (t) ~ 0 for aU t ~ 0 (i.e. ru in does not occur). Toavoid almost sure 
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occurence of ruin , the pre~ium rate p is such that 

E [p Wi - Xi] > 0, i = 1, 2, .. . , (2.11) 

providing a positive safety loading. The deficit at ruin and the surplus just 

prior to ruin are respectively denoted by 1 U (T) 1 and U (T-) . In recent years, a 

fair amount of research in ruin theory has been devoted ta the analysis of the 

expected value of the discounted penalty function . lntroduced by Gerber and 

Shiu (1998), this function is given by 

where w(x, y), for x, y ~ 0, is the penalty function at the time of ruin for the 

surplus prior to ruin and the deficit at ruin, {) is a non negative parameter 

(the force of interest) and J is the indicator function, such that I(A) = 1 if 

the event A occurs and equals 0 otherwise. A special case of the Gerber-Shiu 

penalty function is w4en w(x, y) = 1, for all x, y ~ O. Then m<5(u) becomes the 

Laplace transform of the time of ruin, denoted by <PT(U). If {) = 0 in addition 

to w (x, y) = 1 for all x, y E ~+, (2.12) corresponds to the infinite-time ruin 

probability 'ljJ (u) = Pr (T < oolU (0) = u). 

2.4 Lundberg's generalized equation 

One important step in the analysis of the ruin measures is the derivation 

of the so-called Lundberg's generalized equation and the examination of its 
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properties. An analysis of Lundberg's generalized equation is required to find 

the defective renewal equation for m8 (u). More precisely, we need to identify the 

number of roots to Lundberg's generalized equation in the right-half complex 

plane, i.e. with R (s) 2 o. These roots are useful to derive the defective renewal 

equation for mIS (u) as we shan see in the next sections. 

To derive Lundberg's generalized equation, we consider the discrete time 

pro cess embedded in the continuous-time surplus pro cess rL Let us define the 

discrete-time pro cess il = {Uk, k = 0,1,2, ' .. }' where Uo = u and Uk = U (Tk) 

denotes the surplus immediately after the kth daim, i.e. 

k 

Uk=u+L(pWj-Xj ) for kEN+. 
j=l 

(2.13) 

The process K = {e- 8 2:7=1 Wj+SÜk, k = 0,1,'·' }, for s > 0 is a martingale if 

and only if 

. (2.14) 

which corresponds to the so-called Lundberg generalizedequation. 

Given (2.10), the left-hand side of (2.14) can be written as 

E (e- 8W eS(PW-X)) 

Combining (2.14) and (2.15), we obtain 

f* (s) À + f) h * (s) ( À (6" - sp) ) - 1 
x À + 6" - sp x (2À + 6" - sp) (À + 6" - sp) - . 

(2.16) 
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In t he following proposition; we use Rouch~'s Theorem to show t he number of 

roots of t he generalized Lundberg equation. 

Proposition 1. For 6 > 0 and e i= 0, Lundberg 's equation in (2.16) has exactly 

2 roots, say Pl, P2, that have a positive real part R(pj) > 0, j = 1, 2. 

Proof. We apply Rouché's theorem on the contour Cr, consisting of t he 

imaginary axis running from -ir to i r and a semi-circle with radius r running 

clockwise from ir" to - ir . We let r ---7 00 and denote by C the limiting contour. 

We want to show that 

1 

* ( ) À * ( ) ( À (6 - sp) ) 1 f x s À + 6 _ sp + eh x s (2À + 6 _ sp) (À + 6 _ sp) < 1. 

The two t erms in the left-side of (2 .17) , 

and 

À 
f*(s)--­x À+6 -sp 

eh * s ( À (6 - sp) ) 
x () (2À + 6 - sp) (À + 6 - sp) , 

(2.17) 

are ratios of polynomials with a strictly higher degree at the denominator which 

leads ta 

1 

f* ( ) À eh * ( ) ( À (
6 

- sp) ) 1 0 
x s À + 6 _ sp + x s (2À + 6 _ sp)(À + 6 _ sp) ---7 

on C (excluding s = 0). 

For s = 0, we observe that 
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and 

( 
'\ (0 - sp) ) 

(2 '\ + 6 - sp) (,\ + 0 - sp) > 0 

Also , at s = 0 and for 0 > 0, we have 

,\ 0'\0 (2'\ +0) '\+0'\0 
(,\ + 0) + (2'\ + 6) (,\ + 0) = (2'\ + 0) (,\ + 0) < l , 

since (2'\ + 0) '\ + 0'\0 < (2'\ + 0) (,\ + 0). 

o 

Finally, we have 

1 

* ( ),\ 0 h * ( ) ( ,\ (0 - sp) ) 1 

1 x s ,\ + 6 _ sp + x s (2'\ + 0 - sp) (,\ + 0 - sp) 

~ llx (s) >. +: _ sp 1 + IOhx (s) C2>' +0 ~(:p)(;:'~" - sp) ) 1 

.llx (S)1 1 >. +: ~ sp 1 + IOhx(S)11 (2)' +" ~(:P)(;:'~" - sp) 1 

::; 1 ,\ 1 1 ,\ (0 
- sp) 1 

,\ + 0 - sp + (2'\ + 0 - sp) (,\ + 0 - sp) 

,\ 0'\0 (2'\+0)'\+0'\0 
::; ('\+0) + (2'\+0)('\+0) = (2'\+0)('\+0) < 1. 

For 0 = 0, the conditions of Rouché's theorem are not satisfied (since 

1 

* ( ),\ * ( ) ( ,\( 0 - sp) ) 1 

lx s ,\ + 0 _ sp + Bhx s (2'\ + 0 _ sp)('\ + 0 _ sp) = 1 

for s = 0). We apply an extension of Rouché's theorem, due to Klimenok (2001) 

to determine the number of roots to Lundberg's generalized equation with a 

positive real part .. 

Proposition 2. For 0 = 0 and 0 =1= 0, Lundberg 's equation in (2.16) has exactly 

1 root, say Pl (0) , with ~ (Pi (0)) > 0 and a second root P2 (0) = o. 
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Proof. We define the contour D I'i. = {s : Izl = 1} where z = K.:s . In terms of 

s, the contour DK. is a circle of radius 1'\, and origin 1'\, . Similarly as in Proposit ion 

1, we let 1'\, ---+ 00 and denote by D the limiting cont our . We use the same 

arguments (for 5 = 0) as the ones provided in the proof of Proposition -1 and 

we can deduce 

I/ x(s) À(2À - sp) + eÀ (-sp) hx(s)1 ~ I(À - sp) (2À - sp)1 , 

on D (excluding s = 0 or equivalently z = 1). We also note that the functions 

f 5c(s) À(2À - sp) + 8À (-sp) hx (s) 

and 

are continuous on D . 

It remains to prove that 

d ( À lx (K, - l'\,z) eh X (K, - K,z) À ( - (K, - l'\,z) p) ) 1 0 
- 1- + > 
dz À - (K, - l'\,z) p (2À - (1'\, - l'\,z) p)(À - (K, - K,z) p) z =l 

(2.18) 

in order toapply Theorem 1 of Klimenok (2001). We observe that (2.18) is equal 

to 

where E [(X - pW)] > 0 given the solvability condition (2.11). 'Based on Kli-

menok (2001), we conclude that the n:umber of solutions to (2.14) inside D is 

equal to l. Moreover , a trivial root to Lundberg's generalized equation (2.14) 

(wi th 5 = 0) is P2 (0) = O. 0 
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2.5 An integro-differential equation 

The main p urpose of this sect ion is to derive an integro-different ial equat ion 

for the expected discounted penalty function ma (u). This equat ion will be useful 

to derive an explicit solution .for m8(u) in t.he next section. 

Throughout this paper we denote by I and"V the identity and the differen-

tiation operators, respectively. 

Proposition 3. The expected discounted penalty function ma( u ) sa!isfies the 

follo wing equ ation fo r u 2: 0 an d -1 ::; e ::; 1 : 

(
2À + <5 ) (À + <5 ) -p-I - D -p-I - V m8(u ) 

where 

o-du) fou m.;(u - x )fx (x)dx + W l (u ); (2 .20) 

0-2 ( u) lU m.;(u - x)hx(x)d~ + W2(U), (2 .21) 

Wl(U) l'YO w(u, X - u) f x(x)dx, (2 .22) 

W2(U) 100 

w(u, x - u) hx(x)dx . (2.23) 

Proof. By conditioning on the t ime and the amount of the first çlaim, we 

"have 

{OO { u+Pt 
À Jo J o e-atma (u + pt - x )!x,w (x, t )dxdt 

+À {OO {OO e-8tw(u + pt, x - u - pt)!x,w(x, t )dxdt . 
Jo Ju+Pt 

(2.24) 
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Given (2.10) , (2 .24) becomes 

m J(u) >. 1= 1u

+
Pt 

e- Jtm.(u + pt - x)! x(x)e- >.tdxdt 

+ À (00 100 
e-8tw(u+pt,x-u- pt) !x(x )e- >' tdxdt 

Jo u+ pt 

+ >'0 1= 1u

+
Pt 

e- JtmJ(u + pt - x) hx(x)(2e-2>.t - e- >.t )dx dt 

+ ).J) (00 100 
e - 8t w(u + pt, x - u - pt)hx(x)(2e- 2 >-. t - e- >-. t )dxdt. (2.25) 

Jo u+pt 

We can rewrite equation (2 .25) as 

mJ(u) = >. 1= e- Jt <Tl(U + pt )e->.tdt + 20>' 100 

e- Jt
<T2(U + pt )e- 2>.'dt 

- 0>' 1= e-Jt <T2(U + pt)e->.tdt, (2.26) 

where the functions (Jl(U) and Œ2(U) are as given in (2.20) and (2 .21) respecti-

vely. 

We substitute u + pt = s in (2.26) which becomes 

Differentiating (2 .27) W.r.t . u leads to 

Multiplying (2.27) by >'+8, subtracting (2.28) to the result, and using the 
p 
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identity and differentiation operators , we obt ain 

(2.29) 

We define 

_ . À+b 
98(U ) = (-p-I - V)m8(u). . (2.30) 

Differeptiating (2.30) w.r.t . u and using (2.29) , we find 

9~(U) 
À , . 2À2 (2À + J) 100 

(8+2À)( S-tL ) À 1 . -0" (u) - e e- - p 0"2(s)ds + 8-0" (u) 
P 1 p3 'U P 2 

2À2 . 
+ 8-

2 
0"2(U). (2.31 ) 

p 

Multiplying (2.29) by 2Àp+8, subtracting (2.31) and using the identity and 

differentiation operators , we obtain 

which is equivalent to (2.19). 0 

Remark 4. If 8 = 0, (2.19) corresponds to the integro-differential equation for 

m8 when X and W Œre independent, as in the classical compound Poisson risk 

model. 

2.6 Laplace transform of the expected discoun-

ted penalty function 

We use the integro-differential equation (2.19) to der ive the Laplace trans-

form of meS (u) ·which is stated in the next proposition. 
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Proposition 5. The Laplace t,ansfoTm of mo is given by 

(2.32) 

where f32,o (s) is a polynomial of degree l , with 

and 

f3î o(s) = ~ (6 + 2À ._ s)wr(s) + e~(-~ .- s)w5(s). (2.33) 
, ppp p 

We also have 

* (6 + À ) (6 + 2À . ) h1 ,cS(s) = -p- - s -p- - s , (2. 34) 

and 

h; o(s) = ~ (6 + 2À - s)J~(s) + e~ (~ - s)hx(s). (2 .35) 
, ppp p 

Proof. We define 

d(u) (
2À + 6 ) (À + 6) À (2À + 6 ) . -p-I - D -p-I-D mo(u)~p -p-I-D CTl(U) 

À 6 ) - e-( -I - D CT2(U). 
P p 

(2.36) 

We take the Laplace transform on both sides of (2.36). Then, using · standard 

properties of Laplace transforms and using (2.20), (2.21) , (2.22), and (2.23), we 

obtain 

d*(s) CÀ; 5 - s)( À; 5 - s )m8(s) - sm.(O) - m5(O) 

+ 26 +3À mo (O) _ ~ (2À + J _ s)m~(s)f~(s) _ ~ (2À + 6 _ s)wr(s) 
ppp PP . 

- ~Wl(O) - e~ (i - s)m~(s)hx(s) - e~ (~ - s)w5(s) - e~W2(O), (2.37) 
ppp ppp 
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where wi (s) is the Laplace transform corresponding to Wi (x), for i 1,2. 

Letting (2.37) equal ·to 0, we isolate m"8 (s) 

(2.38) 

where .hi ,8(S), h2,8(S) and J3î ,8(S) are given in (2.34), (2.35) , and (2.33) respec-

tively. The term 

(2.39) 

. in (2.38) is a polynomial of degree 1 or less. Given that (2.38) is analytic, the 

two roots Pj, J' = 1,2, of the denominator of (2.38) must also be roots of the 

numerator. By the Lagrange interpolating formula, (2.39) can be rewritten as 

2 2 
~ II S - Pk J32,8(S) = - ~J3î,Q(pj) -
j=l k=l,kfj Pj - Pk 

This completes the proof. 0 

In the following corollary, we provide an explicit expression of the expected 

discounted penalty function when the initial surplus is zero. 

Corollary 6. We can write mQ(O) in term of wr and w2 as 

~ {(~ - Pl)wi(pd - (~ - P2)Wi(P2)} 

P P2 - Pl 

+ e~ {(~ - Pl)W2(pd - (~ - P2)W2(P2)} . 
P P2 - Pl . 

(2.40) 

Proof. Since Pl and P2 are the roots of the denominator in (2.32), they have 

to be the roots of the numerator. We obtain the two following linear equations 

35 



for m c5 (O) and m~ (O ) 

for i = 1, 2. Solving t he two linear equat ions in (2. 41) leads to (2.40). 0 

Note that a software package such ' as Maple can be applied to invert the 

Laplace transform of m c5 . 

2.7 Defective renewal equation for the expected 

discounted penalty function 

In the present section, we derive the defective renewal equation for mc5. For 

that purpose, we use the Dickson-Hipp operator T r for an integrable real-valued 

function f (introduced by Dickson and Hipp (2001)) defined by 

Trj(x ) = L'o e-r(u- x) j(u)du, r E C. 

The properties of the operator Tr are closely examined in Li and Garrido (2004). 

We first provide an alternative expression for the Laplace transform of mc5 

in terms of the Dickson-Hipp operator which is useful to derive the defective 

renewal equation for mc5. 

Proposition 7. The Laplace transform of mc5is given by 

(2.42) 
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Proof. We note that the Pj, j = 1,2 are the roots of the denominator of 

(2. 32). They must also be the roots of the nurnerator. By the Lagrange Interpo-

lating Formula and using the operator Tr , we obtain an alternative expression 

for the numerator ,8;,0 (s) + ,82,0 (s) of (2.32) : 

T(S) { ,8;,o(S) ~ f3;,o(Pj) } 
T(S) f;-;. (s - Pj)T'(Pj) 

T( S )TsTp1 T p2 ,81,o(O) , (2.43) 

where T( S) = (s - pd(s - P2). 

Similarly, we can derive an alternaÙve expression for the denominator hi ,6 (s) - h2,6 (s) 

of (2.32). We know that 

for j = 1,2. From (2.34), hi,e) is a polynomial of degree 2 in s. Using again the 

Lagrangian Interpolating Formula, we have 
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which implies 

(2.44) 

using the Dickson-Hipp operator and its properties. 

Also, we have 

1. (2.45) 

Substituting (2.45) into (2.44) leads to 

Finally, replacing (2.43) and (2.46) into (2.32), we obtain (2.42). 0 

In the next proposition, we derive a defective renewal equation for m8· 

Proposition 8. The Gerber-Shiu discounted penalty function m8 admits a de-
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j ective renewal equation represen tation 

(2 .47) 

where 

(2 .48) 

(2 .49) 

W e can also express (2.47) as jollows : 

where K(j is defin ed such that . 

Also, we have 

(2.50) 

and 

(2 .51 ) 

which is a proper density junction. 

Proof. Defip.ing J-L8(Y) and 'TJo( u) as · in (2.48) and (2.49) respectively, we 

derive (2.47) from (2.42). We have 

l"" J-Lo(y)dy = ToTplTp,h2,o(O) 

h:i,o(O) + t hi,~(pj) . 
P1P2 i=l PjT (Pi) 
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Using (2.45), we have 

( )d :..- 1 1 ,0 + 2 ,0 

l
c:xJ h* (0) h* (0) 

/-Lb Y Y - - -- --. 
o 7(0) P1P2 

Since 7 (0) = P1P2, (2.52) becomes 

l
c:xJ h* (0) - h* -(0) 5 (0+2>') 

( )d 1 1 ,0 2,0 1 p /-La Y Y = - = - - --. 
o P1P2 P P1P2 

. ('5+ 2 '>') 
Since Q _ P_ o > 0, we have 

P P1P2 

1 lc:xJ -- = /-Lo(y)dy < 1. 
o 1 + K,o . 0 

Then, 1Jo(y) defined as in (2.51) is a proper density function. 0 

(2.52) 

(2.53) 

In the following proposition, we consider the case where W(X1' X2) = 1. More 

precisely, we derive a defective renewal equation for the Laplace transform of 

the time of ru in CPT defined in section 2.3. 

Proposition 9. The Laplace transform of the time of ruin CPT admits a defective 

renewal equation 

1 lU 0 1 lc:xJ CPT(U) = -1 - CPT(U - y)1}o(y)dy + -1 - 1}o(y)dy, 
+ K,o 0 + "'0 U 

(2.54) 

which has the following compound geometric representation : 

where vt j (u) is the survival distribution of the j -fold convolution of thep. d.f. 
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Proof. If W(Xl; X2 ) = 1, then the Laplace transfdrms of W1 and W2 defined 

in (2.22) and (2. 23) are given by 

* () 1 - Jx (s) 
w 1 S = S (2. 55) 

and 

w;(s ) = - hx(s) . 
s 

(2.56) 

Substitu t ing (2 .55) and (2.56) in (2.33) and, after simplificat ions , we obtain 

~ ( 8+2>' _ s) - h* (s) 
{3* ( ) - p p 2 ,8 

1 ,8 s - (2.57) 
s 

From (2.49) and using properties of the DickEion-Hipp operator , we obtain 

S7]~ ( s ) 

(2.58) 

Given (2 .57) , we rewrite (2 .58) as 

S7]~( S ) = 

(2 .59) 

The latter follows from property 6 of the Dickson-Hipp operator on page 394 of 

Li and Garrido (2004). Furthermore, the second term of (2.59) can be expressed 

as 

41 



2 ~C5~2>' _ Pj ) 

S I: P ·(s - P ')T'(p .) 
J = l J J J 

À { 2 (6+p2>' _ Pj ) 2 (6~2>' _ pj ) } 

p I: P 'T'(p .) + ~ (S - P ')T'(p .) 
J= l J J J = l J J 

À 

p 

6+2>' ~2 1 ~2 1 
-p- 0 j =1 pj r' ( p j) - 0j=1 r' ( p j) 

6+2>' ~2 1 +-p- 6j=1 ( s-pj )r'(pj ) 

. 2 1 2 1 

+ ~ -T'-(p-') - S ~ -(S---P-')-T'-(p-') 
J = l J J = l J J 

(2.60) 

given the equality - ( s_) = _1_ - l. Using Lemma 1 for the Dickson-Hipp 
Pj S- Pj S -Pj Pj 

op'erator on page 395 of Li and Garrido (2004), and after simplifications, (2.60) 

becomes 

Inserting (2.61) in (2.59) and given (2.53), we get 

ST]J(S) 
8 (6+2>') 

1 - -_P- - J-Lj(s) 
P P1P2 

_1 __ J-Lj(s). 
1 + ~6 . 

The Laplace transform of (2.50) is given by 

We replace (2.62) in (2.63) and we obtain 

1 -19j(s). 
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From (2 .47), w~ have 

(2.65) 

Insert ing (2.64) in (2.65), we get 

1-19 6(5) 

CPT (s) = 1 + 1';;6 ~ ~8 (s ) , 

and , after rearrangement, we have 

fr~m which we obtain (2 .54) by inverting. 0 

An expression for the Laplace transform of the time of ruin with an init ial 

surplus equal to zero is given in the next corollary. 

Corollary 10. A closed-form expression for CPT(O) is 

Proof. This follows by setting u = " 0 in (2.54) . 0 

2.8 Exponentially distributed claims 

We derive an analytic expression for the expected discounted penalty func-

tion m J assuming that the penalty function w(x, y) is equal to a function w(y) 

of the deficit at ruin. For example, when w (y) = y and 5 > 0, m8 (u) corres-

" ponds to the expectation of the present value of the deficit at ruin: We also 

suppose that the individu al daim amounts follow an exponential distribution, 
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with Fx (x ) = 1 - e-ax , fx( x) = ae-ax, and f x (s) = a (a + S)-l. It follows 

that 

hx (x) = 2ae-2ax - ae- ax , 

and 

* ( ) 2a a hx s = -- - --, s > -a. 
s + 2a s + a 

Rence, . (2 .22) and (2.23) become 

and 

W2(U) Cl< 100 

w(x - u)(2e-2frX - e-"X )dx 

Cl< 100 

w(v)(2e-2"(U+V) - e-"(U+V»)dv 

2ae-2auw* (2a) - ae-auw*(a), (2.67) 

where ~* (s) = Jo
OO w( v )e-av dv is the Laplace transform associated to the func-

tion w (u). 

Taking the Laplace transform of (2.66) and (2.67) leads to 

and 

a 
wr(s) = --w*(a), s > -a, 

a+s 

w~(s) = ~w*(2a) - _a_w*(a). 
. 2a + s a + s 
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(2.69) 



We know t hat the denominator of (2.32) has 2 root s, Pl and P2, with posit ive 

real parts. Given the assumpt ion on the distribut ion of X , t he denominator of 

(2 .32) also has 2 roots - R I and - R2 where fi( (Rd, fi( (R2) > O. 

In t he next proposition, an expression for m 6 is derived. 

Proposition 11. Assuming the roots {-Rj(6},j = 1, 2} distinct andforw(x,y) = 

w(y ), a closed-fo rm expression f or mc5 (u) , u 2: 0, is given by 

(2 .70) 

where 

2 

çj = (Çl ,c5 (- R j ) + Ç2 ,6 (-Rj )) 
. (R1,6(0) - Ç2 ,6 (O)) 

TI 14 2 

2 i =l nI (Rj~P)j= 1, 2. (2.71) 

TI (Ri - Rj) t = 

i=l ,i:j:j 

Proof. Substituting (2.68) and (2.69) into (2.32) , and multiplying both the 

numerator and denominator of (2 .32) by (a + s )(2a + s ) gives 

(2.72) 

where 

Çl c5(S) = aÀ (2a+ s ) (6 + 2À - s)w*(a)+e~ (~ - s) {2aw*(2a)(a+s)-aw*(q)(2a +s )} , 
, ppp p 

aÀ (6 + 2À) Àa ( 6 ) R2 6(S) = - -- -s (s + 2a) + e-s - - s , 
, ppp p 
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and 

- (O+ À )(b +2À ) 1\ ,c5(S) = (a + s)(2a + s) -p- - s - p- - s . 

We have that t\ ,c5 (S ) - Ç2,c5(S) is a polynomial of degree 4 which has 4 roots , 

Pj , with ~(Pj ) > 0, for j = 1, 2 and - Rj, wit h ~(Rj) > 0, for j = 1, 2. 

U sing the Lagrange interpolating polynomial on the denominator and the 

numerator in (2.72), one fi nds 

and 

Combining (2.73) and (2.74) to (2.72), one concludes 

2 

*() ~ çj m c5 s =~~, 
j=l + J 

where Ç1 and Ç2 are defined in 2.71 0 

(2.74) 

~inally, if we consider the special case of w (y) = 1 (with w * (s) = ~), the 

expression for 

CPT(U) = E [e- c5T I(T < oo)IU(O) = u] 

can be found from (2.70), with Ç1,c5(S) = *(2a + s)(c5~2)' - s) - Oa* (~ - s). 

We consider the following numerical example. 
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Example 12. For the numerical results, we assu"?1e that both the claim amount 

r. v . and the interclaim time r . v. have an exponential distribution with mean 1 

(i. e. X . "-' Exp(l) and W "-' Exp( l )) . The premium rate is p = 1.5, which 

implies that the ·relative risk margin is 50%. 

We provide below the analytic expressions for t~e probability of ultimate ruin 

'ljJ (u) (derived with Maple) in function of the initial surplus u (u 2: 0) and for 

different values of the dependence parameter e : 

- with e = - 1 : 

'ljJ( u) = 0.7201508967 e - O.2687389645u - 0.01854637723e -2.220708719u; 

- with e = - 0.5 : 

'ljJ( u) = 0.69579488 13e-o.2976o4394ou - 0.01047590296e-2.114760590u ; 

- with e = 0 : 

- with e = 0.5 : 

'ljJ(u) = 0.6311261756e-o .3788264o25u + 0.01399640216e-1.873562242u; 

- with e = 1 : 

'ljJ(u) = O.5865437312e- O.4391578659u + O.03347620593e-1.730494168u. 

As can be seen from Figure 2.4, the dependence parameter e has a clear im-

pact on the ruin probabilities. 
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We may interpret the impact of the dependence relation between the r. v. 's 

W and X on the ruin probabilities as' f ollows. When the dependence relation 

is positive (negative), the probability of having an important claim increases as 

the time elapsed since the last claim increases (decreases) . It implies that the 

probability that the insurance company has enough premium income to pay the 

claim is higher (lower) q,nd the ruin probability is lower when a positive (ne­

gative) dependence relation is assumed. The impact on the ruin probabilities is 

more significant when the positive (negative) relation becomes stronger. 

The analytic expressions fo r the expected discounted value of the deficit at 

ruin, 

m15 (u) = E [e- 15T IU (T) II (T < oo)IU(O) = uJ ' 

assuming 0 = 5% are obtained for various values of the dependence parameter 

e : 

- with e = -1 : 

m15( u) = 0.6997443091e-O.3206647526u + 0.03664826823e- 2. 219872885u; 

- with e = - 0.5 : 

m15(u) = 0.659909831ge-O.3500911630u + 0.01714786296e- 2.11434390ou; 

- with e = 0 : 

m8( u) = 0.6137092190e-O.3862907812u; 

- with e =0.5 : 

m15(u) = 0.5591165404e-0.4321500210u - 0 .01344088192e- 1.873928948u; 
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-------~-

- with e = 1 : 

m<5 (u) = 0.4928389831e-0 .4927941702u - 0 .02070699597e- 1.731037829u. 
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CHAPITRE III 

On the compound Poisson risk model with 

dependence based on a generalized 

Far lie- G umbel-Morgenstern copula 

Résumé 

Dans cet article, nous considérons une extension du modèle classique de risque 

pour lequel les montants de sinistre et les temps séparant deux sinistres sont 

dépendants. Nous considérons une structure de dépendance entre les montants 

des sinistres et les temps séparant deux sinistres par l'intermédiaire de la copule 

de Farlie-Gumbel-Morgenstern généralisée. Nous dérivons une transformée de 

Laplace de la fonction de Gerber-Shiu. Des expressions explicites pour les trans­

formées de Laplace du temps de la ruine et du d'éficit à la ruine sont évaluées. 

Certains résultats concernant le calcul de la fonction de Gerber-Shiu dans le cas 

où les montants des sinistres suivent une loi exponentielle sont présentés. Une 

étude de l'effet de la dépendance sur les mesures de ruine conclut cet article. 



Abstract 

In this paper we consider an extension to the classical compound Poisson 

risk model in which we introduce a dependence structure between the claim 

amounts and the interclaim time. This structure is embedded via. a generalized 

Farlie-Gumbel-Morgenstern copula. In this framework, we derive the Laplace 

t ransform of the Gerber-Shiu discounted penalty function. An explicit expres­

sion for the Laplace transform of the t ime of ruin is given for exponential claim 

sizes. 
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3.1 Introduction 

Classic risk models rely on the assumption of independence between the 

daim amounts and the interdaim times. This hypothesis simplifies the study 

of many risk quantifies of interest under such a framework but has proven to 

be inadequate and too restrictive in different contexts. The need for generali­

zations of the dassical risk models has led to several papers on the modelling 

of dependence. Among them, Albrecher and Teugels (2006) consider an arbi­

trary dependence structure based on a copula for the interd aim time and the 

subsequent daim size. They derive asymptotic results for both the finite and 

infinite-time ruin probabilities. Boudreault et al. (2006) examine several proper-

. t ies of an extension to the dassical compound Poisson risk model assuming a 

dependence structure where the distribution of the next daim amount is defined 

in t erms of the time elapsed since the last daim. 

In this paper, we consider the family of risk models proposed by Albre­

cher and Teuge-ls (2006) with a dependence structure defined with a generalized 

Farlie-Gumbel-Morgenstern (FGM) copula. 

The daim number pro cess N = {N (t) , t E ~+} is a renewal process with 

interdaim times {Wj,j E N+} where {Wj,j E N+} is asequenceofindependent 

and strictly positive random variables (r.v.). The r.v.'s {Wj,j E N+} are iden­

tically distributed .as the canonical r.v. W with probability density function 

(p.d.f.) Iw, cumulative distribution function (c.d.f.) Fw and Laplace transform 

(L.T.) Iw. Throughout the paper, it is assumed that W has an exponential 

55 



distribution with expectation t with 

Iw (t) 

Fw (t) 

Iw (s) 

\ -)..t /\e , 

1 - )..t -e , 

(3 .1) 

(3.2) 

The claim amount LV.
7
S {Xj,) E N+}, where X j corresponds to the amount 

of the )th daim, are assumed to bea sequence of strictly positive, independent 

and identically distributed (i.i.d.) LV.
7
S with p.dJ. Ix, c.d.f. Fx and L.T. Ix' 

We assume that {(Xj , Wj ) , ) E N+} form a sequence of i.i .d . random vectors , 

where the components may be dependent. The joint p.dJ. of (Xj , Wj ) is denoted 

by Ix,w (x, t) with t E lR.+ and xE lR.+. When X and W are continuous, the 

associated bivariate L.T. is given by 

The total daim amount pro cess is denoted by s.. { S (t) , t ~ O} w here 
N(t) b 

S(t) = L X j and L equals 0 if b < a. 
j=l a 

We define the surplus process !l = {U (t) ,t ~ O} with U (t) = il + pt -

S (t) where u (u E lR.+ = [0, (0)) is the initial surplus level and p (p ~ 0) is the 

premium rate . Let T = inft~O {t, U (t) < O} be the time of ruin with T = 00 if 

U (t) ~ 0 for ail t ~O (i.e. ruin does not occur). To ensure that ruin will not 

occur almost surely, the premium rate p is such that 

E (pWi - Xi] > 0, i = 1,2, ... , (3.4) 
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providing a posit ive safety loading. The deficit at niin and t he surplus just prior 

to ruin are respectively denoted by 1 U (T ) 1 and U (T - ). 

In recent years, a fair amount of research in ruin theory has been devoted to 

the analysis of the expected value of the discounted penalty function. Introduced 

by Gerber and Shiu (1998) , t his function is given by 

mo (u ) = E [e~ OT w (U (T - ), IU(T )I) I (T < oo) IU(O) = uJ, u 2 0, (3.5) 

where w(x, y) , for x, y 2 0, is the penalty function at the time of ruin for the 

surplus prior to ruin and the deficit at ruin, 5 is a non-negative.parameter (the 

force of interest) and l is the indicator function, such that l (A) = 1 if the event 

A occurs and equals 0 otherwise. A special case of the Gerber-Shiu penalty 

function with w(x , y) = 1, for aIl x, y 2 0, is the Laplace transform of the time 

of ruin, denoted by CPT (u). If 5 = 0 and w (x, y) = 1 for aIl x, y E 1R+ , (3.5) 

corresponds to t he infinite-time ruin probability 'IjJ (u) = Pr (T < ooIU(O) = ' u) . 

In this risk model, it is clear that the increments {(Xj - pWj ) ,j E N+ } 

of the surplus process are still , independent . This allows us, as was done in an 

independent setting, tO 'obtain with a martingale argument an exponential uppe;r 

bound for the ruin probability 

where the' adjustment coefficient p (if it exists) is the strictly positive solution 

to E [e-r(X1-pWd] = 1. Albrecher and Teugels (2006) provide an expression 
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for E [e-r(X1-pWdJ for sever al copulas. The independence assumption between 

the increments of the surplus pro cess also implies that the infinite-time ruin 

probability is a compound geometric tail in our risk model, as proven further in 

t he paper . 

In the present paper we examine the properties of a ri~k model assuming 

a dependence structure between the daim sizes and the daim interoccurence 

t imes based on a generalized FGM copula. In Section 3.2 we briefly recall ba­

sic properties of the generalized FG M copula considered in the model. In the 

framework of the proposed model, we discuss in Section 3.3 the Lundberg's ge­

neralized equation which is used in the following section to derive the Laplace 

t ransform of the expected discounted penalty function .. Explicit expressions for 

special cases of the Laplace transform of the time of ruin are given in Section 

3.5. Numerical examples are also provided in Section 3.6. 

3.2 Dependence structure 

Modelling the dependence structure between LV. 'S using copulas has become 

popular in actuarial science and tinancial risk management. The reader may 

consult e.g. Frees and Valdez (1998), Wang (1998), Bouye et al. (2000), Denuit 

et al. (2005) and Mc Neil et al. (2005) for applications of copulas in actuarial 

science and financial " risk management. As in the present paper, · Albrecher and 

Teugels (2006) use copulas to define the joint distribution for the interdaim 

time LV. and the daim amount LV. 
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We assume that the joint distribution of (X, W) is defined with a generalized 

FGM copula. This copula which belongs to the family of copulas introduced and 

studied by Rodriguez-Lallena and Ubeda-Flores (2004), is defined by 

C(u, v) = uv + 8h(u)g(v) , (3.6) 

where h and 9 are two non-zero real functions with support [0,1]. In this paper, 

we consider the special case mentioned in Example 4.1 of their paper where 

h (u) 

9 (v) 

u a (1- u)b 

v C (1 - v)d, 

(3.7) 

(3 .8) 

with a , b, c, d 2:: 1. Combining (3.7) and (3.8) in (3.6), the expression of the 

copula is given by 

(3.9) 

and it is an extension to the classical FGM copula 

C (u, v) = uv +8uv (1 - u) (1 - v) , 

- 1 ~ e ~ 1. Note that other extensions of the classical FC M copula are pro­

posed in the literature (see e.g. Drouet Mari and Kotz (2001) for a review). 

One motivation of these extensions is to improve the range of dependence as­

sociation (as measured by either Kendall's tau or Spearman's rho) between the 

components of (X, W). Rodriguez-Lallena and Ubeda-Flores (2004) show that 

the admissible range for e depends on the parameters a, b, c, and d of the co­

pula defined in (3.9). They also provide explicit expressions for Kendall's tau 
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and Spearman's rho. For example, if a = b'= c = d = 2, then - 27 ~ e ~ 27 and 

Kèndall 's tau (Sperman's rho) goes from -0.24 ta 0.24 (-0.36 ta 0.36) while, for 

t he classical FC M copula, Kendall's tau (Sperman's rho) takes values in [- ~, ~ ] 

([-~ , ~]). , 

The p.d.f. associated ta (3.9) is given by 

c ( u, v) = 1 + eh' (u) 9' (v) . (3.10) 

Civen (3.9), the joint c.d.f. Fx,w is defined by 

Fx,w(x, t) = C(Fx (x), Fw(t)) 

Fx (x)Fw (t) + 8Fx (xt { 1 - Fx(x)} b Fw(t)C{ 1 - Fw(t)} d 

With (3.10), the joint p.d.f. fx ,w of (X, W) is 

fx,w(x, t) = c (Fx (x), Fw (t)) fx(x)fw(t) 

' fx( x; )Jw (t) + eh' {(Fx(x ) }g' {(Fw(t)} fx(x)fw(t). (3.11) 

Throughout this paper, we suppose that a, b ~ 1, c E {2, 3, ... }, and d > 1. 

3.3 Lundberg's generalized equation 

One important step in the analysis of the ru in measures is ta develop the so­

called Lundberg generalized equation and ta examine its properties. An analysis 

of this equation is required ta find the defective renewal equation for mIS (u). 

More precisely, we need ta identify the number of roots ta the Lundberg's gene­

ralized equation in the right-half complex plane, i.e. with ~ (s) ~ O. These roots 
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are useful to derive the defective renewal equation for mû (u) as we shall see in 

the next sections. 

To derive Lundberg's generalized equation, we consider the discrete time 

process embedded in the continuous-time process surplus !L." Let us define the 

discrete-time process il = { Ukl k = 0, 1,2, "' } ' where Ua = u and Uk = UT/<; 

denates the surplus immediately after the kth daim, v iz. 

k " 

U k = U + L (p wj - X j ) for k E N+. 
j=l 

(3 .12) 

The process Q: = { exp { - J ~ W j + sUk } , k = 0, 1, ' " } , for s > 0 is a mar­

tingale if and only if 

(3.13) 

which corresponds ta Lundberg's generalized equation. Due to (3.11), the left-

hand side of (3.13) can be written as 

E (e-OW ë(pW -x» ) 100 100 

et(sp-ole-sx fx ,w(x, t)dxdt 

100 100 

et(sp-ole- sx fx (x)fw (t)dxdt 

+ () 100 100 

et(sp-ole-SXh'(Fx (x))g'(Fw (tllfx (x)fw (t)dxdt, (3.14) 

where the functions 9 and h are defined in (3.7) and (3.8) respectively. In order 

to rewrite (3.14), let us define the r.v. Z with p.dJ. given by 

gz(x) = fx(x) - lx(x)h'(Fx(x)) (3.15) 

and corresponding Laplace transform gz (s). We also define the function kw by 

kw(t) = fw(t)g' (Fw(t)), (3.16) 
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- - - -- --------------~ 

. with a Laplace transform 

kw(s) = lX) e~ts /w (t)g'(Fw (t))dt . (3.17) 

With these newly d~fined functions, (3.14) can be written as 

E (e- 6WeS (PW - X ») = !x(s)!w([)-sp)+8kw(6 - Sp) {!x(s) - gz{s)} . (3 .18) 

Furthermore, by integration by parts and with simple rearrangements, (3.17) 

becomes (due to (3 .8)) 

ktv(s) 

where 

~ f l u(C+l) - l(l _ u)(d+s/)..) - ldu 
).. Jo 
P(c + l)f(d+ si À) ~ 
f(c+l+d+sIÀ)À 

c! Àcs 

c+l 

II (s + Ài ) 

i=l 

Ài = À(d + i - 1). 

Using partial fractions, it follows that 

with 

c!ÀC
( - Ài ) 

ai = -c-+-l -~--

II (-Ài + Àj) 

j=l,j=!-i 
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or 

cL\C( - 1) 
Œi = --c-+-l---------

Consequently, we obtain 

kw(t) 

II (- Ài + Àj) 

j =l ,j:j:i 

i=l 

c+l 

LŒiÀie- >-i t 

i =l 

t ~ O. 

If we insert (3 .18) and (3 .19) in (3.13) and since f iv (s) = >-~s' we obtain 

* ( ) À c! À C (5 - sp) { * () * ( )} f x S À + 5 _ sp + e c+ 1 f x s - 9 z s = l , 

II (Ài + 5 - sp) 
i=l 

which becomes 

c+l c+ l 

(À + 5 - sp) II (À i + 5 - sp) fx( s)À II (À i + 5 - sp) 
i=l i= l 

+ ec!Àc (6 - sp) (À + 6 - sp) {fx(s) - gz(s)} . (3.20) 

This last equality will be used in the following proposition in which we apply 

·Rouché's Theorem to ident ify the number of roots in the right haIf-plane of the 

generalized Lundberg equation (3.13). 

Proposition 13. For 5 > 0 and e =1= 0, Lundberg's generalized equatian in . 

(3.13) has exactly c+ 2 raots, say Pl,'" ,Pc+2, in the right-half complex plane, 

i. e. with ~ (Pi (5)) > O. 

Proof. Let us apply Rouché's theorem on the contour Cr, consisting of the 

imaginary axis running from -ir to ir and a semi-circle with radius r running 

clockwise from ir to -ir. We let r ---? 00 and denote by C the limiting contour. 
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Working with the rearranged expression (3.20) of Lundberg 's generalized 

equation (3. 13), we want to show 

1 

~+l 1 15,: (s) >. TI (>.; + 0 - sp) + Bd>'C (0 - sp) (>. + 0 - sp) U5,:(s) - gz(s) } :c; 

1 

c+ l 1 

(>. + 0 - sp) TI (>.;+ 0 - sp) . 

This is equivalent to showing that 

i=l i=l 

The terms 

(À + c5 - sp) c+ l 

(À + c5 - sp) II (Ài + 5 - sp) 
i=l 

and 

ec!Àc (5 - sp) (À + 5 - sp) e c! À c (6 - sp) 
c+l c+l 

(À + 5 - sp) II (À i + 6 - sp) II(À i +6 - sp) 
i= l i =l 

are ratios of polynomials with a strietly higher degree at the denominator. 

Renee, 

i =l i =l 

on C (excluding s = 0). 

At s = 0, it is clear that 

À 

( \ _ ) > 0, /\ + 0 - sp 
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and 

BcL\C(b- sp) . 
c+l > O. 

II (Ài + b - sp) 
i= l 

. Also, at s = 0 and for <5 > 0, we have 

Finally, we have 

c+ l 

ÀfX(5) II (Ài + b - sp) 
i= l + Bc!ÀC(b-sp ) (À+b- sp) {f*(s)- *(s)} 

c+l c+l . X gz 

(À + b - sp) II (À i + b - sp) (À + b - sp) II (À i + b - sp ). 
i =l i=l 

c+ l . 

Àfx(s ) II (À i + b - sp) 
i= l· Bc!ÀC (b - sp) (À + b - sp) 

+ c+l {fx (s ).- g~(s)} 
c+l 

(À + b - sp) II (À i + b - sp) (À + b - sp) II (À i + b - sp) 
i =l i=l 

c+ l 

À II (Ài + b - sp) 
Bc!ÀC (b - sp) (À + b - sp) i =l + If~(s) - g~(s )1 If~ ( s)1 

c+l c+l 

(À + b - sp) II (Ài + b - sp) (À + b - sp) II (À i + b - sp) 
i=l 

c+l 

À II (Ài + <5 - sp) 
i =l 

c+l 

Bc!Xc (b - sp) (À + b - sp) 
+ --------c-+l--------

(À + b ~ sp) II (À i + <5 - sp) (À + 6 - sp) II (À i + 6 - sp) 
i=l 

À Bc!Àc6 
~ --+---­

(À + b) c+l 

II (À i + 6) 
i=l 

i=l 

c+l 

À II (À i + b) + (À + 6) Bc!Àcb 
_i=_l ____ -'--___ < 1.0 

c+l 

(À + (5) II (À i + 6) 
i=l 
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For <5 = 0, t he conditions t o Rouché's t heorem are not satisfied since 

= 1 

i= l i= l 

for s = O. Based on a result in t he queuing theory literature, we rely on an 

extension of Rouché's theorem to determine the number of roots to Lundberg's 

generalized equation with a positive real part . 

Proposition 14. For <5 = 0 and B =1= 0 Lun dberg 's generalized equation (3.13) 

has exactly c + 1 roots, say {Pi (0) , i = 1, ... , c + 1}, with ~ (Pi (0)) > 0 and a 

(c + 2)-th root Pc+2 (0) = O. 

Proof: Let z = I\. :s and define the contour D I\. = {s : Izi = 1}. In terms of s, 

t he contour D I\. is a circle of radius ~ and origin~ . Similarly as in Proposition 13, 

we let ~ -t 00 and denote .by D the limiting contour. U sing identical arguments . 

(for <5 = 0) as in the pro of of Proposition 13, we can deduce 

1 

c+ l 1 1 c+l 1 J5<: (s )À il (Ài - sp) + 8c! Àc (- sp) (À - sp) U5<:( s) - gz{s)} :ô= (À - sp) il (Ài - sp) , 

on D (excluding s = 0 or equivalently z = 1). Moreover, we observe that the 

functions 

c+l 

f"X(s)À II (À i - sp) + Bc!Àc (-sp) (À - sp) f"x(s) - gz(s) 
i=l 

and 
c+l 

(À - sp) II (À i - sp) 
i= l 

are continuous on D. 
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In order to apply T heorem 1 of Klime:nok (2001}, we must prove 

> o. (3. 21) 

z = l 

However , (3.21 ) is equivalent t o 

d~ ( 1 - E [ e-K(l-Z)(X -pW ) 1) IZ=1 > 0, 

which is verified under (3 .4). From Klimenok (2001 ), one concludes that the 

number of solutions to (3.13) inside D is equal to c + l , i. e. the number of roots 

. {C+I } 
of (.x - sp) g (.xi - sp) inside D minus 1. Moreover , a t rivial root to t he 

Lundberg's generalized equation (3 .13) (with 5 = 0) is Pc+2 (0) = o. 0 

Remark 15. As m entioned at the end of Section 3.2, we assume in the paper 

that d > 1. When d = 1 (and for 5 > 0 and e #- 0), Lundberg 's generalized equa-

tion in (3.13) has exactly c + 1 roots, say Pl, . .. ,Pc+l , in the right-half complex 

plane, i .e. with ~ (Pi (5)) > O. For 5 = 0 and e #- 0 Lundberg 's generalized equa-

tion (3. 13) has exactly c roots, say {Pi (0) , i = 1, ... , c}, with ~ (Pi (0)) > 0 and 

a (c + 1) -th root Pc+l (0) = O. These results can be demonstrated in a similar 

way as in the proofs of Propositions 13 and 14· 

In the next sections, we only consider the cases when the roots are distinct. 

3.4 Laplace transform of m5 

In this section, we find the Laplace tra~sform qf the Gerber-Shiu discounted 

penalty function mc5 (u) defined in (3.5). 
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r------- - ---- - - - - - ----

By conditioning on the time and the amount of the first daim, we have 

ma(U) 

1= 1= e-JtmJ(u + pt - x)Jx,w(X, t)dxdt 

1= 1= e-JtmJ(u + pt - x) Jx(x)Jw(t)dxdt 

. +11 1= 1= e- JtmJ(u + pt - x)h'(Fx(x))g' (Fw(t))Jx(x)Jw(t)dxdt 

1= 1= e-Jtm8(U + pt - x) Jx (x)Jw (t)dxdt 

+11 1= 1= e-JtmJ(u + pt - x) (g'(Fw (tllJw (t)Jx (x) - g'(Fw(t))Jw(t)gz(x)) dxdt (3.22) 

where h(u) = ua (1 - u)b, g(u) = uC (l - u)d. Using (3.15) and (3.16), we cari 

rewrite (3.22) as 

m8(u) 1= E{m8(U + pt - X)}e~Jt Jw(t)dt 

+ Il 1= E{m8(U + pt - X)}e- Jtkw (t)dt 

Il 1 = E{m8(u + pt - Z)}e-8tkw(t)dt. (3.23) 

With y = u + pt in (3.23) , we have 

(3 ~ 24) 

In whatfollows, we use the Dickson-Hipp operator Tr for an integrable real-

valued function f introduced by Dickson and Hipp (2001) : 

Trf(x) = 1= e-r(u-x) J(u)du, r E c. (3.25) 
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From Li and Garrido (2004), we recall Propert ies 1, 2, and 6 of t he operator Tr 

t hat we use in the sequel :. 

- P roperty l. Trf (0) = Jo
oo e-'u f (u) du = f * (u) , for r E C, is the Laplace 

t ransform of f , 

P 2 rn T f () T rn f () (Tr 1 !(x) - Tr2 j (x» ) --J. rr - roperty , 1 '1 r; X = r2 1 'l X = r2 - r l ' rI r r2 E \1...-, 

- Property 6. If rI, "" r:k are distinct complex numbers , then 

x 2:: 0, 

k 

where Tk (r) = il (r - r j )' The corresponding Laplace transform is 
l = 1 

s EC, 

Applying the Dickson~Hipp operator with Property 1 allows us to rewrite 

(3.24) as 

c+l c+l 

pmc5(U) = >-'To+>.J.-lI(U) + e LaiT 6+>' i J.-lI(U) - e LaiT~J.-l2(u), (3.26) 
P i =l P i=l P 

where 

JLl(U) E{m,(u - X)} = l' mli(u - x)fx(x)dx + Wl(U) 

JL2(U) E{m.; (u - Z)} = l ' mli(U - x)gz(x)dX + W2(U) 

Wl(U) LX> w(u, x - u)fx(x)dx , 

and 

W2(U) = LYO 

w(u,x - u)gz(x)dx. 
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Taking the Laplace transform of (3.26) and using Properties 1 and 2 of the 

Dickson-Hipp operator T r leads to 

where 

ILt(S) = m"8(s)!x(s) + wt(s), 

and 

JL~(s) = m8(s)g~(s) + w~(s). 

The above equality simplifies to 

m*(s) = wi (s) {fw(o - sp) + Okw(b - sp)} - OW2(s)kw (o - sp) + v*(s) (3.27) 
o 1 - f-X(s)fw(o - sp) - Of-X(s)kw(o - sp) + Og~(s)kw(o - sp) , 

where 

. In the following theorem, an expression for the Laplace transform m8 is 

derived based on equation (3.27). 
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Corollary 16. We assume the compound Poisson risk model with a dependence 

structure based on the generalized FC M copula defined in (3.9) with parameters 

a, b ~ 1, c E {2, 3, ... }, and d > 1. The Laplace transform of the Gerber-Shiu 

discounted penalty function m o is given by 

(3.28) 

where 

c+ 1 

(~- s) II (o+,\; -s) , 
P i=l P 

(3.29) 

ht,o(s) {[~(s)fw(6 - sp) + ef~(s)kw(6 - sp) - egz(s)k w (6 - sp) } , (3.30) 

(3 .31) 

and f32,0(s) is a polynomial of degree c + 1, or less given by 

c+2 c+2 
- ~f3;,8 (Pj) II S-Pk 

j=l k=l,k:pj Pj - Pk 

c+2 {3* (p .) 
( ) 

'\:"" 1,0 J 
- T c+2 S ~ ( _ . ) 1 ( . )' 

j=l S PJ Tc+2 PJ 

c+2 c+2 

with TC+2(S) = II (s - Pj) and T~+2(Pj) = II (pj - Pk). 
j=l j=l ,j:f.k 

Proof. Multiplying both the numerator and denominator of (3.27) by (0;>-_ 
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c+ l 0 + À ' s) II ( __ J - s) yields (3028), wit h 
j=l P 

(32,cS(S) .= h~,c5(S)V*() 

(" + ,X _ S) fi (" + 'xj._ s ) v* (S) 
P j= l P 

c+ l 

_~!L~ (" + 'x) II (" + 'xj -S) 
P P j= l P 

_ e (" + ,X - SP ) fi (" + 'xj - SP) ~ ai !Li ( ~ ) 
P j=l P i= l ( 0 + Ài ~ sp ) 

+11 (0+ ,X - SV) fi Cl + ,X j - SV) I: ai JL2 ( ~ ) 
P j=l P i =l ( 0 + Ài - sp ) 

c+ l 

- ~!Li (0+ ,X) II ('5+ 'xj - s) 
P Pj=l P 

_~(O+ ~ - SP) ~ai (g (O+'x~ - SV)) !Li (5: 'xi) 

+~(O+ ~ - SV ) ~ai (g (O+'x~ - SV)) !L;(5: 'xi) 

whieh is a polynomial of degree c + 1 or lesso 

Note that m~(s ) is analytie for 3{(s) ~ 0 whieh me ans that the roots Pj, j = 

1, 0 . . ,c + 2 of the denominator in (3.28) are also the roots of the numerator. 

Given the denominator in (3.27), these roots are also the solutions to Lundberg's 

generalized equation 

E (e - OW eS(PW- X)) f-X(s)fiv(o - sp) + ef-X(s)kiv(o - sp) - eg-z(s)kiv(o - sp) 

1. 

By the Lagrange interpolation formula with the (c + 2) points Pl, 00.' pc+2 (sinee 
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(32 ,c5( S) is a polynomial of degree (c + 1) ) at which {32 ,c5(s) = -(3;,eS (s), we have 

which completes the proof of the corollary. 0 

3.5 Defective renewal equation for m6 

In order to find the defective renewal equation for mc5, we need the following 

lemma. 

Lemma 17. In the compound. P oisson risk model with a dependence 'structure 

based on "the generalized FGM copula defined in (3.9) with parameters a, b ~ 

1, c E {2,3 , ... }, and d > 1} the Laplace transf orm m6 (s) of the Gerber-Shiu 

discounted penalty fun ction m c5 satisfi es 

(3.32) 

Proof. Given property 6 of the Dickson-Hipp operator , we have the following 

equality 

Similarly, we can d~rive an alternative expression for the denominator hi,o (s) - hi,eS (s ) 

in (3.28). We know that hi ,eS is a polynomial of degree c + 2 in s (due to (3.29)) 
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and that 

for j = 1··· c + 2 from Propositions 13 and 14. Gi~en that a Lagrange inter-

polating polynomial of degree (c + 2) passes through (c + 3) points ) we choose 

to write 

which implies that 

h~ ,5(5) - h2,0(5) 

( ) c+2 h * ( )T (5) 
h* (0) Tc+2 5 + 5 """' 2 ,0 Pj c+2 - h* (5) 

1,0 . c+2 ~ p . (5 _ P .)T' (p .) 2,0 

fI ( ) j =l J J c+2 J 
- Pk . 

k=l 

(3.34) 

Since h~,o(pj) is a polynomial of degree (c + 2) in Pj, we have 
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c+l c+ 2 
* ( ) (5 +À )TI(5+Ài ) ""'" c+2-l h1,6 P j = -- - P j -- :- P j = 60"lPj 

p i=1 P l=O 

( ) 
c+l 5 + À ' . 

with 0"0 = (_ 1)c+2 and O"c+ 2 = 6~ À TI ( __ 1. ). We do not give the expres-
i=1 p 

sions for 0"1 , ... , 0" c+l because they cancel out in the developments that follow. 

T his leads to 

(3.35) 

Based on Lemma 1 on page 395 (and also on the relations on page 400) of Li 

and Garrido (2004) , the terms summed over the indices j in (3.35) are equal to 

zero except for l = 0, for which sums to 0"0 and the last term, for l = c + 2, for 

which we obtain -(7 C+(02). Hence, we have 
T c + 2 
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j=1 

(3.36) 

Substituting (3.36) into (3.34) yields 

(3.37) 

Finally, substituting (3.33) and (3.37) into (3.28) completes the proof. 0 

In the following proposition, we give a defective renewal equation for the 

Gerber-Shiu discounted penalty function. 

Proposition 18. In the compound Poisson risk model with q dependence struc-

ture based on the generalized FGM copula defined in (3.9) with parameters a, 

b ~ 1, c E {2, 3, ... },. and d > 1, the Gerber-Shiu discounted penalty function m8 
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admits a defective renewal equation representation 

l' m o(u - Y)/"o(y )dy + 'T)o(u), (3.38) 

1 l U 1 -1 - "- m 6(u - y){h( y)dy + --G6(U ), 
+ "-6 0 1 + "-6 

(3.39) 

" that 

and {)6(y) = (1 + "-6)JL6 (y) is a proper density function. 

Proof. The renewal equation (3.38) is obtained by inverting the Laplace 

transform in (3 .32). It remains to be proven that fooo 
JL6 (y)dy < 1 for (3.38) 

to be a defective rènewal equation. Due to Property 6 of the Dickson-Hipp 

operator, we have 

(3.40) 

c+l 6 À -
Since II ( --±-.: - pj) is a polynomial in Pj of degree (c + 1), we can write 

i = l P . 
c+ 1 6 À _ c+ 1 c+ 1 6 + À -II (--±-.: - pj) = ~O"lPj+l-l with (JO = (_l)c+l and O"c+l = II ( __ t). 
i=l P l=O i=l P 
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Henee, 

l '" jJ.J(y)dy 

(3A1) 

Using Lemma 1 of the Dickson-Hipp operator on page 395 of Li and Garrido 

(2004) , the t erms summed in (3.41) are equal to zero exeept for l = 0 and 

l = c + l , meaning 

and 

Therefore, 

c+1 II (6 + Ài) 
{) '-1 P 

1 - - t - < 1. 
p c+2 

IIpj 
(3.42) 

j=l 

o 
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3.6 Laplace transform of the time of ruin 

In the following proposit ion , we consider a special case of the Gerber-Shiu 

p enalty funct ion wit h w(x , y) = 1 for aU x, y 2:: O. We show that t he Laplace 

transform of the time of ruin , denoted by CPT (u ), satisfies a defective renewal 

equation which also has a compound geometric representation. 

Proposition 19. In the compound Poisson risk model with a dependence struc-

ture based on the generalized FGM copula defined in (3.9) with parameters a, 

b 2: l, c E. {2, 3, ... }, and d > l , the Laplace transform of the time of m in cPT 

admits a defective ren ewal equation representation 

(3.43) 

which has a compound geometric representation : 

cPT(U) = l+~o ~ (_l_)jvtj(u), U 2:: 0 where ~*j(u) is the survival distri­
~o 0 1 + /),0 

J=l . 

bution of the n-fold convolution of the p.d.f. '13 0 . 

Proof. If we let w(x, y) = 1 for an x , y 2:: 0 in (3 .39) , then the terms ko and 

'I3o(Y) remain unchanged and mo(u) becomes cPT(U), For GJ(u) we must simplify 

look at 7}0 ( u) since 

We first obtain the Laplace transform 7}8(u) whenw(x, y) == 1 and then invert 
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it. We find 

S'TJ8 (s) 

with 
c+1 

.À il (0 + Ài ) * p . - p- - s - h2,b(S) 
f3î,8(S) = _ '/._= _1 _______ _ 

s 
(3.44) 

given that wi(s) and W2CS) respectively simplify to 1-fx(s) and 1-92;(S). 
S S 

Given that _ ( _s_) = _1_ +..1.., we have 
Pi s -Pi s-Pi Pi 

S'TJ8 (s) 
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Due to Property 6 of the Dickson-Hipp operator at s = 0, we can write 

s 'T]~ (s) 

where 

Since 

where 

hi ,oCa) 
- T c +2(O) 

c+l 

h * (0) = ~ II (<5 + Ài ) . 
2 ) ~ P . P 

t =l 

c+l . - c+l c+l 

II ( 6 + Ài _ .) _ '"""' c+l-l _ '"""'. '( _ .)C+l - i 
Pl - L-; O"lPj - L-; O"i S Pl , 

i=l P l=O ' i =O 

(3.45) 

(3.46) 

c+l c+l 

( ) c+l II (<5 + Ài) , 'II (<5 + Ài ) 0"0= -1 ,· · · , O"c+l= -- ,00o=I'··· ' O"c+l= ---s 
i =l P i=l P 

. and based on Lemma 1 of Li and Garrido (2004), the second and third term 

summed in (3.45) simplify to 

(3.47) 

81 



Substituting (3.47) and (3.46) in (3.45) and with simple rearrangements, we get 

_1_ -",, *- (s). 
1 + K8 à 

Renee , we obtain for the Laplace transform G6(s) when w(x" y) = 1 for aU 

x , y ~ 0 

Gb(s) 

~(1 + K8)(_1- - /1-6 (s)) 
s 1 + K8 

~(1 - '!96(s)). 
s 

RecaU that for a general function w(x, y) we have due to (3.32) 

* Gb(s) 
mo (s) = -( l-+-""o.....::c..)---{j-b-( s-) 

which becomes for w(x, y) = 1 for aU x, y ~ 0 

1-19,5(8) 

cPy,(S) = (1 + K8)8 - '!96(S)" (3.48) 

An" inversion of the Laplace transform in (3.48) leads to the desired result.D 

We give the expression for the Laplace transform of the time of ruin when 

the initial surplus is zero in the next corollary. 

Corollary 20. We can write CPT(O) in terms of À, 0, p, Pi, c and d as 

ll("+À(d+i-l)) 
O· 1 P cPT(O) = 1 _ _t= _____ _ 

" p c+2 

I1Pi 
j=1 

Proof. This foUows from (3.42) and (3.43). 0 
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3.7 Exponential claim amounts 

In this section, we assume that the individual daim amount follows an 

exponential distribution with p.d.f. · fx (x ) = ,e-'Yx and Laplace transform 

fx (s) = 'Y~s' It implies that (X , W) has a: bivariate exponential distribution 

based on the generalized FGM copula (3.9) with a covariance given by 

Cov(X , W) [ 11 

{C(u ,v) - uv } dFx1 (u)dFw1 (v) 

e 
,À B(a + l, b)B(c + l , d), (3.49) 

where B (x, y) is the beta function fol tx - 1 (1 - t)y - 1 dt . In the following propo-

sition, we find the expiicit expression for the Laplace transform CPT of the time 

of ruin in this special case. 

Proposition 21. Assuming the roots {-R j (<5),j = l, a + 2} distinct, a closed-

form expression for {CPT ( u), u 2:: O} is given by 

where 

a+2 

CPT ( U) = L çje-
Rju

, 

j=l 

( 
a+2 c+2 

ç 1 8 (- R .) - Ç2 8 ( - R .)) I1 R· I1 ( -p . ) ç ' _ . , J , J J . J 

J - (R1 8(0) - Ç2 8(0)) . .. -Ri + R· . -Ri + p ' ' 
, , t=l ,t#J J J=l J 

(3.50) 

and a is an integer. · The functions Ç1,8 (s), Ç2,8 (s), and Rl,8 (s) are defined in 

(3.52), (3.53), and (3.54) respectively. 

Proof. When daim amounts are exponent.ially distributed, the Laplace 

transform of gz(x), defined in (3.15), becomes 
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which leads t o 

with 

a+l b 
* ( ) r ~ i 9z 5 = -- - ~--, 

5 + 1 i=l 5 + ri 

a+ l 

gZ(X) = re-rx - L bie-rix , x ~ 0 
i=l 

r(b+i -1) 

a!ra
( - r i ) 

a+ l 

TI (- ri + rj ) 
j =l ,j:~ i 

We must first modify the term /3î,c5(s) in (3.44). After inserting the result 

obtained for /3î,c5 (s) into (3.28) , and multiplying .both the numerator and deno-

minator by 

we have 

where 

a+l 

(r .+ 5) TI (8 + r i ) 
j=l 
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and 

(3.54) 

We have t hat 1\ ,8(S) - Ç2 ,8(S) is a polynomial of degree a+c+4. It has a+c+4 

foots, Pj, with 3t(Pj ) > 0, for j = 1, ' " ,c + 2 and - Rj , with ~(Rj) > 0, for 

j = 1, ' " , a + 2. 

Using the Lagrange interpolating polynomial on the denominator and the 

numerator in (3.51) , one finds 

and 

(3.56) 

Combining (3.55) and (3 .56) to (3.51) , one concludes 

a+2 

I: 
,. 

scjJ* (s) = --]-. 
T s +R . 

j =l ] 

(3.57) 

The inversion of the Laplace transform in (3.57) leads to (3.50).0 

We illustrate the above results in the next example . 

. Ex~mple 22. For the numerical results, we assume that X rv Exp(l), W rv 

Exp(I) , and a = b = c = d = 2. The premium rate is p = 1.5, which im-

plies a relative risk margin of 50%. In Table 1, we first provide the analytic 

expressions of the ruin probability 'lj; (u) for different dependence parameters : 

85 



e = -20, - 5, 0, 5, 20 (derived with Map le). 

e Expressions for the ruin probability 'ljJ (u) 

-20 0.71 2e-o .296u + 0.020e-1.598u - 0 .038e-3.798ucos(0.985u) - 0.05 7 e-.- 3. 798u sin(0 .985u ) 

-5 0.677e-O.323u + 0.01 2e-1.835u - 0.017e-3 .607Ucos(0 .369u) - 0.06 5e- 3.607u sin(O .369u) 

o 

5 0.652e -O .344u - 0 .012e- 4. 230u + 0 .017e -2.358Ucos (0 .284u) - 0.09 6e-2 .358u sin(0 .284u) 

20 0.603e-O .379u - 0 .025e- 4.609u + 0 .048e-2 .090ucos(0 .872u) - 0.10 ge-2.090u sin (0 .872u ) 

Table 1. Analytic expressions of 'ljJ (u) f or e equal ta -20, -5, 0, 5, and 20. 

The resulting ruin probabilites are depicted in Figure 3.6 

W e also derive the analytic expressions f or the Laplace tr-ansfo rm of the t ime 

of ruin 1YT(U) with 0 = 0.05 fo r e = - 20, -5, 0, 5,20 (derived with Maple) wh ich 

are given in Table 2. 

e Expressions fo r the Laplace transfo rm 1YT ( u ) 

-20 0.663e- O.348u + 0.024e- 1.598u - 0 .045e-3.795ucos(0 .981u) - 0.06 8e- 3.795u sin(0.981u) 

-5 0.627e- O.376u + 0.014e-1.836u - 0 .020e-3.606ucos (0 .365u) - 0.07 7 e - 3.606u sin(0 .365u) 

o 0.613e-o.386u 

5 0.59ge-O.396u - 0.013e- 4. 230u + 0.01ge - 2.3s9Ucos (0.280u ) - 0.114 e - 2.3S9u sin(0 .280u) 

20 0.54ge - 0.430u - 0 .02ge - 4.608u + 0 .054e -2.094ucos (0 .868u ) - 0.12 7 e - 2.094u sin(0 .868u) 

Table 2. A n alytic expression s of 1YT (u) fo r e equal to -20, -5, 0, 5, an d 20. 

The resulting 1YT (u) are depicted in Figure 3.7. The impact of the depende n ce 

structure on CPT (u) can be clearly observed. 
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FIG_ 3.6 - Ruin proQabilities for () (dependence parameter) equal to -20, -5 , 0 (independence)", 

5 , and 20. 
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CHAPITRE IV 

On a compound Poisson risk model with 

dependence and in the presence of a constant 

dividend barrier 

Résumé 

Nous considérons) dans ce papier) le processus classique du surplus en présence 

d)une barrière de dividendes constante. Une structure de dépendance entre 

' les montants des sinistres et les temps séparant deux sinistres est introduite 

par la copule classique de Farlie-Gumbel-Morgenstern. lJne équation intégro­

différentielle avec' des bornes aux frontières est obtenue. Sa solution est exprimée 

comme la somme de la fonction de Gerber-Shiu en Pabsence de la barrière 

de dividendes plus une combinaison linéaire de deux solutions particulières 

indépendantes . Pour terminer, nous trouvons une solution explicite quand les 

montants des sinistres sont exponentiellement distribués et 'nous étudions les 

effets de la dépendance sur les mesures de ruine. 



- ------------------~ 

Abstract 

In this paper, we consider a dassical risk pro cess with dependence and in the 

presence of a constant dividend barrier. The dependence structure between the 

daim amounts and the inter-daim times is introduced through a Farlie-Gumbel­

Morgenstern copula. We analyze the expectation of the discounted penalty func- . 

tion anà the expectation of the present value of the distributed dividends. For 

each function, an integro-differeritial equation with boundary conditions is de­

rived and the solution is provided . Finally, we find an explicit solution for each 

function when the · daim amounts are exponentially distributed. We illustrate 

the impact of the dependence on these two quantities. 
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4.1 Introduction 

In this paper, we consider a compound Poisson risk model with dependence 

for an insurance portfolio. As in the dassical Poisson risk model, the evolution of 

the daim number for an insurance portfolio is assumed to follow a Poisson pro-

cess N = { N (t ), t E }R+} . The interdaim times {Wj , j E N+ } form a sequence 

of independent random variables (r.v.) identically distributed as the canonical 

r.v. W. The r.v. W has an exponential distribution with expectation ± with 

probability density function (p .dJ.) fw, cumulative distribution function (c.d .f. ) 

Fw and Laplace transform (L.T.) fw with 

fw (t) 

Fw (t) 

liv (s) 

\ . -)..t 
/\e , 

1 -)..t -e , 

( 4.1) 

(4.2) 

The r. v . X j (j = 1, 2, ... ) corresponds to the amount of the j th daim. The claim 

amounts {Xj,j E N+} form a sequence of i.i.d. r.v.'s distributed as the r.v. X 

with p.d.f. Ix, c.dJ. Fx and L.T. Ix· 

The classic compound Poisson risk model relies on the assumption that, on 

the occurrence of the jth claim, the daim amount X j and the interclaim time 

Wj are independent (see e.g. Gerber (1979), Grandell (1991) and RolskJ et al. 

(1999)). In the compound Poisson risk model with dependence, this assumption 

is relaxed and we assume that {(Xj , Wj ) ,j E N+} form a sequence of i.i.d. 

random vectors distributed as the canonical random vector (X, W), in which 

the components may bedependent. The joint p.dJ. of (X, W) is denoted by 

93 



fx ,w (x, t) with t E jR+ and x E jR+. The associated L.T. is given by 

fx,w (SI , S2) = E [e - S' X e-s
, W] = 100 100 

e-S' Xe-s,' fx,w (x, t) dxdt. 

Different models can be assumed for the joint distribution of (X, W). In 

this paper, the joint" distribution for (X , W) is defined as in Cossette et al. 

(2008) with the Farlie-Gumbel-Morgenstern (FGM) copula. For other types of 

dependence structure for (X, W) , the reader can consult Albrecher and Boxma 

(2004) and Boudreault et al. (2006). Albrecher and Teugels (2006) consider a 

dependence structure for (X, W) based on a copula. They derive exponential 

estimates for finite and infinite time ruin probabilities in the case of light-tailed 

daim sizes by employing the underlying random walk structure of the risk model. 

Note that Landriault (2008) studies the model proposed by Boudreault et al. 

(2006) in the presence of a constant dividend barrier. 

The FGM copula is given by 

Ct'GM (Ul, U2) = Ul U2 + eUl U2 (1 - Ul) (1 - U2) , 

for (Ul,U2} E [0,1] x [0,1]. The dependence parameter e takes value in [-1,1], 

where e > 0 « 0) corresponds to a positive (negative) dependence relation. 

The joint p.dJ. associated to the FGM copula is given by 

The joint c.dJ. Fx, w of (X, W) with marginaIs Fx and Fw and defined with 

the FGM copula is given by 

Fx,w (x, t) = Ct'GM (Fx (x) ,Fw (t)) = Fx (x) Fw (t)+BFx (x) Fw (t) (1" - Fx (x)) (1 - Fw (t)) , 
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for (t , x) E 1R+ X jR+. The joint p. d.f. of (X, W) is 

fx ,w (x , t ) = c:CM (Fx (x ), Fw (t)) f x (x) f w (t) 

fx (x ) fw (t) + efx (x ) fw (t) (1 - 2Fx (x)) (1 - 2Fw (t)). (4.3) 

Since W has an exponentiéiJ distr ibution, we replace (4. 1) and (4.2) in (4.3) 

w hich becomes 

fx ,w(x, t) = Àe-).t f x(x) + ehx(x)(2Àe-2>..t - Àe- >..t), - 1 :S; e :s; 1, (4.4) 

where 

hx(x ) = {1 - 2Fx(x ))fx(x ). (4.5) 

For a general survey on t he t heory of copulas, t he reader may consult e.g. Nelsen 

(2006). A review of applications in actuarial science and risk management can 

be found in e.g. Denuit et al. (2005) and McNeil et al. (2005) respectively. 

Using copulas provides a more flexible approach to the modelling procedure . 

While there are a large number of copula families, we choose the FGM copula 

because it offers the advantage t o be mathematically t ractable, as illustrat ed in 

Cossette et al. (2008) , and has a simple analytical form. It is ~lso known that 

the FGM copula is a Taylor approximation of order one to the Frank copula 

and t he Ali-Milkhail-Haq copula (see Nelsen (2006)) . 

T he aggregate daim amount pro cess is denoted by $... = {S (t) , t ~ O} with . 
N(t) b 

S (t) = L X j (L equals 0 if b < a) . In the absence of a dividend barrier, the 
j=1 a 

dynamic of the surplus process Il = {U (t) ,t ~ O} for the insurance portfolio is 

defi ned by 

U (t) = u + pt - S (t) , (4.6) 
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where u is the initial surplus and the premium rate is p . The premium rate 

p satisfies the solvency condition E [(X - pW)] < 0 which implies that p = 

(1 + 'Tf) ~g~)l ' where TJ > 0 is the relative security margin. 

In this paper, we consider a barrier strategy which assumes a constant barrier . 

at level b 2 u. The introduction of a constant barrier b leads to a modification 

of the s u rplus process d efined in (4.6). \ iVhen the s u rplus reaches the b arrier 

b, dividends are paid continuously at a constant rate p , which means that the 

surplus does not exceed the barrier and it remains at the barrier level until the 

next daim occurs . We denote by !lb = {U b (t), t 2 O}, the surplus process in 

the presence of a constant dividend b~rr~er b with Ub(O) = u being the initial 

surplus and with the following dynamic 

. 1 pdt - dS(t), Ub(t) < b 
dUb(t) = 

-dS(t), Ub(t) = b. 

The time of ruin associated to the modified surplus process is defined by the LV. 

Tb = inf { t > 0, Ub U) < O}, which is the first time the surplus becomes negative. 

When b = 00, Too = T corresponds to the time 'of ruin in the dependent risk 

model without a dividend barrier. The expected value of the discounted penalty 

function with a constant dividend barrier b is defined as 

where w(x, y), for x, y 2 0, is the penalty function at the time of ruin for the 

surplus prior to ruin and the deficit at ruin, <5 is a non negative parameter and 

l is the indicator function such that l (A) = 1 if the event A occurs and equals 

o otherwise. In particular, if w (x, y) = l, m 6,b ( u) corresponds to the Laplace 
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transform of the time of ruin Tb with respect to 0, which we denote by 

We mention that m o, CXJ (u) is the expected value of the discounted penalty func­

tion introduced by Gerber and Shiu (1998) when there is no barrier. An analysis 

of mo,CXJ (u) in the present risk model is carried out in Cossette et al. (2008). 

Note that , in the presence of a constant dividend barrier, the time of ruin Tb 

is a finite-valued r.v. This implies that it is not necessary to examine the ruin 

probability which is certain in this case. 

Another quantity of inter~st in the assessment of the quality of a dividend 

barrier strategy is Vo,b (u) , which denotes the expectation of the present value 

of all dividends distributed until ruin, given an initial surplus u, for 0 ~ u ~ b. 

In the actuarialliterature, the barrier strategy has been the subject of several 

research works since it has been initially considered by De Finetti (1957). We 

can find a review of the most important works in this field in Lin et al. (2003). 

Among them, we mention Bühlmann (1970) and Gerber (1979) who consider 

the problem of optimal dividend strategy in the classical compound Poisson risk 

model. Recently, Lin et al. (2003) examine the derivation of mo,b (u), analyze 

several of its properties and discuss its computation for special cases of the 

classical risk model. Li and Garrido (2004b) find the expression for mo,b (u) for 

a class of compound renewal risk models. Albrecher et al. (2005) present sorne 

results on the distribution of dividend payments until ruin under a compound 

renewal risk model with generalized Erlang(n)-distributed inter-claim times and 

a constant dividend bÇLrrier. Gerber and Shiu (2006) examine optimal dividend 
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strategies in the compound Poisson risk model. Landriault (2008) derives the 

expressions for mo,b (u) and Vo,b (u) in the context of the compound Poisson risk 

model with dependence proposed by Boudreault et al. (2006). 

In this paper, we mainly focus on finding sorne results related to m6,b (u) 

and Vo,b (u) in the context of the compound Poisson risk model with dependence 

described above. It will be interesting to see how these quantities behave in the 

presence of positive and negative dependence. 

This paper is organized as follows. In Section 4.2, an integro-differential 

equation with boundaJY conditions and its general solution are obtained for 

the expected discounted penalty function . In Section 4.3, an integro-differential 

equation with boundary conditions and its general solution are derived ·for the 

expectation of the discounted dividend payments. Explicit solutions for both 

functions are developed when the daim amount follows an exponential distri­

bution in Section 4.4. This last section is completed with a numerical example 

to illustrate the effect of the dependence on both functions. -

4.2 Expected discounted penalty function 

In this section,we begin our analysis of m8,b( u) with the derivation of an 

integro-differential equation for m 8,b( u) (0 :::; u :::; b) which we later solve to 

obtain its solution. 

98 



4.2.1 An integro-differential equation 

To determine the integro-differential equation for m c5,b(u) in our context, 

we need to go thro-qgh several steps as explained in Lin et al. (2003) . We first 

use a renewal argument to establish an integral equation for mc5,b(u). The first 

claim occurs at time t and its amount is x. Heuristically speaking, the "joint 

probability" that the first claim occurs at t and that its amount is x is given 

by Ix , w (x , t) dxdt. Conditioning on the time and the amount of the first daim, 

there are 4 different possibilit ies : 

- t ~ b;u and x ~ u + pt : the first claim occurs before the surplus reaches 

the barrier b and the 'claim amount is such that the surplus is still positive 

with a value of u + pt - x ; 

- t > b- u and x < b : the first daim occurs after the surplus reaches the 
p -

barrier b and the daim amount is such that the surplus is 'still positive 

with a value of b - x; 

- t ~ b;u and x > u+pt : the first claim occurs before the surplus reaches the 

barrier b and the daim amount issuch that the surplus becomes negative 

which means that ruin occurs, the surplus .before ru in is u + pt, and the 

deficit at ruin is x - u - pt; and, 

- t > b;u and x > b : the first daim occurs after the surplus reaches the 

barrier b and the daim amount is such that the surplus becomes negative 

which also implies that ru in occurs, the surplus before ruin is b, and the 

deficit at ruin is x - b. 
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Considering these 4 cases, we have 

b- u u+pt 
( p ( e- 6t m c5 b(u + pt - x)fx,w (x, t) dxdt 

Jo Jo ' 
~ b . 

+ h-.1 e-otmo,b(b - x)fx,w (x, t) dxdt 
p 

b- u 

+ ( 11 1~ e-c5t w(u + pt, x - u - pt)fx,w (x, t) dxdt 
Jo u+pt 

+ h~. l'0 e-Otw(b,x - b)fx,w (x,t)dxdt. (4.7) 
p • 

We replace the joint pdf fx ,w for (X, W) in (4.7) by (4.4) and we obtain 

mo,ï,(u) = ). r' -;" ("+pt e-Otmo b(u + pt - x)fx(x)e-Atdxdt 
Jo Jo ' 

+ ). h~. 1b e- o'mo,lb - x)fx(x)e-A'dxdt 
p 

b-u 

+ À r-p-l~ e- c5t w(u + pt, x - u - pt)fx(x)e-:->..tdxdt 
Jo u+pt 

+ ). h: 100 

e-6t w(b, x - b)jx(x)e- >.tdxdt 
p . 

+ (). 1 b;'1u

+
Pt 

e-otmo,b(u + pt - x)hx(x)(2e-2>.t - e->")dxdt 

+ (). h: il, e-O'mo,b(b - x)hx (x)(2e- 2A' - e->")dxdt 
p _ . 

b-u . 

+ 8À r-p-l~ e-c5t w(u + pt, x - u - pt)hx(x)(2e-2>..t - e->..t)dxdt 
Jo u+pt . 

+ (). h: 100 

e-O'w(b, x - b)hx(x)(2e-2A' - e-A')dxdt. (4.8) 
p 
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To simplify the presentat ion ) we int roduce the following functions : 

lU m t5 b(u - x)fx(x)dx + W1(U)) 
Jo ' 

(4.9) 

(U m t5 b(u - x) hx(x )dx + W2 (U), 
Jô ' 

( 4. 10) 

100 

w(u, x - u)! x(x)dx, 

100 

w(u, x - u)hx(x)dx. 

U sing (4 .9) and (4. 10) ) t he integr al equation in (4 .8) becomes 

b- u 

m
t5
,b(u) = À r-p

- e-t5t Œ -(u + pt )e->.tdt + À ( CX> . e- t5t Œ -(b)e->.tdt Jo 1,t5,b J§-u 1,t5,b 
p 

b- u 

+8À r-p

- e- t5t Œ -(u + pt)(2e-2>.t - e- >. t) dt Jo 2,t5,b 

+8À ( CX> e-t5t Œ _-(b)(2e-2>. t _ e->.t)dt. (4 .11 ) J ~ - u 2,ô,b 
p 

Substituting u + pt = s in (4. 11) yields 

which can also be written as 

where s 1\ b = min(s, b). 
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We are now in a position to derive an integro-differential equation for mo, ij"(u). 

We denote the differentiation and the identity operators by D and I where 

D k f (u) = ~ f (u) (k = 1,2, ... ) and If (u) = f (u). 

Proposition 23. For -1 ~ e ~ l , the expected discounted penalty function with 

a constant dividend barrier b, m 6,b (u ), satisfies the foll0'l!1ing integro-differential 

equation for ° ~ u ~ b, 

( 2À + 6 ) (À + 6 ) --I-D --I-D m--(u) p p o,b 

with boundary conditions 

0, 

~ (2À +. 6 I _ V) (]" -(u) 
p P l ,o,b 

+ À~(~I-D)(]"2 0 ij(U), (4.13) 
pp ' , 

(4.14) 

(4.15) 

Proof. We first differentiate (4.12) with respect to (w.r.t.) u and we obtain 

Multiplying (4.12) by ).+0, subtracting (4.16) and using the identity and diffe­
p 

rentiation operators I and D, we get 

(
À + 6 ) -p-I"- D mo,ij(u) = 
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Let us define 

( 4.18) 

By differentiating (4.18) w. r. t . u and using t he right-hand side of (4. 17), we 

deduce 

~ , _() _ e 2À2(2À + 5) 100 

_(c5+2>')( S-pU ) -()d e~' _( ) (J I s: b u 3 e (J 2 15 b S S + (J2 r b U P ,u, p . 'U. , , p ,u, 

2À2 

+e-2 (J2 c5b(u ). (4.19 ) p , , 

Multiplying (4. 18) by 2>';15, subtracting (4.19) , and using (4.17) , we obtain 

~ (2À + 5 l _ v) (J - (u) 
p P l ,c5 ,b 

+ À ~ (~I - v) (J 2 15 b ( u) , 
PP ' , 

which is equivalent to the desired integro-differential equation in (4.13). 

( 4.20) 

To obtain the boundary conditions (4.14) and (4.15), we consider u = b in 

(4.12) and (4.16),which leads to 

À - ÀJ -
J + À (Jl ,c5,b(b) + e (5 + À)(J + 2À) (J2 ,c5 ,b(b), (4.21 ) 

o. ( 4.22) 

Letting u = b in (4.13) , we obtaii1 

(
2À+5)(À+5)m -(b) _ (3À+25) 1 (-) If (-) À2À+5 (-) 

P P c5, b ~ m c5,b b +mc5 ,b b = p-p-(Jl,c5,(; b 

À - 05 - e -
- -(JI' s: b-(b) + À--(J2 15 b(b) - À-(J; 15 (;(b). (4.23) 

P ,u , PP' , p' , 

Using (4.21) , (4.22) and (4.23) yields (4.15). 0 
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4.2.2 A general solution 

In the classical compound Poisson risk model in the presence of a constant di­

vidend barrier , Lin et al. (2003) show that the solution to the integro-differential 

equation for the Gerber-Shiu discounted penalty function is a linear combination 

of the Gerber-Shiu function with no barrier and the solution to the associated 

homogeneous integro-differential equation. When a dependence structure for 

(X, W) is defined via the FGM copula, the solution to the integro-differential 

equation (4.13) for the expected discounted penalty function with a constant 

dividend barrier b, m
c5
,b(u), has a similar form . However, the solution to the 

associated homogeneous integro-differential equation is a linear combination of 

two independent solutions. This is shown in the proposition below. 

Proposition 24. For the expected discounted penalty function , a closed form 

expression for m c5 ,b( u) is given by 

( 4.24) 

where the constants 171 , 172 are the solutions to the following system of linear 

equations : 

( 4.25) 
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and 

Til (v~,o( b) + Gv lU Vl,.(U ~ x)!x(x)dx + e~v lU Vl,.(U ~ X)hx(x)dx) lu=J 
+ TJ2 (V~,b (b) + ( '~D ru V2,b(U - x)fx(x)dx + e~D ru V2 ,b(U - X)hx(X)dX) 1 _ ) 

p Jo p Jo . u=b 
-~ (D ru mb,oo(U - X)fx(X)dX) 1 _ - e~ (v ru mb,oo (U - X)hx(X)dX) 1 _ 

p Jo u=b P Jo u=b 
1/ ( - ) À 1 (-) À 1 (-) 'm6 oo b - - W 1 b - ()-W2 b . 
, p p 

( 4.26) 

The L. T. of Vl ,6(U) and V2,b(U) are provided in (4·30) and (4·31). 

Proof. It follows from the theory on differential equations that the gene-

raI solution to the second order non-homogeneous integro-differential equation 

(4.13) for mb,b(u) with boundary conditions (4.14) and (4.15), can be exp res-

sed as the SUffi of a particular solution mb,oo ( u) (the Gerber-Shiu function in 

t he absence of a dividend barrier) and a linear combination of 2 linear ly inde-

pendent solutions to the associated homogeneous integro-differential equation. 

Hence, the general solution to the integro-differential equation (4.13) is of the 

form 

( 4.27) 

where the expected discounted penalty function without a barrier mb,oo ( u) is 

the solution to a defective renewal equation, as shown in Cossette et al. (2008) 

and satisfies the following integro-differential equation 

( 
2À + <5 ) (,\ + <5 ) -p-I - D -p-I - Dmb,oo(U) = 

+ 

The quantities {Vi,b (u), U ;2: O} i = 1,2 are two linearly independent solutions 
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of the following homogeneous integro-differential equation associated to (4.13) : 

(
2À + 5 ) (À + 6 ) -p-I - D -p-I - D V8(U) ~CÀ:OI-D) ([ Vô(U-X)/X(X)dX) 

e 5 ( ru . ) + Àp (pI - D) Jo vo(u - x)hx(x)dx . (4.28) 

Taking t he L.T. on both sides of (4 .28), we get 

vJ(s) = 
(O;J\ _ s)(6~2J\ _ s) - ~(8~2J\ - s)fx(S) - e~(~ - S)hx(s) ' 

( 4 .29) 

From (4.29) , we de duce that a solution to (4.28) ' is a combination of the two 

linearly independent solutions {Vl ,8 (u) , u 2: O} and { V2,8 (u) , u 2: O}, where 

( 8 ~ J\ _ s) ( 8 +p2 J\ - s) .-'- .~ ( 8 -t;2J\ - s) Jx ( s) - e ~ (~ - s) h X ( s) , 
( 4.30) 

and 

1 (4.31) 
e~>' - s )l"+:>' - s) - H 0";,2>. - s )/;'(s) - 6H~ -s )h'X(s) 

By using the Initial Value Theorem in (4.30) and (4.31), we have Vl,8(0) 

lim svr 8(s) = 1 and v~ 8(0) = lim s(svr o(s) - 1) = O. Similarly, we have 
8--+00 ' , 8--+00 ' 

V2 ,8(0) = 0 and v~,o(O) = 1. 

The constants TJI ,TJ2 are determined such that the two boundary conditions 

(4 .14) and (4.15) to the integro-differential equation (4.13) are satisfied. They 

must therefore be the solutions to the following systems of linear equations : 

-m~,oo(b), 

À 1 (-) À 1 (-) /1 (-) 
--0'18b b -e-0'28b b -m6oo b. 

p " p' , , 
(4.32) 

We need to find the expressions for O'~ 8 b (b) and 0'; 0 b (b). For that purpose, we , ) , , . 
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differentiat e (4.9) and (4. 10) w. r.t . U and , with (4.27), we obtain 

<J~ , o ,h(U) D 1" mo,oo(u - x)fx(x)dx + T)l D 1" Vl,o(U - x) f x(x)dx 

+ 1)2D 1 "v2,o(u - x)fx(x)dx + w~ (u ), (4.33) 

<J; ,o,h(u) D 1" mo,oo(u - x )hx (x )dx + T)lD lU Vl ,o (U - x )hx(x )dx 

+ T)2D 1" V2,o(U - x) hx (x )dx + w~(u) . (4 .34) 

Substituting (4. 33) and (4.34) into (4.32) yields (4.26). 0 

4.2.3 Comments 

In (4 .24), the expression for m tS,b(u) is defined in terrns of mtS,oo (u) , Vl ,tS(U) 

and V2 ,tS (U). Cossette et al (2008) analyze mtS,oo (u) and show in particular that 

it satisfies a defective r enewal equation representation. 

It is possible to show that Vl ,tS(U) and V2,tS(U) can also be expressed as a 

defective renewal equations . In Proposition 7 of Cossette et al. (2008), it is 

dernonstrated that the cornrnon denorninator of (4.30) and (4.31) 

(
6 + ,\ ) (6 + 2,\ ) ,\ (6 + 2,\ ) * ,\ (6 ) * -p- - s -p- - s - p -p- - s fx(s) - Op P - s hx(s), 

is equal to 

( 4.35) 

where Tr is the Dickson-Hipp operator for an integrable real-valued function f 

(introduced by Dickson and Hipp (2001)) defined by 

Trf(x) = 100 

e- r(,,-x) f(u)du, r E C. 
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The properties of the operator Tr are examined in details in Li and Garrido 

(2004a). Note that the common denorninator also corresponds to Lundberg's 

generalized equation where Pl and P2 are its two distincts roots with real positive 

parts (see Cossette et al. (2008) for more details) . Moreover, the definition of 

h2 ,f> (u) is such that its L.T. is given by 

'" ( ). (5 + 2), ) * () ). (5 ) * ( ) h2 f> s) = - -- - s lx s + 8- - - s hx s . 
1 ppp p 

Using (4.35), (4.30) and (4 .31) become 

( 4.36) 

and 

* ( ) (s-pd(S- p2) v2f> s = . 
, 1 - TsTp1 T p2 h2 ,f>(0) 

( 4.37) 

Note that (4 .36) and (4.37) are similar to (24) and (25) in Landriault (2008). 

Inverting (4 .36) and (4.37) and proceeding as in the proof of Proposition 8 in 

Cossette et al. (2008), we find that (4.36) and (4.37) can be expressed as the 

following defective renewal equations : 

and 

where 

and 
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We condude that m<5,b(u) is a linear combination ofthree components (m<5,oo(u), 

Vl,<5(U), and V2,<5(U)) where each one satisfies a defective renewal equation. The-

refore, it is possible to apply the results in Willmot and Lin (2001) to these 

three components. 

4.3 Expected discounted dividendpayrnents 

As mentioned in the introduction, we now consider a second quantity of 

interest, the expectatiori of the discounted dividend payments V<5,b (u). In this 

section, we derive an integro-differential equation satisfied by V<5,b( u) (0 ::; u ::; b) 

with certain boundary conditions. From that integro-differential equation, we 

obtain a general solution for V<5,b(u) . 

4.3.1 An integro-differential equation 

As in the previous section, we use a renewal argument to establish an integral 

equation for V<5,b ( u). The first daim occurs at time t and its amount is x. We 

condition on the time and the amount of the first daim and, again, we have the 

4 following situations: 

- . t ::; b;u and x ::; u + pt : no dividend payment; 

- t > b;u and x ::; b : dividends are paid between the moment (b;u) when 

the surplus reaches the barrier and time t; 

- t::; b;U and x > u + pt : no dividend payment before ruin; 

- t > b-u and x > b : dividends are paid before · ruin, i.e. between the 
p 

monient (b-u r at which the surplus reaches the barrier and time t. 
p 
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Given the 4 possible cases described ab ove , we have 

{OO ( OO - 6( b-v.) 

+ J~-v. Jb e p pat_(b;V.) !!X,w (x, t) dxdt. ( 4.38) 
p 

The terms 

in (4.38) can be simplified and expressed in the fonn 

P -(8+>')( b-V.) 
À + be 

p, 
(4.39) 

since fw (t) = Àe->.t. Replacing (4.39) and the joint p.dJ. (4.4) for (X, W) in 

(4.38), we obtain 

b-v. u+pt 

+ÀB { .p { e-8t Vb(u + pt - x)hx(x)(2e-2>'~ -e->.t)dxdt 
Jo Jo . 

+ÀI1 h: lb e-Ô'Vô,b(b - x)hx(x)(2e~2A' - e-A')dxdt 
p 

( 4.40) 
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Substituting u + pt = s in (4.40), we have 

where 

We rewrite (4.41) as follows : 

ru VOb(U - x)fx(x)dx Jo ' 
ru Vo b(u - x)hx(x)dx .. 

Jo ' 

( 4.42) 

( 4.43) 

À 100 
(6+,À)( S-U) - 8À 100 

(- ,À)( S-U) , -V
6
,b(U) - e- -p- w -(s /\ b)ds - - e- 6+ -p- w ~(s /\ b))ds 

p u 1,6,b P u 2,o,b 

+ 28À1°Oe-(6+2,À)( S;U)w _(s/\b))ds+_P _e-(6+,À)(b;U) . (4.44) 
.p u 2 ,6,b À + <5 

The next proposition provides an integro-differential equation for the expec-

ted discounted dividend payments V6,t; ( u), derived from the integral equation 

( 4.44) . 

Proposition 25. For -1 ~ 8 ~ 1, the expected discounted dividend payment 

V6,t; (u) satisfies the following integro-differential equation for 0 ~ U ~ b : 

(
2À + <5 ) (À + <5 ) --I - D --I - D V -(u) 

p P 6,b 
~(2À+<5I_D)W -(u) 
P , P 1,6,b 

+ À~ (~I - V)w2 6 b(u), (4.45) 
PP' , 
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with boundary conditions 

1, ( 4.46) 

À - À - À+6 
- -w' _ -(b) - 8-w' -(b) + --. 

P l ,o, b P 2,c5 ,b P V"-(b) c5,b 
( 4.47) 

Proof. To derive (4.45) we begin by differentiating (4.44) w.r.t . U 

V:,b-(U ) = - ~w -(u ) + ~ (À + 6) 100 

e-(c5 +À)(~;U )w -(s /\ b)ds 
u p l ,c5, b P P u l,c5,b 

- - - - e- - p w -(s /\ b))ds - -w -(u) 8>"(>" +6)100 

(c5+>.)( S-U ) - 8>" . 
p p u 2,c5 ,b P 2,c5,b 

+28>" (2)'' + 5) 100 

e-(o+2>' ) ( S; U)w -(s /\ b))ds + e- (c5+>. )(b ; U) . (4.48) 
p p u 2,c5,b 

We apply the operator (À+ c52 -1)) on (4.44) and, using (4.48), it follows that 
p 

À 28)...21
00 

(15 2>') ( S- U ) --w -(u) - -- e- + -p- w -(s /\ b)ds 
P l,c5,b p2 u 2,c5 ,b 

. 8À 
+-w2c5b (u) . (4.49) 

p " 

Let us define 

( 4.50) 

We differentiate (4.50) w.r.t . u and, using (4.49), we obtain 

Multiplying (4.50) by 2>'+6, subtracting (4.51) and using (4.49), it follows that 
p 

(
2À + 6) À (2)", + 6) 8 (<5 ) --2 -1) KèJ-b(u) = - --2 -1) w1 15 b(u) +)...- -2 -1) w 2 15 b(u) 

p , pp" pp " 

which is equivalent to (4.45). 
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We now derive the boundary conditions (4.46) and (4.47). Letting U = b in 

(4.41) l we obtain 

Setting U = b into (4 .48) yields (4.46). Substituting (4.46) and (4 .52) into (4.45) 

with U = b ~ we obtain (4.47). 0 

4.3.2 A general solution 

_ From the integro-differential equation in (4.45) for the expected discounted 

dividend payments Vo,b (u) l we find the following result. 

Proposition 26. A closed form exprèssion for the expected discounted dividend 

payments, Vo ,b(u) , is given by 

where Vl,o(U) and V2 ,o(U) also appear in (4·24). The coefficients 'TJl(b) and 'TJ2(b) 

are determined by solving the following system of linear equations : 

( 4.54) 

and 

'TJl(b) (V~,o(b)+ (~v ru Vl,O(U - x)fx(x)dx + e~v ru Vl,o(U - X)hx(X)dX) -1 _)_ 
p Jo p Jo u=b 

+ 'TJ2(b) (V~,o(b) + (~v ru V2,o(U - x)fx(x)dx + e~v ru V2,o(U - X)hx(X)dX) 1 ~_) 
p Jo - p Jo u - b 

.À+O ( 4.55) 
p 
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Proof. From the theory of differential equations , t he solut ion to (4.45) with 

boundary condit ions (4.46) and (4 .47) is of the form (4 .53) where the constants 

'TJI (b) and 'TJ2 (b) are determined by the following system of linear equations : 

1, ( 4.56) 

Different iating (4.42) and (4.43) W.r.t. u and using (4.53) we ob tain 

'TJl(b)1J ru Vl,c5(U - x )fx(x )dx + 'TJ2(b) 1J ru V2,c5 (U - x)fx(x)dx, (4 .58) 
Jo ' Jo 

W; ,6",b( u) '71 (b) D l ' V1 ,Ii(U - x )hx(x)dx + '72 (b) D lU V2,Ii(U - x)hx(x)dx . (4.59) 

Substituting w~,c5,b (b) and w;,c5,b (b) in (4.58) and (4.59) at u = b into (4.57) 

yields (4.55).0 

4.4 Explicit solutions 

In this section, we assume that the daim amounts follow an exponential 

distribution with c.d.f Px (x ) = 1 - e- nx , p .d .f. l x (x) = Œe-nx
, and L.T. 

f* (s) = _ Œ_ , S > -(X . 

X S + Œ 
(4.60) 

From (4.5), we have 

x 2 0, 
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and 

* ( ) 2a a hx s = -- - --, s > - a . 
s + 2 Œ S + Œ 

(4.61) 

We derive explicit solut ions for m 6,b(u) when the penalty function w(x , y) 

is equal to 1 for any values of x and y (denoted by CPT
b 

(u) ) and for Vo,b ( u) . 

For both CPTï, (u) and Vo,b(u) , we find the expressions for VI ,o(S ) and V2,o(S) by 

invert ing their L.T. , vr,o (s) and v~, o(s) . Substit ut ing t he expressions (4.60) and 

(4. 61) for fx (s) and h*X( s) in (4.30) and (4.31), we obtain 

and 

(s - 20+3>' )(a + S)(2Œ + s) 
p 

(a + S)(2Œ + s) 

(0 ;>- _ s) ( 0~2 >- - S ) (a + s )(2a + s) - ~Œ ( 0~2>- - s) (2Œ + s) - e~Œ ( ~ - s) s . 

The denominator o n the right-hand side of (4.62) can be factored as 

(J + ). ) (J + 2), ) ). (J + 2), ) ' ). (J ) - p- - s - p-- s (a+s )(2a+s)-pa -p--s (2Œ ~ S)-epŒ p - s s 

= (s - pd(s - P2)(S + RI)(S + R2), 

where Pl , P2 are the roots with positive real parts to Lundberg's equation 

( J + ). ) (J + 2), ) ). (J + 2), ) * À (J ) * -p- - s -p- - s ::;=;; -p- - s fx(s) + e;; p - s hx(s), 

and -RI, - R2 denote the roots with negative rea~ parts . If PI,P2, ~RI, and 

- R2 ar~ aIl distinct, by partial fractions, (4.62) can be rewritten as 

2 2 

* () ~ çj + ~ {Jj 
vI ,o S = L..-t s _ P' L..-t s + R· ' 

j=l J j=l J 

(4.64) 
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where 

. (Pj - 2b~3~)(a + pj) (2a + Pj) 
çj = 2 2 ' j = 1, 2, 

II ( Ri + pj) II (-Pi + Pj) 
i=l i=l ,i=l=j 

and 

(3
. _ (- Rj - 20;3~ ) (a - R j) (2a - Rj) 

J - 2 2 ' j = 1, 2. 

II (Rj + Pi ) II (~- R j) 
i = l i = l ,ii'j 

Invert ing (4 .64) yields 

2 2 

V1,6 (U) = L çjePj U + L (3j e-
Rju

. 

j=l j=l 

From (4.63), we proceed similarly and we find 

2 2 
. * ( ) ~ Ç,j ~ 1/j 
v2,o S = G-- + G--R- ' 

j=l S - Pj j=l S + j 
( 4.65) 

where 

(a + pj )(2a + Pj) çj = 2 2 j = 1,2, 

II(R'i+pj ) II (-Pi+Pj) 
i= l i=l ~=I=j 

and 

(a - R j )(2a - R j ) 
1/j = 2 2 j = 1, 2. 

II (Rj + Pi ) II (Ri - Rj) 
i=l i=l,i=l=j 

Inverting (4.65) yields 

2 2 

V2,6(U) = L çj ePjU + L 1/j e-
Rj u

. 

j=l j=l 

An explicit expression for mb,oo(u) is derived in Cossette et al. (2008). We use 

M aple to find tp,e coefficients 'T/1 (or 7]1 (b)) and 7]2 (or 1]2 (b)) in the expression 

(4.24) (or (4.53)) for rpT
b 

(u) (or Vo,b(u)) as the solutions to the linear system 
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of two equations given in (4.25) and (4 .26) (or (4.54) and (4.55)). The above 

procedure is illustrated in the following example. 

Example 27. Let X r..J Exp(l) W r--.J Exp( l ), and let p = 1.5. From Cas­

sette et al. (2008)) we recall in Table 1 the analytic expressions for the expected 

discounted value of the deficit at ruin 

mc5,oo(U) = E [e-OTIU(T)II(T < oo)IU(.o) = u] 

that are obtained for 0 = 0 . .05 and for various values of the dependence parameter 

e. 

e mo,oo (u) 
------------------------------~ 

-1 0.699744e-O.320665u + 0.036648e-2.219873u 

-0.5 0.659910e-O.350091u + 0.017148e-2.114344u 

o 0.61370ge -O.386291u 

0.5 .0.559117 e-O.432150u - 0.013441e-1.873929u 

1 0.49283ge-0.492794u - 0.02.0707 e-l. 731038u 

We fix the constant dividend barrier b at 10. The analytic expressions for the 

expected discounted deficit at ruin in terms of the initial surplus u with different 
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values of the dependence parameter () are provided in Table 2. 

() m 8,t;(u) 

-1 O.676864e-O.320665u + O.037593e-2.219873u + O.037351eo.o84032u 

-0.5 O.641740e-O .350091u + O.017575e-2.1l4344u + O.03076geo.085124u 

0 O.600291e-O.386291u + O.023751 eo.086291u 

0.5 O.55000ge - 0 .432150u - O.01373ge - 1.873929u + O.017071 eo.087541u 

1 0 .487522e-0.492794u - O.021144e-1.731038u + O.010763eo.o88886u 

The five functions are depicted in Figure 4 ~ 8 .. 

c 
'5 
a:: 
iû 

0,8 

0,7 

0,6 

~ 0,5 
10: 

o 
~ 

~ 0,4 

~ 
i5 
~ 0,3 

a. 
~ 0,2 

0,1 

Expected Discounted Deficit at Ruin 

4 10 

Initiai Surplus u 

12 

FIG. 4.8 - Expected discounted deficit at ruin for values of the dependence paI.'ameter () 

equal to -1, -0,5, 0 (independence), 0.5 , and 1. 

In Table 3 below, we provide the analytic expressions · for the expected dis-
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counted dividend payments V6,b ( u) with initial surplus u for different parameters 

e. 

e 

-1 -2.946450e-O.320665u + O.121683e-2.219873u + 4.809853eo.084032u 

-0.5 - 2.845440e-O.350091 u + O.066905e-2. 114344u + 4.816056eo.085 124u 

0 - 2.699233e-O.3B6291U + 4.777755eo.086291U 

0.5 -2.538068e- 0.432150u - O.08321ge-1.873929u + 4.757324eo.087541u 

1 -2.328715e-o.492794u - O.191435e-1.731038u + 4.714218eo.o88886u 

The five functions are shown in Figure 4.9. 

Expected Discounted Dividends Until RLiin 

10. 12 

. Initial Surplus u 

FIG. 4.9 - Expected discounted dividend payments for values of the dependence parameter 

e equal to -l , -0.5, 0 (independence), 0.5, and 1. 
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We observe that, for a fiXed dependence parameter 8, the expected discounted 

deficit at ruin decreases as the initial surplus increases while the expectation of 

the discounted dividend payments increases. Also, for a given initial surplus u, 

the expected discounted deficit at ruin decreases as the dependence parameter 

8 goes from -1 to 1 while the expectation of the discounted dividend payments 

increases. Comparing two cases with () > ()' (with identical initial surplus u)J 

the probability that ruin occurs sooner is higher when the dependence parameter 

is 8 rather than 8' which implies that the dividends are expected to be paid on a 

shorter period in the first case than in the second one. 
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CHAPITRE V 

Constant dividend barrier in a risk model with a 

generalized Farlie-Gumbel-Morgenstern copula 

Résumé 

Dans ce papier, nous considérons le processus classique du surplus en présence 

d 'une barrière constante de dividende . Une structure de dépendance entre les 

montants de réclamation et le temps séparant deux sinistres est introduite 

par la copule de Farlie-Gumbel-Morgenstern généralisée. Une équation intégro­

différentielle avec des bornes de frontière est dérivée. Sa solution est exprilnée 

comme la somme de la fonction de pénalité Gerber-Shiu en l'absence de la 

barrière de dividende plus une combinaison linéaire de (c + 2) solutions parti­

culières indépendantes . De plus, nous déterminons une solution explicite pour 

le cas où les montants de sinistres sont de loi exponentielle. Pour terminer, nous 

étudions l'impact de la dépendance sur le temps de la ruine et sur le déficit à la 

ruine. 



Abstract 

In this paper, we consider the classical surplus pro cess with a constant dividend 

barrier and a depenqence structure between the daim amounts and the inter­

daim times. We derive an integro-differential equation with bouridary condi­

tions . Its solution is expressed as the Gerber-Shiu discounted penalty function in 

the absence of a dividend barrier pius a linear combination of (c+2) linearly inde­

pendent particular solutions to the associated homogeneous integro-differential 

equation. Finally, we obtain an explicit solution when the daim amounts are 

exponentially distributed and we investigate the effects of dependence on ru in 

quantities. 
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5.1 Introduction 

In t he actuarial literature, risk models under a dividend strategy have been 

the subject of several research papers since t hey have been init ially proposed by 

De Finetti (1957) for a binomial model. In the context of the classical risk model, 

we mention Bühlmann (1970) and Gerber (1979) who consider the problem of 

opt imal dividend st rat egy in t he classical compound Poisson risk model. More 

recently, Lin et al. (2003) carry an extensive study of the expected discounted 

penalty function in the context of the compound Poisson risk model with a 

constant dividend barrier strategy and Gerber and Shiu (2006) consider optimal 

dividend strategies. Within the same framework, Albrecher et al. (2005) consider 

a linear dividend barrier strategy while Lin and Pavlova (2006) and Lin and 

Sendova (2008) examine threshold dividend strategies . Li and Garrido (2004) 

find t he expression for t he expected discounted penalty function within a class 

of compound renewal'risk models . Landriault (2008) consider a c.Qnstant barrier 

strategy in the coritext of the compound Poisson risk model with dependence 

proposed by Boudreault et al. (2006). 

In the classi"cal risk model, the definition of the surplus pro cess is based on " 

the compound Poisson process which considers independent the interclaim times 

and the daim amounts (see e.g. Gerber (1979) , Grandell (1991), and Rolski et al. 

(1999)). In different practical situations, this assumption may be too restrictive 

and more fiexibility within the model is called for. In this paper, we consider the 

dependence structure defined with the generalized Farlie-Gumbel-Morgenstern 

(FGM) copula, as proposed in Cossette et al. (2008). Other types of dependence 
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structures for the joint distribution of the interdaim time and the daim amount 

have previously been considered, notably in Albrecher and Boxma (2004) and 

Boudreault et al. (2006). Albrecher and Teugels (2006) consider a dependence 

structure for (X, W) based on a copula. 

The objective of the present paper is to study the expected discoUnted pe-

nalty function in an extension with dependence of the classical risk model and 

assuming a constant dividend barrier strategy. In Section. 5.2 , we present the 

risk model with a dependence structure based on the generalized Farlie-Gumbel­

Morgenstern (FG M) copula induding a constant dividend barrier strategy. In 

section 5.3, we derive the expected discounted penalty function with a constant 

dividend barrier as a solution to an integro-differential equation with boundary 

conditions. In section 5.4, the special case where the distribution of the daim 

amounts is exponential is considered in detail. 

.5.2 The risk model 

For an insurance portfolio, the surplus pro cess is Il = tu (t) ,t' 2: O}. The 

surplus level at time t, U (t), is defined by 

U (t) = u + pt - S (t) , 

where. U (0) = u is the initial surplus, p is the premium rate, and s... = {S (t), t E IR+ } 

is the aggregate daim amount process. In the dassical risk model, s... is a com­

pound Poisson process with S (t) = L:;J~) X j (2:: equals 0 if b < a) where 

N = {N (t), t E IR+} is a Poisson process with parameter À. The random va-
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riable (r.v. ) X j (j = 1,2, ... ) corresponds to the amount of the jth daim. The 

t ime b etween the (i - l )th and the i th daim (i = 1,2, ... ) is defined by the 

r.v . Wi (with Wo = 0). The d aim amounts { Xj, j E N"+ } form a sequence of 

i.i .d. r.v. 's distributed as the r.v . X with probability density function (p .d.f.) 

f x, cumulative distribut ion fULlction (c.d.f. ) Fx and Laplace transform (L.T. ) 

Ix. T he interclaim times {Wj , j E N"+} form a sequence of independent r.v.'s 

identically distributed as the canonical r.v.W . The r.v. W has an exponential 

distribution with expectation ~ with p .d.f. f w, c.d.f. Fw and L.T. f iv with 

f w (t ) À - ).. t e , (5.1) 

Fw (t) 1 - )..t -e , (5.2) 

f iv (s) E [e-sW ] = _À_. 
À+s 

In Cossette et al. (2008), {(Xj, Wj ) ,j E N+ } form a sequence ofi.i .d. random 

vectors distributed as the canonical random vector (X, W), in which the com-

ponents may be dependent. The joint p.dJ. of (X, W) is denoted by fx,w (x , t) 

with t E IR+ and x E lR+ . The associated bivariate L.T. îs given by 

T he joint distribution of (X, W) is based on the generalized Farlie-Gumbel-

Morgenstern copula. Proposed by Rodrfguez-Lallena and Ubeda-Flores (2004), 

this copula is defined by 

C(u, v) = uv + eh (u) 9 (v ) , (5.4) 
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for every (u , v) in [0,1]2. Conditions and examples for h (u) and 9 (v) are also 

presented in their paper. In the present paper , we consider the special case where 

heu) = ua (1 - u)b and g(u) = uC (1- u)d with a, b, c E {2, 3, .. . }, and d > l , 

which means that 

(5.5) 

The lower and upper bounds for the dependence parameter e such that (5.5) is 

a proper copula depend on the values of a, b, c, d (see Rodriguez-Lallena and 

Ubeda-Flores (2004)). For instance, if a = b = c = d = 2, then -27 ~ e ~ 27. 

The p.d.f. associated to (5.4) is given by 

c ( u , v) = 1 + eh' (u) g' (v) . (5.6) 

The joint c.d.f. Fx, w is defined by 

Fx,w(x , t) C(Fx(x), Fw(t)) 

Fx(x)Fw(t) + 8Fx(x)a(1 - Fx(x))b Fw(tr(1 - FW(t))d . 

With (5.6), the joint p.dJ. fx,w of (X, W) is given by 

fx,w(x, t) c (Fx (x) ,Fw (t)) fx(x)fw(t) 

fx (x )fw(t) + eh' ((Fx(x ))g' ((Fw(t) )fx (x )fw(t). 

To simplify the presentation, let 

kx (x) = fx(t)h' (F;(x)), (5.7) 

and 

kw(t) = !w(t)g' (Fw(t)). (5.8) 

129 



With this notation , the p.d.f. of (X, W) can be written as 

! x ,w (x, t) = ! x(x) ! w(t) + Bkx (x) kw (t) . (5 .9) 

The associated L.T. of kx(x ) and kw(t ) are denoted kx(s) and k iV(s) , respec-

t ively. 

In the following lemma, we provide analytic expressions for kw (t) and 

kiV(s) . 

Lemma 28. The function k w (t) defined in (5.8) can be expressed as 

c+1 

kw (t) = L aie- À it 

i =l 

and its associate L. T. is given by 

ktv ( s) 
rr~:; (s + Ài ) 

c+1 

Ls:iÀ_' 
i =l t 

where 

Ài = À(d + i - 1), 

and 
c+1 

TC+1(S) = II (s - Àj). 

j=l 

Proof. See Cassette et al. _(2008). 0 

(5.10) 

(5.11) 

(5.12) 

(5 .13) 

(5.14) 

Note that both kx (x) and kw (t) are not proper p.d.f. and that, given the 

Initial Value Theorern, we have 

c+1 'ÀC 

Lai = kw (0) = lim skiV (s) = lim s C+~· s = 0 (5.15) 
i =l 8-+00 8-+00 I1i=l (s + À i ) 
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for c > 1. This result can also be obtained with Lemma 1 of Li and Garrido 

(2004) with So = 0 and m = 1. 

Let Llb = {Ub (t) , t 2 O} be the surplus pro cess under the constant barrier 

b where Ub(t) is the amount of the surplus at time t and Ub(O) = u is the initial 

surplus. U nder a constant barrier strategy, there is a horizontal barrier of level 

h ~ u such that wh en the surplus reaches h, dividends are paid continuously to 

shareholders at the premium rate until a new daim occurs. The surplus Ub(t ) 

can never therefore exceed b. The dynamic of the surplus pro cess Llb is defined 

as 

1 
pdt - dS(t), 

dUb(t) = 

- dS(t), . 

Ub(t) < b, 

Ub(t) = b. 
(5.16) 

Let Tb = inf {t > 0, Ub(t) < o} be the first time the surplus pro cess (5.16) 

becomes negative. The expected discounted penalty function with a constant 

dividend barrier b is given by 

m6,b(u) = E [e- 8Tii w (U(Tb- ), IU(Tb)l) I(Tb < oo)IUb(O) = u], 0:::; u:::; b, 

(5.17) 

where w(x, y) , for x, y 2 0, is the penalty functibn at the time of ruin for the 

surplus prior to ruin and the deficit at ruin, 5 2 0 is the force of interest and 1 

is the indicator function such that I(A) = 1 if the event A occurs and equals 0 

otherwise. In particular , if w(x , y) = l, 

(5.18) 

is the L.T. of the time of ruin, Tb ' with respect to 5. 
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5.3 Expected discounted penalty function with 

a constant dividend barrier 

The expected discounted penalty function with a constant dividend barrier, 

m
8

,b (u), is obtained in three main steps. In the first step, we derive an integro­

differential equation for mO,b( u). In the second step, we identify the boundary 

conditions for this integro-differential equation and, finally, we find a solution 

ta the integro-differential equation which provides the expression for 'm8,b (u). 

5.3.1 Integro-differe~tial equation for mo,b(u) 

The derivation of the integro-differential equation for m8,b (u) is based on a 

renewal-type argument. We condition on the first occurrence of a daim W 1 = t 

and its amount Xl = x. There are 2 main scenarios : if the first daim occurs 

before :the surplus reaches the constant dividend barrier, then no dividends 

are paid; otherwise, dividends are distributed between the time b;U when the 

surplus reaches the barrier and the time of occurrence t of the first daim. In the 

first scenario, the first daim is either greater or lower than u + pt which means 

that the surplus becomes negative or remains positive and ruin occurs or not. 

Similarly, in the second scenario, the first daim is greater or lower than b which 

leads to ruin or no ruin. When ruindoes not occur, the renewal argument can 

be applied in both scenarios, which means that the surplus pro cess starts anew. 
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In summary, mc5 ,b(u) can be expressed as follows : 

r' ;U f"+pt e-litmli b(u + pt - x)fx,w (x t) dxdt 
Jo Jo ' 

+ l : lob e-litmli,b(b - x) fx ,w (x, t) dxdt 
p 

b- u 

+ ( -p- ( 00 e-c5t w(u + pt, x - u - pt)fx,w (x, t) dxdt 
Jo Ju+Pt 

+ l : lX' e-litw(b, x - b)fx,w (x, t) dxdt. (5.19) 
p 

With the p.d.f. (5.9) of (X, W) , (5.19) becomes 

mli,b(u) = À r b;U f" +pt e-li'm
li 

b(u + pt - x)fx(x)e-Àtdxdt 
Jo Jo ' 

+ À l~u lb e-li'mli,b(b - x)fx(x)e-À'dxdt 
p • 

b- u 

+ À (-p- ( 00 e-c5t w(u + pt, x - u - pt)fx (x)e- >. tdxdt 
Jo Ju+Pt 

+ À l~u 100 

e-litw(b , x - b)fx(x)e- Àtdxdt 
P 

+ () r';U f"+pt e-li'mli b(U + pt - x)kx(x)kw(t)dxdt 
Jo Jo ' 

+ () l~u lb e-litmli,b(b - x)kx(x)kw(t)dxdt 
P 

b- u 

+ e (-p- (00 e- c5t w(u + pt, x - u - pt)kx(x )kw(t)dxdt 
Jo Ju+Pt 

+ () l~u 100 

e-litw(b, x - b)kx (x)kw(t)dxdt. (5.20) 
P 

For simplification purposes, .we define the following functions that will be used 

for the remainder of the paper : 

(5.21) 
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and 

()2(Z) = ( Z mIS b(Z - x)kx(x)dx + W2(Z), Jo ' (5.22) 

where 

w, (z ) l X> w(z, x - Z)!x(x)dx 

W2 (Z ) 100 
w(z,x - z)kx(x)dx. 

Given (5.21) and (5.22), (5.20) becomes 

b-u 1o-P

- e-J'Àe- À
'", (u + pt) dt + h~ e-o' Àe-À'", (b)dt 

P 

b- u 

+f) 1o-P 

e-J'kw (t) "2 (u + pt) dxdt + 8 h~ e-J'kw (t) "2(b)dt. (5.23 ) 
P 

Letting S = u + pt in (5.23) and using Lemma 28, we get 

pm<5,b(u) = À1b 
e-(J+À)( ' ;;") ",(s)ds + À (00 e-(J+À)(';;")",(b)ds 

u Jb . , 
c+l b c+l 00 ' 

+8 ~ ai 1. e-(J+À i )(';;")"2(S)ds + 8 ~ ai 1. e-(J+À;)( ';;") "2(b)ds, 

which can also be written as 

, À 100 
(<5 >.)( S- U) - e ~ 100 

(<5 >. ,)( S- U) -'m<5,b(u) = - e- + - P- ()1(S 1\ b)ds + - ~ ai e- + t -P- ()2(S 1\ b)ds , 
p u P i=l u , 

(5 .24) 

where SI 1\ S2 = min (SI ; S2). In order to derive an integro-differential equation 

for m<5,b(u), we need the following lemma. 

Lenima 29. For Ài (i = 1,··· ,c+ 1) defined by (5.12), we have 

0, l = 0,··· ,e - 3, 

l = c - 2, 

l = c - 1, 
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Proof. Since Ài (À - ÀdI1~=l (À j - Ài ) is a polynomial of degree (l + 2) in 

Ài, we have 

This leads t o 

Based on Lemma 1 on page 395 (and also on the relations on page 400) of Li and 

Garrido (2004) , the terms summed in (5.25) are equal to zero for l = 0, ... ,c-3. 

For l = c - 2, we have 

If l = c - l, we obtain 

Finally, if l = c, we have 

which completes the proof. 0 

Let us now derive an integro-differential equation for the expected discounted 

penalty function with a constant dividend barrier b, m 8,b(u). 
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Theorem 30. Theexpected discounted penalty function with a constant divi-

dend barrier b, denoted m c5 ,b(u), satisfies the following integro-differential equa­

tion for 0 :s; u :s; b, 

where l and D are the identity and differential operators. 

Proof. First, we take the derivative on bath sides of (5.24) W.r.t. u yielding 

m' -(u) = -~O"l(U) + ~ (À + 0) 100 

e- Cc5 +>')C
S
;U) CT l(S 1\ b)ds 

o,b ppp u 

(5.26) 

+~c!ÀC( _1)C-1 ~ f À; (Ài + 8) 100 
e- Cc5 +>'dC

S
; U) CT2(S 1\ b)ds, (5 .27) 

P i=l Tc+ 1 (Ài ) Pu . 

for ° ::s; u ::s; b, since ~~:::~ ai = O. Then, we multiply (5.24) by >'~c5, ta which we 

subtract (5.27) and obtain 

(5.28) 

where 

go b(u) = c!ÀC( -1)"-1 ~ f Ài (À - À;) 100 
e-(o+>'dC S;U) 0"2(S 1\ b)ds . 

, i=l Tc+1 (Ài ) P . u 

(5.29) 

c+l À + 8 
In order to apply the operator II ( 7 l - D) to (>'~o l - D ) 11l;o,b (u), 

j=l 

we first take the derivative W.r.t. u on bath sides of (5.29). Given Lemma 28 

with l = 0, we find 
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which allows us to derive the following result : 

Due to Lemma 29, we must apply the operatorrr;! iC>- i;o I - D) successively. 

First, we apply the operator rr;:~ ( Ài:o l - D) to both sides of (5.30) with 

Lemma 28 for l = 0,' . . ,C - 3 to obtain 

c-2 À ' J 'ÀC c+ l À · c-2 100 s-u. _ 

II (~I-D)g -(u) = (_1)C-l _C._ ." 'L (À - >-i) II(À -- À i ) e- (o+Àd(-p )(J2 (sl\b)ds. 
P 6,b pc-l ~ T' (À) J 

j =l i =l c+l i j=l U 

(5.31) 

We repeat the operation by applying the oper~tor (>'c-; +0 l - D) to both sides 

of (5.31) and, using Lemma 28 for l = C - 2, we find 

With Lemma 28 for l = c - l, we apply the operator (>,c:o l - D) on both si des 

of (5.32) which leads to 

Finally, the operator (>'c+~ +0 l - D) is applied to both sides of (5.33) with 
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Lemma 28 for l = e :. 

c+1 À . + c5 

II (_ J -I - V)g --(u) 
P ô,b 

j= l 

which is equivalent to 

(5. 34) 

c+1 À . + c5 . 
Finally, applying the operator II (_. J __ I - V) to both sides of (5 .28) and 

j= l p 

using (5.34) yields (5.26). 0 . 

5.3.2 Boundary conditions 

The next step in the derivation of an expression for mo,b (u) is to find the 

boundary conditions to the integro-differential equation (5.26) for mo,b (u) gi-

ven in Theorem 30. Before stating these conditions, w·e need the two following 

lemmas. 

Lemma 31. ForÀi and ai (i= 1,··· ,e+l) definedin (5.12) and (5.13), we 

have 

0, l = 0,··· ,e - 2, 
c+1 . 

L ai(Ài + c5)l = l = e - 1, 
i=l 
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Prbof. Define 

c+l 

k8(t) = L aie-( ).i+8)t = e- Mkw (t) 
i=l 

and its associat ed L.T. k8(s) = ki:v (s + 6). By the Initial Value Theorem , we 

have 
c+l 

k8 (0) = .kw (0) = L ai = lim sktv(s) = O. 
s - oo 

. i=l 

With the Initial Value Theorem and (5 .10) ; the lth derivative of k8(t) , de-

noted by k~l ) (t ) and for l = 0, 1, 2, .. . , c are the following when evaluated at 

t = 0: 

c+ l 

k~l)(t) 1 = '" ai( -1)l(Ài + 6)l = lim sl+lk8"(s) = lim sl+l ktv (s + 6) == 0, 
t=O L...,; 5-+00 5 -+ 00 

i= l 

for l = 0, 1, 2, ... , C - 2 ; 

and 

c+l 

L ai( -1)C(Ài + 6)C 
i=l 

lim s(scktv(s + 6) - c!ÀC
) 

5-+00 . 

1. (C c!À
C (s+6) I\C) lm s s - C./\ 

5-+00 Il~~:(s + 6 + À i ) . 

c+l 

-c!ÀC (c6 + L À i ). 

i=l 

o 

Lemma 32. For u ::s; b, the derivatives of arder n = 1,2, ... , C + 1 of m 8,b (u) 
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are as foll ows : 

(C+ l)( ) 
mO,b U 

Proof. We use induction to prove the desired result. The case n = 1 reduces 

to (5 .27) . We assume that (5 .35) ho Ids for n = l, ... ,c-2. Taking the derivative 

of (5 :35) w.r.t . u , we obtain 

m(~+l ) (u) = - ~ (I:: (,\ + ") n-j-l O"ij +1) (U)) + ~ C + "f+1 t'" e-(O+À )( ' ;U) O"l(S /\ b)ds 
o,b P j=O ' P . P P lu 

. . 

e c+l 6 n+l 00 + - Lai Ci +) r e-(JH;)(';") 0"2(S /\ b)(is 
P i=l P lu . 

- ~ C + "f O"l(U) - ~ I: ai Ci + "f 0"2(U) 
pp . P i=l . P 

Using Lemma 31 with l = 0, ··· ,c - 2 and with simple rearrangements, we 
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obtain 

(n+l)( ) 
m 6,b u 

which corresponds to (5.35). 

The derivative of (5.35) with n = c - 1 W.r.t. u is 

which leads to (5 .36) with l = c - 1 in Lernma 31. 

Similarly, we find (5.37) by differentiating (5.36) and using Lemma 31 with 

l = c. 0 

The boundary conditions t a the integro-differential equation (5.26) for m5,b(u) 

are provided in the next theorem. 

Theorem 33. The integro-differential equation (5.26) for m5,b(u) satisfies the 

following c + 2 boundary conditions : 

m 5,b(b) 

m(l) (b) 
5,b 

men) (b) 
5,b 

o· ) 

(5.38) 

(5.39) 

(5.40) 

(5.41) 
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Proof. Setting u = b in (5.24) yields 

With s = 8 in (5.11) and (5.10), we obtain (5.38). The second condition is 

derived by letting U = b in (5.27) and with l = 0 in Lemma 31. For the third 

condition, we let u = b in (5.35) of Lemma 32 to find. 

n = 1,' " ,c - 1 

which combined with l = 0, ... ,c - 2 in Lemma 31 leads to 

n = 2,' .. ,C - 1. 

When n = c, we use (5.36) with u = band Lemma 31 with l = C - 1. Similarly, 

(5.41) is obtained with u = b in (5.37) and Lemma 31 with l = c. 0 

5.3.3 A general solution 

In the final step, we determine an expression for the expected discounted 

penalty function with a constant dividend barrier, mo,b(u). 

Theorem 34. A closed form expression for mO,b(u) is given by 

c+2 

mO,b(u) = mo,oo(u) + L 7}lVl,o(U), 0 ~ u ~ b, (5.42) 
l=l 

where mo,oo ( u) corresponds to the expected discounted penalty function without 

a dividend barrier as defined in Cossette et al. (2008). The constants 7}1, ... 7}c+2 
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are such that the system of linear equations in Theorem 33 holds. The L. T. of 

Vi,O(U) for i=l ,2, oo ., c+2 are provided in (5.60). 

Proof. See the appendix. 0 

Remark 35. In the proof of Theorem 34 , which has been moved to the appendix, 

the denominator of (5.58), given by 

(
5 + À ) Crr+ 1 (<5 + Ài ) À Crr+ 1 (J + Ài ) * cl À C (J + À ) (J ) * ---s . - ,--s - - ---s fx(s) - e-c - , - - s -- s kx(s) , 

P i= l ' P P i=l ppp P 

corresponds to Lundberg '8 generalized equation where Pj, j = 1, ... c + 2 are the 

roots with real positive parts. We refer the reader to Cossette et al. (2008) for 

additional details. If the Pj', j = 1,'" c+2 are distinct, the term (c+l,O(S) defin ed 

in the proof of Theorem 34 can be expressed as 

by the Lagrange interpolating formula. This will be useful in the computation of 

mO,b( u) as ill.ustrated in Section 5·4· 

Remark 36. The rootspj, j = 1,'" c + 2 are also useful to derive the de-

fective renewal equations for mo,oo (u) (see in Cossette et al. (2008)) and for 

Vl,o(U), ','" VC+2,o(U). See Willmot and Lin (2001) for. applications and results 

on defective renewal equations. 
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5.4 Explicit solution with expo~entially distri-

buted claim amounts 

In this section, we consider the case when the individual daim sizes are 

exponentially distributed. More precisely, we derive an explicit expression for 

the L.T. of the time of ruin Tb with respect to 6, cPTF, (u), defined in (5.18). One 

can interpret 4JT
b 
(u) as the expected discounted value of one dollar paid at ruin. 

We suppose that the parameter ,a of the generalized FGM copula is a strictly 

positive integer and that the individual daim amount r.v. X follows an expo-

nential distribution with fx( x) = ae-ax and 

f5«s) = _a_. 
s+a 

(5.43) 

Given the assumption for the distribution of X and t he definitions of the func-

tions h (with a E {l, 2, ... }) and 9 (with c E {2, 3, ... }) in the generalized FGM 

copula, kx(x), defined in (5.7), has the same form as kw (t). W"e can therefore 

use Lemma 28 to find the following L.T~ associated to kx(x) : 

when~ ai = a (b + i - I) (i = l, . . . ,a + I) and 

a!aa( -ai) 
bi = --a-+-l---------

II (-ai + aj) 
j=l,ji:i 

(5.44) 

We replace f5«s) and k-X(s) in (5.60) by (5.43) and (5.44) and then we 
a+1 

multiply the numerator and the denominator of (5.60) by (a + s) II (s + aj) to 
j=l 
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obtain 

* () Xl ,i,a+c+3,o(S) 
Vi ,o S = ( ) , 

X2,a+c+4 ,6 S 
i =I , ... · ,c+ 2, (5.45) 

where 

{

a+l } 
Xl,i,a+c+3,o(S) = (Œ + s) rr (s + Œj) ( i,c+l ,o(S ), 

J=1 

and 

X2 ,a+c+4,o (S) 

Note that Xl,i,a+c+3,o(S) and X2,a+c+4,o(S) are polynomials of degree a+c+3 

and a + c + 4 respectively. 

The polynomial X2,i,a+c+4,o(S) has c + 2 roots Pl , ···,Pc+2, with ~(Pj) > 0 

for j = 1,'" , c + 2 (see Remark 35), and a + 2 roots -RI, ... , -Ra+2 with 

~(Rj) > 0, for j = 1,' " ,a + 2. Assuming the roots {Pj, j = 1, ... , c + 2} and 

the roots {- Rj ( 5), j = 1, ... , a + 2} distinct, we use the Lagrange interpolating 

polynomial formula both on the numerator and the denominator of (5.45) to 

o obtain 

Xl ,i,a+c+3,o (s) 

and 
c+2 a+2 

(
s - PO) rr (S+ R') 

X2,a+c+4,o(S) = X2,a+c+4,o(0) rr ~ T . 
j=l PJ j=1 J 

(5.47) 
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Combining (5.46) and (5.47) t o (5 .45) , one gets 

a+2 c+2 
* ( ) - L ŒI,i ,j + L Œ2 ,i ,j v ' cS s - -- --
t , S + R · s - P . ) 

j=l J j = l J 

(5.48) 

for i = 1, . . . ,c + 2, where 

and 

X I,i ,a+c+3 ,cS (Pj) rr;:î ( - Pj ) Il;:!; R j 

Œ2 ,i ,j = X2,a+c+4,cS (0) rr~:î (Pj + R k ) rr~:~ , k#j (P j - Pk) . 

Taking the inverse of the L.T . in (5.48), for i = 1, . .. , c + 2, leads to 

a+2 c+2 

( ) L - R ·u L P 'U V · .1: U = ŒI · ·e J + Œ2 . ·e J t, u ,1"J ,t ,J ' i=I ,'" ,c+ 2. (5.49) 
j = l j =l 

T he closed fo rm expression for the L.T. of the t ime of ruin T 00 with no 

barrier, denoted CPT 00 (u), is given by 

(5.50) 

where the det ails on the derivation of <PToo (u) and the definition of the (Jj's 

are provided in Cossett e et al. (2008). Letting (5.49) and (5.50) in (5 .42) , the 

expression for <PTb ( u) is 

Given that the inclusion of a dividend barrier does nat impact Lundberg's 

generalized equation , the roots -RI , ... , - Ra+2 are the same whether a barrier 

is assumed or not . 
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Example 37. Let X r-v Exp(l), W r"'.J Exp(l) . Also, let all the parameters of 

the generalized FGM copula be fixed at 2. The force of interest b = 0.05, the 

premium rate p = 1.5, and the constant dividend barrier b is fixed at 6 and 8. In 

Table 1, we provide the analytic expressions for the L. T. of the time of ultimate 

ruin (or the expected discounted value of 1 paid at min) 1YT
b 
(u) fo r an initial 

surplus u with different values of the parameter e which are derived by Maple. 

The values taken by CPTb ('U) are depicted in Figure 5.10. In the table, values have 

been rounded ta 3 decimal places. 

e Expressions fo r 1YT
b 
(u) with a dividend barrier b = 6 

-20 O.565e- O.348u + 0.021e-1.598u - 0.038e- 3.795Ucos(O.981u) - 0.056e-3 .795Usin(0.981u) + O.161 eo.o85u 

-5 O.543e-O.376u + 0.013e-1.836u - 0.017e-3.606Ucos(0.365u) - O.065e-3 .606u sin(0.365u) + O.145eo.o86u 

0 0.543e-O.386u + 0.125eo.086u 

5 0.537e- O.396u - 0.012e-4 .230u + 0.017e- 2.359Ucos(0.280u) - 0.101e- 2.359u sin(0.280u) + 0.113eo.o87u 

20 0 .511e-0.430u - O.026e-4.608u + 0.050e-2.094ucos(0.868u) - 0.117e-2.o94u sin(0.868u) + 0.076eo.088u 

In Figure 5.10, we clearly observe the impact of the dependence parameter 

e on bath ruin quantities, CPTb (u) and m t5 ,b (u). In arder ta compare the impact 

of a dividend barrier, we plot in Figure 5.11 the values of 1YT
b 
(u) (b = 6) and 

1YToo (u) (no dividend payments) for e = -20 and 20. For a fixed value of the 

dependence parameter e, we observe that the expected discounted value of 1 paid 

at ruin increases with the introduction of a barrier for any value of initial surplus 

u. We can.Jind the expressions for c/JToo (u) in Cassette et al. (2008). 
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Laplace transform of the time of ru in (barrier = 6) 

0,6 

0,2 

0,1 

Initial surplus u 

- - Dependence parameter = -20 

. . - --- -Dependence parameter = -5 

-- Independence 

- . -~ Dependence parameter = 5 

- -. - -Dependence parameter = 20 

FIG. 5.10 - Laplace-Tra nsform of the time of ru in for values of the dependence paramet er 

(J equa l to -20, -5, 0 (independence), 5, a nd 20. 

5.5 Appendix 

Proof of Theorem 34. It follows from the general theory of differential 

equations that every solution to the (c .+ 2) order non-homogeneous integro-

differential equa~ion (5.26) for 'mb,b(u) from Theorem 30 with boundary equa-

tions (5 .38) , (5.39), (5.40) and (5.41) provided in Theorem 33 can be expressed 

as a particular solution m8,cx:> (u) (the Gerber-Shiu function in the absence ofa 
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Laplace transform of the time of ruin (no dividend and dividend barrier at 6) 

.. .... -Dependence parameter = ·20 and no dividend 
barrier 

- - Dependence parameter = ·20 and divideod 
barrier al 6 

_ .. - -Dependence parameter = 20 and no dividend 

barrier' 

-- - Dependence parameter = 20 and dividend 
barrier al 6 

FIG. 5.11 - Values of <PTt, (u) (dividend barrier at b = 6) and <PToo Cu) (no dividend payments) 

for (J = -20 and 20. 

dividend barrier) plus a linear combination of c+ 2 linearly independent solutions 

to the associated homogeneous integro-:-differential equation. 

The discounted penalty function without a barrier , mc5,oo ( u), is a solution to 

a defective renewalequation , as shown in Cossette et al. (2008) and satisfies an 
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integro-different ial equat ion defi ned by 

c+1 À ' + 6 À + <5 . À c+ 1 À ' + 6 (lU ) II (-J-I - v) (--I - V) m 8,oo(u) = - II (-J-I - V) mo,oo(u - x) fx(x) dx + W1(U ) 

j =1 PPP j = 1 P 0 

+ e~;c C ;c5I _ D)(~I _ D) ({ mb,=(U-X)kx(X)dX+W2(U») 

T he functions {Vi ,8 ( u) l 71, ~ O} i = 1, . . . l C + 2 are c + 2 linear ly independent 

solutions to the homogeneous integro-different ial equation 

(5 .51 ) 

where 

is an (c + 1) th-order linear differentiation operator. Note that (5.51) corresponds 

to the integro-different ial equation (5.26) given in Theorem 30 from which t he 

t erms involving the functions W1 and W2 have been removed. For that purpose, 

we need t o find t he L.T. of Vc5 (U) from (5 .51) , which èan be expressed as 

(5.52) 

where 

d(u) P(D) C'; 0 I - D )Vb(U) 

c+1 c+1 

À + 6 Povo(u) + À + .6 L PkVkvo(U) - L PkV k+1V8(U) 
P P k=1 k=O 

(5 .53) 

P(D) lU Vb (U - z )fx(z)dz 

c; °I - D) (~I - D) [ v,i(u - z )kx(z)dz. 
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The corresponding L.T. to (5 .52) is 

*() À *() 8c!À
c 

*( ) d s = -q1 S + --q2 S . 
P pc 

(5.54) 

Consequently, we need to find the L. T. d* (s ), qi (s ), and q2 (s ) . 

Taking the L.T . on both sides of (5.53) yields 

d* (s) 
- c+1 k 

À+6 D * ( ) ). + 6 'p [ .k *() ~ k-j j-1(0) ] -. -.rOv8 S + --G k v8 s - ~s v8 
P P k=l j=l 

c+1 k+1 
- L Pk[sk+1v;(s) - L sk+1 -j v~ - 1(0)] 

k=O j=l 
c+1 c+1 k 

( 6+À ) il (J+Ài ) *() À+6"p" k-j j-1(0) ---s -- - s v8 s ---~ k~S v8 
P i=l P P k=l j=l 

c+1 k 

+ L Pk L sk-jv~(O), 
k=O j=O 

which becomes 

c +1 c+1 k J 
d*(s) = (8 + A _ s) il (8 + Ai - s ) V6"(s) - L Pk L sk-j (~v~-\O) - v~(O)) 

P i=l P k=l j=l P 

c+1 

+ POV8(0) + L Pk skv8(0) 
k=l 

Similarly, the L.T. qt(s) and Q2(S) are given by 

and 

Cl +A _ s) (~ - s )kx(s)V6"(s) - D r V8(U - X)kx(x)dxl . (5.57) 
P P Jo u=O 
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Now, we can bring together (5 .55), (5.56) , and (5.57) in (5 .54) which becomes 

*( ) (c+l,o(S) (5 58) 
V o S = (0+ ). _ s) rr~+l ( J+). i _ s) _ ~ rr ~+l ( J+ ). i _ s)j·* (s) _ ec!).c (0+). - s)( ~ - s)k* (s) · . 

P t= l P P t= l P X p c P P x 

T he numerator of. (5 .58) , (c+ l ,O( S), is a (c+ l )-th degree polynomial in s , defined 

by 

After sorne rearrangements , (5 .59) can be written as 

(c+ l ,o(S) = 

In order to obtain the c+ 2 linearly independent solutions Vi ,a (s ), i = 1, ... ,c+ 

2 to the equation (5 .58), we need to specify the initial condition as vi;] (0) = 

I{ j=i - l}, j = 0, .. . ,c + 1. It follows that for i = 1, ... ,·.c + 2 

* ( ) (i ,c+l,o(S) (5.60) 
vi, J s = , 

( 
0 ~). _ s) fi (H Ài _ s) _ ~ fi (" + Ài ~ S ) fx ( s) _ e cl ~ c (" + À - s ) (~ - s ) k ~ ( s ) 

i= l P P i =l PPP P 
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where 
c+1 c+1 C c+1 

( II (0 + À j ) 0 + À '" k-1 À '" '" k - 1- ' (j - 1) 
- (l ,c+1 ,6 s) = - ---s +--~ P ks --~ ~ Pk s J Ix ( 0 )-

j =l P P k = l P j=l k= j+1 

e'ÀC 
e-'-kx(O); 

pC 
c+ 1 c+1 c c+1 

_ (. (s) = 6+), '" P s k- i _ '" P sk+1-i_~ '" '" p sk-1- j I (j-i ) (0) 
~'!"c+1,6 p ~ . k ~ k D D k X , 

k = i k=i -1 P j=i k=j+1 

i = 2,'" ,e; 

Using a similar argument as in Li and Garrido (2004), it i,s possible to show 

that the Vi ,6 (s), for i = 1,2, .. .. , e + 2, are linearly independent , 0 
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CONCLUSION 

Nous avons présenté une extension du modèle classique de la t héorie du 

risque en supposant que les t emps qui séparent deux sinistres et les montants 

des sinistres sont dépendants . Les s tructures de dépendance ont été construites 

à l'aides de deux copules , la copule de Farlie-Gumbel-Morgenstern classique et 

Farlie-Gumbel-Morgenstern généralisée. Ces deux copules possèdent une struc­

ture particulière qui nous permet d 'adapter les t echniques utilisées dans le 

modèle classique fondé sur l'indépendance ent re les montants des sinistres et 

les t emps d 'arrivée des sinistres. Nous avons évalué la fonction de Gerber-Shiu 

dans le cadre des modèles avec dépendance définie à l'aide des deux différentes 

copules. En absence et en présence d'une barrière horizontale, des équat ions 

intégro-différentielles pour la fonction de Gerber-Shiu avec des bornes aux front ières 

ont également été traitées . En utilisant les transformées de Laplace, des résultats 

analytiques pour la fonction de Gerber-Shiu ont été obtenus .. Ceci a permis 

d 'étudier l'effet de la dépendance sur le temps de la ruine et le déficit à la ruine. 

Il s~rait intéressant d'étudier le modèle de renouvellement (Sparre-Andersen) 

en supposant que les temps séparant deux sinistres et les montants des sinistres 

sont dépendants. L'étude du modèle classique et du modèle de Sparre-Andersen 



de risque avec une structure de dépendance basée sur les copules archimédiennes, 

les copules gaussiennes et les copules de valeurs extrêmes constituerait aussi un 

axe d 'investigation à considérer. 
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