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Résumé 

La mise en place d 'un programme de tests accélérés (AT) est accompagnée de plusieurs 

préoccupations et incertitudes quant à l'estimation de la fiabilité qui peut causer un 
écart par rapport au service réel. Cette thèse vise à présenter les outils nécessaires 

et auxiliaires antérieurs aux tests, ainsi qu 'à proposer des approches techniques et des 

analyses pour la mise en œuvre de tests accélérés pour l 'estimation de la fiabilité, la 

cornparaison de produits, l 'identification des rnodes de défaillances critiques ainsi que la 

vérification de l 'amélioration de la fiabilité (après modification de la conception). Tout 

programme de tests accélérés doit faire l 'objet d 'une investigat ion économique, de même 

que la similitude entre tests et modes de défaillances doit être vérifiée. L'existence de 

variables aléatoires dans le service en utilisant le profil et le temps de défaillance dans 

les tests accélérés sont les causes de l 'incertitude pour estimer la fiabilité qui doit être 

résolu numériquement. La plupart des programmes de tests de dégradation accélérés 

ont été luis en œuvre à des fins qualit atives et d 'analyse de comparaison, de sorte que le 

concept de tests de dégradation accélérés doivent être étendus et généralisés au cas de 

produits sujets à de multiples modes de défaillance, avec ou sans modes de défaillance 

dépendants. Si des échantillons, neufs ou usagés , d 'un produit sont disponibles; la 

méthode de vieillissement partielle est proposée afin de diminuer considérablement le 

tem ps de test. 



Abstract 

The implementation of an accelerated testing (AT) program accompanies sever al con­

cerns and uncertainties to estimate reliability that might cause a deviation from real 
service. This thesis aims at presenting necessary and auxiliary tools prior to the test, 

and proposing practical methods and analyses to overcome such uncertainties for re­

liability estimation, comparison of products, recognition of critical failure modes, and 

verification of reliability growth (afler design modification). 

Every accelerated testing program must present a suit able accelerating variable and 

verify similarity of failure modes in test and service. Any information from field includ­

ing service usage profile and field failure data could be useful for an accurate quantitative 

analysis of reliability. Furthermore, for economic considerations, test samples should be 

selected so that they could provide a satisfactory level of confidence. There is not a clas­

sical approach to identify the ab ove-mentioned items, so they are investigated through 

available related literature in order to be classified as a reference to prelirninary tools 

to conduct accelerated testing. Furthermore, required parameters and their measure­

ment to transfer from an accelerated catastrophic testing to an accelerated degradation 

testing are introduced. 

The existence of random variables in service and test are the causes of uncertainty 

to estimate reliability. To overcome the problem, virtual sample method as a numeri­

cal technique, is proposed to replace every probability diagram with its representative 
values. For multi-failure mode prQducts, the results obtained by AT could be as com­

plementary data for incomplete service results to assess the critical failure mode. The 

proximity of test and service results is also proposed to be estimated by multinomial 

and ranking methods. 

The concept of accelerated degradation testing is extended for multi-failure mode 

products (either with or without dependent failure modes) under sorne stresses for 

quantitative purposes, and the system of equations has been solved for each virtual 

sample. The concept is employed to estÏlnate failure times of field samples returned 



Abstract IV 

from service due to a degrading failure mode. If used and new samples of a product 

are available , partial aging method is proposed to considerably decrease the time of an 
unknown aging process. 



Preface 

l would like to express my sincere appreciation to my supervisar Prof. Daoud Aït­

Kadi for his val uable guidance and encouragement at every stage of the research so 
that the completion of this thesis would not be possible without his help and support . 

Furthermore, l truly feel privileged to have been his student. 

l take this opportunity to thank Dr. François Routhier froln the Center for Int erdis­

ciplinary Research in Rehabilitation and Social Integration (CIRRIS) for his insightful 

guidance and helpful suggestions. His advice is also gratefully acknowledged. l would 

like to thank Prof. Amadou Coulibaly for his valuable recommendations and ideas in 

the TORNOS project , and Prof. Claver Diallo and Prof. Soumaya Yacout for their 
perfect reviews of the thesis. 

l thank Iny mother, father, mother-in-Iaw and father-in-law for their constant en­
couragement to accomplish my study. Finally, and most importantly, special thanks to 

my wife Farnaz and my son Kamyar whose love and support are always the sources of 

strong motivation. 

This projeet has been supported by the Quebee health insuranee board (R.égie de 

l 'assurance maladie du Québec-RAMQ) research grant. 



Ta my dear wife and son 



Contents 

Résumé 

Abstract 

Preface 

Contents 
/ 

List of Tables 

List of Figures 

1 General Introduction 
1.1 Introduction .... 
1.2 Classification of Pro blems . . . . . . . . . . . 

1.2.1 The Problems of Service-Related Dat a 

1.2.2 The Problems of Test Time and Cost . 
1.2.3 Related Problems to the AT Methods . 

1.3 Objectives .................. . 

1.4 Literature Review . . . . . . . . . . . . . . . 

1.4.1 The Concepts of Accelerated Testing 
1.4.2 Qualitative Accelerated Testing 

1.5 

1.6 

1.4.3 Analysis of Service Dat a 

1.4.4 Auxiliary Tools ..... 

Methodologies and Assumptions 

Concl usion . 

References 

2 An Integrated Approach to Implement Accelerated Testing 
2 .1 Int roduction........... 
2.2 The Estimation of Usage Profile .. . ......... . 

2.2. 1 Usage Profile Classes .............. . 

2.2.2 Representative Values of a Probability Diagram 

ii 

III 

v 

Vll 

x 

Xl 

1 

2 

4 

4 

5 
6 

7 

9 

9 

10 
Il 
13 
14 
17 

18 

27 
29 
30 
31 

31 



Contents 

2.3 Performance and Damage 

2.3.1 Performance Test 
2.3.2 Damage Diagram . 

2.4 Accelerating Variables .. 

2.4.1 Stress Accelerating Variables . 

2.4.2 Performance Test Variables 
2.4.3 Sample-Related Variables 

2.5 Test Samples . . . . . . . . . . . . 
2.6 Field Failure Analysis .. . .... . 

2.6.1 Cat astrophic Failure Modes 
2.6.2 Degrading Failures Modes 

2.7 Relevant Failure Modes in AT .. . 
2.8 Conclusion ........ . .... . 

2.9 Appendix: Theoretical Background 

References 

3 A Contribution to Accelerated Catastrophic Testing 
3 .1 Introduction....... 

3. 2 Single-Stress ACT. . . . . . . . . . 
3.3 Virtual Sample Method. . . . . . . 

3.4 

3.5 

3.6 
3.7 

3.3.1 Unique Level Usage Profile . 
3.3.2 Mult i Level Usage Profile 

Comparative Analysis of ACT Results 
3.4.1 Comparison of Products .... 
3.4.2 Comparison of Failure Modes . 

3.4.3 Comparison of Field and Test Results . 
Modifications to Design. . . . . . . 

3.5.1 Qualitative ACT ...... . 

3.5.2 Acceleration Factor Method . 
3.5.3 Reliability Allocation Method 

Conclusion . . . . . . . . . . . . . 
Appendix: Representative Values .. 

References 

Vlll 

32 

34 

36 
37 

38 
40 
41 

42 

45 
46 
49 

50 

53 

55 

58 

64 
66 

68 
71 

73 

75 

76 

76 

79 

81 

85 
85 
87 
87 
89 
90 

91 

4 Quantitative Accelerated Degradation Testing: Practical Approaches 94 
4.1 Introduction.... 96 

4.2 Single-Stress ADT ..... 98 

4.2. 1 Definit ion . . . . . . 98 

4.2.2 Single-Aging Process . . . . . . . . . .. 99 



Contents 

4.2.3 Multi-Aging Process ...... ' .. . 

4.3 Degradation Analysis of Field Samples . . . 
4.3.1 The Best Fitted Performance Model 
4.3.2 User-Based Criterion .... 

4.4 Generalized ADT . . . .. . . . . . . 
4.4.1 Independent Failure Modes 
4.4.2 Dependent Failure Modes 

4.5 Partial Agi!lg Method 
4.6 Concl usion . 

References 

5 General Conclusions 

IX 

102 

103 
105 
106 
108 
109 
114 

117 
119 

121 

124 



List of Tables 

1.1 Related sections to each problem 8 

2.1 Time table for 4 samples (A,B,C and D) , 3 chambers (for aging process) 
and one equipment (for performance test) ................ 41 

2.2 N on-statistical reliability, high confidence reliability, and confidence level 
of a multi-failure mode product . . . . . . . . . . . . . . . . . . . . . 48 

3.1 The estimation of service reliability for the unique level usage profile. 74 
3.2 The estimation of service reliability for the multi level usage profile ". 75 

3.3 The comparison of the allocated reliability and confidence level for three 
products according to the field failure data for the product l and the 

results of the accelerated testing for the products II and III . . . . . .. 79 

3.4 The calculations of conformity factor by multinomial method for S = 34 
test samples and N = 6 failure modes of the product .... - .. . . .. 84 

3.5 The calculations of vicinity factor by integer and real ranking methods 

for S = 34 test samples and N = 6 failure modes of the product . . .. 85 

4.1 Characteristics of the aging processes, failure probability diagrams, and 
damage models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 112 

4.2 The partial aging method for 7 used samples and 1 new sample to esti-

mate the acceleration factor of the whole aging process and the partial 
aglng process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 120 



---- ------- - -- - --------

List of Figures 

2.1 Unique, multi and continuous level classes of usage profile. . . . . . .. 32 

2.2 Obtaining N representative values of usage frequency . . . . . . . . .. 33 

2.3 The definition of damage factor for series, parallel , standby and k-out-
of-n products according to their failure modes . . . . . . . . . . . . .. 34 

2.4 The samples required for non-destructive and destructive performance 

tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 35 

2.5 The comparison between damage and performance diagrams . . . . .. 37 

2.6 Service and test cdf diagrams for an ACT, and their damage diagrams 
for an ADT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 38 

2.7 Descending and ascending time intervals for downward and upward per-

formance diagrams respectively . . . . . .. . . . . ~ . . . . . . . . ... 40 

2.8 Life-cross section diagram for a beam under oscillatory compressive me-

chanical force . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 42 

2.9 The estimation of reliability for time and sample limitations by cdf diagram 43 

2.10 Corroded and non-corroded area of a beam, and the measurement 'of its 

diameters before and after corrosion. . . . . . . . . . . . . . . . . . .. 45 

2.11 Comparison of the service occurrence probability and the number of fail-

ures obtained from test . . . . . . . . . . . . . . . . . . . . . . . . . .. 48 
2.12 Failure time estimation of a field sample in terms of its age and perfor-

mance factor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 50 

2.13 Probable failure modes in truss n1embers . . . . . . . . . . . . . . . .. 52 

2.14 Geometrical and load changes in miniature and single-size reduction ver-

sions to obtain the same mechanical stresses at the hot spot A . . . 52 

2.15 The efFect of increasing the usage frequ8ncy to cause residual stress 53 

3.1 Accelerated catastrophic testing plans. . . . . . . . . . . . . . . . . 69 

3.2 The representative values and three typical virtual samples for the unique 

level usage profile . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 74 

3.3 The representative values and three typical virtual samples for the multi 

level usage profile . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 76 

3.4 The comparison of three products according to their salvation and longevity 

factors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 78 



List of Figures Xll 

3.5 The most critical and non-important failure modes for the first 100 hours 

in test (tt == 100 hours) . . . . . . . . . . . . . . . . . . . . . . . . . 80 

3.6 Test-based and MLE-based methods ................. 82 

3.7 The estimation of field cdf weibull diagram for the new version of he 

product by acceleration factor method ................ 88 

3.8 The allocated reliability methods for sample and time limitations 88 
3.9 A typical representative value of the random variabl X from a sub-

interval from the cdf diagram . . ." . . . . . . . . . . . . . . . . . . .. 90 

4.1 The estimation of failure time in single-aging pro cess based on the lin ar 

performance model by sample-based technique . . . . . . . . . . . . .. 100 

4.2 The estimation of failure time based on the linear performance model by 
sample-based technique for used samples . . . . . . . . . . . . . . . .. 101 

4.3 The estimation of failure time in the single-aging process based on the 
linear performance model by interval-based technique . . . . . . . . .. 102 

4.4 The estimation of failure time in the multi-aging pro cess by sample-based 

technique and regression analysis . . . . . . . . . . . . . . . . . . . .. 103 

4.5 The estimation of failure time in the multi-aging pro cess by interval­

based technique and regression analysis . . . . . . . . . . . . . . . . .. 103 
4.6 Performance-time coordinate system and the best fitted function esti­

mated by the least square estimation . . . . . . . . . . . . . . . . . .. 105 
4.7 Comparison of reliability for different performance models ....... 106 

4.8 Weibull probability diagrams for batteries in 12 wheelchairs according to 
the manufacturer and user-based criteria . . . . . . . . . . . . . . . .. 107 

4.9 The normal distribution diagram for critical performance according to 

the user-based criterion . . . . . . . . . . . . . . . . . . . . . . . . . .. 108 
4.10 Obtaining representative damage diagrams (linear damage model D = 

ct) from the known failure probability diagram . . . . . . . . . . . . .. 111 

4.11 The estimated reliability in terms of the number of virtual samples by 
the finite difFerence approximation. . . . . . . . . : . . . . . . . . . .. 113 

4.12 The estimated service occurrence probabilities of the failure modes in 
terms of the nun1ber of virtual samples . . . . . . . . . . . . . . . . .. 114 

4.13 The effect of the catastrophic failure of the failure mode k on the failure 

mode j to increase i ts damage rate (linear model) for the system of beam 
and rope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 115 

4.14 The continuous effect of the degrading failure mode k on the failure mode 
j to increase its damage rate for the original system of bean1 and spring 116 

4.15 The damage rate of the new sample j and the used sample k in damage-

time coordinate system . . . . . . . . . ". . . . . . . . . . . . . . . . .. 118 
4.16 Obtaining damage rate diagram for the used sample i from the known 

damage rat model (DRM) . . . . . . . . . . . . . . . . . . . . . . . .. 119 



Chapter 1 

General Introduction 



1.1 Introduction 

The most realistic estimation of reliabili ty or lifetime is best achieved by field fail ure 

data because they reflect the failures in service. For a newly designed product t h s 

data are not available. On the other hand, field failure data for the old version of 

design might be invalid for the new version. The utilization of field failure data (of 
the old version) for the new version must be studied according to the changes that 

have been made to ,product components. In addition, reported failures after warrant y 
period might be incomplete for reliability analysis. Such issues motivate manufacturers 

and testers to conduct accelerated testing to estimate lifetimes and reliability of their 

products. 

Àccelerated testing consists of a variety of test methods for shortening the life of 

products or hastening the ci~gradation of their performance. The aim of such test ing is 

to quickly obtain data which, properly modeled and analyzed, yield desired information 

on product life or performance under normal use ([69]). An AT deals with theoretical 
considerations (including mathematical and statistical backgrounds of reliability) and 

technical concepts of products (including their failure modes , the economic and business 

considerations), so the identification of these elernents by the rnanufacturer is necessary 

to obtain more realistic results from the AT. 

The test time must relate to its equlvalent service time in order to obtain a rela­
tionship between their results. The problem is that the failure times obtained from the 
test are stacked in a narrow band of time in comparison to service lifetimes which are 

distributed in a wider band because of variety of uses by customers, so the usage of 
products in service must be identified, and considered in the relationship. 

To estimate failure time, sorne samples of the product must be selected to pass the 

aging process. The estimation of sample size is the economic aspect of AT to fulfill 

an acceptable confidence level. The calculation of lifetime or reliability by test,ing very 

few samples could lead to inaccuracy of test results. On the other hand, employing a 

lot of salnples for test leads to increase the cost. The estimation of sample size could 

be a challenging task if the product is highly reliable so the failures of its samples are 

Dot attainable. Furthermore, for multi-failure mode products, to achieve every failure 

mode, more samples are required to pass the test. The utilization of service samples 

for test (if there are any) could considerably decrease the cost of AT. The destructive 
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nature of a test (in the AT) results in preparing more samples for testing. In addition 

in design stage, there might be a cost constraint for manufacturer to produce required 

prototypes for testing. As a result , manufacturers must recogniz"e different approaches 

to decrease the sample size and the geometrical size of test samples. 

Continuous monitoring of the failure for a sample (to measure the exact failure 

time) during an AT might be time-consuming. As a solution, the interval monitoring 

is suggested by literature to capture the failure time in an interval. This brings the 

concern of censored time which is not eligible for an accurate statistical analysis. 

If the product is expected to be highly reliable, the failures of its samples might 

be unattainable, so statistical analysis of lifetime might be impossible because the lack 
of any failure times. For degrading failure modes, an the above-mentioned problems 

could be more critical because the lack of any interruptions in the operation, so the 

manufacturer must present a clear definition of these failure modes by relating their 

failure times and physical properties. 

Severe environmental and/or operative stresses on samples of the product might 

result in another failure mode( s) than the actual ones i~ service. On the other hand, 
the frequencies of failures for each failure mode in test and service must be in consistent. 

Otherwise, the accelerated testing will be invalid. 

In a multi-failure mode product, the failure (or degradation of physical property) of 
one failure mode can afFect the failure (or degradation of physical property) of allother 

one. The identification of dependent failure modes in a product is a technical issue 
that has to be done prior to the test. Then, the failure time of the dependent failure 

"mode must be related to the operation of the other one. This leads the manufacturer 

to recognize the interaction of components inside the product. 

For a complex product (having many components and failure modes) under multiple 

stresses, the manufacturer might be unable to use statistical analysis to obtain a math­
ematical formula to estimate reliability, so a numerical method is needed to transfer 

the problen1 from statistical analysis to a simple mathematical calculation. 

The thesis is presented in the form of a collection of scientific contributions submitted 

for publication. The following contributions are submitted for publication, and they 

are placed in chapters 2-4: 

• Contribution 1: S. Hossein Mohammadian and Daoud Aït-Kadi.An Integrated 

Approach to Implement Accelerated Testing. Submitted in March 2009 to R elia-
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bility Engineering and System Safety. 

• Contribution 2: S. Hossein Mohammadian and Daoud Aït-Kadi. A Contribution 
to Accelerated Catastrophic Testing. Submitted in February 2009 to Reliability 
Engineering and System Safety. 

• Contribution 3: S. Hossein Mohammadian, Daoud Aït-Kadi , and François Routhier. 
Quantitative Accelerated Degradation Testing: Practical Approaches. Submitted 

in February 2009 to Reliability engineering and system safety. 

This chapter aims to present the motivation and problems of the thesis , to provide 

an overview of related literature, and to summarize the methodologies that are applied 
in subsequent chapters. The rest of this chapter is organized as follows. Section 2 

classifies the problems of the thesis. Section 3 presents the main objectives of the 

thesis. Section 4 reviews related literature to accelerated testing. Section 5 describes 

methodologies and assumptions. Section 6 presents conclusions. 

1.2 Classification of Pro blerns 

There is not a unique classical approach to identify required tools, methods , and anal­
yses to implement an accelerated testing. In or der to provide a user-friendly reference 

to engineèring applications, aIl problems dealt in the thesis are categorized into three 

groups, and for each group, its problems are itemized for quick citation. 

1.2.1 The Problems of Service-Related Data 

For catastrophic failure modes, the problen1 concerns the estimation of failure tüne , 

censored time, ;acceleration factor , service reliability, and number of failures. For each . 

used sample returned from service because of a degrading failure mode, relating its 
service age to a product physical property can lead to assess its lifetime which is a 

challenging task. The above problems are listed in detail as follows: 

• Problem 1.1. There is no unique standard format for exploiting field failure data 

in accelerated testing, and available formats might be different from one manufac­

turer to another. Furthern1ore, the variety of data types in samplesj customers' 

portfolios can be the source of confusion for any service stirnation. 
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• problem 1.2. Failure times of samples obtained from an aging pro cess are stacked 

in a narrow band of time in comparison to service lifetimes which are distributed 
in a wider band because of variety of uses by customers. 

• Problem 1.3. An AF-based aging process would not be applicable in accelerated 
testing without the identification of acceleration factor, which should be estimated 

by field failure data. 

• Problem 1.4. Time-based analysis of catastrophic failure rnodes might be insuffi­

cient to identify critical and non-relevant failure modes in a product, because the 

statistical analysis of incomplete data is unable to estimate the reliability. 

• Problem 1.5. For a degrading failure mode, the lack of any interruptions in the 
operation might cause a difficulty in defining its failure time. For this case there 

might be a contrast between the customers' decisions to report failures , and the 
manufacturer 's criterion to accept or refuse the failures. 

• Problem 1.6. In general, there is no known technical relationship between relia­
bility of the old and new versions of design, so any test and service related data 

for the old version of design might be useless for the new version. 

• Problem 1.7. For highly reli.able products, the number of reported failures may 
be insufficient for estimating reliability. For multi-failure mode products , this 

problem can prevent individual analysis of every failure mode due to the shortage 

of reported failures , so the comparison of failure modes cannot be achieved. 

• Problem 1.8. A direct estimation of usage profile for a product by service data is 
usually inaccessible. 

1.2.2 The Problems of Test Time and Cost 

Prior to carrying out any tests, the accelerated testing program must economically 
be studied for its time spending and cost. The problem of test samples concerns the 

economic aspect of accelerated testing, and it is characterized by the number of samples 

(sample size), sample geometry and the total number of aging pro cesses (or the total 

number of conducting performance test). Accelerating variable is any arrangeme~t to 

short en test time. The application of employing these variables in AT could result in 

the con cern of test integrity (the consistency of failure modes and their occurrences in 

test and service). 
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• Problem 2.1. Estimating reliability by testing very few samples could lead to 

inaccuracy. 80 a minimum number of samples is required to fail for statistical 
analysis. If the product is highly reliable, no failure is expected to be achieved. 
Thus, statistical analysis is impossible. 

• Problem 2.2. The above problem for a multi-failure mode product is more critical 

because many samples are required to assure achieving every failure mode. 

• Problem 2.3. In an ADT, its related performance test (to obtain the performance 

factor) may be destructive , and consequently costly. 

• Problem 2.4. After a modification to design, there might be a cost constraint to 
manufacture the samples of the new version of the product for AT. There might 
also be a limitation in time to dispatch samples to the market. 

• Problem 2.5. The utilization of new samples for testing might be expensive. As 

a substitution, used samples could considerably decrease test expense if their 

residual lifetimes could be related to the equivalent test time. 

• Problem 2.6. In an ADT, if many service samples are returned from service, the 
implementation of the aging pro cess and performance test on every sample might 
be time-consuming. 

• Problem 2.7. Stimulation of failure luechanism by any modifications to the stresses 
and samples might raise the concern of irrelevant failure modes and test integrity. 

1.2.3 Related Problems to the AT Methods 

The selection of a proper accelerated testing method depends on the ability of recogni­

tion the product that could be highly or lowly reliable, and single or multi-failure mode. 

In addition, both catastrophic and degrading failure modes might be under study. The 

aging pro cess must be defined based on the availability of field failure data and usage 
profile. Sample size and test samples have to be identified based on their availabilities 

and any limitations to test time and expense. Finally, the employed analyticalluethod 
has to be verified for its ability to solve the complexity of the problem. 

• Problem 3.1. Most ADTs are intended for qualitative or comparative analysis 
(rather than reliability analysis), so the concept of ADT needs to be developed for 

reliability analysis, especially for the products under multiple stresses in different 

levels. 
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• Problem 3.2. The problem of multi-failure mode products may be more compli­

cated if any dependent failure modes are available in the product. 

• Problem 3.3. Compared to ACT, the results of an ADT are' more meaningful 

so in order to transfer an ACT to its corresponding ADT, required tools and 
knowledge need to be identified. 

• Problem 3.4. The results obtained from an unknown aging pro cess cannot be 
used to predict product lifetime. 

• Problem 3.5. For complex usage profiles, regarding the existence of many random 

variables (usage frequency and failure time) , analytical methods are usually unable 
to estimate reliability. . 

• Problem 3.6. For catastrophic failure modes, a comparative analysis might be 
needed for the available products on the Inarket, or different failure modes (in a 
multi-failure mode product). 

• Problem 3.7. The comparison of test and service resultsis crucial to their confor­
mit y, especially if the time-based data of service are unavailable. 

• Problem 3.8. For highly reliable products, there might be a lot of right censored 
times for ACT, and less degradation of physical properties for ADT, which are 

not sufficient for reliability analysis. 

The above problems are discussed in the chapters 2-4. As a quick ref~rence, Table 1.1 

summarizes the section numbers which are related to each mentioned problem. 

1.3 Objectives 

The objectives of the thesis are summarized as follows: 

• To present practical approaches to decrease the co st and time of AT, including any 
arrangement to select test samples, aging pro cess and measurement of physical 

properties. 

• To classify technical approaches to obtain accelerating variables, and to verify the 

conformity of test and service failure modes. 

• To propose a numerical method to solve the complexity of random variables for 

both ACT and ADT. 
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Table 1.1 : Related sections to each problem 

Classificaüon of problems Referred section 

Prob. l.1 2.6.1 4.3.1 4.3.2 

Prob. l.2 2.6.1 3.3.1 3.3.2 3.5.2 

Prob. l.3 2.4 2.4 .1 2.6.1 2.6.2 3.5 .2 4.3.1 4.4 .1 4.5 

Catastrophic and Prob. 1.4 2.6.1 3.4.3 
degrading field 

Prob. l.5 2.6.2 4.3.1 4.3.2 failure data 
Prob. 1.6 3.5 .2 3.5.3 

Prob. l.7 2.6.1 3.4.1 4.3.1 

Prob. 1.8 2.2.1 2.2.2 3.3 .1 3.3.2 

Prob. 2.1 2.4.3 2.5 2.3.1 3.5.3 4.5 

Prob.2.2 2.3.1 3.5.3 4.4 .1 

Prob. 2.3 2.3 .1 4.2 .2 4.2 .3 
Test time, expense, 

Prob.2.4 3.5.3 
and integrity of AT 

Prob.2.5 2.5 2.6 .1 2.6 .2 3.3 .1 4.2.2 4.3.1 4.5 

Prob. 2.6 2.6.1 4 .3.1 4.3.2 4.5 

Prob. 2.7 2.4.1 2.4.2 2.4 .3 2.7 3.4.3 

Prob.3.1 2.3.1 2.3 .2 4.2.1 4.2.2 4.2 .3 4.4.1 

Prob. 3.2 4.4.2 

Prob. 3.3 2.3.1 2.3.2 

Accelerated testing Prob. 3.4 4.5 
methods and 

an alyses Prob. 3.5 2.2 .2 3.3.] 3.3.2 4.4 .1 

Prob. 3.6 3.4.1 3.4.2 

Prob.3.7 3.4.3 

Prob. 3.8 2.4.1 2.4.3 2.5 3.2 3.4.] 3.5.3 4.2.3 4.5 

• For comparative analysis , related indicative factors to compare the test and ser­
vice results are intended to be defined if tirne-based field data are not available. 
Furthermore, the comparison of different failure modes in a product to identify 

the most probable and irrelevant failure modes is also aimed. 

• To state the concept of ADT under s single stress by relating failure tÎlne of the 
product to one of its properties, and to extend it for mult i-failure mode products 

under multiple stresses. It is also intended to be generalized for dependent failure 

modes . 

• To present required approaches for reliability analysis of field data for both cat as­

trophic and degrading failure modes . 

• To propose a pract ical approach to estimate reliability and acceleration factor of 
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a product , while the related aging pro cess is unknown. 

1.4 Literature Review 

1.4.1 The Concepts of Accelerated Testing . 

Theoretical aspects of accelerated testing such as probability and life-stress models, 

data analysis and maximum likelihood estimation have been presented and classified 

by Nelson [69] to provide a statistical comprehensive reference for AT. For practical 
purposes, there have been a few efforts to categorize general methods (e.g. [98]). 

Meeker et al. [62] presented the concept of ADT as degradation of product property 
based on a known degradation model. The unit-Iess damage has been defined as the 

proximity of sample to its inoperable state (e.g. [38, 55, 83]). Various damage models 

have been presented according to their applications and products (e.g. [38, 102, 29]). 

The most popular model is the linear damage model which is known as Miner 's ru le 

(e.g. [89, 9, 88]). The application of damage rate which is the derivative of damage 

function versus time has geometrically been explained by Jung et al. [42]. Every ACT 

might be converted into corresponding ADT by relating the catastrophic failure mode 

to a suit able paralneter of the product expressing its degradation. For example, Minh 
et al. [63] simulated the failure of concrete by measuring the size of the created crack. 

A few articles have been devoted to study the complexity, difficulties and limitations 

of conducting an accelerated testing (e.g. [61]). Clark et al. [20] technically discussed 
limitations in stress levels in order to use fewer samples to implement an accelerated 

testing. 

The application of life-stress models in accelerated testing is to extrapolate failure 

results at the service level of a stress from the results obtained at its high levels. Based 

on the stresses to be stimulated, such models are presented and classified by many 

papers (e.g. [69 , 28,4, 17,92,70]). Among the models , Arrhenius model is the most 
well-known and applicable one if temperature is the stress [49, 48, 3, 34]. For non­

thermal stresses (especially for n1echanical stresses), the inverse power law has been 

employed [49 , 100, 107, 73 , 9]. Wu et al. [100] also used this model to estimate 

the acceleration factor and required test time for known model parameter. The linear 

relationship between failure cycles (in logarithm scale) and corresponding levels of stress 

(S-N diagram) are estÏlnated for materials under different mechanical stresses by fatigue 
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test [41, 16, 22]. For sandwich beams with different failure modes , Harte et al. [36] 

obtained such diagrams for every failure mode in order to recognize the most likely one 

to happen. 

Life-stress models are also formulated to relate failure times under a combination 

of thermal and non-thermal stresses. In order to estimate the acceleration factor of an 

aging process in high level of temperature and UV irradiation, Koo and Kim [49] carried 

out two different types of aging process. Firstly, the samples were exposed to high 

levels of temperature while UV irradiation was kept constant at its norm~l level and 

the acceleration factor of the first aging pro cess was estimated based on the Arrhenius 

model. The second aging process was carried out in high levels of UV irradiation while 

temperature was kept constant at a specified high level , and the inverse power law 
was employed to estimate the acceleration factor of the second aging process. Then 

the total acceleration factor of the aging process in high levels of temperature and UV 

irradiation was estimated as multiplication of the above-mentioned acceleration factors. 

1.4.2 Qualitative Accelerated Testing 

Qualitative ACT 

Qualitative accelerated catastrophic testing is applied to detect latent failure modes 

and to verify their elirnination after design lTlodificatioll if no field data are available. 

Murphy and Baxter [66] assessed usage profile of water heaters including temperature , 

voltage and their levels. Then, accelerated testing was carried out in two stages: before 

modification in order . to detect latent failure modes, and after modification in order to 

verify the positive effects of the rnodification to elirninate or rnoderate detected fail ure 

modes. If no estimation of usage profile is available , highly accelerated life testing 

(HALT) could be used in high levels of environmental stresses and their combinations 

while the product operates in normallevels of operative stresses (e.g. [1, Il]). The stress 

level in HALT continuously increases and decreases in each cycle, and once it reaches at 

the highestjlowest level , it must be kept constant over a period of time which is called 

dwell time (e.g. [8]). 

Qualitative ADT 

A qualitative accelerated degradation testing can be used for many applications. It may 

be applied for a simple observation of product to explain the degradation of its physical 
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properties over the aging pro cess (e.g. [85, 6]). The more accurate estimation of these 

degradations could be obtained from natural (outdoor) weathering test [35 , 76]. Fekete 

and Lengyel [30] proposed a combination of accelerated and natural tests to study the 

effect of natural exposure on coatings. In order to verify the conformity of ADT results 

a comparison could be made between the results of natural and accelerated degradation 

testing (e.g. [76,54, 86,47, 10,24, 57]). 

Comparative analysis is widely used in ADT to study the ability of following items 

to degrade physical properties: 

• Stress levels of a single stress on one property (e.g. [105]) or sorne properties (e.g. 

[39, 33, 5]). 

• Stresses ([12, 77, 5]). 

• Environmental conditions (e.g. [30, 2]). 

• Materials (e.g. [46, 30, 19, 63, 23, 81 , 44]). 

• A known aging process on sorne products [68]. 

1.4.3 Analysis of Service Data 

The most accurate estimation of usage profile of a product (including stresses, their 

levels and usage frequencies) results from real service. Mohammadian et al. [64] assessed 

the operative hours of lathe machines in service, and made their probability diagrams in 

order to provide their usage frequencies. Such information had already been achieved 

by .technicians during maintenance activities and recorded in customers' portfolios. 

The usage profile has also been estimated by Kim et al. [45] for a train bridge by 

presenting sorne assumptions to specify actual weights of trains which are not known 

due to the uncertainty in the number of passengers and their weights. Burgess et al. 

[14] statistically investigated the gradient of bicycle roads in Great Britain in or der to 

be related to stress levels on bicycles. 

Deflorian et al. [24] presented the (average) levels of sorne meteorological stresses 

like temperature, radiation and humidity for each month of the year. The probability 

of stress levels has also been expressed over a year [13] for each stress. 

In general, stress level is a random variable, and it can randomly change within an 

interval. In order to overcorIlC uch difficulti s and uncertainty Tang and Zhao [91] 
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and Palin-Luc et al. [56] suggested a method to simply simulate a wide range of a 

random variable by considering the maximum level of stress during its operation. This 

modification removes unimportant levels of the stress to short en test time. 

If none of the above approaches is available, a preliminary test could be used to 

estimate usage profile. Wu et al. [100] carried out preliminary tests on various vehicles 

including helicopters and ground vehicles to assess transmitted levels of vibration to 

the interior of the vehicles. 

Field failure data for catastrophic failure modes and the measurement of physical 

properties of used samples returned from service due to a degrading failure mode 

are two sources of service data for reliability estimation [84]. Field failure data are 
compared with corresponding test results in order to estimate the acceleration factor of 

the aging pro cess (e.g. [74]). In the lite"rature, field failure data are usually employed 

for time-based analysis ofreliability, maintenance and availability (e.g. [67,21]). They 
are also used for number-based purposes such as comparison of failure modes (e.g. 
[96, 103, 97, 104]), failure mechanisms and components. Used samples can also be 

analyzed for root cause analysis in order to obtain the main causes of failures (e.g. 

[82]). 

For complex CNC machines, Guangwen et al. [109] counted the number of fail­

ures for each component to obtain its relative failure probability (occurrence pro babil­

ity). Such information could also result from known failure modes and effects analysis 

(FMEA) for difl'erent failure modes (e.g. [60, 68, 37, 93, 95, 75]). 

After-warranty field data are usually incomplete. Oh and Bai [72] modified Like­

lihood function in order to be applicable for analyzing field failure data of warrant y 
and after-warranty periods. For complex machines, the desire of customers to report 

failures near the end of the warrant y period could cause a deviation frorn actual tÎlne 

of failure, so the accuracy of statistical analysis may be in doubt (e.g. [78]). 

For a d~grading failure mode, Marahleh et al. [58] employed the linear damage 
model for relating the failure time of a used sample to its physical property. Degradation 

diagram of the failure mode could result in a correlation between the times of service 

and test while both have same efFect on degradation [33]. Drew et al. [26] took sorne 

specimens from field samples in service in order to confirm their acceptable level of 

quality. If many properties are available to be investigated, Cox approach could be 

used to analyze and compare the effects of the aging pro cess on required properties 

(e.g. [50]). 
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1.4.4 Auxiliary Tools 

For a newly designed product, the finit el ment method (FEM) could be used to 
predict the locations of hot spots which are sorne local elements under high mechanical 

stress. The hot spot(s) are used to verify and validate the failure location obtained 

by accelerated testing (e.g. [89, 94, 99]). The ability of software to perform dynamic 

analysis of stressjstrain could yield the distribution of stress level in hot spots (obtained 

by static analysis) over time in order to assess maximum stress and the most crucial hot 

spot (e.g. [43 , 16]). If life-stress material diagram is available, an estimation of failure 

time could be made (e.g. [89]). The comparison of the results obtained by individual 

finit e element analysis for all tres e could help recogniz th most suitable stress to 
degrade samples in shorter time (e.g. [101]). 

In general, international standards do not present a whole AT program. Depending 
on the required application and product in ADT, the standards might suggest the 

most suit able property to explain degradation (e.g. [5, 10]) and corresponding test to 
measure its values over the aging pro cess (e.g. [5, 105]). They could also be used to 

identify normal and accelerated levels of environmental stresses like temperature and 
radiation , to identify usage profile, and to suggest the required accelerated testing (e.g. 

[5 , 105, 10]). 

In the literature, creating a deliberate defect in samples prior to the aging pro cess has 

been used to stimulate their failure mechanism and to short en test time. Such defects 
must address the failure mode under study. Dommarco et al. [25] studied the effects 

of different defects on a component for fatigue test of materials, and concluded that a 

cOlnbination of the defects could be applied in order to considerably shorten test time. 
For the quantitative purposes, the fatigue lifetimes of samples with and without initial 

damage were correlated by Burman and Zenkert [15]. 11echanical defects could also be 

analyzed by finite element analysis (e.g. [43]). If the lifetime of a product is potentially 

affected by many factors (such as design parameters and stresses), huge number of tests 
and salnples are required in order to study the effect of each factor on failure time. In 

the literature, orthogonal arrays (e.g. [52, 51 j 80]), design of experiments (e.g. [87]), and 

Latin square design method (e.g. [90]) have been used to specify a Ininimum nUlnber of 

tests required to achieve realistic and meaningful results. Then, such results should be 
analyzed by analysis of variance (AN 0 VA) to study the effect of the factors and their 

combinations on the product life. 

For a problem including random variables, analytical approaches could present the 

most accurate results. Analytical methods are usually unable to solve the complexity 

introduced by many random variables, so such problems should preferably be olved 
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by numerical analysis. For discrete variables, all possible scenarios must be considered. 

Nowak and Cho [71] and Choi et al. [18] identified every possible different failure cenarlO 

for bridges. 

Reliability results presented by manufacturer can be useless for a retail user regard­

ing its special application. Accordingly, an AT should be done by the retail user in 

order to achieve the required results for the application , so the physical property de­

fined by the manufacturer might need to be modified t o conform to the real application. 

Mohammadian et al. [65] modified the definition of bat tery capacity (by manufactur­

ers) for valve regulated lead acid (VRLA) batteries according to their applications in 

motorized w heelchairs. 

The ide a of defining a minimum Ievel of the physical property (critical lev 1) being 

in the operable state has sorne applications in ADT. It could enable testers to recognize 

the effects of different stresses to degrade and fail samples (e.g. [7]). Such definit ion 

has also been applied by many others to estimate failure time (e.g. [49, 35 , 108, 27]) . 

For this purpose, the critical level might be extrapolated [49] or interpolated [32] from 

its measured values during the aging process. 

For a complex product , its failure could be defined based on the degradation and 

failure of its components, the connection between its components , and the number 

of replacement. For series, parallel, st andby and k-out-of-n products , such definition 

cou Id be easily derived, whereas for other products , an exclusive definition is required. 

Fitzgerald et al. [31] defined the failure of a wheelchair based on the criticality of each 

component and the number of times it has been repaired or replaced. The failure of 

such products could technically be explained by chain of events [40]. 

1.5 Methodologies al1d Assurnptions 

In this thesis , failure modes are assumed to be independent, otherwise it will be men­

tioned. Every single-failure mode product is considered as binary-statewith operable 

and inoperable states. At the beginning of its operation, it is considered to be in the 

operable state. There is no maintenance activity, i.e. once the state of the product 

changes from operable to inoperable, it cannot return to its previous state. 
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First Contribution 

• Usage profile of a product is classified ' based on the number of levels for each 

stress, and it is identified by usage frequency of each level. 

• An exclusive definition of performance factor is presented to relate physical prop­

erties of samples to their failure times, and it is measured by performance test . 

The values of performance factor decrease over the aging process. 

• Different possible performance tests are classified based on related literature. 

• Performance factor could be used to transfer a product from multi-state to binary­

state and vice versa. For more information about reliability analysis of multi-state 

products refer to [59, 79, 106, 53]. 

• Failure mechanism is proposed to be stimulated by any changes in stresses per­

formance test and samples . 

• Sample size is optimized by probability diagrams and confidence level. The phys­

ical concepts of products are suggested to be applied to transfer a destructive 

performance test to non-destructive one. 

• Reliability for a product with a catastrophic failure mode is proposed to be ana­

lyzed by time-based and number-based data. 

• To verify the conformity of the results obtained by accelerated testing and service, 

following approaches are proposed: 

Considering usage profile. 

Investigating the technical failure process. 

Comparing test and service results. 

Analysis of mechanical stress / strain . 

Second Contribution 

• Accelerated catastrophic testing is categorized based on the inspection strategy 

during the aging process. 

• Virtual sam pIe lnethod has been presented for numerical analysis based on non­

statistical reliability. 

• For a single-failure n10de product i test results are modified by related serVIce 

results. 
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• Following indicative factors are defined to achieve obvious comparisons of time­

based analysis: 

Salvation factor to compare different products based on their reliabilities. 

Longevity factor to compare different products based on their failure times. 

Priority factor of each failure mode based on the first failure occurrence. 

• For a multi-failure mode product , the following factors are defined to compare the 

number of failures in the test, and service occurrence probability for each failure 

mode based on the number-based data: 

- Conformity factor by multinomial distribution function. 

- Vicinity factor by ranking methods. 

• In order to compare different products which might have high reliability their 

allocated reliability and confidence levels are used. 

• Acceleration factor is assumed to be a function of aging process (neither product 

nor design version), so a relationship is made based on the test and service results 

of old and new versions of design. 

Third Contribution 

• Performance factor is defined: 

To relate physical property to failure time and lifetime. 

To characterize an ADT. 

To transfer an ACT to its corresponding ADT. 

• ADT is categorized based on the number of performance test on each sample 

during the aging process. 

• The performance factors of field samples are used to estin1ate service reliability. 

• Regression analysis is used to interpolate and extrapolate performance factor. 

• Critical performance is used for quantitative comparison of manufacturer and 

users' criteria to report failures for degrading failure modes. 

• The unit-Iess damage (factor) is defined: 

- To specify the proximity of a sample to its inoperable state. 
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To show degradation diagrams of aU physical properties (of a sample) in a 

unique coordinate system. 

• The gradient of the damage factor is assumed to be a function of the damage 

factor (not time). 

• The superposition principle is employed to study the effects of different stres e 

on failure modes either for independent or dependent failure modes. 

• Virtual sample method has been presented for numerical analysis of non-statistical 

reliability. 

• Partial aging method has been proposed to considerably decrease test time in an 
unknown aging process. 

1.6 Conclusion 

This chapter presented an overview of available problems of the thesis in or der to cat­

egorize them for a user-friendly citation. Based on these problems and the thesis mo­

tivations, the objectives of the thesis are listed. Several articles have been overviewed j 

and the methodologies of each contribution are also listed. 
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Abstract 

The primary steps in conducting an accelerated testing are accompanied by several 

concerns about the economic considerations of time and cost and test validation. . In 

this paper, a systematic study of related literature has been carried out to propose a 

comprehensive reference of the required theoretical and practical arrangements prior 

to the test. Usage profile of products in service is classified according to stress levels. 

In order to relate physical properties of products to their failure times , an exclusive 

definition of performance factor is presented, and a contribution to practical approaches 

to its measurement (performance test) is made. The concerns of applying accelerating 

variables as the main approach to short en test time are explained, and the activities 
required to verify relevant failure modes are discussed. The sample size problem is 

studied based on the statistical considerations , confidence level , and destructive nature 
of performance test. Several formats of field failure data during the warrant y period 
for catastrophic and degrading failure modes are analyzed, and unreported failures for 

after-warranty period are also discussed. 
Key words: Accelerated testing; Accelerating variable; Test sample; Performance; Field 

failure data 
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2.1 Introduction 

The implementation of an accelerated testing (AT) might be accompanied by several 

uncertainties, concerns and limitations about test time, co st and test validation that 

should be recognized prior to the test. For economic purposes of time and cost, the AT 

must include a suitable accelerating variable to shorten the test time and an estimation 

of sample size. In addition, relating physical properties of the product to its failure time 

cou Id present more meaningful results about its degradation process. If field failure data 

are available, they cou Id be used for test validation. Furthermore, the failure modes 

obtained from the test and the actual failure modes in service must be the same. 

Accelerated testing is a practicaljtheoretical approach. There is huge number of 

literature dealing with statistical aspects of accelerated testing. Among them, Nelson 

[48] has been the pioneer to provide a comprehensive statistical reference. He also 
discussed several issues regarding test plans and listed a number of references to address 

related statistical problems [49]. The main concepts of accelerated testing have also been 
discussed by sorne literature to be applicable in real world testing (e.g. [8]). Life-stress 
models have been developed by many researchers (e.g. [18, Il]) in order to extrapolate 
service lifetime from the test results of AT in high levels of stresses. 

For engineering purposes, a few efforts have been made to categorize AT met hods 

(e.g. [19, 31]). A practical guide has been presented by Meeker and Escobar [43] to 
discuss the limitations and difficulties to conduct an accelerate testing. Lu et al. [39] 

discussed accelerated stress testing (AST) which is used to quickly fail products in order 
to detect fail ureq. 

The development in theoreticaljstatistical concepts of AT and the increasing number 
of practical applications in industry motivated us to propose an integrated approach 

in or der to identify r~quired activities and knowledge prior to implement any tests. 

Different classes of service usage profile illcluding unique, Inulti , and continuous levels 

are introd uced. Performance and damage are defined as the key factors ta relate physics 

of the product to its failure time. The main causes of failure mode deviation are also 

discussed. Different formats of field failure data in the warrant y period and afterwards 
are presented for catastrophic failure modes. For degrading failure modes, performance 

factor is used to estimate lifetimes of field samples returned from service. Sample size 

as the economic aspect of AT is proposed to be estimated by statistical analysis and 

confidence level. 

The remainder of the paper is organized as follows. Section 2 presents different 
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classes of usage profile in service. Section 3 introduces the concept of accelerated degra­

dation testing. Section 4 describes accelerating variables to short en test time. Section 5 

discusses theoretical and practical approaches to estimate sample size. Section 6 deals 

with different formats of field failure data and their reliability analysis. Section 7 int ro­

duces technical aspects to verify relevant failure modes. Section 8 presents conclusions. 

2.2 The Estimation of Usage Profile 

The majority of failures for mechanical components are reported from service-related 
causes, mostly because of stre es [14]. Str sses are defin d as op xativ , (phy ical, 

chemical, electrical, etc.) and environmental forces applied on samples in service. Each 

stress is identified by its specifications, which are the level and usage frequency. The 
usage frequency refers to the ratio of the time in which samples of the product are 

under the stress to the total time in service, so its value is always less or equal than 

one. For example, the usage frequency of q == 0.25 means that the sample is under th 

stress for (24)(0.25) == 6 hours per day. Usage profile of a product in service is defined 

as the integration of stresses, their levels and usage frequencies. 

The stress level and usage frequency are random variables and their values in service 
are uncertain. An assessment of the usage profile is necessary in order to select a proper 

usage profile for AT. In general , the estimation of usage profile for operative stresses is 
a complicated problem, but for many products under mechanical stresses, it could be 

assessed by a preliminary test for typical users (e.g. [10, 64]) or by theoretical concept 

of mechanical stresses or finite element method (e.g. [30]). 

Low levels of stresses might be unable to activate the failure mechanism, so in order 
to compress time in the aging process; they should be eliminated from the usage profile. 

Luc et al. [40] and Tang and Zhao [59] proposed a method to select the maximum level 

of the stress and remove every other level from random cyclic profiles. 

The specifications of environmental stresses such as temperature and UV irradiation 

may be assessed by available geographical data for the specified location over a period 

of time (e.g. [13]). In addition , international standards have been used in the literature 

to derive such information for their own laboratory tests (e.g. [4, 70, 7]). 
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2.2.1 Usage Profile Classes 

For each stress, usage profile is categorized int o t hree clas s in order to b applicabl 

to accelerated t esting: 

Unique Level Usage Profile 

Each sample in the unique level class is considered un der a constant level of t he stress 

for its whole service life. This level might be different from sample to sampI but it 

must be constant for every sample (e.g. [36, 7, 71]). 

Multi Level Usage Profile 

The sample in a multi level class is considered un der repeated cycles of the stress so 

that each cycle includes different levels with different duration of t ime (according t o t he 

usage frequency of each level) in the cycle. This estimation has been used by Wu et al. 
[64] to define a cycle for a helicopter including different levels of vibration during several 

flying conditions such as warm-UPi take-off, landing et c. The total effect of aH stress 
levels on a sample in this class should be obtained from the superposition principle. 

Kim et al. [33] expressed the failure of a component under different stress levels by 
linear damage model (Miner 's rule). 

Continuous Leve} Usage Profile 

The level of stress in a continuous level class repeatedly varies between a minimum and 
a maximum level (e.g. [10]). Multi and continuous levels are called cyclic levels, and 

their life unit could be expressed by cycle. The diagrams shown in Fig. 2.1 demonstrate 

the three mentioned classes to assess service usage profile. 

2.2.2 Representative Values of a Probability Diagram 

If many stresses and t heir levels are available in the usage profile, analytical methods are 

unabl to present a defini te solution so numerical methods should be applied. Assume 
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Figure 2.1 : Unique, multi and continuous level classes of usage profile 
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that the probability diagram of the usage frequency for every stress level has already 
been identified. For numerical analysis, every diagram must be replaced with sorne 

representative values of the usage frequency as follows. If N values are required the 
problem is to identify a set of N usage frequency values to be a reasonable representative 

of the diagram. Here, the approach is to split the cumulative interval [0, 1] into N 
subintervals each has di (i = 1, 2, ... , N) length , so that from each subinterval , one and 

only one value must be taken as shown in Fig. 2.2 . According to the multinomial 
distribution (2.13) , the probability of this case is obtained as 

N-I N-I 

Pr(NI = 1, N 2 = 1, ... , NN = 1) = N!(l - L di) II di 
i=l i=l 

The maximum amount of Pr has to be estimated by solving the system of partial 

derivative equations as ôplôdi = 0 ; i = 1,2, ... , N -1. The system of equations simply 
results dl = d2 = ... = dN = liN. Then the middle points in the subintervals should 
be selected, so their corresponding usage frequency values are obtained from the cdf 
diagram as representative values. 

2.3 Performance and Damage 

Consider a product with a single degrading failure mode exposed to sorne stresses so 

that they can potentially degrade the product quality over time. In order to reveal 

and track such degradation, it should be characterized by a suitable property. In 

this paper, performance (factor) is defined as a suitable physical property that can be 

related to the failure mode. Performance must be a reasonable representative of the 

product degradation in long-term operation. It must al 0 be measurable and n itive 
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o Representative values of usage frequency 
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Figure 2.2: Obtaining N representative values of usage frequency 

to the test time. Selecting the most suitable property as the performance factor is 
\ 

a challenging task which depends on the failure mode, meaningful results , test time 

and sample size. For each degrading failure mode in a multi-failure mode product, an 
exclusive performance factor must be selected. The performance diagram (performance 

versus ' time) must be a descending diagram over time. The performance factor might 

also be suggested by available international standards (e.,g. [7, 4]). 

The nominal performance pN (of a performance factor) is defined as the target 

amount of the performance at the beginning of its operation in service, and it is used 

to define damage (factor) D(t) in terms of performance P(t) as [57, 38, 27] 

D(t) == p N - P(t) 
pN _pc (2.1 ) 

where pc is called critical performance which is defined as the minimum amount of per­

formance being in the operable state. Damage factor is unit-Iess, and simply expresses 

how far the performance factor is from its nominal performance. It also specifies how 

close the performanée factor is to the inoperable state. According to the above formula , 

the failure occurs if D(t) == 1. Afterward , the amount of damage tends to increase over 

1. The damage diagram (damage versus time) is an ascending diagram over time. 

The damage factor of a product is defined according to the damage factors of its 

physical properties, and the connection between the failure modes (e.g. [69]) , which 
may be series, parallel, stand-by, etc. The diagrams in Fig. 2.3 show damage factors for 

series, parallel, stand-by and k-out-of-n products. For example, for series product, its 

damage factor is defined as its maximum damage factor , whereas for a parallel product, 

it 's defined as its Ininirnurn darnage factor. Once the darnage factor of the product 

is ident ified th failure time of the product could be defin d a t h time it damage 
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reaches 1. For a complex product , the definition of its damage factor is not as simple 

as the above-mentioned products, and it may depend on many parameters like safety, 

criticality of each failure mode obtained from the failure modes and effects analysis (e.g. 

[26]) and the number of maintenance actions (e.g. [21]). 

ID Failure mode Illi)-Product 

Q.) 

~ 
bl) 
ro 
E ro 
0 

0 U 
~ --
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producl product 

Inoperable state fr 
Operable state D-

Stand-by 
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o 
2-out-of-3 

product 

Figure 2.3: The definition of damage factor for series, parallel j standby, and k-out-of-n 
products according to their failure modes 

2.3.1 Performance Test 

Performance test (PT) aims tomeasure the amounts of performance factor for samples 

of the pro du ct during ~he aging process. Each performance factor must be related to its 
corresponding performance test. Regarding the nature of the test and required number 
of samples, this test is categorized into non-destructive and destructive tests. A sample 
under a non-destructive performance test can continue the rest of the aging process as 

shown in the left diagram of Fig. 2.4. The sample exposed to a destructive performance 

test is no longer acceptable to cOl!tinue the aging process because its destructive nature 

causes ,a considerable defect in the sample, so the main conclusion of this test is to 

prepare more samples in parallel to pass the aging pro cess as illustrated in the right 

-diagram of the Fig. 2.4. Performance test is widely used by manufacturers and testers 

in diflerent applications in industry. For sorne ellvirolllnental st resses; international 

standards are used to identify the required performance test (e.g. [4,70]). 

Accelerated catastrophic testing (ACT) is a kind of AT on samples of a product with 

catastrophic failure modes , and aims at estiInating failure times (or censored times) of 

the samples. The aging pro cess is the only test on samples in an ACT. On the other 

hand, accelerated degradation testing (ADT) is a kind of AT on samples of a product 

with degrading failure modes , and aims at estimating their performance. factors during 

the aging process. The salnples under an ADT are expected to pass both the aging 
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Figure 2.4: The samples required for non-destructive and destructive performance tests 

process (main accelerated testing) and the performance test. Following approaches are 

employed to carry out' performance test: 

Measurement and Observation 

The measurement and observation of most physical properties like physical volume and 

pressure [7], fiow rate of an oil pump [22] , steel reluaining weight due to corrosion and 

wear [4, 22], remaining diameter due to the corrosion [4] , non-corroded area of coatings 
[20] i continuous difference in weight due to irnrnersing in alkaline solution and water 
[32], transmittance of sunlight [52], gloss of coatings [9, 24], and capacity of batteries [5] 
are considered as the performance factors whose performance tests are non-destructive. 

Ultimate Level of an Operative Stress 

The ultimate strength is the static level of an operative stress in which catastrophic 

failure occurs. This level may be obtained by graduaI or step increase in the stress 

level. The tensile strength test (e.g. [36, 70, 28, 32]) as the most popular mechanical 
destructive performance test, causes failing of samples by exposing them in high level of 

mechanical tensile force. In this case, the tensile force is considered as the performance 

factor. Tensile strength test might also be used to estimate elongation to failure as the 

performance factor (e.g. [4, 55]). A similar test may be performed by other types of 

mechanical forces (e.g. shear force [34]) or moments (bending and torsion). 
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Severe Environmental Stress Levels 

In normal operative stresses, increasing the level of environmental stress can stimulate 

the failure mechanism. As the most popular approach , creep test (e.g. [42, 16]) subjects 
samples in relatively high temperature in constant mechanical stress. Note that in this 
approach, the performance is defined as the time required to fracture. 

Fatigue Test 

Fatigue test is usually used as the aging pro cess in AT by increasing usage frequency of 
the stress in test. l t could also be used as performance test by the following approaches: 

• Exposing samples to the normal level of the stress in high usage frequency, like 

usual fatigue test. 

• Exposing samples to high levels of the stress in high usage frequency, like low 

cycle fatigue testing (e.g. [4]). 

For both approaches, performance factor is defined as the time (or cycles) to failure. 

Shock and Impact 

Any mechanical shock and impact could be used to obtain the robustness of samples. 
This approach is the quickest way to fail samples, and the number of shocks to fail­

ure should be considered as the perfornlance factor. A study is needed to verify the 

relevancy of the failure mode obtained from shock and the expected failure in service. 

2.3.2 Damage Diagram 

There exists huge number of articles dealing with performance factors of products in 

test and in service to obtain their diagrams over time. For each performance factor , 

once its critical level is identified (e.g. [36, 24, 5]) , the performance diagram could be 

easily converted to its corresponding damage diagram by the Eq. 2.1 and vice versa, 

as shown in Fig. 2.5. On the other hand , the diagralTIS of sorne physical properties 
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are ascending (over time) like wear [12] and crack width [44]. Such diagrams could be 

converted to damage diagrams by making them unit-Iess. 
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Figure 2.5: The comparison between damage and performance diagrams 

2.4 Accelerating Variables 

Accelerating variable is defined as · any arrangements to shorten total test time of sam­
pIes in accelerated testing. For this purpose, test conditions have to deviate from normal 

conditions in service. The reduction in time might be met by modifying stresses, per­
formance test , physical characteristics of samples and any other parameters that can 

potentially speed up the degradation mechanism of the product. 

The acceleration factor AF is defined as the ratio of service failure tiIne (situation 1) 
to the failure time of the aging process (situation 2). Acceleration factor is a specifica­

tion of the related aging process , i.e. its value depends on the accelerating variable. For 

an ACT, if test and field cdf diagrams are available, the value of AF could be estimated 
by cori1paring the service and testing times at a given reliability level as shown in the 

upper diagram of Fig. 2.6 in logarithm scales, and expressed as 

(2.2) 

where (310 and (350 are the corresponding times for reliability levels of 90% and 50% 

respectively. Note that in the above formula , test and service diagrams are considered 

parallel. 

For an ADT, acceleration factor is defined as the time to reach a certain level of 

damage (D == 1 or D < 1) if related damage diagrams are available. The tim s (310 
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Figure 2.6: Service and test cdf diagrams for an ACT, and their damage diagrams for 

an ADT 

and (350 in the damage pdf distribution functions located in the lower diagram of the 
Fig. 2.6 indicate that up to these times, only 10% and 50% of samples can reach the 

damage level of D, while damage levels of other samples are less than D. According 

to the stated definition of (310 and (350 for ADT, the acceleration factor is also defined 
by the Eq. 2.2. Note that, acceleration factor depends on both the level of probability 

(reliability) and the level of damage for the ADT. 

2.4.1 Stress Accelerating Variables 

The concept of this approach is based on shortening test time by increasing the usage 

frequency and/or the level of the stress for known usage profiles. If the usage frequency 

is considered as the accelerating variable while the stress level is kept constant at the 

'normal level (like most fatigue tests), the corresponding aging process is called q-based 

aglng process. 

The acceleration factor of the stress level i (AFi) is the ratio of the test usage 

frequency qt,i to the service usage frequency qs,i for this stress level: 

APi == qt ,i 
qs,i 

(2.3) 
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The problem of estimating acceleration factors of different levels of a stress is for­

mulated by many literature in terms of stresses (e.g. [18, Il]). These formulations are 

called life-stress models. In engineering applications, many articles have focused on the 

Arrhenius model (as the most well-known life-stress model) when temperature is the 

stress (e.g. [36, 35 , 2]) and the inverse power relationship for non-thermal stresses (e.g. 

[64, 71]). In addition, for most materials under mechanical stresses, life-stress diagrams 
are obtained from fatigue test. 

Consider a single-failure mode product under K levels of a stress. The service 

damage factor of the product under the stress level i , i.e. Di(t), under the unique level 

usage profile is obtained from the linear cumulative damage model known as the Miner's 

law (e.g. [10]) 

(2.4) 

where t i is the failure time of the product under the stress level i with the test usage 

frequency qt ,i . The service damage factor of the product under multi level usage profile 

is also obtained from the superposition principle by the Miner 's law (e.g. [10]) and the 
Eq.2.4: 

]{ t 
D(t) == '" qs,i _ 

~q ·t· 
i=l t , ~ ~ 

(2.5) 

For more information about cumulative damage models , the reader can refer to [66, 23]. 

For the multi level usage profiles , there are sorne different stress levels in the usage 

profile, so the AT must be conducted for each level individually. To avoid this , different 

stress levels must be replaced with an equivalent stress level. Then, the AT can only be 
conducted for the equivalent level. Then, the failure tünes of other stress levels must be 

estimated by the failure times of. the equivalent stress level. An equivalent stress level 

with the usage frequency of qs ,e == qs, l + qs ,2 + ... + qs ,K must be selected to acquire the 
same damage at any time (2.5) 

]{ 

qs,e t _ L qs ,i t 
-- --
qt t q . t · ,e e i=l t , ~ ~ 

(2.6) 

Consequently, te as the failure time of the equivalent stress level in test is estimated 
according to the above equation. Then, by knowing the life-stress model, the related 

stress level e (to the failure time te) can be estimated (~.g. [64]) , and the problem is 

transferred to a unique AT under the equivalent stress level. 

The possibility of substitution a new stress in an accelerated testing in or der to 

speed up the failure mechanism might considerably decrease the time of testing. For 

this rcason, a finite elernent analysis could be perforrned to COIn pare stress distribut ions 
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and hot spots of both stresses. Xie [65] studied the possibility of applying mechanical 

stresses instead of thermal cycling (w hich takes long time) in a creep test. 

In order to prepare more severe conditions by stresses, samples might be exposed 

to step-by-step increasing stress level, each level once per sample whole life. The qual­

itative purpose of the step-by-step stress level in accelerated testing is to quickly fail 

samples to detect latent failure modes of the product. Murphy and Baxter [46] per­

formed this approach by combining different levels of ambient air conditions and voltage 
to identify potential failure modes in a heat pump water heater. The stress level might 

also be increased continuously to detect latent failure modes as used in highly acceler­

ated life testing (HALT) [1]. 

2.4.2 Performance Test Variables 

Total test time of an accelerated degradation testing is the summation of the aging 
process, the performance test and the allocated time for installation and preparation 

for both tests. Selection of the optimum time intervals for performance test could 

considerably decrease the total test time. The suit able time intervals in an ADT must 
be obtained from the known performance models (linear, logarithm, exponential etc. , 
which could be estimated by either field data or literature). Constant time intervals 

should be applied for the linear forln of performance diagrams, w hereas descending and 
ascending time intervals are more suitable for the downward and upward curvatures 

respectively as illustrated in Fig. 2.7. 

Performance 

Downward 
ùiagram 

; .... ----.-.+---.... -..... +----..;...--.~-.. , Ti me 

Pelformance 

1 !\ 
i ! .~'" Upward diagram 

!! !"~!--:-

Figure 2.7: Descending and ascending time intervals for downward and upward perfor­

mance diagrams respectively 

Selection of a quick performance test can decreases the allocated time for w hole test 

time. For example, Marahleh et al. [42] used the stress rupture test (SRT) instead of 

usual creep test to fail samples in shorter time. 

The number of samples under the test available instruments for the aging proces 
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(chambers), the number of equipment for the performance test , time intervals , and the 

duration of performance test must be considered in an ADT to draw a timetable for 

testing samples of the product as illustrated on Table 2.1 for four samples (A,B,C and 

D), three chambers for the aging process, one equipment for the performance test, and 

the ratio 1/3 for the duration of the performance test to the time of the aging process , 

for constant time intervals. To clarify the table, the consecutive tests (aging process in 

the chambers and PT) on the sample A have been highlighted. 

Table 2.1: Time table for 4 samples (A,B,C and D) , 3 chambers (for aging process) and 

one equipment (for performance test) 

Time 
interval 

4 6 

2.4.3 Sample-Related Variables 

10 11 12 13 

From the geometrical point of view, smaller samples could stimulate failure mechanism 

under a common stress level. The failure time of the original product should be extrap­

olated from the failure times of the smaller samples (small in geometry) as shown in 

Fig. 2.8 by regression and extrapolation analysis. There are not classical mathematical 

formulas to relate the lifetime with the geometrical sizes of samples, but if the life-stress 

diagram of the material is available, the acceleration factor may be obtained from finite 

element analysis. 

In literature, small specin1ens are used to result in rapid degradation (e.g. [4]) , and 

changing the geometry of samples could enable a rapid exposure and consequently a 

quick aging (e.g. [34]). Any other approaches which indirectly stünulate the aging of 

samples could be considered as the artificial stimuli. For example, to meet catastrophic 

failure modes , an intentional small defect could accelerate the propagation process of 

crack ( e.g. [15]). The form of the test equipment could also stimulate degradation 

mechanism (e.g. [12]). Adding foreign materials might help rapid aging, such as adding 

talc in the lubricant oil that leads to spoil lubrication [22]. 
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Figure 2.8: Life-cross section diagram for a beam under oscillatory compressive me­
chanical force 

2.5 Test Sarnples 

. In accelerated testing , the problem of sample size refers to allocation a number of 

samples that have to pass the whole or sorne parts of the aging process and performance 

test. In fact , the problem concerns the economic . view of accelerated testing to decrease 

the quantity of samples. The aim of exposing more than one sample under a common 

test conditions is to decrease the dependency of required results to only one sample. 

If the main aims of an accelerated testing are to detect latent failure modes , and to 
validate their elimination from the prod uct (like highly accelerated life testing -HALT) , 

no quantitative analysis is needed, and the number of required samples depends on 

their availability (e.g. [46]). 

Statistical Sample Size 

A minimum number of failed samples is needed to enable statistical analysis of re­
liability. For probability diagrams, this number depends on the number of unknown 

parameters of the required function. For example, for a two parameter weibull function , 

there must be at least two failed samples to obtain its scale and shape parameters (e.g. 

[71]) , whereas for the exponential life distribution function, at least one failed sample 
is required to obtain its on~y unknown parall1eter. The more samples to test , the more 

accurate the reliability could be estÏll1ated. 
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Minimum Confidence Level 

The level of confidence has a direct relationship with the sample size, so that the minimal 

confidence level could be achieved by only one sample. In reliability analysis sample 

size (S) to fulfill the allocated reliability (R) with the minimum requested confidence 

level (C) is estimated by the binomial distribution function in an inequality form as 

[62] 
SI 

1 - C ~ L (~) RS-X (l - R)X (2.7) . 
x=o 

where Sf is the allowable number of.failed samples. For zero failure test plan (Sf = 0) , 

sample size is obtained as (see [68,. 17]) 

S > ln(l - C) 
- ln(R) 

(2.8) 

To achieve a level of confidence in the test, the problem of validating a specified level 

of reliability, sample size and test time becomes a challenging task. If there are few 

samples available for testing (sample limitation), the time of testing must be extended 

(e.g. [51]). As a result, reliability should be decreased. If related probability diagram is 

available, this level of reliability could be estimated. Any limitations of test time (e.g. 
dispatching to the market) could result in increasing the number of samples and level 

of reliability. Such issues are shown in Fig. 2.9 which is drawn in logarithm scale. Note 

that both approaches must address the same confidence level. 

Sample limitation 

R: Allocaled reliability 
~ ------------------------

~ Il 

li:" 
------------- Time limitation 

Time 

Figure 2.9: The estimation of reliability for time and sample limitations by cdf diagram 

Consider a multi-failure mode product under an accelerated testing (at product 

level), and each component is expected to acquire a special level of reliability and 



Chapter 2. An Integrated Appraach ta Implement Accelerated Testing 44 

confidence .. In order to fulfill these requirements the number of required samples should 

be calculated according to the Eq. 2.8 for each component. Because the test is at 

the product level, the ultimate number of samples required for testing should be the 
maximum number among the sample sizes obtained for the components. The more 

economic approach is to individually test every component (at component level) by 

exposing its samples to the same conditions inside the product. 

Comparative Analysis 

In accelerated testing, in order to compare different aspects in the product more sam­
pIes are required. Such comparison might be perform cl to study the effects of the 

stresses [36] , their combinations [9] and their stress levels [36, 70, 71] on degradation of 
physical properties in an ADT. This comparison could also be carried out for different 

versions of design [47], materials [36, 12], products [21], manufacturing pro cesses and 
sample preparation [34] in order to recognize the most robust product. If the test has to 

be conducted in different levels of several stresses, orthogonal arrays (OA) could effec­
tively decrease the number of the tests and sample size. Then, the analysis of variance 
(ANOVA) is used to study the effect of each stress on failure time (e.g. [37,54]). 

Sample Size for Performance Test 

In ADT, every sam pIe has to pass a series of aging pro cess and performance test. If 

the corresponding performance test of the ADT is destructive, more samples must be 
prepared in parallel to continue the aging process. For multi-failure mode products, 

a number of non-destructive performance tests could be conducted on one sample to 

obtain its performance factors (e.g. [22]). In each case, if one destructive Performance 

test is available among them, it must be carried out as the last test (e.g. [4]). 

A performance factor measured by a destructive performance test could be replaced 

with another property measured by a non-destructive test in order to avoid the failures 

of the test samples. For example, consider a rod with instant radius of r(t) and known 

ultimate strength of Su as illustrated in Fig. 2.10. The performance factor of the rod is 

defined as the ultimate tensile force measured by a destructive test. The rod is under 

corrosion, and its radius is assumed to be decreased over time in all directions. The 
ultimate tensile force could also be expressed as a function of the radius of the rod 

(P(t) = 1fr2 (t)Su) which is obtained from a simple measurement. 
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(i) Corroded area 

<~) Non-corroded cross secÜon 

Figure 2.10: Corroded and non-corroded area of a beam, and the measurement of its 

diameters before and after corrosion 

Economization In Materials 

If the purpose of an accelerated testing on a component is to study the degradation 
of its material properties over test time, the economic way is to conduct the test at 

material level (rather than component level) by decomposition of material into small 

specimens (e.g. [34, 6]). 

2.6 Field Fail ure Analysis 

Field failure data are referred to as any types of information including failure and 

censored times (for catastrophic failure modes) and performance of field samples (for 

degrading failure modes) that might be used for reliability analysis. The majority of 

such information might be available in products/customers ' portfolios, whereas perfor­

mance of a sample returned fron1 its own field , needs to be estimated by conducting a 

performance test. The analysis of field failure data can estimate reliability and/or fail­

ure occurrences of the failure modes in a multi-failure mode product. The comparison 

might be used to assess the most critical failure modes or to verify the conformity of 

the test and service results. 

For reliability purposes, useful and useless information in field data might be mixed 

together that leads to considerable confusion in data analysis. Field data may suffer 

from any short age of information, e.g. due to inexact reported time of failure (e.g. 

[53]) and unreported failures (e.g. [50]). Warrant y considerations, failure types (catas­

trophic and degrading) and variety in failure modes , make field failure data analysis a 

challenging task. 

To achieve meaningful results, each version of the product and each failure mode 

should be analyzed individually. If the sample version is not included in field data, the 

version might be a sessed by comparing in tallation date of the ample with modification 
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date (e.g. [45]). In the case of existing excessive number of field samples under study a 

group of random samples should be selected so that they could cover a wide variety of 

applications and ages. If the aim is to estimate residual life of samples which are still 
operating in service, sorne specimens could be taken from the samples for performance 

test in order to estimate their residual lifetimes, or to validate their proper levels of 

performance (e.g. [16]). 

For reliability purposes, if the sample is returned from service because of a catas­

trophic failure mode, its age is considered as its failure time, whereas for a degrading 

failure mode, failure time should be identified in terms of the performance factor of the 
sample. 

2.6.1 Catastrophic Failure Modes 

Warrant y Period 

Customers are eligible for sorne expense exemptions in the warrant y period, so they 
are willing to report any failures to the manufacturer. According to this fact the 

field failure data in this period of time are considered as reliable data to reflect the 

actual behaviour of products in service. If the product is under life warrant y, or there 

is an obligation for the users to return their own failed samples to the manufacturer 

(according to a governmental or industrial rule) even after the warrant y period (e.g. 

[61]) , every field failure data is reliable. 

For single-failure mode products, the sample i during the warrant y period t may 

have one of the three following situations: 

• It might have failed during this period of time 0 ~ tf,i ~ t, so t f,i is called its 
lifetime. 

• It might survive from the warrant y period tr,i = t, so tr,i is called its right censored 

time. 

• It is still in service operation during the warrant y period tr,i < t. 

Note that the last two situations are both considered as right censored times. Let S f 
and Sr the total numbers of failed samples and right censored samples respectively, so 

the likelihood function could be written as the Eq. 2.11 by considering Sz = O. 
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Reliability analysis for a multi-failure mode product depends on failure definition 

of the product according to its failure modes. Furthermore, in order to obtain more 

meaningful results, each failure mode should be analyzed individually. If the product is 

series , failure time of the sample is considered as failure time for the first failure mode 

occurrence, and right censored time for every other failure mode. If the sample survives 

the warrant y period, or it is still in operation during this period of time, the time is 

also considered as right censored time for every failure mode. The likelihood function 

(Eq. 2.11) should then be obtained for each failure mode to estimate its own failure 

probability diagram. 

For other multi-failure "mode products (such as parallel and stand-by) , there might 

be a great deal of uncertainty about the occurrences of failure modes in the samples 
which are still in the operable state, so these products could only be analyzed at the 

product level (rather than failure mode level). 

Interval Inspection 

Depending on the warrant y and maintenance policy, the product might be inspected 

in sorne time intervals. At the time of inspection, each failure mode may be in the 
inoperable state (left censored time) or in the operable state (right censored time). 

These data are not qualified for statistical reliability analysis , so non-statistical or high 

confidence reliability must be used. 

As an illustrative example, consider 168 samples of a three-failure mode product. 
The product reliability is estimated and shown on Table 2.2. Non-statistical reliability 
and high confidence reliability (C = 95%) for each failure mode are obtained according 

to the Eq. 2.14 and Eq. 2.15. Note that if the manufacturer decides to allocate a level 

of reliability to each failure mode, the most critical failure mode is the one having the 
least confidence level. As it is shown in the last column of the Table 2.2, failure mode 

1 has the least confidence in comparison to others. 

Occurrence Probability 

Failure time is the key factor for reliability analysis of catastrophic failure modes , 

whereas these data might be unavailable in product profiles. Instead, the inspection of 

field returned samples could lead to recognize their failure lllodes over years. Occurrence 

probability of a failure mode is defined as the ratio of the number of samples returned 
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Table 2.2: N on-statistical reliability, high confidence reliability, and confidence level of 

a multi-failure mode product 

3 ~ Reliabilityestimation 
Allocated o ::::.: S SI o..c:: Re reliability Ci) ""'\ RN Ci) 

(C=95%) 

168 4 97.6% 94.6% 
Rc=95% 

C=92.6% 

2 168 7 95.8% 92.3% 
Rc=92% 

C=96.3% 

3 168 10 94.0% 90.1% 
Rc=90% 

C=95.5% 

due to that failure mode to the total number of failed samples. Occurrence probability 
might be demonstrated by a pie diagram (e.g. [56 , 67]) or a bar diagram (e.g. [61]) to 

graphically compare failure modes. It is also used to compare with number of failures 

obtained by accelerated testing in order to make a correlation between test and service 
failure modes as demonstrated in Fig. 2.11 . 
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Figure 2.11: Comparison of the service occurrence probability and the number of failures 

o btained from test 

After Warrant y Field Data 

After the expiration of the warrant y period, there might be an uncertainty about un­
reported failures . The problem of unreported failures is not limited to only the lack of 

their failure times, but also the total number of unreported failures (and consequently, 

total number of failures) is unidentifi'ed , so reliability analysis faces a major uncertainty 
that even makes reported failures useless. Although there are not certain ways to obtain 

the total number of unreported failures after the warrant y period, three approaches are 

recommended to have an approximate estimation of the number of unreported failures: 

• The history of customers ' portfolios ln warrant y period and afterwards could 
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reveal the percentage of customers who are loyal to report their failures and use 

customer services. 

• The cdf diagram d uring the warrant y period could present an estimation of to­

tal number of failures after that. This method is especially useful for non-fixed 

warrant y policy . 

• Oh and Bai [50] modified the likelihood function (Eq. 2.11) based on the reported 

failures in warrant y and after-warranty periods to estimate unknown parameters 

of pdf function. 

2.6.2 Degrading Failures Modes 

The lifetime for each field sample which is returned from service because o.f a probable 

degrading failure mode, should be specified in order to perform reliability analysis. As a 

simple assumption, the sample age could be considered as its failure time, so reliability 

analysis should be done by the above methods for catastrophic failure modes. 

In reality, sample age is specified as its lifetime according to customer or technician's 

decision to return it back to the manufacturer, whereas the technical definition of 
lifetime should be realized by the manufacturer according to the level of performance. 

Accordingly, a performance test is needed to measure the performance level of each field 

sample. 

After measuring the performance factor, each field sample is identified as a point in 

Cartesian coordinate system of performance-time. The technical definition of lifetime 

is presented as the time when its performance reaches the critical performance pC. 
If the nominal level of performance is knovvn (pN), so for each field sarnple, a linear 

interpolation (or extrapolation) to the level of the critical performance as illustrated. in 

Fig. 2.12 can identify its lifetime. Now, reliability analysis could be performed on these 

lifetimes by the methods presented for catastrophic failure modes. 

In order to obtain more realistic results, the linear extrapolation method (Miner's 

rule) used in the above Inethod should be rep!aced wi th a sui table performance dia­

gram. This diagram could also be estimated by the least square estimation (rather than 

interpolation or extrapolation) of available data. 
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Figure 2.12: Failure time estimation of a field sample in terms of its age and performance 
factor 

2.7 Relevant Failure Modes in AT 

Applying accelerating variables to stimulate degradation mechanism of failure modes 

might bring the concern of non-relevant failure modes. For quantitative purposes , once 

the accelerated testing faces an irrelevant, failure mode, the time must be considered 
as right censored time for every relevant failure mode. For qualitative reasons , i.e. to 

detect relevant failure modes , the irrelevant failure mode must be fixed by replacement 

to continue testing. There is no systematic approach to verify the relevant failure 

modes. Bere, the problem is studied based on the available information and possible 

technical activities as follows. 

Simple cases 

The relevant failure mode can be confirmed: 

• If there is only one possible failure mode ln the product, Le. the product IS 

single-failure mode (ideal situation). 

• If samples are un der the same stresses and their levels as serVIce. The maIn 

requirement of such assumption is to estimate service usage profile and considering 

probabilistic nature of the stress level and usage frequency. 

• If relevant failure rnodes have already been identified. 

• The similarity of failure modes in service and test is the most convenient approach 
to validate relevant failure modes. If the product is multi-failure mode, there 
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must be a consistency between the numbers of failure mode occurrences in test 

and service to validate the proximity of test and service results. 

Technical Failure Process 

The Manufacturers might be able to technically explain the failure pro cess of their own 

products. This pro cess might be presented as a chain of several events. For example, 

Jayatilleka and Okogbaa [29] explained that any failure in lubrication causes wearing in 

bush and increasing the gap between the bush and journal. Then, the pressure decreases 

and the surfaces will be in contact that results in increasing temperature and creating 
odours in the oil which causes damage to the bearing. 

Note that relevant failure modes are not only the ones under normal usage condi­
tions. In service, there may be a considerable deviation from normal conditions that 

causes other relevant failure modes , so the recognition of these failure modes in high 
stress levels are necessary for manufacturers to detect and eliminate them from their 
products. As an exarnple, the eflect of higher ail ternperature (than norrnal) on gears 

have been investigated by Hohn and Michaelis [25] to identify potential failure modes. 

The Concepts of Mechanical StressjStrain 

For a newly designed product, the static finite element analysis can present the distri­

bution of mechanical stresses in the prod uct due to a particular load in order to 0 btain 
its hot spots (e.g. [58, 60, 63]), which are the locations under high mechanical stresses. 
The more accurate estimation is obtained by performing dynamic analysis in these hot 

spots over time in order to recognize crucial hot spots and their real maximum stress 

levels. If the life-stress model of the material is available, the lifetime of the product 

could also be estimated (e.g. [58]). 

For complex products under mechanicalloads, analytical and numerical methods are 

able to estimate the most probable failure modes. The truss in Fig. 2.13 is under an 
oscillatory force F. Probable failure modes of each member could be easily discovered. 

For example, the member Be, might fail due to only tensile yield failure. Then, the 

relevant failure modes must be identified according ta physical properties (size , elasticity 

module, material etc.) of each member by considering the probabilistic nature of the 

load level. 
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Figure 2.13: Probable failure modes in truss members 
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Any changes in geometrical size of samples must not cause new failure modes. For 

example, the excessive reduction in the beam diameter shown in the Fig. 2.8 under an 
oscillatory compressive force , maycause buckling which might be an irrelevant failure 

mode. 

For the components under mechanical forces, a special attention is needed for any 
size reduction in order to keep the real stresses ,at their hot spots. Consider a rectangular 

cross section beam un der a single force at the end as shown in Fig. 2.14. For the 

miniature version of order k (the same reduction ratio in every direction), the quantity 

of the mechanical force should be decreased by k2 (not k) in order to prepare the 

same stress conditions ((J" = F /bh and T = 6Fl jbh2 ) at the hot spot A. For single­
size reduction version, a bending moment must be added at the point A while the 

mechanical force should be kept constant, to cause the same stress conditions. 
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Figure 2.14: Geometrical and load changes in miniature and single-size reduction ver­

sions to obtain the same mechanical stresses at the hot spot A 
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Relaxation Time 

If a material is under an oscillatory stress, it must be relaxed (relaxation state) at the 

beginning of each cycle (rather than having a resid ual stress). The excessive increase of 

usage frequency does not allow sorne materials (like rubbers and polymers) to resume 

their operations from their relaxation states [38]. The main conclusion of this problem 

is to obtain longer failure time (deviation from real expected failure time) because of 

incomplete cycles of the stress as shown in Fig. 2.15. 

Stress level 

With relaxation time: Real life 
Low usage frequency 

Stress level 

Time 

Wilhout relaxation lime: Longer lire 
High usage frequency 

Figure 2.15: The effect of increasing the usage frequency to cause residual stress 

2.8 Conclusion 

In this paper, we presented an innovative study regarding the technical aspects of esti­

mating usage profile and sample size , selecting suitable accelerating variables, analyzing 

field failure data, and verifying relevancy in accelerated testing. To iInplernent an accel­

erated testing, these activities and knowledge should be recognized prior to any tests. 

In addition, it was emphasized the importance of defining the performance factor of 

products in order to dominate degradation mechanism. 

Variety of accelerating variables related to stresses, performance test, and samples 

were introduced for stimulating degradation mechanism. We concluded that sample size 

is a function of many parameters like confidence level j allocated reliability, performance 

test and the level of test (system, component and material). This complexity led to an 

optimization problem. 

Field failure data were analyzed during the warrant y period for catastrophic failure 

modes. For degrading failure modes, we exploited performance factors to estimate 

lifetime. We recommended sorne approaches to deal with unreported failures after-
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warrant y period and uncertainties about failure modes for multi-failure mode products. 

The practical contribution proposed in this paper to suggest required tools for AT, is 
expected to be a step forward to achieve a more systematic approach for AT. 
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2.9 Appendix: Theoretical Background 

Continuous Probability Distribution Functions 

A vailable discrete data of the random variable X , i.e. X i (i == 1, 2, ... , n), could be 

analyzed by a probability distribution function (pdf) in order to achieve a continuous 

formula for the probability f(X) of the random variable X E [a , b]. A pdf diagram 

is drawn in a two-dimensional Cartesian coordinate system, and each point in the 

diagram is denoted by a pair of (X, f (X) ). Cumulative distribution function (cdf) at 

X is denoted by F(X) and defined as 

F(X) == Pr[Y :S X] for Y E [a, b] 

= lX f( z )dz (2 .9) 

The cumulative distribution function is 0 at the point a and 1 at the point b i. e. 

F(a) == 0 and F(b) == 1. A life distribution function such as weibull or exponential, in 

which the time is the random variable, is capable of estimating reliability at the given 

time T as 

R(T) == Pr[Y > T] for Y E [0,00] 

== 100 

f(z)dz = 1 - F(T) (2.10) 

The weibull and exponential cumulative life distribution functions are usually drawn 

in logarithm scales depending on the function. For example, the weibull function is 

written as 
f(T) = ~ (T )f3- 1 .e-( 'f)~ 

ex a 

F(T) == 1 - e-(~) {3 

whereas in logarithm form, it could be expressed as 

ln[ -ln(l - F(T))] == (3.ln(T) - (3 .ln( ex) 

that is written in the linear from of: y == (3x . The same method can be used for the 

exponential function as 
f(T) == À. p - ÂT 

F(T) == 1 - e-ÂT 

ln[-ln(l - F(T))] == ln(T) + ln(À) 



Chapter 2. An Integrated Approach to Implement Accelerated Testing 56 

Maximum Likelihood Estimation 

At the given time t , the sample i either in test or service, might be in one of the three 
situations as follows: 

• It may fail at exactly this time, so t j,i == t is considered as its failure time. 

• It may survive up to t , so tr,i == t is called its right censored time. 

• It may have already failed at a time before t which is unknown, so tl i == t is called , 
its left censored time. 

Let Sj, Sr , and Sl den ote .the total number of failed samples , right censored samples , 

and left censored samples respectively. The likelihood function is defined as [3] 

SI Sr ~ 

L == II f(tj ,i)' II [1 - F(tr,j)]. II F(tl ,k) (2.11 ) 
i=l j=l k=l 

The maximum likelihood estimation aims at estimating unknown parameters of the pdf 
function f(t) so that they could maximize L. As an example, the MATLAB statistical 

toolbox is capable of estimating unknown parameters of several pdf functions by the 

maximum likelihood estimation. 

Binomial and Multinomial Distribution Functions 

Consider S samples of a binary-state product exposed to the aging process of an ac­

celerated catastrophic testing. The probability of failure for every sample at time t is 

known and equal to p. The probability of existing S j samples in the inoperable state 
(and S - S j samples in the operable state) is obtained from the binomial distribution 

function 
(2.12) 

Consider S service samples of a multi-state product with K states at service time 

t , so every sample is in one of the states at the time t. The probability of being in the 

state i is P i (Pl + P2 + ···PK == 1). The probability of existing S I, S2,···, SK samples in 
the states 1, 2, ... , and K respectively (SI + S2 + ... + S K == S) , is obtained from the 

multinomial distribution function as [41] 

(2.13) 
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Non-Statistical and High Confidence Reliability 

At the given time t , if Sl samples (out of S samples) have already . failed, the non­

statistical reliability is defined as 

S-Sl RN ==--
S 

(2.14) 

The confiderice level of such reliability is not high , i.e. if the test is. repeated again; 

the possibility of obtaining the same level of reliability or higher is relatively low. High 

confidence reliability Re at the time t with the confidence level C is estimated by solving 

the following implicit binomial distribution function 

. Sl 

1 - C == L(~).R~-x .(l - Re)X (2.15) 
x=o 
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Abstract 

Nowadays manufacturers' demands for the estimation of service reliability, the compar­

ison of different brands of product on the market and the test validation, have increased 

considerably over the past few years. This paper presents the applications of accelerated 

testing for the products with catastrophic failure modes in or der to achieve the above­

mentioned targets. Accelerated testing plans are categorized according to the inspection 

strategy for capturing failures. For a complicated usage profile (including many stresses 
and· their levels) , there might be several random variables (usage frequency and failure 

time) that result in complex integral equations for estimating statistical reliability. To 

solve this complexity, virtual sample method as a numerical approach is proposed to 
estimate non-statistical reliability. The method is demonstrated for two classes of usage 

profile by an illustrative example. Test results are harmonized with field failure data in 

order to identify a unique acceleration factor. The consistency between test and service 
results, are characterized by multinomial and ranking methods. The limitations of test 

time and manufactured samples for new version of design are also introduced, and the 

solutions to the problems are presented. 
Key words: Accelerated catastrophic testing; Reliability; Virtual sample method; Com­

parative analysis 
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3.1 Introduction 

Accelerated testing (AT) is a multi-purpose approach. Today, estimation of product 

reliability by AT is becoming a necessary activity for many manufacturers in order to 

plan their warrant y policies, maintenance strategies and spare parts provisioning in 

industrial engineering. Accelerated testing might also be used to detect latent catas­
trophic failure modes, and to verify the elimination of the detected failure modes in 
new version of design. Reliability analysis before and after any modifications to design 

can be estimated by accelerated testing in order to ensure the positive effects of the 

modifications to improve the product reliability. For available products on the market 
to be purchased by a retail liser, the comparison of their reliabilities by AT could be 
used to select the most suitable one for the required application. The available field 

failure data should be used to modify the results of the accelerated testing to be con­

sistent with the service results. For a multi-failure mode product , the comparison of 
the occurrence probabilities for its failure modes leads to predict the most critical one. 

Classically, accelerated testing was studied by Nelson [22] to introduce test plans, 
statistical models and their analytical methods. The estimated reliabilities at high and 
normal stress levels are related together by life-stress models , and they are classified 

according to stresses (e.g. [8, 4]). Among them, Arrhenius as the most well-known 

model when temperature is the stress (e.g. [14, 13, 1]) and the inverse power relationship 
for non-thermal stresses (e.g. [30, 34]), have widely been applied for practical problems. 
Furthermore, many efforts have been made to classify other practical AT methods 

(e.g. [9, 3, 29, Il]). Several limitations and difficulties of conducting AT methods are 

explained by Meeker and Escobar [18], but no solutions have been made to the problems. 

Utilization of AT methods for the above-mentioned applications might be accompanied 
by several uncertainties due to the randoln variables (usage profile and failure time), 

field failure data, and the complexity of product. Hence, analytical methods might be 
un able to estimate reliability. 

Failure times obtained from an accelerated testing or lifetimes obtained from field 

failure data should be analyzed statistically to estimate product reliability (e.g. [34 , 

14]). Park et al. [24] exploited both data types (test and field) to obtain the acceleration 
factor. Such comparison is also proposed by Ranganathan et al. [10] to link between 

testing and service times while both having the same effect on the degradation of 
physical properties. In literature, acceleration factor is also proposed to be obtained by 

applying life-stress models like the Arrhenius model (e.g. [14]) and the inverse power 

relationship (e.g. [30]) if usage profile of the product is knOWll. Once the acceleration 

factor is estimated, it cauld be used ta obtain the service lifetime for the new version 
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of design (e.g. [24]). 

Any short ages in field-related data including inexact failure tirne (e.g. [26]) , unre­

ported failures (e.g. [23]), and the lack of design version in failed products (e.g. [19]) 

must be recognized prior to analysis. The failure data after the warrant y period could 

be reliable if us ers are obliged to return failed samples to their own manufacturers due 

to a governmental or manufacturer rule (e.g. [28]). The tirne-based analysis of field 

failure data is sometimes impossible because of shortage in reported data. The prob­

lem could be more critical for a multi-failure mode product due to the uncertainty of 

reported fail ure modes. 

If catastrophic field failure data are not accessible (e.g. for highly reliable products), 
the residuallifetirne of field sarnples could be estirnated by an accelerated catastrophic 

testing (ACT). Marahleh et al. [17] conducted an accelerated creep testing ta fail 

field samples. The creep life of every sarnple was then used to estimate its residual 

lifetiIne. Such estiInation was also rnade in terms of capacity of field-returned wheelchair 

batteries by Moharnrnadian et al. [20]. Because catastrophic failures of batteries were 

not accessible, a level of capacity was defined as the failing level, so the capacity of each 

battèry was linearly extrapolated (or interpolated) to the failing level for estimating its 

lifetiIne. If t here are not enough field sarnples for analysis, accelerated testing should be 

carried out on sorne specimens taken from the product in service [6]. For rnulti-failure 
mode products, field failure dÇtta could be presented as the nurnber of failures for each 

failure mode rather than time-based data (e.g. [27, 31, 28]). The possibility of using 

field failure data to cornpare with accelerated testillg results, needs to be recognized, 

firstly, to validate the test integrity of the AT and secondly to identify acceleration 

factor of the aging process. 

Accelerated testing has been used by many people to carry out a qualitative com­

parison of different aspects in products. The work conducted by Knox and Cowling [12] 

cornpared the effects of applying different prirners and surface conditions on long-terrn 

quality of adhesives. The shear force needed to fail the adhesion was considered as a fac­

tor to explain the quality of adhesives. Chou and Lamers [5] compared the degradation 

diagrarns (wear) of different rnaterials over tirne. Nagel et al. [21] statistically compared 

failure tirnes of three different products (produced by -different rnanufacturers) resulted 

from an accelerated testing in order to choose the most robust one. Comparison of the 

results obtained by accelerated testing in different stress levels shows that the results 

in severe levels are more likely to deviate from real service data (e.g. [33]). Potteau et 

al. [25] tested and analyzed the effects of different stresses on degradation of a prod­

uct. Krivstove et al. [15] aged field samples to rneasure and compare degradation of 

their physical praperties. For every comparative application, conducting a quantitative 
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comparison could present more meaningful results. 

The main aims of this paper are to propose numerical solutions for complex reli­

ability analysis, and to validate the consistency between test and service results. For 

time-based failure data, test plans are divided into continuous , interval and single i~­

spection methods according to related failure inspection strategy. Maximum likelihood 
estimation (MLE) and reliability validation methods are presented to estimate statis­

tical and high confidence reliability respectively. For complicated problems including 

sorne random variables , there might be no analytical methods for reliability estimation. 

In this paper, the concept of virtual sample method as a numerical analysis is presented 

and it is also validated for a known aging pro cess including two types of random vari­

able which are usage frequency and failure time. Salva~ion and longevity factors are 
defined based on reliability and lifetime of different products respectively, and t hey are 

used to select the most suitable product for the required application. Such selection 

is also suggested by considering the allocated reliability and confidence levels. For a 

single-failure mode product, the comparison between test and service results could lead 

to modify test probability diagram in order to be harmonized with the related service 

diagram. For a multi-failure mode product, the criticality of each failure mode is re­

lated to its priority factor which is defined based on the number of samples which is 

returned from service because of that failure mode. For such products, test and service 

results are compared to characterize the consistency of test results by defining confor­
rnity and vicinity factors. Detection of latent failure rnodes and confirlnation of their 

elimination (after design modification) are discussed in qualitative A CT. In addition , 

the test and service results of old and new versions of design have been related by a 

unique acceleration factor, and any limitations of test time and manufactured samples 

are discussed. 

The paper is organized as follows. Section 2 classifies ACT plans for single-failure 

mode products under a single stress based on the inspection strategies for time-based 

failure data. Section 3 presents virtual sample method and its applications in ACT for 

complex stresses. Section 4 deals with different uncertainties in comparative analysis 

of accelerated testing results. Section 5 presents design modification-related methods 

and their limitations and uncertainties. Section 6 discusses sorne concluding remarks. 

3.2 Single-Stress ACT 

The main aim of conducting a quantitative ACT on samples of a product with catas­

trophic failure mode(s) is to obtain their failure times and/or censored times of the 



Chapter 3. A Contribution to Accelerated Catastrophic Testing 69 

samples. For this purpose, each sample must be exposed to the aging process for a 

duration of time ta. For a number of test samples, complete data (e.g. [22]) refers to 
the ideal situation in which the exact failure time of every sample is obtained. Due to 

the limitation of time, complete data are not usually accessible. 

The estimated failure and censored t imes are strongly influenced by t he failure 

inspection strategy. So, accelerated catastrophic t esting is divided into cont inuous, 
interval and single failure inspection methods as illustrated in Fig. 3.1. 

"\ Fix ed aging lime method i Fixed number of faj lure method 

• Sç= 4 

• If 1 • 
~ - ~ 

• U 

• • 
-~ .-- - -

Aging process la Aging pro cess la 

Continuous failure inspection 

~ I-----,r------+ 

0"t----"'----""-----------1 
Et----.-----~-~ 
CI:l 

r./) l-------j 

~. 

Aging process la 

Interval failure inspection 

Ir 

C/J ------------------------
~I---------~ 
E 
~ ------------------------r./) 

~> 

Aging process tu 
Single failure inspection 

c:::> Right censored ~ Left censored • FajJure ~ Failure inspection 

Figure 3.1: Accelerated catastrophic t esting plans 

) 

The cont inuous failure inspection (usually t ime-consuming) is divided int o fixed 

aging time and fixed number of failures methods enabling testers to det ect the exact 
tirne of failure (failure tirne) for SOIne sarnples. Alt hough fixed nurnber of failures 
method is n10re suitable to assure sufficient dat a for statistical analysis, but it is not 

recommended for high reliable products because of probable long failure time. 

Any uncertainty in failure time is referred to as censored time which is divided 

into interval, left and right censored times. In the interval failure inspection method 
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probable failure time is recognized in a time interval (interval censored time) for each 

fitiled sample. In the single failure inspection method, aIl samples are inspected once 

(after the aging process), and this time is referred to as left censored time for each failed 

sample. For aIl the above methods, the time is considered as right censored time for 

every sample survived the aging process. Note that the dotted lines shown in the Fig. 

3.1 in single and interval inspection methods emphasize that the exact time of failure is 

unknown, and it might have happened in any time along the dotted line. For aU above 

methods except for the fixed number of failures method, the duration of time ta has to 
be specified prior to the test. 

For the continuous failure inspection methods , the maximum likelihood estimation 

(MLE) could be used to estimate unknown parameters of a specified probability distri­
bution function (pdf). For the interval inspection method, it could be used if there are 

a few known failure times. Let Sr , Sl , and Sv denote the number of right censored sam­
pIes, left censored samples andinterval censored samples respectively, and Sj denote 

the Humber of samples whose exact failure tünes are identified. Likelihood function is 
expressed in terms of the pdf function f and its cumulative distribution function (cdf) 
F as [2] 

St Sr Si Sv 

L = IIf(tj,i )' II [1- F(tr,i)]' II F(tl ,i )' II [P(tvr,i) - F(tvl,i )] (3.1) 
i=l i=l i=l i= l 

where t j,i, tr,i, tl,i, tvr,i, tvl ,i are failure time, right censored time, left censored time, 
right and left times of the interval censored of the corresponding sample i respectively. 

The maximum likelihood estimation is based on estimating unknown parameters of the 
selected pdf function so that they could maximize L , i.e. the partial derivative of L 
with respect to every unknown parameter must be zero. 

The above system includes complicated implicit equations in terms of unknown pa­
rameters, and there might be no analytical solution to explicitly extract the parameters , 

so it is recommended to use statistical software for this purpose. As a numerical solu­
tion, we used VB programming software and the MATLAB statistical toolbox by using 

trial and error method to find out the set of unknown parameters which maximizes 

the likelihood function L. For required applications in this paper, the two-parameter 

, weibull function as the life distribution function and the Normal distribution function 

for any other applications like usage frequency; are employed. 

For highly reliable products, the implementation of the above methods Inight present 

no failures (or a few failures) which are not sufficient for statistical analysis of reliability. 

Single inspection method can validate the aIlocated reliability levelR at the time ta 
with a specified minimum confidence level C by estimating the minünum number of 
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samples S required to pass the aging pro cess as [24, 21] 

Sl 

1 - C 2 L (~)RS-X (l - R)X (3.2) 
x=o 

where Sz is the number of failures up to the time ta. The single failure inspection 

method is called zero-fail ure test method if Sl == 0 and zero or one fail ure test method 

if Sz == 1 [32]. 

For a multi-failure mode product , in order to have control over each failure mode, 

to estimate its own probability diagram and to predict the most critical failure mode, 
the failure-related data should exclusively be estimated for every failure mode. For this 
purpose , failure time of each relevant (or non-relevant) failure mode that causes a stop 

in the aging pro cess must be considered as right censored time for every other fail ure 
mode. For multi-failure mode products i many samples (and definitely long test t üne) 

might be needed to achieve probability diagram of every failure mode. 

Up to now, the above testing methods are assumed to be done on new samples. The 

exploitation of both used (returned from service) and new samples in an accelerated 
testing presents more realistic results. In addition, used samples could be substituted 

in the case of any shortage of new samples. For this purpose, related aging pro cess and 
the ages of used samples must be known. Furthermore, aIl used samples must have been 

returned from service because of another failure mode than the one under the study. 

Then, every used salnple must pass the aging pro cess for the duration of time ta. For 

example, for an AF-based aging process (known acceleration factor), the equivalent test 

time (t~)i for the used sample i is estimated as 

(3.3) 

where (La) i is the age of the sample i in service. 

3.3 Virtual Sarnple Method 

The usage profile , failure time and physical properties of products are the main random 
variables in accelerated testing, although the latter, i. e. the physical properties are 

usually studied in accelerated degradation testing (ADT). The complexity of random 

variables in accelerated testing might make analytical methodsunable to estimate reli­

ability, especially in the case of existence many random variables. Therefore, a proper 

numerical Inethod is needed for reliability analysis. 
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The usage profile of a stress might consist of two types of random variables: its 

levels and usage frequencies. The usage frequency is referred to as the ratio of the time 

in which the sample is under the stress to the total time in service. It is concluded that 

the value of usage frequency is always less or equal than one. If there are more than 

one stress level in the usage profile, to increase the accuracy of reliability estimation, 

usage frequency and failure time must individually be estimated for each stress level. 

The virtual sample method presented here, as a numerical method to estimate relia­

bility, is based on Monte-Carlo method by taking sorne representative values of random 

variable from each identified probability diagraIn. The pro cess of selecting such valu s 

is described in Appendix. Accordingly, each probability diagram is introduced by its 

representative values instead of its mathematical formula. Then, a number of virtual 
samples must be defined each including sorne representative values of random variables 

according to the problem. N on-statistical reliability of the virtual samples is considered 

as an estimation of reliability of the product in service. 

To demonstrate the application of the virtual sample method, service reliability of 

a product is estÏlnated by its usage profile and failure tiInes resulted froIn accelerat ed 

testing as follows. The product is under low levels of usage frequency in service, sa 

accelerated testing is conducted by usage frequency as the accelerating variable. The 

main requirement is toidentify the usage profile of the product in service including 
stresses, their levels and usage frequencies. Here, for the simplicity reason, the product 

is assumed ta be single-failure mode under M levels of a single stress in service. Prob­

ability diagram of usage frequency has ta be identified for each stress level. In arder 

ta estimate failure probability diagram of the product, for each above identified stress 

level, accelerated testing must individually be conducted on sorne new samples. The 

level of the stress must be kept constant during the non-stop aging process. If many 

levels of the stress are identified in the usage profile, in arder to economize on samples 

and tÏlne, sorne of the levels (the lowest, a few rniddle and the highest levels) have ta 

be chosen for testing, and their testing results must be used ta predict related results 

for other levels by an interpolation method or a life-stress model (if it has already been 

identified) . 

The usage frequency probability diagrarns (predicted by usage profile) and the failure 

probability diagrams (estimated by accelerated testing) must individually be replaced 

with sorne of their representative values as (qs)i and (t f)i respectively for the stress 

level i. For the stress level i , the number of representative values for usage frequency 

and failure time are denoted by (Nq)i and (Nf) i respectively. Here, the vir.tual sample 

method is individually applied for two classes of usage profile. 
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3.3.1 Unique Level Usage Profile 

Every sample in this class is considered under a unique level of the only stress for its 

whole service life. The stress level for every other sample might be different , but it must 

also be unique for that sample. The usage profile of personal bicycles could be placed 

in this class if user weight is considered as stress. Each bicycle is intended to be used 

by a specified person, i. e. it is under a unique l vel of weight for its whole lifetime. 

The number of virtual samples under the stress level i is obtained from Si 
(Nq)i .(Nf )i, and each virtual sample is identified by its stress level i , usage frequency 

(qs)i and failure time (tf)i resulted from the ACT. The total number of virtual samples 
is 0 btained by 

M 

S = L (Nq)i .(Nf)i (3.4) 
i=I 

The user ratio of the stress level i is denoted by U Ri and is defined as the ratio of 

the service samples which are utilized in this stress level, to the total number of samples 

in service, and obviously URI + U R 2 + ... + U RM = 1. The user ratio of each stress 

level must be specified in the usage profile. For every stress level , there must be a direct 

relationship between its sample size Si and its user ratio U IL;, , i.e. 

S· 
U ~ = Constant, for i = 1,2, ... , M (3.5) 

The service lifetime of a virtual sample under the stress level i is estimated as 

(3.6) 

where t i is the service lifetime for a virtual sample under the stress level i, and they are 

used to estimate service reliability of the product at this stress level, and qi is the usage 

frequency of the accelerated testing at the stress level i. At the time t s , non-statistical 

service reliability of the product under the stress level i is estimated as 

(3.7) 

where (S f)i is the number of those virtual samples whose estimated service lifetimes 

are less than the given time ts. The lifetimes of aU virtual samples, i.e. t = {ti li = 
1,2, ... , M} are used to estimate non-statistical service reliability of the product as 

(3.8) 
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Table 3.1 presents the parameters of Normal and weibull probability diagrams for 

usage frequency and failure time respectively for a product under three stress levels in 

the unique level usage profile. The user ratio and the number of representative values 

for each pdf function are also included on the Table. Note that the Eq. 3.5 has already 

been validated by selecting suit able numbers of representative values of failure time. 
Non-statistical service reliability is estimated based on the Eq. 3.7 and Eq. 3.8. The 
accuracy of estimated reliability could be improved by employing more virtual samples. 

Service reliability is estimated as 90.3% for 300 virtual samples as shown on the Table 

3.1, and 88.9% for over 100, 000 virtual samples (according to our calculations). For 

the data presented on the Table, representative values and three typical virtual samples 
are shown in Fig. 3.2. 

Table 3.1: The estimation of service reliability for the unique level usage profile 

Usage frequency Failure time 
Stress 
level i UR; 

Ji 

0.30 0.25 

2 0.50 0.15 

3 0.20 0.10 

Usage frequency (q s Ji 

(J (Nq)i a. (h) f3 

0.08 ]0 3,230 7.0 

0.05 10 2,150 8.2 

0.03 JO 1,480 6.8 

o Representative value 

• First virtual sample 

Â Second virtual sample 

• Third virtual sample 

Stress level In 

S; R; % 
q; (Nf); 

] 9 90 85.6 

1 15 150 92.0 

1 6 60 93.3 

Overall 300 90.3 

Failure lime {if Ji 

Stress level m 

.. " ................ [J-.U A:TITIJU.[J. Stres,s level n . (:"'q .~?~.? .. ~ fN! !?~1~ .. 00 ooooooo {Jo.iTTlTITiTrn'}[Jo.~tress level n 

ooE'!.!.!!.:~. Stress level 1 
0. 0 . . .. .. .. .. .. 00 0 ...... 0 .... ,· .. 0 ·····_[}-C·ODOr::·. ··· .. C· .. .. 

o 0.1 0.2 0.3 0.4 0.5 o 1000 2000 3000 4000 

Figure 3.2: The representative values and three typical virtual samples for the unique 

level usage profile 
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3.3.2 Multi Level Usage Profile 

In this class, every sam pIe in service is assumed to be exposed to aH stress levels with 

their own usage frequencies. In other words, each sam pIe experiences every stress level 
during its lifetime. The bicycles for public uses, e.g. for rent ing, which are used by 

different people in variety of weights (as t he stress) could be placed in this class . 

A virtual sample is ident ified by its own usage frequency (a value from (qs)i) and 

failure time (a value from (t f )i ) at the stress level i for i == 1,2, ... , M . The total number 

of virtual samples is calculat ed as 

M 

S == II (Nq)i .(Nf )i (3 .9) 
i=1 

Note that , for each virtual sample; its total usage frequency must not exceed 1. The 

lifetime t is estimat ed according to Miner's ru le (e.g. [89, 9, 88]) as 

(3. 10) 

AH these lifetimes t are used to estimate non-st atistical service reliabili ty of the prod uct 

. at the tin1e t s by the Eq. 3.8. 

Table 3.2 shows the probability diagrams of usage frequency and failure t ime of 

a mult i level usage profile. Not e that t he usage frequency of the first stress level is 

considered constant . Non-st atistical service reliability is estimat ed as 83.5% for 100, 000 

virtual samples (as shown on the Table) and 82.2% for more than 100 million virtual 
samples (according to our calculations). The representative values and three virtual 

samples are also shown in Fig. 3.3. 

Table 3. 2: The estimation of service reliability for t he mult i level usage profile 

Stress 
Usage frequency Failure tjme 

R 
level (Nq ),1 a (hl 

S 
( o/c ) 

fi (J fJ qi (Nr ) i 

0.02 3,230 7.0 1 10 

Il 0. 10 0.03 10 2,1 50 8.2 ] 10 100,000 83.5 

Hl 0.05 0.0]5 10 1,480 6.8 1 \0 
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Figure 3.3: The representative values and three typical virtual samples for the multi 

level usage profile 

3.4 Comparative Analysis of ACT Results 

3.4.1 Comparison of Products 

Accelerated testing might be used to compare different aspects in design, material and 

manufacturing pro cess in order to select the most suit able one for required application. 

In fact, there is a competition between above issues in order to get more attention from 

custolners and manufacturers. Such comparison 111ight also aim at comparing different 

products available on the market. In this case, in order to avoid extra tests, available 

field failure data of a product should be used to compare with test results of other 
prodlicts if accelerat ion factor of the aging process has already been identified. 

Any comparison must be based on an indicative parameter which could be reliability, 

lifetin1e, confidence level etc. The selection of an appropriate indicative parameter could 

depend on warrant y policy, maintenance strategy, customer expectation or required 

application the product is expected to be used. 

Comparison of Reliability 

Let test probability diagrams of T different products be identified either from accel­

erated testing or field failure data. If test reliability is considered as the indicative 

parameter, at the test time tt (which is assumed to be known by required service time 

and known acceleration factor) , the procluct i should be selected as the most reliable 
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product if 

(3.11) . 

In order to make the above relationship more obvious, salvation factor of the product 

i (SFi) is defined as the probability of its survival up to the time tt while others have 

already failed in [0, tt]. Based on the definition of probability distribution function f(t), 
cumulative distribution function F(t) == J; f( z )dz, and reliability R(t) == 1 - F(t), the 
salvation factor can be estimated as 

(3.12) 

The salvation factor could be normalized as 

(3.13) 

where the accent * denotes a normalized factor. 

Comparison of Lifetime (Failure Time 

The time to reach an allocated reliability R (in percentage) for every product could 
be used as indicative parameter in order to select the product with longest lifetime. 

According to the definition, the product i has to beselected if 

(3.14) 

where the time (f3100 -R)i indicates that up to this time, 100 - R percent of samples (of 
the product i) have already failed. If R == 50%, the comparison is based on the median 
life. In addition, the mean time cou Id also be defined as the indicative parameter. 

For the product i, the probability of having the longest life (while others fail in 

[0, td) is defined as the longevity factor LFi(tt), and it is mathematically expressed as 

(3.15) 

Note that the last t erm, i.e. SFi(tt) indicates that the failure time of the product i is 

greater than tt while others have failed in [0, tt]. 
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The diagrams in Fig. 3.4 show the comparison of three products based on their 

salvation and longevity factors with known test weibull parameters Cl: and {J . The 

acceleration factor of the aging pro cess is 10. Product II is the most reliable one by 

considering reliability or salvation factor as the indicative parameter for the first year 

in service (tt == 36.5). This product should also be selected if the longevity factor is 

considered as the indicative parameter up to the third year. 

Normalized salvation factor 
(SF*) at the first year 

Prad. a 

• 1 195 

III II 178 

III III 145 

Normalized longevity factor 
(LF*) at the third year 

P Reliability at 1,=36.5 days 

2.2 97 .5 

3.2 99.4 

2.8 97 .9 

Figure 3.4: The comparison of three products according to their salvation and longevity 

factors 

Comparison of Allocated Reliability and Confidence Level 

For highly reliable products, accelerated testing might be unable to present sufficient 

failure data for statistical analysis, and accordingly, related probability diagrams could 

Ilot be obtained. In this case, a number of.samples from each product (the number of 

salnples lnight he different from product to product) lnust pass a COlIllnon aging pro cess 
up to the test time tt. To decrease the cost of the ACT, failure inspection is done once 

at the end of the aging process, so right censored and left censored times will be the 

only data available for each product. 

The first approach to compare different products is to allocate a common reliability 

level R for every product and to set the confidence level as the indicative parameter 

obtained by the binomial distribution as 

Sl ,i 

Ci == 1- LRSi-j(l- R)j (3.16) 
j=O 
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where Si and SZ ,i are the number of samples and the number of failed samples (left 

censored samples) for the product i, and Ci is its confidence level. The product with 

the highest level of confidence must be selected as the most suitable product although 
its reliability level is allocated at the same level as others. 

The second approach is to allocate a corn mon level of confidence C for every product 

and then to set reliability as the indicative parameter. For the product i, its reliability 

~ has to be obtained by solving the following implicit equation (see the Eq. 3.16) 

Sl ,i 

C = 1 - LRf i- j( l - ~)j (3 .17) 
j=O 

Then, the product with highest reliability must be selected as the most reliable product. 

As an illustrative example, Table 3.3 shows the number of samples and failed sam­
pIes for three products. The data for the first product are derived from service. The 

acceleration factor of the aging pro cess is estimated as 5, so for the first year in service 

the aging process must take tt = 365/5 = 73 days. The seventh and eighth columns 
show the results of the first and the second approaches to compare products with com­

mon reliability of 90% and common confidence level of 90% respectively. Note that the 
most suitable product suggested by the first approach (product III) is different from 
the most reliable one estimated by the second approach (product 1). 

Table 3.3: The cornparison of the allocated reliability and confidence level for three 

products according to the field failure data for the product l and the results of the 
accelerated testing for the products II and III 

Prod. Source Time Sample 
Failed Confidence Reli ability 

AF samples level for fo r 
of data l, or ts size S 

S, R=90o/c C=90% 

field 365 ]56 12 79.3% 88.8% 

II test 73 5 38 2 74.6% 86.6% 

III test 73 5 30 81.6% 87.6% 

3.4.2 Comparison of Failure Modes 

For a product including N failure modes, predicting the most critical one is necessary 

in order to moderate or remove it from the product. The criticality (as expressed in 

failure modes and effects analysis) of the failure mode i depends on both its severity 

S i and its occurr nce probability 0 P i which is the probability of returning amples 
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from service because of the failure mode i up to the service time t s , and obviously 

OPI + OP2 + ... + OPN == 1. The failure mode i in service is the most critical one if 

(3.18) 

Consider probability diagram of each failure mode be identified by accelerated test­

ing. Priority factor of the failure mode i up to the time tt is denoted by P Fi and is 
defined as the probability of happening the failure mode i before every other failure 

mode in [0 , tt]. Based on the definition of probability distribution function f (t) , and 

reliability R(t) == 1 - J; f(z)dz , the priority factor can be estimated as 

(3.19) 

The most critical failure mode in the test is the one having the highest value of Si'P Fi' 

The comparison of failure modes leads to detect the non-important failure mode in 

the product if there is any. The failure mode i is defined as non-important , if Si .OPi 
or Si'P Fi is relatively much less than the corresponding values for other failure modes. 
As an illustrative example, three failure modes of a product have been investigated by 

accelerated testing as shown in Fig. 3.5. The failure mode l is the most critical one, 

whereas the probability of occurring the second failure mode and its low severity make 

it as a non-important failure mode. 

Normalized criticality of failure modes (s.PF)* 

Failure JI III 

mode • EillJ Ilillill 

(J. (hours) 145 185 170 

/3 8.9 9.1 7.1 

Severily s 10 

PF* (%) 57.7 5.8 36.5 

Figure 3.5: The most critical and non-important failure modes for the first 100 hours 

in test (tt == 100 hours) 
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3.4.3 Comparison of Field and Test Results 

Single-Failure Mode Products 

The comparison of test and service failure-related data for a single-failure mode product 

aims at modifying test results in order to be consistent with field results. In general , 
the obtained service and test cdf diagrams for a ' particular product are not necessarily 

parallel in logarithm scales , e.g. the shape parameter of the test weibull cdf diagram is 

greater than the one for service ((3t > (3s). The main reason of this contrast is about the 

variety of stresses; their levels and usage frequencies in service that create a wide range 

of lifetime . For the wei bull functions, these conditions decrease the shape parameter of 
the service cdf diagram. 

Here , two modification methods are presented to modify the test cdf diagram in 

order to make it parallel to the field cdf diagram for the weibull functions , although the 

rnethods could be extended for other distribution functions. Such modifications allow 

manufacturers to estimate a COmlTIOn acceleration factor. In both methods , the Inodified 

shape parameter of the tests must be set to the corresponding parameter for service. In 

test-based method, scale parameter of the modified diagram must be kept constant at 

at. In MLE-based method, parameter a has to be estimated by maximum likelihood 

estimation (MLE). As an illustrative example, the service and test cdf diagrams are 

estimated for complete data of 6 samples in service and 4 samples in test respectively 

as shown in Fig. 3.6. The modified test diagrams are also illustrated based on the 

above rnodification rnethods. Note that there is no considerable diflerence b etween 

both modified test diagrams. 

Multi-Failure Mode Products 

In multi-failure mode products, the individual comparison of test and service probability 

diagrams for every fail ure mode cannot ensure the consistency between test and service 

results. The test failure-related data of a failure mode might completely be consistent 

with its service related data, while for other failure modes, there might be no such 

consistency. In addition, the individual comparison might lack of accuracy due to 

the existence of many right censored tin1es. Instead of time-based analysis, a unique 

comparison of aIl failure modes should be done based on the number of failures in test 

and occurrence probability in service. Here the suggested methods aim at characterizing 

the proximity of test and field results to validate accelerated testing. 
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Figure 3.6: Test-based and MLE-based methods 
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Consider S new samples of a series product with N failure modes subjected to an 

accelerated testing. The number of failed samples due to the failure mode i after the 

test is a random variable and is shown by Si , and obviously SI + S2 + ... + SN = S 
if every sample fails. The total number of failure mode combination (SI, S2, ... , SN) 
depends on the number of samples and the number of failure modes. On the other 

hand, occurrence probability of each failure mode is assumed to be known. Here, three 

methods are presented to validate accelerated testing: 

• Multinomial Method: The probability of each failure mode combination could be 

estimated based on occurrence probability by multinomial distribution function 

as (e.g. [16]) 

(3.20) 

The highest Pr(SI' S2, ... , SN) means the closest results of test and field data, 
because the amounts of 0 Pj / Sj for j = l , 2, ... , N are close to each other and 
their multiplication wiU be high. In order to characterize the test and service 

proximity, aU probable failure mode combinations must be listed in descending 

order in terms of their probabilities Pr obtained by . the Eq. 3.20. The first 

combination in the list (having the probability of Prl) is the most likely failure 

mode combination in the test. If the actual failure mode combination in the AT 

is placed in the ranking i (having the probability of Pri), its conformity factor 
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C Fi is defined as 

CFi~l-LPrj 
j=l 
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(3.21) 

Test and service results are considered close together for high levels of the con-

formity factor. 

• Integer Ranking Method: In this method, the failure modes must be placed in 
the test and service ranks as follows. In the ,test rank, they must be sorted in 

descending or der in terms of their numbers of failures. In the service rank, they 

have to be sorted according to their occurrence probabilities in descending order. 

The ranking number (for both test and service ranks) for each failure mode has 

to be an integer value between 1 to N (including 1 and N). Let rt ,i and rs ,i 
the rankings of the failure mode i in the test and in the service ranks respectively 

(rt ,i i= rt ,j and rs ,i i= rs,j for i, j ~ 1, 2, ... , N and i i= j). For each failure mode, the 
difference between its test and service rankings reveals a deviation in te t re ult 
compared with service. Accordingly, the total deviation factor (D F) is defined as 

N 

DF ~ L (rt,i - r s,i )2 
i= l 

(3.22) 

The most deviant case occurs when rt,i ~ N - rs,i + 1 for. i ~ 1,2, ... , N, and the 
test results are completely in contrast to the service-related results. In this case, 

the highest possible deviation factor DFmax is obtained from the Eq. 3.22 as 

N 

L 2 N 2 DFmax ~ (N - 2rs i + 1) ~ -(N - 1) ' . 3 
i=l 

Note that ~:1 rs,i ~ N/2(N + 1) , and ~:1 N 2 ~ N 3 /3 + N 2/2 + N/6. The 
vicinity factor is defined as the proximity of test and field results as 

VF ~ DFmax - DF 
DFmax 

(3.23) 

The vicinity factor is 1 for ideal testing results, and 0 for the most deviant case 

presented above . 

• Real Ranking Method: If there are only a very few failure modes, the integer 

ranking method is limited to a few values , and it is not able to present a precise 

estimation of the vicinity factor ta validate related accelerated testing. In the 

. real ranking method, like the integer ranking method, the failure modes must be 

sorted in descending order in, terms of their numbers of fail ures in test rank and 

their occurrence probabilities in service rank as follows: 
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In the test rank, the failure modes j and k including the highest and the lowest 

number of failures are placed at the rankings 1 and N respectively, i. e. Tt,j == 1 
and Tt ,k == N. Then, the ranking of the failure mode i has to be obtained by the 
following implicit linear equation 

Tt ,i - Tt ,j 

Sj - Si 
Tt,k - Tt ,i 

Si - Sk 
(.3.24) 

In the service rank, a similar approach is used to estimate service ranking of the 

failure mode i based on its occurrence probabilities if the failure modes land m 
have the highest and the lowest occurrence probabilities 

(3.25) 

Then, the deviation and vicinity factors must be obtained from the related equa­

tions presented in the integer ranking method (Eq. 3.22 and Eq. 3.23). In order 

to estimate DFmax in this method, the test ranking of each failure mode must be 

specified as the farthest possible ranking from its service ranking as 

{

l , 
Tt,i == N, 

if Ts,i ;? (1 + N)j2 
if Ts,i < (1 + N)j2 

(3.26) 

Table 3.4: The calculations of conformity factor by multinomial method for S == 34 test 

samples and N == 6 failure modes of the product 

:;0 Number of failures 
~ p CF ::J 
i':;" 2 3 4 5 6 5· (10-4) % 

OQ ()P]=0 .2 1 OP~=O . ll ()P3=0.24 ()P4=0.05 ()P5=0.30 ()P6=0.09 

7 4 8 11 3 4.737 99.95 

2 4 9 10 3 4 .632 99.91 

71 6 11 3 3.474 97 .22 

72 6 1 4 9 10 4 3.474 97 .22 

As an illustrative example, for 34 samples of a six-failure mode product, occurrence 

probability and number of failures for each failure mode are shown on Table 3.4. The 

analysis of data is performed by a VB program for an three above Inethods. The failure 

mode combination (6 ,4, 9, 1, 10,4) obtained froln the ACT, has been placed in ranking 
72 out of 575757 possible combinations in multinomial method, and its conformity factor 

is estimated as 97.22% that is relatively an excellent and acceptable level. According to 

our calculations, the worst failure mode combination is (0 0 0, 34 0,0) with CF == 0 
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i.e. an samples fail because of the failure mode having the less occurrence probability. 

Table 3.5 shows the integer and real rankings of the above problem. The vicinity factors 

obtained from the integer ranking method (98.57) and real ranking method (98.54) are 
also in acceptable levels. 

Table 3.5: The calculations of vicinity factor by integer and real ranking methods for 

S == 34 test samples and N == 6 failure modes of the product 

Tnteger rankjng Real ranking 

Failure method method 

mode 
DPi Si DFmax=70 DFmax=106.76 

Service Test Service Test 

0.21 6 3 3 2.80 3.22 

2 0.11 4 4 4 4.80 4.33 

3 0.24 9 2 2 2.20 1.56 

4 0.05 6 6 6.00 6.00 

5 0.30 10 1.00 1.00 

6 0.09 4 5 4 5.20 4.33 

Deviation factor (DF) 1.56 

Vicinity factor (VF) % 98.57 98 .54 

3.5 Modifications ta Design 

In the design stage when the product is expected to be manufactured in near future, or 
after production and sale, due to the existence of failures in service as well as customer 

expectation, a modification to the present version of design might be necessary in 
or der to improve product reliability and/ or to remove (or moderate) its latent and 
observed failure modes that help the company to remain in intensive competition among 

other manufacturers. The implementation of accelerated testing on the new version of 

design aims at validating the elimination of failure modes, estimating its reliability or 

confirming a required reliability. 

3.5.1 Qualitative ACT 

The implementation of qualitative ACT on samples of a product in the present version 

of design is to identify product latent failure modes. These failure modes should be 
removed from the product by failure cause analysis and necessary modifications to 

design. The accelerated testing on the samples of the nevv version aims at confirming 
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the elimination of the identified failure modes after the modifications. The identification 

of non-relevant failure modes is a technical issue of design and material , and it must 

be recognized by engineers, testers and technicians. Field failure data and available 

literature could also be used to verify the relevancy of the observed failure modes in 

the test with the actual ones in service. No statistical analyses are n~eded for detecting 

the failure modes and validating their elimination, so fewer samples are required for the 

test compared to quantitative ACT. 

In order to meet the failures in shorter time, the level of each stress must be increased 

during the aging process. This augmentation might be step by step or continuous. In 

continuous augmentation, the product must operate at the highest level for a period of 

time which is called dwell time. There are not classical approaches to identify the highest 
applicable levels of stresses and to estimate the time required for the aging process. In 

comparison to quantitative accelerated testing methods , there are fewer limitations 
to increase stress levels and to combine stresses, so the time to failure considerably 

becomes shorter. The levels of environmental stresses such as temperature , vibration 

and humidity might increasingly be higher than the endurance limit of sorne components 
inside the product, so in order to avoid obvious non-relevant failure modes ' they have 

to be isolated from exposing to high levels of these stresses. Qualitative accelerated 

methods are divided into single-modification and multi-modification methods. In both 

methods, once a non-relevant failure occurs, the failed component has to be replaced 

with a new one in order to continue the test. 

In the single-modification method, the first stage of test is to detect latent failure 

modes of the product in the current version. Then related modifications ta design and 

rnaterial must be done to rernove the observed relevant failure lllodes at the first stage 

of test. At the second stage of the test, the manufactured samples (prototypes) in the 
new version must pass the same aging process in order to validate the positive effect 

of the modification to eliminate the failure modes. For both stages, in the case of a 
catastrophic failure in a component, it must be replaced with a new one in order to 

continue the test. 

In the multi-modification method, a series of aging pro cess (in order to detect fail­

ures) , failure cause analysis, and modification must be performed on the product. The 

modification and/or failure cause analysis should be done whenever a relevant failure is 

observed in the product. Highly accelerated life testing (HALT) as a multi-modification 

method, has recently been developing for complex products , especially for electronic 

products. HALT chalubers are capable of preparing a wide range of temperature , vi­

bration , humidity etc., and their combinations in different geometric sizes. An economic 

evaluation is needed prior ta perfarm HALT testing, because the chalnbers are relatively 
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costly. 

3.5.2 Acceleration Factor Method 

The statistical test and service cdf diagrams of the new version of design might seem to 

be independent of the ones for the old version product because of existence new features 

in design. The acceleration factor method aims at relating the old and new versions of 

design to en able manufacturers to estimate related service results of the new version. 

For the old version, the data obtained from service and the accelerated testing, must 
be statistically analyzed to estimate the field and test cdf diagrams. In this met hod, as 

the first assumption, the estimated field cdf diagram (of the . old version) is considerecl 

as the base diagram· so that every other cclf diagram must be parallel to this diagram. 

The parallel diagrams of the old version present a unique acceleration factor AF. As 
the second assumption, this factor (AF) is only considered as a function of the specifi d 
aging pro cess (neither the product nor its design version), so the acceleration factor is 

the same for both the old and new versions of design. 

After a modification to design, sorne salnples (prototypes) IllUSt be Inanufactur d 

ln order to pass the same aging process to obtain the test cclf diagraln of the new 

version. For the old version, let tt,o and ts,o the times to achieve an arbitrary level of 
reliability R in the test and service respectively. If tt ,n is the test-related time for the 
new version, so its estimated service time, i.e. ts,n could be obtained by considering the 

same acceleration factor for both design versions as shown in Fig. 3.7 

AF = ts,o = ts,n 
tt ,o tt,n 

(3.27) 

3.5.3 Reliability Allocation Method 

Although the acceleration factor method is an effective approach to estimate service 

reliability of the new version of the product, but the samples in this version might be 

strong enough to pass the aging pro cess without any failures, so no useful statistical 
analysis could be obtained. On the other hand, the manufacturer might be interested to 

COnfirlTI an allocated reliability for the new version rather than estÏlnating its reliability. 

R>eliability allocation ITlethod airns at confirrning a lev l of reliability R with th 
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Figure 3.7: The estimation of field cdf weibull diagram for th n ,w v ,rSlon of the 

product by acceleration factor method 

minimum confidence level C at the time t s in ser, ice. T~ use this method , the first 

stage of testing must be done like the acceleration factor method in order to estimate 
the acceleration factor of the aging process. The service and test cdf diagrams of the new 

version are parallel lines (to the cdf diagrams of the old version) that pass through the 

points (ts, R) and (tt == ts/AF, R) respectively in the coordinate system as illustrated 

in Fig. 3.8. So, the most distinction of this method is that, the cdf diagrams of new 
samples could be identified before testing the samples of new version. According to the 

binomial distribution function, the number of samples S to pass the aging pro cess up 

to the time tt is estimated as (see [32 , 7]) 

S > ln(l - C) 
- ln(R) 

(3.28) 

The above equation is based on zero-failure test method, and it means that every sample 

must survive the aging process in order toconfirm the allocated reliability R with the 

rninirnum confidence level C. 

CD Sample limitation (testing lÎme must be extended) 

CY Time limitation (more sampi es are needed) 

" new version 
~ old version ,1-- . (' d) 01<1 version 
------ test (known) - (tu ,R,) '* test eslJmate 

k.~,. , field (known) 
CD /-A / ' :g /,/ (tç.R) 

~ ---------------- --------------;f--------------------- ------------*------ F 
..s CY ///!(I,.R) ! ...... 

,i / : :';. 
(t12. R2);:* ! ! 

/ ! ! 
Time ln(t/a) 

Figure 3.8: The allocated reliability methods for sample and time limitations 

In real applications, there might be a technical or budget limitation to produce 
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required number of samples (in new version) needed for accelerated testing (in the 

second stage). Here, the, proposed method to compensate for the short age of samples 

is to extend test time along the cdf test diagram in order to achieve a low level of 

reliability RI « R) by keeping the same level of confidence as shown in the Fig. 3.8 

(case 1). Then, the required samples SI should be estimated as SI ~ ln(l- C)jln(R1 ) 

where 51 < S. 

On the other hand, there might be a constraint on test time of new samples due to 

market demand. Here, the proposed method is to prepare Il)ore samples.in parallel to 

pass the aging pro cess in shorter time. Such decrease in the test time results increasing 

reliability as illustrated in the Fig. 3.8 (case 2). The reliability R 2 (> R) estimated 

by the test cdf diagram is used to estimate number of samples needed for testing as 
3 2 ~ ln(l - C)jln(R2), where S2 > S. 

3.6 Conclusion 

ACT plans have been categorized based on their failure inspection strategies. If many 

random variables are available, virtual sample method is proposed to replace real test 
samples ,vith virtual samples in order to estimate non-stati~tical reliability. This method 
has been validated for a single-failure lllode product under different levels of a stress. 

In the case of existence many random variables, the number of representative values 

has to be assessed by the time needed for numerical analysis by computer. Test results 

obtained by accelerated testing have been modified based on service results. A variety 
of auxiliary factors is defined to enable rnanufacturers for cornparative analysis of their 
products. The assumption of the unique acceleration factor for old and new version 

of design Ied to estimate service related results for the new version. Regarding the 
time and sample limitations , reliability level has been changed to compensate for these 

limi tations. 
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3.7 Appendix: Representative Values 

Regarding the complexity of analytical methods to analyze probability distribution 

functions , these diagrams should be replaced with sorne representative values so that 

they could be a reasonable representative of the diagram for numerical analysis. Con­

sider a known continuous probability distribution function f(X) and its cumulative 
distribution function F(X) of the random variable X E [a, b]. To take S representative 
values of the random variable X, the interval [0, 1] of the vertical axis of the cdf diagram 

must be divided into S unknown subintervals as dk ; k == 1, 2, ... , S (dl +d2 + ... +ds == 1). 
The probability of having one value in each subinterval (SI == S2 == ... == Ss == 1) is ob­
tained from the multinomial distribution as [16] 

5-1 5-1 1 

Pr(dI, d2 , """' ds ) = 3!(1- L dd 1 II d~ 
1. 

k=l k=l 

The best set of dk (dl, d2 , ... , ds) must have the maximum value of probability in the 
above multinomial distribution, because it shows the closest sets of dk and Sk for k == 
1,2, ... , S. Hence, the derivative of the probability with respect to every independent 

dk ; k == 1, 2, ... , S - 1 must be zero, i.e. 8Pr(dl, d2 , ... , ds )/8dk == 0 ; k == 1,2 , .. . , S - 1. 
Then, the length of each subinterval is simply estimated as dk == 1/ S for k == 1,2, ... , S. 
As a reasonable accuracy, the selected value in each subinterval should be in the middle 

of the subinterval as illustrated in Fig. 3.9. Then, its related random variable X k has 

to be obtained by the cdf diagram. 

F(X) 

The middle point in 
the sub-intervaJ k 

---------------------,.-------

The correspondillg 
ralldolll variable 

~----------~~------- X 

Figure 3.9: A typical representative value of the random variable X from a sub-interval 

from the cdf diagralTI 
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Abstract 

The concept of single stress accelerated testing for a product with degrading failure 

modes needs to be developed for estimating the product reliability. This paper aims 

at proposing the technical and theoretical approaches required to conduct accelerated 

degradation testing for reliability analysis. For thi~ purpose, each failure mode is related 
to a suit able physical property, which is called its performance factor. The failure mode 

occurs whenever its related performance factor reaches the criticallevel. The concept is 

also developed by the superposition principle for multiple stresses, and dependent failure 
modes. If sorne service samples (returned from service due to a degrading failure mode) 
of the product are available , this concept is used to estimate the product reliability. In 
this case, partial aging method is proposed to cbnsiderably shorten test time. 

Key words: Accelerated degradation testing; Reliability; service samples; Partial aging 

method 
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4.1 Introduction 

For a product with a degrading failure mode exposed to an accelerated degradation 

testing (ADT), there is an uncertainty in estimating its failure time because the lack of 

any obvious failures in operation. This problem could become more complicated for a 

multi-failure mode product under sorne stresses, especially in the case when there are 
interactions between its failure modes. On the other hand, carrying out an ADT might 

take long time to degrade samples. Furthermore, there might be no known relationship 

between the d uration of the aging pro cess and the service time. Accordingly, most of 

ADTs are mainly conducted for studying the degradations of physical properties over 

time rather than estimating reliability and lifetime. The lifetime of a sample reported as 
fail (due to a d~grading failure mode) by its own user might be unsuitable for reliability 

estimation because of probable difference between manufacturer 's criterion and user's 
decision to report the failure. 

Accelerated degradation testing has widely been used by manufacturers and testers 

for qualitative explanation of a degradation process, and comparative analysis. The 

degradation pro cess obtained for different design aspects could be used to predict the 
most robust case to tolerate service stresses. Knox and Cowling [17] compared the 

durability of two surface pre-treatments of adhesives. The effects of different stresses 
(e.g. [7]) and different stress Ievels (e.g. [31]) on degradations of physical properties 

of test sam pIes can lead to a modification to design in order to remove (or moderate) 
their effects on the product. 

Although natural and outdoor tests are time consuming and limited to only special 
levels of stresses (depending on the geographical situation), their results could be useful 
to make a comparison with corresponding results obtained from the ADT, especially 
if no field data are available. Such comparison might be used to recognize whether a 

physical property could be a reasonable representative of product degradation in service 

(e.g. [4]). One of the most probable reasons of deviation of an ADT (from natural test) 
is due to high stress levels (e.g. [27, 31]). For more realistic results , degradation of 

samples could be achieved by a combination of accelerated and natural test (e.g. [Il]). 

Conducting an ADT is a challenge of physical properties , stress levels and aging of 

samples [6]. In order to characterize an ADT, every failure mode has to be related to a 
suitable physical property (performance factor). Then, a critical level of the property 

has to be specified as failure criterion. The failure mode is considered in the inoperable 

state if its property is below the critical level (e.g. [18, 13, 3]). Such definition has 

been presented by Meeker et al. [23] as soft failure for degrading failuTe modes. This 
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level could be specified based on customer expectation, the physics of the problem, 

interaction of failure modes, or safety considerations. It might also be suggested by 

related international and local standards (e.g. [1]). 

Performance factors cauld be measured by any types of destructive and non destruc­

tive test. The estimation of yield stress [1, 21], cycles to failure in low cycle fatigue test 

[2] and tensile strength [16] are destructive, whereas the measurement of volume and 

pressure [4], flow rate of an oil pump [12], remaining weight of steel du~ to the corrosion 

and wear [1, 12], non-corroded area of coatings [11], and the capacity of batteries [3] 

are considered as non-destructive. 

Service samples returned from service due to a degrading failure mode, could be 
used to estimate product reliability, either by a destructive test (e.g. [22]) or a non­

destructive test (e.g. [25]). The estimation of failure time is achieved by relating 
residuallifetime of each sample with its performance factor. If field samples are still in 

operation (in service), sorne specimens could be taken for testing their materials (e.g. 
[8]). Krivtsov et al. [19] tested used and new car tyres of different brands ' in order 

to measure their physical properties. Then, the Cox survival regression model was 
employed to estimate the most sensitive properties to the aging process. Ranganathan 

et al. [12] measured different properties of used journal bearings in oil pumps. They 

also estimated the corresponding results for new journal bearings, and concluded that 
the service and test results of journal wear volume are consistent, so a correlation was 

made between test time (in terms of hours) ~nd lifetime (in terms of kilometres). 

The main aim of this paper is to present the practical approaches to characterize 
ADT for estimatingproduct lifetime and reliability. Accelerated degradation testing 

is categorized into single and multi-aging process for a failure mode under a single­
stress. For each category, sample-based and interval-based techniques are proposed 

to estimate failure time. Degradation diagrams of field samples returned from service 
due to a probable degrading failure mode claimed by users are estimated by the least 

square method. The contrast between manufacturer's criterion to accept a failure, 
and reported failures by users are characterized by relating their lifetimes and physical 

properties. A general formula for a failure mode of a multi-failure mode product under 

sorne stresses has been derived by the superposition principle. The formula is also 

extended for dependent failure modes. Partial aging Inethod, as a new approach to 

estÎlnate product reliability by unknown aging process, is introduced to considerably 

decrease required tÎlne for the corresponding ADT . 

. The paper is organized as follows. Section 2 classifies accelerated degradation testing 

for single-failure mode products under single stress. Section 3 introduces reliability 
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analysis of samples returned from serVIce due to degrading failure modes. Section 

4 presents the general formula for a degrading failure mode of a multi-failure mode 
product under multiple stresses. Section 5 introduces partial aging method. Section 6 

discusses sorne concluding remarks. 

4.2 Single-Stress ADT 

4.2.1 Definition 

The primary requirement of an ADT is to ident~fy the degrading failure mode of the 

product under study. Then , the failure mode has to be related to a suitable physical 

property, which is called performance (factor). For each performance factor, its nominal 
performance pN is defined as the target amount of the performance at the beginning 

of its operation (initial performance). In general, initial performance might be different 
from sample to sample, i.e. it is a random variable, but in this paper, it is considered 

as constant and equal to the nominal performance for every sample. 

Performance diagram (performance versus time) is assumed to be a continuous de­
scending diagram over time. · In the operable state, its value decreases from the nominal 

performance to critical performance pC which is defined as the minimum allowable 

performance of the failure mode being in the operable state. Once the performance 
factor of a sample reaches pC , i.e. P(t) == pC, the state of the sample changes from 

operable to inoperable, so t is called sample failure time. After failure, the amount of 

performance continuously decreases. 

During the aging process, performance should be measured at the end of each time 

interval by performance test (PT). Selecting the most suit able test as PT strongly 

depends on its related performance factor. If there are sorne options for PT, the non­
destructive one should preferably be selected, because the destructive nature of a PT 

increases the sample size. Accordingly, each ADT consists of both aging pro cess (as the 

main accelerated testing) and PT, whereas there is no performance test in an accelerated 

catastrophic testing ( ACT). 

Every ACT is limited to catastrophic failure modes, but ADT could be conducted 

for both degrading and catastrophic failure modes. There is not censored time data 
in an ADT, i.e. if the product is highly reliable and the failure of its catastrophic 

failure mode is not attainable, related ADT method should be used to extrapolate the 
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performance factor to the critical performance. 

Performance diagram is usually different from sample to sample, but every diagr am 

might belong to a common performance model (if there is any). For example, the 

unknown parameters a and b in the q1:ladratic performance model P(t) == a-bt2 specifies 

difI"erent performance diagrams for different samples. For the sample i its performance 

values at time t == 0 and t == ta are denoted by pN and Pi respectively, which are 

obtained from the PT, so 

a == p N and 
pN _Pc b== ~ 

t2 
a 

In this section , the product is considered to be single-failure mode under a single 

stress with a known performance factor and its related non-destructive PT. The values 

of nominal and critical perforlnance lnust also be identified prior to t he t est . Related 

aging .process is assumed to be known, i.e. itstime (test time) can be related to service 

time somehow as follows. In a q-based aging process, samples are under normal service 

levels of stresses and degradation mechanism is stimulated by increasing the usage 

frequency of the stress (q) which is defined as the ratio of the tÎlne in which service 

samples are under this stress level to the total service time. In an AF -based aging 

process , acceleration factor of the aging process (the ratio of the service time to its 

equivalent test time to acquire the same level of degradati9n) is assumed to be known. 

In a stress-based aging process, the results of the test at high levels of stress could be 

used to estimate acceleration factor by known life-stress model (e.g. [10, 5]). 

4.2.2 Single-Aging Process 

In the single-aging process, each new salnple must first pass the PT in order to obtain 

its initial performance (before the aging pro cess ). According to the ab ove-mentioned 

assumption, the amount of initial perforlnance must be the same and equal to the 

nominal performance for every new sample. Accordingly, the implementation of the 

PT in this stage aims at estimating the nominal performance which could be the mean 

value of measured initial performance values. If many samples are available for ADT, 

only a few of them are needed to pass the PT (at this stage) to save time. 

Then, the sample has to pass the only aging pro cess for the specified period of tin1e 

ta. Finally, it must again passthe PT to obtain its performance after the aging process. 

For the new sample i, pN and Pt denote its performance factors before and after the 

aging process respectively. Performance t est is conducted twice on each new sample in 
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a single-aging process, so the performance model could simply be assumed to be linear 

(Miner's rule). Failure time of the sample is proposed to be estimated by sample-based 
or interval-based technique as follows. 

In the sample-based technique, for the sample i, the time to failure t j ,i is estimated 

as 
pN _pc 

tj,i == ta pN _ p; (4.1) 
~ 

according to the linear performance model shown in Fig. 4.1. Then the estimated 

failure time values for S test samples, i.e. t j ,i , i == 1 2, ... , Sare used for statistical 

analysis of reliability. 

Testing Time 

Figure 4.1: The estimation of failure time in single-aging pro cess based on the linear 
performance model by sample-based technique 

Note that the above technique is only valid for new samples. In order to obtain 

more realistic results, a number of new and used samples might be used together for 
ADT. For an AF -based aging process, this technique could be used for the service 

samples to obtain a correlation between test and service times. For the used sample i, 

let Li denotes the age of the sample in service, so Li/ AF is its equivalent test time as 
illustrated in Fig. 4.2. According to the least square method j the best fitted line has to 

be drawn so that it passes through the point (0, pN) in perforluance-tüne coôrdinate 

system. The failure time of the used sample i is estimated as the line intersects the 

horizontal critical performance line. 

For the interval based-technique, virtual sample approach is used as a numerical 
method to estimate reliability. For this purpose in general, a set of representative val­

ues must be taken from each available probability diagram of the random variable x 

according to Monte-Carlo method. The interval [0 , 1] of F(x) (cumulative distribution 
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Test aging 
process 

Testing time 

Figure 4.2: . The estimation of failure time based on the linear performance model by 

sample-based technique for used samples 

function) must equally be divided into N; (required number of representative values) 

subintervals so that from each subinterval its middle point F(x*) should be selected so 

its corresponding value of x* is considered as one representative value. The integration 

of all such values makes a set of representative values of the probability diagram. Ac­

cording to the problem, a virtual sample must be defined based on such representative 

values. Then, its failure time has to be estimated by the applied performance model. 

If 5* virtual samples are defined, non-statistical reliability of the product at the given 

time t is estimated as 

R(t) = ~: (4.2) 

where 5; is the number of those virtual samples whose estimated failure times are 

greater than t. In order to increase the accuracy of estimated reliability, high num­

ber of representative values (that results in high number of virtual samples) must be 

taken from each probability diagram. Note that if sorne probability diagrams exist in 

the problem, taking Inany representative values from each diagram might considerably 

increase the time needed for numerical analysis by computer. 

To apply the above numerical approach for the interval-based technique , the perfor­

mance values of all samples at the time ta , i.e. Pi ,i == 1, 2, ... ,5 are used to estimate 

the performance probability diagram at the time ta. Then, a number of representative 

values of performance (5*) must be taken from the diagram and listed in descending 

or der as Pt ,i == 1,2, ... ,5* . The performance value Pt ranked in position i must be 

devoted to the virtual sample i at the time ta as illustrated in Fig. 4.3. Therefore, 5* 

vil'tual sarnples are defined. For the virtual salnple i , its failure time t j* i is estimated 
l ' 

by the Eq. 4.1 for R == Pt and tj,i == tj,i ' Then, the non-statistical reliability of the 

product is estimated by the Eq. 4.2. 
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Figure 4.3: The estimation of failure time in the single-aging pro cess based on the linear 
performance model by interval-based technique 

4.2.3 Multi-Aging Pro cess 

In order to improve the accuracy of estimated failure time, the aging pro cess must be 

divided into sorne time intervals, so a more realistic performance model (including more 
unknown parameters) could be obtained compared with single-aging process. Therefore, 

the whole aging pro cess is divided into L time intervals (L > 1) , and performance must 

be measured at the beginning of the test , and after each time interval (totally L+ 1 times 
for each sample). Like the single-aging process, the sample-based or the interval-based 

technique could be used to estimate failure time. 

In the sample-based technique, for each new sample, according to its performance 

values obtained at the end of time intervals j the best fitted diagram has to be estimated 

by regression analysis. Then, its failure time is defined as the time the diagram intersects 
the horizontal critical performance line as shown in Fig. 4.4. AlI such estimated failure 

times must be used for statistical analysis of reliability. Because regression analysis 
is individually done for each sample, there might be no performance model, i.e. each 

sample has its own performance diagram which might inherently be different from 

others. 

In the interval-based technique , at the end of each time interval , the Ineasured 

performance must statistically be analyzed to estimate performance probability diagram 

at the time as shown in Fig. 4.5. Depending on requiredaccuracy, an equal number of 

representative values (S*) must be taken from every performance probability diagram, 
and such representative values for each diagram must be sorted in descending order. 

Accordingly, L sets of representative values in descending order are obtained. The 

virtual sample i is defined as the sample including every value of the set s listed in t he 
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Figure 4.4: The estimation of failure time in the multi-aging pro cess by sample-based 
technique and regression analysis 

ranking i at its own time. Then, its performance diagram and failure time could be 

estimated by regression analysis. The virtual samples 1 and S* respectively have the 

longest and the shortest failure times an10ng virtual samples. Then , non-statistical 

reliability of the product should be estimated by the Eq. 4.2. 
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Testing time 

Figure 4.5: The estimation of failure time in the multi-aging pro cess by interval-based 

t echnique and regression analysis 

4.3 Degradation Analysis of Field Salllples 

Used saInples of a product returned from serVIce due to a degrading failure mode, 

claimed by users and/or t echnicians, potentially possess valuable information about 
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their degradation pro cess in their own fields. Qualitative explanation of these samples 

(excellent , good j fair or poor) is not sufficient to predict their failure times for an exact 

reliability analysis. In addition, such explanation is not able to describe the available 

usual gap between manufacturer and user's criteria to report a failure. 

Primary requirements for reliability analysis of the samples returned from their 

own fields are the identification of performance factor and its corresponding PT for 
the failure mode under study. In order to identify the frontier between operable and 

inoperable states, critical performance has to be specified. The implementation of the 

PT on a service sample (with its known age) reveals its location in performance-time 

coordinate system. Furthermore, in order to identify nominal performance, the PT 

must be conducted on sorne new samples , so their average performance values could be 
considered as the nominal performance. 

In this section, in order to clarify different aspects in field failure analysis of degrad­

ing failure modes, the results of an empirical study on 12-volt valve regulated lead acid 

(VRLA) batteries used in 24-volt powered wheelchairs (2 batteries for each wheelchair) 
are presented. The failure nature of such batteries is degrading, and battery capacity, 

which is the time required to discharge a battery from fully charged to fully discharged 

is selected as the performance factor (e.g. [9, 3]). Battery capacity is capable of fulfill­

ing the main requirements of a performance factor as expressed by Mohammadian et 
al. [24]. It is measurable and sensitive to service time, and it continuously decreases 

over time. For our application in powered wheelchairs , the above definition has been 
re-defined as the time required to discharge the battery from 12.7V (not fully charged) 
to 12.0V (not fully discharged) , because most powered wheelchair batteries are used 

in this range of voltage. Such rnodification represents a real connection between the 
performance factor of batteries and their required application. Critical performance is 

defined as 80% of the nominal capacity for such batteries by many manufacturers (e.g. 

[9 , 29]). Hereafter, this appointment is referred to as manufacturer's criterion. 

Performance test including both charging and discharging tests , are carried out in 
an approximate ambient temperature of 23 oC, whereas discharging current rate is kept 

constant at 6A. Performance test has been conducted on 17 used batteries .( claimed 

as failed by users) and 2 new batteries in order to obtain their capacities as shown in 

Fig. 4.6 byMohammadian et al. [25]. Nominal performance (pN) is calculated as the 

average capacity values of new batteries (pN = 366 minutes) , so critical performance 

is calculated as pC = (0.8)(366) = 292.8 minutes according to the above-mentioned 

manufacturer 's criterion. The age and performance of the used battery i ~re denoted by 

Li and Pi respectively. The batteries below the horizontal critical performance lineare 

considered as fail , so only 5 out of the 17 batteries are failed based on the manufacturer 
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criterion. 
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Figure 4.6: Performance-time coordinate system and the best fitted function estimated 

by the least square estimation 

4.3.1 The Best Fitted Performance Model 

The least square estimation is used to obtain the best fitted function (curve) among 
m mathematical functions as Tj(t) , j = 1, 2, ... , m. The square estimator of the jth 
function (S Ej) is defined as 

(4.3) 

where Tj (Li) is the esti:r;nated performance of the used sample i by the function j at the . 
service time Li, and S is the number of used samples. According to the least square 

method, the function j is the best fitted function if 

SEj < SEk , k = 1, 2, ... , m , k i= j (4.4) 

The least square method could also be used to estimate unknown parameters of 

a specified performance model. Then, all parameters must be kept constant at their 

own estimated values except one of them that has exclusively be obtained for each used 

sample based on its performance value at its age. As an illustrative example, we present 
the model P(t) = p N 

- atb with two unknown parameters a and b for the wheelchair 

batteries. According to the least square estimation , the parameters a and b should be 

obtained so that they could minimize the square estimator SE. By a simple MATLAB 

program, the paramet ers a and b are estimated as 91.5(10- 4
) and 1.38 respectively as 
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illustrated in the Fig. 4.6. The performance model P(t) == p N - at1.38 (by keeping b 
at its estimated value) is one of the best fitted ~odels for the wheelchair batteries with 

the unknown parameter a. For the sample i, the unknown parameter ai is obtained so 

that its performance sets to Pi at the service time Li . Consequently, related unknown 

parameter and failure t ime of the sample i are obtained as 

p N _p. 
~ 

ai == -L-~.-38-
~ 

Reliability of the wheelchair batteries during the first year in service is estimated by 

the weibull pdf diagram on the 17 used wheelchair batteries by sorne known performance 

models as illustrated in Fig. 4.7. It can be concluded that the selected performance 
model can considerably affect the estimated reliability of the product. 
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Figure 4.7: Cornparison of reliability for different perforrnance rnodels 

4.3.2 User-Based Criterion 

For most catastrophic failure modes, the failure reported by a user is often acceptable 

by the manufacturer because the failure is obvious. For degrading failure modes, there 

might be a contrast between user and manufacturer's decisions to report a failure . 

U sually, critical performance is the base criterion to define fai lure from the manufacturer 

point of view. Such criterion is often in contrast to user expectation. I n addition , the 

user satisfaction level might be different from one to another. For example, a sample 

of a product reported as fai led by its user might still be in operable state according to 

the manufacturer's criterion. On the other hand, another sample might have already 

failed according to the manufacturer's criterion, but it is still satisfactorily used by its 

own user. Such contrasts motivate manufacturers and retail users (not real users) to 

specify the gap between manufacturer and users ' criteria. 
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Returning sample from service due to a probable degrading failure mode is the result 

of customer and/or technician's decision to report it as a failed sample. The user-based 

criterion states that the age of a field-returned sample must be considered as its failure 

time regardless of the manufacturer 's decision to accept or refuse the reported failure. 

80, for the used sample i, t J,i = L i . AlI these failure times are used for statistical 
analysis. 

There are 17 used batteries belong to 12 different wheelchairs. To avoid entering 

extra failure time data, for each pair of batteries used in the same wheelchair, one failure 

time must be considered. Fig. 4.8 ilIustrates the weibull failure probability diagrams 

of batteries based on the best fitted performance mode} and the user-based criterion. 

The reliability is estimated as 97.4% and 93.2% at the first year based on the users and 
the manufacturer 's criteria respectively, so fewer failed batteries are reported during 

the first year by users compared to the expected value estimated by the manufactur r 's 

criterion. Surprisingly, more than 96% of batteries are returned between the first and 

the second years, whereas only 42.2% of them are expected to be returned during this 

period of time. The main reason of this major contrast might be due to users' perception 

that battery capacity considerably decreases after the first year. 
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Figure 4 .~: WeibulI probability diagrams for batteries in 12 wheelchairs according to 

the manufacturer and user-based criteria 

The user-based criterion cou Id be stated in terms of performance values of samples. 

If each field-returned sample is accepted as a failed sample, then its performance must 

be considered as a critical perforlnance. Hence , the critical performance is defined as a 

random variable introduced by field samples . The capacities of 17 field batteries are used 

to estimate the normal distribution diagram for critical performance as shown in Fig. 

4.9. The average value of the random critical performance is estimated as 310.8 minutes, 

so there is a huge gap between critical performance defined by the manufacturer (292.8 
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min) and the one estimated by field samples (310.8). It is also concluded that almost 

near 20% of returned batteries are considered as failed by the manufacturer 's criterion, 

and others are in the acceptable levels of capacity. 
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Figure 4.9: The normal distribution diagram for critical performance according to the 

user-based criterion 

4.4 Generalized ADT 

For a single-failure lllode product under a single stress, accelerated degradation testing 

can estimate its performance model, failure times of its samples, and finapy product re­

liability. Such problem could become complicated if the product is multi-failure mode, 
and its samples are under more than one stress in service. For each stress, an exclusive 

known aging process must be defined while aIl other stresses are inactive. Then , the 

effect of the stress must individually be estimated on every failure mode in order to esti­

mate its performance model due to the stress. The existence of random variables inside 

performance models and usage profile make reliability estimation more complicated (or 

impossible) to be solved by analytical methods. 

Unit-less damage (factor) at the time t is defined as [28, 20, 14] 

D() == pN -P(t) 
t p N _ p c (4.5) 

where damage value is zero at the beginning of its operation and one at the failure time. 

After the failure, the amount of damage stands constant at one for catastrophic failure 

modes , whereas it tends to increase over one for degrading failure modes. Damage dia­

gram (damage versus time) is assumed to be a continuous ascending diagram. Damage 
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factor D( t) and performance factor P( t) of a failure mode are related together by the 

Eq. 4.5, so failure time could be estimated by using either performance or damage 

diagram. 

For every physical property in a multi-failure mode product, performance-time co­

ordinate system is scaled based on its physical unit. The performance diagram of other 

failure modes cannot be drawn in this coordinate system, because the coordinate sys­

tem has already been scaled based on the first physical unit which might be different 

from the second one. The damage diagrams of all physical properties could be drawn 

together in a single coordinate system, because damage is a unit-less factor. Therefore 

such illustration facilitates the observation and comparison of failure modes degrada­

tions. 

For a failure mode under a specified stress , damage diagram could be different 

from sample to sample, but all diagrams might belong to a common damage model. 

According to the applications and stresses, variety of damage models is available [26 30]. 
a Damage model depends on material, design, manufacturing process , applications and 
users. The most suit able damage model could be recognized by an apparent observation 

of available damage values in damage-time coordinate system. The best. fitted model 

could also be detected by the least square method. 

4.4.1 Independent Failure Modes 

A failure mode is called independent if other failure lllodes cannot have any effects on its 

damage factor. Accelerated degradation testing on a product including N independent 
failure modes under M stresses must individually be performed for every stress. It 

is assumed that every combination of stresses in service levels is not able to activate 
another failure mechanism than the ones that have already been detected under the 

individual stresses, otherwisesuch combination must be considered as a new stress, 

and the new failure mode has to be included in the product. 

Destructive nature of PT increases san1ple size and total time of accelerated testing. 

If the PT of every failure mode is non-destructive, for each stress , one set of test samples 

is needed for the ADT. An exclusive set of test samples is needed for any performance 

factor whose PT is destructive. 

The mathematical function Gj,l(ta ) denotes the test damage model of the failure 

mode j under the stress l (as the only stress while others are not active) in terms of 

the time of the aging process ta. Such model obtained from ADT must be extended to 
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its corresponding service model as follows. If the aging pro cess is q-based the time ta 
must be replaced with ql t, where qi is the usage frequency of the stress l, and t is the 
service time. Service damage model is then expressed as 

The equivalent model for an AF-based aging pro cess is expressed as 

t 
Dj,z = Gj,z(AF. ) 

) ,Z 

where AFj,z is the acceleration factor of the aging process. 

(4.6) 

(4.7) 

The expression dDj,z (t) / dt is the time derivative of the damage model that is called 
damage rate (e.g. [15]) , and it is assumed to be a function of D j rather than the service 

time t. The damage rates of the q-based and AF-based aging pro cesses are respectively 
obtained from the Eqs. 4.6 and 4.7: 

dDj,z(t) = G· (D·) dt qz ) ,Z ) (4.8) 

dDj,z(t) = _1_' G. (D .) 
dt AF· ),l) ) ,l 

(4.9) 

where Gj,z(Dj ) is the time derivative of Gj,l(t). It is concluded that for the failure mode 
j under the stress l , the constant acceleration factor in AF -based aging pro cess and the 
random variable usage frequency in corresponding q-based aging pro cess have an inverse 

relationship in above formulas. For instance, if the test damage model of the failure 

mode j under the stress l is obtained by an ADT as quadratic form Gj,l(ta ) '= ct~ where 
c is the model parameter, the service damage rates of the fail ure mode for q-based and 

AF -based aging processes are 0 btained as 

dDj,l(t) = q (2 ~) dt 1 \fc.L/j ( 4.10) 

dDj,l(t) = _1_(2Jc.Dj) 
dt AFj,l 

(4.11 ) 

where damage rates are not dependent on time. 

The damage rate dDj,Z (t) / dt of the failure mode j is only the one caused by the 
stress l. According to the superposition principle, the total damage rate of this failure 

mode is equal to the summation of every damage rate, each caused by its own related 

stress. Therefore , the general differential equation for the failure mode j is expressed 

as 
M 

dDj(t) = '" dDj ,z(t) 
dt ~ dt ( 4.12) 

l = l 
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where Dj(t) is the (total) damage rate of the failure mode j. The above equation for 

all failure modes, i.e. j = 1,2, ... , N makes a system of N non-linear independent first 

order differential equations for the product. 

In general, there exists no analytical solution for the above system of equation re­

garding the existence of many random variables , so it should be solved numerically. 

Here, the virtual sample method is used by representative values of probability dia­

grams. For every stress , if its related aging pro cess is q-based, a number of representa­

tive values must be taken from its usage frequency probability diagram. Representative 

values must also be taken from each failure probability diagram obtained by its related 

ADT. Then, such failure times should be used to estimate representative damage dia­

grams based on the known damage models as typically illustrated in Fig. 4.10 for the 
failure mode j under the stress l by linear damage model. 

The jlh representative damage diagram 

Figure 4.10: Obtaining representative damage diagrams (linear damage model D = . ct) 
from the known failure probability diagram 

For an AF-based aging process j each failure probability diagram must be modified 

based on its known service-related diagram in order to achieve a unique acceleration 

factor (e.g. same shape factor for both test and service weibull diagrams). 

A virtual sample is identified by its damage diagrams (a damage diagram from 

each damage model) and usage frequencies (a value from each set of usage frequency 

representative values of a stress if its related aging process is q-based). The number of 

virtual samples is 
N M M 

S* = Il Il Sj,z· Il St ( 4.13) 
j=l l=l l=l 

where Sj,l is the number of representative damage diagrams for the damage model of 

the failure mode j under the stress l and St is the number of representative values of 



Chapter 4. Quantitative Accelerated Degradation Testing: Practical Approaches 112 

the usage frequency of the stress l if the related aging pro cess is q-based. Hence for 

each virtual sample, a system of equations' (like Eq. 4.12) is obtained. The system can 
be solved by the finite difference approximation as 

Dj(t+ 6t) ~ Dj(t) = ~ dDj,l(t) 
!lt ~ dt ,for j = 1,2, ... , N ( 4.14) 

l=l 

where the accent * denotes a virtual sam pIe. The time interval !lt specifies the precision 

and the speed of calculation. The step by step calculation leads to obtain the damage 

factor of each failure mode at any time. According to the overall assumption in this 

paper, the initial value of damage for each failure mode should be considered zero, i.e. 

Dj (0) = 0 ,j = 1 2,... N, otherwise initial damage must be considered as a random 
variable, and its representative values must also be applied to the system of equation. 

The failure mode j of a sample occurs whenever its damage Dj reaches 1, but it 

doesn 't mean the sample fails. For this purpose, failure of the product has to be defined 

based on its failure modes and their connections which might be series, parallel , k-out-
of-n, stand-by etc. According to the definition of the product, the damage factor of 

the product could be defined as its proximity to the inoperable state. For example, 

for series and parallel products, their damage factors could be defined as the highest 
and the lowest damage factors of their failure modes respectively. At any given time 

t, according to the number of virtual samples (S*) and the number of survived virtual 
samples (S;), non-statistical reliability of the product is estimated by the Eq. 4.2. 

As an illustrative example, consider a product with two independent series failure 

modes under t,vo stresses. The first ADT is an AF-based aging pro cess th~t has no 

effect on the second failure mode, whereas the second ADT is a q-based aging process. 

The characteristics of both aging pro cesses , scale and shape factors of each fail ure 
probability diagram, and service damage models are presented on Table 4.1. 

Table 4.1: Characteristics of the aging processes, failure probability diagrams, and 
damage models 

Failure mode 

TT 

First ADT (under the stress T) 

AF-based aging process 

(/. (day) /3 AF {J" Damage mode! 

190 7.5 ]0 2.8 Gl.l=al / AF 

Second ADT (un~er the stress II) 

q-base aging process: .u=0.09, (J = 0.03 

(1. (day) {J Damage model 

]20 8.1 

65 7.5 GU = C(ql) 

For each virtual sample, the random variable q must be taken from related proba.:. 

bility diagram of the usage frequency, and unknown parameters a, band c have to be 

obtained from test failure probability diagrams. In oth r words each s t of (q abc) 

--------------------------------~--- ---- -
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specifies an exclusive virtual sample. For every virtual sample, its system of equations 

is written as (see the Eq. 4.10) 

dD~(t) _ ~ lbi5* 
dt - AF + 2qy UL/l 

dD~(t) 
== cq 

dt 

Because the product is assumed to be series, the time of the first failure mode occur­

rence must be considered as the failure t ime of the virtual sample. Finite difference 

approximation has been used to solve the above system for each virtual sample in time 

step ~t == 1 day. 

By a MATLAB code, reliability of the product at the first year is estimated and 

drawn in Fig. 4.11 in terms of the number of virtual samples, and it is estimated as 

92.6% for large number of virtual samples. 

96.5 

96 
~ 

95 .5 .q 
:D 

95 

.~ 94.5 
""§ 

94 
-0 

Q.) 

~ 93.5 
E 

93 

d3 92.5 

92 
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Number of virtual samp]es S* (in 1000) 

Figure 4.11: The estimated reliability in terms of the number of virtual samples by the 

finite difference approxirnation 

Occurrence probability of a failure mode is defined as the probability of ret urning 

samples from service due to that failure mode (among failed samples). Virtual sample 

method is also able to estimate occurrence probability of each failure mode in order to 

predict the most probable failure mode and non-relevant failure mode (if there is any). 

The diagram in Fig. 4.12 shows the occurrence probabilities of the first and the second 

failure modes versus the number of virtual samples, and they are respectively estimated 

as 63.2% and 36.8%, i.e. t he first failure mode is more likely to happen than the second 

one. 
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Figure 4.12: The estimated service occurrence probabilities of the failure modes ln 
t erms of the number of virtual samples 

4.4.2 Dependent Failure Modes 

The ability of ADT to estimate reliability for a product with dependent failure modes is 

one of ADT's most distinctive advantages over ACT. If the failure mode k can stimulate 
the degradation pro cess of the failure mode j , then the failure modes j and k are called 
dependent and cause failure modes respectively. The general formula presented for 
independent failure modes (Eq. 4.12) is not valid for dependent failure modes , and it 
must be modified based on t he physics of t he problem and the type of the cause failure 
mode (catastrophic or degrading). 

Catastrophic Cause Failure Mode 

The catastrophic cause failure mode k during its operable state usually has no effect 

on " the dependent failure mode j. The effect of t he failure of the cause failure rnode 

could be like a physical impact on the dependent failure mode so that it could suddenly 

increase t he stress level afterwards, and consequently, change its damage diagram. 

The syst em of beam and rope shown in Fig. 4. 13 under the mechanical force F , has 

two failure modes which are the dependent failure mode j due to breaking the beam 
at point l , and the cause failure mode k due to the cat ast rophic failure of the rope. 

Once t he rope fails at the time t k , t he st ress at the point l suddenly increases. so that 

it will result stimulating degradation of the beam at the point 1. It is assumed that 

the physical impact on the failure mode j at the time t k cannot activate degradation 

mechanism of other failure mode (than the one under study), otherwise the new failure 

mode has to be considered in the analysis. 
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Figure 4.13: The effect of the catastrophic failure of the failure lllode k on the failure 

mode j to increase its damage rate (linear model) for the system of beam and rope 

In order to obtain the damage rate formula for the dependent failure mode j , ADT 

must individually be done on the system for both stress levels (stress level l before and 

stress level z' after the catastrophic failure) in or der to obtain their damage models. 

Then, the general formula for the independent failure mode (Eq. 4.12) must be modified 

to be applicable for the dependent failure mode j as 

( 4.15) 

where Gj,z(Dj) and Hj,z,(D j ) are damage rate models (Fig. 4.13) due to the stress l 
and z' respectively, and cjJ°(Dk ) is the zero order singularity function defined as 

Degrading Cause Failure Mode 

Regarding the physics of the product and the connection between its failure modes, the 

damage of the degrading failure mode k (not its failure) might continuously stimulate 

degradation mechanism of the failure mode j. In other words, the total daluage rate of 

the failure mode j could be afFected by the damage level of the failure ll10de k. 

The original system of beam and spring shown in Fig. 4.14 includes the cause failure 

mode k due to continuous degradation of the spring constant (k) and the dependent 
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failure mode j at point 1. The supported mechanical force by the spring decreases 

over t ime because of degradation in the spring const ant. Consequently, the level of 
mechanical stress at the point l continuously increases , and it will cause speeding up 

the damage rate of the failure mode j. The general formula for the failure mode j could 

be modified as 

( 4.16) 

where Aj,k (Dk) is called dependency function of the failure mode j on the failure mode 

T k ~riginal product 

1 l ; 
Modified product 

r ~~=::~::~:~~::,,::::,,::'" . '~ 1 

(f~)I= 1J 

- Oblained from Lhe ori ginal product 

- - - Obtained from Lhe modified product 

A j,k (Dk ),Gj.l(D) 

A 

_- ------ --i ----
_--------- i, Gj.l (D) 

Damage } 

Figure 4.1 4: The continuous effect of the degrading failure lnode k on the failure mode 

j to increase its damage rate for the original system of beam and spring 

k, and it shows the tendency of the failure mode j to increase its damage level in 

comparison to the situation it is independent. Note that the function é j ,l (D j) is the 
damage rate of the failure mode j without any effects from the failure mode k. For 

each level of Dk' Aj,k(Dk) must be greater than one. 

In order to estimate the dependency function , ADT must individually be conducted 

for the original and modified products (Fig. 4.14) as follows: 

• ADT on the original product: The ADT test on the original product results in 

the damage rate diagram of the failure mode j by considering the cfftct of t he 

fail ure mode k. 
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• ADT on the modified product: In order to remove the effect of the failur mode 

k, the original product must be modified so that the stress level on th failure 
mode j is kept constant and equal to its level at the beginning of its operation 

while damage of the failure mode k is zero. 

The diagram in the Fig. 4.14 clearly shows the difference between damage ra e diagrams 

obtained by the above ADTs. The dependency function· should be estimated by dividing 

the first damage rate model by the second one. The diagrams also show th . individual 

effects of the stress F and the failure mode k on the dependent failure mode j. This issue 

could be interesting for design engineers to decide necessary modifications to d sign in 

order to decrease the damage of the failure mode j. 

4.5 Partial Aging Method 

The concept of the partial aging method proposed here for a single-failure mode product 

is based on aging a few new and sorne available used samples (with their known ages) in 

a relatively shorter time than a regular accelerated degradation testing by an unknown 

aging process. If n1any used samples are available, sorne of them should be selected 
for testing so that they could coyer a wide range of ages and applications. Critical 

performance must be identified prior to the test. In order to make an estimation of the 

time of a partial aging process, there should be an approximate prediction of the whole 
aging process (ta), i.e. required time to fail a new sample. 

To implement t,he method, each sample (new and used) must firstly pass the PT 

in order to estimate its damage before the aging process. Then the sample must pass 

a portion of the whole aging pro cess for the time period of bt (bt « ta). Finally the 

sample has to again pass the PT to estimate its damage after the partial aging process. 

Note that , the unknown aging process used in this method distinguishes it from the 
single-aging process. 

Let 1)i,l and 1)i,2 be the damages of the sample i before and after the partial aging 

pro cess respectively, so the approximate dama~e rate of the sample at the damage level 

1)i,1 could be estimated as 
. 1) ·2 - 1) · 1 1) . =~, ~, 

~ , 1 Jt ( 4.17) 

The geometrical definition of damage rate for a sample is the gradient of its linear 

damage diagram (over the span of bt) as shown in Fig. 4.15 for the. new sample j and 

the used sample k. 
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El Used sample k 
C Aged used sample k 

tan(a.)=Dj.2 / br 

~I Testing time 

Figure 4.15: The damage rate of the new sample j and the u ed sample k in damage­

time coordinate system 

The main assumption in this method is that the damage rate of the product dD / dt 
is a function of the damage level D (not the age). Accordingly, for each sample its 
damage before the aging process and its damage rate estimated by the Eq. 4.17 make 
a couple (a point) in the two dimensional coordinate system in w hich the damage rate 

is expressed in terms of damage. By the least square method, the best fitted function 
( curve) could be estimated as 

dD dt = ga(D) ( 4.18) 

where the subscript a denotes aging process, and the mathe~atical function ga(D) is 

called damage rate model (DRM). Unlike performance and damage models, there is not 
any unknown parameter in DRM, because it represents an average function of damage 

rate. In order to obtain the damage rate diagram for the ith used sample j i.e. ga,i(D) , 
the difference bet"VITeen its damage rate (estimated by the Eq. 4.17) and the damage 
rate value obtained by DRM at the damage level Di,I specifies the deviation of ga,i(D) 
from DRM as illustrated in Fig. 4.16 and estimated by 

(4.19) 

The above differential equation could analytically (or numerically) be solved for the 
sample i in order to estimate its failure time, i.e. the time its damage reaches 1. Note 

that the initial value of damage (at the time t = 0) for every used sample is assumed 

to be zero. 

The test damage rate diagram for the used sample i , i.e .. 9a,i(D) is used to estimate 

its service damage rate. For this purpose the time in test t mu t be transf rr d to the 
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Figure 4.16: Obtaining damage rate diagram for the used sample i from the known 

damage rate model (DRM) 

corresponding time in service ts by defining the acceleration factor of the sample i as 

AFi == ts/t which is unknown. Then (see the Eq. 4.9) 

( 4.20) 

The above differential equation should be solved so that service damage diagram (in 

terms of time ts) must include the point (Li' Di,I) where Li is the age of the sample 
i. Then, the unknown acceleration factor of the sample i, and consequently, its service 

damage could be obtained. 

The damage factors of 7 used samples and a new sample before and after the partial 
aging process, are shown on Table 4.2. The approximate whole aging pro cess time 

is considered as 1000 hours, so the partial aging pro cess time has been selected as 
bt == 100h. Although the initial damage of used samples is considered zero, but this 

value for the only new sample is not zero. The weibull pdf is used to statistically 
analyze the test and service failure times. Scale parameters of the aging process and 

service are obtained as aa == 884.9 hours and as == 5798.1 hours respectively, so the 
acceleration factor of the whole aging process is estimated as 6.55. In fact , the samples 

are aged for only 100 hours, so the acceleration factor of the partial aging is estimated 
as 5798.1/100 == 58.0 which is much higher than the one for the whole aging process. 

4.6 Conclusion 

Accelerated degradation testing has been categorized based on the number of its ag­

ing pro cess and performance test as single-aging and multi-aging processes. For both 



Chapter 4. Quantitative Accelerated Degradation Testing: Practical Approaches 120 

Table 4.2: The partial aging method for 7 used samples and 1 new sample to estimate 

the acceleration factor of the whole aging pro cess and the partial aging pro cess 
Samples Damage 0 ;,1 (1Q-4) go(O) ou/ g(O;,l) 

LJh) 0 ;,1 O ;, } Dt=100h tJ.i AF; ts,i 

0 0.01 0.06 5 
By 1eas[ square 

2 850 0.14 0.22 8 method based 0.9288 829.0 4.13 3426.6 

3 1870 0.13 0.24 Il on linear 1.3034 590.8 13.60 8031.7 
damage rate 

4 · 2790 0.39 0.49 10 model : 0.771 8 997.8 5.05 5042.8 

5 3450 0.69 0.81 12 0.6604 1166.0 3.67 4280.6 

6 3790 0.53 0.75 22 
gafO)=k.O+/ 

1.4295 538.7 10.32 5558.4 

7 4600 0.85 1.04 19 k=17.38 (10.4 ) 0.9069 849.1 5.94 5041 .8 

5 11 0 0.86 1.11 25 
/=6.18 (10.4 ) 

1.1834 650.7 8.55 5563.2 

Cl=Scale factor of the Weibull function Clo=884.9 Cls=S798.1 

sample and interval-based techniques to estimate failure time, the multi-aging process 

is suggested in order to achieve more accurate estimation of reliability. 

The accuracy of analyzing the results of field samples of a product strongly depends 

on its estiInated performance rnodel. The best fitt ed diagram (obtained by the least 
square estimation) has been proposed to be selected as the performance model. The 

gap between estimated reliability by the manufacturer's criterion and reported failures 

by users has been characterized by their estimated failure and performance probability 

diagrams. 

A general formula is developed for failure modes of a multi-failure mode product 

under soine stresses. Regarding the complexity of analytical methods to solve the sys­

t ern of differential equations due to the existellce of randorn variables, virtual sarnple 

method has been introduced as a numerical technique to estimate non-statistical relia­

bility. It has been concluded that the accuracy of virtual sample method has a direct 

relationship with selected number of virtual samples. The general formula has also 

been extended for a dependent failure mode. If new and used samples of the product 

are availa~le, the partial aging rnethod is proposed for an unknown aging pro cess to 

considerably decrease required aging time. 
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Chapter 5 

General Conclusions 

The first steps to conduct an accelerated t esting include the identification of accelerating 

variables , test samples and usage profile. Each AT must be validated t o address t he 

same failure modes in t est and service. Field dat a of a cat astrophic failure mode are 

analyzed based on warrant y and afterwards periods, and time-based or numbet-based 

analyses . The uncertainty for quantitative analysis in an ACT might be due to random 

variables , any types of short age in time-based field dat a (especially for mult i-failure 

mode products), the unknown aging process, and the unknown relationship between 

the t est and service results of the old and new versions of design. 

The existence of many random variables in t he usage profile and failure t ime is t he 

cause of complexity in an AT and disability of available analytical methods to solve the 

problem. The virtual sample Inethod is proposed to estimate non-st atistical reliability 

by replacing continuous probability diagrams with their representative values . Each 

virtual sam pIe is defined according t o its representative values . Then , non-statistical 

reliability is estimated. The virt ual sample method is applied for unique and multi 

levels of usage profile of a q-bascd aging process. The selection of Inore virtual samples 

increases t he accuracy of the estimated reliabili ty. 

For a single-failure mode product, test results have been modified based on related 

time-based service dat a . These dat a for a Inulti-failure mode product present t he most 

probable and irrelevant failure modes. For these products, the conformity and vicinity 

factors can effectively demonstrate t he proximity of test and service results . 

A relationship is est ablished between the service and t est results of the old and new 

versions of design based on a unique acceleration factor. The limitations in t est samples 

and test time for t he new version are discussed so t hat t he shortage of one of t hem could 
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be compensated for the other one. 

The concept of accelerated degradation testing for multiple stresses is developed by 

the superposition principle. The definition of unit-Iess damage factor is presented to 

shpw the degradation of different physical properties in one diagram. Damage rate of 

every failure mode is assumed to be the function of its damage level (not time). The 
system of equations for a multi-failure mode product is solved by the virtual sample and 

finite difference methods to estimate reliability. The concept of ADT has also been used 

to estimate failure time of a sample returned fromservice due to a degrading failure 

mode. This estimation leads to identify the difference b etw en user 's decision t o report 

a failure j and manufacturer criterion to accept the failure. A major contrast has been 

obtained for the problem of wheelchair batteries. 

The partial aging method is proposed for an unknown aging pro cess while both 

new and used samples are available. For the presented illustrative example, the most 

distinction of the method to increase the acceleration factor has been confirmed. 

Every previous qualitative ADT could be converted to quantitative ADT by defining 

its related critical and nominal performance factors as presented in the concept of ADT. 

Accordingly, non-statistical reliability of the product will be estimated. 


