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RESUME

La théorie du risque consiste en 'étude de modeles décrivant le processus
de surplus d'une compagnie d’assurance. L’évaluation de différentes mesures
de ruine dans le cadre de ces modeles permet d’obtenir une idée générale de la
santé ﬁnénci‘ere de la compagnie d’assurance et du risque assumé par celle-ci. Le
modele classique de risque pour décrire les arrivées et les colits des sinistres est le.
modele Poisson cornf)osé. Ce modele est basé sur une hypothese d’indépendance
entre le montant des sinistres et le temps écoulé entre chacun. Cette hypothese
facilite le calcul des mesures de ruine mais peut s’avérer trop restrictive dans
différents contextes.

I’objectif principal de cette these est I'étude d’extensions du modele clas-
sique dans lesquelles sont introduites une structure de dépendance entre la
sévérité et la fréquence des sinistres. La copule de Farlie-Gumbel-Morgenstern
et une extension de cette copule sont utilisées pour définir cette structure. En
raison de la forme et de la flexibilité de ces copules, il est possible d’adapter les
outils développés récemment en théorie du risqge dans ’évaluation et l'analyse
des mesures de ruine. La fonction de Gerber-Shiu et certains cas particuliers
de cette fonction, comme la transformée dg Laplace du temps de la ruine et
I’espérance de la valeur actualisée du déficit & la ruine, sont étudiées dans le
cadre de ces extensions. On s’intéresse également a 1’évolution du processus de
surplus en présence d’une barriere horizontale. Les mesures de ruine citées plus

haut, ainsi que le montant total actualisé des dividendes distribués sont évaluées.

-



REMERCIEMENTS

Clest avec un immense plaisir que je désire exprimer ma gratitude & mes
directeurs de recherche, Mme Héléne Cossette et M. Etienne Marceau, pour
I’encadrement de qualité dont j’ai bénéficié. Leur soutien, leur encouragements,
et leur disponibilité de tous les instants ont contribué a ’accomplissement de ce

travail.

Je tiens également a les remercier du financement qu’ils m’ont accordé par
I'intermédiaire des subventions individuelles et collectives octroyées par la Chaire
d’actuariat et le Conseil de recherches en science naturelles et en génie du Ca-

nada. Je leur suis extrémement reconnaissant.

J’adresse mes sinceres remerciements &8 MM. Thierry Duchesne, José Garrido
et Christian Genest pour ’honneur qu’ils me font en acceptant de faire partie

_ du jury de cette these.

Mes remerciements vont aussi & MM. Michel Giguere, Louis Adam, Rachel
Asselin; Marie-Claire et Cynthia St-Pierre, ainsi qu’a toute 1’équipe de I’Ecole
d’Actuariat pour l'accueil chaleureux et ’environnement enrichissant qu’ils y
font régner. Je désire également exprimer ma gratitude & Mme. Line Baribeau

et M. Louis-Paul Rivest. Je suis également trés reconnaissant envers M. Thierry



Duchesne qui m’a soutenu et encouragé tout au long de mes études a I’Univer-

sité Laval.

Je me permets également de remercier du fond du coeur mes parents pour
leur soutien permanent et leur encouragement tout au long de mes études. En-

fin, je voudrais adresser un remerciement a tous les amis qui m’ont soutenu et

encouragé au cours de ces trois dernieres années.




TABLE DES MATIERES

RESUME

REMERCIEMENTS

LISTE DES FIGURES

CHAPITRE I. INTRODUCTION

CHAPITRE II. Analysis of ruin measures for the classical com-
pound Poisson risk model with dependence
2.1 Introduction . . . . .. ...
2.2 Dependence structure based on FGM copula. . . . . . . PR
23 Ruinmeasures . . ... . ... ...
2.4 Lundberg’s generalized equation . .. . .. ... ... .4 o
2.5 An integro-differential equation . . . . . . ... ...
- 2.6 Laplace transform of the expected discounted penalty function
2.7 Defective renewal equation for the expected discounted penalty
function . . . .. Lo
2.8 Exponentially distributed claims . . . . . ... ... ... .. ..
2.9 Acknowledgements . . . . . ... ...

2.10 References . . . . . . . . . ..



CHAPITRE III. On the compound Poisson risk model with de-

pendence based on a generalized Farlie—Gumbel-Morgenstern

copula 53
3.1 Introduction . . . . .. . ... 55
3.2 Dependence structure . . . . .. ... 58
3.3 Lundberg’s generalized equation . . . . . . .. ... ... .. .. 60
3.4 Laplace transformof ms . . . . . . ..o 67
3.5 Defective renewal equation for mg . . . . . . .. ... 73
3.6 Laplace transform of the time of ruin . . . . . . . .. S 79
3.7 Exponential claim amounts . . . .. .. ... L0000 83
3.8 Acknowledgements . . . .. .. ..o 87
3.9 References . . . . . . .. 89

CHAPITRE 1V. On a compound Poisson risk model with depen-

dence and in the presence of a constant dividend barrier 91
4.1 Introduction . . . . . . . ... Lo 93
4.2 Expected discounted penalty function . . . .. .. ... ... .. 98
4.2.1 An integro-differential equation . . . . . . .. ... ... 99
4.2.2 A general solution . .. ... ... ... ... ... 104
423 Comments. . . . . . .. ... 107
4.3 Expected discounted dividend payments . . . . . ... .. ... .. 109
4.3.1 An integro-differential equation . . . . . . .. .. ... L. 109
4.3.2 A generalsolution . .. .. ... ... ... ... ... 113
4.4 Explicit solutions . . . . . . .. Lo 114




4.5 Acknowledgements . . . . ... ..o 120

4.6 References . . . . . . .. 121

CHAPITRE V. Constant dividend barrier in a risk model with a

generalized Farlie-Gumbel-Morgenstern copula 124
5.1 Introduction . . . . .. . . ... 126
52 Theriskmodel . ... ... ... ... .. ... ... ..., 127

5.3 Expected discounted penalty function with a constant dividend

barrier . .. ... Lo e 132
5.3.1 Integro-differential equation for msz(u) . . . . ... ... 132
5.3.2 Boundary conditions . . . .. .. ... 138
5.3.3 A general solution . . . ... ... ..o L. 142

5.4 Explicit solution with exponentially distributed claim amounts . 144

55 Appendix . ... ... ... PSP 148
56 References . . . . . . . ... ... ... e 154
CONCLUSION 157
BIBLIOGRAPHIE . 159




1.1

1.2

1.3

2.4

3.6

3.7

4.8

4.9

5.10

LISTE DES FIGURES

Le vecteur (X, W) des montants des sinistres et des temps séparant deux

sinistres . . . . .. L oL 11
Evolution du surplus U(t) . . . . . . . . . . . .. .. ... ... 12
Evolution du surplus U; (t) avec une barriere b o 13

Ruin probabilities for § (dependence parameter) equal to -1, -0.5, 0 (inde-
pendence), 0.5, and 1. . . . . . . .. ... ... 51
Values for the expectation of the discounted value of the deficit at ruin for 6
(dependence parameter) equal to -1, -0.5, 0 (independence), 0.5, and 1. . . 52
Ruin probabilities for 6 (dependence parameter) equal to -20, -5, 0 (indepen-
dence), 5,and 20. . . . . . .. ... 87
Values of ¢ (u) for 6 (dependence parameter) equal to -20, -5, 0 (indepen-
dence), 5, and 20. . . . . . L. e e 88
Expected discounted deficit at ruin for values of the dependence parameter
6 equal to -1, -0.5, 0 (independence), 0.5,and 1. . . . . . . . . . . . . .. 118
Expected discounted dividend payments for values of the dependence para-
meter 6 equal to -1, -0.5, 0 (independence), 0.5, and 1. . . . . . . . . . . . 119
Laplace Transform of the time of ruin for values of the dependence parameter

6 equal to -20, -5, O (independence), 5, and 20. . . . . . . . . . . . . .. 148

Values of ¢, (u) (dividend barrier at b =6) and ¢, (v) (no dividend pay-

ments) for § = —20 and 20. ... . . . .. ... ..o 149




CHAPITRE I

INTRODUCTION

L’assurance est une opération par laquelle 'assureur offre & un assuré une
protection en cas de réalisation d'un événement incertain prédéfini moyennant le
paiement d’une prime par cet assuré. En contrepartie, la compz}gnie d’assurance
s'engage a payer une partie ou la totalité de la perte encourue a la suite d’un
sinistre résultant d’accidents, d’incendies, d’inondations, de catastrophes natu-
relles, etc. Ce sont ces deux engagements (paiement de la prime contre paiement,
le cas échéant, de la prestation) qui constituent le contrat d’assurance.

La théorie de la ruine est un des domaines importants de la recherche en
actuariat. Elle consiste en ’étude de modeles décrivant le processus de surplus
d’une compagnie d’assurance et en 1’évaluation de la probabilité que le surplus
prenne au moins une fois ‘une valeur négative. Le surplus d’un portefeuille d’une
compagnie d’assurance est la différence entre le total des primes et des mon-
tants remboursés pour les sinistres. On définit la 'ruine comme étant le premier
moment ol le surplus devient négatif. Le modele classique pour décrire les ar-
rivées et les colts des sinistres pour un portefeuille de contrats d’assurance est

le modele Poisson composé.




L’évolution du surplus est décrite par le processus U = {U(t),t > 0}, ou

U(t) représente le niveau de surplus a I'instant ¢ et est défini par
Ulty=u+pt—-5S(t), t>0, ' (1.1)

oll p > 0 est le taux de prime et U(0) = u est le surplus initial. On suppose que

le taux de prime est désigné par
p o= (1+p)E{S1)}, (1.2)

oup >0 est la marge relative de sécurité. L’évolution du processus de surplus U
est représentée sur le graphique 1.2. Le processus S = {S(¢), t > 0}, désigne

le processus du montant total des sinistres ol

N(t)
S S() = ) X5, N@) >0, (1.3)
j=1

et S(t) =0si N(t) =0.

Dans le modele classique de risque, le processus N = {N(t),t > 0}, avec
(N(0) = 0) est un processus de Poisson homogeéne de parametre A > 0. Le mon-
tant du i®™€ sinistre est représenté par la variable aléatoire X; (1 =1,2,3,---).
Soit W; (i =1,2,3, ), une suite de variables aléatoires positives de loi expo-
nentielle qui représentent le temps séparant le (i — 1)\eme et le 1™ sinistre. On
désigne par T, = Wi + ... + W, le temps d’attente jusqu’au n®™¢ sinistre (voir
figure 1.1). Le processus du nombre des sinistres jusqu’a l'instant ¢ est donc

N(t) =sup{n: Tp= Wi+ ..+ W, <t}

On désigne par
T = inf{t>0,U(t) <0}, (1.4)

10




FIG. 1.1 - Le vecteur (X, W) des montants des sinistres et des temps séparant deux sinistres

le premier moment ou le surplus devient négatif.

De nombreux auteurs se sont intéressés & 1'étude du modele classique de
risque. Des études sur‘ce sujet ont été présentées par Gerber (1979), Gran-
dell (1991) et Rolski et al. (1999). Les probabilités de ruine, le déficit & la ruine,

I'excédent juste avant la ruine ont été étudiés dans le modele classique de risque.

On définit la fonction de Gerber-Shiu (1998) par
ms(u) = E[e’éTw{U(T’), |U(_T)|}](T < oo)‘U(O) - u], u>0, (L5)

ot w(z,y) est une fonction positive pour z,y > 0, § est un parametre non
négatif (la force d’intérét) et I est la fonction indicatrice, telle que I(A) =
1 si I’événement A survient et égale 4 0 sinon. La fonction (1.5) offre une
généralisation d’un certain nombre de mesures de risque. En particulier, si

w(z,y) = 1,
¢r(u) = E[e?TI(T<o0)|U0)=u], u>0, (1.6)

est la transformée de Laplace du temps de la ruine. Si § = 0 et w (z,y) = 1 pour

z,y € R*, (1.5) correspond & la probabilité de ruine 9 (u) = Pr (T < c0).

11
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FIG. 1.2 — Evolution du surplus U(t)
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La distribution de dividendes, en espéces ou en actions, constitue une compo-
sante fondamentale de la rentabilité d’une compagnie en croissance et un signal
important d’une bonne santé financiére. Soit Uy = {Uj(t),t > 0} le processus
représentant le surplus de la compagnie au temps t avec le versement instan-
tanément aux actionnaires d’un dividende p au-dela d’une barriére horizontale
de niveau b > u, avec u le surplus initial. Le surplus stagne a la valeur l;jusqu’?a

la prochaine réclamation. Ceci est illustré a la figure 1.3.

Surplus
U; 0)

e o s s )

=
GE

NQ
Y

F1G. 1.3 — Evolution du surplus U (t) avec une barriére b
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Le surplus Up(t) est défini par

pdt —dS(t), U;(t) < b,
dU(t) =
—dS(t), Us(t) = b.
Le processus de surplus avec distribution de dividendes au-dela d’une barriére

a été étudié par de nombreux auteurs, De Finetti (1957), Gerber (1979) et Lin

et al. (2003). On définit par
T; = inf{t> 0,U(t) < 0},

le temps de la ruine en présence d’une barri¢re b. La transformée de Laplace de

T, ¢, (u), est définie par
¢r,(u) = E [e._‘sTBI(TE < oo)‘U,-)(O) = u] , 0<u<hb.
On définit la fonction de Gerber-Shiu avec versement de dividende par
mgg(n) = B [e”ow (U(T), U(T)]) 1(T; < 00)|U5(0) =], (1.7)

pourOﬁuSB.

Dans le modele classique de la théorie du risque, on suppose que les temps
d’arrivées des sinistres et les montants des sinistres sont indépendants. Cepen-
dant, dans plusieurs contextes pratiques, cette hypotheése s’avere inadéquate.
Pour un contrat d’assurance de dommages offrant une protection pour un trem-
blement de terre, le temps écoulé depuis la derniére catastrophe peut influencer
la distribution des cotts de la présente catastrophe. Daﬁs cette perspective, la

dépendance entre les montants des sinistres et les temps d’arrivées des sinistres

14



peut étre modélisée a ’aide’de copules qui sont un outil pertinent de I’étude de

la dépendance.

Selon Sklar (1959), une copule est une fonction de répartition dont les
marges sont uniformes. Les copules constituent un outil intéressant permet-
tant de construire des distributions multivariées & partir des lois marginales.
Nelsen (1999) et Joe (1997) sont des ouvrages de réference incontournables sur
le sujet. Dans le cadre de 'actuariat et de la gestion quantitative des risques,
citons notamment McNeil et al. (2005) et Denuit et al. (2005) qui présentent

différentes applications de copules.

Dans cette theése, nous nous intéressons a l'évaluation de la fonction de
Gerber-Shiu dans le cadre d’un modéle de risque dont la structure de dépendance
est basée sur une copule. La classe des copules choisie est celle de Farlie-Gumbel-

Morgenstern généralisée. Cette copule flexible est définie comme suit :
Clu,v) = wv+ Gh(u)g(v), 0<u,v<l.

ot h(w) = u®(1 — u)? et g(u) = u°(1 — u)? sont des fonctions réelles définies sur
[0,1], a, b, d sont des réels strictement positifs et ¢ un entier strictement positif.
Rodriguez-Lallena et Ubena-Flores (2004) obtiennent des conditions sur & et
g et des bornes sur le paramétre 6 afin que C soit une copule. Dans le cas ou

a=b=c=d=1,C est dite la copule de Farlie-Gumbel-Morgenstern classique.

Nous proposons une extension du modele classique de risque dans laquelle

15



la distribution du montant du ®™¢ sinistre, X;, dépend du temps écoulé entre
le (i — 1) et le (1)*™ sinistre. On suppose que {(X;,W;),j € N*} forment
une suite de vecteurs aléatoires indépendants et identiquement distribués de
méme loi que (X, W) et que le montant -du i®™° sinistre X; et le temps W; sont
dépendants. On introduit la classe de copules de Farlie-Gumbel-Morgenstern.
Cette classe de copules qui est une perturbation de la copule d’indépendance,
offre plus de flexibilité pour ’étude du processus de surplus. Sa forme permet
d’adapter les outils développés récemment en théorie du risque dans ’évaluation

et ’analyse des mesures de ruine.

Cette these se combose de cinqg chapitres, en incluant le présent chapitre.
Dans le chapitre 2, nous dérivons une équation intégro-différentielle de la fonc-
- tion de Gerber-Shiu mg par 'entremise de la copule de Farlie-Gumbel-Morgenstern
classique. Deé expressions explicites sont obtenues pour la transformée de La-
place du temps de la ruine et du déficit a la rﬁine. Dans le chapitre 3, nous
considérons une extension‘ du-modele classique de risque ou la distribution
conjointe du temps entre deux sinistres et du montant des sinistres est in-
troduite a 'aide de la copule de Farlie-Gumbel-Morgenstern généralisée. Des
expressions analytiques exactes pour la transformée de Laplace du temps de
la .ruine et du déficit a la ruine sont évaluées. Le chapitre 4 est consacré a
I’évaluation d’une équation intégro-différentielle de la fonction de Gerber-Shiu
Mg p en présence d’une barriére constante b et en supposant que la structure de

dépendance est la copule classique de Farlie-Gumbel-Morgenstern. Sa solution

16



peut étre exprimée comme la somme de la fonction de Gerber-Shiu en 'ab-
sence de barriere plus une combinaison linéaire de deux solutions particuliéres
indépendantes. Dans le chapitre 5, en présence d’une barriére constante, on
évalue une équation intégro-différentielle de la fonction de Gerber-Shiu avec la
copule de Farlie-Gumbel-Morgenstern généralisée. Une courte conclusion résume

le travail accompli et propose de nouvelles perspectives de recherche.

17




CHAPITRE II

Analysis of ruin measures for the classical

compound Poisson risk model with dependence

Résumé

Dans ce papier, nous considérons une extension du modele classique de risque.
Dans la littérature, on suppose que les montants de sinistres et les temps entre les
arrivées des sinistres sont indépendants. Dans cette contribution, une structure
de dépendarice entre les montants des sinistres et les temps entre les sinistres
est introduite par la copule de Farlie-Gumbel-Morgenstern. Dans ce cadre, nous
dérivons une équation intégro-différentielle pour la fonction de Gerber-Shiu. Des
expressions explicites pour les transformées de Laplace du temps de la ruine et
du déficit & la ruine sont évaluées pour des montants de sinistres qui obéissent

a une loi exponentielle.




Abstract

In this paper we consider an extension to the classical compound Poisson risk
model. Historically, it has been assumed that the claim amounts and claim
inter-arrival times are independent. In this contribution, a dependence struc-
ture between the claim amount and the interclaim time is introduced through
a Farlie-Gumbel-Morgenstern copula. In this framework, we derive the integro-
differential equation and the Laplace transform of the Gerber-Shiu discounted
penalty function. An explicit expression for the Laplace transform of the dis-
" counted value of a general function of the deficit at ruin is obtained for claim

amounts having an exponential distribution.
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2.1 Introduction

The classical risk model describes the surplus process U = {U (t),¢ > 0} of

a portfolio of insurance contracts as
U)y=u+pt—-S(t),

where u is the initial surplus and p is the premium rate. The total claim amount
N(t
process, denoted by S = {S(¢),t >0} with S(t) = X(:)Xj_ (ZZ equals 0O if
b < a), is a compound Poisson process (see e.g. Gerber J(=1‘379), Grandell (1991)
and Rolski et al. (1999)). The claim number process N = {N (t),t € R*} is a
Poisson process where the interclaim times {W;, j € NT} are a sequence of inde-
pendent and strictly positive random variables (r.v.). The r.v.’s {W;,j € Nt}
identically distributed as the canonical r.v. W, have an exponential dis;cribution

with expectation % with probability density function (p.d.f.) fw, cumulative

distribution function (c.d.f.) Fi and Laplace transform (L.T.) f}, with

fw (@) = X >0, (2.1)

Fy(@t) = 1—e ™ t>0, (2.2)
A

fi (s) = E[e‘S‘V]zm, s> =\ (2.3)

The claim amount r.v.’s {X;,j € N}, where X; corresponds to the amount of
the jth claim, are assumed to be a sequence of strictly positive, independent
and identically distributed (i.i.d.) r.v.’s with p.d.f. fx, c.d.f. Fx and p.g.f. fx.

The classical risk model relies on the assumption that, on the occurrence of

the jth claim, the claim amount X; and the interclaim time W; are independent.

20




This hypothesis simplifies the study of many risk quantities of interest but
has proven to be inadequate and too restrictive in different contexts. In our
paper, we assume that {(X;,W;),j € N*} form a sequence of i.i.d. random
vectors distributed as the canonical r.v. (X, W), in which the components may
be dependent. The joint p.d.f. of (X, W) is denoted by fx w (z,t) with t € R*

and z € R*. When X and W are continuous, the associated L.T. is given by

[o o] (o)
fxw (s1,82) = E [e7 5% e W] = / / e e fy w (x,t) dadt. (2.4)
o Jo

In th.is paper, the joint distribution of (X, W) is defined with a Farlie-Gumbel-
Morgenstern (FGM) copula.

Some recent papers consider extensions to the classical risk model by allo-
w'mg dependence between the claim amount r.v. X and the interclaim time r.v.
W. Among them, Albrecher and Teugels (2006) consider a dependence struc-
ture for (X, W) based on a copula. By employing the underlying random walk
structure of the risk model, they derive exponential estimates for finite and in-
finite time ruin probabilities in the case of light-tailed claim sizes. Boudreault
et al. (2006) propose an extension to the classical comp§und Poisson risk model
assuming a dependence structure for (X,W) in which the distribution of the
next claim amount is defined in terms of the time elapsed since the last claim.
They derive the defective renewal equation satisfied by the expected discounted
penalty function. They also obtain an explicit expression for the Laplace trans-
form of the time of ruin asssuming that the claim amount belongs to a large

class of distributions.
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The present paper is organized as follows. In Section 2.2 we briefly recall basic
notions on copulas and present properties of the FGM copula. Basic definitions
for ruin measures are given in Section 2.3. We derive the generalized Lundberg
equation and we analyze its properties in Section 2.4. In Section 2.5, we obtain
an integro-differential equation for the expected discounted penalty function
and, in the following section, we derive the Laplace transform of the expected
discounted penalty function. In Section 2.7, we derive the defective renewal
equation for the expected discounted penalty function. An expliéit expression
for the Laplace transform of the discounted value of a general function of the
deficit at ruin is obtained for claim amounts having an exponential distribution

in Section 2.8. Numerical examples are also provided in Section 2.8.

2.2 Dependence structure based on FGM co-

pula

As mentioned in the introduction, the joint distribution of (X, W) is defined
in this paper with the FGM copula.

A copula C is the distribution function of a bivariate distribution with
uniform marginals. By the theorem of Sklar (see e.g. Nelsen (2006)) any bi-
variate distribut‘ion function F' with marginals Fl and F5 can be written as
F(x1,29) = C(Fy (z1), F2 (x2)), for some copula C. This copula is unique if
F is continuous. Otherwise it is only unique on the range of the marginals. We

refer the reader to Nelsen (2006) or Joe (1997) for further details on copulas.
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Modelling the dependence structure between r.v.’s using copulas has become
popular in actuarial science and financial risk management. The reader may
consult e.g. Frees and Valdez (1998), Wang (1998), Bouye et al. (2000), Denuit
et al (2005) and McNeil et al. (2005) for applications of copulas in actuarial
science and financial risk management. As in the present paper, Albrecher and
Teugels (2006) use copulas to define the joint distribution for the interclaim
time r.v. and the claim amount r.v.

Assume a bivariate random vector (U, V) with continuous uniform margi-
nais and with a dependence structure defined by a copula Fy v (u,v) = C (u,v)
with (u,v) € [0,1] x [0,1]. Important copulas are the independence copula with
C* (u,v) = uv; the comonotonic copula with C* (u,v) = min (u,v) ; the coun-
termonotonic copula with C~ (u,v) = max(u+v—1;0). It is important to
mention that all copulas satisfy the inequalities C~ (u,v) < C (u,v) < C* (u,v),
for (u,v) € [0,1] x [0, 1].

The joint p.d.f. associated to a copula C is defined by

2

a
<~ clur,ug) = mC(ul,ug). (2.5)

Let the bivariate distribution function Fx w of (X, W) with marginals Fyy
and Fx be defined as Fyy x (t,2) = C(Fw (t), Fx (z)) for (t,z) € Rt x Rt.

The joint p.d.f. of (X, W)is given by
fxw (z,t) = c(Fx (z), Fw (1)) fx (x) fw (1), (2.6)

for (¢,z) € RT x RY.
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The Farlie-Gumbel-Morgenstern (FGM) copula is given by
Crg‘GM (

Uy, Up) = urus + Qugug (1 —ug) (1 — ua),

—1 <6 < 1, where C{'°M = C1. The FGM copula allows negative and positive
dependence, includes the independence copula (8 = 0), but does not include the
comonotonic or countermonotonic copulas as limit cases.

For the FGM copula, the expression for (2.5) is given by
cEOM () ug) =1+ 6(1 — 2u1) (1 — 2ug) . (2.7)

The bivariate distribution function Fx w of (X, W) with marginals Fx and Fy

and defined with the FGM copula is given by
Fxw (z,1) = Fx () Fw (t) + 0Fx (z) Fw (1) (1 - Fx (=) (1 — Fw (1)),

for (t,z) € RT x R*. Combining (2.6) and (2.7), we obtain the expression for

the joint p.d.f. of (X, W),

fxw (2,0) = fx (2) fw (8) +0x (z) fw (8) (1 = 2Fx (2)) (1 — 2Fw (1)), (2.8)
and, given (2.1), we have

Frew (@) = fx () Ae™ +0fx (z) e (1 - 2Fx (z)) (267 1), (2.9)

Defining hx(z) = (1 - 2Fx(z))fx(z) and denoting by h% (s) its associated

Laplace transform, (2.9) can be written as
fxw (z,t) = fx (z) Ae A Ohx () (2/\6—2>‘L — e (2.10)

We recall the definitions of two frequently used measures of association.

We assume that the r.v. X and W are continuous. Kendall’s tau, denoted by
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7(X,W), is defined by
T(X,W) = P[(Xl — XQ)(Wl — WQ) > O] — P[(Xl — Xz)(Wl — Wg) < O],

where (X1, W1) and (Xo, W) are independent and identically distributed ran-
dom vectors, with common joint distribution function Fx w (with marginals

Fx and Fw). Spearman’s rho, denoted by p (X, W), is defined by
p (X, W) = 3{ P[(Xy ~ X$) (W1 = W) > 0] = PI(X: = X3)(Wi - W3) < 0]},

where (X1, W;) and (X3, W) are independent random vectors, the joint dis-
tribution function of (X;,W;) is Fx w (with marginals Fx and Fy ), and the
components of (Xs-, Ws') are independent with marginals Fx and Fyy .

If the dependencé structure of (X, W) is defined with a copula C, 7 (X, W)

and p (X, W) can be expressed in terms of C, i.e., we have
1,1

T(X, W) = 4/ / C(u,v)dC(u,v) — 1
o Jo

and
1,1
p(X,W)le/ / C(u,v)dudv — 3.
o Jo

For the FGM copula, we have 7 (X, W) = % and p(X,W) = g which implies

that —% <7(X,W)< % and —% <p(X, W) < % in this case.

2.3 Ruin measures

We define the time of ruin as the r.v. T where T = {t > 0,U (t) < 0} with

T=coif U(t)>0forallt>0 (ie. ruin does not occur). To avoid almost sure
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occurence of ruin, the prémium rate p is such that
E[pW, - X,]>0,i=1,2, .., (2.11)

providing a positive safety loading. The deficit at ruin and the surplus just
prior to ruin are respectively denoted by |U (T')] and U (T7). In recent years, a
fair amount of research in ruin theory has been devoted to the analysis of the
expected value of the discounted penalty function. Introduced by Gerber and

Shiu (1998), this function is given by

ms(u) = E{e“n‘w (UT),|U))} (T < oo)‘U(O) = u}, w>0, (2.12)

where w(z,y), for z,y > 0, is the penalty function at the time of ruin for the
surplus prior to ruin and the deficit at ruin, § is a non negative parameter
(the force of interest) and I is the indicator function, such that I(A4) = 1 if
the event A occurs and equals 0 otherwise. A special case of the Gerber-Shiu
penalty function is when w(z,y) = 1, for all 2,3y > 0. Then ms(u) becomes the
Laplace transform of the time of ruin, denoted by ¢7(u). If 6 = 0 in addition
to w(z,y) = 1 for all z,y € RT, (2.12) corresponds to the infinite-time ruin

probability v (u) = Pr (T < co|U (0) = u).

2.4 Lundberg’s generalized equation

One important step in the analysis of the ruin measures is the derivation

of the so-called Lundberg’s generalized equation and the examination of its
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properties. An analysis of Lundberg’s generalized equation is required to find
the defective renewal equagion for ms (u). More precisely, we need to identify the
number of roots to Lundberg’s generalized equation in the right-half complex
plane, i.e. with R (s) > 0. These roots are useful to derive the defective renewal
equation for mg (u) as we shall see in the next sections.

To derive Lundberg’s generalized equation, we consider the discrete time
process embedded in the continuous-time surplus process U. Let us define the
discrete-time pro-cess Q = {Uk, k=0,1,2, }, where (70 = u and [j'k =U(Ty)

denotes the surplus immediately after the kth claim, i.e.

. .
Ue=u+y (pW;-X;) for keNT. (2.13)
j=1 °
The process 2 = {e“ﬁz?=l Wj"'sa’“,k =0,1,--- }, for s > 0 is a martingale if
and only if
E <e-'5WeS(PW—X)) =1, (2.14)

which corresponds to the so-called Lundberg generalized equation.

Given (2.10), the left-hand side of (2.14) can be written as

. o0 oo
E (e—éwes(pW—X)) _ / / etoP=0e32 £y (x, t)dzdt
0 0 .

[ee] o
/ / etsP=8)e=s® 1 () Ne Mdxdt
o Jo

’

- {oo) o0
+ 9/ / eoP=9e=5Thy (z)(2he™ M — Ae M)dzdt.  (2.15)
0o Jo

Combining (2.14) and (2.15), we obtain

. A . A6 — sp) _
(o) 355, + k() ((2/\+5—5p)()\+5—sp)) =1 (216
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In the following proposition, we use Rouché’s Theorem to show the number of

roots of the generalized Lundberg equation.

Proposition 1. For§ > 0 and 6 # 0, Lundberg’s equation in (2.16) has ezactly

2 roots, say pi1, p2, that have a positive real part R(p;) > 0, j = 1,2.

Proof. We apply Rouché’s theorem on the contour C,, consisting of the
imaginary axis running from —ir to ¢r and a semi-circle with radius  running
clockwise from ir to —ir. We let 7 — co and denote by C the limiting contour.

We want to show that

. A N A6 — sp)
S35 —gp T 00 (8) ((2A+5—sp)(x+5—sp)).<1‘ (2.17)

The two terms in the left-side of (2.17),

A

by

and

. M6 — sp)
Oh%(s) ((2/\+5_3p)(/\+5—5p)> ’

are ratios of polynomials with a strictly higher degree at the denominator which

leads to

* \ . M6 — sp)
fX(S)m+6hX(3) ((2)\+5_5p)()\+5— 3p)> ‘ —0

on C (excluding s = 0).
For s = 0, we observe that
A

— >0
(A+ 36— sp)
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and

A6 — sp)
((2/\+(5—sp)(>\+6—sp)) >0

Also, at s = 0 and for § > 0, we have

A oS (2A+8) A+ OA

010 T T e - @10t b

since (2A + 6) A+ A5 < (2X + 6) (A + ).

Finally, we have

. A . A6 — sp)
fX(S)/\+6—sp+€hX(s)((2)\+5—sp)()\+5—sp))'
| o . A(d — sp)
< || + o (st aar=)
B . A . A6 — sp)
= 'fx(s)"m‘*'%x@” (2)\+6—sp)()\+5—sp)‘
- A ‘ A(6 — sp) {
T |A+d—sp (2A+ 5 — sp)(A+ 6 — sp)
A 5% (2X + 8) A + 07

S 0 e T @ (Td) @A) (1)

For § = 0, the conditions of Rouché’s theorem are not satisfied (since

. . A(8 — sp) _
()35 =5 T 0PX(5) ((2,\+5~ sp)(A+6 — sp))‘ -

for s = 0). We apply an extension of Rouché’s theorem, due to Klimenok (2001)
to determine the number of roots to Lundberg’s generalized equation with a

positive real part.

Proposition 2. For § =0 and § # 0, Lundberg’s equation in (2.16) has ezactly

1 root, say p; (0), with R (p; (0)) > 0 and a second root py (0) = 0.
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K—S§
K

. In terms of

Proof. We define the contour D, = {s: |z] = 1} where z =
s, the contour Dy is a circle of radius x and origin «. Similarly as in Proposition
1, we let Kk — oo and denote by D the limiting contour. We use the same
arguments (for § = 0) as the ones provided in the proof of Proposition 1 and

we can deduce
| /3 (8)M2A = sp) + A (=sp) ki (s)] < [(A = sp) (2A = sp)[,
on D (excluding s = 0 or equivalently z = 1). We also note that the functions
T ($)M2A — sp) + OA (—sp) ki (s)

and

(A= sp) (21 — sp)

are continuous on D.

It remains to prove that

>0 (218)

d (1_ Ay (k — &2) N Oh% (k — kZ)A(— (k — K2) D) )

dz A—(k—r2)p (2A—(k—r2)p)(A— (k — K2)D)

z=1
in order to apbly Theorem 1 of Klimenok (2001). We observe that (2.18) is equal

to

=E[(X - pW)],

z=1

£ (1 sl

where E[(X — pW)] > 0 given the solvability condition (2.11). Based on Kli-
menok (2001), we conclude that the number of solutions to (2.14) inside D is
equal to 1. Moreover, a trivial root to Lﬁndberg’s generalized equation (2.14)

(with 6 =0) is p2 (0) =0. O
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2.5 An integro-differential equation

The main purpose of this section is to derive an integro-differential equation
for the expected discounted penalty function mgs{u). This equation will be useful
to derive an explicit solution for ms(u) in the next section.

Throughout this paper we denote by 7 and D the identity and the differen-

tiation operators, respectively.

Proposition 3. The expected discounted penalty function mgs(w) satisfies the

following equation for w >0 and -1 <9 <1 :

(2’\; L D) (/\%SI - D)mg(u) = %(2)‘; 07— D)Jl(u)
/\g (gz— D)Jg(u), (2.19)
where
o1(u) = /0 ¥ s (u— ) fx (2)da + (). (2.20)
oa(u) = /Ou ms(u — z)hx (2)dz + wa(u), (2.21)
w(w) = /uoo w(u,z — u) fx(z)dz, (2.22)
wlu) = /:O wu,x — u)hx (z)dz. (2.23)

Proof. By conditioning on the time and the amount of the first claim, we

have

oo u+pt
ms(u) = /\/ /o e %ms(u +pt — ) fx,w(z, t)dzdt
0

o0 o0
+/\/ / e tw(u + pt,x — u — pt) fx,w(z, t)dzdt. (2.24)
0 u+pt
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Given (2.10), (2.24) becomes

Il

o0 ~u+pt .
/\/ / et ms(u + pt — z) fx (z)e  Mdzdt
o Jo

o0 [ee]
+ /\/ / e Stw(u + pt,x — u— pt) fx(z)e Mdadt
0 u+pt

ms (u)

-+

[ee] u+pt .
A0 / / e O'mg(u + pt — 2)hx (2)(2e™ 2 — e dzdt
Jo Jo

[ee] [z}
+ /\9/ / e w(u + pt,x — u — pt)hx(z)(2e” 2 — e M)dzdt.  (2.25)
0 u+pt
We can rewrite equation (2.25) as
o0 e ]
mgs(u) = /\/ e o) (u + pt)e Mdt + 29/\/ e Otay(u + pt)e 2 dt
0 0
- 0)\/ e %oy (u + pt)e Mdt, (2.26)
0

where the functions o;(u) and o(u) are as given in (2.20) and (2.21) respecti-

vely.

We substitute u + pt = s in (2.26) which becomes

A [ s—u 7 o0 5 s—u
mgs(u) = ;/ e_(5+’\)(T)al(s)ds——/\/ e CHNEFH 5, (5)ds
, /], ,
0 : o0 N s—u '
+ 2—,\/ e~ OFNETH 50 (5)ds. (2.27)
P Ju
Differentiating (2.27) w.r.t. u leads to
o0 ; s—u O/ A+6 > . s—u
ms(u) = ﬁ(ﬂ)/ e'("“)(T)m(s)ds—)\I—D(%)/ e~ ONEF gy (5)ds
p p u - u
2A+46 o s-u ' 0 A
+ 2A9( +")/ e~ T 5o (s)ds — A=oa(u) — S (u). (2.28)
P P u p P

Multiplying (2.27) by %, subtracting (2.28) to the result, and using the
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identity and differentiation operators, we obtain

A+d A 22 [ s—u A
(Tz —D)ms(u) = s =0 [ e oy ()ds + 0703 (w).
(2.29)
We define
A+6
gs(u) = (ST = D)ms(u). (2:30)
P
Differentiating (2.30) w.r.t. u and using (2.29), we find
, A, AZ(2A +6) [ _ - A,
gs(u) = _Ul(u)_9¥/ " OV gy (5)ds + 0= oy (u)
P p u p
2)\2 .

Multiplying (2.29) by —2—’\—:—‘5, subtracting (2.31) and using the identity and

differentiation operators, we obtain

<2A+5 /\(2/\4—6

I—D)gg(y,)z; ) I—D)Ul(u)—{—)\f((—SI—D)ag(u),

pip

which is equivalent to (2.19). O

Remark 4. If§ =0, (2.19) corresponds to the integro-differential equation for
mg when X and W are independent, as in the classical compouhd Poisson risk

model.

2.6 Laplace transform of the expected discoun-

ted penalty function

We use the integro-differential equation (2.19) to derive the Laplace trans-

form of ms(u) which is stated in the next proposition.
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Proposition 5. The Laplace transform of ms is given by

_ Bi 5(s) + B3 5(s)

m*(s) = Ty TN s T 2.32
é hlﬁ(s) — h.2,6(s) ( )
where 35 5(s) is a polynomial of degree 1, with
2 2 p
55,5(5) == Zﬁf,é(ﬂj) H _—_iy
i=1 kel kot PI T PR
and
. A[5+2) X A6 X
Brals) = 2 (57 = s)ui(s) +0- (> = s Jui(s). (2.33)
We also have
N7 ) 8+ 2
Mials) = (5 =) (7 ), (2:34)
and
L A5+ . A6 .
Wi a(s) = (57 = ) 1R (5) +0 (2 = ) sc(s): (2.35)
Proof. We define
20446 A+4 Ar2X+6
dlu) = ( . I—’D)(TI—D)mg(u) - 1-)( . I—’D)al(u)
A J
- 60T~ 'D)ag(u). (2.36)

We take the Laplace transform on both sides of (2.36). Then, using standard

properties of Laplace transforms and using (2.20), (2.21), (2.22), and .(2.23), we

obtain
d (s) = (2/\:: 0 _ s) ()\ ; o _ 5)m§(s) — smg(0) — mj(0)
P20 - 2 (B2 - sYmpta) (o) - 5 (B2 = s)wi()

w%wl(O) - 9%(% — §)m3(s)hk(s) - 9%(% — )wi(s) - eng(m, (2.37)




where wy (s) is the Laplace transform corresponding to w; (z), for i = 1,2.

Letting (2.37) equal to 0, we isolate mj}(s)

_ Bis(s) +B55(s)

B () = h3(s)” (2.38)

ms(s)

where A 5(s), h; s(s) and 85 5(s) are given in (2.34), (2.35), and (2.33) respec-

tively. The term

(S_ 26 + 3

B o(s) = Jms(0) + mi0) + Sun(0) + 05 un(0) (239

in (2.38) is a polynomial of degree 1 or less. Given that (2.38) is analytic, the

two roots p;,j = 1,2, of the denominator of (2.38) must also be roots of the

numerator. By the Lagrange interpolating formula, (2.39) can be rewritten as
2

2
Bosls) == Bralps) [ 2
j=1

k=1, k] Pj — Pk

This completes the proof. [1
In the following corollary, we provide an explicit expression of the expected

discounted penalty function when the initial surplus is zero.

Corollary 6. We can write mg(0) in term of w} and wj as

A [ (B2 - p)wi(pr) — (52— pa)wi(pa)
0 = P p2—pP1
8w (oy) — (2 — po)ws (oo
N eé{(p prw3(p1) = (5 = p2) z(p)}. (2.40)
p P2 — Pl

Proof. Since p; and p; are the roots of the denominator in (2.32), they have

to be the roots of the numerator. We obtain the two following linear equations
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for ms(0) and mj%(0)

= peJuilp) =05 (5 - peJuite) = (= 2 )ma(0) + (o)

+ §w1(0)+9%w2(0), (2.41)

A6+ 2)
_5( P

for i = 1,2. Solving the two linear equations in (2.41) leads to (2.40). O
Note that a software package such as Maple can be applied to invert the

Laplace transform of ms.

2.7 Defective renewal equation for the expected

discounted penalty function

In the present section, we derive the defective renewal equation for ms. For
that purpose, we use the Dickson-Hipp operator 7} for an integrable real-valued

function f (introduced by Dickson and Hipp (2001)) defined by
o0
T -f(z) = / e ") flu)du, T € C.

The properties of the operator T} are closely examined in Li and Garrido (2004).
We first provide an alternative expression for the Laplace transform of ms
in terms of the Dickson-Hipp operator which is useful to derive the defective

renewal equation for ms.

Proposition 7. The Laplace transform of ms is given by

: TyT5, Ty, B1.5(0)
* — P11~ P2 )
ms(s) = 1= Ty, Tpyh2,5(0)

(2.42)

36




Proof. We note that the p;,j = 1,2 are the roots of the denominator of
(2.32). They must also be the roots of the numerator. By the Lagrange Interpo-

lating Formula and using the operator T,., we obtain an alternative expression

for the numerator By 5(s) + 05 5(s) of (2.32) :

515 ZQ: /815:01

Bla(s) + B3 s(s) = 7(s) e

=1
= 7(8)TsT,, Ty, 5, 5(0), (2.43)
where 7(s) = (s — p1)(s — p2).
Similarly, we can derive an alternative expression for the denominator h 4(s)
of (2.32). We know that
his(p5) = h3,5(ps)
for j = 1,2. From (2.34), hj 5 is a polynomial of degree 2 in s. Using again the

Lagrangian Interpolating Formula, we have

. . _ X B
Rt 5( s — R 6 H (s— Pk) Z 1,5(-:0]) H S- _l:,kk’
k=1

=1 P ki P
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which implies

his(s) = ha 5(s)

o),

.
||MN
)

h3 5(p5)7(s) .

pi(s = pi)T'(p5)

- hz,a(s)

(s = ps.+pi)hs s(p5)

B hz,a(é)
pi(s = p;)T'(p5) 7(s)

hi

s(p5)

>

)7 (03) }

Ié(pj)

(=pj

)7 (p

using the Dickson-Hipp operator and its properties.

Also, we have

hI,a(Pj)

;)

- TSTplTP2h2,6(0)} ) (244)

Substituting (2.45) into (2.44) leads to

hi,a(s) -

_ (o+/\)(6+2/\) 2 L)‘_pj)(w_p])
- p1P2 Zl pi7'(P5)
_ (HTA)(H%) pr(8E2 — pa) (B2 — po) — po(£2 — p1) (22 — )
p1p2 p1p2(p2 — p1)
= 1 (2.45)
h3 5(s) = 7(8) {1 — TsTp, Ty, ha 5(0)} . (2.46)

Finally, replacing (2.43) and (2.46) into (2.32), we obtain (2.42). O

In the next proposition, we derive a defective renewal equation for ms.

Proposition 8. The Gerber-Shiu discounted penalty function mgs admits a de-
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fective renewal equation representation

mo(w) = [ st = y)ust)dy + s(a), (247)

where
ws(u) = Tp, Tp, ha,s(u), (2.48)
n5(w) = Tp, Tp, P1,5(u)- (2.49)

We can also express (2.47) as follows :

1 1

molw) = e | mslu = u)0u)d + G,
where kg is defined such that
5422
ﬁ =TTy Tphas(0) = 1 - E(E) <1

Also, we have

Gs(u) = (1 + Ks)ns(u) (2.50)
and

Us(y) = (1 + ws)ps(y), (2.51)

which is a proper density function.

Proof. Defining ps(y) and ns(u) as in (2.48) and (2.49) respectively, we

derive (2.47) from (2.42). We have

0
/ ug(y)dy = TOTplTpthJ(D)
0

h; 5(0) N 2k 5(05)
ppz = pim(ps)

I
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Using (2.45), we have

* 15(0)  h34(0)
/ ps(y)dy =1 — 225 4 2 (2.52)
0 7(0) P1p2
Since 7 (0) = p1p2, (2.52) becomes
o0 hi 5(0) — h3 5(0) 5 (£2)
/ psly)dy=1—- 20> 202 = 2 P - (2.53)
0 P1P2 D p1p2
_ (6+2A)
Since ¢~ 22 > (0, we have
P pP1pP2
1 [e9)
= d 1.
o <

Then, ¥5(y) defined as in (2.51) is a proper density function. a
In the following proposition, we consider the case where w(z1,z2) = 1. More
precisely, we derive a defective renewal equation for the Laplace transform of

the time of ruin ¢ defined in section 2.3.

Proposition 9. The Laplace transform of the time of ruin ¢ admits a defective

renewal equation

1
1+ ks

br00) = 1 [ drte- sty + o [ s, @250)

Ks

which has the following compound geometric representation :

K§ ad 1
dr(v) = 14+ ks ; (l+n5)

where Vé*j (u) s the survival distribution of the j-fold convolution of the p.d.f.

I — i

Vil(u) uw>0,

Js.
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Proof. If w(x1,z2) = 1, then the Laplace transforms of w; and wy defined

in (2.22) and (2.23) are given by

wi(s) = %*(S) (2.55)
and
wi(s) = ‘hi((s). (2.56)

Substituting (2.55) and (2.56) in (2.33) and, after simplifications, we obtain

2(H2 — ) — 3 5(s)

(2.57)

B1s(s) =

S

From (2.49) and using properties of the Dickson-Hipp operator, we obtain

$TsTp, Tp,51,6(0)

B & B
= N =G [ (2.58)

sm;(s)

Given (2.57), we rewrite (2.58) as

JED g hp() AR )~ ki)
o _ P\ P _ 2 _ I -
o = R LD DX Ry B
A(M ) (‘H'2 p5) 2 25 PJ
- P Zp]ps_pj)Tl(p] ;
- TsTplehz,J(O)- \ (2:59)

The latter follows from property 6 of the Dickson-Hipp operator on page 394 of

Li and Garrido (2004). Furthermore, the second term of (2.59) can be expressed

as
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2 5(6+2A "pj)

SZP P
J

=1 pi(s = p;)7'(p;)

5+2/\ 2 6+2/\
s ~ p;)

pﬂ 2 Z(S—pg)f (p4)

3|

Il
>
‘Mw

S+2X 2 1 2 1
P ZJ=1 piT (p3) Zj=1 7(p5)
o’+2x 2 1
= 5 L= o) ; (2.60)

2 2
Y T L

Jj=1 Jj=1

|

given the equality ﬁ = s_lpj - pi]_. Using Lemma 1 for the Dickson-Hipp

operator on page 395 of Li and Garrido (2004), and after simplifications, (2.60)

becomes
2OA(MR—p) A, s+2n 1 §+424 1 s
s p———:; — — ——~ |- .
;pj(s—pj) "(pj) P( 4 (0)+ p T7(s) TS)) (2.61)

Inserting (2.61) in (2.59) and given (2.53), we get

(6+2/\)
3 (s) =1—5p;z~%@
e ). (2.62)

The Laplace transform of (2.50) is given by
G3(s) = (1+ re)nz (s). (2.63)
We replace (2.62) in (2.63) and we obtain

sG3(s) = (1+ks) (% — ps(s ))

Il

C 1= (14 ws)ps(s)

1), | (2.64)
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From (2.47), we have
G; (s)

o7 (s) = Tors - 03(s) (2.65)
Inserting (2.64) in (2.65), we get
1-9;(s)
¢7 () =

B 1+K,5——19§(S),
and, after rearrangement, we have

1 - 63(s)

(1+ 5) 67 () = D3()61 (5) + —22,

from which we obtain (2.54) by inverting. O
An expression for the Laplace transform of the time of ruin with an initial

surplus equal to zero is given in the next corollary.

Corollary 10. A closed-form ezpression for ¢7(0) is

B é(d-;?)‘)

0)=1
¢r(0) P p1p2

Proof. This follows by setting v = 0 in (2.54). O

2.8 Exponentially distributed claims

We derive an aﬁalytic expression for the expected discounted penalty func-
tion‘mts assuming that the penalty function w(z,y) is equal to a function w(y)
of the deficit at ruin. For example, when w (y) = y and § > 0, ms (u) corres-
ponds to the expectation of the present value of the deficit at ruin. We also

suppose that the individual claim amounts follow an exponential distribution,
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with Fx (z) = 1 —e™%%, fx(z) = ae™*, and f5(s) = a(a+s)"". It follows

that

hx(z) = 2ae™2%% — qe %, x>0,

and

2c a

s+2a s+a’

hx(s) = s> —a.

Hence, (2.22) and (2.23) become
o0 e o]
wy(u) = a/ w(z —u)e”*dz = ae“""/ w(v)e™*dv = ae” “w* ()
u 0
and
walu) = a/ w(z — u)(2e72%F — e7%)dy
u

o0
= oc/ w(v)(2e20(ut) _ gmalutv)y gy
0

= 2ae7?yw*(2a) — ae”*w*(a), (2.67)

where w* (s) = 0°° w(v)e™*dv is the Laplace transform associated to the func-

tion w (u).

Taking the Laplace transform of (2.66) and (2.67) leads to

wi(s) = aiﬂw*(a), s> —a, (2.68)
and
2 a
w3 (s) v (2a) - ——u'(@). (2.69)
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We know that the denominator of (2.32) has 2 roots, p1 and p2, with positive
real parts. Given the assumption on the distribution of X, the denominator of
(2.32) also has 2 roots —R; and — Ry where R (R;), R(Rz2) > 0.

In the next proposition, an expression for my is derived.

Proposition 11. Assuming the roots {—R;(6),j = 1,2} distinct and for w(z,y) =

w(y), a closed-form expression for ms(u), u > 0, is given by

ms(u) = qe” Bt 4 e~ o) (2.70)
where
2
(E1,6(=Ry) + &25(—R;)) e
_ Q16— 4y 2,6\ —1t; i=1 Pi S
§] - (‘61,6(0) . 52,6(0)) 2 U (RJ i pz),j == 1,2 (271)
II (Ri—-R)
i=1,i%£j

Proof. Substituting (2.68) and (2.69) into (2.32), and multiplying both the

numerator and denominator of (2.32) by (a + s)(2a + s) gives

~ 616(8) + £2,6(s)

mg(s) B 211(5(8) - 32,5(3) '

(2.72)

where

§+ 2\

&,5(s) = %(20{—!—3)( —s)w*(a)—i—@%(g— - s){Zaw*(2a)(a+s)—aw*(a)(2a+s)},

£25(s) = (a + ) (20 + s)fa(s),

42X
p

ég,g(s): O%‘( —s)(s+2a)+0%¥s(§ —s),
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and

o+ J+2X
Elxg(s)z(a+s)(2a+s)( i —s)( ki —s).
P P
We have that ¢, 5(s) — & 5(s) is a polynomial of degree 4 which has 4 roots,
pj, with R(p;) > 0, for j = 1,2 and —R;, with R(R;) > 0, for 7 = 1,2.

Using the Lagrange interpolating polynomial on the denominator and the

numerator in (2.72), one finds

2 ' 2 2
S — Pk s+ Ry
1,6(8) + &2.6(s) j;fu i)+ &26(—R;) /g(Rj+pk)k]I_[¢J( R +Rk) (2.73)
and
25— j TR
£1,5(s) — La,5(s) = (€1,6(0) — fz,é(ﬂ))jl;[l (%) ]I:Il (S } ) (2.74)

Combining (2.73) and (2.74) to (2.72), one concludes

2
oy Sj
mS(S)_ZS‘l—Rj’
Jj=1
where ¢; and ¢; are defined in 2.71 UJ
Finally, if we consider the special case of w(y) = 1 (with w*(s) = 1), the

expression for

¢r(u) = E [T I(T < 00)|U(0) = u]

can be found from (2.70), with & 5(s) = %(204 + 3)(54“% —5)— ga% (% — s).

We consider the following numerical example.
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Example 12. For the numerical results, we assume that both the claim amount
r.v. and the interclaim time 7.v. have an exponential distribution with mean I
(i.e. X ~ Eap(l) and W ~ Ezp(l)). The premium rate is p = 1.5, which
implies that the relative risk margin is 50%.

We provide below the analytic expressions for the probability of ultimate ruin
Y(u) (derived with Mapk) m function of the initial surplus v (u > 0) and for
different values of the dependence parameter 0 :

-~ with § = =1
P(u) = 0.7201508967¢ 0-2087389645% _ () 01854637723~ 220708719,
- with § = —0.5:

(u) = 0.6957948813¢0-2970043940v _ 0 01047590296 2114760590,

i

with 8 =0 :

with 6 = 0.5 :

(u) = 0.6311261756e~0-378826405% 4 0 01399640216 1873562242,
-~ with 8 =1:
(u) = 05865437312~ 04591578659 4 0. 033476205931 7304941054

As can be seen from Figure 2.4, the dependence parameter 0 has a clear im-

pact on the ruin probabilities.
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We may interpret the impact of the dependence relation between the r.v.’s
W and X on the ruin probabilities as follows. When the dependence relation
1s positive (negative), the probability of having an important claim increases as
the time elapsed since the last claim increases (decreases). It implies that the
probability that the insurance company has enough premium income to pay the
claim is higher (lower) and the ruin probability is lower when a positive (ne-
gative) dependence relation is assumed. The impact on the ruin probabilities is

more significant when the positive (negative) relation becomes stronger.

The analytic expressions for the expected discounted value of the deficit at

TULT,

ms(u) = E [e *T|U(T) (T < 00)|U(0) = u],
assuming 6 = 5% are obtained for various values of the dependence parameter
6 :

- with§ = —1:
me(u) = 0.6997443091¢~0-3200647526u 4 () (3664826823¢ 2219872885,
- with @ =—-0.5:
ms(u) = 0.6599008319¢ ~0-3500911630u 4 () (1714786296~ 21143439004,
~ with § =0 :
mg(u) = 0.6137092190¢ ~0-3862907812u.
- with 6 =0.5:

mes(u) = 0.5591165404¢0-4321500210u _ () (51344088192¢ 1873928948,
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- with@ =1

ms(u) = 0.4928389831¢~0-4927941702u _ § 59(70699597¢ 1731037829
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FI1G. 2.4 — Ruin probabilities for § (dependence parameter) equal to -1, -0.5, 0 (indepen-

dence), 0.5, and 1.
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Expectation of the discounted value of the deficit at ruin

Dependence parameter = -1
Dependence parameter = -0,5
Independence

Dependence parameter = 0,5
Dependence parameter = 1

Initial surplus

- FIG. 2.5 — Values for the expectation of the discounted value of the deficit at ruin for 8

(dependence parameter) equal to -1, -0.5, 0 (independence), 0.5, and 1.
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CHAPITRE III

On the compound Poisson risk model with
dependence based on a generalized

Farlie-Gumbel-Morgenstern copula

Résumé

Dans cet article, nous considérons une extension du modele classique de risque
pour lequel les montants de sinistre et les temps séparant deux sinistres sont
dépendants. Nous considérons une structure de dépendance entre les montants
des sinistres et les temps séparant deux sinistres par I'intermédiaire de la copule
de Farlie-Gumbel-Morgenstern généralisée. Nous dérivons une transformée de
Laplace de la fonction de Gerber-Shiu. Des expressions explicites pour les trans-
formées de Laplace du temps de la ruine et du déficit & la ruine sont évaluées.
Certains résultats concernant le calcul de la fonction de Gerber-Shiu dans le cas
ou les montants des sinistres suivent une loi exponentielle sont présentés. Une

étude de effet de la dépendance sur les mesures de ruine conclut cet article.



Abstract

In this paper we consider an extension to the classical compound Poisson
risk model in which we introduce a dependence structure between the claim
amounts and the interclaim time. This structure is embedded via a generalized
Farlie-Gumbel-Morgenstern copula. In this framework, we derive the LaplaC‘e
transform of the Gerber-Shiu discounted penalty function. An explicit expres-
sion for the Laplace transform of the time of ruin is given for exponential claim

sizes.
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3.1 Introduction

Classic risk models rely on the assumption of independence between the
claim amounts and the interclaim times. This hypothesis simplifies the study
of many risk quantities of interest under such a framework but has proveh to
be inadequate and too restrictive in different contexts. The need for generali-
zations of the classical risk models has led to several papers on the modelling
of dependence. Among them, Albrecher and Teugels (2006) consider an arbi-
trary dependence structure based on a copula for the interclaim time and the
subsequent claim size. They derive asymptotic results for both the finite and
infinite-time ruin probabilities. Boudreault et al. (2006) examine several proper-
ties of an extension to the classical compound Poisson risk model assuming a
dependence structure where the distribution of the next claim amount is defined
in terms of the time elapsed since the last claim.

In this paper, we consider the family of risk models proposed by Albre-
cher and Teugels (2006) with a dependence structure defined with a generalized
Farlie-Gumbel-Morgenstern (FGM) copula.

The claim number process N = {N (t),t € Rt} is a renewal process with
interclaim times {W;,j € N*} where {W;,j € N*} is a sequence of independent
and strictly positive random variables (r.v.). The r.v.’s {W;,j € N*} are iden-
tically distributed as the canonical r.v. W with probability density function
(p.d.f.) fw, cumulative distribution function (c.d.f.) Fir and Laplace transform

(L.T.) fyjy. Throughout the paper, it is assumed that W has an exponential
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distribution with expectation % with

fw (@) = e (3.1)

Fw(t) = 1—e (3.2)
; A

fir(s) = Bl =7

The claim amount r.v.’s {X;,5 € N*}, where X corresponds to the amount
of the jth claim, are assumed to be a sequence of strictly positive, independent
and identically distributed (i.i.d.) r.v.’s with p.d.f. fx, c.d.f. Fx and L.T. f%.

We assume that {(X;, W;),7 € N*} form a sequence of 1.1.d. random vectors,
where the components may be dependent. The joint p.d.f. of (X, W;) is denoted
by fx,w (z,t) with t € Rt and z € R*. When X and W are continuous, the

associated bivariate L.T. is given by

' oo o)
Fiw (s1,82) = E[e”Xem2W] :/ / e 172t fy oy (x,t) dzdt. (3.3)
0 0

The total claim amount process is denoted by S = {5 (¢),t > 0} where

N(t) b
S(t) = ZX]- and Z equals 0 if b < a.
7=1 a

We define the surplus process U = {U (t),t > 0} with U (t) = u + pt —
S (t) where u (u € Rt = [0,00)) is the initial surplus level and p (p > 0) is the
premium rate. Let 7" = inf;>0 {t, U (t) < 0} be the time of ruin with T' = oo if
U(t) > 0 for all ¢ > 0 (i.e. ruin does not occur). To ensure that ruin will not

occur almost surely, the premium rate p is such that
E[pW; — X;] >0,1=1,2, ..., (3.4)
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providing a positive safety loading. The deficit at ruin and the surplus just prior

to ruin are respectively denoted by |U (T)| and U (T7).

In recent years, a fair amount of research in ruin theory has been devoted to
the analysis of the expected value of the discounted penalty function. Introduced

by Gerber and Shiu (1998), this function is given by

ms(u) = B [e™Tw (U(T™),|UT)])) I(T < )|U0) =u], u>0, (3.5)

where w(z,y), for z,y > 0, is the penalty function at the time of ruin for the
surplus prior to ruin and the deficit at ruin, J is a non—negative.parametef (the
force of interest) and [ is the indicator function, such that I(A) = 1 if the event
A occurs and equals 0 otherwise. A special case of the Gerber-Shiu penalty
function with w(z,y) = 1, for all z,y > 0, is the Laplace transform of the time
of ruin, denoted by ¢r(u). If § = 0 and w(z,y) = 1 for all z,y € R*, (3.5)
corresponds to the infinite-time ruin probability 1 (u) = Pr (T < oo|U(0) = u).

In this risk model, it is clear that the increments {(X; — pW;),7 € Nt}
of the surplus process are still independent. This allows us, as was done in an
independent setting, to'obtain with a martingale argument an exponential uppe‘r

bound for the ruin probability
P (u) <e”,

where the adjustment coefficient p (if it exists) is the strictly positive solution

to E [e‘T(Xl_”Wl)] = 1. Albrecher and Teugels (2006) provide an expression
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for E [e‘r(x‘ _PW‘)] for several copulas. The independence assumption between
the increments of the surplus process also implies that the infinite-time ruin
probability is a compound geometric tail in our risk model, as proven further in
the paper.

In the present paper we examine the properties of a risk model assuming
a dependence structure between the claim sizes and the claim interoccurence
times based on a generalized FGM copula. In Section 3.2 we briefly recall ba-
sic properties of the generalized FGM copula considered in the model. In the
framework of the proposed model, we discuss in Section 3.3 the Lundberg’s ge-
neralized equation which is used in the following section to derive the Laplace
transform of the expected discounted penalty function. Explicit expressions for
special cases of the Laplace transform of the time of ruin are given in Section

3.5. Numerical examples are also provided in Section 3.6.

3.2 Dependence structure

Modelling the dependence structure between r.v.’s using copulas has become
popuiar in actuarial science and financial risk management. The reader may
consult e.g. Frees and Valdez (1998), Wang (1998), Bouye et al. (2000), Denuit
et al. (2005) and McNeil et al. (2005) for applications of copulas in actuarial
science and financial risk management. As in the present paper, Albrecher and
Teugels (2006) use copulas to define the joint distribution for the interclaim

time r.v. and the claim amount r.v.
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We assume that the joint distribution of (X, W) is defined with a generalized
FGM copula. This copula which belongs to the family of copulas introduced and

studied by Rodriguez-Lallena and Ubeda-Flores (2004), is defined by

C(u,v) = uv + 0h(u)g(v), (3.6)
where h and g are two non-zero real functions with support [0, 1]. In this paper,
we consider the special case mentioned in Example 4.1 of their paper where

hw) = uw*(l—u)® (3.7)
g(v) = v(1-v), (3.8)

with a, b, ¢, d > 1. Combining (3.7) and (3.8) in (3.6), the expression of the

copula is given by
Clu,v) = uv + fu®(1 — u)bve(1 — v)¢, (3.9)
and it is an extension to the classical FGM copula
C(u,v) =uv+0uww (1 —u) (1 —v),

—1 < 6 < 1. Note that other extensions of the classical FGM copula are pro-
posed in the literature (see e.g. Drouet Mari and Kotz (2001) for a review).
One motivation of these extensions is to improve the range of dependence as-
sociation (as measured by either Kendall’s tau or Spearman’s rho) between the
components of (X, W). Rodriguez-Lallena and Ubeda-Flores (2004) show that
the admissible range for § depends on the parameters a, b, ¢, and d of tHe co-

pula defined in (3.9). They also provide explicit expressions for Kendall’s tau
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and Spearman’s rho. For example, if a = b= ¢=d = 2, then —27 < § < 27 and
Kendall’s tau (Sperman’s rho) goes from -0.24 to 0.24 (-0.36 to 0.36) while, for

the classical FGM copula, Kendall’s tau (Sperman’s rho) takes values in [—g, %}

The p.d.f. associated to (3.9) is given by
c(u,v) =1+6R" (u) g (v). (3.10)
Given (3.9), the joint c.d.f. Fx w is defined by

FX,W(I:t) = C(FX(I)1FW(O)

Fx (z)Fw (t) + apx(z)a{l - Fx(z)}bFW(t)“‘{l _ FW(t)}dA
With (3.10), the joint p.d.f. fx w of (X, W) is

fxw(z,t) = c(Fx(z), Fw (1) fx(2)fw ()

= fx(@) fw () + 01 {(Fx(@) o' { (Fw (O } fx (@) fw (). (3.11)

Throughout this paper, we suppose that a, b > 1, c€ {2,3,...}, and d > 1.

3.3 Lundberg’s generalized equation

One important step in the analysis of the ruin measures is to develop the so-
called Lundberg generalized equation and to examine its properties. An analysis
of this equation is required to find the defective renewal equation for ms (u).
More preci'sely, we need to identify the number of roots to the Lundberg’s gene-

ralized equation in the right-half complex plane, i.e. with % (s) > 0. These roots
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are useful to derive the defective renewal equation for mg (u) as we shall see in
the next sections.

To derive Lundberg’s generalized equation, we consider the discrete time
process embedded in the continuous-time process surplus U. Let us define the
discrete-time process Q = {(7k,k =0, 1,2,...}, where (70 = u and ﬁk = Ur,

denotes the surplus immediately after the kth claim, viz.

k
Ug=u+Y (pW;— X;) for keN'. (3.12)
j=1
N k
The process V = exp{~(SZIVj+SUk},k=O,1,--- , for s > 0 is a mar-
=1

tingale if and only if

E (e—éwes(PW—m) =1, (3.13)

which corresponds to Lundberg’s generalized equation. Due to (3.11), the left-

hand side of (3.13) can be written as

o0 [ee]
E (emWestW-2))  — / / P fy w (z, t)dzdt
o Jo
(o] o0
/ / esP=0) 5% £ () fuv (t)dxdt
o Jo

+ 0/(;00/.00et(SP—J)e_Smh’(FX(CE))Q’(FW(t])fx(.r)fw(t)dmdt, (3.14)
Q

Il

where the functions g and h are defined in (3.7) and (3.8) respectively. In order

to rewrite (3.14), let us define the r.v. Z with p.d.f. given by
9z(z) = fx(z) — fx @)k (Fx(z)) (3.15)
and corresponding Laplace transform g7 (s). We also define the function ky by

kw (t) = fw()g' (Fw (1), (3.16)
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. with a Laplace transform

Hv@)zméme_“fW(ﬂf(ﬂv@»dt

With these newly defined functions, (3.14) can be written as

(3.17)

B (e7W W) = () i (6~ 5p) +0kiy (0 8) {5 (5) ~ 9()} - (318)

Furthermore, by integration by parts and with simple rearrangements, (3.17)

becomes (due to (3.8))

1
k,*vv(s) — EA u(c—i—l)—l(l_u)(d-f—s/)\)fldu

A

Tlc+ D)I(d+ s/X\) s

Tc+14+d+s/A) A
clA®s

c+1 !

H(S + /\i)

=1

where

A=Md+i—1).

Using partial fractions, it follows that

c+1 c+1
A

a; i
k* = = g —
W(S) ;S‘f-/\i ;Q18+/\i
with
_ C!)\C(—)\i)
4=
H (—)\-; + )\j)
J=1,j#1
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or

e e(-1)
c+1 ’
H (—/\-; + /\j)
j=1,5
Consequently, we obtain

If we insert (3.18) and (3.19) in (3.13) and since f}, (s) = ,\:\st we obtain

. A A (6 — sp) . N B
fX(s)/\+5—sp+€C+1 {fx(s) = gz(s)} =1,
H()\i + 4 — sp)
i=1
which becomes
c+1 c+1

A+d-sp) [Ju+6-sp) = FLON[[Oi+5-sp)

=1 i=1

+ 0cIA (6 — sp) (A+ 0 — sp) {fx(s) — g2(s)}-

This last equality will be used in the following proposition in which we apply

Rouché’s Theorem to identify the number of roots in the right half-plane of the

generalized Lundberg equation (3.13).

Proposition 13. For § > 0 and 6 # 0, Lundberg’s generalized equation in

(8.13) has exactly ¢+ 2 roots, say p1,-+- , Pet2, in the right-half complex plane,

i.e. with R (p; (6)) > 0.

imaginary axis running from —ir to ¢r and a semi-circle with radius r running

Proof. Let us apply Rouché’s theorem on the contour Cr, consisting of the

clockwise from ir to —ir. We let 1 — oo and denote by C the limiting contour.
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Working with the rearranged expression (3.20) of Lundberg’s generalized

equation (3.13), we want to show

c+1
Fi(ON] [ + 6 = sp) +0¢!X° (6 — sp) (A + 8 = sp) {fx(s) — g5(s)}| <

=1

c+1

(A+d—sp) [Ji+6—sp)|.

i=1

This is equivalent to showing that

c+1
Af% Ai+d—
Ix() E( 7) GctAC (6 — sp) (A + 0 — sp)
c+1 c+1
A+d-sp)[[i+d—sp)  (A+5-sp) [[(Ai+6-sp)

i=1 i=1

{Fx(s) —gz(s)}| < 1.

The terms
c+1
A H()\l + 38 — sp)
i=1 _ A
etl (A +4d-sp)
(A+6—sp) [ [ +6—sp)
i=1
and
OctXe (8 —sp) (A +0—sp)  0cIX (6 — sp)
c+1 T e+l
A+d=sp) [[i+d-sp)  J[+6-sp)
=1 =1

are ratios of polynomials with a strictly higher degree at the denominator.

Hence,

c+1

Afx(s) [T +6 = sp)

=1

OctA (6 —sp) (A + 6 —

DO ) e ()~ gy(s)} — 0
(A +6—sp) [[(i+d—-sp) (A+38—sp) [[(Ni+5—sp)

i=1 i=1

on C (excluding s = 0).
At s =0, it is clear that

e~ >
(A+ 68— sp)
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and

OcIXe (8 — sp) .
P > 0.
H(’\i + 6 — sp)

1=1

Also, at s = 0 and for 6 > 0, we have

A eI (6)
oo + -0 <l
{H()\i + 5)}

Finally, we have

c+1
M) [ +6 = sp)

1=1

- PA+I= D) (52 () - g3(s))
()\+5—sp)H()\i+§—sp) (/\+5—sp)H(/\.L+6—sp)

i=1 i=1
c+1

OcIXe (8 —sp)(A+ 6 —

Afx(s) 1_[(/\Z + 4 — sp)
= 6N (5 — sp) (A + 6 — s . .
< S 4| PBDALTIZD) (o) gy(s))
()\+5—sp)H(/\i+6—sp) ()\+6—sp)H()\i+6—sp)
i=1 i=1
c+1
A H()‘l + 6 — sp)
. e . . OcIXC (8 — sp) (A + 6 — sp)
= 1) L FIf(5) — gy(o)) [ 2L
(A +38—sp) [ [+ —sp) (A +68—sp) [J(hi+3—sp)
i=1 i=1
c+1
A |+ —sp)
- E OcI\e (6 — sp) (A + 0 — sp)
- ) c+1 c+1
(A+5—sp)H(/\i+5—sp) ()\+6—sp)H()\i+c5fsp)
=1 i=1
c+1
AT+ 6) + (A+8) 6c1rcs
A Oct\¢s i=1
< + = <10
B (/\ +5) c+l c+1

1T +6) (A +68) [ [(xi +6)

i=1
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For 4 = 0, the conditions to Rouché’s theorem are not satisfied since

c+1
A% () [J(hi +0 = sp)
1l INC(§ — 0 — * *
- P ( 821(/\+ sp) {fx(s) = g5(s)}| =1

()\+(5—sp)H()\i+6—sp) ()\+5—sp)H()\i+(5—sp)

=1 i=1

for s = 0. Based on a result in the queuing theory literature, we rely on an
extension of Rouché’s theorem to determine the number of roots to Lundberg’s

generalized equation with a positive real part.

Proposition 14. For § = 0 and 0 # 0 Lundberg’s generalized equation (8.13)
has ezactly ¢ + 1 roots, say {p; (0),1=1,...,c+ 1}, with R(p; (0)) > 0 and a

(c 4 2)-th root peyo (0) = 0.

Proof: Let z = £=2 and define the contour D, = {s: |z| = 1}. In terms of s,
the contour D, is a circle of radius « and origin «. Similarly as in Proposition 13,

we let kK — oo and denote by D the limiting contour. Using identical arguments

(for § = 0) as in the proof of Proposition 13, we can deduce

c+1 ct+l
F(N TT O — s0) + 6613 (=5m) (0= s9) {75 (5) — g0} < |3 = sm) [TO = sm),

on D (excluding s = 0 or equivalently z = 1). Moreover, we observe that the

functions

' .c+1
TN [ i = sp) + 61X (=sp) (A = sp) Fx(s) — 9%(s)

i=1

and
c+1

(A =sp) [J(xi —sp)

i=1

are continuous on D.
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In order to apply lTheorem 1 of Klimenok (2001), we must prove

A, _fxle=nr)d 0N (= (k= k2) p) {fx (k — K2) — g5 (K — Kk2)}

dz ! (M= (k~Kz)Dp) + e+l >0
LI = (k= k2)p)
i=1 2=1

However, (3.21) is equivalent to

>0,
z=1

I )

which is verified under (3.4). From Klimenok (2001), one concludes that the

number of solutions to (&.13) inside D is equal to ¢+ 1, i.e. the number of roots
c+1

of (A — sp) {1_[(/\z - sp)} inside D minus 1. Moreover, a trivial root to the

i=1

Lundberg’s generalized equation (3.13) (with § = 0) is pe42 (0) = 0. O

Remark 15. As mentioned at the end of Section 3.2, we assume in the paper
that d > 1. Whend =1 (and for § > 0 and 6 # 0), Lundberg’s generalized equa-
tion in (3.13) has ezactly c+1 roots, say p1,- - , Pet1, in the Tight-half complex
plane, i.e. with R (p; (8)) > 0. For § =0 and 0 # 0 Lundberg’s generalized equa-
tion (8.18) has ezxactly ¢ roots, say {p; (0} ,7=1,...,c}, with R (p; (0)) > 0 and
a (c+ 1)-th oot pey1 (0) = 0. These results can be demonstrated in a similar

way as in the proofs of Propositions 18 and 14.

In the next sections, we only consider the cases when the roots are distinct.

3.4 Laplace transform of mg

In this section, we find the Laplace transform of the Gerber-Shiu discounted

penalty function ms(u) defined in (3.5).
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By conditioning on the time and the amount of the first claim, we have
me(u)
= / / ms(u+ pt — z) fxw(z, t)dzdt
- /0 /0 e~ Stms(u + pt - 2) fx (x) fu (1) dadt

16 /oo /w e~ ms(u+ pt — z)h' (Fx (2))g (Fw (£) fx (z) fw (t)dzdt

/ / ms(u+ pt ~ z) fx (z) fw (t)dwdt

20 [ [ et tmstut pt— 2) (0 i (0) S (0 (2) = f P (0) v (902 dns
Jo Jo

where h(u) = v®(1 — u)?, g(u) = u®(1 — u)¢. Using (3.15) and (3.16), we can

rewrite (3.22) a:

ms(u) = /:O E{ms(u+pt — X)}Ye " fuw (t)dt
+ 0 /:o E{ms(u+pt — X)}e Otky (t)dt
- 0 /OOO E{ms(u +pt — Z) e ky (t)dt. (3.23)
With y = u + pt in (3.23), we have

pms(u) = )\/ E{ms(y )}e_y(%)e“(%)dy

c+1 Y
v 03 [ apmsty =03

i St
7 e () gy

c+1
- HZ / aB{ms(y — 2)}e T gy, (3.24)

In what follows, we use the Dickson-Hipp operator T, for an integrable real-

valued function f introduced by Dickson and Hipp (2001) :
T, f(zx) = / e7(0) f(u)du, reC. (3.25)
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From Li and Garrido (2004), we recall Properties 1, 2, and 6 of the operator 7.
that we use in the sequel :
— Property 1. 7, (0) = fooo e " f(u)du = f*(u), for r € C, is the Laplace
transform of f.
— Property 2. T, 1o, f (z) = 10,1, f (z) = w, r1 # 19 € C,
z > 0. ‘

— Property 6. If r1, ..., 7 are distinct complex numbers, then

k
T, . TryTr, f (z) Z j z>0,
— i (
k
where 74 (r H r —r;). The corresponding Laplace transform is
=1

. o 1yk f*(s)i : f7(n) s
TTr, T T, f (0) = (-1) (T (s) Z(s—n)ﬂé(”)) °

s
k =1

Applying the Dickson-Hipp operator with Property 1 allows us to rewrite

(3.24) as

c+1 c+1
pmg(u) = XTsea p (u) + 0 Zasz p1(u) — 6 ZazTHA uQ(u) (3.26)

i=1 =1

where
() = Blmau— X)) = [ mau— a)ix(o)ds + )
pa(u) = E{ms(u—2)} = /Ou ms(u — z)gz(z)dx + wau)
wy(u) = /00 w(u,z —u) fx(z)dz

and

wa(u) = /°° wlu,z — u)gz(z)de.




Taking the Laplace transform of (3.26) and using Properties 1 and 2 of the

Dickson-Hipp operator T, leads to

c+1 * wr (04X
pmi(s) = A'{¥}+GZGI{ 0 it )}

P

- 92“1 S
i=1 (+TL s)
where
pi(s) = ms(s)fx(s) +wi(s),
and

p3(s) = ms(s)gz(s) + wy(s).

The above equality simplifies to

m*(s) — wf(s) {fﬁ/(d - Sp) + 91{"{/V((S — Sp)} — 49”(115(8)16;‘/(5 - Sp) + U*(S) (327)
’ 1= fi(s)fiy (8 = sp) — 0f% (s)kiy (6 — sp) + 095 (s)kiy (6 — sp) ’
where
. ‘ut(%) c+1 (5—{—)\1) c+1 2(5+/\ )
vis) = - (6+ A —sp) _sz: “(6+ i — sp) +6Z (84 A —sp)’

In the following theorem, an expression for the Laplace transform mj is

derived based on equation (3.27).
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Corollary 16. We assume the compound Poisson risk model with a dependence
structure based on the generalized FGM copula defined in (8.9) with parameters
a, b>1,ce {2,3,..}, and d > 1. The Laplace transform of the Gerber-Shiu

discounted penalty function mg is given by

Bisls) + Fisls)

") = R 5 Aaso) &2
where
mat = (SRR -
1,6\ - p P D )
hy5(s) = N s(s) {fx(s)fiv (6 — sp) + 0 /% (s)kiy (6 — sp) — 097 (s)kiy (6 — sp)},
Brs(s) = his(s){wi(s)(fiv (8 — sp)+ Okiy (6 — sp)) — Owi(s)kiy (0 — sp)},

and ,[35’6(5) s a polynomial of degree ¢ + 1, or less given by

c+2 c+2
55,5(5) = *Zﬁla 2 H
k=1 kotj P pi— P
ct2
B s (p)
=‘ ——T +2 _—
‘ g S - p] c+2(p])
c+2 c+2
with 7es2(s) = [[(s = 1) and a(0) = T (o = o).
j=1 J=1j#k

Proof. Multiplying both the numerator and denominator of (3.27) by (% —

71

(3.29)
(3.30)

(3.31)




3) c+1 (H—)\J

- s) yields (3.28), with
7

Bosls) = his(s)u™(s)

_ (“;%S)E(‘S;*f Yo' (s)
_ __#;(é—;)\)::(é—;k] )
c+1

. ~ﬂm<ﬂ>ﬁ<ﬁ—s>

P po/iaN P

S S [T () [ ()
e

p(5+)\_sp)§lh ﬁ(dJr)\p-sp) 2(5—;)\)
=
JAL

which is a polynomial of degree ¢ + 1 or less.
Note that mj(s) is analytic for R(s) > 0 which means that the roots p;,j =

1,

)

¢ + 2 of the denominator in (3.28) are also the roots of the numerator.
Given the denominator in (3.27), these roots are also the solutions to Lundberg’s

generalized equation

B (W e W) = () fi (8 = sp) + 055 ()kiy (8 — 5p) — Bg5()kiy (8 — sp)

By the Lagrange interpolation formula with the (¢ + 2) points p1, ..., pe+2 (since
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B3 5(s) is a polynomial of degree (c + 1)) at which 35 5(s) = —8; 5(s), we have

c+2 c+2
B35(s) = Zﬁu pi) 11 1 —pr
k=1k#5 ©

which completes the proof of the corollary. O

3.5 Defective renewal equation for mg;

In order to find the defective renewal equation for mgs, we need the following

lemma..

Lemma 17. In the compound Poisson risk model with a dependence structure
based on the generalized FGM copula defined in (3.9) with parameters a, b >
1, c € {2,3,..}, and d > 1, the Laplace transform mj(s) of the Gerber-Shiu
discounted penalty function ms satisfies

TSTpl T Tpc+2ﬂ1,5(0)

e , 3.32
6( ) 1- 7"511};l T Tpc+2h2,6(0) ( )

Proof. Given property 6 of the Dickson-Hipp operator, we have the following

equality
c+2
B s
Pra(s) + B3] = Bigls) = Terals Eﬁ
B ﬁu() S Pisle)
= Tey2(8) Tera(s Z(s pi) T (ps)
= Ten(s)(-1) +2T3Tm--- Tpesabrs(0).  (3.33)

Similarly, we can derive an alternative expression for the denominator hi s(s)—h3 5(s)

in (3.28). We know that hj ; is a polynomial of degree ¢c+2 in s (due to (3.29))
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and that
i 5(pj) = h3 5(p5)
for = 1---¢c+ 2 from Propositions 13 and 14. Given that a Lagrange inter-

polating polynomial of degree (¢ + 2) passes through (¢ + 3) points, we choose

the point (0,h] 5(0)) in addition to the points (P1,13 5(01)) s (Pet2,h] 5(Pe2))

to write
c+2 S c+2 hx 5 c+2 s Ok
* * 1 -
hi 5(s) = hi50) [ [ or) + Z H P
k=1 Pi k#7 T

which implies that

his(s) = h3 5(s)

c+2 * Ao
— hal0 gl gy TR +2((:)“h§,5(3)
(o) O j 3)Te+2\Pj
k];[l .
_ hf,a(o) 2 5h§,5(Pj) B hE,a(s)
= el @ L o G T )

o 7"

k=1

— ral(s) hi,s(0) § (s —ps + Ps)h55(p5) D5 5(s)
- c+2 -
) Pi(s — p)Ts2(07)  Texa(s)

[[=p)

k=1
= Teyal(s) hfa(o § R s (ps) %f R s( p;) h s(s)
- c+2 -
* Tet2(0 ( p] c+2(pj (s — Pj )Tc+2(pj) Tey2(s)
hi50) X b0y
= : — 2 (—1)PET,, - h . 3.34
Te+2(s) Tc+2(0) i= ( PJ) c+2(P ) (=1) ” Tocra 25( ) ( )

Since hj 5(p;) is a polynomial of degree (c + 2) in p;, we have
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. 5 + A c+1 6 + )\Z ct+2 ~
Bialen) =(—= = o) [T (52 = 05) = Y uss ™
P = P 1=0
c+1 5+>\ .
with ag = (—=1)°*? and ooyo = (é%’\) H (—1) We do not give the expres-
. p
=1

sions for o1,...,0.41 because they cancel out in the developments that follow.

This leads to

c+1
6+ N
. (é—A-ﬂj)H( —Pj)
c+4-2 hié (p]) B c+2 P ey P
= PiTer2(p)) = PiTer2(Ps)
c+2  c+2 p(.c+l—l)
J Ly ¥4
= T J M— (3.35)
2" o)

Based on Lemma 1 on page 395 (and also on the relations on page 400) of Li
and Garrido (2004), the terms summed over the indices j in (3.35) are equal to

zero except for | = 0, for which sums to og and the last term, for | = c+ 2, for

—Oc+2
Tet2(0)°

which we obtain Hence, we have
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hs(0) B his(oy) Pa(0) B Y

- MBIt

TC+2(O) =1 pchl+2(pj) 7-c+2 0 -1 L+2 pj
Bt 6 c42 (c+1) c+1  c+2 (c+1 1)
1
= +
Te2(0 Zl Tey2(p) Z z; Ter2(p3)
c+2 (—1)
+ Uc+22
J=1 c+2 p]
h*{ 6(0) (_l)c+1
= Tc+2(0) + 09 + 0ct2 p;)
110
j=1
« +1
_ (0 R (5+ ,\) CH (5+ Ai )( 1)e+l
Te+2(0) p /N p /o2
H P;
= (-1 (3.36)

Substituting (3.36) into (3.34) yields

15(8) = b3 5(8) = Tera(8) (1) T2 {1 =TTy, -+ Ty, has(0)} . (337)

Finally, substituting (3.33) and (3.37) into (3.28) completes the proof. (J
In the following proposition, we give a defective renewal equation for the

Gerber-Shiu discounted penalty function.

Proposition 18. In the compound Poisson risk model with o dependence struc-
ture based on the generalized FGM copula defined in (8.9) with parameters a,

b>1,ce€{2,3,..}, and d > 1, the Gerber-Shiu discounted penalty function ms
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admits a defective renewal equation representation

ms(w) /O " - y)us(y)dy + ns (), (3.38)

1 “ 1
s(u — )05 (v)d
1+K5/0 ms(u —y) a(y)y+1+

Gs(u),  (3:39)

Ke

where ps(y) = Tp, - Tp. o hes(w), ns(u) = Ty Ty nB16(u), ks is such

that
S+ N
U (=)

1 =
(1 T ﬁd) =1 2_3 o2 - TOTm o 'T/Jc+2h'2,5(0) < 11 GJ(U) = (1+K5)775(u)7

e
j=1

and 95(y) = (1 + ks)ps(y) 1is a proper density function.

Proof. The renewal equation (3.38) is obtained by inverting the Laplace
transform in (3.32). It remains to be proven that fooo us(y)dy < 1 for (3.38)
to be a defective renewal equation. Due to Property 6 of the Dickson-Hipp

operator, we have

/OOO ps(y)dy

= TOTPI o 'Tpc+2 }7'2,(5 (0)

c+1
: 5+ M
S+ . L
w0 ool ()
— etz | 209§ i= . (340
=1 PiTes2(Pj) ( )

c+1
b+ . L .
Since H ( rA pj) is a polynomial in p; of degree (¢ + 1), we can write
i=1

P
c+1 c+1 c+1
o+ A ctl-l +1 o+
- p») =Y o with gg = (—1)°*! and gc41 = ( )
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Hence,

N &
o] /\H( D ) c+2 (L )Zdlp e
[ wstay = e |2y
0 P Teq2(0) Py C+2(p])

() G
) (5H)Z Z

=1 c+2 (pJ

_ (_1)c+2

e+l c+2 c+1 l
- ey A 1)
=1 Tera(pi)
Using Lemma 1 of the Dickson-Hipp operator on page 395 of Li and Garrido

(2004), the terms summed in (3.41) are equal to zero except for { = 0 and

[l = c+ 1, meaning

okl 42 el
2. D =
1
=0 =1 Teva PJ Te+2(0)
and
ct+1 c+2 c+1 [
DI,
=0 ji=1 Te+
Therefore,

e A= p d+ A
d — __l c+2 __1—1 _ = _ 1 c+1
/0 ﬂé(y) 4 ( ) P Tc+2(0) ( p ) Tc+2(0) ( )
c+1
S+ A
) H ( P )
= 1 ;l—lcw. <1 (3.42)

11 e
7j=1
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3.6 Laplace transform of the time of ruin

In the following proposition, we consider a special case of the Gerber-Shiu
penalty function with w(z,y) = 1 for all z,y > 0. We show that the Laplace
transform of the time of ruin, denoted by ¢r(u), satisfies a defective renewal

equation which also has a compound geometric representation.

Proposition 19. In the compound Poisson risk model with a dependence struc-
ture based on the generalized FGM copula defined in (3.9) with parameters a,
b>1,ce {23,..}, and d > 1, the Laplace transform of the time of ruin ¢r

admits a defective renewal equation representation

1
1+ ks

i) = o [ ot wosan s e [ G, Ga)

K§

which has a compound geometric representation :

> 1
— K,
ort) = 23 (5

bution of the n-fold convolution of the p.d.f. ¥s.

i y
) Vil (u), u > 0 where Vi7(u) is the survival distri-

Proof. If we let w(z,y) = 1 for all z,y > 0 in (3.39), then the terms ks and
Y5(y) remain unchanged and m;(u) becomes ¢r(u). For Gs(u) we must simplify

look at 75(u) since

Gs(u) = (1+ ks)ns(u)

= (1 +K'5)T91 "'Tpc+2ﬁl,5(u)'

We first obtain the Laplace transform n}(u) when w(z,y) = 1 and then invert
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it. We find

s15(8)

with

given that wj(s) and w3 (s) respectively simplify to

Given thatm
smi(s) = (=1)°*?
— (_1)c+2

= (e

= (1

STSTpx o 'Tﬂc+2:81,5(0)
o ) Bisls) B Bispy)
s(-1)2 ¢ N 5
Te+2(8) =1 (8 = pj)7l42(p;
+
5+ A .
% H ( p - 3) = h3s(s)
B 5(s) = —= (3.44)
' s
1_f55L(S) andll_gst (),
= # + ;1—_, we have
e+l e+1
0+ A N 5+ X
Py A s .
H( ) 5.5(5) i“’g( P J>+ f b3 6(0)
- — -8
Tc+2( ) Tet2(8) = pi(s = pj)Teya(p;) PJ s = pi)Teya(ps)
c+1 ct+1 5 + )\ c+1 5+ A
A]:[(6—’—)\ ) 2A ( ) c+2P ( ij)
i i=1 _ Ris(s) % ’ i=1 p B Z i=1 p
rer(e) Tl (5= p)Tan(ps) S PiTera(s)
+§ h3 s(03) E by 509)
= (5= pi)7esalps) 5= PiTesalpy)
c+1 6+/\1, +1 5+/\ AC-H(CS"‘/\-L )
%H( D —5) c+2 P H c+2p‘1 P
=1 _ i=1 _ i=
Tet2(s) = (s = pj). c+2(PJ) Jz:; PiTer2(03)
B .5(5) f h 5(0;) 2 s 5(05)
Ter2l) (s = ) 7e4a(p) | 1 Teaa(ps)
c+1 ) c+1
%H( P _‘S) c+2 P 1( D PJ)
i=1 =
7era(®) -2 s = pj)Tlra(ps)
. j=1 ( J) c+2\F7 TT Tpc+2h2,5(0).
A (5 + A )
§ P p &2 hE,&(Pj)
i=1 PJ Ter2(ps) =1 PiTer2(P;5)
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Due to Property 6 of the Dickson-Hipp operator at s = 0, we can write

snz(s) = (=1)°*?
1Ty, ...
where
Since
c+1 ( A
where

70 = (=1t -

y0ct+l = H <M),U

311 ) er2w v 7
i=1 Z
Ter2(s) (s — P5)Tey2(p5)
AT 0N
ct2 p / p Pi
P + ()T, Ty 6(0)
poart Py c+2(PJ)
h3,6(0)
Te+2(0)
T has(0), (3.45)
X PRty Iy
@ﬁw)*gll(—7;~) (3.46)
c+1 ctl

) Zo_pc+1l ZU

c+1

p

i=1

o\
Il
—
Q
o~
+
=
|

C+l 7

c+1

—H((s;)\i

i=1

)

and based on Lemma 1 of Li and Garrido (2004), the second and third term

summed in (3.45) simplify to

c+1 +1
2] (5 + X ’ T (5 + A )
&1 1 &ir p Oc+1 f’é+1
1= + —
i=1 (s = p3)Teya(ps) ]Zl PiTer2(P;) Te+2(0)  Te2(s)
c+1 c+1
S+ N\ 6+ A
A A i
H( ) I
= + —= . (347
Tc+2(0) Te+2(8) (3.47)
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Substituting (3.47) and (3.46) in (3.45) and with simple rearrangements, we get

sn;(s) = Tolp,..Tp 1hos(0) = TsTy,, .. T,,, ,hos(0)
1 *
= 1 s — u5(s).

Hence, we obtain for the Laplace transform Gj(s) when w(z,y) = 1 for all

z,y >0
. ! .
Gi(s) = ;(1+n5)n5(§)
= (R — ()
= (1-09))

Recall that for a general function w(x,y) we have due to (3.32)

Gi(s)

ms(s) = (1 + rs) — 05(s)

which becomes for w(z,y) =1 for all z,y > 0
1-95(s)

- (1 +/€5)S— 95(s) (3.48)

or(s)

Aninversion of the Laplace transform in (3.48) leads to the desired result.O]
We give the expression for the Laplace transform of the time of ruin when

the initial surplus is zero in the next corollary.

Corollary 20. We can write ¢7(0) in terms of A, 6,p, pj,c and d as

o (6+ A(dp+i - 1))

i=1

Yo

o (0) =1- c+2

2
j=1
Proof. This follows from (3.42) and (3.43). O
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3.7 Exponential claim amounts

In this section, we assume that the individual claim amount follows an
exponential distribution with p.d.f." fx(z) = e * and Laplace transform
fx (s) = 7% It implies that (X, W) has a bivariate exponential distribution

based on the generalized FGM copula (3.9) with a covariance given by

Cou(X, W) = / / {Clu,v) — wo} dF (w)dFy(v)
= iB(aH,b)B(cH,d), : (3.49)
YA

where B (z,y) is the beta function fol t#=1(1 — t)¥ " dt. In the following propo-
sition, we find the explicit expression for the Laplace transform ¢z of the time

of ruin in this special case.

Proposition 21. Assuming the roots {—~R;(6),7 = 1,a + 2} distinct, a closed-

form ezpression for {¢r(u),u > 0} is given by

a+2

(])T(u) = Z(je_RJu, (350)
Jj=1

where

Sj =

(Ls(—Ry) —6as(-R)) Ry —p;
(€1,5(0) — &2,5(0)) izl,Hi;éj ‘1‘?4+RjjI=—-[1 (—R¢+pj)7

and a is an wnteger. The functions &1 5(s), &2, (s), and £,,5(s) are defined in

(3.52), (3.53), and (3.54) respectively.

Proof. When claim amounts are exponentially distributed, the Laplace

transform of gz(z), defined in (3.15), becomes
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s+y s+
which leads to
a+1
9z(x) = ve 77 ~ Zbief7 x, z2>0
i=1
with
v = ~vb+i-1)
b = aly* (=)
1 a+1 )
IT %+
J=1,5¢i

We must first modify the term f7 5(s) in (3.44). After inserting the result

obtained for fj 5(s) into (3.28), and multiplying.both the numerator and deno-

minator by
a+1
(v+9) [T (s +m)
j=1
we have
v €16(8) —E2.5(s) 351
Sd)T(s) - 81,6(3) _ 62,5(8)’ ( N )
where
a+1 c+1 ) . a+l1
€5(s) = %(7 ) [+ ] (5 A $) s+ )85 [T s+ ), (352)
i=1 i=1 i=1
c+1 } a+1 Y
&a5(s) = 773\ H <% - s) H(s + %) + (Gc!/\ca!’y“#s(é—;— —8)(d — sp)(s + 'y)) . (8.53)
i=1 i=1
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and

15(s) = (7’+3)(5——;f/\ —S)Cﬁ(M -s) ﬁ(s+vi). (3.54)

i=1

We have that £ 5(s)—£&2 s(s) is a polynomial of degree a+c+4. It has a+c+4
roots, p;, with R(p;) >0, for j =1,--- ,c+ 2 and —R;, with R(R;) > 0, for
j=1-,a+2

Using the Lagrange interpolating polynomial on the denominator and the

numerator in (3.51), one finds

a+2 c+2 a+2

_ TR — 6g(—R)) = TT (2P _SH R
(9 ~€2(9) = 3 6ns(~H) ~ o RJ”—RJ,EI(—Rj.—pk)k:g#(%ﬁ w)  (359)
and
c+2 s~ p; a+2 S+R
f5(9) = @5(9) = (s - s [T (Z2) I (F52) 650)
j=1 7 =1 J

Combining (3.55) and (3.56) to (3.51), one concludes

a+2

spp(s) = ij'Rj. (3.57)

j=1
The inversion of the Laplace transform in (3.57) leads to (3.50).00

We illustrate the above results in the next example.

.Example 22. For the numerical results, we assume that X ~ Ezp(l), W ~
Ezp(l), and a = b = ¢ = d = 2. The premium rate is p = 1.5, which im-
plies a relative risk margin of 50%. In Table 1, we first provide the analytic

expressions of the ruin probability v (u) for different dependence parameters :
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6 = -20,-5,0,5,20 (deriwed with Maple).

] Ezpressions for the ruin probability v (u)

-20 | 0.712e79-2%6% 4 0.020e 198 _ 0.038¢~3798%c05(0.985u) — 0.057e 737984 5in(0.985u)
-5 | 0.677¢70:323% 4 0.012¢ 71835 _ 0.017¢73697%¢05(0.369u) — 0.065¢ 36074 5in(0.369w)
0 %e’ 3u

5 ] 0.652e7 0344w _ 0 012e=4230v 1 (3.017e~2358%c05(0.284u) — 0.0966‘2'358“51'71(0.284u)‘
20 | 0.603e=0-37%% _ .025¢ %609 4 0.048¢=2090%05(0.872u) — 0.109e 20904 5in(0.872u)

Table 1. Analytic expressions of W(u) for 6 equal to -20, -5, 0, 5, and 20.

The resulting ruin probabilites are depicted in Figure 8.6

We also derive the analytic expressions for the Laplace transform of the time

of ruin ¢p(u) with § = 0.05 for 0 = —20,-5,0,5,20 (derived with Maple) which

are given in Table 2.

0 Ezpressions for the Laplace transform ¢r(u)

-20 | 0.663¢70-343% 1 0,024 1598% _ (0,045¢ 3795 c05(0.981u) — 0.068e 3 7% 5in (0.981w)
-5 ] 0.627¢0-376% 1 0,014 1-836% _ 0.020e 73690 c05(0.365u) — 0.077¢~3-6%6%5in(0.365u)
0 0.6136—0'386u

5 | 0.599¢70:396u _ (013 4230v 4 0.0196*2~359ucos(0;280u) — 0.114e72:3%5%%5in(0.280u)
20 | 0.549¢0-430u _ () )90¢—4608u 0.054e 2094 £05(0.868u) — 0.127e~2-094% i1 (0.868u)

Table 2. Analytic expressions of ¢r(u) for 0 equal to -20, -5, 0, 5, and 20.

The resulting ¢r (u) are depicted in Figure 8.7. The impact of the dependence

structure on ¢p (u) can be clearly observed.
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Ruin probabilities
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FIG. 3.6 — Ruin probabilities for § (dependence parameter) equal to -20, -5, 0 (independence),

5, and 20.
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Laplace transform of the time of the ruin
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FiG. 3.7 — Values of ¢r (u) for 8 (dependence parameter) equal to -20, -5, 0 (independence),

5, and 20.
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CHAPITRE 1V

On a compound Poisson risk model with
dependence and in the presence of a constant

dividend barrier

Résumé

Nous considérons, dans ce papier, le processus classique du surplus en présence
d’une barriére de dividendes constante. Une structure de dépendance entre
‘les montants des sinistres et les temps séparant deux sinistres est introduite
par la copule classique de Farlie-Gumbel-Morgenstern. Une équation intégro-
différentielle avec des bornes aux frontieres est obtenue. Sa solution est exprimée
comme la somme de la fonction de Gerber-Shiu en l'absence de la barriere
de dividendes plus une combinaison linéaire de deux solutions particuliéres
indépendantes. Pour terminer, nous trouvons une solution explicite quand les
montants des sinistres sont exponentiellement distribués et nous étudions les

effets de la dépendance sur les mesures de ruine.




Abstract

In this paper, we consider a classical risk process with dependence and in the
presence of a constant dividend barrier. The dependence structure between the
claim amounts and the inter-claim times is introduced through a Farlie-Gumbel-
Morgenstern copula. We analyze the expectation of the discounted penalty func-
tion and the expectation of the present value of the distributed dividends. For
each function, an integro-differential equation with boundary conditions is de-
rived and the solution is provided. Finally, we find an explicit solution for each
function when the claim amounts are exponentially distributed. We illustrate

the impact of the dependence on these two quantities.
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4.1 Introduction

In this paper, we consider a compound Poisson risk model with dependence
for an insurance portfolio. As in the classical Poisson risk model, the evolution of
the claim number for an insurance portfolio is assumed to follow a Poisson pro-
cess N = {N(t), t € RT}. The interclaim times {W;,j € N*} form a sequence
of independent random variables (r.v.) identically ‘distributed as the canonical
rv. W. The r.v. W has an exponential distribution with expectation % with
probability density function (p.d.f.) fu, cumulative distribution function (c.d.f.)

Fw and Laplace transform (L.T.) f, with

fw (@) = Ae™, (4.1)
Fy () = 1—e, (4.2)
A

firls) = Ble]= o

Therv. X; (j = 1,2,...) corresponds to the amount of the jth claim. The claim
amounts {X;,7 € N*} form a sequence of i.i.d. r.v.’s distributed as the r.v. X
with p.d.f. fx, c.df. Fx and L.T. f%.

The classic compound Poisson risk model relies on the assumption that, on
the occurrence of the jth claim, the claim amount X; and the interclaim time
W; are independent (see e.g. Gerber (1979), Grandell (1991) and Rolski et al.
(1999)). In the compound Poisson risk model with dependence, this assumption
is relaxed and we assume that {(X;, W;),j € N*} form a sequence of i.i.d.
random vectors distributed as the canonical random vector (X, W), in which

the components may be dependent. The joint p.d.f. of (X, W) is denoted by
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fx,w (z,t) with t € RT and z € RT. The associated L.T. is given by

Txw (s1,82) = E [e71%ems2 W] = / / e " TeT ! f w (w0, t) dadt.
o Jo

Different models can be assumed for the joint distribution of (X, W). In
this paper, the joint distribution for (X, W) is defined as in Cossette et al.
(2008) with the Farlie-Gumbel-Morgenstern (FGM) copula. For other types of
dependence structure for (X, W), the reader can consult Albrecher and Boxma
(2004) and Boudreault et al. (2006). Albrecher and Teugels (2006) consider a
dependence structure for (X, W) based on a copula. They derive exponential
estimates for finite and infinite time ruin probabilities in the case of light-tailed
claim sizes by employing the underlying random walk structure of the risk model.
Note that Landriault (2008) studies the model proposed by Boudreault et al.

(2006) in the presence of a constant dividend barrier.

The FGM copula is given by
Co M (uy,u) = urug + Buyug (1 — ug) (1 — ug),

for (u1,us) € [0,1] x [0, 1]. The dependence parameter 6 takes value in [—1, 1],
where 6 > 0 (< 0) corresponds to a positive (negative) dependence relation.

The joint p.d.f. associated to the FGM copula is given by
cFOM (4, u9) = 14 60(1 — 2up) (1 — 2up) .

The joint c.d.f. Fx w of (X, W) with marginals Fx and Fy and defined with

the FGM copula is given by
Fxw (z,t) = C§M (Fx (z), Fw (t)) = Fx (z) Fw (t)+0Fx (z) Fw (t) (1 — Fx (2)) (1 - Fw (1)),
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for (t,z) € Rt x RT. The joint p.d.f. of (X, W})is

fxw (1) = cfM(Fx (z), Fw (1) fx (z) fw ()

fx () fw (&) + 0fx (2) fw (8) (1 = 2Fx () (1 — 2Fw (1))

Since W has an exponential distribution, we replace (4.1) and (4.2) in (4.3)

which becomes
Fxw(z,t) = Ae M fx(x) + 0hx(z)(2he™ M — Xe™™), —1<6<1, (4.4)

where

hx(z) = (1 = 2Fx (2)) fx(z)- ' (4.5)
For a general survey on the theory of copulas, the reader may consult e.g. Nelsen
(2006). A review of applications in actuarial science and risk management can
be found in e.g. Denuit et al. (2005) and McNeil et al. (2005) respectively.
Using copulas provides a more flexible approach to the modelling procedure.
While there are a large number of copula families, we choose the FGM copula
because it offers the advantage to be mathematically tractable, as illustrated in
Cossette et al. (2008), and has a simple analytical form. It is also known that
the FGM copula is a Taylor approximation of order one to the Frank copula
and the Ali-Milkhail-Haq copula (see Nelsen (2006)).

The aggregate claim amount process is denoted by S = {5 (t),¢ > 0} with

N() b
S(t) = Z X; (Z equals 0 if b < a). In the absence of a dividend barrier, the
7j=1 a

dynamic of the surplus process U = {U (¢) ,¢t > 0} for the insurance portfolio is
defined by

U{t)=u+pt—S(t), (4.6)
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where u is the initial surplus and the premium rate is p. The premium rate
p satisfies the solvency condition E[(X —pW)] < 0 which implies that p =
(1+7) %, where 1 > 0 is the relative security margin.

In this paper, we consider a barrier strategy which assumes a constant barrier
at level b > u. The introduction of a constant barrier b leads to a modification
of the surplus process defined in (4.6). When the surplus reaches the barrier
b, dividends are paid continuously at a constant rate p, which means that the
surplus does not exceed the barrier and it remains at the barrier level until the
next claim occurs. We denote by U; = {Ug (t)y, t> O}, the surplus process in
the presence of a constant dividend barrier b with Uz(0) = u being the initial
surplus and with the following dynamic

pdt —dS(t), Us(t) <b
AOR ~
—dS(t), Up(t)=b.
The time of ruin associated to the modified surplus process is defined by the r.v.
Ty = inf {t > 0,U;(t) < 0}, which is the first time the surplus becomes negative.
When b = 00, Too = T corresponds to the time of ruin in the dependent risk

model without a dividend barrier. The expected value of the discounted penalty

function with a constant dividend barrier b is defined as
mg(w) = B [e= T (U(T), U (Tp)]) 1(T < 0)|U(0) =u, 0<u<h,

where w(z,y), for z,y > 0, is the penalty function at the time of ruin for the
surplus prior to ruin and the deficit at ruin, d is a non negative parameter and
I is the indicator function such that I(A) = 1 if the event A occurs and equals

0 otherwise. In particular, if w(z,y) = 1, méll;(u) corresponds to the Laplace

96




transform of the time of ruin 7} with respect to §, which we denote by
br,(u) = B [e T I(T, < oo)‘U,;(O) = u] . 0<u<bh

We mention that ms o (u) is the expected value of the discounted penalty func-
tion introduced by Gerber and Shiu (1998) when there is no barrier. An analysis
of ms s (u) in the present risk model is carried out in Cossette et al. (2008).
Note that, in the presence of a constant dividend barrier, the time of ruin Tj
is a finite-valued r.v. This implies that it is not necessary to examine the ruin
probability which is certain in this case.

Another quantity of interest in the assessment of the quality of a dividend
barrier strategy is Vj ; (u), which denotes the expectation of the present value
of all dividends distributed until ruin, given an initial surplus u, for 0 < u < b.

In the actuarial literature, the barrier strategy has been the subject of several
research works since it has been initially considered by De Finetti (1957). We
can find a review of the most important works in this field in Lin et al. (2003).
Among them, we mention Bithlmann (1970) and Gerber (1979) who consider
the problem of optimal dividend strategy in the classical compound Poisson risk
model. Recently, Lin et al. (2003) examine the derivation of mg; (u), analyze
several of its properties and discuss its computation for special cases of the
classical risk model. Li and Garrido (2004b) find the expression for ms; (u) for
a class of compound renewal risk models. Albrecher et ai. (2005) present some
results on the distribution of dividend payments until ruin under a compound
renewal risk model with generalized Erlang(n)-distributed inter-claim times and

a constant dividend barrier. Gerber and Shiu (2006) examine optimal dividend
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strategies in the compound Poisson risk model. Landriault (2008) derives the
expressions for my ; (u) and Vj 5 (u) in the context of the compound Poisson risk
model with dependence proposed by Boudreault et al. (2006).

In this paper, we mainly focus on finding some results related to m;; (u)
and Vj ; (u) in the context of the compound Poisson risk model with dependence
described above. It will be interesting to see how these quantities behave in the
presence of positive and negative dependence.

This paper is organized as follows. In Section 4.2, an integro-differential
équation with boundary conditions and its general solution are obtained for
the expected discounted penalty function. In Section 4.3, an integro-differential
equation with boundary conditions and its general solution are derived for the
expectation of the discounted dividend payments. Explicit solutions for both
functions are developed when the claim amount follows an exponential distri-
bution in Section 4.4. This last section is completed with a numerical example

to illustrate the effect of the dependence on both functions.

4.2 Expected discounted penalty function

In this section, we begin our analysis of m;(u) with the derivation of an
integro-differential equation for my;(u) (0 < u < b) which we later solve to

obtain its solution.
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4.2.1 An integro-differential equation

To determine the integro-differential equation for mé’g(u) in our context, -
we need to go through several steps as explained in Lin et al. (2003). We first
use a renewal argument to establish an integral equation for m; ;(u). The first
claim occurs at time ¢ and its amount is z. Heuristically speaking, the “joint
probability” that the first claim occurs at ¢ and that its amount is z is given
by fx w (z,t) dzdt. Conditioning on the time and the amount of the first claim,
there are 4 different possibilities :

-t < [’_T” and z < u+ pt : the first claim occurs before the surplus reaches

the barrier b and the claim amount is such that the surplus is still positive
with a value of u + pt — z;
-t > [’_T“ and z < b : the first claim occurs after the surplus reaches the

barrier b and the claim amount is such that the surplus is still positive

with a value of b— z;

|®'1

— t < =% and ¢ > u-+pt : the first claim occurs before the surplus reaches the

=

barrier b and the claim amount is such that the surplus becomes negative
which means that ruin occurs, the surplus before ruin is u + pt, and the
deficit at ruin is z — u — pt; and,

-t > é‘p—“ and z > b : the first claim occurs after the surplus reaches the
barrier b and the claim amount is such that the surplus becomes negative

which also implies that ruin occurs, the surplus before ruin is b, and the

deficit at ruin is z - b.
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Considering these 4 cases, we have

5 u+pt i
msp(u) = / / e’°‘m55(u+ptfz)fx,w(m,t) dzdt

/ / g 5(6 - 2) fow (2, ) dadt

/ / w(u +pt,z —u — pt) fx,w (z,t) dedt
u+pt

/ / - B fxw (@0 dadt 4.7)

We replace the joint pdf fx w for (X, W) in (4.7) by (4.4) and we obtain

e e —5t —at
/\/ / e 'my5(u+pt — z) fx(2)e” dadt

mé,g(u)

+ A / mab —z)fx(z)e Mdzdt

+ )\/ / wlu + pt,z — u — pt) fx(x)e”Mdrdt
u+pt

oo
+ A/ i “Sty(b,z — b) fx(z)e Mdzdt
. b—T“ b
~u+pt
+ 0/\/ e‘&mé‘;’(u + pt — 2)hx(x)(2e 2 — e M)dzdt
0 0
0o b
T+ 0,\/ / e~ — z)hx(z)(2e” M — e~ ) dadt
0
- :
+ 9)\/ / “tw(u+ pt,x —u — pt)hx (z) (267 — e7 ) dxdt
0 u+pt
[e o] .
+ 9,\/ / — b)hx (x)(2e™ M — e~ M) dzdt. (4.8)
b
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To simplify the presentation, we introduce the following functions :

nap@) = [ et = a)x(@)ds + ), (1.9
0y 55u) = /0 g (0 — o) (2 + w (), (4.10)
wi) = [ uue - i@,
walu) = /uoow(u,z — Whx(z)ds.

Using (4.9) and (4.10), the integral equation in (4.8) becomes

[ .
mé)E(U) - /\/0 p 6‘6t0'1,6,5(u + pt)@_)‘tdt + A ﬁ-u‘ e'dcalya,é(b)ef)\tdt
[
+6)\/0 6‘5502,611‘)('& + pt)(28‘2/\l _ 6_/\t)dt
e ~
+OA ﬁ_u 6—&02,6’5((,)(26-2” e Mg, o

P

Substituting u + pt = s in (4.11) yieids

AL sy AT e, ()
m‘s’,;(u) = ;/ e (0t )(T)al,élg(s)ds-%;/l_) e~ v al,d,B(b)dS
u
6, [ . N
f};)\/ e~ OTNES )02,6’5(s)ds+25/\/ e~ (6+2N (5 0y 55(s)ds
U u
0 e s-u - (7] o0 s—u ~
——/\/ e~ BTN )0255(b)d5+2—/\/ e~ OFNEGE g, o (b)ds,
P Jb " P Jb v
which can also be written as
*® s—u ~ 7] o s—u -
msi(u) = é/ e~ (TN oy 53(s AN b)ds — o Gl 0y 55(s N D)ds
: » /. 8, v /. 8,
O [ _(ar2ny (=) i 412
+2— e 7 oy 55(s Ab)ds, (4.12)

P Ju

where s A b = min(s, b).
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We are now in a position to derive an integro-differential equation for m ; (u).
We denote the differentiation and the identity operators by D and Z where

DFf(u) = L f(u) (k=1,2,..) and Tf (u) = f (u).

Proposition 23. For —1 < § < 1, the expected discounted penalty function with
a constant dividend barrier 5, my ;(u), satisfies the following integro-differential

equation for 0 < u < b,

A+ A+ COA/20+6
(22 0) (s pmgta = 222 )yt
046
)\;(;I~D)a2,5,5(u), (4.13)
with boundary conditions
mi(b) = 0, . (4.14)
"ey A / T A / 7
mE(b) = —Eal,é,B(b) _‘9;‘72,5,5@)' . (4.15)

Proof. We first differentiate (4.12) with respect to (w.r.t.) u and we obtain

X AA+Ey [ .
myp(u) = *—0155(U)+—(—;—)/ em OG5 H(s Ab)ds
: L8, p i h

« - )

_%()‘;6)/ e TN g, (s Ab)ds — ~ 51
u .

2 o0 -
w2 (B [T, sahds @)

Multiplying (4.12) by ’\Tf‘s, subtracting (4.16) and using the identity and diffe-

rentiation operators Z and D, we get

) A 232 [ s—u
(TI;D)ma,E(U) = ;”1,5,5(“)—917—2 e (PN )Uz,a,B(S)dS

u

A
'Hg;%,é,é(u)- (4.17)
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Let us define
A+6

g55(u) = (TI ~D)m (). (4.18)

By differentiating (4.18) w.r.t. u and using the right-hand side of (4.17), we

deduce
A 22220 4 8) [ _ A
Gop(1) = 01 5p(u) = T/u- oINS )Ug,a,a(S)dSJr(’;U;,a,a(“)
2)2
+9p—202‘5’5(u). (419)

Multiplying (4.18) by ”—:—5, subtracting (4.19), and using (4.17), we obtain

(2/\;— 61 _ ’D)g&{,(u) — %(2/\; 5[ - D)Gl’é’g(u)
* /\g (gz - D) o551, (4.20)

which is equivalent to the desired integro-differential equation in (4.13).
To obtain the boundary conditions (4.14) and (4.15), we consider u = b in

(4.12) and (4.16), which leads to

~ A ~ Ad =
P = — i 0 7(b 4.21
m3(0) s s G TN 72,55(); (421)
mi(b) = 0. (4.22)

Letting w = b in (4.13), we obtain

2X+68\ A+ ~ 3IN+25y , 5 y o A2M+6 .
( P )< P )m‘s'g(b) B ( p2 )mé,B(b) +m5'5(b) = 5 » ‘71,5,8( )

NY 6,

S

A ~
— ;U;.,é,l;(b) + A;EUQ,(S,E( ) — )\502,6,5“))' (423)

Using (4.21), (4.22) and (4.23) yields (4.15). O
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4.2.2 A general solution

In the classical compound Poisson risk model in the presence of a constant di-
vidend barrier, Lin e£ al. (2003) show that the solution to the integro-differential
equation for the Gerber-Shiu discounted penalty function is a linear combination
of the Gerber-Shiu function with no barrier and the solution to the associated
homogeneous integro—diﬁerenti;al equation. When a dependence structure for
(X, W) is defined via the FGM copula, the solution to the integro-differential
equation (4.13) for the expected discounted penalty function with a constant
dividend barrier b, méyg(u), has a similar form. However, the solution to the

associated homogeneous integro-differential equation is a linear combination of

two independent solutions. This is shown in the proposition below.

Proposition 24. For the expected discounted penalty function, a closed form

expression for mg;(u) is given by
mé‘g(u) = mtgyoo(u) + T)1’U1’5(u) + ?’]2’02‘5(1).), 0<u< I;, (4.24)

where the constants 11,7 are the solutions to the following system of linear

equations :

7711)3,5(5) + 772”5,6(8) = ‘_mlé,oo(z;)v (425)
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and

M (ul s(b) + (%D/u v1(u — ) fx(z)dz + fﬁp/u vy 5(u — z)hx(x)d:r:>

+om <v25(5>+ (%D/:m(u—x)fx( )z + 62 D/ va s(u - 2)hx(a )d)

_ _;( /mgoou—xfx() ) o (D/O m(;‘oo(u—a:)hx(m)dz)

ml oo (b) — 5wl(b) —~ Bsz(b) (4.26)

The L.T. of v1 5(u) and ve,5(u) are provided in (4.30) and (4.31).

Proof. It follows from the theory on differential equations that the gene-
ral solution to the second order non-homogeneous integro-differential equation
(4.13) for my ;(u) with boundary conditions (4.14) and (4.15), can be expres-
sed as the sum éf a particular solution ms e (u) (the Gerber-Shiu function in
the absence of a dividend barrier) and a linear combination of 2 linearly inde-
pendent solutions to the associated homogeneous integro-differential equation.
Hence, the general solution to the integro-differential equation (4.13) is of the
form

ms p(u) = msoo(u) +mv1s(u) +navas(u), 0<u<b, (4.27)

where the expected discounted penalty function without a barrier ms oo(u) is
the solution to a defective renewal equation, as shown in Cossette et al. (2008)

and satisfies the following integro-differential equation

(%;51-@) (%I D)msoolu) = 2(%; - D) (/ou””""’(“_x)fX(I)d“wl(”O

+ /\g (gz - ) (/Ou 5,00 (1 — T)hx (z)da + wQ(u)) .

The quantities {v; s(u),u > 0} 4 = 1,2 are two linearly independent solutions
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of the following homogeneous integro-differential equation associated to (4.13) :

(Por-2) (072wt = (2527-2) ([ e axterar)

+ Ag (gz - D) (/Ou vl — x)hx(x)d:s> (4.28)

Taking the L.T. on both sides of (4.28), we get

S*M'U(g ’U(’;
vi(s) = (s = =5 )us(0) +vs(0) o)

(502 - (52 = )= 3(582 - 5) 139) - 03 (§ - o))

From (4.29), we deduce that a solution to (4.28) is a combination of the two

linearly independent solutions {v; s(u),u > 0} and {vzs(u),u > 0}, where

(5 _ 26+3)\)

vols) = o)
(B2 — ) (8422 —5) = 2(H2 — )13 (5) — 03 (2 — Ay (5)

and

5 5(s) ! (4.31)

Va5 = . .
(B82 = ) (B2 - ) = 28420 = 5) g (5) — 02 (2 - s)x(s)

By using the Initial Value Theorem in (4.30) and (4.31), we have v;,5(0) =

lim sv}s(s) = 1 and v} 4(0) = lim s(svj5(s) —1) = 0. Similarly, we have

§—00 ’ ’ 5§—00 ’

v2,6(0) = 0 and vj 5(0) = 1.
The constants 71, 72 are determined such that the two boundary conditions
(4.14) and (4.15) to the integrd—differential equation (4.13) are satisfied. They

must therefore be the solutions to the following systems of linear equations :

ﬂl”i,a(b)“"ﬁﬂ/z,(s(b) = _m%,oo({;))

A ~ A - -
mvy s(b) + muys(b) = —501,515(5) - 950;‘515(17) —Mioo(b). (4.32)

We need to find the expressions for o/ s 5(b) and 0; s ;(0). For that purpose, we
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differentiate (4.9) and (4.10) w.r.t. v and, with (4.27), we obtain

o) 55w = D/: Mg oo(u — @) fx(z)dz + mD/Du vy 5(u — z) fx (x)dz
+ mD /0 s~ 2) fx () da + w (), (4.33)
o) s5() = D/Ou o0 (1 — 2)hx (z)dz + mD‘/Ou vLs(u — 2)h (z)de
— /0 (- @) (2)ds + wi(u). (4.34)

Substituting (4.33) and (4.34) into (4.32) yields (4.26). (J

4.2.3 Comments

In (4.24), the expression for m;;(u) is defined in terms of ms oo (u), v1,6(u)
and vy s(u). Cossette et al (2008) analyze ms oo(u) and show in particular that
it satisfies a defective renewal equation representation.

It is possible to show that vy s(u) and v s(u) can also be expressed as a
defective renewal equations. In Proposition 7 of Cossette et al. (2008), it is

demonstrated that the common denominator of (4.30) and (4.31)

4+ A 542\ A/6+2) B Aré %
(22 ) 2R e
is equal to
(]- - Tsr[plszhQ,J(o)) (S - Pl)(s - p2)1 _ (435)

where 7} is the Dickson-Hipp operator for an integrable real-valued function f

(introduced by Dickson and Hipp (2001)) defined by

T.f(z) = /OO e ") f(u)du, reC.
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The properties of the operator 7, are examined in details in Li and Garrido
(2004a). Note that the common denominator also corresponds to Lundberg’s
generalized equation where p; and py are its two distincts roots with real positive
parts (see Coss.ette et al. (2008) for more details). Moreover, the deﬁnition of

ho s (u) is such that its L.T. is given by

. A5+ 2)
hys(s) = “(
P p

Asé
- s) Fe(s) + 9;(5 - s)h;((s).
Using (4.35), (4.30) and (4.31) become

26+3X
(s=22E£22)

_ 4.36
Ul,é(‘s) 1-— TsTm sz h2,«5(0) 7 ( )

and

1
. Gop)o—p2)
_ . 4.37
v3,5(5) 1= TsT,, Ty, ho,s(0) o

Note that (4.36) and (4.37) are similar to (24) and (25) in Landriault (2008).
Inverting (4.36) and (4.37) and proceeding as in the proof of Proposition 8 in
Cossette et al. (2008), we find that (4.36) and (4.37) can be expressed as the

following defective renewal equations :

2543 _ 2543

1 “ 1 P2
vy s(u) = v1 s{u— y)0s(y)dy + P ep2v 4 P__ gl
1,5(u) 1+f€5/0 15w —y)¥s(y)dy e |
and
1 u )19 ( )d eP1u __ pP2u
v slu) = v (U — + —
2,6(1) 1+H6/0 2,6 (u — )5 (y)dy p——
where
95(y) = (14 k6)Tp, Tpy h2,5(y)
and
S+2A
1 5 (=)
— =TT, T has(0)=1—- -2 " <1
(1+ ks) 0T, Toah2.5(0) P pip2
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We conclude that m 3 (u) is a linear combination of three components (mg 0o (u),
v1,6(w), and vg 5(u)) where each one satisfies a defective renewal equation. The-
refore, it is possible to apply the results in Willmot and Lin (2001) to these

three components.

4.3 Expected discounted dividend payments

As mentioned in the introduction, we now consider a second quantity of
interest, the expectation of the discounted dividend payments Vs’;,(u). In this
section, we derive an integro—different'ial equation satisfied by V; j(u) (0 < u < b)
with certain boundary conditions. From that integro-differential equation, we

obtain a general solution for Vj;(u).

4.3.1 An integro-differential equation

As in the previous section, we use a renewal argument to establish an integral
equation for Vé.l-,(u). The first claim occurs at time ¢ and its amount is z. We
condition on the time and the amount of the first claim and, again, we have the
4 following situations :

-t< b= and < u + pt : no dividend payment;

~ ¢t> b=% and z <} : dividends are paid between the moment (E_T”) when

the surplus reaches the barrier and time t;
-t < I-’_T" and z > u + pt : no dividend payment before ruin;

-t > E“T“ and z > b : dividends are paid before ruin, i.e. between the

moment ( E‘T“)' at which the surplus reaches the barrier and time .
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Given the 4 possible cases described above, we have

u+pt
/ / abu+pt—x)fxw(z t) dzdt

E
0 b
+/ / o Pat (b [ +€_0LV5,5(b—I))fX,W (z,t) dzdt
0
o oo
+/ / = Pat = )lfxw(x t) dzdt. (4.38)
b
The terms
/ / é(bpu pa,_ (b u |fXW z,t) dmdt+/ / pa (b " |fXW(I t)dg;dt

in (4.38) can be simplified and expressed in the form

o0 -
b—u
/ e 90 )pat~(5‘“)|fw (t)dt
b-u -

00 t
[ phw ) [ e ovayae
=E 5
o0 o0 oo o0
ﬁ_’ pe“sy/ fw (£) dtdy:ﬁ pe_‘jy/ e~ Mdtdy
e y = Y

= _P ey 439
Ato° T (4.39)

/ / = Pflt (B u)lfxw(x t)da:dt

I

since fu (t) = Ae™*'. Replacing (4.39) and the joint p.d.f. (4.4) for (X, W) in

(4.38), we obtain

u+pt
Vsp(u) = A /O /0 eV 3 (u+ pt — z)e ™ fx (z)dzdt

o b i
+/\ﬁ e OV, (b — x)e ™™ fx (z)dzdt
b-u Jg !

b—u
P

u+pt
+X6 / e Vi (u + pt — x)hx(z)(2e72M — ™M) dzdt

SR=)

|
+)\0/ / "MV(;'E(E —z)hx(z)(2e~ — e7 ) dxdt

m e~ @RS, (4.40)
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Substituting u 4+ pt = s in (4.40), we have

APy e A [ - ;
Vévb(u) = ;/ e“( +A)( P wllé)g(s)ds+;/5 6_(5+'\)( P )wl,é,é(b)ds
u
g b o N o
- 2_7/\/ e NS )wg,é’g(s)d8+22—3>\/ e CHINES wy 55(s)ds
u u
0 [ e _ 0 [ ‘o .
- 1—9/\/5 e (BN )wQ’J,B(b)ds%-Q;;/\/E e~ CHNTEy, 55 (b)ds
P —(+N(P)
+ 53¢ : (4.41)
where

wysp(u) = Varz';(“ - z) fx(z)dz (4.42)

wy 55(u) = Vip(u — z)hx (z)dz. (4.43)

We rewrite (4.41) as follows :

A7 s s - [ -, ;
Vd:l;(u) = > e » wlyé,g(s/\b)ds— > e » wzyélg(s/\b))ds
ON [ _srony(sms .
+ o2 e~ (6T wm(s/\b))dwAL;&@*“*)(”TX (4.44)
, u

The next proposition provides an integro-differential equation for the expec-
ted discounted dividend payments V;(u), derived from the integral equation

(4.44).

Proposition 25. For —1 < 0 < 1, the expected discounted dividend payment

V, p(u) satisfies the following integro-differential equation for 0 < u < b:

(2)‘;51-D)(¥I—D)V5,B(u) = %(2/\;5I—D>w1,6’5(u)
+ A%(%Iﬁp)%ﬁ(u), (4.45)
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with boundary conditions

vee) =1, (4.46)

"oy A T A 7
Vv (b) = *;w' N —(b) b ggw;,é,f)(b) +

5,6 1,8,b (4‘47)

Proof. To derive (4.45), we begin by differentiating (4.44) w.r.t. u

: A AN [P (5= ~
Vi) = —2w )+ (20 / ey (6 A B)ds
5.b P 1,8,b p( v ) ; 1,8,b
ON A +0 O sy - O\
_?(_p )/u e~ GHN( )w2,515(s/\b))ds~ ;wz’é‘é(u)

OX 72X+ 0 o s—u - o
+2———( i )/ e~ B2 )wgég(s/\b))ds—kc_(ﬂ’\)(bp ) (4.48)
p P u v

We apply the operator ()‘T”I — D) on (4.44) and, using (4.48), it follows that

A+ A 202 /°° (542N (222 -
——7I-DJV.i(u) = —w, si(u)— e YT 0, 2 (s Ab)ds

(5 r-2ast) = Senstw -5 | 255(5 D)

o
+?w2’5’5(u). (449)
Let us define
A+4

Kyj(u) = (TI - D)V;5(u). (4.50)

We differentiate (4.50) w.r.t. u and, using (4.49), we obtain

B INE2A48) [® _spanie )
Kgplw) = ;wi,a,a(“)—ﬁp—;aA e~ EHNETy, (s AD)ds
A 222
+ ‘)Ew;,a,a(uHﬁp—ng,a,s(U)- (4.51)

Multiplying (4.50) by %ﬁ, subtracting (4.51) and using (4.49), it follows that

T -D)wy g5) + )\g (gz — D)y 55(w)

(2/\+5 )\<2/\+5

7- D)Kd’g(u) = (55

which is equivalent to (4.45).

112




We now derive the boundary conditions (4.46) and (4.47). Letting u = b in

(4.41), we obtain

_ A - A P

Vs (b) = s—5wiss(b) + 9mw2,5,5(5) TS (4.52)

Setting u = b into (4.48) yields (4.46). Substituting (4.46) and (4.52) into (4.45)

with u = b, we obtain (4.47). O

4.3.2 A general solution

From the integro-differential equation in (4.45) for the expected discounted

dividend payments V; ;(u), we find the following result.

Proposition 26. A closed form expression for the expected discounted dividend

payments, ijg(u), s given by
Véyg(u) = 771(5)111,5(“) + 'qg(i))vg,g(u),' 0< w <D, (4.53)

where vy s(u) and vo s(u) also appear in (4.24). The céefﬁcients m(b) and ny(b)

are determined by solving the following system of linear equations :
Th(b)"h 5(0) + ma(B)vy 5(b) = 1, (4.54)

and

w® (o5 + (30 [ it~ 2)fx(e)ia 05D JRERCEDINE

+ 7)2(5) <U£,’5(5)+ (%D/Ouvg,;(u—:r)fx(m)da:+6 'D/ vos(u — 2)hx(z
A+6

p
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Proof. From the theory of differential equations, the solution to (4.45) with

boundary conditions (4.46) and (4.47) is of the form (4.53) where the constants

n1(b) and 72(b) are determined by the following system of linear equations :

m (B)vy 5 (b) +ma(b)vh5(0) = 1, (4.56)
m(b)vy 5(b) + n2(b)vy 5(b) = —gw;ﬁj(z})—egw;@a(B)juA—::—‘;.(4.57)

Differentiating (4.42) and (4.43) w.r.t. v and using (4.53) we obtain

u

whai0 = mOD [ wnslu Dix@s+ @D [ vaslu—a)fx(z)ds,

wy s5(w) = m(b)D /“ v1,5(u — z)hx (x)dz + 12 (b)D /u vg,6(u — z)hx (z)dz.
0 0

Substituting w/ . -(b) and w, “—7(5) in (4.58) and (4.59) at u = b into (4.57)

yields (4.55). O

4.4 Explicit solutions

In this section, we assume that the claim amounts follow an exponential

distribution with c.d.f Fx (z) =1 —e™**, p.d.f. fx (z) = ae”**, and L.T.

(4]

. s> —a. (4.60)
s+ a

Fx(s) =

From (4.5), we have
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and

2« «

s+2x s+a’

hx(s) = s> —a. (4.61)

We derive explicit solutions for mgz(u) when the penalty function w(z,y)
is equal to 1 for any values of z and y (denoted by ¢r; (u)) and for Vj z(u).
For both ¢r, (u) and V&I—J(u), we find the expressions for vy s(s) and vy 5(s) by
inverting their L.T., v 5(s) and v3 4(s). Substituting the expressions (4.60) and

(4.61) for f%(s) and h%(s) in (4.30) and (4.31), we obtain

(s — 22 (o + 5)(2a + 9)

viele) = (‘5—’;’5 - s) (% - s)(a+ s)(2a+ s) — %a(‘”‘% —5)(2a+s) — 0%@(% - s)s)
and
vials) = ata)lar )

D

The denominator on the right-hand side of (4.62) can be factored as

(2 (e

A /842
’ (

—s)(a+s)(2a+s)—;a »

= (s —p1)(s = p2)(s+ Ri)(s + Ra),

where p1, p2 are the roots with positive real parts to Lundberg’s equation

(552 (520 - HEER s od(E -

and —R;, — Ry denote the roots with negative real_ parts. If py,pe, —Ri, and

— Ry are all distinct, by partial fractions, (4.62) can be rewritten as

2
sl = Y+ D (4.64)

(82 ~s)(% - s)(a+s)(2a+s) - %a(‘”’% - s)(2a+s) ff)%a(

5
P

- 5) (20(—?—3) - Oga(g - s)

)

S

(4.63)




where

(pj — 2232 (@ + p;)(2a + py)

;= 2 ) J = 1)2;
[(R: +05) H —pi + pj)
=1 i=1,i#j
and
(=R - 252 (0 - Bj)(20 - Ry)
:3] = 2 2 ) J = 1:2
H i + Pz H
=1 i=1,i%j
Inverting (4.64) yields
V1 o Z S5 e + Z,BJ
From (4.63), we proceed similarly and we find
2 € 2,
vy 5(s) = — + I, (4.65)
2 ; S —p; ; s+ R;
where
o+ p;) 20+ pj .
[[(R:+05) I (=pitr)
i=1 i=1,i%j
and
a— R;)(2a— R; .
N e 5(C 7 ) MY
H(Rj + pi) H (Ri — Rj)
i=1 i=1,i#j
Inverting (4.65) yields
2 2
vg5(u) = ijepju + ZVJ@' Fye
j=1 =1

An explicit expression for ms oo (u) is derived in Cossette et al. (2008). We use
Maple to find the coefficients 7, (or 71(b)) and 72 (or 72(b)) in the expression

(4.24) (or (4.53)) for ¢, (u) (or Vy;(u)) as the solutions to the linear system
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of two equations given in (4.25) and (4.26) (or (4.54) and (4.55)). The above

procedure is illustrated in the following example.

Example 27. Let X ~ Ezp(l), W ~ Ezp(l), and let p = 1.5. From Cos-

sette et al. (2008), we recall in Table I the analytic expressions for the expected

discounted value of the deficit at Tuin

Ms,00(u) = E [e T|U(T)|I(T < 00)|U(0) = u]

that are obtained for § = 0.05 and for various values of the dependence parameter

6.

M 00 (U)

0.699744¢~0-320665u 4 () 136648 2-219873u

-0.5

0.659910e0-350091u 4 () 0171482 114344u

0

0.613709¢—0-386291w

0.9

0_5591176—0.4321501/, . 0_0134416—1.873929u

1

0-4928396_0'492794" — 0.020707e~ 1.731038u

We fix the constant dividend barrier b at 10. The analytic expressions for the

expected discounted deficit at ruin in terms of the initial surplus u with different

117




values of the dependence parameter 6 are provided in Table 2.

0 ™M (w)

-1 | 0.676864e0-320665u 1 () 037593¢~2-219873u 1 () 037351 0-084032u
0.5 | 0.641740e~0-350091u | () 017575¢—2-114344u 4 030769e0-085124u
0 | 0.600291e~0-386291 4 (5 023751 0-086291u

0.5 | 0.550009¢~ 0432150 — (.013739¢ ~1 873929 1 0.0170710-087541u
1 0.487522¢—0-492794u _ ( 091144~ 1-731038u | () 0] (7630-088886u

The five functions are depicted in Figure 4.8..

08

07

= o
S 3]

o
w

Expected Discounted Deficit at Ruin

0.2

0.1

Expected Discounted Deficit at Ruin

2 4 6 8 10
initial Surplus u

F1G. 4.8 — Expected discounted deficit at ruin for values of the dependence parameter ¢

equal to -1, -0.5, 0 (independence), 0.5, and 1.

In Table 3 below, we provide the analytic ezpressions for the expected dis-
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counted dividend payments Vy ;(u) with initial surplus u for different parameters

0.

0 | Vspu)

-1 —2.9464506_0'320665u + 0_1216836—-221987311. +4.80985360'084032u

-0.5 ‘“2.8454408_0'350091u + 0.0669056_2'114344u + 4.81605660'085124u

0 ~2.6992336_U'386291“’ + 4.77775560.086291u

0.5 —2.5380686_0'432150u _ 0.0832198_1'873929u + 4.75732460.08754111.

1 —2.328715e0:492794u _ () 1914351731038y | 4 714921 R¢0-088886u

The five functions are shown in Figure 4.9.

Expected Discounted Dividends Until Ruin

Rﬁ%&@

Expected Discounted Dividends

Initial Surplus u

FIG. 4.9 — Expected discounted dividend payments for values of the dependence parameter

0 equal to -1, -0.5, 0 (independence), 0.5, and 1.
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We observe that, for a fized dependence parameter 6, the expected discounted
deficit at ruin decreases as the initial surplus increases while the expectation of
the discounted dividend payments increases. Also, for a given initial surplus u,
the expected discounted deficit at ruin decreases as the dependence parameter
0 goes from -1 to 1 while the expectation of the discounted dividend payments
increases. Comparing two cases with 0 > ' (with identical initial surplus u),
the probability that ruin occurs sooner is higher when the dependence pararneter
is 0 rather than 0" which implies that the dividends are expected to be paid on a

shorter period in the first case than in the second one.
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CHAPITRE V

Constant dividend barrier in a risk model with a

generalized Farlie-Gumbel-Morgenstern copula

Résumé

Dans ce papier, nous considérons le processus classique du surplus en présence
d’une barriére constante de dividende. Une structure de dépendance entre les
montants de réclamation et le temps séparant deux sinistres est introduite
par la copule de Farlie-Gumbel-Morgenstern généralisée. Une équation intégro-
différentielle avec des bornes de frontiére est dérivée. Sa solution est exprimée
comme la somme de la fonction de pénalité Gerber-Shiu en 'absence de la
barrieére de dividende plus une combinaison linéaire de (c + 2) solutions parti-
culieres indépendantes. De plus, nous déterminons une solution explicite pour
le cas ou les montants de sinistres sont de loi exponentielle. Pour terminer, nous
étudions I'impact de la dépendance sur le temps de la ruine et sur le déficit a la

ruine.




Abstract

In this paper, we consider the classical surplus process with a constant dividend
barrier and a dependence structure between the claim amounts and the inter-
claim times. We derive an integro-differential equation with boundary condi-
tions. Its solution is expressed as the Gerber-Shiu discounted penalty function in
the absence of a dividend barrier plus a linear combination of (¢+2) linearly inde-
pendent particular solutions to the associated homogeneous integro-differential
equation. Finally, we obtain an explicit solution when the claim amounts are
exponentially distributed and we investigate the effects of dependence on ruin

quantities.
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5.1 Introduction

In the actuarial literature, risk models under a dividend strategy have been
the subject of several research papers since they have been initially proposed by
De Finetti (1957) for a binomial model. In the context of the classical risk model,
we mention Bithlmann (1970) and Gerber (1979) who consider the problem of
optimal dividend strategy in the classical compound Poisson risk model. More
recently, Lin et al. (2003) carry an extensive study of the expected discounted
penalty function in the context of the compound Poisson risk model with a
constant dividend barrier strategy and Gerber and Shiu (2006) consider optimal
dividend strategies. Within the same framework, Albrecher et al. (2005) consider
a linear dividend barrier strategy while Lin and Pavlova (2006) and Lin and
Sendova (2008) examine threshold dividend strategies. Li and Garrido (2004)
find the expression for the expected discounted penalty function within a class
of compound renewal risk models. Landriault (2008) consider a constant barrier
strategy in the context of the compound Poisson risk model with dependence
proposed by Boudreault et al. (2006).

In the classical risk rﬁodel, the definition of the surplus process is based on .
the compound Poisson process which considers independent the interclaim times
and the claim amounts (see e.g. Gerber (1979), Grandell (1991), and Rolski et al.
(1999)). In different practical situations, this assumption may be too restrictive
and more flexibility within the model is called for. In this paper, we consider the
dependence structure defined with the generalized Farlie-Gumbel-Morgenstern

(FGM) copula, as proposed in Cossette et al. (2008). Other types of dependence
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structures for the joint distribution of the interclaim time and the claim amount
have previously been conslidered, notably in Albrecher and Boxma (2004) and
Boudreault et al. (2006). Albrecher and Teugels (2006) consider a dependence
structure for (X, W) based on a copula.

The objective of the present paper is to study the expected discounted pe-
nalty function in an extension with dependence of the classical risk model and

assuming a constant dividend barrier strategy. In Section 5.2, we present the

risk model with a dependence structure based on the generalized Farlie-Gumbel-

Morgenstern (FGM) copula including a constant dividend barrier strategy. In
Sectilon 5.3, we derive the expected discounted penalty function with a constant
dividend barrier as a solution to an integro-differential equation with boundary
conditions. In section 5.4, the special case where the distribution of the claim

amounts is exponential is considered in detail.

5.2 The risk model

For an insurance portfolio, the surplus process is U = {U (¢),¢ > 0}. The

surplus level at time ¢, U (t), is defined by

Uty=u+pt—S(t),

where U (0) = wu is the initial surplus, p is the premium rate, and S = {5(t), te R*}

is the aggregate claim amount process. In the classical risk model, S is a com-
pound Poisson process with S (t) = Z;Vﬁ) X; (ZZ equals 0 if b < a) where

N = {N(t), t € R*} is a Poisson process with parameter A. The random va-
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riable (r.v.) X; (j = 1,2,...) corresponds to the amount of the jth claim. The
time between the (i — 1)th and the ith claim (z = 1,2,...) is defined by the
rv. W, (with Wy = 0). The claim amounts {X;,j € N*} form a sequence of
i.i.d. r.v.’s distributed as the r.v. X with probability density function (p.d.f.)
fx, cumulative distribution function (c.d.f.) Fx and Laplace transform (LT)
f%. The interclaim times {W;,j € NT} form a sequence of independent r.v.’s
identically distributed as the canonical r.v. W. The r.v. W has an exponential

distribution with expectation i with p.d.f. fw, c.df. Fiy and L.T. f};, with

fw (@) = de™™, (5.1)
Fw(t) = 1-e, (5.2)
- s A

fw(s) = E{ W]:)\—f-s.

In Cossette et al. (2008), {(X;, W;),j € N*} form a sequence of i.i.d. random
vectors distributed as the canonical random vector (X, W), in which the com-
ponents may be dependent. The joint p.d.f. of (X, W) is denoted by fx,w (z,t)

with t € Rt and z € R*. The associated bivariate L.T. is given by

f;(,W (51,52) = F [eAlee—.hW] = / / eAslxe_sztfx,W (:II,Z) dzdt. (5.3)
0 0

The joint distribution of (X, W) is based on the generalized Farlie-Gumbel-
Morgenstern copula. Proposed by Rodriguez-Lallena and Ubeda-Flores (2004),

this copula is defined by
C(u,v) =uv+60h(u)g(v), : (5.4)
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for every (u,v) in [0,1]2. Conditions and examples for h (u) and g (v) are also
presented in their paper. In the present paper, we consider the special case where
h(u) = w*(1 — u)® and g(u) = u®(1 — w)® with a, b, ¢ € {2,3,...}, and d > 1,
which means that |

Clu,v) = uv + 0u®(1 — u)’ve(1 — v)% (5.5)

The lower and upper bounds for the dependence parameter 6 such that (5.5) is
a proper copula depend on the values of a, b, ¢, d (see Rodriguez-Lallena and
Ubeda-Flores (2004)). For instance, if a = b=c=d = 2, then —27 < § < 27.

The p.d.f. associated to (5.4) is given by
c(u,v) = 1+6n (u) g (v). (5.6)
The joint c.d.f. Fx w is defined by

Fxw(z,t) = C(Fx(z), Fw(t))

= Fx(a)Fw(t) + 0Fx(2)*(1 - Fx(2))*Fw (1)°(1 — Fw (£))".
With (5.6), the joint p.d.f. fx w of (X, W) is given by

fxw(zt) = c(Fx(2), Fw (1)) fx(z)fw(t)

fx (@) fw (t) + 00 (Fx (2))g' (Fw (1)) fx (z) fw (£).
To simplify the presentation, let
kx(z) = fx ()b (Fx(z)), ‘ (5.7)

and

kw (t) = fw ()9 (Fw (1))- (5.8)
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With this notation, the p.d.f. of (X, W) can be written as
Ixw(w,t) = fx(@)fw(t) + 0kx (z) kw (¢) - (5.9)

The associated L.T. of kx(z) and kw(t) are denoted k% (s) and ki, (s), respec-
tively.
In the following lemma, we provide analytic expressions for kw (¢) and

kiy (s)-

Lemma 28. The function ky (t) defined in (5.8) can be expressed as

c+1

b () = 3 are
=1

and its associate L.T. is given by

clXés

ky(s) = —gr (5.10)
Wi = e
c+1 @
= 2w (5.11)
=1
where
A= Ad+1i-1), (5.12)
(=N IAS(=1)°c"1)\
o = c+1c>\( Ai) _c g ) ’ (5.13)
IT;5 (=X + ) Tep1( M)
and
c+1
Ter1(s) = [ [ (s = M) (5.14)
j=1

Proof. See Cossette et al..(2008). O
Note that both kx (2} and kw (¢) are not proper p.d.f. and that, given the

Initial Value Theorem, we have

c+1 e
clX¢s
a; = kw (0) = lim skjy (s) = lim s— 7~ = (5.15)
2o = b 0= Jip ki ()= et )
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for ¢ > 1. This result can also be obtained with Lemma 1 of Li and Garrido
(2004) with sg =0 and m = 1.
Let U; = {U(t), t > 0} be the surplus process under the constant barrier
b where Ug(t) is the amount of the surplus at time ¢ and U;(0) = w is the initial
surplus. Under a constant barrier strategy, there is a horizontal barrier of level
b > u such that when the surplus reaches b, dividends are paid continuously to
shareholders at the premium rate until a new claim occurs. The surplus Uj(¢)
can never therefore exceed b. The dynamic of the surplus process Uj is defined
as
pdt —dS(t), Us(t) <b,
dU(t) = i (5.16)
—dS(t), Us(t) =b.
Let T; = inf {¢ > 0,U;(t) < 0} be the first time the surplus process (5.16)

becomes negative. The expected discounted penalty function with a constant

dividend barrier b is given by

my3(u) = B [e—éTaw (U(T;), |U(T5)|) I(T; < @)‘U,—,(O) - u] , 0<u<b,
(5.17)
where w(z,y), for z,y > 0, is the penalty function at the time of ruin for the
surplus prior to ruin and the deficit at ruin, d > 0 is the force of interest and [
is the indicator function such that I{A) = 1 if the event A occurs and equals 0

otherwise. In particular, if w(z,y) =1,
o1, (u) = E [e T I(T; < 00)|U3(0) =u], 0<u<b (5.18)

is the L.T. of the time of ruin, T}, with respect to ¢.
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5.3 Expected discounted penalty function with

a constant dividend barrier

The expected discounted penalty function with a constant dividend barrier,
méyg(u), is obtained in three main steps. In the first step, we derive an integro-
differential equation for mé,B(“)' In the second step, we identify the boundary
conditions for this integro-differential equation and, finally, we find a solution

to the integro-differential equation which provides the expression for my;(u).

5.3.1 Integro-differential equation for My (u)

The derivation of the integro-differential equation for my;(u) is based on a
renewal-type argument. We condition on the first occurrence of a claim W) =t
and its amount X; = z. There are 2 main scenarios : if the first claim occurs

before the surplus reaches the constant dividend barrier, then no dividends

are paid; otherwise, dividends are distributed between the time b‘T“ when the

surplus reaches the barrier and the time of occurrence t of the first claim. In the
first scenario, the first claim is either greater or lower than u + pt which means
that the surplus becomes negative or remains positive and ruin occurs or not.
Similarly, in the second scenario, the first claim is greater or lower than b which
leads to ruin or no ruin. When ruin does not occur, the renewal argument can

be applied in both scenarios, which means that the surplus process starts anew.
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In summary, m; ;(u) can be expressed as follows :
7 u+pt
mg‘l')(U) = / / e_&mé,t';(u + pt — :E)fX7W (I) t) drdt
o0 b )
+ /;,u / e—azm(;’g(b — ) fxw (z,t) dzdt

/ / wlu+ pt,z —u—pt) fxw (z,t) dzdt
u+pt

/ / b T — b)fx w (:13 t) dxdt. (5.19)
With the p.d.f. (5.9) of (X, W), (5.19) becomes
E'T“ u-+pt
msp(u) = )\/ / e Pt (u+ pt — 2) fx (z)e” Mdadt
0 0 '

0o pb
+ /\/_ / e_&még(—r)fx(:c)e"\‘da:dt

+ )\/ / wu+ pt,z —u — pt) fx(z)e” Mdzdt
0 u+pt
oo o0
+ /\/ / Say(b,x — b) fx (z)e Mdadt
b
"_T" u+pt
+ 9/ / e 'my i (u + pt — x)kx (x)kw (t)dzdt
0 0

+ 0/ ’ e Stw(u + pt,x — u — pt)kx (z)kw (t)dzdt
0

[o.0)

+ 0 /we‘“w‘@,x—B)kx(a:)kw(t)dmt. (5.20)
b

b—u

For simplification purposes, we define the following functions that will be used

for the remainder of the paper :

o1(z) = /O “mgs(z - 2) fc(@)ds +w (2) (5.21)
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and -
aa(z) = /0Z m; (2 — 2)kx (z)dz + w2 (2), (5.22)

where

wy(z) = /OO w(z,z — z)fx(z)dx
wo(z) = /00 w(z,z — 2)kx(z)dz.

Given (5.21) and (5.22), (5.20) becomes

[e o]

Bou
myp(u) = /op e e Moy (u+pt)dt+/ e % e Moy (b)dt

b—u

> lo'e) _
+6/ e Otk (t) oy (u + pt) dedt + f% e Otk (t) oa(b)dt.  (5.23)
0 .

Letting s = u + pt in (5.23) and using Lemma 28, we get

b oo
pmgg(u) = )\/ e‘(6+)‘)(577u)01(s)ds+/\[ e“(5+)‘)(s;u)01(b)ds
u b

c+1 ctl

B o
+HZai/,e_(5+’\")( 0 )JQ(S)dswzai/E e~ BHACT) 5, (B)ds,
i=1 uw i=1

which can also be written as

A 00 . _ 0 c+1 oo e B
mgp(u) = —/ e NS )al(s/\b)ds—l——Zai/ e~ O gy (s Ab)ds,  (5.24)
’ PJu Pl e

where s; A s = min (s1;2). In order to derive an integro-differential equation

for mg ;(u), we need the following lemma.

Lemma 29. For \; (i=1,---,c+ 1) defined by (5.12), we have

0, [=0,---,c—3,
ilx()\ )\)H§=1()‘j7)‘z) - (=), l=c—-2,
7 T AL —ﬁ p
i=1 Tc+1( l) (_1)671(/\_A67AC+1)7 l=C—]_,
(=) M Acr1(Acs1 — ), l=c.
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Proof. Since A;(\ — /\i)]_[lv (A; — A;) is a polynomial of degree (I + 2) in

j=1
Ai, we have
c+1 H c+1 1+2 )\[+2 k
Z/\ S Ty Z c+1(>‘ )
with gg = (1)1,
This leads to
c+1 HJ O — 142 e+l )\H_g &

Z /\ ()\ /\ ) Tc+l(/\ ng Z c+l(/\ ) (525)

i=1

Based on Lemma 1 on page 395 (and also on the relations on page 400) of Li and
Garrido (2004), the terms summed in (5.25) are equal to zero for l =0, -+ ,c—3.

For [ = ¢ — 2, we have

c+1 c—2 c ct1
Aj— A AC™
Z/\ )\ /\ L(/\)) = Z 1 — (—].)0‘1.
Tet1 k=0 i=1 c+1
If Il =c¢—1, we obtain
& 152005 = M) TT521 (0 = Ae) TI521 (0 = Aern)
Ai(A— ,\71:%,\_)\‘#_#,\ A=A\ =1V e
2 M () AR W R s A S P WYY
_ (‘l)c—l (/\C+1()‘ B )‘c+1) B ’\C()‘ - /\C))
/\c—f-l - /\c

= (DT = Ao = Acy)-

Finally, if [ = ¢, we have

= [I5o(y — ) IT5=1 (N = Aera)
M= 2)TEET Y = A (A = Aep) e
Z c+1(/\ ) +l +1) Tc+l()‘0+1)

= )\C.H(/\ - /\c+l)(_l)c

which completes the proof. [l
Let us now derive an integro-differential equation for the expected discounted

penalty function with a constant dividend barrier b, ma_l-,(u).
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Theorem 30. The expected discounted penalty function with a constant divi-
dend barrier l;, denoted m; ;(u), satisfies the following integro-differential equa-

tion for 0 <u < b,

f[(A 7= D) (0T - D)mysla) = —ﬁ(A o7 D)ot
+ '9;!;\6(¥I D)(iI—D)oz(u), (5.26)

where T and D are the identity and differential operators.

Proof. First, we take the derivative on both sides of (5.24) w.r.t. u yielding

X AN (7 o ;
‘- - _2 +0) (%)
mdlb(u) pal(u)—k ( ’ )/u 7 Jo1(sAb)ds
0 Y S Y N -
+=exe(=1)¢7t : / e ) aa(s A b)ds, 5.27
; g T o) 2(sAb)ds,  (5.27)

for 0 < u < b, since Z —1 a; = 0. Then, we multiply (5.24) by ’\+" , to which we
subtract (5.27) and obtain

A+6 A 0 .
ATO =2 L. 28
( ) 7- ’D)mé i (w) pal(u) + pgé)b(u), (5.28)

where

g _(u) _ Cl)\c(_l)C‘I c+1 L()\ — AZ)/OO e_(6+>\i)(%)02(8 A I;)ds
i ) p T

(5.29)
c+1
A+
In order to apply the operator H ( J:
j=1
we first take the derivative w.r.t. u on both sides of (5.29). Given Lemma 28

AR ’D) to (%I - D)m&g(u),

with [ = 0, we find

I\ c+1 A S+ X\ 0 e _
gy 5(w) = (-1 DTS L a R [7 605 0 snias,
! p =1 c+l( ) P u

(5.30)
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which allows us to derive the following result :

A+ 6 ety oo .
(02D 0530 = (DTSR Y s (- M = A) [ eI oy(onbas.
' p* i Ter1(Ai) u

Due to Lemma 29, we must apply the operator HC+1 (MI D) successively.

First, we apply the operator H]C;f(ﬁpiéi[ — D) to both sides of (5.30) with

Lemma 28 for [ =0,--- ;¢ — 3 to obtain

T, e R /\ = o o .
H( )gab( )= (-1)! Pl H / e~ N0 )Jg(sf\b)ds.
Jj=1 p =1 C+1 j=1 u

(5.31)
We repeat the operation by applying the operator (A“‘T‘HI — D) to both sides

of (5.31) and, using Lemma 28 for [ = ¢ — 2, we find

c—1 c+1 c—1 00
Aj +9 161 Ai —@EHA) () i
[[(ZF=—2-D)gs3(v) = (-1 27 ) TG =) / e D5 gy (s A bYds
=1 ( 14 ) ’ p i=1 Tc+1()‘ j=1 u
e
+— 70 (u). (5:32)
p

With Lemma 28 for | = ¢— 1, we apply the operator (Ac:_éz_ D) on both sides

of (5.32) which leads to

NS & N 5o .
I-D)g;(u) = (=1)°1 = /\—/\/ ~0+CEF g0 (s A b)ds
e /\
+ Cp (A= Ae — Aeri)o u)+ ( Sr_ D)ag() | (5.33)

Finally, the operator (’\C"Tf&l' - D) is applied to both sides of (5.33) with
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Lemma, 28 for [ = ¢ :

N

c+1

A+ ) c! ¢ Aey1 + 6
T-D)g:(u) = A= = A ) (20T D)oyl
g( . )95 | ) (555 Joa(w)
A Aoy + 0 Act+d
o ( T D) (TI - D)Ug(u)
cthe
+ FAc+1(/\c+l — Mo (u).
which is equivalent to
TN+ el cIxe , e,
H (TI*'Z))go’E(U) = F(s(A+5)JQ(U) — pc (25+/\)02(u)—|—F02 U
7=1
XS s A+ 6 )
- (TI—D> <;I—D>02(u). (5.34)
. . otl )\j +4 .
Finally, applying the operator H (—I - D) to both sides of (5.28) and
j=1

using (5.34) yields (5.26). O

5.3.2 Boundary conditions

The next step in the derivation of an expression for mg;(u) is to find the
boundary conditions to the integro-differential equation (5.26) for my;(u) gi-
ven in Theorem 30. Before stating these conditions, we need the two following

lemmas.

Lemma 31. For \; and a; (i=1,--- ,c+1) defined in (5.12) and (5.13), we

have
0, l=0,---,c—2,
c+1 -
D i +6) =1 (Z1)eTelxe, l=c—1,
i=1

(1) e (ed+ 5 N), L=c
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Proof. Define

c+1
k?g(t) _ Zaie—(/\d-é)t — e—ézkw(t)
i=1

and its associated L.T. k;(s) = kj, (s + d). By the Initial Value Theorem, we

have
c+1

ks(0) = kw (0) =Y a; = lim skjy,(s) = 0.
i=1
With the Initial Value Theorem and (5.10), the [th derivative of ks(t), de-

noted by k((,-l)(t) and for | = 0,1,2,...,c are the following when evaluated at

t=0:
0 &
! _ _ Iy S E B S5 s _
K0y = Do al=0) 0 o) = Jim o) = lim o (s 6) =,
forl=0,1,2,...,c — 2;
i v IN¢(s +4)
ke = a;(=1)¢7 O +8) = lim scc" = ¢!\,
Oy = e e A = i e
and
c+1
K| = YD+ oy
- ci=1
= lim s(s%jy (s +68) — clX9)
§—00
1\e é
= lim s(sccil(;_k) —clX%)
500 I (s+6+X)
c+1
= =X+ Y M)
i=1
O

Lemma 32. For u < l~), the derivatives of order n = 1,2,...,c+ 1 of méj;(u)
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are as follows :

n-1 .
ey A A+ Eynmict g A6\ [P spaes -
Ms b (w) = P (j:O ( p ) oy (u) | + - (—p ) ; e o1(s A b)ds
. g c+1 /\Z §\n [o° e B
+ = ai( + ) / e~ Mgy (s Ab)ds, n=1,---,¢c~1; (5.35)
p 1=1 P u
AES A+ T N AL SNE [ .
t(iclz( ) = ) ( ( D ‘) oD (w) s (_:—) / e (5*) 6, (s A b)ds
i=0 Y
6 c+1 . c oo . )
+ =) a; </\ + 5) / e—(6+A;)(T)O'2(S Ab)ds — _H_(_I)C—ld/\cag(u); (5.36)
P =1 p u ¢
c by ¢ A+6 c—37 . A/A+S c+1  roo . . i
m{ (u) 7 ( ;_> o) | +2 ( i ) / e 52 g1 (s A B)ds
) . - i
7=0
g c+1 e ) ,
+ I_)Z < ) _( +Xxi)( 7 O'Q(SAb)dS— E(_I)C—IC!)\caé(u)
0 ct+1
— e (DT Telxe(cd 4+ D0 Ay )oa(w). (5.37)
i=1

Proof. We use induction to prove the desired result. The case n = 1 reduces
0 (5.27). We assume that (5.35) holds for n = 1,--- , c—2. Taking the derivative

of (5:35) w.r.t. u, we obtain

. = N A A SN o .
m ) = 2 30 (AE)T o | 4 2 (AT [T ey s b
j=0 "
Gc+l /\l :on+1 0o s ~
+ - a,-( +5> / e BT 50 (s A b)ds
P P u
A/A+8\" RSOV N
_ ;<T) al(u)—;;ai.( ) ) o2 (u).
Using Lemma 31 with [ = 0,--- ,¢ — 2 and with simple rearrangements, we
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obtain

(D) AN Aoy o) AA+ON I siaesy -
Msh (v) = » Jgo( ) (u) +p( » ) ’ e 7 o1(sAb)ds
66+1 4§yt oo — N
+ - al( ) / e~ BT 50 (s A b)ds
) u

which corresponds to (5.35).
The derivative of (5.35) withn=c—1 w.r.t. uis

. A c—1 >\+(5 c—j—1 ) A/N+6 c fes) B s—u ~
= SS(5) T e[S (52) [T neaba

P \=

c+1 c+1 et
N+ 6 b ° e
N e B e W G R

i=1

which leads to (5.36) with [ = ¢— 1 in Lemma 31.

Similarly, we find (5.37) by differentiating (5.36) and using Lemma 31 with
l=c O

The boundary conditions to the integro-differential equation (5.26) for m; ;(u)

are provided in the next theorem.

Theorem 33. The integro-differential equation (5.26) for my;(u) satisfies the

following ¢ + 2 boundary conditions :

(b) A )+ () (5.38)
Mpl0) = 530 —1 o o2(b); .
" S G
mel () = 0; (5.39)
n—1 .
n) /g A A+ d\n—i-1 SN~
mfs,g)(b) - 3 ( . ) JE |, n=2- ¢ (5.40)
Jj=1
1) 3 A= AF0\T (i)~ 0 I
mfs,;l)(b) - Z( » ) o) | - ;r?(_l)c Lexeoh(b).  (5.41)
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Proof. Setting u = b in (5.24) yields

B A 5 c+1 @ B
méyg(b): H—Aal(b)+BZJ+ZAO’2(b)
i=1 *

With s = ¢ in (5.11) and (5.10), we obtain (5.38). The second condition is
derived by letting u = b in (5.27) and with { = 0 in Lemma 31. For the third

condition, we let u = b in (5.35) of Lemma 32 to find

n-1 ; n—1
(n) 3 A A4 0\n-i-1 &) /3 A+ -
my7(b) =  —— —_— o’(b) 1 + —(—— o1(b)
™) , ,—=0<P) PO+ al
c+1 n—1
Ai+ 6 ~
0w (2l n=1emt
» = p
which combined with [ =0, --- ,¢— 2 in Lemma 31 leads to
n—1 .
n) 5 A A4 o\n=i=1 5y -
m;;(b)z—; Z(T) o9 (B) n=2--,c—1
j=1

When n = ¢, we use (5.36) with u = b and Lemma 31 with | = ¢ — 1. Similarly,

(5.41) is obtained with u = b in (5.37) and Lemma 31 with [ = ¢. O

5.3.3 A general solution

In the final step, we determine an expression for the expected discounted

penalty function with a constant dividend barrier, m; ;(u).

Theorem 34. A closed form expression for mg3(u) is given by

c+2
mg 5(u) = ms,co(u) + vam(u), 0<u<y, (5.42)
I=1

where ms oo (u) corresponds to the expected discounted penalty function without

a dividend barrier as defined in Cossette et al. (2008). The constants n1, - - - Tey2
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are such that the system of linear equations in Theorem 83 holds. The L.T. of

vy s(u) for i=1,2,...,c+2 are provided in (5.60).
Proof. See the appendix. [J

Remark 35. In the proof of Theorem 38/ , which has been moved to the appendiz,

the denominator of (5.58), given by
c+1 e+1

(L) TL (52 =s) -2 TT (552 ) i (90022 (S22 -5) (S5 ki),

p =1 i=1

corresponds to Lundberg’s generalized equation where pj,j =1,---c+ 2 are the
roots with real positive parts. We refer the reader to Cossette et al. (2008) for
additional details. If the p;,j = 1,- - c+2 are distinct, the term (o41,5(s) defined

in the proof of Theorem 84 can be expressed as

c+2 c+2 s P

- Pk
Cer1,8(8) = Z Cet1,6(05) H —_—,
i=1 k=1kzj P77 PE

by the Lagrange interpolating formula. This will be useful in the computation of

mg p(u) as illustrated in Section §.4.

Remark 36. The roots pj,j = 1,---c + 2 are also useful to derive the de-
fective renewal equations for ms oo (u) (see in Cossette et al. (2008)) and for
v1,5(U), .o Ver2,6(u). See Willmot and Lin (2001) for applications and results

on defective renewal equations.
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5.4 FExplicit solution with exponentially distri-

buted claim amounts

In this section, we consider the case when the individual claim sizes are
exponentially distributed. More precisely, we derive an explicit expression for
the L.T. of the time of ruin 7} with respect to d, ¢7, (u), defined in (5.18). One
can interpret ¢, (u) as the expected discounted value of one dollar paid at ruin.

We suppose that the parameter a of the generalized FGM copula is a strictly
positive integer and that the individual claim amount r.v. X follows an expo-
nential distribution with fx(z) = ae™** and

a
s+a

fx(s) = (5-43)

Given the assumption for the distribution of X and the definitions of the func-
tions h (with a € {1,2,...}) and g (with c € {2,3,...}) in the generalized FGM
copula, kx(z), defined in (5.7), has the same form as kw (t). We can therefore

use Lemma 28 to find the following L.T. associated to kx (z) :

N &y _ ala®s 14
kX(S)_ZS-*-a'L_a'H' ) (5 )
=t H(s+ai)
i=1

where a; = a(b+1-1) (i=1,--,a+1) and

ala®(—ay)
a+1 :
H (—Otz'-i—Oéj)
j=Lj#
We replace f%(s) and k% (s) in (5.60) by (5.43) and (5.44) and then we
a+1

multiply the numerator and the denominator of (5.60) by (a+ s) H(s +aj) to
j=1

b =
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obtain

- (S) _ Xl,z,a+c+3‘6(5)

V] . di=1, c+2 5.45
o X2,a+c+4,o'(5) ( )
where
+
X1a+c43,6(8) = (a+ s) H s+ aj) ¢ Gier1,6(8),
and
a+1 c+1
d+ A O+ N \
xaveras(s) = (@t9)[ls+a) (== =) [ (7 ~)
j=1 =1
N &1 c+1 54\
-— (S+aj)H( ‘5)
P i=1 p
IXC 76+ A 1)
—g< (L - s) (— - s)a!a“s(a + ).
p¢ p p

Note that X1,1,6+c+3,6(S) and X2,a+c+4,5(8) are polynomials of degree a+c+3
and a + ¢ + 4 respectively.

The polynomial x2;4+4c44,56(s) has ¢ + 2 roots p1, ..., pey2, with R(p;) > 0
for j = 1,---,c + 2 (see Remark 35), and a + 2 roots —Rj,...,—Rg42 with
R(R;) > 0, for y = 1,--- ,a + 2. Assuming the roots {p;,j = 1,...,c + 2} and
the roots {—R;(8),7 = 1,...,a + 2} distinct, we use the Lagrange interpolating

polynomial formula both on the numerator and the denominator of (5.45) to

- obtain
a+2 c+2 a+2
S — Pk s+ Ry
X1ia+c+3,6(8) = ZX1,i,a+c+3,a(*Rj) H (——> H (—_>
j=1 k=1 —Ri — e k=1,k#] —R; + Ry
c+2 c+2
s+ Ry $— Pk
T+ ( ) ( ) 5.46
ZXI i,a+c+3 J(PJ) H p; + Rk k:g# i — Px ( )
and

)H(S+R ) (5.47)

Jj=1

c+2
S —
X2,0+044,6(8) = X2,ateras(0) [ [ (
=1~ T Pi
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Combining (5.46) and (5.47) to (5.45), one gets

c+2

+
A,i,5 Q2,15
= 5.48
v, 6 g s+ R ]Zl s — p; ) ( )

fori=1,-- ¢+ 2, where

c+2 a+2

H(_pj) H Rj

Xl,i,a+c+3,(5(_Rj) j=1

QI,'Y' = )

” X2,atcta,6(0) <2 HZ:?,k#j(_Hj + Ri)
H(‘Rj - pK)
k=1

and :
+2 +2
I X1,i,a+c+3,6(05) HC 1(=55) H? 1 By
43

a+2(

X2,a+c+4,5(0) pi + Re) TIES k(05 — pi)

Taking the inverse of the L.T. in (5.48), for 1 =1, -+, ¢+ 2, leads to

a+2 c+2
vis(u) = Za“ e R“+Za2”e'°ﬂ i=1,---,c+2 (5.49)

The closed form expression for the L.T. of the time of ruin T, with no

barrier, denoted ¢r._ (u), is given by

a+2

() =) e, (5.50)
. =1

where the details on the derivation of ¢, (u) and the definition of the o;’s
are provided in Cossette et al. (2008). Letting (5.49) and (5.50) in (5.42), the

expression for ¢, (u) is

a-+2 c+2 a+2 c+2 c+2

. —R; . : —R; u
¢r,(u) = D Ge D 0D anae B m Y e e
j=1 i=1  j=1 i=1 =1
a+2 c+2 c+2 c+2
—R.; U
g e Y g+ E Nt |+ E ef _5_ 002 4,5-
j=1 i=1 j=1 =1

Given that the inclusion of a dividend barrier does not impact Lundberg’s

generalized equation, the roots —Ry, ..., — Rg42 are the same whether a barrier

is assumed or not.
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Example 37. Let X ~ Ezp(l), W ~ Fzp(l). Also, let all the parameters of
the generalized FGM copula be fized at 2. The force of interest § = 0.05, the
premium rate p = 1.5, and the constant dividend barrier b is fized at 6 and 8. In
Table 1, we provide the analytic expressions for the L.T. of the time of ultimate
ruin (or the ezpected discounted value of 1 paid at ruin) ¢r,(u) for an initial
surplus u with different values of the parameter 6 which are derived by Maple.
The values taken by ¢, (u) are depicted in Figure 5.10. In the table, values have

been rounded to 3 decimal places.

0 Ezpressions for ¢r.(u) with a dividend barrier b=6

-20 | 0.565¢0-348u 1 0.021e1-598% — 0.038¢ 73795 c05(0.9811) — 0.056€~3 795 5in(0.981u) + 0.1610:085%

-5 | 0.543¢70-376u 4 0.013¢1:836% _ 0.017¢3-006uco5(0.365u) — 0.065e~3696% 5in(0.365u) + 0.145¢0-086¢

0 0.543e70-386u 4 (3, 125¢0-086u

5 | 0.537¢70:3%6u _ 0.012e4230% 4 0.017e235%%c05(0.280u) — 0.101e2-359% 5in(0.280u) 4 0.1130-0874

20 | 0.511e0430% — 0.026e~4608% 1 0.050e~2994%c05(0.868u) — 0.117e~ 2094 5in(0.868u) + 0.076e0-088

In Figure 5.10, we clearly observe the impact of the dependence parameter
¢ on both ruin quantities, ¢, (u) and m575(u). In order to compare the impact
of a dividend barrier, we plot in Figure 5.11 the values of ¢, (u) (b = 6) and
o1, (u) (no dividend payments) 4for 6 = —20 and 20. For a fized value of the
dependence parameter 8, @e observe that the expected discounted value of 1 paid
at ruin increases with the introduction of a barrier for any value of initial surplus

u. We can-find the expressions for ¢ {(u) in Cossette et al. (2008).
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Laplace transform of the time of ruin (barrier = 6)

08

07

0.6

0.5
E — — Dependence parameter = -20
. . . B Dependence parameter = -5
£os Independence
E — -— Dependence parameter = 5
E —--— Dependence parameter = 20

03

0.2

0.1

0 1 2 3 4 5 6 7
{nitial surpius u

F1G. 5.10 — Laplace Transform of the time of ruin for values of the dependence parameter

6 eciual to -20, -5, 0 (independence), 5, and 20.

5.5 Appendix

Proof of Theorem 34. It follows from the general theory of differential
equations that every solution to the (¢ + 2) order non-homogeneous integro-
differential equation (5.26) for m;(u) from Theorem 30 with boundary equa-
tions (5.38), (5.39), (5.40) and (5.41) brOvided in Theorem 33 can be expressed

as a particular solution ms . (u) (the Gerber-Shiu function in the absence of a
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Laplace transform of the time of ruin (no dividend and dividend barrier at 6}

------ Dependence parameter = -20 and no dividend
Earrier

— — Dependence parameter = -20 and dividend
barier al 6

—--—-Dependence parameter = 20 and no dividend

barmier

Dependence parameter = 20 and dividend

bariier at &

F1G. 5.11 — Values of ¢, (u) (dividend barrier at b = 6) and ¢t (u) (no dividend payments)

for 6 = —20 and 20.

dividend barrier) plus a linear combination of ¢+2 linearly independent solutions
to the associated homogeneous integro-differential equation.
The discounted penalty function without a barrier, ms oo (u), is a solution to

a defective renewal equation, as shown in Cossette et al. (2008) and satisfies an
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integro-differential equation defined by

c+1

c+1
Aj+6 A+9 A Aj+ 46
]Hl( T D)(—p T =D )msoo(u )—EHI( - D) (/ M 00 (1 — ) fx (x)dT + Wy (1 ))
= j=
Ot /A + 4 6 “
s (TI ’D) (;)IfD) </0 m‘;,oo(u—x)kx(x)dm—i—wg(u)).
The functions {v; s(u),u >0} ¢ =1,--- ,c+2 are c+ 2 linearly independent

solutions to the homogeneous integro-differential equation

P(D)(¥I D) s(u) = %P(D)/Ouvé(ufz)fx(z)dz
Lty )02 0) [t
where
j=1 k=0

is an (c+ 1)th-order linear differentiation operator. Note that (5.51) corresponds
to the integro-differential equation (5.26) given in Theorem 30 from which the
terms involving the functions w; and wy have been removed. For that purpose,

we need to find the L.T. of vs(u) from (5.51), which can be expressed as

A Ocl\e

d(u) = th(u) + —q2(u), (5.52)
where
A+46
dw) = P(D)(* T~ D)us(w)
ct+1 ct+l
_ 2 : 6Pov5( A : g L PD*vs(u) — > PeD*lus(u)  (5.53)
k=0

g(u) = P(/D)/uvg(u—z)fx(z)dz
(A_”;r D)(éz_z))/ouw(u_z)kx(z')dz_

p p

q2(u)
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The corresponding L.T. to (5.52) is

A
d*(s) EqI(S) +

Consequently, we need to find the L.T. d*(s),

I
——q5(s).

(5.54)

gi(s), and g5(s).

Taking the L.T. on both sides of (5.53) yields

- c+l
d*(s) = At 5P0 HE )+MZP,€5 vs(s) — Zsk Tu37H(
c+1 k+1
_ Z k:+1 * Z k+1—j ] 1 ]
k=0
c+1 c+1
A A+4d
NG (=B PR oS S
p NP
c+1

SESMIT

+

which becomes

v = ()T -
+ Pov5(0)+§Pkskv5(O)
: k=1
5+ A R
= (T‘S)E( s Juis
+  P(s)us(0).

c+1 k )

zpkzs“(“‘s '0) - 1(0))

c+1

zpkz 1(220570) - v3(0))
(5.55)

Similarly, the L.T. ¢f(s) and ¢3(s) are given by

¢(s) = ﬁ(éi;)\i_) ct1
and
a6 = (22 5) (5 - s)kx()

(s)vi(s) — ZPstk 1‘]'D(J)/ vg(u — z) fx (z)dx

-D /: vs(u — z)kx(z)dx

(5.56)

u=0

(5.57)

u=0




Now, we can bring together (5.55), (5.56), and (5.57) in (5.54) which becomes

v3(s) = — - Sotisle) 5 L (559)

(55— ) TN — ) - ATEFN(ER ) f (s) — 095 (52X — 6)(E — 5)ky (o)

The numerator of (5.58), (c+1,5(s), is a (c+1)-th degree polynomial in s, defined

by
c+1 c+1 k-1
S+ A S+ A ;
Cesrs(s) = _H( g _S) 0)+ZPkL k—1- ]( W90y — v§1+1)(0))
c+1 w '/\C u
— _Zpkzsk 1-jp) / vs(u — ) fx(z)dx ~€C'C D/ vs(u — x)kx (z)dz
u=0 4 0 u=0
c+1 c c+1
d+ Aj 5+ .
_ H ( )’Uo + Z Z Pes k—1- J( (7)(0) - U((SJH)(O))
7=0 k=5+1
c+1 k-1 | 1\C u
_ _ZZPkSk 1-5p() / vs(u — z) fx (z)dzx C'c D/ vs(u — z)kx(z)dz| (5.59)
k 175=0 u=0 0 w=0
After some rearrangements, (5.59) can be written as
c+1 ¢ ctl
0+ X S+ A .
<c+1’5(5) - _ H ( )'Uo + Z Z Pes k~1- ]( (J)(O) = v§]+l)(0))
j=0k=75+1
\ oHLA=L C,)\c
——ZZP sk1- JZM(O FETR(0) — 6°C-vs(0)kx (0)
k 135=0
c+l1 c c+1
64 A o4+ A j
= I o)X 3 At (520 - 0)
Fj=0k=3+1
/\ c c+1 clxe
A5 S S R 000 - 0 01 (0)
p 1=0 j=i+1 k=j+1 p
In order to obtain the ¢+2 linearly independent solutions v; s(s),t =1,--- ,c+
2 to the equation (5.58), we need to specify the initial condition as U(J)( 0) =
I{j=i-1},j =0,--+ ,c+ 1. It follows that for i = 1,--- ,.c + 2
v s(s) = — - Giyet1,8(8) — 5  (5.60)
’ S+ N A 5+ X c! +
S+A T 4 L * . A z *
(51T (552 ) -2 TT (2 e o2 (22 ) (s
1= 1=



where

c+1 c+1 c c+1

O+ A d+ A 1 A i (i
Gl = - [ () TN p g A5 SR p 10 )
=1 P L G=1k=j+1
c!\¢
¢ " kx(0);
c+1 ) c+1 S c c+1 ) _
= Gier1,6(8) = ETA Pest—iz Z Pkskﬂ—z‘_z Z Pksk——l—Jf)((J~1)(0)7
k=i k=i—1 PSS
1=2,,6
= Cer1,e41,5(8) = %'lpcﬂ — Fe— Peqas;
- <c+2,c+1,5(5) = —Lfecy1-

Using a similar argument as in Li and Garrido (2004), it is possible to show

that the v; 5(s), for i = 1,2, ...,c + 2, are linearly independent. [J
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CONCLUSION

Nous avons présenté une extension du modele classique de la théorie du
risque en supposant que les temps qui séparent deux sinistres et les montants
des sinistres sont, dépehdants. Les structures de dépendance ont été construites
a l'aides de deux copules, la copule de Farlie-Gumbel-Morgenstern classique et
Farlie-Gumbel-Morgenstern généralisée. Ces deux copules possedent une struc-
ture particuliere qui nous permet d’adapter les techniques utilisées dans le
modele classique fondé sur l'indépendance entre vles montants des sinistres et
les temps d’arrivée des sinistres. Nous avons évalué la fonction de Gerber-Shiu
dans le cadre des modeles avec dépendance définie & I'aide des deux différentes
copules. En absence et en présence d’une barriere horizontale, des équations
intégro-différentielles pour la fonction de Gerber-Shiu avec des bornes aux frontieres
ont également été traitées. En utilisant les transformées de Laplace, des résultats
analytiques pour la fonction de Gerber-Shiu ont été obtenus. Ceci a permis

d’étudier l'effet de la dépendance sur le temps de la ruine et le déficit & la ruine.

Il serait intéressant d’étudier le modele de renouvellement (Sparre-Andersen)
en supposant que les temps séparant deux sinistres et les montants des sinistres

sont dépendants. L’étude du modele classique et du modele de Sparre-Andersen




de risque avec une structure de dépendance basée sur les copules archimédiennes,
les copules gaussiennes et les copules de valeurs extrémes constituerait aussi un

axe d’investigation & considérer.
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