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Résumé 

La production mondiale d’aluminium, produit via le procédé Hall Héroult, est actuellement autour 

de 60000 tonnes annuellement. Ce procédé a principalement conservé le concept original développé 

en 1886. Les anodes de carbone précuites utlisées dans ce procédé représentent une part importante 

du design des cellules d’électrolyse de l’aluminium. Les anodes font partie de la réaction chimique 

de la réduction de l’alumine et sont consommées lors du processus d’électrolyse. De ce fait, le 

niveau de consommation et la qualité des anodes ont un effet direct sur la performance des 

alumineries dans le marché extrêmement compétitif de la production d’aluminium. Bien que le 

processus et le design des anodes datent de 130 ans, l’effet des propriétés des matières premières 

sur la qualité finale des anodes n’est pas tout à fait maîtrisé, nécessitant ainsi des recherches 

approfondies. 

Les anodes de carbone sont composées de particules de coke, de pitch et de mégots d’anodes. Le 

pitch à la température de mélange et de formage est un liquide. Par conséquent, le mélange est une 

pâte de coke et des agrégats de mégots et pitch agissant comme liant. Le comportement de 

l'écoulement et du compactage de ce mélange en raison de la coexistence d'une variété de 

paramètres physiques, chimiques et mécaniques sont des phénomènes complexes. Compte tenu de 

l'importance des anodes de haute qualité et de longue durée en performance et donc l'économie des 

cellules de réduction, sous-estimer et prédire les propriétés finales des anodes sont très importantes 

pour les fonderies. La modélisation numérique dans des problèmes aussi complexes peut fournir 

un laboratoire virtuel où les effets de différents paramètres de processus ou des matériaux  sur la 

qualité de l'anode peuvent être étudiés sans risquer la performance du pot. Toutefois, le choix de la 

méthode numérique est une décision critique qui doit être prise en fonction de la physique du 

problème et de l'échelle géométrique des problèmes étudiés. 

La méthode des éléments discrets (DEM) est utilisée dans ce travail de recherche pour modéliser 

les deux phases de la pâte d’anode; les agrégats de coke et le brai de pétrole. Dans cette partie du 

travail, les modèles DEM d’agrégats de coke sont utilisés pour simuler les tests de densité en vrac 

vibrée des particules de coke et pour révéler les paramètres impliqués. De par sa nature, la DEM 

est idéale pour étudier les contacts entre particules. Les résultats de ces travaux seront ensuite 

utilisés pour proposer de nouvelles recettes d’agrégats secs avec une densité en vrac supérieure. 
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La résistivité électrique de lits de particules a été mesurée expérimentalement. Les informations sur 

les contacts entre particules obtenues à partir des modèles numériques ont été utilisées pour 

expliquer la résistivité électrique de lits de particules avec différentes distribution de tailles de 

particules. Les résultats ont montré que lorsque le nombre de contacts par unité de volume 

augmente dans un échantillon, la résistivité électrique augmente aussi. La densité compactée du lit 

de particules a aussi une influence sur le passage de courant dans les matériaux granulaires. D’après 

les résultats obtenus, conserver la densité de contacts aussi basse que possible est bénéfique pour 

la conductivité électrique s’il n’a pas d’impact négatif sur la densité compactée. 

Le brai de houille est un matériau viscoélastique à température élevée. Dans ce travail, les 

propriétés rhéologiques du brai et de la matrice liante (brai + particules fines de coke) ont été 

mesurées expérimentalement en utilisant un rhéomètre à cisaillement dynamique à 135, 140 145 et 

150 °C. Le modèle de Burger à quatre éléments est alors utilisé pour modéliser le comportement 

mécanique du brai à 150 °C. Le modèle vérifié est alors utilisé pour étudier les propriétés 

rhéologiques du brai et du mélange coke /brai à 150 °C. Le modèle de Burger calibré démontre une 

bonne prédiction des propriétés viscoélastiques du brai et de la matrice liante à différentes 

températures. 

Les résultats obtenus montrent que, considérant la physique du problème, la méthode des éléments 

distincts est une technique de simulation numérique adaptée pour étudier les effets des matières 

premières sur les propriétés mécaniques et physiques des mélanges coke /brai. 
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Abstract 

Global aluminum production now is around 60 000 metric tonnes, annually, which is produced by 

the Hall-Héroult process. The process has mostly kept the original concept developed in 1886. Pre-

baked carbon anodes are an important part of the design of aluminum smelting cells. Anodes are 

part of the chemical reaction of alumina reduction and are consumed during the process. Thus, 

quality and properties of anodes have direct effects on the performance and economy of the 

aluminum production in today’s highly competitive market. Although the design of anodes goes 

back to 130 years ago, effects of raw materials properties on final quality of anodes still need to be 

investigated.  

Anodes are composed of granulated calcined coke, binder pitch and recycled anode butts. Pitch at 

temperatures of mixing and forming steps is a liquid. Hence the mixture is a paste of coke and butts 

aggregates with pitch acting as binder. Flow and compaction behavior of this mixture, because of 

the co-existence of a variety of physical, chemical and mechanical parameters are complicated 

phenomena. Given the importance of high quality and long lasting anodes in performance and so 

the economy of the reduction cells, understating and predicting the final properties of anodes are 

very important for smelters. Numerical modeling in such complicated problems can provide a 

virtual laboratory where effects of different materials or process parameters on anode quality index 

can be studied without risking the pot performance. However, the choice of the numerical 

framework is a critical decision which needs to be taken according to the physics of the problem 

and the geometrical scale of the investigated problems.         

Discrete Element Method (DEM) is used in this research work to model the anode paste. In the first 

step, DEM models of coke aggregates are used to simulate the vibrated bulk density test of coke 

particles and to reveal the parameters involved. As a micromechanical model, DEM provides a 

unique opportunity to investigate the particle-particle contacts. The developed DEM models of 

coke aggregates were then used to propose a new dry aggregates recipe exhibiting higher packing 

density. Packing density of coke aggregates has direct effect on the baked density of anodes. High 

density is a very favorable anode quality index as it has positive effects on mechanical strength, 

and consumption rate of anodes in the cell.   

Electrical resistivity of bed of particles was experimentally measured. Particle-particle contacts 

information obtained from numerical models were used to explain the electrical resistivity of 

samples with different size distribution. Results showed that the increase in the number of contacts 
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in volume unit of a sample increases, the electrical resistivity of the particle bed. Packing density 

also influences the electrical current transfer in granular systems. According to the obtained results, 

keeping the contacts density as low as possible is beneficial for electrical conductivity if it does not 

have a negative effect on packing density.  

Pitch is a viscoelastic material at elevated temperatures. In the present work, rheological properties 

of pitch and binder matrix (pitch+fine coke particles) were experimentally measured using a 

dynamic shear rheometer at 135, 140, 145 and 150 ºC. Four-element Burger’s model is then used 

to model the mechanical behavior of pitch and binder matrix. The verified model is then used to 

investigate the rheological properties of pitch and coke/pitch mixtures at 150 ºC. Calibrated 

Burger’s model showed to have a good prediction of viscoelastic properties of pitch and binder 

matrix at different temperatures.  

Obtained numerical results showed that available empirical equations in the literature fail to predict 

the complex modulus of mixtures of pitch and coke particles. As pitch has viscoelastic response 

and coke particles have irregular shapes, rheology of this mixture is more complicated and needs 

well-tailored mathematical models. 

Complex modulus of pitch decreases by increasing the temperature from 135 to 150 ºC, this makes 

easier the coke/pitch mixtures to flow. DEM modeling showed that the mixture gets a better 

compaction and so lower porosity by vibro-compacting at higher temperatures. The ability of pitch 

to penetrate to inter-particle voids in the porous structure of bed of coke particles was also shown 

to be improved by temperature. Final anode structure with less porosity and so high density is 

favorable for its mechanical strength as well as its chemical reaction in the cell as   

Based on the obtained results and considering the physics of the problem, it can be said that discrete 

element method is an appropriate numerical simulation technique to study the effects of raw 

materials and the anode paste formulation on mechanical and physical properties of coke/pitch 

mixtures. The platform created in the course of this research effort, provides a unique opportunity 

to study a variety of parameters such as size distribution, shape and content of coke particles, 

content and rheological properties of pitch on densification of coke/pitch mixtures in vibro-

compaction process. Outputs of this thesis provide a better understanding of complicated response 

of anode paste in the forming process.  
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Preface 

 

Aluminum smelting is a very energy intensive process. On average it takes around 16 kWh of 

electricity to produce one kilogram of metallic aluminum. This is the reason why aluminum 

smelters are located in areas where inexpensive sources of electricity are available. The province 

of Quebec in Canada due to its abundant hydroelectric resources has been a global hub for 

aluminum production for decades. Market changes and huge investments in aluminum production 

in China in the last two decades have contributed to have a very competitive and tough global 

aluminum market. These changes have in turn given a momentum to research and development 

efforts to improve the economy of the aluminum smelting process.  

Carbon anodes with the share of around 16% in total cost of aluminum production are an important 

part of the process. Low quality and overconsumption of anodes have been an issue for aluminum 

industry for decades and as the hopes for developing inert anodes in near future is fading, 

maximizing the performance of conventional carbon anodes has been a critical point for smelters.    

The Collaborative Research and Development (CRD) program between Alcoa Co. and Aluminium 

Research Centre (REGAL) at Laval University was started in 2009 to cover the whole subject of 

energy saving in aluminum smelting for Alcoa. Carbon anode, its characterization and studies on 

its forming, baking and mechanical modeling were included in the research program.    

This doctoral dissertation which is presented to the department of mining, metallurgical and 

materials engineering of Laval University, is part of this research program and was carried out 

under the supervision of Professor Houshang Alamdari and co-supervision of Professor Mario 

Fafard. Dr. Donald Ziegler, program manager at Alcoa primary metals was the industry supervisor 

for this project. Given the importance of numerical modeling in providing the knowledge and 

means to visualize and understand the phenomena involved in forming and compaction of anodes 

this project with the title of “Discrete Element Method Simulation of Packing and Rheological 

Properties of Coke and Coke/Pitch Mixtures” was defined. Dissemination history of this project is 

as follows: 

Published Peers Reviewed Journal articles: 

1) Behzad Majidi, Kamran Azari, Houshang Alamdari, Mario Fafard, Donald Ziegler, Simulation 

of Vibrated Bulk Density of Anode-Grade Coke Particles Using Discrete Element Method, 

Powder Technology, Vol. 261, 2014, pp. 154-160 
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1. Introduction 

1.1. History  

After oxygen and silicon, aluminum is the most abundant element on earth making up 8.2 percent 

of earth crust [1]. Despite its abundance, aluminum was only discovered in the 19th century. That 

is because, due to its high electronegativity, it is never found as a pure metal in nature. Instead, it 

forms compounds with other elements, namely with oxygen.   

Aluminum is a soft, extremely light and a shiny nontoxic metal with a high resistance to 

atmospheric corrosion, due to a hermetic and adhesive oxide layer, being formed instantaneously 

on its surface. These properties make aluminum a very important and useful metal with a wide 

range of applications from chewing gum wrappers and beverage cans to high strength parts for auto 

and aerospace industries. Aluminum is now the world’s second commodity metal [2].  

The word “aluminum” has the root in the Latin word alumen. Alum is a white powder that contains 

aluminum and elements such as sulfur. Alum was used by ancient Roman surgeons to close the 

wounded blood vessels [3]. By the end of 18th century it was believed that there is an unknown 

metal oxide in alum. In 1808, this unknown metal was named aluminum by the British chemist 

Humphry Davy [4]. However, it was only in 1825 that the Danish chemist Hans Christian Ørsted 

successfully produced a tiny amount of aluminum. Then, the German chemist Friedrich Wöhler 

developed a more efficient way of producing aluminum by heating aluminum chloride to its melting 

point with potassium [5]. He finally produced enough amount of aluminum to study its basic 

properties. A French chemist-Henri-Étienne Sainte-Claire Deville in 1854 improved Wöhler’s 

method by replacing potassium with sodium. His method allowed the commercial production of 
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aluminum. Finally, in 1886, today’s industrial standard method of producing metallic aluminum 

was simultaneously and independently developed by Charles Martin Hall in the U.S. and Paul L.T. 

Héroult in France. The first large scale aluminum production plant was opened by Hall in 1888 in 

Pittsburgh, Pennsylvania, which later became as Aluminum Company of America or Alcoa 

corporation. The process, then called Hall-Héroult method, is the electrolysis of dissolved alumina 

in molten cryolite at 980-1000 °C.   

1.2. Metallic Aluminum Production 

Nowadays, metallic aluminum production has two main processes. In the first process, pure 

aluminum oxide is obtained from bauxite ore through the Bayer process. In this process, the 

aluminum-bearing minerals in the ore are selectively extracted from the insoluble components by 

dissolving them in sodium hydrate solution. As an instance, the chemical reaction for aluminum 

hydroxide, Gibbsite, is as follows 

𝐴𝑙(𝑂𝐻)3 + 𝑁𝑎+ + 𝑂𝐻− → 𝐴𝑙(𝑂𝐻)4
− + 𝑁𝑎+                                                               (1.1) 

The insoluble phases are separated from the aluminum-containing liquor by means of filtration. 

Then in a process, which is called precipitation, crystalline aluminum trihydroxide is obtained from 

the following reaction: 

𝐴𝑙(𝑂𝐻)4
− + 𝑁𝑎+ → 𝐴𝑙(𝑂𝐻)3 + 𝑁𝑎+ + 𝑂𝐻−                                                               (1.2) 

The hydrate crystals are classified into size fractions and fed into a calcination kiln in which water 

is driven off the material (reaction 1.3) 

2𝐴𝑙(𝑂𝐻)3 → 𝐴𝑙2𝑂3 + 3𝐻2𝑂                                                                                         (1.3) 

The second step of aluminum production is the reduction of metallic aluminum from refined 

aluminum oxide; the Hall-Héroult process. In this process, alumina is dissolved in a bath of molten 

cryolite (sodium aluminum fluoride) at about 960 °C and an electric current of around 200 up to 

350 kA is passed through the electrolyte at low voltage. Figure 1.1 provides a schematic illustration 

of Hall-Héroult cells, commonly named “pot”. The anode of the cell is made of carbon. Molten 

aluminum is denser than molten cryolite and it sinks to the bottom of the cell where it is periodically 

siphoned off. The pool of already produced aluminum acts as cathode. Carbon anode and alumina 
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are consumed by the chemical reactions during the process and must be added to the cell 

accordingly. The overall chemical reaction can be written as: 

1

2
𝐴𝑙2𝑂3(𝑑𝑖𝑠𝑠𝑜𝑙𝑣𝑒𝑑) +

3

4
𝐶(𝑠) → 𝐴𝑙(𝑙) +

3

4
𝐶𝑂2(𝑔)                                                      (1.4) 

Anodes are consumed during the electrolysis process, as it is seen in equation (1.4). The pot is 

designed to have two anodes to be replaced with new ones each month. However, a controlling 

system adjusts the vertical position of the studs to keep the required anode-cathode distance (ACD). 

The production capacity of the cell is proportional to the electrical current. Thus, high amperage 

current is necessary to obtain an economical production rate. However, some limitations such as 

maximum current density for the anodes practically restrict the production rate of the cell. In most 

plants the current density of the anodes is around 0.8 A/cm2 and it is limited to 1 A/cm2 [6].  

 
Figure 1.1. Schematic cross section of Hall-Héroult reduction cell with pre-backed anodes 

Historically, two types of anodes have been developed for the Hall-Héroult process; self-backing 

Söderberg and pre-backed anodes. In the Söderberg design, anodes are continuously fed to the cell 

and continuously backed using the generated heat in the cell. High environmental pollution and 

carbon consumption in Söderberg design led the industry toward pre-backed anodes. Pre-backed 

carbon anodes are backed in a separate kiln and periodically replace the consumed anodes. 
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1.3. Raw Materials for Carbon Anodes 

Carbon anodes for aluminum smelting cells are made by mixing coal tar pitch and calcined coke 

aggregates to obtain a paste, followed by compacting and baking of the paste. Since not the whole 

anode block is consumed in the electrolysis cell, the remaining of the anode, so-called “butts”, are 

recycled, cleaned and added to the paste recipe. Typical pre-backed anode is composed of around 

65 wt.% coke, 15 wt.% pitch and 20 wt.% of anode butts. Thus, the mixture is composed of a binder 

pitch plus aggregates (calcined coke and anode butts).  

Calcined petroleum coke is the most important raw material of anode manufacturing process. 

Calcined coke is obtained by calcination of green coke, which is a by-product of crude oil refining 

process. Depending on the process and operation conditions, petroleum coke can be of different 

types. Delayed coking and fluid coking are two means of producing green coke. Delayed coking is 

a thermal cracking process in which petroleum residuum is upgraded and converted into liquid and 

gas products and a concentrated carbon material (petroleum coke) remains. In fluid coking, 

fluidized bed of coke particles is maintained at 500 °C and 140-280 kPa and heavy oil is sprayed 

into the vessel. The feed vapors are cracked while forming a liquid film on the coke particles. A 

portion of the remaining coke is returned to the fluidized bed and the balance is withdrawn as 

product. Fuel grade cokes are sold as green coke, but cokes used in aluminum industry to produce 

anodes must be calcined at around 1300 °C. Table 1.2 compares the properties of green and calcined 

coke produced with different methods. Consumption of coke for aluminum smelting process is 0.4-

0.5 kg per kg of produced metal. Aluminum industry was using less than 10 million tons of calcined 

coke per year during the 80s [7] and due to the escalating increase of global aluminum production 

in the past twenty years, this consumption level is now more than 20 million tons per year. 

Coal tar pitch is a residue produced by distillation or heat treatment of coal tar. Pitch is a complex 

material composed of polycyclic aromatic compounds [8] with a broad molecular weight 

distribution. This structure provides binder properties to pitch and also the potential to have a 

transformation into graphitizable carbon by pyrolysis [9]. Due to its properties, coal tar pitch is 

widely used in different industries such as production of anodes for the aluminum industry and 

electrodes for electric arc furnaces [10]. Crude tar composition, distillation method, and further 

treatments of pitch are the factors influencing the physical and chemical properties of coal tar pitch. 

Due to its amorphous structure, pitch has no melting point and shows a thermoplastic behavior. 

Thus, it starts to soften at temperatures lower than the melting point of its individual constituents 

[11]. Softening point of pitch is one the parameters that are used as an indicator of pitch quality. 
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Carbon anode plants use pitches with mettler softening point between 100 and 120 °C [12]. Coking 

value, density, quinoline insolubles (QI), toluene insolubles (TI) and viscosity are other important 

parameters, which are used as quality indices of pitch in aluminum industry [12]. 

Table 1.1. Typical green and calcined coke properties [7] 

Characteristics 
From delayed coking Needle coke 

Crude Calcined Crude Calcined 

Moisture, wt.% 6-10 0.1 6-10 0.1 

Volatiles, wt.% 8-14 0.5 4-7 0.5 

Sulfur, wt.% 1.0-4.0 1.0-4.0 0.2-2.0 0.5-1.0 

SiO2, wt.% 0.02 0.02 0.02 0.02 

Fe, wt.% 0.013 0.02 0.013 0.02 

Ni, wt.% 0.02 0.03 0.02 0.03 

Ash, wt.% 0.25 0.4 0.25 0.4 

V, wt.% 0.015 0.03 0.015 0.02 

Bulk density, g/cm3 0.720-0.800 0.673-0.720 0.720-0.800 0.673-0.720 

Real density, g/cm3  2.06  2.11 

1.4. Anode Quality and Cost 

Anodes in Hall-Héroult process are not only a part of the electric circuit, but also a part of the main 

chemical reaction of the cell (equation 1.4). This means anodes are continuously consumed during 

the process and they need to be frequently replaced. Modern smelters have anodes with a lifespan 

of about 25 days [13]. Typical properties of pre-backed carbon anodes have been given in table 1.2. 

Generally, anodes make up about 17% of the cost of aluminum production process [14]. However, 

impurities or lower quality indices (for example low density or high air permeability) of anodes 

can increase the total anode cost for aluminum smelters by reducing the lifespan of the anode 

blocks.  
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Table 1.2. Typical properties of industrial pre-backed anodes [12] 

Anode Property Unit Typical Range Typical 2σ Method 

Green Apparent Density kg/dm3 1.55-1.65 0.03 Dimension 

Baked Apparent Density kg/dm3 1.50-1.60 0.03 ISO N 838 

Baking Loss % 4.5-6.0 0.5 Dimension 

Specific Electrical 

Resistance 
µΩm 50-60 5 ISO N 752 

Air Permeability nPm 0.5-2.0 1.5 RDC 145 

Compressive Strength MPa 40-50 8 DIN 51910 

Flexural Strength MPa 8-14 4 ISO N 848 

Static Elastic Modulus GPa 3.5-5.5 1 RDC 150 

Dynamic Elastic Modulus GPa 6-10 2 Grindosonic 

Coefficient of Thermal 

Expansion 
10-6/K 3.7-4.5 0.5 RDC 158 

Fracture Energy J/m2 250-350 100 RDC 148 

Thermal Conductivity W/mK 3.0-4.5 1.0 ISO N 813 

1.5. Problem statement, project overview and objectives 

Variations in quality and properties of anodes directly influence their performance and lifespan in 

the pot. As the physical, chemical and mechanical properties of raw materials (pitch and calcined 

coke) change, any modification in the production process or materials recipe require a good 

understanding of the behavior of materials. Final response of anodes in the electrolysis cells is 

largely influenced by its microstructural details such as bulk density and homogeneity.  

There have been very limited published works on mechanical modeling of anode paste or 

coke/pitch mixtures and the available literature in this field is mostly finite element method 

modeling of anode paste with the aim of simulating the bulk response of anode paste.  

However, as the raw materials are granular coke mixed with a viscoelastic binder, the numerical 

method used to model the material needs to consider the discontinuities that affect the materials 
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behavior. These properties include: size distribution of coke aggregates, shape factor of coke 

particles, pitch to coke ratio, viscosity of pitch, etc. 

In this project Discrete Element Method (DEM) is used for the first time in carbon anodes 

technology to simulate the packing, compaction and flow of coke and coke/pitch mixtures. DEM 

provides a unique opportunity to study the parameters involved in: 

• packing density of dry coke aggregates 

• viscoelastic behavior of pitch and its mixtures with coke particles 

• compaction and flow of anode paste 

Chapter 5 presents the results obtained on experimental and numerical works on vibrated bulk 

density (VBD) of calcined coke. A method for three-dimensional modeling of coke aggregates is 

developed and presented. Then, effects of particles shape and friction coefficient on VBD of coke 

is investigated.  

In Chapter 6, a new approach so called void tracking is proposed to study the inter-particle voids 

in a granular system. The method is then used to study and improve the vibrated bulk density of 

dry coke recipe of anode paste.  

Chapter 7 includes the work done on viscoelastic modeling of pitch. First, Burger’s viscoelastic 

model is mathematically scripted and implemented in an open-source DEM code of YADE. After 

verification of the in-house implementation, a three-dimensional DEM model is developed to 

predict the viscoelastic behavior of pitch and its mixtures with coke particles.       

Effects of temperature and fine particles on viscoelastic response and compaction of pitch is 

investigated in chapter 8. Experimentally measured viscoelastic properties are used to determine 

the contact model parameters for pitch at different temperatures. The verified models are then used 

to simulate the response of the material for static and dynamic loadings.  

In chapter 9, the unique power of DEM modeling in providing an access to particle-particle contacts 

data in a granular system is used to study the electrical current transfer in coke bed assemblies. 

Interactions and effects of particle contacts and bulk density are investigated and presented in 

details.  
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2. Literature Review 

2.1. Prebaked Carbon Anodes 

Calcined coke and recycled anode butts are crushed and screened/sized to pre-determined size 

fractions in anode plants. This dry aggregate mix is then preheated to 110-165 ºC and mixed with 

13-18 wt.% pitch at temperatures around 150 ºC to form anode paste. The obtained paste then 

experiences a forming step by vibratory compaction or hydraulic pressing, to form green anode 

blocks. Green anodes are then baked at temperatures between 1100 and 1200 ºC to obtain the 

required mechanical strength. 

Baked anode properties are influenced by the physical and chemical properties of its raw materials 

(coke and pitch).  In the last three decades, there has been a continuous decline in the quality of 

calcined cokes in parameters such as sulfur impurity and bulk density [12, 15, 16]. On the other 

hand, coal tar pitch continues to decrease in quinoline insolubles (QI) and to increase in softening 

point as a result of coal tar quality changes from cookeries [16, 17]. Blending raw materials from 

different sources has been a technique for anode plants to offset the raw materials quality variation. 

This, in turn, can raise homogeneity concerns for anode pastes. Thus, it is very important to 

understand the influence of different properties of coke aggregates and binder pitch on final quality 

indices of anodes.    

2.1.1. Effects of coke properties on anode quality   

Coke particles make up around 65 wt.% of an anode and thus physical, chemical and mechanical 

properties of coke have a considerable impact of anode quality. Coke porosity (experimentally 
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measured by means of bulk density) has a direct effect on the apparent density of anode. Fischer 

and Perruchoud [18] reported an increase of 0.06 kg/dm3 in anode apparent density for a 0.12 

kg/dm3 increase in coke bulk density.  Lower air permeability of anode has also been observed with 

increasing coke density [19]. K.A. Dorche et al. [20] investigated the effects of physical properties 

of coke particles on the compaction behavior of green anode paste and reported a pronounced effect 

of coke particles shape on compaction curves and final apparent density of anode paste. They 

showed that using more spherical particles enhances the density of the compacted anode pastes. 

Dion et al. [21] in 2015 proposed a method to separate high- and low-density calcined cokes. High-

density particles were used in medium and coarse size fractions of anode recipe and low-density 

particles were crushed and used as fine particles. As shown in Figure 2.1, it has been shown that 

use of separated high-density coke fractions leads to higher baked density of anodes with the same 

amount of pitch.    

 
Figure 2.1. Baked density of laboratory anodes made with as-received and separated cokes. 

(reproduced from [21]) 

2.1.2. Effects of pitch properties on anode quality   

Pitch acts as a binder in anode paste to bond the coke particles together. It also penetrates into the 

open pores of coke particles. Wettability of coke by binder pitch affects the bonding strength 

between them and so the final anode properties. It has been shown [22] that temperature has a 

positive effect in wettability of coke by pitch. Coking value and softening point are also important 

properties of pitches. A part of pitch is lost during baking as volatiles release, leaving behind a 

pitch coke.  This characteristic of pitch is measured as coking value. The remaining pitch coke acts 

as binder between the coke particles. As shown in Figure 2.2, baked apparent density (BAD) of 
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anodes increases with the increase in softening point of pitch. It is believed that this is because of 

the positive effect of softening point on the coking value of pitch [12].  

 
Figure 2.2. Effect of softening point of pitch on density and baking loss of anodes (reproduced from 

[12]) 

2.1.3. Rheological properties of anode paste   

Pitch is a thermoplastic amorphous material and thus it does not have a melting point. The change 

from the solid state to a viscous liquid is gradual and the term softening point is used to describe it. 

Pitches used in carbon anode plants have a softening point of 100-120 ºC.  Above the softening 

point, pitch is a liquid and based on its chemical composition it can exhibit Newtonian [23], non-

Newtonian [24] and viscoelastic [25] behavior. A combination of pitch and coke fine particles (also 

called fines) can make up a viscous granular phase representing 38-60% of the anode content [12]. 

This phase is called Binder Matrix, in which large coke aggregates are dispersed. There is an 

optimum content of pitch in the paste to have the best combination of quality factors in final baked 

anode. Overpitching results in cracking and extreme shrinkage in the anode block, due to excessive 

mass loss during baking. The most important result of underpitching is anodes with low apparent 

density, high electrical resistivity and poor mechanical properties [12]. Figure 2.3 schematically 

shows the optimum pitch content, which bonds the aggregates and also provides enough space for 

pitch expansion during baking. Since pitch wets the coke particles and penetrates into the open 

pores of the particles, the structure and porosity of coke are important factors determining the pitch 

demand in anode paste.  
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Rheological behavior of anode paste is termed as granulo-viscoelastic [12]. The viscous part comes 

from the pitch and the elasticity and granular behavior come from the coke particles.  Increased 

temperature, shear rate and pitch amount increase the viscous behavior of the paste compared to its 

elastic response. This behavior has an important effect on the compaction behavior of the paste 

during vibro-forming process, thus on the final density of anode.    

 
Figure 2.3. Concept of optimum pitch content in anode paste (reproduced from [12]) 

2.2. Viscoelasticity 

2.2.1. Theory and measurement 

External load on a material causes an internal rearrangement. These rearrangements require a finite 

time in any material. Materials with significant amount of time-dependent stress-strain response 

are called viscoelastic [26]. Time dependency in response of materials to external loads can be 

represented as shown in Figure 2.4. When a step load is applied to the materials for time duration 

of t0 to t1, the ideal elastic material (b) exhibits an instantaneous response and deformation 

immediately returns to zero by unloading. This response needs only Young’s modulus to be 

defined. Pure viscous material (c) deforms with a constant rate with time during loading and leaves 

a non-zero constant deformation at the end. Viscoelastic material (d) however, has a more complex 

response; instantaneous deformation followed by gradual time-dependent deformation up to t1. It 

also shows an immediate partial recovery followed by a time-dependent deformation recovery by 

unloading.  
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Dynamic mechanical testing is a well-established method to study the rheological properties of 

viscous and viscoelastic materials including bituminous binders [27]. Dynamic Shear Rheometer 

(DSR) is the laboratory equipment used for this purpose.  

 
Figure 2.4. Idealized response of a viscoelastic material compared to pure elastic and pure viscous 

material. 

Viscoelastic behavior of a material is normally presented by two parameters of a complex shear 

modulus, G*, and phase angle, 𝛿 [28]. Dynamic Shear Rheometer (DSR) provides an experimental 

method to measure these parameters. As schematically shown in Figure 2.5, in DSR, a disk of 

material is sandwiched between two plates and a sinusoidal stress (or strain) is applied to the upper 

plate while the lower plate is fixed. When a material is subjected to a sinusoidal straining, the 
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material’s response as the induced stress will also have a sine form. The time lag between the two 

curves, as shown in Figure 2.6(a), is called phase angle. For pure elastic materials, the phase angle 

is zero and that of pure viscose materials is 90º. Viscoelastic materials have phase angles between 

0º and 90º. Complex shear modulus G* of the material is defined as: 

|𝐺∗(𝜔)| =
|𝜏(𝜔)|

|𝛾(𝜔)|
                                                                                                             (2.1) 

where 𝐺∗(𝜔) is the complex shear modulus at frequency 𝜔, 𝜏(𝜔) is the amplitude of the sinusoidal 

shear stress, and 𝛾(𝜔) is the amplitude of shear strain.  

𝐺∗ of a material is defined as the sum of its storage modulus (𝐺′) and loss modulus (𝐺′′); 

𝐺∗(𝜔) = 𝐺′(𝜔) + 𝑖𝐺′′(𝜔)                                                                                            (2.2) 

Thus, as illustrated in Figure 2.6 (b), storage modulus is the real part and loss modulus is the 

imaginary part of the complex modulus; 

𝐺′(𝜔) = 𝐺∗ cos 𝛿                                                                                                           (2.3) 

𝐺′′(𝜔) = 𝐺∗ sin 𝛿                                                                                                          (2.4) 

Increase in phase angle means a bigger loss modulus and so a bigger viscous behavior of material.   

 

Figure 2.5. Schematic illustration of Dynamic Shear Rheometer (DSR) 
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Figure 2.6. a) Sinusoidal straining of a viscoelastic material and the time lag between strain and 

stress curves, b)  Representation of viscoelastic properties as G*, G' and G" 

2.3. Numerical Methods in Modeling of Anode Paste and Similar 

Materials  

Anode paste is a composite material composed of a viscoelastic matrix, a particulate phase and 

voids. Binder pitch itself has a temperature and strain rate dependent behavior and its chemical 

composition also affects its rheological properties. Coke aggregates with different sources may 

have different apparent density, shape and so packing density. Besides, since both binder and 

aggregates are carbon materials, their light reflection under the microscope is such similar that 

studying the microstructural homogeneity is very difficult. Therefore, it is not surprising that 
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characterization and modeling of anode paste and especially predicting its performance under 

complex processing techniques such as vibro-compaction under elevated temperature, load and 

frequency effects is very challenging.   

2.3.1. Continuum Methods 

Since there have been very limited published works on numerical modeling of anode paste, 

continuum mechanical methods used to model similar materials such as asphalt concrete and 

ramming paste are also reviewed here.  

In continuum models, each constituent of a composite material is considered as a single continuum 

and then the response of the constituents is super-posed using constitutive laws. Koneru et al. in 

2008 [29] developed a constitutive model of compaction for asphalt mixes using the theoretical 

framework of multiple natural configurations proposed by Rajagopal [30] for large deformations 

of dissipative bodies. In this work, the constitutive law for mechanical energy dissipation is 

proposed by taking appropriate assumptions concerning the manner in which a body stores and 

dissipates energy. In this model, for each current configuration 𝜅𝑐(𝑡) a natural configuration 𝜅𝑝(𝑡) 

(stress-free state) is associated. In Figure 2.7, 𝜅𝑅 is a reference configuration, 𝜅𝑐(𝑡) is the 

configuration currently occupied by the material and 𝜅𝑝(𝑡) is the natural configuration. By 

considering only one relaxation mechanism, only one natural configuration is associated to each 

current configuration.  

Assuming that asphalt mixture has an instantaneous elastic response from the natural configuration, 

the gradient of the mapping from 𝜅𝑝(𝑡) to and 𝜅𝑐(𝑡) is defined. Energy dissipation is assumed to be 

only mechanical and finally a constitutive law for an isotropic homogeneous material in isothermal 

compaction is obtained. This model is a very simplified description of such a complex process of 

compaction of asphalt mix and it takes into account only two parameters of viscosity (representing 

the binder) and “shear modulus-like parameter” representing the characteristics of the aggregates. 

However, the model at the end provides a good prediction of compaction curves of asphalt mixes. 

An example of the predictions of this model is given in Figure 2.8.  

Chaouki et al. in 2014 [31] extended Koneru et al.’s model to a viscoplastic model of compaction 

behavior of green anode paste using the same concept of natural configuration. Nonlinear 

compressible behaviour of the anode paste was represented by Helmholtz free energy and a 

dissipation potential was introduced to characterize the irreversible deformation process. They 



 

16 

 

conducted experimental compression tests on anode paste in a thin-wall steel mold at 150 ºC to 

identify the model parameters. Then, the model was implemented in ABAQUS software to run 

finite element simulations. It’s reported that the proposed model, as also shown in Figure 2.9 (for 

the circumferential strain), successfully predicts the compaction curves of the anode paste.   

 
Figure 2.7. Natural, current and reference configurations in Koneru et al.’s model [29] 

 

 
Figure 2.8. Compaction curve of an asphalt mix and the simulation results [29]   
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Figure 2.9. Experimental results compared to FEM simulation for the compaction of anode paste at 

150 ºC. (reproduced from [31]) 

Thibodeau et al. [32] developed a method to characterize the high temperature mechanical 

properties of carbon anode paste. In this method, a thin-wall deformable mold is used in 

compression tests and Young’s modulus, Poisson’s ratio and time dependency of anode paste were 

obtained at 150 ºC. The recipe of the anode paste used by Thibodeau et al. is given in table 2.1. In 

order to characterize the Young’s modulus and Poisson’s ratio of the paste as a function of the 

density of paste, a repeated loading/unloading pattern was used to capture the elastic behavior of 

the paste at different densities ranging from 800 to 1600 kg/m3. Results showed that, as presented 

in Figure 2.10, axial and tangential stresses show a considerable increase after 75 seconds of 

running the test. It is believed [33] that a certain time is required for paste to reach a compacted 

state where a skeleton of coke aggregates is formed and so additional deformation needs a much 

higher values of axial stress. It is therefore concluded that the Young’s modulus and Poisson’s ratio 

of the paste are evolving with densification of paste.   

2.3.2. Discrete Method 

Considering a heterogeneous material like anode paste or asphalt concrete as a continuum material 

and developing the deformation models for them has considerable advantages and proven success 

in predicting the mechanical behavior of these kinds of materials. Above-mentioned works on 

asphalt mix and anode paste are only some examples of effectiveness of continuum approach in 

modeling heterogeneous materials. However, depending on the view to the problem and questions 

to answer, such approaches can be too simplified and too low resolution to reveal some effects. The 

assumption of continuity indicates that, at all points in the problem domain, the material cannot be 
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torn open or broken into pieces. This limitation makes the continuum methods most suitable for 

cases where no fracture or small deformations are present.  

Table 2.1. Recipe of anode paste for compression tests [32] 

Aggregate sizes 

( US Mesh) 

Mass (g) % dry % mix 

-4+8 1072.6 21.8 17.9 

-8+14 487.1 9.9 8.1 

-14+28 565.8 11.5 9.4 

-28+48 619.9 12.6 10.3 

-48+100 447.7 9.1 7.5 

-100+200 521.5 10.6 8.7 

Fines 1205.4 24.5 20.1 

Pitch 1080.0 - 18.0 

Total 6000.0 100 100 

 

 
Figure 2.10. Results of paste compression tests: a) axial stress, b) axial strain, c) radial stress and d) 

radial strain [32] 
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Discrete methods, however, treat the problem domain as individual bodies in contact. This 

approach provides a microstructural view to deformation and fracture problems with no limitations 

in deformation. Thus, it has been widely used to model the flow of granular materials, rock 

engineering problems [34] and deformation of heterogeneous materials such as asphalt concrete.  

Abbas et al. [35] in 2007 used Discrete Element Method (DEM) in micromechanical modeling of 

viscoelastic behavior of asphalt mixtures. In this technique, complex behavior of asphalt mixture 

is simulated by assigning appropriate contact models in DEM. They used image processing, as 

shown in Figure 2.11, to capture the microstructure of the asphalt mix. The images were then used 

to build a 2D DEM model of the mix in PFC2D software-a commercial code for DEM simulation. 

Each black pixel in Figure 2.11 is considered as mastic and white areas are clumps of aggregates. 

Then, a FORTRAN code was used to build a DEM model based on the obtained black and white 

image. They used the simple elastic contact model for the aggregates and viscoelastic Burger’s 

model for elements making the mastic. Rheological properties of nine different binders were 

obtained using dynamic shear rheometer and then the obtained data was used to estimate the 

parameters of Burger’s model. This model is a simplified 2D model of asphalt mixture and it does 

not consider the fine particles inside the mastic (it should be emphasized that the binder matrix in 

anode paste is composed of pitch and fine coke particles, while the mastic in asphalt mix no fine 

particles is considered). This can be the reason on the observed difference in the complex modulus 

of the mixture predicted by the model and experimental values, as shown in figure 2.12. However, 

in general, advantage of this method is that it takes into account the parameters such as aggregates 

shape and size and also viscoelasticity of the mastic. Thus, it seems that a more sophisticated three-

dimensional DEM model of asphalt mixture can provide better predictions of asphalt mixture 

properties as well as better understanding of deformation mechanisms. 

Effect of size of the elements on the performance of DEM models of asphalt concrete has also been 

investigated. Liu et al. [36] considered asphalt concrete as a two-phase material composed of 

aggregates larger than 2.36 mm and the mastic. DEM models of these mixtures were created with 

four different sizes of elements; 0.75, 0.65, 0.50 and 0.35 mm, as shown in Figure 2.13(a). Clusters 

of DEM elements, as randomly generated ellipsoids, were used to model the aggregates. Again, in 

this work, Burger’s model was chosen to model the viscoelastic properties of the mastic. Laboratory 

measurement of creep stiffness of asphalt mastic was used as inputs to obtain the Burger’s model 

parameters.    
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Figure 2.11. Unprocessed gray-scale (a) and process black and white (b) images of asphalt mix 

microstructure [35] 

 

  

Figure 2.12. Measured and DEM predicted values for dynamic modulus of asphalt mixture at three 

different frequencies [35] 

Important outcome of this work was that, as shown in Figure 2.13(b), at least the creep stiffness of 

the asphalt concrete is not affected by the size of the elements (in the investigated range). 

Considering the importance of the size of the elements in determining the time-step value and 
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therefore the computational time of DEM simulations, it is always beneficial to use larger elements 

without compensation in mechanical properties.   

 
Figure 2.13. a) DEM models of asphalt concrete with different element sizes, b) effects of element size 

on creep stiffness of the mixture (reproduced from [36]) 

2.3.3. Conclusion 

All materials at the microscopic scale are discrete systems. However, representing the microscopic 

components as individual elements can lead to huge and practically insolvable numerical systems. 

Both continuum and discrete approaches in numerical modeling of engineering problems have 

certain advantages. Continuum models such as finite element method (FEM), finite difference 

method (FDM), and boundary element method (BEM) have been successfully applied for different 

engineering problems from metal forming processes to rock fracture. However, representation of 

discontinuities in such models is not explicit and straightforward. This, as explained earlier, makes 

limitations in modeling of strains and fractures in continuum models. Discontinuum methods, such 

as Discrete Element Method (DEM), however, explicitly define the discontinuities in the problem 
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domain. Although large deformations, cracking and fracture in materials can be explicitly simulated 

with DEM, difficulties in measuring the micro-parameters of the material and huge computational 

effort required, put a boundary in practicality of DEM for any engineering problem.  

The choice between continuum and discrete approaches, thus, depends on the physics of the 

problem, questions to be answered and available computation resources. DEM is mostly suitable 

when effects of microstructural features such as particles shape and size are to be revealed. 

Continuum methods however, implicitly take into account the microstructural details and predict 

the global response of the material.     
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3. Discrete Element Method  

3.1. Fundamentals of DEM modeling 

In discrete element method, with pre-defined contact constitutive models for interactions of 

elements, a complex behavior of a material can be simulated. Movements can occur due to either 

an external force or motion of a discrete element and equilibrium state develops whenever there is 

a balance in internal forces [37]. 

The basic concept of DEM modeling is simple; deformation or flow of a material is simulated by 

successively solving the law of motion for each element and force-displacement law for each 

contact. A centered finite difference scheme is adopted to solve the equations by a time-stepping 

algorithm assuming that the time-step is sufficiently small in a way that velocities and accelerations 

are constant within each time-step. 

The calculation cycle has been summarized in Figure 3.1. At the beginning, the position of all 

elements and walls (boundary conditions) are known. The algorithm tries to detect the contacts 

according to the known positions of the elements and so the magnitude of the possible overlaps 

between the elements is detected. Then by applying the force-displacement law, the propagated 

contact forces are calculated. The forces are then inserted in law of motion for each ball and the 

velocity and acceleration of the balls are calculated. According to the obtained values, updated 

positions of all balls and walls in the current time-step are determined. This cycle of calculations is 

repeated and solved at each time-step and thus the flow or deformation of the material is simulated.  
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By defining the geometrical features of the model and assigning the boundary conditions, positions 

of all discrete elements and walls are known in the model. By starting the computation, contact 

detection algorithm is run and all contacts in the model are determined in terms of position, 

orientation and penetration depth. Then, by having the contacts information, and according to 

material properties, the contact force is calculated from the appropriate force-displacement law 

applied to each contact. In the next step, Newton’s second law (law of motion) is applied to all 

bodies to obtain the acceleration and so the velocity of them which will update the new position of 

the individual elements of the model. This cycle is repeated at each time-step and phenomena such 

as deformation in a viscoelastic material, flow of particles in a granular assembly or fracture in rock 

blocks can be simulated this way.         

 
Figure 3.1. Calculation cycle in DEM codes 

Elements in DEM modeling are rigid bodies in the form of circles (in 2D) and spheres (in 3D). 

However, they can overlap each other due to the applied forces and the magnitude of the overlaps 

is related to the contact force via the pre-defined contact model. 

Newton’s equation of motion for a body is expressed as;  

 𝑀�̈� + 𝐷�̇� + 𝑅𝑥 = 𝐹                                                                                                      (3.1) 
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where �̈�, �̇� and 𝑥 are linear acceleration, velocity and displacement vectors, respectively. M is the 

mass of the ball, D is the damping coefficient (if any), R is the internal restoring force and F is 

external force.  

When two spherical bodies are in contact, as shown in Figure 3.2, the unit normal vector that defines 

the contact plane is given by; 

�⃗� 𝑖 =
𝑥 𝑖

[𝐵]
−𝑥 𝑖

[𝐴]

𝑑
                                                                                                                  (3.2) 

in which 𝑥 𝑖
[𝐵]

 and 𝑥 𝑖
[𝐴]

 are the position vectors of the elements and d is the distance between the 

elements centers. The location of the contact point can be also determined as; 

𝑥 𝑖
[𝑐]

= 𝑥 𝑖
[𝐴]

+ (𝑅[𝐴] −
1

2
𝑈𝑛)�⃗� 𝑖                                                                                        (3.3) 

The overlap raises a force on the bodies, which can be decomposed into the normal and shear 

components at the contact point.  

𝐹 𝑖 = 𝐹 𝑖
𝑛 + 𝐹 𝑖

𝑠                                                                                                                 (3.4) 

in which 𝐹 𝑖
𝑛 and 𝐹 𝑖

𝑠are the normal and shear components of the contact force. The normal and shear 

contact forces can be calculated by the following equations; 

𝐹 𝑖
𝑛 = 𝐾𝑛. 𝑈𝑛. �⃗� 𝑖                                                                                                             (3.5) 

∆𝐹 𝑖
𝑠 = −𝐾𝑠. ∆�⃗⃗� 𝑖

𝑠                                                                                                            (3.6) 

where 𝐾𝑛 and 𝐾𝑠 are the normal and shear stiffnesses of the contact, respectively, 𝑈𝑛 is the overlap, 

𝑛𝑖 is the unit normal vector of the contact plane and ∆𝑈𝑖
𝑠 is the increment of shear displacement. 

Shear contact force vector is incrementally computed. As the contact is detected, the shear contact 

force is defined as zero, but the motion of the contact adds an increment to the elastic shear force 

at each time-step. Motion of the contact is monitored and measured by updating �⃗� 𝑖 and 𝑥 𝑖
[𝑐]

. Thus 

by calculating the rotation about the line of intersection of the new and old contact planes and also 

the rotation about the new normal direction, the value and direction of shear contact force are 

calculated.   
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Figure 3.2. Ball-ball contact (reproduced from [37]) 

Usually for elastic granular materials the linear contact model is used in DEM simulations.  Normal 

secant stiffness as well as shear tangent stiffness for this contact model is obtained as; 

𝐾𝑛 =
𝐾𝑛

[𝐴]
.𝐾𝑛

[𝐵]

𝐾𝑛
[𝐴]

+𝐾𝑛
[𝐵]                                                                                                                (3.7) 

𝐾𝑠 =
𝐾𝑠

[𝐴]
.𝐾𝑠

[𝐵]

𝐾𝑠
[𝐴]

+𝐾𝑠
[𝐵]                                                                                                                 (3.8) 

3.2. Time integration and time-step issue in DEM  

Time integration scheme is an important consideration for any discrete element model. The choice 

between an implicit or explicit method of time integration mostly depends on the type of the partial 

differential equations as well as smoothness of data [38].  

Implicit method of time integration compared to the explicit method has the advantage of the 

enhanced stability of the solver. The implicit method is believed to be unconditionally stable even 

for nonlinear problems [38]. However, the unconditional stability of the implicit method comes 

with significantly computationally-expensive equations. 

Explicit method and its most popular solution scheme (Centered finite difference method) benefits 

from its easy implementation. However, the stability of the solution is conditioned to the magnitude 
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of the time-step, which needs to be smaller than a critical value, otherwise the errors in calculations 

propagate unboundedly and the final solution will be erroneous [34,38].  

It has been shown [39,40] that the maximum time increment (∆𝑡𝑐𝑟𝑖𝑡) is a function of the eigenvalues 

of the current stiffness matrix. For a linear undamped system, the critical time-step is stated [41] 

as; 

∆𝑡𝑐𝑟𝑖𝑡 =
2

𝜔𝑚𝑎𝑥
                                                                                                                 (3.9) 

in which, 𝜔𝑚𝑎𝑥 is the maximum frequency which is related to the maximum eigenvalues (𝜆𝑚𝑎𝑥) 

of the 𝑀−1𝐾 matrix (M= mass matrix, K= stiffness matrix). 

𝜔𝑚𝑎𝑥 = √𝜆𝑚𝑎𝑥                                                                                                            (3.10) 

However, since calculation of maximum eigenvalues of a large matrix is difficult, the following 

formula is often used to avoid large calculations [41]; 

𝜆𝑚𝑎𝑥 ≤ 𝜆𝑚𝑎𝑥
𝑒                                                                                                                 (3.11) 

where 𝜆𝑚𝑎𝑥
𝑒  is the maximum eigenvalues of the 𝑀𝑒−1𝐾𝑒 matrix for element “e”. The critical time 

increment is then estimated by applying equations (3.10) and (3.11) and knowing 𝜆𝑚𝑎𝑥
𝑒 . For a one-

dimensional mass-spring system, it has been shown [42] that the critical time-step for the second 

order finite difference solution of this equation is; 

 ∆𝑡𝑐𝑟𝑖𝑡 =
𝑇

𝜋
,  𝑇 = 2𝜋√𝑚/𝑘                                                                                          (3.12) 

where m, k and T are the mass , stiffness of the spring and the period of the system, respectively. 

Thus, as the mass of the body is bigger and the stiffness is smaller, bigger is the critical time-step. 

As a result, for quasi-static problems, where the inertia effects on the system are negligible, density 

scaling [43-45] is a well-known method in increasing the performance of DEM simulations.    

3.3. Burger’s Contact Model 

The most important part of a DEM model is the constitutive models assigned to the contacts. 

Mechanical properties of the material such as elasticity, viscoelasticity, viscoplasticity and etc. are 
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inputted in the form of appropriate contact models. Elastic contact model is the most common 

constitutive law used in DEM models to simulate the behavior of granular systems or even to 

predict the strain in hot mix asphalt [46]. However, for a material like asphalt mastic or pitch (in 

carbon anode paste), which generally exhibit a viscoelastic or viscoplastic response, especially if 

the time dependent behavior such as creep and stress relaxation is of interest, an appropriate contact 

model is required.    

Four-element viscoelastic Burger’s model (shown in Figure 3.3) is widely used [47-53] to model 

the viscoelastic behavior of materials like asphalt mastic. Burger’s model, as shown in Figure 3.3, 

is composed of Maxwell model in series with Kelvin model. Each part has a dashpot and a spring. 

Burger’s model can simulate the creep and also stress relaxation in viscoelastic materials.  Having 

four parameters allows Burger’s model to simulate a variety of viscoelastic behaviors.  

Burger’s model, however, has not publicly been implemented in YADE [54] - the open-source 

DEM code, which is used in this work. Therefore, the following steps must be taken to use this 

model in the present study: 

a) Writing the deformation equation of Burger’s model. 

b) Applying a centered finite deference approximation on the constitutive equation 

c) C++ scripting of the equations to be implemented in YADE as a new constitutive law 

d) Verifying the implemented model by comparing the numerical and analytical results of 

creep and stress relaxation of Burger’s model  

Deformation of Burger’s model is sum of deformations of Kelvin’s part and Maxwell’s part. It 

means that the total deformation can be written as: 

𝑢 =  𝑢𝑘 + 𝑢𝑚                                                                                                               (3.13) 

Deformation of Maxwell element, in turn, comes from its dashpot and the spring: 

𝑢 =  𝑢𝑘 + 𝑢𝑚𝑘 + 𝑢𝑚𝑐                                                                                                  (3.14) 
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Figure 3.3. Four-element Burger’s model composed of Maxwell (m) model in series with Kelvin (k) 

model. 

The first and second derivatives of equation (3.14) can be written as: 

�̇� =  𝑢�̇� + �̇�𝑚𝑘 + �̇�𝑚𝑐                                                                                                  (3.15) 

�̈� =  �̈�𝑘 + �̈�𝑚𝑘 + �̈�𝑚𝑐                                                                                                  (3.16) 

Force-displacement equation of Burger’s model can be written as: 

𝑓 + [
𝐶𝑘

𝐾𝑘
+ 𝐶𝑚 (

1

𝐾𝑘
+

1

𝐾𝑚
)] 𝑓̇ +

𝐶𝑘𝐶𝑚

𝐾𝑘𝐾𝑚
𝑓̈ = ±𝐶𝑚�̇� ±

𝐶𝑘𝐶𝑚

𝐾𝑘
�̈�                                           (3.17) 

First derivative of displacement in Kelvin’s part can be written as: 

�̇�𝑘 =
𝐾𝑘𝑢𝑘±𝑓

𝐶𝑘
                                                                                                                 (3.18) 

By applying the finite difference scheme for the time derivatives we get: 

𝑢𝑘
𝑡+1−𝑢𝑘

𝑡

∆𝑡
=

1

𝐶𝑘
[−

𝐾𝑘(𝑢𝑘
𝑡+1+𝑢𝑘

𝑡 )

2
±

𝑓𝑡+1+𝑓𝑡

2
]                                                                        (3.19) 

Deformation at the time step of (t+1) is thus given by: 

𝑢𝑘
𝑡+1 =

1

𝐴
[𝐵𝑢𝑘

𝑡 ±
∆𝑡

2𝐶𝑘
(𝑓𝑡+1 + 𝑓𝑡)]                                                                              (3.20) 

Where we have 𝐴 = 1 +
𝐾𝑘∆𝑡

2𝐶𝑘
 and 𝐵 = 1 −

𝐾𝑘∆𝑡

2𝐶𝑘
. 
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For the Maxwell part, the first derivative of displacement is stated as: 

�̇�𝑚 = �̇�𝑚𝑘 + �̇�𝑚𝑐                                                                                                         (3.21) 

As we know: 

𝑓̇ = ±𝐾𝑚�̇�𝑚𝑘                                                                                                               (3.22) 

𝑓 = ±𝐶𝑚�̇�𝑚𝑐                                                                                                                (3.23) 

By substituting equations (3.22) and (3.23) in (3.21) we get: 

�̇�𝑚 = ±
�̇�

𝐾𝑚
±

𝑓

𝐶𝑚
                                                                                                           (3.24) 

Finite difference approximation gives us: 

𝑢𝑚
𝑡+1−𝑢𝑚

𝑡

∆𝑡
= ±

𝑓𝑡+1−𝑓𝑡

𝐾𝑚∆𝑡
±

𝑓𝑡+1+𝑓𝑡

2𝐶𝑚
                                                                                     (3.25) 

Thus 

𝑢𝑚
𝑡+1 = ±

𝑓𝑡+1−𝑓𝑡

𝐾𝑚
±

∆𝑡(𝑓𝑡+1+𝑓𝑡)

2𝐶𝑚
+ 𝑢𝑚

𝑡                                                                           (3.26) 

According to equation (3.13), we can write: 

�̇� =  �̇�𝑘 + �̇�𝑚                                                                                                               (3.27) 

Finite difference scheme for the time derivative gives us: 

𝑢𝑡+1 − 𝑢𝑡 = 𝑢𝑘
𝑡+1 − 𝑢𝑘

𝑡 + 𝑢𝑚
𝑡+1 − 𝑢𝑚

𝑡                                                                          (3.28) 

Contact force, thus, finally can be obtained as: 

𝑓𝑡+1 = ±
1

𝐶
[𝑢𝑡+1 − 𝑢𝑡 + (1 −

𝐵

𝐴
)𝑢𝑘

𝑡 ∓ 𝐷𝑓𝑡]                                                               (3.29) 

where: 

𝐶 =
∆𝑡

2𝐶𝑘𝐴
+

1

𝐾𝑚
+

∆𝑡

2𝐶𝑚
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𝐷 =
∆𝑡

2𝐶𝑘𝐴
−

1

𝐾𝑚
+

∆𝑡

2𝐶𝑚
  

Equation (3.29) is then implemented in YADE as a new constitutive law to allow us to have 

Burger’s model in YADE.  

To verify the implemented model a simple scenario of two contacting balls with the Burger’s model 

contact law designed. The objective was to compare the numerical response of the system to an 

external load with the analytical solution.  

A viscoelastic material with the following parameters defined:  

Km= 5.0×107, Cm= 2.5×108, Kk= 5.0×107, Ck= 2.5×108.  

The graph in Figure 3.4 compares the analytical and numerical solutions of displacement in both 

loading and unloading in a Burger system. As it can be seen, the numerical solution completely 

coincides the analytical one, which verifies the implementation of Burger’s model in YADE.    

 
Figure 3.4. Verification of in-house Burger’s model implemented in YADE 
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4. Experimental Procedure 

4.1. Introduction 

As previously mentioned, raw materials for making anodes are calcined coke and coal tar pitch. 

Both materials are obtained from the sources, which are currently used in carbon plants of Alcoa 

Inc. in Quebec, Canada. Physical and mechanical properties of coke particles and also rheological 

properties of pitch and its mixtures with coke were experimentally measured and the data used as 

inputs of numerical simulations and also to verify the models.  

4.2. Materials 

Coke samples were crushed by means of jaw and roll crushers and then sieved into six common 

size fractions using a Sweco vibro-energy separator. The size fractions of coke particles with two 

units of US mesh and millimeters are given in Table 4.1. Four size fractions of coke particles have 

been shown in Figure 4.1. 

Fine coke particles were obtained by ball milling the particles in the range of 1.41-2.38 mm. Blaine 

number is usually used to quantify the fineness of particles. Blaine number has the unit of cm2/g 

and it gives an index of specific surface area of powders. A laser diffraction particle size analyzer 

(Malvern Mastersizer 2000) was used to measure the fineness of particles. Blaine number of fine 

particles used in this study was 4000 cm2/g. Coal tar pitch used in this study has the density of 1.31 

g/cm3 and Mettler softening point of 109 ºC.  
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Table 4.1. Size fractions of calcined coke particles 

Size range (US mesh) Size range (mm) 

-4+8 2.38 - 4.76 

-8+14 1.41 - 2.38 

-14+30 0.595 - 1.14 

-30+50 0.297 – 0.595 

-50+100 0.149 – 0.297 

-100+200 0.074-0.149 

 

 
Figure 4.1. Crushed and sieved coke particles. From right to left: -4+8 mesh, -8+14 mesh, -14+30 

mesh, -30+50 mesh 

4.3. Experimental 

4.3.1. Vibrated Bulk Density (VBD) 

Bulk density is an important parameter of calcined cokes. In this work, vibrated bulk density of 

coke particles was measured according to ASTM D4292 [55]. The test set-up is shown in Figure 

4.2. In this test method, a sample of 100 g particles is gradually poured in the top funnel (as shown 

in Figure 4.2.). A vibrating conveyor transfers the material to the cylindrical container which itself 

is vertically vibrating with the frequency of 60 Hz and amplitude of 0.2 mm. Vibration of the 

conveyor is controlled to have all the particles transferred to the cylinder between 70 and 100 

seconds. By reading the volume occupied by the particles in the graduated cylinder, the VBD value 

is calculated.    
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Figure 4.2. Vibrated Bulk Density (VBD) test set up 

  

4.3.2. Coke Particles Modeling 

Morphological studies on coke aggregates in different size fractions were necessary to be able to 

include shape and size factors in numerical models. Three-dimensional digitized and meshed 

shapes of coke particles were obtained by 3D scanning at Cogency Co, in South Africa. Using the 

micro-particle imaging machine of Cogency Co., three-dimensional STL (STereoLithography) 

files of coke particles were obtained. Few examples of such 3D images have been shown in figure 

4.3.  

4.3.3. Making coke and pitch mixtures 

Coke and pitch mixtures in this study were prepared with a mixer installed in an oven as shown in 

figure 4.4. Coke particles were preheated at 178 ºC for 2 hours and then pitch was added to the 

coke container and heating continued for another 30 minutes. The mixture was mixed for 10 

minutes at the constant temperature of 178 ºC to obtain a homogeneous sample.  
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Figure 4.3. Results of 3D particle imaging 

 

 

Figure 4.4. . High temperature mixer used to prepare coke and pitch mixtures 



 

36 

 

4.3.4. Rheological characterization 

The mixtures for DSR tests were let to cool down after mixing. They were then manually ground 

to small pieces to fill the mold for dynamic shear tests. The molds have been shown in figure 4.5. 

Pitch or pitch and fine coke mixtures in the form of powder were placed inside the disks. Then two 

heat-resistant rubber sealing sheets were placed on both sides of the mold. The mold was then 

placed on the punch plate of a manual press, as shown in figure 4.8. The press had the capability 

of heating the plates up to 200 °C. After keeping the sample at 150 °C for 5 minutes, the sample 

was pressed. Pressing at high temperature as pitch is soft gives the sample the required shape. 

However, as the samples were thin and brittle, taking them out of the mold was a challenge. Only 

40% of the samples were successfully demolded with no cracks or scratches.   

Rheological studies on pitch samples in this study were performed by means of dynamic shear test 

with an ARES rheometer (figure 4.7) according to ASTM D7175-15 [56]. DSR tests, in the form 

of frequency sweep from 0.06 Hz to 60 Hz, were conducted at 135, 140, 145 and 150 °C. Pitch 

samples were discs of 2.54 mm in diameter and 2 mm thick. Dimensions of binder matrix sample 

were 2.54 mm diameter and 5 mm thickness. The binder matrix, due to the presence of fine coke 

particles, has much higher stiffness at 150 °C compared to pitch alone. To obtain the viscoelastic 

properties of binder, a Malvern Kinexus lab+ rheometer (shown in figure 4.8) was used. The 

obtained results were then used to calculate the corresponding Burger’s model parameters for DEM 

models of pitch and binder matrix.    

 

Figure 4.5. The molds to make samples in the form of thin disks for the rheometer 
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Figure 4.6. Manual press with heating plates to press the samples for the rheometer 

 

Figure 4.7. Dynamic Shear Rheometer (right) and a pitch sample being tested (left). The black part 

in the DSR instrument is the sample bath which keeps the temperature constant during the test. 
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Figure 4.8. Kinexus Dynamic Shear Rheometer with the heat chamber 

4.3.5. Electrical resistivity measurement 

Electrical resistivity measurements were done by four-probe method. Coke sample is poured in an 

alumina tube of 2.54 mm in diameter as shown in figure 4.9. Two aluminum plungers on two sides 

of the cylinder apply both mechanical pressure and electrical current. Electrical current was 

supplied by a DC source and measurements were performed with an Agilent 34461A Multimeter 

(see figure 4.9). Sample holder was placed in a fixture to apply mechanical stress of 3 MPa.  

 

Figure 4.9. The set-up to measure the electrical resistivity of coke powders; sample holder, multi-

meter and the DC current source 
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Foreword 

Anode paste is composed of binder pitch and coke aggregates. Numerical modeling of deformation 

and compaction of such composite material with irregular aggregates and viscoelastic matrix is a 

complicated task. Existence of a variety of physical and mechanical parameters for both binder and 

aggregates demands for a step-by-step moldering and verifying.  

Therefore, three-dimensional DEM models of dry coke aggregates were defined as the first step in 

addressing the main problem. In this step, coke aggregates are studied for their morphological and 

physical properties and corresponding DEM models are developed. Effects of size distribution, 

friction coefficient and shape factor on the packing density are investigated.   

*     *     * 

5.1. Résumé 

La densité apparente des particules est un paramètre important pour définir la qualité des cokes 

calcinés, constituants essentiels des anodes de carbone, utilisées dans l'industrie de l'aluminium. Le 

test de densité en vrac vibrée (Vibrated Bulk Density ou VBD en anglais) est une méthode bien 

établie pour mesurer la densité en vrac des échantillons de coke. Dans le présent travail, la méthode 

par éléments discrets (Discrete Element Method ou DEM en anglais) est couplée à une technique 

d'imagerie tridimensionnelle pour étudier la possibilité d'utiliser la méthode DEM pour simuler le 

comportement en vrac des cokes calcinés. Après la validation de l’application de la méthode DEM 

pour simuler le comportement des particules de coke lors d’un test de VBD, les effets de la forme, 

du coefficient de frottement, de la taille et de la répartition de la taille des particules sur la densité 

vibrée des cokes sont également étudiés. Les simulations avec la méthode DEM, validées par les 

résultats expérimentaux, montrent que la densité en vrac vibrée des échantillons de coke diminue 

lorsque la quantité en particules grossières dans le mélange augmente. En outre, il est démontré que 

le coefficient de friction a un effet négatif sur la valeur de la densité vibrée ;  cet effet est plus 

important pour les échantillons ayant une faible sphéricité. Le coefficient élevé de frottement limite 

le mouvement et les réarrangements des particules et, par conséquent, les forces de vibration du 

test VBD ne peuvent pas réorganiser efficacement les particules et remplir les porosités. La faible 

sphéricité des échantillons de coke engendre non seulement un niveau de porosité initiale plus élevé 

dans les échantillons, mais provoque également une augmentation des chances de formation de 
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blocage et de ponts de particules, qui entraînent une densité vibrée plus faible. En somme, les 

résultats montrent que la sphéricité et le coefficient de frottement ont un effet synergique sur la 

densité vibrée du coke de sorte que, pour les échantillons avec une sphéricité globale plus faible, la 

diminution de la densité vibrée est plus importante avec l'augmentation du coefficient de 

frottement. 

5.2. Abstract 

Packing density is an important quality parameter of calcined cokes used in aluminum industry to 

produce carbon anodes. Vibrated bulk density (VBD) test is a well-established method to measure 

the packing density of coke samples. In the present work, Discrete Element Method (DEM) is 

coupled with a three-dimensional imaging technique to investigate the possibility of using DEM to 

simulate the packing behavior of calcined cokes. After verification of the model, effects of shape, 

friction coefficient, size and size distribution of the particles on the VBD of cokes are investigated. 

DEM simulations, in accordance with the experiments, show that vibrated bulk density of coke 

samples decreases as the content of coarse particles in the mixture increases. Moreover, it is shown 

that friction coefficient has a negative effect on the VBD value and this effect is more pronounced 

for the samples with lower sphericity. High friction coefficient restricts the movement and 

rearrangements of the particles and thus vibrational forces cannot effectively rearrange the particles 

and fill the porosities. Lower sphericity of coke samples not only induces a higher initial porosity 

level in the samples but it also increases the chance of formation of locks and particle bridges which 

result in lower VBD. Results also show that sphericity and friction coefficient have a synergic 

effect on the VBD of coke so that, for the samples with lower average sphericity the rate of decrease 

in VBD is higher with increasing the friction coefficient. 

5.3. Introduction 

Calcined coke is an important raw material for production of consumable carbon anodes in 

aluminum industry. Anode is made by mixing coke and pitch to prepare anode paste, which is then 

compacted and baked. Physical and chemical properties of raw materials must be taken into account 

to determine the paste formulation, which in turn affects the quality of the baked anode. Due to the 
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frequent changes of sources of raw materials, the processing parameters should be adjusted 

accordingly in order to keep the quality consistency of the baked anodes. The adjustment of process 

parameters requires understanding the effect of each raw material properties on the anode quality. 

Modeling approaches could be useful to simulate the process and to determine the right process 

parameters for a given set of raw materials. Choosing an appropriate model, which depends on the 

nature of the paste and its constitutive laws, is however crucial to obtain reliable simulation data.   

Green anode is made either by pressing or by vibro-compacting the anode paste, which consists of 

two principal phases; a binder matrix (pitch + fine) and coke aggregates. Bulk density of calcined 

coke is used as an important gage in determination of pitch demand in anode production process 

[57,58].  

Several works have been published in the last two decades dealing with the effects of different 

parameters on packing density of granular media such as [59-62]. White and Walton [63] studied 

the effects of particle shape on packing density of different packing systems using both theoretical 

and experimental methods. H.J.H. Brouwers [64] investigated the particle size distribution and 

porosity fractions in randomly packed beds. He addressed the parameters of analytical expressions 

for determining void fraction in packing of unimodal and bimodal spheres. Effects of particle shape 

on angle of repose of heaps have also been reported in the literature [65].  

Discrete Element Method, introduced for the first time by Cundall and Strack [42] in 1979, is now 

used to simulate the behavior of granular materials in industrial applications specially where the 

dynamics and flow of a particulate material are of interest. In DEM simulations, rigid discrete 

elements, which are spheres in 3D and discs in 2D models, are used to model the granular material. 

The contact law between the elements defines the mechanical behavior of the bulk material. Using 

DEM, El Shourbagy et al. [66] showed that the angle of repose of dry granular materials depends 

on the particles shape and Columb friction coefficient. 
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This work aims at exploring the possibility of using DEM to simulate the packing behavior of coke 

particles through vibrated bulk density (VBD) test. As the model verified by the experiments, 

effects of friction coefficient and sphericity of coke particles on VBD value is also investigated. 

VBD test is routinely used to measure the packing density of calcined coke and is considered as 

one of the important anode-grade coke specifications. The simulation is performed using PFC3D 

software. A three-dimensional imaging technique is used to capture the real shape of coke particles. 

Effects of particles shape and friction coefficient on the VBD of coke samples are therefore 

investigated by means of DEM modeling with PFC3D. 

5.4. The Numerical Model 

5.4.1. Principles of DEM 

A three dimensional DEM model is composed of a combination of discrete spheres and walls. At 

the beginning, the position of all elements and walls are known so that the active contacts are easily 

determined. Then, according to the mechanical behavior of the material an appropriate force-

displacement law is applied to each contact and the contact forces are calculated. Law of motion, 

Newton’s second law, is then used to update the position and velocity of each ball.  

One common contact model, which is widely used in DEM simulations, is linear contact model. 

This model is simply defined by assigning normal and shear stiffness values to the contacting 

elements (see Figure 5.1). Normal and shear stiffness values of a contact are expressed as; 

𝐾𝑛 =
𝐾𝐴

𝑛.𝐾𝐵
𝑛

𝐾𝐴
𝑛+ 𝐾𝐵

𝑛                                                                                                       (5.1) 

𝐾𝑠 =
𝐾𝐴

𝑠 .𝐾𝐵
𝑠

𝐾𝐴
𝑠+ 𝐾𝐵

𝑠                                                                                                         (5.2) 

whrere 𝐾𝑛 and 𝐾𝑠stand for the normal and shear stiffness of the elements (A and B in Figure 5.1). 
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Having the shear and normal stiffness, one can obtain the force propagating at the contact point, if 

the balls are overlapping. Contact forces can be calculated according to the extent of the overlap 

(for normal contact force) and tangent movement (for shear contact force); 

𝐹𝑛 = 𝐾𝑛. 𝑈𝑛                                                                                                       (5.3) 

𝐹𝑠 = −𝐾𝑠. 𝛿𝑈𝑠                                                                                                   (5.4) 

 
Figure 5.1. Contact of two elements 

 

5.4.2. Movement of non-spherical particles  

In PFC any kind of irregular shape particles can be generated as a clump composed of several 

touching or overlapping balls. Contact force calculations for balls within a clump is skipped during 

calculation cycle and only the contact force of a clump with neighboring clump/balls or walls are 

considered [37].  The basic mass properties of a clump are the total mass (𝑚𝐶𝑙), center of mass 

(𝑥𝑖
𝐶𝑙), and moments and products of inertia (𝐼𝑖𝑖 and 𝐼𝑖𝑗). These properties can be mathematically 

expressed by the following equations [13]; 
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𝑚𝐶𝑙 = ∑ 𝑚[𝑛]𝑁𝑏
𝑛=1                                                                                                 (5.5)                                                                                                                    

𝑥𝑖
𝐶𝑙 =

1

𝑚𝐶𝑙
∑ 𝑚[𝑛]𝑁𝑏

𝑛=1 𝑥𝑖
[𝑛]

                                                                                    (5.6)                                                                                                                

𝐼𝑖𝑖 = ∑ {𝑚[𝑛] (𝑥𝑗
[𝑛]

− 𝑥𝑗
𝐶𝑙) (𝑥𝑗

[𝑛]
− 𝑥𝑗

𝐶𝑙) +
2

5
𝑚[𝑛]𝑟[𝑛]𝑟[𝑛]}

𝑁𝑏
𝑛=1                           (5.7)                                   

𝐼𝑖𝑗 = ∑ {𝑚[𝑛] (𝑥𝑖
[𝑛]

− 𝑥𝑖
𝐶𝑙) (𝑥𝑗

[𝑛]
− 𝑥𝑗

𝐶𝑙)} ; 𝑗 ≠ 𝑖 
𝑁𝑏
𝑛=1                                          (5.8)                                     

𝑚𝐶𝑙, 𝑁𝑏 are the mass of the clump and number of the balls in the clump, respectively. 𝑥[𝑛], 𝑟[𝑛], 

and 𝑚[𝑛] are center of mass, radius and the mass of the nth ball, respectively.  

Moments and products of inertia are calculated with respect to a coordination system, which is 

attached to the center of mass of the clump and is aligned with the global axis system.  

Translational motion of clumps is expressed as; 

𝐹𝑖 = 𝑚(
𝜕2𝑥𝑖

𝜕𝑡2 − 𝑔𝑖)                                                                                              (5.9) 

where 𝐹𝑖 is the resultant force, 𝑚 is the total mass of the clump, 
𝜕2𝑥𝑖

𝜕𝑡2  is the acceleration vector and 

𝑔𝑖 is the gravity acceleration vector. 

The resultant force, which is the sum of all externally applied forces acting on the clump, can be 

expressed as; 

𝐹𝑖 = �̃�𝑖 + ∑ (�̃�𝑖
[𝑛]

+ ∑ 𝐹𝑖
[𝑛,𝑐])

𝑁𝑐
𝑐=1

𝑁𝑏
𝑛=1                                                                  (5.10)                                           

where �̃�𝑖 is the externally applied force on the clump, �̃�𝑖
[𝑛]

 is the externally applied force acting on 

ball (n), and 𝐹𝑖
[𝑛,𝑐]

 is the force acting on ball (n) at contact (c).  
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The resultant moment about the center of mass of the clump is calculated by 

𝑀𝑖 = �̃�𝑖 + ∑ (�̃�𝑖
[𝑛]

+ 𝜖𝑖𝑗𝑘 (𝑥𝑗
[𝑛]

− 𝑥𝑗
𝐶𝑙)𝐹𝑘

[𝑛]
+ ∑ 𝜖𝑖𝑗𝑘(𝑥𝑗

[𝑐]
− 𝑥𝑗

[𝑛]
)𝐹𝑘

[𝑛,𝑐]
)

𝑁𝑐
𝑐=1

𝑁𝑏
𝑛=1        (5.11)                          

in which �̃�𝑖 is the externally applied moment acting on the clump, �̃�𝑖
[𝑛]

 is the externally applied 

moment acting on ball (n), 𝐹𝑘
[𝑛]

 is the resultant force acting on the centroid of ball (n), and 𝐹𝑘
[𝑛,𝑐]

 is 

the force acting on ball (n) at contact (c).  

Rotational motion of a clump is given by the vector equation of 𝑀𝑖 = �̇�𝑖, where �̇�𝑖 is the time rate 

of change of the angular momentum of the clump. �̇�𝑖 can be written as 

�̇�𝑖 = ω̇iIii − ω̇jIij +∈ijk ωj(ωkIkk − ωlIkl); (j ≠ i, l ≠ k)                   (5.12)                                      

where I is the moment of inertia, and ω and �̇� are angular velocity and angular acceleration about 

the principal axes respectively. 

The equations of motions are discretized using a centered finite difference scheme and then are 

integrated. 

5.5. Materials and Methods 

Calcined cokes in this study were sampled from the sources which are currently used for making 

prebaked anodes in aluminum industry. Vibrated bulk densities of the samples with different size 

distributions were obtained experimentally and numerically. VBD test setup contains three parts. 

Part 1 is a vibrating funnel, which transfers the powder to the main container. Part 2 of the setup is 

a graduated cylinder of 250 ml size with the inside diameter of 37 mm made of glass. The third part 

is the vibrator which must be capable of vibrating a 215 g graduated cylinder containing 100 g coke 

sample at a frequency of 60 Hz and amplitude of 0.20 to 0.22 mm. A quantity of 100.00 ±0.1 g of 
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coke is charged in the funnel and is vibrated for 5 minutes at 60 Hz. Then, by measuring the height 

of the particle column the volume of the sample and so the VBD value can be calculated. 

Coke samples within the size ranges of -6+14 and -4+6 mesh were selected for the study. Coke 

particles have irregular shapes. Morphological studies on the samples were performed using image 

analysis method by optical microscope powered by Clemex software. Shape parameters such as 

sphericity and also size distribution of the particles at each size range were obtained and were used 

to model the samples. Table 5.1 shows the size distribution of the particles within the two size 

fractions used in this work.  

Particles shape is considered as one of the most important features of particulate assemblies [67,68]. 

There are different methods to assess and describe the shape of particles, including parameters such 

as sphericity, aspect ratio, elongation ratio, shape factor, and convexity ratio [67,69]. However, 

sphericity is considered as a single parameter, which can define the shape of the particle to a very 

good extent with a simple method. Thus, in the present work, sphericity is used as the shape factor 

to characterize the particles in different size ranges. Wadell [70] introduced the term sphericity in 

1935. Sphericity in general states how close is the geometry of a particle to a perfect sphere. It is 

worthy to note that this term is also used for 2D projections of the particles and for that case the 

term of circularity matches better. A number of definitions of circularity and sphericity have been 

proposed in the literature [71]. The method proposed by Wadell [70,72] is widely used in the 

literature and was also used in this study as the definition of sphericity. According to Wadell 

sphericity is defined as: 

𝛹 =
𝑆𝐴𝑒𝑠

𝑆𝐴𝑟𝑝
                                                                                                           (5.13) 

where 𝑆𝐴𝑟𝑝 is the surface area of the real particle and 𝑆𝐴𝑒𝑠 is the surface area of the equivalent 

sphere with the same volume of the real particle.  
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Table 5.1. Size distribution of the coke particles within two size fractions of -4+6 mesh and -6+14 

mesh 

-4+6 mesh fraction -6+14 mesh fraction 

Diameter interval (mm) Percent (%) Diameter interval (mm) Percent (%) 

2.7-2.9 0.83 1.0-1.1 0.51 

2.9-3.1 0 1.1-1.3 0 

3.1-3.3 1.65 1.3-1.4 1.02 

3.3-3.5 5.79 1.4-1.6 2.55 

3.5-3.8 9.09 1.6-1.7 4.59 

3.8-4.1 15.70 1.7-1.9 10.71 

4.1-4.3 15.70 1.9-2.0 15.84 

4.3-4.7 11.57 2.0-2.2 14.80 

4.7-5.0 13.22 2.2-2.5 10.71 

5.0-5.3 9.92 2.5-2.7 8.67 

5.3-5.7 6.61 2.7-2.9 12.24 

5.7-6.1 2.48 2.9-3.2 6.63 

6.1-6.5 3.31 3.2-3.5 6.12 

6.5-7.0 2.48 3.5-3.8 2.55 

7.0-7.5 1.65 3.8-4.2 3.06 

sum 100 sum 100 

Three-dimensional digitized and meshed shapes of coke particles were obtained by 3D scanning at 

Cogency Co, in South Africa. Automatic Sphere-clump Generator (ASG) software, developed by 

Cogency Co., was then used to generate the 3D shapes using spherical elements for 60 coke 

particles. Figure 5.2 shows three examples of 3-D shapes of particles generated by spheres. 

However, the number of particles used to model each fraction was 60. By mixing 60 different 

particles for each fraction and resizing some particles (if required), size distribution and average 

sphericity of the numerical models matched the real coke samples (as shown in table 5.1 for size 

distribution).  
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In the second step, effects of coke particles shape (sphericity) and inter-particle friction coefficient 

on the VBD of coke samples were investigated using 3D-DEM simulations. 

 
Figure 5.2. Coke particles modeling by overlapping spheres for DEM simulations (gray: 3D shape of 

particles obtained by scanning, green: equivalent clump generated by using spherical elements) 

Two mono-size range coke samples (S1 and S6) and four mixed-size samples (S2, S3, S4 and S5), 

as given in table 5.2, were examined for the VBD experimentally and numerically. It is noteworthy 

that the internal porosity of coke samples is an important quality factor of anode-grade calcined 

cokes. Apparent density of coke samples of two size ranges of -4+6 and -6+14 mesh was first 

measured and then the obtained values were used to create the numerical models. Apparent density 

for the size ranges of -4+6 and -6+14 mesh were 1.377 g/cm3 and 1.532 g/cm3 respectively. Coke 

particles are presented by rigid super-particles (clumps) in this work. Linear contact model (which 

was introduced earlier) was applied for all clumps in the model. Normal and shear stiffness of the 
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balls making the clumps were considered as 1e4 Nm-1. This value was set by calibrating the system 

to have the minimum overlap between the contacting clumps while giving the lowest compromise 

for the time-step value. VBD of the samples were first obtained experimentally. Then, three-

dimensional discrete element method was used to simulate the VBD tests using Particle Flow Code 

(PFC3D) software developed by Itasca Consulting Group Inc. Experimental and simulation results 

were then compared.  

Table 5.2. Particle size distribution of the coke samples; weight percentage of each size range has 

been given 

Samples 

Mesh Size range 

-4+6 -6+14 

S1 - 100% 

S2 30% 70% 

S3 50% 50% 

S4 70% 30% 

S5 80% 20% 

S6 100% - 

5.6. Results and Discussion 

5.6.1. Friction coefficient estimation 

Friction coefficient between the particles is an important parameter, which affects the particle 

packing and should be measured prior to VBD simulation. It has been shown that the effect of 

internal friction coefficient on macroscopic properties of granular materials can be exposed by 

angle of repose test [73,74]. Angle of repose, was therefore used to estimate the friction coefficient 

between the particles. In this test, the particles are charged from a funnel on a horizontal plate and 

then the internal angle () between the surface of the pile and the horizontal plate is measured [75].  
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The angle of repose is affected by internal friction coefficient and the friction coefficient between 

particles and the horizontal plate. Thus, the friction coefficient between the plate and the particles 

was first estimated. Coke particles were placed on a horizontal plate, which was tilted slowly. The 

inclination angle at which the particles start to slip was recorded. This process simulated in the 

same way in PFC3D. The friction coefficient was adjusted in a way that the particles slip at the 

same angle as recorded experimentally (Figure 5.3). Using this method the friction coefficient 

between particles and the plate estimated as 0.45.  

As shown in Figure 5.4, 10 g of coke particles were allowed to fall down through a funnel on the 

horizontal plate and the angle of repose () was measured. Ten tests were conducted and the average 

of the values recorded at each test was considered as the angle of repose of coke samples. A mean 

value of 31 degrees with standard deviation of 1.03 was obtained for the angle of repose of the coke 

particles used in this study. The obtained value was the same for two size fractions in this study. 

Angle of repose test was then simulated by a three dimensional DEM model using PFC3D software. 

Funnel with the same geometry and scales was created in the model (as shown in Figure 5.4-b) and 

10 g of coke particles with the real size and shape parameters were allowed to fall down from the 

funnel on the plate. Again, the internal friction between particles was adjusted until the angle of 

repose matched with that obtained experimentally. Internal friction coefficient of 0.27 resulted in 

the best match between the experimental and simulation results.   

The coefficient of friction between coke particles was thus estimated to be 𝜇 = 0.27 and was used 

in simulations of vibrated bulk density tests as a property of material.  

5.6.2. Experimental and simulated Vibrated Bulk Density of coke particles 

Numerical coke particles (clumps), as shown in Figure 5.2, are composed of an average of 30 

spherical elements per particle. The average weight of the particles within the size range of -6+14 

mesh is 9.3 mg. Thus, to have a sample of 100 g, around 11000 particles comprising at least 330000 
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spherical elements are required. On the other hand the time-step of finite difference discretization 

of the equations for this system was around 1e-6 seconds. Taking into account the number of 

elements and the finite difference discretization of 1e-6 seconds, the simulation of the VBD process 

of 100 g coke requires a very long calculation time. In order to have a reasonable calculation time, 

the mass of the samples decreased from 100 g to 10 g. The effect of mass reduction on VBD values 

needs however to be elucidated first. Therefore, VBD tests with both standard 100 g and also 

reduced mass of 10 g were conducted on 6 samples with different size ranges described in Table 

5.2.  

It was observed that for the studied size ranges given in table 5.2, the obtained values of VBD for 

10 g samples were 1.0 to 7.9% less than the ones of standard 100 g samples.  Vibrated bulk density 

of the numerical samples is measured in the same way of experiments. It means the height of the 

particles column is measured and the occupied volume is obtained as the diameter of the container 

is known. 

Experimental data of VBD (obtained by the standard 100g samples and also those obtained from 

the modified method) have been compared to the simulation results in Figure 5.5.  As it can be 

seen, mono-sized sample of -6+14 mesh (S1) has a higher VBD compared to mono-sized sample 

of -4+6 mesh (0.835 compared to 0.715 g/cm3, respectively). The same results on the effect of 

increasing the size of particles on the VBD of coke samples have been already observed by two-

dimensional DEM simulations [76]. For the mixtures of coarse and fine particles, S2 to S5, as the 

content of coarse particles increases the VBD value decreases. 

It should be noted that the obtained results on effects of coarse particles addition on VBD value 

must be interpreted carefully and it cannot be generalized to all particulate systems. If all the 

particles have the same apparent density, size ratio of large to fine particles is the factor determining 

the trend.  It has been reported that the particles size ratio of at least 7 is required for optimal 
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packing of binary systems [77]. However, large particles here (-4+6 mesh) are between 3.36 and 

4.76 mm and fines here are within the 1.41-3.36 mm range. It means in the particles mixtures in this 

experiment, the ratio of the largest particle to the smallest particle is only 3.38. Thus, the small 

particles are not fine enough to fill the gap between the large particles. 

 

Figure 5.3. Estimation of friction coefficient between the plate and coke particles; a) experiment, b) 

simulation 
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Figure 5.4. Angle of repose test; experiment (a) and simulation (b) 

 
Figure 5.5. Experimental and simulation results of VBD tests for 10g samples. The points present the 

values for standard 100g samples 
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Furthermore, larger particles have higher internal porosities which results in lower apparent density 

and so lower VBD. Container wall also has an effect on the packing density. It is believed that the 

ratio of the container size to the particle size is also an important parameter in packing density of 

granular materials [78]. The container wall induces a local low density region nearby which reduces 

the total packing density of the material. This effect is more pronounced when the particle size 

increases. Thus, it can be said that the observed trend for VBD of the mixed samples is due to 

simultaneous effects of particles size ratio, large particles apparent density and also container wall.  

In VBD test the volume of the particle assembly is measured by reading the occupied volume in a 

container with the minimum divisions of 1mm3. As a result, for the mixtures used in this study, this 

measurement is not enough precise to show the variations in the VBD value for different samples. 

As it can be seen in Figure 5.5, the experimental values (blue columns) of VBD for samples S1, 

S2, S3 and S4 are the same and it only drops for S5 and S6. However, the model is capable to 

expose the small variations in VBD values. Figure 5.6 compares two samples (S2 and S5) having 

the same weight of 10 g. S5 contains 80 wt.% large particles compared to S2 with 30 wt.%. It can 

be clearly seen that S5 occupies a higher volume which means lower vibrated bulk density. 

5.6.3. Effects of friction and sphericity 

Effects of friction coefficient and sphericity of particles on the VBD of coke samples were also 

investigated in a separate set of simulations. All parameters of the models are the same as used in 

previous VBD simulations, but friction coefficient and the average sphericity of the particles in the 

samples were changed to study their effects. The individual particles can have different values of 

sphericity. For example, it is clear that the particle in the middle of Figure 5.2 is more elongated 

than the other two particles and thus it has a lower sphericity. Therefore, the average sphericity of 

the numerical sample can be reduced by adding more particles of this type.  
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As it can be seen in Figure 5.7, increasing the inter-particle friction coefficient decreases the 

packing density in all cases. For example, for an equal sphericity of 0.7, vibrated bulk density drops 

from 0.737 to 0.605 g/cm3 by increasing friction coefficient from 0.2 to 0.45. Similar results on the 

effect of friction coefficient on packing density of spherical particles have been reported previously 

[79].  Increasing the friction coefficient enhances the chance of inter-particle lock and bridge 

formation by restricting the particles movements and rearrangements. High friction coefficient also 

causes developing high frictional forces between particles, which can overcome the vibration forces 

imposed by container vibration. Therefore, vibration cannot effectively rearrange the particle 

packing and break the bridges. It can be seen in Figure 5.7 that shape of particles has a clear effect 

on VBD of coke samples. Higher sphericity results in better packing and so higher VBD. It is also 

worthy to note that lower sphericity can amplify the effect of friction coefficient on the VBD. This 

effect has been clearly shown in Figure 5.8 in which the percentage of the decrease in VBD value 

by raising the friction coefficient from 0.2 to 0.45 has been plotted for 3 values of sphericity. For 

example, increasing the friction coefficient from 0.27 to 0.35 causes 2.7% and 3.9% of drop in 

VBD of coke for the average sphericity of 0.8 and 0.78, respectively.  

 

Figure 5.6. 3D simulations of VBD test; a) sample S5 with 80% of coarse particles; b) sample S2 with 

30% of coarse particles 
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However, this effect is more pronounced for the coke with an average sphericity of 0.7 for which 

the decrease in the VBD value is 8.9%. Coke particles have a range of completely irregular shapes 

(some examples have been shown in Figure 5.2).  There are more elongated particles in the sample 

with sphericity of 0.7 compared to the one with sphericity of 0.78. This causes an increased chance 

of formation of bridges. Higher friction coefficient makes the bridges solid enough so that vibration 

cannot break them. Therefore, porosity level does not drop by vibration and as a result VBD of the 

coke sample drops when sphericity is low and friction coefficient is high.  

 
Figure 5.7. Effects of friction coefficient and sphericity on vibrated bulk density of coke samples 

 
Figure 5.8. Rate of decrease of VBD by friction coefficient for particles with different sphericity 
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5.7. Conclusions 

Discrete element methoe (DEM) was used to simulate the vibrated bulk density of calcined coke 

samples. A three dimensional imaging technique was used to capture the real shape of coke particles 

and then the particles were modeled by overlapping spheres in Particle Flow Code 3D. Coefficient 

of inter-particle friction was experimentally estimated as 𝜇 = 0.27 by performing the angle of 

repose test on the coke samples. Angel of repose test was then used to callibrate the friction 

coefficient in DEM model. 

Results of the used numerial model are in accordance with the experimental data of VBD tests.  

Since the objective of this work was to invesigate the application of DEM modeling combined with 

3D imaging to simulated the packing behavior of calcined cokes, it can be concluded that the used 

approach is capable to predict the expected results for the particle packing. Thus, the model can be 

used to invesigate the effects of different parametes such as shape, friction coefficient and apparent 

density on final packing density/VBD of particulate systems. 

The model was then used to investigate the effect of sphericity and inter-particle friction coeffcient 

on VBD values. Samples with higher friction coefficient and lower average sphericity had the 

lowest VBD among diffeent samples. It was shown that sphericity and friction coefficient have a 

synergic effect and the rate of  decrease in VBD with increasing the friction coefficient is higher 

for the samples with lower average sphericity.  
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Foreword 

Three-dimensional models of dry coke aggregates were created as the first step of the way to model 

coke/pitch mixture by means of discrete element method. Positive effects of high vibrated bulk 

density of coke particles on baked density and permeability of anodes have already been shown in 

the literature. Thus, the question is can we take the advantage of DEM in explicitly defining the 

shape and size of particles to evaluate the performance of typical industrial recipe for dry 

aggregates? Can DEM models be adopted to modify the dry aggregates recipe to obtain a better 

packing density? Fine coke particles are included in the dry mix to increase the packing density. 

But as the amount of fines increases more binder pitch is required to wet the coke aggregates. High 

pitch content however, has proven negative effects on final anode properties. Therefore, the study 

on dry mix recipe is done with the target of reducing the amount of fine particles in the recipe. If 

this can be done by an increase in the VBD or even keeping it intact, it would be an interesting 

output for the anode plants.  

*     *     * 

6.1. Résumé 

Le problème de mise en place d’un lit de particules (empilement) est présent dans divers domaines 

tels que le transport, l'emballage, les industries agricoles et pharmaceutiques. Les particules n'ont 

pas toujours des formes régulières et cela rend le problème de mise en place du lit de particules 

plus complexe. La compréhension des caractéristiques de mise en place et l'amélioration de la 

densité en vrac des systèmes particulaires ou granulaires sont intéressants pour différentes 

industries. Dans le présent travail, la densité en vrac d’un mélange de particules de forme irrégulière 

est étudiée. La méthode est appliquée sur des agrégats de coke calciné (matériau composant les 

anodes de carbon) dans le but d'améliorer la densité en vrac vibrée des mélanges de coke 

actuellement utilisés dans l'industrie de la production de l’aluminium. La recette de la pâte d’anode 

est consitutée d’une distribution de taille de particules de coke. Une technique d'imagerie 

tridimensionnelle est couplée à des simulations obtenues par la méthode des éléments discrets 

(DEM) pour modéliser le comportement des particules de coke. Pour étudier la mise en place d'une 

recette d'agrégats de coke industriel, un échantillon contenant uniquement la plus grande fraction 

de particules de coke a été créé par DEM. Par la suite, la distribution de la taille des pores de cet 

échantillon a été obtenue. De nouvelles recettes (avec différentes fractions de taille de particules) 
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ont été créées en fonction des résultats de la distribution des tailles des pores. Les résultats ont 

montré que les recettes composées d’un nombre réduit de fractions de taille de particules avaient 

des densités en vrac plus élevées que celle de l'échantillon industriel standard. La méthode de suivi 

des porosités utilisée dans cette étude est un outil efficace pour étudier la mise en place des systèmes 

granulaires. 

6.2. Abstract 

Particle packing problem exists in variety of applications such as transportation, packaging, 

agricultural and pharmaceutical industries. Particles have not always regular shapes and this makes 

the packing problem more complex. Understanding the packing characteristics and enhancing the 

packing density of granular systems is of interest for different industries. In the present work, 

packing density of an irregular shape particulate system is investigated. The approach is applied on 

anode-grade calcined coke aggregates with the aim of improving the Vibrated Bulk Density (VBD) 

of the aggregate recipe which is currently used in industry. A three-dimensional imaging technique 

is coupled with Discrete Element Method (DEM) simulations to model the coke particles. To study 

the packing of an industrial aggregate recipe, a sample with only the largest fraction of coke 

particles were created by DEM. Then, the pore size distribution of this sample was obtained. New 

aggregate recipes were created according to the results of the pore size distribution. Results showed 

that the modified recipes with even a lower number of size fractions hold higher vibrated bulk 

densities than the standard industrial sample. The voids tracking method used in this study is an 

effective tool to study the packing density of granular systems.  

6.3. Introduction 

Packing of hard particles has attracted the interest of mathematicians and physicists for many 

centuries. It is believed that particle packing has a history as old as first ever measurements of 

basketfuls of grains for the purpose of tax collection or trading [80]. Packing behavior of a granular 

system is highly affected by the arrangement of the particles and distribution of voids between the 

particles. Today, there exist many engineering applications where maximum packing is required, 

i.e. powder metallurgy, transportation, packaging, and agricultural industries [81]. However, 
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determination of conditions leading to maximum packing is still a challenging work especially if 

particles with irregular shape and different size are of interest. 

Seamless filling of space is possible if for example one of the 14 Bravais geometrical shapes is 

used as unit cell [82]. Any other shape would result in generation of interparticle spaces, decreasing 

the packing density. In such a case, to increase the packing density, the interparticle spaces should 

be filled with smaller particles, called filler. For maximum packing, the size distribution of the 

interparticle spaces should be determined in order to choose the suitable size distribution of the 

filler particles.  

One of the first serious attempts to mathematically analyze the particle-packing phenomenon was 

made by Kepler in 1611. He theorized the cubic close packings of mono-size spheres in Euclidean 

three-dimensional space [81]. Analytical studies on particle packing continued by working on 

packing of circles and spheres. The packing density of mono-size spheres is easily calculated and 

a maximum close packed density of 74% is obtained regardless of the size of the spheres. The well-

known examples of such packing are close-packed atomic structures, i.e. HCP or FCC. Any further 

increase in packing density is thus impossible unless smaller spheres, being able to fit in the 

interstitial spaces of the larger ones, are added to the system. Again, one can easily calculate the 

size of the interstitial spaces as a function of the size of the larger spheres. This leads to the concept 

that, under certain conditions, mixing large and small spheres may increase the packing density. In 

case of irregular-shape and multi-size particles, determination of these conditions is of great interest 

but not an easy task. 

In 1964 a simple question, raised by David Singmaster [83], resulted in new advances in this 

subject; “which fits better, a round peg in a square hole or a square peg in a round hole?”. He 

obtained the answer by determining two ratios: the ratio of the “area of a circle” to the “area of the 

circumscribed square” and the ratio of “the area of a square” to the “area of circumscribed circle”. 

Since the first is larger, he concluded that a round peg fits better in a square hole than vice versa. 

More important, however, was the result he obtained by extending the problem to n-dimensions. 

Singmaster proved that the n-balls fit better in n-cubes than the n-cubes fit in n-balls, if and only if 

𝑛 ≤ 8 [83].  

Effects of particle size distribution on the packing density of spheres have been well studied [84-

87]. The problem becomes very complex when non-spherical particles are involved. This 

complexity has been partially overcome by introducing the concept of equivalent packing diameter, 
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assuming packing behavior of non-spherical particles to be similar to that of spheres [88]. Using 

this approach, some researchers predicted the interparticle porosity of binary mixtures of non-

spherical particles from an empirical model, developed for spherical particles [89]. Obviously, 

analytical solutions for this problem do not exist especially while dealing with irregular-shape 

particles. 

Along with the great progress in computing technology, numerical methods became attractive to 

address the packing behavior of non-spherical particles. Meng et al. [90] investigated shape and 

size effects on the packing density of binary spherocylinders. They numerically simulated the 

random packings of binary spherocylinders and studied the effects of shape, size and their 

combination. Jian Zhao et al. [91] used numerical simulations to investigate the density of random 

packing of cones, truncated cones, and cylinders. They also proposed an empirical formula to 

predict the packing density of frustums. The problem with the empirical formulas is that well-

defined shape parameters are required to describe the shape of particles. Thus, the available 

empirical formulas, which are using a simple shape factor, are not suitable in predicting the packing 

densities of irregular-shape particle systems, especially since the effect of particle shape on packing 

density is very strong.  

In previous work, we reported that Discrete Element Method (DEM) could be considered as a 

suitable method to investigate the packing behavior of irregular-shape particles [92,93]. The 

vibrated bulk density (VBD) of coke particles was simulated with a very good accuracy by using 

DEM, coupled with a three-dimensional imaging technique. Obviously, the coke particles were 

used only as a case study and the technique could be expanded to any other particulate material. 

The present work attempts to provide an insight about the inter-particle spaces between irregularly 

shaped particles, in order to choose the optimum size of the filler particles to achieve the maximum 

packing factor. The approach is based on using DEM method and can be used to investigate the 

packing density of any particulate system with any binary or multi-size particles with regular or 

irregular shapes. In order to apply this method successfully, the shape, density and interparticle 

friction coefficient of the particles should be pre-determined or correctly estimated. As a case study, 

the method was applied to packing of calcined coke particles, which are used in anode production 

process where the vibrated bulk density is of great interest. 
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6.4. The Numerical Model 

The numerical model is based on DEM, coupled with image analysis. DEM model is composed of 

a combination of discrete spheres and walls. At the beginning, the position of all elements and walls 

are known so that the active contacts are easily determined. Then, according to the mechanical 

behavior of the material, an appropriate force-displacement law is applied to each contact and the 

contact forces are calculated.  Newton’s second law of motion is then used to update the position 

and the velocity of each ball. One common contact model, being widely used in DEM simulations, 

is linear contact. This model is simply defined by assigning constant normal and shear stiffness 

values to the contacting elements. The details of the model can be found in [94].  

To simulate the irregular-shape particles, they are first imaged in 3D to obtain the external envelope 

of each particle. Then, the particle is simulated in the form of a clump composed of overlapping 

spheres, the building blocks of the DEM model. The contact properties between the spheres are 

chosen in a way to prevent any relative motion of the spheres within each clump. A clump is thus 

considered as a rigid and non-deformable particle. 

The second step consists of determining the clump density. In case of fully dense particles, the 

clump density is simply considered to be the same as the theoretical density of the material. If, 

however, the particles have porous structure, the apparent density of the particles should first be 

determined. One of the methods to determine the apparent density of porous particles is described 

in [95]. In this method, a powder sample with a given particle size is weighed, mounted in a resin, 

cut, polished, and the volume fraction of the particles inside the mounted resin is determined using 

image analysis. The apparent density of the particles is calculated considering the mass of the 

particles, their volume fraction in mounted sample, and the total volume of the mounted sample. 

Since the apparent density of porous particles may vary with particle size, it is recommended that 

the apparent density be measured for each size fractions of interest. The narrower the size fraction 

the more precisely is determined the apparent density for each size fraction. 

Finally, the inter-particle friction coefficient should be determined since it influences the particle 

motion within the powder bed. This parameter can be determined using the angle of repose of a 

pile of powder with a given particle size. The details of this method have been described in [92].  

Now, the model is ready to run. A given weight of clumps, having a target size, is poured in a 

container and the volume of the clump bed is calculated. This volume is considered as the bulk 

density of the clump bed, also measurable experimentally. The container can also be vibrated and 
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the VBD of the clump bed could be easily determined and confronted with the experimental data 

[92].  

The final part of the model consists on determining the pore size distribution of the clump bed. The 

clump bed, available in numerical format, allows any spatial analysis, including interparticle void 

size measurements. However, in order to determine the void size, this parameter needs to be 

defined. In this work, the size of an interparticle void is defined as the size of a largest sphere being 

able to fit into it. In turn, the size distribution of the interparticle voids within a clump bed is defined 

as the size distribution of the largest spheres being able to successively fit into the voids, starting 

from the largest and ending with the smallest ones. To obtain this size distribution, the model is run 

to find the voids being able to accommodate the largest spheres. At the subsequent steps, the size 

of the spheres is incrementally reduced to fill the remaining voids. The smaller is the increments, 

the more precisely is determined the void size distribution. 

6.5. Case study 

Packing of calcined coke, used in anode manufacturing for aluminum smelting process, was chosen 

as a practical case study for this model. The goal is to determine a suitable fraction of different 

particles size of coke to achieve a maximum packing density while using as much large particles 

as possible. This is not possible, but by accurately determining the void size distribution within the 

large cokes and filling them with smaller ones with appropriate size. The objective is therefore to 

provide an optimum coke size distribution, considering the typical coke size distribution (Table 

6.1) as a benchmark, increasing the fraction of large cokes at the expense of the smaller ones, 

aiming at increasing the VBD or, at least not deteriorating it. 

6.6. Experimental details 

Apparent density of each size fraction of coke was obtained using the protocol described in [95]. 

Table 6.2 shows the apparent density for each size fraction, obtained experimentally. 

Morphological studies on the coke particles were performed by image analysis method using an 

optical microscope, powered by Clemex software. Shape parameters such as sphericity and size 

distribution at each size range were obtained and used to calibrate the DEM models. As an example, 
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figure 6.1 shows the size distribution of coke particles in the range of -4+8 mesh. The average 

sphericity was also obtained in the same way. 

Table 6.1. Typical coke particle recipe, used as reference 

Size range (mesh) Size range (mm) Content (wt. %) 

-4+8 2.38 - 4.76 33.6 

-8+14 1.41 - 2.38 15.3 

-14+30 0.595 - 1.14 17.7 

-30+50 0.297 – 0.595 19.4 

-50+100 0.149 – 0.297 13.9 

Table 6.2. Apparent density of different size ranges of coke [95] 

Size Range (mesh) Apparent density (g/cm3) 

-4+8 1.377 

-8+14 1.532 

-14+30 1.524 

-30+50 1.586 

-50+100 1.586 

Coke particles of different size ranges were scanned (Cogency Co, in South Africa) to generate 

three-dimensional digitized and meshed shapes. 3D DEM models of coke particles were created by 

Automatic Sphere-clump Generator (ASG) software, developed by Cogency Co. By resizing the 

numerical clumps, the size distribution of the simulated particles was adjusted to be the same as 

the experimental values obtained for each same size range.  

6.7. Results and Discussion 

The packing of the largest fraction of the aggregates, presented in Table 6.1, was first investigated. 

A coke sample consisting of largest particles only (2.38 - 4.76 mm) was numerically created in 

PFC3D. This sample was subjected to vibration, according to VBD test protocol, to reach a dense 

packed state, henceforth called skeleton. The mass of the sample, however, was reduced to 10 g to 
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save the computation time. Effect of using such small samples on VBD of coke is not remarkable 

and has been previously reported [92] by the authors. Three dimensional DEM model of such a 

sample after vibration is shown in figure 6.2.   

 
Figure 6.1. Size distribution of coke particle in the range of -4+8 mesh. A same distribution was 

generated by the numerical clumps 

As expected, the density of this sample was very low (0.786 g/cm3), the main reason being the 

absence of the fine fractions as well as the low sphericity of the particles. This sample has thus 

42.9% inter-particle porosity. At the second step, size distribution of the inter-particle pores of the 

sample was evaluated using FISH, the embedded programming language in PFC3D. 

The code takes the spheres with a radius as big as 1.19 mm and puts them in the pores between the 

coke particles. It continues filling all the available pores until there is no more room for that size of 

sphere. Then, it reduces the size of the filling sphere and continues filling the remaining pores until 

all pores are filled out. The size of the filling spheres was reduced incrementally down to 0.0745 
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mm, which corresponds to the lower bound of -50+100 mesh range in the reference recipe (Table 

6.2). The increments of reduction in filling spheres radii can be seen in table 6.3. 

 
Figure 6.2. 3D DEM model of Vibrated Bulk Density test of the skeleton sample 

Table 6.3 and figure 6.3 present the size distribution of the spheres with the corresponding radius, 

which the code was able to insert in the pores. This distribution indicates the size distribution of 

the inter-particle voids by number (table 6.3) and by mass (figure 6.3). As can be seen, there have 

been only a few spaces available for spheres of -8+14 mesh size. This indicates that the -8+14 mesh 

size fraction in the anode recipe is somewhat useless in packing density.  

The results, however, become more interesting if the mass distribution of the filling spheres is 

considered (figure 6.3). This figure shows the mass distribution of the filling spheres, which fall 

within the classic size ranges used in the reference recipe. It can be noticed that only 0.078 g of the 

filling spheres fall within the range of 0.755 to 1.19 mm, followed by 1.448 g in the range of 0.297-

0.755 mm, 1.413 g in the range of 0.148-0.297 mm, and 1.288 g in the range of 0.0745-0.125 mm. 

It means, first, that there is a negligible amount of pores larger than 0.755 mm radius (0.78%). 

Secondly, most of the filling spheres (and so the pores in sample 1) have a radius between 0.148 

mm and 0.755 mm. The amount of the pores in the ranges of 0.745-0.125 mm is also considerable 

(12.8%).  
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According to figure 6.3, in the skeleton sample, there are voids for only 0.078 g of spheres 

belonging to -8+14 mesh range, representing less than 1 percent of the whole recipe. However, as 

given in table 6.1, the reference sample has 9.9% of particles in this size range. This value is more 

than ten times the available space for this size range.  

Table 6.3. Results of void tracking; number of filling spheres with different sizes 

Radius of the filling 

sphere (mm) 
number 

0.0745 150061 

0.0885 77843 

0.105 37230 

0.125 17819 

0.1485 15150 

0.177 9053 

0.21 5781 

0.25 3802 

0.2975 2087 

0.3535 1120 

0.4205 768 

0.5 303 

0.595 131 

0.755 23 

0.84 4 

1.00 0 

1.19 0 

Effects of these excess particles were schematically elucidated in figure 6.4. For the sake of 

simplicity, coke particles have been shown in 2D, representing the skeleton created by packing of 

the large particles (figure 6.4(a)) and the same sample with excess circular filling particles in the 

range of -8+14 mesh (figure 6.4(b)).  
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Figure 6.3. Results of voids tracking test; distribution of mass of the filling spheres within various 

size-ranges. The values on each column give the weight percentage of filling spheres compared to the 

weight of skeleton sample. 

 
Figure 6.4. Schematic 2D illustration of coke particles 
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The circular particles are added to fill the voids between the large particles. However, if there are 

not enough sites available for the size of these circles, they would push away the large particles to 

fit themselves in the voids, thus creating more inter-particle voids, requiring even more fine 

particles to fill them.   

In an ideal case, the small particles should be added to the large ones to fill only the voids between 

them, without moving them away from each other. Strictly speaking, adding small particles may 

result in a highest packing density if the contacts between the large particles of the skeleton remain 

intact. However, as figure 6.3 suggests, the skeleton of the large particles does not have enough 

voids to accommodate 9.9 wt.% of particles of -8+14 mesh size. Thus, having this amount of filler 

particles in the recipe will decrease the contacts between the skeleton particles. This, in turn, creates 

more voids, requiring higher amounts of very fine particles to fill them. Therefore, removing all 

the particles in the range of -8+14 mesh from the recipe of table 6.1 would result in higher packing 

density.  

To experimentally verify the abovementioned hypothesis, new recipes of coke aggregates were 

defined, as shown in table 6.4. These recipes were defined with the aim of increasing the large 

fraction of particles, at the expense of the smaller ones, while the packing density not being 

compromised. Vibrated Bulk Density tests were conducted on the samples. Results of VBD tests 

have been presented in figure 6.5. Using the obtained values of VBD and having measured the 

apparent density of coke particles (table 6.2) one can calculate the void fraction of each sample. 

The calculated void fractions have been given in table 6.5. Table 6.5 shows that the void fraction 

in the sample with only large fraction (S5) is 0.429. This high fraction of voids needs to be reduced 

by adding small particle fractions to fill the voids.  

As can be seen in figure 6.5, skeleton sample (S5) has a very low VBD of 0.786 g/cm3. On the 

other hand, the standard sample, being currently used in industry, has a quite high density of 0.955 

g/cm3. Void fraction of standard sample falls to 0.361. Sample S1 was designed to contain more 

large particles (60% instead of 33% in standard sample) while all other fractions are less than those 

used in the standard recipe. In spite of this drastic change in the recipe, the VBD of this sample is 

the same as that of the standard one. This result confirms that removing the -8+14 fraction allows 

increasing the large fraction at the expense of the fine particles without compromising the packing 

density. Comparing the samples S3 and Standard reveals also an important fact that the VBD can 

even be further increased by slightly increasing the -50+100 fraction (from 13.9 to 15%), while 

keeping the large fraction at 60%. This recipe may result in a VBD of 0.985 g/cm3 compared to 
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0.955 g/cm3 for the standard recipe. Such a high compaction may lead to lower demand for binder 

matrix in the anode formulation.  

Table 6.5 reveals that void fraction of all suggested recipes (S1-S4) is lower than standard sample. 

This confirms that in the suggested recipes more voids in the skeleton are filled compared to the 

standard sample. Results of void tracking reveal the negative effect of particles of -8+14 mesh 

range on the VBD of the coke recipe. Final recommended coke recipe for anode paste plants by 

this study are samples S1 and S3. These samples have not only a comparable or higher VBD than 

that of the standard sample but they also have much higher amounts of large particles. 

Another benefit of these recipes is the fact that they used only 4 size fractions compared to 5 in the 

standard recipe. This makes the production, classification and handling processes of the anode 

recipe easier.  

Table 6.4. Coke aggregates size distribution of new samples based on results of voids tracking 

method. The values show the weight percentage of each size range in the sample 

Sample 
-4+8 

Mesh 

-8+14 

Mesh 

-14+30 

Mesh 

-30+50 

Mesh 

-50+100 

Mesh 

S1 60 0 15 15 10 

S2 60 0 20 10 10 

S3 60 0 15 10 15 

S4 65 0 15 15 5 

S5 100 0 0 0 0 

Standard 33.6 15.3 17.7 19.4 13.9 

 

Table 6.5. Void fraction of samples 

Sample Void Fraction 

S1 0.341 

S2 0.343 

S3 0.321 

S4 0.357 

S5 0.429 

Standard 0.361 
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Figure 6.5. Experimental results of VBD test for samples given in table 6.4 

6.8. Conclusions    

Packing density of the coke aggregates used in anode production plants was investigated. A 3D 

DEM model of a coke sample with the particles of the largest size fraction in the coke recipe was 

created. Inter-particle porosities of this sample were studied and well-measured using voids 

tracking method and the size distribution of the pores was obtained. Voids tracking results showed 

that the coke size distribution, currently used in industry, does not match with the available pore 

size distribution and thus it cannot reach the maximum possible packing density. 

In the light of the void tracking results, it has been shown that there are negligible voids belonging 

to 0.755-1.19 mm (-8+14 mesh) size range in the skeleton sample, thus removing this fraction from 

the recipe enhances the packing density. New coke recipes were created based on the results of 

void tracking. VBD experiments showed that the new recipes, generated according to the void 

tracking, lead to bulk densities higher than that of the standard sample. These new recipes contain 

twice as many large particles and a lower number of size fractions, both of which may facilitate the 

anode production process. 

 



 

74 

 

 

 

 

 

 

7. Discrete Element Method Modeling of Rheological 

Properties of Coke/Pitch Mixtures 

 

Behzad Majidi1,2, Seyed Mohammad Taghavi2, Mario Fafard2, Donald Ziegler3, Houshang Alamdari1,2 

 

1 Department of Mining, Metallurgical and Materials Engineering, Laval University, Canada 

2 NSERC/Alcoa Industrial Research Chair MACE3 and Aluminum Research Center – REGAL 

Laval University, Canada 

3 Alcoa Primary Metals, Alcoa Technical Center, 100 Technical Drive, Alcoa Center, PA, 15069-0001, 

USA 

 

 

 

 

 

Materials, 2016, 9 (5), 334 



 

75 

 

Foreword 

As the DEM models of coke aggregates in different size fractions are created, the next step would 

be to simulate the deformation of pitch and binder matrix using an appropriate model in a DEM 

code. Pitch at elevated temperatures is a viscoelastic liquid and simple elastic models as presented 

in the previous chapters cannot predict its rheological response. In this chapter, Burger’s 

viscoelastic model proposed to model pitch by means of DEM. Apart from properties of pitch itself, 

rheological response of pitch and coke mixtures are not well-studied and the available equations 

are very general. This chapter is an attempt to first bring the DEM model of pitch to the platform 

and then to numerically study the rheology of coke and pitch mixtures.   

*     *     * 

7.1. Résumé 

Les propriétés rhéologiques du brai de pétrole et des mélanges brai/coke à des températures 

avoisinant 150 °C sont d’un grand intérêt pour les procédés de fabrication des anodes de carbone 

dans l’industrie de l’aluminium. Dans ce travail, un model de contact cohésif viscoélastique basé 

sur le modèle de Burger est développé en utilisant la méthode des éléments discrets (DEM), sur le 

logiciel libre d’accès YADE. Un rhéomètre à cisaillement dynamique (DSR) est utilisé pour 

mesurer les propriétés viscoélastiques du brai de pétrole  à 150 °C. Les données expérimentales 

obtenues sont ensuite utilisées pour estimer les paramètres du modèle de Burger afin de calibrer le 

modèle DEM. Les tests DSR ont ensuite été simulés avec un modèle à trois dimensions. De très 

bonnes corrélations ont été observées entre les données expérimentales et les résultats de 

simulation. Les agrégats de coke ont été simulés par des sphères superposées dans le modèle DEM. 

Les mélanges brai/coke ont été simulés numériquement en ajoutant 5, 10, 20 et 30 pourcent 

d’agrégats de coke dans la gamme de taille de 0.297 à 0.595 mm (-30 + 50 mesh) au brai de pétrole 

. L’ajout de plus de 30 % d’agrégats de coke peut augmenter le module de cisaillement complexe 

à 60 Hz de 273 Pa jusqu’à 1557 Pa. Les résultats ont aussi montré que l’ajout de particules de coke 

augmente les modules de conservation et perte, alors qu’il n’a pas d’effet significatif sur l’angle de 

déphasage brai de pétrole.  
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7.2. Abstract 

Rheological properties of pitch and pitch/coke mixtures at temperatures around 150 °C are of great 

interest for the carbon anode manufacturing process in the aluminum industry. In the present work, 

a cohesive viscoelastic contact model based on Burger’s model is developed using the discrete 

element method (DEM) on the YADE, the open-source DEM software. A dynamic shear rheometer 

(DSR) is used to measure the viscoelastic properties of pitch at 150 °C. The experimental data 

obtained is then used to estimate the Burger’s model parameters and calibrate the DEM model. The 

DSR tests were then simulated by a three-dimensional model. Very good agreement was observed 

between the experimental data and simulation results. Coke aggregates were modeled by 

overlapping spheres in the DEM model. Coke/pitch mixtures were numerically created by adding 

5, 10, 20, and 30 percent of coke aggregates of the size range of 0.297–0.595 mm (-30 + 50 mesh) 

to pitch. Adding up to 30% of coke aggregates to pitch can increase its complex shear modulus at 

60 Hz from 273 Pa to 1557 Pa. Results also showed that adding coke particles increases both storage 

and loss moduli, while it does not have a meaningful effect on the phase angle of pitch. 

7.3. Introduction 

Carbon anodes for the aluminum smelting process are made using a well-designed recipe of pitch 

binder and calcined coke particles. Anodes are consumed during the electrolysis process in Hall-

Héroult cells and it is estimated that around 17% of the cost of the aluminum smelting process 

comes from carbon anodes [14]. Thus, the properties and quality of the anodes have a direct effect 

on the performance and economy of Hall- Héroult process. Anodes are made by mixing granulated 

coke aggregates with coal tar or petroleum pitch at 150 °C and the mixture, called anode paste, is 

then compacted and baked. It is essential to have a good understanding of viscosity and rheological 

properties of pitch and pitch coke mixtures to have better control of final compacted anode 

properties. Micromechanical models can provide considerable information about the flow and 

compaction properties of anode paste. 

Discrete Element Method (DEM) is used to simulate the behavior of granular materials in industrial 

applications especially where the dynamics and flow of a particulate material are of interest. This 

method was introduced for the first time by Cundall and Strack [42] in 1979. In DEM simulations, 

rigid discrete elements, which are spheres in 3D and discs in 2D models, are used to model the 
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granular material. The contact law between the elements defines the mechanical behavior of the 

bulk material.  

The discrete element approach has attracted the interest of researchers in mining, civil engineering, 

pharmaceutical industries and materials engineering to simulate the flow [96,97], compaction 

[98,99] and mechanical properties [51,100] of single or multi-phase materials. Recent 

advancements in the performance and power of computers have provided new insights to simulate 

the mechanical and rheological properties of asphalt concretes and mastics using two or three-

dimensional DEM models. As an instance, Dondi et al. [101] studied the effects of aggregate size 

and shape on the performance of asphalt mixes. M Khattak et.al [102] used an imaging technique 

coupled with DEM to create a mirco-mechanical model of hot mix asphalts (HMA). They reported 

that the DEM model provided a good prediction of dynamic modulus and strength of HMAs. Since 

in DEM materials properties are modeled by assigning appropriate contact models to the elements, 

different elastic, elasto-plastic and viscoelastic models are developed. For asphalt mixes, usually 

the Burger’s viscoelastic model is used for the mastic and a simple elastic model is used for the 

aggregates [48,51]. T. Ma et al. [48] used the Burger’s model in a three-dimensional DEM model 

to investigate the effects of air voids on creep behavior of asphalt mixtures.  

Burger's model can be also embedded in traditional linear elastic contact model in which normal 

and shear stiffness of the contact is changing by time to include viscous deformations. V. Vignali 

et al. [103] and G. Dondi et al. [54] adapted this approach of viscoelastic modeling to predict the 

rheological behavior of bituminous binders.    

In the present work, three dimensional imaging is used to capture the irregular shapes of coke 

aggregates. Then, a 3D DEM model of pitch is developed to predict the rheological properties of 

pitch and coke/pitch mixtures at 150 °C.  

7.4. Theory 

A three-dimensional DEM model is composed of a combination of discrete spheres and walls. At 

the beginning, the position of all elements and walls are known so that the active contacts are easily 

determined. Then, according to the mechanical behavior of the material, an appropriate force-

displacement law is applied to each contact and the contact forces are calculated. Newton's second 

law of motion is then used to update the position and velocity of each ball.  
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One common contact model widely used in DEM simulations is the linear contact model. This 

model is simply defined by assigning normal and shear stiffness values to the contacting elements.  

Irregularly shaped particles also can be generated as a clump composed of several touching or 

overlapping balls. Contact force calculations for balls within a clump is skipped during calculation 

cycle and only the contact force of a clump with neighboring clump/balls or walls are considered. 

The four-element Burger’s model is the most common model used to simulate the viscoelastic 

properties of mastics and binders [103]. The Burger’s model is composed of the Maxwell model in 

series with the Kelvin model and thus it is capable to represent the material behavior under both 

creep and relaxation [103]. 

Although, the Burger’s model is widely used by some researchers, mostly to simulate the 

mechanical behavior of asphalt mastic, it has not publicly been implemented in YADE [54]. 

Therefore, authors use an in-house implementation of this model in YADE, creating a cohesive 

viscoelastic model to simulate pitch. A new type of material, so called CohBurgersMat is defined 

in YADE. This material takes four Burger's parameters in normal and four Burger's parameters in 

shear direction.  

Viscoelastic properties of a material are normally presented by two parameters of complex shear 

modulus, G*, and phase angle, δ [28]. These parameters can be measured using a parallel-plate 

measuring system. The Dynamic Shear Rheometer (DSR) shown in Figure 4.4 in chapter 4 is the 

laboratory equipment widely used to characterize the rheological properties of different types of 

binders and mastics [27]. In this test, a disc of the tested material is sandwiched between two plates 

at the desired temperature. In this test, a sinusoidal force (stress) is applied to the sample and the 

deformation (strain) is recorded. The induced strain has a sinusoidal form with a time lag which 

comes from the material’s viscoelasticity. This time lag is called the phase angle (δ). The frequency 

sweep configuration is adopted to obtain the response of fluid-like materials to different loading 

frequencies by measuring the complex shear modulus and phase angle at different frequencies.  

The following equations are used to calculate G*: 

𝜏𝑚𝑎𝑥 =
2𝑇

𝜋𝑟3                                                                                                                     (7.8) 

𝛾𝑚𝑎𝑥 =
𝜃𝑟

ℎ
                                                                                                                       (7.9) 
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in which 𝜏𝑚𝑎𝑥 is the maximum shear stress, 𝑇 is the maximum applied torque, 𝑟 is the radius of the 

specimen,  𝜃 is the rotation angle, and ℎ is the thickness of the specimen. Finally the complex shear 

modulus is obtained from: 

𝐺∗ =
𝜏𝑚𝑎𝑥

𝛾𝑚𝑎𝑥
                                                                                                                     (7.10) 

The phase angle (δ), in turn, was determined at different frequencies by measuring the delay in 

seconds between the peaks in the stress and strain functions.  

Having obtained 𝐺∗and δ, the storage and loss moduli at 150 °C for each frequency are calculated 

by: 

𝐺′ = 𝐺∗. cos 𝛿                                                                                                              (7.11) 

𝐺" = 𝐺∗. sin 𝛿                                                                                                               (7.12) 

7.5. Experimental 

Dynamic shear tests were conducted in strain-controlled mode using an ARES rheometer (see 

Figure 7.1). Frequency sweep configuration was adopted at 150 °C from 0.06 Hz to 60 Hz. 

Complex shear modulus and phase angle were measured at each frequency. Then, the obtained data 

were used to estimate the four parameters of the Burger’s model of pitch at 150 °C.  

7.6. Numerical Method 

The open-source discrete element code, YADE [54], was used in this work to simulate the DSR 

test. The geometry of the numerical model of DSR test of pitch is shown is Figure 7.1. Pitch is 

modeled by an assembly of spheres with the radius of 0.08 mm. Spheres are generated in hexagonal 

closed pack configuration to make up a disc of 12 mm in diameter and 2 mm in thickness. Size of 

the elements has been chosen considering the balance between the resolution of the model (size of 

the elements compared to the size of the sample) and the computation time.  
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A small compressive load was initially applied to ensure the contacts between the plates and the 

testing material. Frequency sweep dynamic shear tests were run at frequencies ranging from 0.06 

Hz to 60 Hz, according to the DSR experiments. 

 
Figure 7.1. DEM simulation of DSR test of pitch 

 

Equations (7.8) to (7.12) were then used to calculate the rheological parameters. A cohesive contact 

model based on the Burger’s model (equation 7.7) is used to simulate the viscoelastic behavior of 

pitch at 150 °C. The spherical elements representing pitch have Burger’s model in both shear and 

normal direction in all contacts. In this work, the same values were used for Burger’s model of 

pitch in both shear and normal direction.  

In 2011, Liu et.al [104] proposed a new method in using the Frequency-Temperature Superposition 

(FTS). Traditionally, after conducting dynamic modulus tests at different temperatures, FTS is used 

in calculating shift factors to build up the master curve at the reference temperature. However, in 

the approach proposed by Liu et al., 𝐺∗and δ are measured at different frequencies at desired 

temperature in the laboratory and the Burger’s model parameters are obtained. Then, the Burger’s 

dashpot viscosities are modified to predict 𝐺∗and δ at amplified frequencies. This method is of 

considerable interest for discrete element simulations as for example by using the amplifying 

coefficient of 𝜉 = 1000, dynamic modulus test at the frequency of 0.06 Hz can be simulated at 

f=60 Hz resulting in significantly reduced computation time. In the present work, 𝜉 = 1000 was 

used in the DSR tests simulations. 
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7.7. Results and discussion 

7.7.1. DSR of Pitch and model verification 

Experimental data of the DSR tests of pitch at 150 °C are given in Figure 7.2. The obtained data is 

then used to fit the Burger’s model parameters. The fitting procedure is performed by the solver 

option of Microsoft Excel by minimizing the following function: 

𝑓 = ∑ ([
𝐺′

𝑗

𝐺′𝑗
0 − 1]

2

+ [
𝐺"𝑗

𝐺"𝑗
0 − 1]

2

)𝑚
𝑗=1                                                                               (7.13)             

where 𝐺′𝑗
0 and 𝐺"𝑗

0 are respectively the storage and loss moduli experimentally measured at jth 

frequency; 𝐺′
𝑗 and 𝐺"𝑗 are respectively the predicted storage and loss moduli at jth frequency; m is 

the number of data points which is 16. 

Calculated values for the Burger’s model of pitch have been presented in table 7.1. These 

parameters are called macroscale parameters and they determine the global material behavior. The 

Burger’s model parameters values for each contact in the DEM model of pitch, however, depend 

on the size of two contacting spheres. In our implementation of the Burger’s model on YADE, 

these parameters are obtained by the following equation for each contact: 

 
Figure 7.2. Dynamic shear tests results of pitch at 150 °C 
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𝑃𝑚 = 𝐿. 𝑃𝑀                                                                                                                    (7.14) 

in which 𝑃𝑀 is the macroscale parameter of Burger’s model as given in table 7.1, L is the diameter 

of the element and 𝑃𝑚 is the microscale parameters of  Burger’s model of pitch. For a contact 

formed by two overlapping elements, however, the contact model parameters are obtained as: 

𝑃𝑐𝑜𝑛𝑡𝑎𝑐𝑡 = 2 ∗
𝑃1𝑃2

𝑃1+𝑃2
                                                                                                                  (7.15)  

Table 7.1. Calculated Burger’s model parameters of pitch at 150 °C 

Km(Pa) Cm(Pa.s) Kk(Pa) Ck(Pa.s) 

3867.136 37.11 10.047 7.375 

In the DEM code here, as a contact is formed, its rheological parameters are obtained from equation 

(7.15) and then the force-displacement law, equation (7.7), is solved at each cycle as long as the 

contact is active.  

Using the values obtained for pitch and the configuration previously explained in Numerical Model 

section, DSR tests were simulated in YADE. DEM model of DSR test was calibrated by changing 

the stiffness of the loading plate. Stiffness of the plate was modified to obtain the complex shear 

modulus of pitch at f= 60 Hz. Then, this value was kept constant in DSR tests at all other 

frequencies. Using this method stiffness of the loading plate was determined as 4.0e4 N/m.    

 Figure 7.3 presents the simulation results of a DSR test of pitch in terms of stress and strain curves 

by which and using previously mentioned equations, 𝐺∗and δ are calculated. Experimentally 

measured rheological data (G*, G' and G") of pitch at 150 °C in Figures 7.4,7.5 and 7.6 are 

compared with those obtained by DEM simulation with the viscoelastic parameters given in table 

7.1.   

As it can be seen from Figures 7.4–7.6, the DEM model of pitch is capable of predicting the 

complex modulus at a wide range of frequencies with a very good precision. However, storage 

modulus at high frequencies is over-estimated. This comes from the under-estimation of phase 

angle at higher frequencies.  

Similar observation has been reported by Yu liu et.al. [104]. They reported that the errors in 

predictions of complex modulus and phase angle for the amplified frequencies of less than 25 kHz 
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is around 4%. But it increases up to 15% for higher frequencies. Using a smaller time-step and not 

applying the frequency-temperature superposition to avoid its probable inertial effects can improve 

the predictions of phase angle. 

 
Figure 7.3. DEM results as strain and stress curves of pitch at f= 60 Hz 

 
Figure 7.4. Experimental and DEM simulation results for complex modulus of pitch at 150 °C 
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Figure 7.5. Experimental and DEM simulation results for storage modulus of pitch at 150 °C 

 

 
Figure 7.6. Experimental and DEM simulation results for loss modulus of pitch at 150 °C 

7.7.2. DEM simulation of coke/pitch pastes 

The verified discrete element model of pitch is then used to predict the viscoelastic properties of 

pitch/coke mixtures at 150 °C. It should be noted that DSR test measurements on coke/pitch 

mixtures are not always possible or precise due to the small thickness of the sample disc in the DSR 

tests and limitations of the setup. Thus, a well-designed DEM model is of considerable practical 

interest.  
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Calcined coke has particles with irregular shapes and, as used in anodes, a wide size distribution. 

For discrete element models in the present work, the method previously developed by the authors 

[92] was applied to model the coke aggregates by overlapping spheres. Coke particles of the size 

range of -30+50 mesh (0.297-0.595 mm) were modeled as clumps in YADE.  

Four numerical mixes of coke and pitch with 5, 10, 20 and 30 wt.% of coke aggregates were 

generated. Then, the DSR test was simulated on the samples with the same configuration of only-

pitch sample. The DEM model of coke/pitch mixtures is composed of two phases: spheres in 

hexagonal closed packed (hcp) configuration representing pitch and clumps representing coke 

aggregates.  

To create the coke/pitch sample models, first, clumps of coke aggregates with the intended size 

distribution and numbers are randomly placed in a disc of 6 mm in radius and 2 mm height. The 

model is cycled to remove the possible overlaps between aggregates. At this step, zero gravity is 

used in the model to avoid sinking the particles to the bottom of the cylindrical container. Then, 

using spheres of radius of 0.08 mm the sample volume is tessellated in an hcp configuration. 

Since there are already clumps in the space, there will obviously be some overlaps between the 

clumps and spheres which must be managed to have a stable sample.  

Using a Python script, big clump-sphere overlaps are removed. The code detects the interactions in 

which the penetration depth is larger than 0.02 mm and deletes the standalone sphere (pitch 

element). However, if the overlap value is less than 0.02 mm, the size of the standalone sphere is 

reduced to 0.04 mm without deleting it. An example of result of this method is shown in Figure 7.7.  

Figure 7.7(a) shows the first step in which only clumps are generated. In Figure 7.7(b), pitch spheres 

have been added and the overlapping spheres have been deleted or reduced in diameter to avoid 

huge overlaps. The resulting paste then undergoes a triaxial compression to have an integrated 

compacted sample.  

In Figure 7.8, the numerical sample of pitch and coke mixture ready for the DSR tests is shown. 

The dimensions and test procedure was the same as for pitch. Four pastes of coke and pitch mixture 

were numerically prepared with 5, 10, 20 and 30 wt.% of coke particles. Size distribution of coke 

aggregates was the same for all samples in the range of -30 + 50 mesh.  
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Effect of content of coke particles on the complex shear modulus of coke/pitch pastes has been 

shown in Figure 7.9. As the content of coke in the mixture increases, the complex shear modulus 

increases. This raise in 𝐺∗ is more pronounced for higher frequencies. However, addition of coke 

particles does not have a meaningful effect on the value phase angle and as the content of the coke 

particles increases, both storage and loss moduli increase.   

 

Figure 7.7. Coke/pitch mixture generation method: a) creating coke aggregates, b) adding pitch 

spheres and handling the overlaps 

Similar results have been reported by Rossana Pasquino [105] for glass beads suspensions in 

viscoelastic polymers. 

Figures 7.9–7.11 show that there is a considerable rise in the dynamic moduli of pitch by adding coke 

particles. In Figure 7.10, results have also been compared with two equations developed for the case 
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of spherical rigid particles in Newtonian fluids, Hashin-shtrikman [106] and Krieger-Dougherty 

[107] which are respectively written as: 

𝐺′(𝜑)

𝐺′0
=

2+3𝜑

2−2𝜑
                                                                                                                 (7.14) 

𝐺′(𝜑)

𝐺′0
= (1 − 1.5625𝜑)−1.6                                                                                          (7.15)  

where φ is the volume content of particles.  

 

Figure 7.8. Dynamic shear test of coke/pitch mixture 

In Figure 7.10, 
𝐺′(𝜑)

𝐺′0
 ratio for pitch mixed coke particles are larger than those predicted by the 

equations. It should be noted that these equations were proposed for Newtonian fluids including 

rigid spherical particles. However, pitch is a non-Newtonian viscoelastic fluid above its softening 

point. Added particles here are not spherical either and they are relatively coarse. Therefore, the 

case seems complex and we have found no analytical or empirical equation to describe the effects 

of adding rigid particles to a viscoelastic fluid. Performing experimental measurement was not 

possible due to the size of the particles (in the range of 0.297-0.595 mm) and the stiffness of the 

sample, which exceeded the limits of our set up. Therefore, a mix of pitch with fine particles smaller 

than 150 micron was made for experimental measurements. The results of DSR tests on these 

samples compared to the above-mentioned equations are given in Figure 7.12. Again, it can be seen 
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that the experimental point of 
𝐺′

𝐺′0
 ratio for pitch/coke mixtures are larger than the upper limit 

predicted by the Krieger-Dougherty relation. Thus, it can be concluded that these models may not 

be appropriate to study the rheological parameters of particles mixed with non-Newtonian 

viscoelastic fluids. 

 

 
Figure 7.9. Effect of coke aggregates content on complex shear modulus of coke/pitch mixtures 

7.8. Conclusion 

A cohesive viscoelastic contact model based on the Burger’s model was implemented in YADE. 

The rheological behavior of pitch was measured at 150 °C using a dynamic shear rheometer. The 

obtained data were then used to calibrate the DEM model parameters for pitch. DSR test of pitch 

was then simulated by a three-dimensional DEM model in which pitch is modeled by an assembly 

of spheres of radius of 0.08 mm in hcp configuration. 
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Figure 7.10. Effect of coke particles content on Gʹ/Gʹ0 ratio (Gʹ and Gʹ0 are respectively the storage 

moduli of the mixture and pitch) 

 

 
Figure 7.11. Effect of coke particles content on Gʺ/Gʺ0 ratio (Gʺ and Gʺ0 are respectively the loss 

moduli of the mixture and pitch) 
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Figure 7.12. Effect of fine coke particles content on Gʹ/Gʹ0 ratio. Experimental data are compared 

with Hashin-shtrikman and Krieger-Dougherty equations 

Results confirm that the Burger’s model is a superior choice to describe the complex rheological 

behavior of pitch. The simulation results are in a very good agreement with the experimental data. 

However, the storage modulus is over-estimated at high frequencies. It is believed that using a 

smaller time-step and not applying the frequency-temperature superposition (which of course 

results in very long computation times) can provide a better prediction of phase angle and so a 

better prediction of storage modulus at higher frequencies. 

Calibrated DEM model of pitch was then used to predict the rheological properties of coke/pitch 

pastes with different content of coke aggregates. Since experimental measurements using a DSR 

machine was not possible, the proposed DEM numerical model is of great practical interest. Results 

showed that as the content of coke aggregates increases, both storage and loss moduli of the mixture 

increase resulting in almost constant phase angle. The rise in complex modulus value is more 

pronounced at higher frequencies. Comparison of the obtained result with the available literature 

shows that the empirical models developed for the case of rigid spheres dispersed in Newtonian 

fluids fail to accurately predict the effects of adding coke particles to pitch. More investigations are 

required to elucidate the hydrodynamic interactions between two particles in a viscoelastic 

suspension and the rheological behavior of the mixture. 
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Foreword 

In anode production process, coke aggregates are mixed with pitch to form anode paste. Flow and 

compaction behavior of this paste needs to be investigated. An in-depth discrete modeling of 

compaction of coke and pitch mixtures provides us an opportunity to study the micro-mechanisms 

involved in densification and flow of anode paste. As temperature has a considerable effect on 

viscosity of pitch, in this chapter, effects of temperature on viscoelastic parameters of pitch in 

experimentally investigated. Obtained results are then fed to numerical DEM models. Results and 

conclusion of this chapter shows the power of the used numerical approach in addressing the micro-

mechanisms involved in densification of anode paste 

*     *     * 

8.1. Résumé 

Une multitude de matériaux composites sont composés d’une matrice viscoélastique et de 

charge/agrégats élastiques. Ces matériaux se retrouvent dans les composites à matrice polymère 

jusqu’aux asphaltes. La méthode des éléments discrets (DEM) permet de modéliser explicitement 

les propriétés mécaniques et physiques autant de la matrice que des agrégats. Dans ce travail, la 

DEM est utilisée pour simuler la compaction et la déformation de mélanges de brai de pétrole 

(pitch) et de coke calciné à 135, 140, 145 et 150 °C. Les propriétés rhéologiques du brai et celles 

de la matrice liante (mélange de brai et de particules fine de coke) ont été mesurées 

expérimentalement à l’aide d’un rhéomètre à cisaillement dynamique. Les données collectées ont 

ensuite été utilisées pour déterminer les quatre paramètres du modèle viscoélastique de Burger pour 

le brai de pétrole et la matrice liante. Le test de rhéomètre à cisaillement dynamique a été simulé 

avec un modèle tridimensionnel DEM pour valider le modèle viscoélastique proposé.  Les résultats 

ont montré une très bonne corrélation entre les résultats expérimentaux et les prédictions du modèle 

relativement aux modules de conservation et perte pour le brai et la matrice liante dans une large 

gamme de fréquences à toutes les températures étudiées. Les modèles ont ensuite été utilisés pour 

étudier la compaction et la densification des mélanges coke/brai. Les résultats ont montré que la 

température a un effet positif sur la densification des mélanges coke/brai et qu’un taux de porosité 

faible est attendu pour des matériaux pressés ou vibrés à des températures plus élevées. 
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8.2. Abstract 

A variety of composite materials are composed of a viscoelastic matrix and elastic fillers. These 

materials range from polymer matrix composites to asphalt concretes. Discrete Element Method 

(DEM) has the capability of explicitly modeling the mechanical and physical properties of both 

matrix and aggregates. In the present work, DEM is applied to simulate the compaction and 

deformation of mixtures of coal tar pitch and calcined coke at 135, 140, 145 and 150 °C. 

Rheological properties of pitch and those of the binder matrix (mixture of pitch and fine coke 

particles) were experimentally measured by means of a dynamic shear rheometer. Obtained data 

was then used to estimate the four parameters of Burger’s viscoelastic model for pitch and binder 

matrix. The dynamic shear rheometer test was simulated by a three-dimensional DEM model to 

verify the proposed viscoelastic model. Results showed that there is a very good agreement between 

the measured values and model predictions for complex, storage and loss moduli of pitch and binder 

matrix in a wide range of frequencies at all studied temperatures. The verified models were then 

used to study the compaction and densification of coke/pitch mixtures. Results showed that 

temperature has a positive effect on densification of coke/pitch mixtures and lower value of 

porosity is expected for the material pressed or vibrated at higher temperatures.              

8.3. Introduction 

Aluminum oxide is reduced to metallic aluminum by means of the Hall-Héroult process. Carbon 

anodes, which participate in the main chemical reaction of the cell and are consumed during the 

process, are important elements of the reduction cells. Prebaked carbon anodes are made by mixing 

calcined coke aggregates with coal-tar or petroleum pitch. The mixture is called anode paste and at 

its forming temperature, 150 ˚C, exhibits a granulo-viscoelastic behavior [12]. Mixing and forming 

steps are of critical importance for the quality of anode and the efficiency of reduction cells. High 

permeability of the obtained mixture, as an example, results in an increased air and CO2 reactivity 

[108]. Paste recipe as well as mixing and forming temperatures influence the density and 

homogeneity of the final product. K. Azari et al.[109] in 2013 showed the importance of coke 

particle granulometry on the compaction behavior and densification of anode paste. Anode paste is 

a complex material and because of existence of several material and process parameters, its 

deformation mechanics is not fully understood. Numerical simulation can potentially be an 



 

94 

 

effective approach to understand the flow and deformation mechanisms in the anode paste 

compaction process. 

Application of computers in mechanical modeling goes back to 1950s [110]. Since 1956 finite 

element analysis has been used in different engineering applications for mechanical and thermo-

mechanical modeling of materials and structures. However, when the size of discontinuities is large 

with respect to the scale of the problem domain, the continuity assumption which is usual in finite 

element method is no longer valid [111]. The extended finite element method has been developed 

to effectively address this problem. However, to deal with problems where large deformations and 

localizations exist, these continuum-based models fail to be practical [112].              

Having been developed more than four decades ago, the Discrete Element Method (DEM) is a 

powerful method to study the movements and interactions in a granular system. With ever 

increasing computational capacity, advanced simulation techniques like DEM are attracting more 

interest in computational materials science [113,114]. From particle flow [115] and sintering 

simulation [116] to mechanical modeling of glacial ice [117], concrete [118] and asphalt mixtures 

[50], DEM has been a powerful method for dealing with microstructural problems in materials 

modeling.   

Apart from the basic elastic contact model which has been used to study particle packing [119] and 

flow problems [120], other contact models such as a simple viscoelastic model (based on Maxwell 

model) and Burger’s model (shown in figure 8.1) have also been developed to model the 

rheological behavior of viscoelastic materials. Burger’s model, mostly in the Particle Flow Code 

(PFC3D) platform, has been used to predict the rheological properties of hot mix asphalts. As 

reported by M.J. Khattak et al. [102] and Dondi et al. [28], Burger’s model embedded in DEM code 

can successfully predict the dynamic modulus of asphalt mixes.     

In the previous article [121], the authors showed the power of DEM modeling in predicting the 

viscoelastic behavior of coal-tar pitch at 150 ̊ C. The present work attempts to address some critical 

issues regarding effects of temperature on compaction and homogeneity of anode paste. DEM 

models of pitch at 135, 140, 145 and 150 ˚C as well as that of binder matrix (pitch + fine coke 

particles) at 150 ˚C are created. Then, static and dynamic responses of pitch and binder matrix 

mixtures with coke aggregates are studied.  
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8.4. Numerical Modeling 

A typical DEM model is composed of a combination of spherical elements and walls. Geometrical 

features are modeled by the shape of the particle assembly and sometimes by clustering spherical 

particles to make irregular-shape particles. In contrast to the finite element method where elements 

carry the material properties, in DEM the contact model assigned to the interactions of elements 

simulates the material behavior. The calculation cycle of DEM simulations is composed of two 

main parts. First is the DEM platform algorithm which detects the contacts between the elements 

and also calculates the elements acceleration based on explicit (or implicit) solving of Newton’s 

second law. The second part of the code takes into consideration the mechanical and physical 

features of the material. This part is composed of the contact model applied to the interactions and 

the geometrical features of the model such as particles position, shape and size.  

An anode paste contains two types of materials: coke aggregate and pitch. Coke aggregate is 

considered as rigid and unbreakable under the process conditions. Interactions of coke-coke 

contacts are thus handled with the classic contact stiffness model. This model is simply like an 

elastic spring in normal and shear directions. In some cases, i.e. this study, where particles are not 

spherical, particles shape and size distribution should also be considered.  

Pitch, however, is a viscoelastic material and an appropriate numerical model must be used to be 

able to simulate its time-dependent behavior. Burger’s model is a widely used and well-documented 

model for simulating viscoelasticity. Advantages of Burger’s model such as its relative simplicity 

and capability of predicting material behavior in both creep and relaxation have made it a very 

common model for viscoelastic materials [103].  Burger’s model, as shown in figure 8.1(a), is a 

four-element model composed of two basic Maxwell and Kelvin models. The force-displacement 

equation of the Burger’s model can be written as: 

𝑓 + [
𝐶𝑘

𝐾𝑘
+ 𝐶𝑚 (

1

𝐾𝑘
+

1

𝐾𝑚
)] 𝑓̇ +

𝐶𝑘𝐶𝑚

𝐾𝑘𝐾𝑚
𝑓̈ = ±𝐶𝑚�̇� ±

𝐶𝑘𝐶𝑚

𝐾𝑘
�̈�                                                          (8.1) 

 Equation (8.1) is the governing law defining the interaction of two bodies with Burger’s model as 

their contact model. The present authors have already implemented this viscoelastic model in the 

open access DEM code, YADE [54].  

In an anode formulation (a mixture of matrix and coke aggregates), where both elastic and 

viscoelastic materials are present, there are three types of contacts to be handled; coke-coke, coke-
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matrix, and matrix-matrix. These three contacts and their mathematic equivalent have been 

presented in figure 8.1. Although figure 8.1 is showing the normal direction, the tangent movement 

of two bodies in contact is also expressed with the same elements and parameters.  

Viscoelasticity is often represented by the two response parameters, complex shear modulus, G*, 

and phase angle, δ [28]. Dynamic Shear Rheometer (DSR), shown in figures 4.4 and 4.5 in chapter 

4, is the laboratory equipment widely used to characterize the rheological properties of different 

types of binders and mastics, capable of determining these two parameters [119]. In this test, a 

sinusoidal stress is applied to a disc of material sandwiched between two plates at the desired 

temperature and the strain is measured. Both stress or strain-control schemes are possible.  The 

induced strain is also in the sinusoidal form but with a time lag, which comes from the material’s 

time dependent behavior. This time lag is called the phase angle (δ). Frequency sweep is used to 

obtain the response by measuring the complex shear modulus and phase angle at different 

frequencies. 

 
Figure 8.1. Three contact types in the DEM model of coke/pitch mixtures 
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In the DSR test maximum shear stress and maximum shear strain are respectively expressed as: 

𝜏𝑚𝑎𝑥 =
2𝑇

𝜋𝑟3                                                                                                                     (8.2) 

and 

𝛾𝑚𝑎𝑥 =
𝜃𝑟

ℎ
                                                                                                                       (8.3) 

where 𝑇 is the maximum applied torque, 𝑟 is the radius of the specimen,  𝜃 is the rotation angle, 

and ℎ is the thickness of the specimen. Complex shear modulus by definition is obtained as: 

𝐺∗ =
𝜏𝑚𝑎𝑥

𝛾𝑚𝑎𝑥
                                                                                                                       (8.4) 

The phase angle (δ), is determined by measuring the delay, in seconds, between the peaks in the 

stress and strain functions. Having obtained 𝐺∗and δ, the storage and loss moduli at any given 

temperature and frequency are calculated by: 

𝐺′ = 𝐺∗. cos 𝛿                                                                                                                (8.5) 

𝐺" = 𝐺∗. sin 𝛿                                                                                                                 (8.6) 

8.5. Experimental Procedure 

Coal-tar pitch and calcined coke, both from anode plants, were used in this study. Chemical and 

physical properties of coke and pitch are presented in Tables 8.1 and 8.2 respectively. Granular 

calcined coke with random irregular shapes was sized into different fractions. Morphological study 

on the particles was performed by an optical microscope powered by Clemex software. As 

explained in [92], 3D imaging was used to capture the shape of the particles. Automatic Sphere-

clump Generator (ASG) software was then used to model the particles with overlapping spheres.  

Rheological studies on pitch samples in this study were performed by means of dynamic shear test 

with an ARES rheometer. DSR tests, in the form of frequency sweep from 0.06 Hz to 60 Hz, were 

conducted at 135, 140, 145 and 150 °C. Pitch samples were discs of 2.54 mm in diameter and 1 mm 

thick. Binder matrix sample’s dimension was 2.54 mm in diameter and 5 mm in thickness.  
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Table 8.1. Real density and chemical composition of calcined coke 

Real density 

(g/cm3) 

Na 

[ppm] 

Si 

[ppm] 
%S 

Ca 

[ppm] 

V 

[ppm] 

Fe 

[ppm] 

Ni 

[ppm] 

2.057 100±7 120±17 2.13±0.006 130±7 360±18 460±23 250±13 

Table 8.2. Properties of coal tar pitch 

Mettler softening point (°C) 
Quinoline 

insoluble (%) 

Density 

(g/cm3) 

109 15.5 1.31 

Normally, in carbon anode literature the binder matrix is a mixture of pitch and fine coke particles 

smaller than 0.150 mm. In the present work however, to reduce the size of the numerical models, 

a mixture of pitch and coke particles smaller than 0.600 mm was considered as the binder matrix. 

The recipe of this binder is given in table 8.3. Using this new definition, we do not need to 

separately model the particles of -50+100 US mesh and -30+50 US mesh range. The whole mixture 

is defined as binder matrix and its rheological properties are measured using the DSR test. The 

binder matrix, due to the presence of fine coke particles, has much higher stiffness at 150 °C 

compared to pitch alone. To obtain the viscoelastic properties of binder, a Malvern Kinexus lab+ 

rheometer (shown in figure 4.5) was used.       

8.6. Results and Discussion 

8.6.1. DSR experiments 

Results from the rheological measurements on pitch at 135, 140, 145 and 150 °C are shown in 

Figures 8.2 to 8.4. Complex shear modulus (𝐺∗) and loss modulus (𝐺") decrease by increasing 

temperature. This is expected and consistent with the results reported for similar materials such as 

asphalt binders and mastics [28,122]. Comparing storage and loss moduli of pitch at different 

temperatures shows that loss modulus is much bigger than storage modulus. This means that 

viscous dissipation in pitch is more significant compared to its elastic response. 

Dynamic shear response of binder matrix at 150 °C was measured and the results are presented in 

figure 8.5. In contrast to pitch, the elastic behavior of the binder mixture is much bigger than its 

viscos behavior. Adding fine coke particles to pitch increases both storage and loss moduli, but the 

material becomes much more elastic as for example at 15.91 Hz, complex, storage and loss moduli 

are respectively 6.07×107, 5.96×107, and 1.16×107.  
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Table 8.3. Recipe of the binder matrix used in the present work 

Material/size range 

(US mesh) 

Size range 

(µm) 
mass (g) wt. % 

Coke (-30+50) 300-600 86,3 17.26 

Coke (-50+100) 150-300 62,3 12.47 

Coke (-100+200) 75-300 72,6 14.52 

Coke (fines) <75 167,8 33.57 

pitch - 110,9 22.18 

 

 
Figure 8.2. Experimental results of effect of temperature on complex modulus of pitch 
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Figure 8.3. Experimental results of effect of temperature on loss modulus of pitch 

 

 

Figure 8.4. Experimental results of effect of temperature on storage modulus of pitch 
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Figure 8.5. Dynamic shear moduli of binder matrix at 150 °C 

8.6.2. DEM simulation of DSR tests 

To model the viscoelastic response of pitch and binder matrix, four elements of Burger’s model 

(dashpot viscosity and spring stiffness for both Kelvin and Maxwell parts) need to be obtained. 

Experimental data presented in figures 8.2 to 8.4 were used to fit the Burger’s model parameters 

for pitch at different temperatures. Model parameters for the binder matrix at 150 °C were obtained 

from data given in figure 8.5. 

Real and imaginary components of complex compliance of Burger’s model are expressed as: 

𝐷′(𝜔) = (
1

𝐾𝑚
+

𝐾𝑘

𝐾𝑘
2+𝜔2𝐶𝑘

2)                                                                                            (8.7) 

𝐷"(𝜔) = (
1

𝜔𝐶𝑚
+

𝜔𝐶𝑘

𝐾𝑘
2+𝜔2𝐶𝑘

2)                                                                                         (8.8) 

Knowing |𝐷∗| = √𝐷′2 + 𝐷"2 and 𝐺∗ = 1/𝐷∗, moduli of Burger’s model can be expressed as a 

function of values of its elements. Then, having experimental data, measured at different 

frequencies, one can obtain four parameters of Burger’s model. In this work, first Km and Cm were 

calibrated according to the method proposed by Yu and Shen [123] as: 
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𝐾𝑚 = lim
𝜔→∞

|𝐺∗| , 𝐶𝑚 = lim
𝜔→0

|
𝐺∗

𝜔
|                                                                                     (8.9) 

Using the actual range of frequency in this study, the above equations are expressed as: 

𝐾𝑚 = lim
𝜔→39.81

|𝐺∗| , 𝐶𝑚 = lim
𝜔→0.01

|
𝐺∗

𝜔
|                                                                          (8.10) 

The Microsoft Excel Solver was used to optimize the following function to estimate parameters of 

Kelvin part (𝐾𝑘 and 𝐶𝑘):    

𝑓 = ∑ ([
𝐺′

𝑗

𝐺′𝑗
0 − 1]

2

+ [
𝐺"𝑗

𝐺"𝑗
0 − 1]

2

)𝑚
𝑗=1                                                                               (8.11) 

in which, 𝐺′𝑗
0 and 𝐺"𝑗

0 are respectively the storage and loss moduli, experimentally measured at jth 

frequency; 𝐺′
𝑗 and 𝐺"𝑗 are respectively the predicted storage and loss moduli at jth frequency; m is 

the number of data points. This function has been used in [28] and some other works and it has also 

resulted in the best match to the experimental data in the present work.  

Calculated values for Burger’s model parameters for pitch and binder matrix are given in Table 

8.4. The most obvious trend is on the spring stiffness of Maxwell part (Km) which increases by 

decreasing temperature. As expected, binder matrix also has much bigger value of Km compared to 

pitch. The values obtained for viscoelastic model of pitch and binder matrix, given in table 8.4, 

were then input in DEM software, YADE. The Dynamic shear test on these materials was then 

numerically simulated as shown in figure 8.6. Results of discrete element method simulation of 

DSR test for pitch at 135, 140, 145 and 150 °C and for binder matrix at 150 °C have been compared 

to experimental data in figures 8.7 to 8.11.  

In most cases, there is a very good agreement between numerical and experimental results, 

especially at higher frequencies. To have a better prediction of storage modulus, however, a better 

estimation of phase angle is required. This can be obtained by using smaller time-steps, which in 

turn comes with computational costs.       
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Figure 8.6. 3D DEM simulation of dynamic shear test 

Table 8.4. Estimated parameters for viscoelastic models of pitch and binder matrix 

material 
Burger’s model parameters 

Km(Pa) Cm(Pa.s) Kk(Pa) Ck(Pa.s) 

Pitch (135°C) 3874 2627 8.1 26.69 

Pitch (140°C) 2223 1547 8.02 15.64 

Pitch (145°C) 1425 760 6.7 10.29 

Pitch (150°C) 1231 721 24.8 11.85 

Binder (150°C) 68126166 3147473170 146484979 32036292 

 

 

Figure 8.7. Experimental data compared to DEM predictions for rheological properties of pitch at 

135 °C 
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Figure 8.8. . Experimental data compared to DEM predictions for rheological properties of pitch at 

140 °C 

 
Figure 8.9. Experimental data compared to DEM predictions for rheological properties of pitch at 

145 °C 

   



 

105 

 

 

Figure 8.10. Experimental data compared to DEM predictions for rheological properties of pitch at 

150 °C 

 
Figure 8.11. Experimental data compared to DEM predictions for rheological properties of binder 

matrix at 150 °C 
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8.6.3. Compaction and flow modeling of pitch-coke and binder matrix-coke mixtures 

The verified viscoelastic models for binder matrix and pitch were then used to study the compaction 

and flow behavior of mixtures of these materials with large elastic coke aggregates. Numerical 

DEM models of mixtures were created by mixing 0.09 g of pitch or binder, modeled by spherical 

elements of radius 0.12 mm, with 0.528 g of coke aggregates in the size range of -14+28 US mesh 

(0.6 - 1.4 mm). An example of 3D image of a particle and its DEM model is shown in figure 8.12. 

The particles of the mixture are placed in random positions in a 8×8×15 mm container and the 

mixture, as shown in figure 8.13, is then allowed to settle under the force of gravity. After reaching 

the equilibrium state, the mixture is vertically vibrated for 5 seconds with the frequency of 60 Hz 

and amplitude of ±5 mm, while the top plate is applying a constant stress of 0.25 MPa. This scenario 

was repeated for pitch at all already-studied temperatures as well as for binder matrix at 150 C. 

Compactability of mixtures was then studied by measuring the porosity ratio of each compacted 

sample. Porosity values, defined as the ratio of voids volume to the volume of the whole sample, 

are given for all cases in table 8.5. 

It should be noted that the porosity values, given in table 8.5, couldn’t be directly compared to real 

porosity values in coke/pitch mixtures. These are qualitative values used to provide an index for 

compaction of the mixtures. Results in table 8.5 show that as the complex modulus of pitch is 

decreased by increasing the temperature, deformation of pitch under dynamic loads is easier, 

resulting in a better rearrangement of the coke particles and a higher compaction level (lower 

porosity). For the mixture of binder matrix and aggregates, the porosity of the material compacted 

at 150 °C is quite high. Comparing the pitch/coke and binder matrix/coke mixtures at 150 °C shows 

that, as expected from the viscoelastic data, under the same vibrational loads, compaction of binder 

matrix is much more difficult.     

 
Figure 8.12. A coke particle’s 3D scan and its modeled DEM particle 
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In the final part of the work, response of pitch to an applied load in terms of filling voids in a porous 

structure at different temperatures was numerically modelled. The start point is the configuration 

shown in figure 8.14. Thirty coke particles are placed in the middle of a 60×20×50 mm container. 

The particles are non-dynamic which means they are fixed in the space and make a rigid porous 

structure. Then, a 16.8 mm thick layer of pitch composed of 10710 spherical elements of R=0.4 

mm was pushed up by an applied stress of 80 KPa. Results for the test performed at different 

temperatures are shown in figure 8.15.  

Microscopic details of the compressed samples have been presented in figure 8.16. The number of 

penetrated pitch elements has an almost linear relationship with temperature. Increasing the 

temperature of pitch from 135 to 150 °C increases the number of penetrated pitch elements from 

4935 to 6108.  Number of pitch-coke contacts also increases by increasing temperature. This shows 

the capability of pitch in filling the surface roughness of coke aggregates. Pitch at 150 °C is more 

fluid compared to pitch at 135 °C and this helps to provide a better wetting of coke particles.  

 
Figure 8.13. Pitch/coke mixture to be compacted (left) and mixture after being vibro-compacted 

C. Sommerseth et al.[124] in 2016 showed that increasing the mixing temperature (in the studied 

range of 150-210 °C) for anode making, has positive effects on density and conductivity of green 

anodes. Results presented here can provide a micro-mechanical view to the reported data of 
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Sommerseth et al. High mixing or forming temperature results in a better distribution of pitch with 

less inter-particle voids which contribute to a better density and electrical conductivity.  

Table 8.5. Porosity in DEM models of vibrocompacted samples of coke/pitch and coke/binder 

mixtures 

Mixture Porosity (%) 

Coke+pitch at 135 °C 0.467 

Coke+pitch at 140 °C 0.454 

Coke+pitch at 145 °C 0.429 

Coke+pitch at 150 °C 0.395 

Coke+binder matrix at 150 °C 0.486 

 

 

 
Figure 8.14. Numerical test of pitch penetration 
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Figure 8.15. Results of pitch penetration tests 

 

Figure 8.16. Numerical microstructural properties of pitch penetration tests 



 

110 

 

8.7. Conclusions 

In this work, the discrete element method was used to model the viscoelastic behavior of coal–tar 

pitch and its mixture with fine coke particles (binder matrix). Rheological properties of pitch and 

binder matrix were experimentally measured by means of a dynamic shear rheometer test at 

different temperatures. The obtained data was then used to estimate and calibrate the Burger’s 

model parameters for pitch and binder matrix at each temperature. Simulations of the DSR test 

showed that discrete element method and the four-element Burger’s model can replicate the 

complex, storage and loss moduli of a viscoelastic material such as pitch. The model is capable of 

duplicating the material’s response over a wide range of frequencies. The DEM was then extended 

to modeling random-shaped coke aggregates mixed with both pitch and binder matrix to have three-

dimensional DEM models of coke/pitch and coke/binder mixtures.  

As a next step, vibro-compaction was simulated with the DEM model.  Results showed that 

temperature has a positive effect on densification of coke/pitch mixtures within the studied range. 

Large values of complex modulus at lower temperatures mean that, under the same applied load, a 

smaller deformation and thus a lower densification is expected. Effects of temperature on flow of 

pitch and its penetration into voids of a porous structure were also studied. As at 150 °C pitch has 

a lower dynamic modulus and higher fluidity it makes a well distributed and connected matrix for 

the porous structure. This means that in the case where such a mixture is pressed or vibrated to get 

densified, increasing the process temperature can facilitate the ability of pitch to fill the inter-

particle voids and thus increase the material’s compacted density. 
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Foreword 

DEM provides a unique opportunity to visualize and study the particle-particle contacts in a 

granular system. In chapters 6 and 7, three-dimensioanl models of coke aggregates were used to 

study the parameters involved in packing and bulk density of coke mixtures. Electrical resistivity 

is also another important parameter of final anodes. The work presented in this chapter is an attempt 

to understand the relation between electrical resistivity and bulk density of coke aggregates. Such 

a link has already been addressed in the literature for similar materials. However, numerical 

modeling based on DEM here provides micro-scale details and insights to mechanisms of current 

transfer in multi-contact systems. Results and conclusion of this chapter enables us to emphasize 

that a well-designed and tuned DEM model can act as a comprehensive numerical platform to study 

a range of physical and mechanical properties of coke and anode paste.   

*     *     * 

9.1. Résumé 

La masse volumique apparente et la résistivité électrique de lits de particules sont des facteurs 

importants dans de multiples applications des matériaux granulaires. Dans le travail présent, une 

technique d’imagerie à trois dimensions est couplée à la méthode des éléments distincts (DEM) 

pour modéliser des particules de coke calciné de grade anodique. Les modèles DEM 

tridimensionnels d’échantillons de différentes gammes de tailles de particules ont été étudiés pour 

obtenir les informations quant aux contacts inter-particulaires. Lorsque que la quantité de particules 

fines augmente, la densité de contacts inter-particulaires augmente alors que le rayon moyen de 

contact inter-particulaire diminue. La comparaison des données obtenues par DEM avec les 

résultats expérimentaux de résistivité électrique montre l’effet simultané de la masse volumique 

apparente et de la densité de contacts inter-particulaires. Les échantillons présentant une densité de 

contacts élevée et un rayon de contact plus faible ont généralement une résistivité électrique plus 

élevée. Cependant, si l’augmentation de la densité de contacts ne modifie les  contacts entre les 

grosses particules, on remarque un une augmentation de la densité apparente et une résistivité 

électrique plus faible est alors obtenue. 
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9.2. Abstract 

Packing density and electrical resistivity of particles assemblies are important factors for a variety 

of applications of granular materials. In the present work, a three-dimensional imaging technique 

is coupled with the discrete element method (DEM) to model anode grade calcined coke particles. 

Three-dimensional DEM models of samples with different size distribution of particles were 

studied to obtain the inter-particle contact information. As the content of fine particles increased, a 

higher inter-particle contact density and smaller average contact radius was observed in the 

samples. Confronting the DEM data and experimental measurements of electrical resistivity 

showed the simultaneous effects of packing density and contact density. Samples with higher 

contact density and smaller contact radius in general held high electrical resistivities. However, if 

increasing the contact density does not modify contacts between large particles, this will have a 

positive effect on packing density, so a lower electrical resistivity was obtained. 

9.3. Introduction 

Particle packing is an old problem [80] which exists in different applications and industries such as 

construction, pharmaceuticals, food processing and agriculture [81]. Packing problem becomes 

even more complex when dealing with irregular shape particles. Electrical current transfer in 

granular media has also considerable importance in a variety of applications such as electronics, 

metallurgical processes, railway transportation and geology [125].   

Packing density and electrical resistivity of particles both are of interest for aluminum production. 

Pre-baked carbon anodes for the aluminum smelting process are made with granulated calcined 

coke mixed with binder pitch. Coke particles make up around 65 wt. % of an anode and thus 

physical, chemical and mechanical properties of coke have a considerable impact on the quality of 

carbon anodes. Effects of bulk density of coke aggregates on air permeability of the baked anodes 

[19] and shape of coke particles on compaction behavior of green anode paste [20] have already 

been investigated and evaluated. Homogeneity, high density, low air permeability and low 

electrical resistivity are important quality factors which anodes are expected to hold.  

Industrial dry mix recipe of the anode paste is given in Table 9.1. The coke particles make up the 

skeleton for the anode and pitch binds the particles together providing the integrity of the mixture. 

A part of the binder pitch is vaporized during the baking process causing pores and shrinkage 
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cracks. Binder matrix (pitch + fine coke particles) is also the most reactive part of the anode block 

to air and CO2 attacks [126,127]. Although lower content of pitch is favorable, underpitched anodes, 

on the other hand, have low apparent density and poor mechanical properties [12]. Therefore, if the 

coke aggregate recipe can be modified to have higher amount of coarse particles without 

compromising the density, pitch demand for this recipe could be reduced, resulting in positive 

effects on final properties of anode.  

The Discrete Element Method (DEM) has a proven capability [92,128-130] in investigating the 

packing behavior of irregular-shape particles. For example in [92] the authors have reported the 

performance of DEM simulations in predicting the vibrated bulk density of coke aggregates.  

In 2015, the authors have used DEM with a technique called void tracking [130], to study and 

modify the industrial recipe for aggregates in anode paste.  

In the present work, void tracking is engaged to study the dry aggregate recipe used in aluminum 

industry to make anodes and the modified recipe is investigated for its density and electrical 

resistivity. Then, DEM is used to understand the variations in electrical resistivity for different 

samples.     

Table 9.1. Typical coke particle recipe, used as reference 

Size range (mesh) Size range (mm) Content (wt. %) 

-4+8 2.38 - 4.76 33.6 

-8+14 1.41 - 2.38 15.3 

-14+30 0.595 - 1.14 17.7 

-30+50 0.297 – 0.595 19.4 

-50+100 0.149 – 0.297 13.9 

9.4. Numerical Model  

In DEM, complex behavior of material is simulated by assigning an appropriate force-displacement 

law to the contacts between the discrete elements of the model. Newton’s law of motion is then 

applied to all elements to determine the acceleration and thus the new position of the elements at 

the next time-step.  
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Simple elastic contact is a common model in DEM simulations to define force-displacement 

behavior of elastic materials. This model is equivalent to mechanical springs in normal and shear 

directions. Stiffness of the springs is a consequence of the material’s properties and is related to the 

elastic modulus. Details of this model can be found in [94].  

Coke particles have irregular shapes but the basic elements of DEM are spheres in 3D. Thus, rigid 

clusters of overlapping spheres are used to model the real shape of coke aggregates.  Sliding motion 

between the clusters is characterized by an inter-particle friction coefficient which was determined 

using the angle of repose of a pile of powder with a given particle size. Details of this method have 

been described in [92].  

9.5. Experimental Procedure 

The method proposed in [95] was adapted to measure the apparent density of coke particles in the 

size fractions present in the industrial dry mix recipe (Table 9.1). Table 9.2 shows the apparent 

density for each size fraction, obtained experimentally. 

Then, shape parameters such as sphericity and the size distribution for each size range were 

obtained by means of an optical microscope integrated with Clemex software. Sphericity of the 

particles of each size fraction was also analyzed by means of image analysis. As an instance, 

distribution of sphericity for the particles of -4+8 mesh has been shown in figure 9.1. All of these 

variables were considered in creating the numerical models.  

 

Figure 9.1. Distribution of sphericity for the particles of -4+8 mesh fraction 
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Cogency Co.’s 3D micro-particle imaging system was then used to obtain the three-dimensional 

shape of the particles. Automatic Sphere-clump Generator (ASG) software, developed by Cogency 

Co. was then used to model the particles by overlapping spheres. The various individual particle 

models obtained in this way were then mixed and in some cases resized to have numerical particles 

of each size range of Table 9.2, thus matching the size distribution of the real particles. Average 

sphericity was also monitored and matched the experimental value.  

Packing density of coke samples was studied by means of Vibrated Bulk Density (VBD) test. In 

the VBD test, the occupied volume of a mass of 100 g of particles vibrated in a 250 ml graduated 

cylinder is measured to obtain the vibrated packing density. Frequency and amplitude of vibration 

are respectively 60Hz and 0.2 mm for duration of 2 minutes.  

Table 9.2. Apparent density of different size ranges of coke [95] 

Size Range (mesh) Apparent density (g/cm3) 

-4+8 1.377 

-8+14 1.532 

-14+30 1.524 

-30+50 1.586 

-50+100 1.586 

 

9.6. Results and Discussion 

Results of voids tracking technique have already been published in the authors’ article in 2014 [92]. 

The present work, takes the advantage of those results to study and provide in in-depth 

understanding of electrical current transfer in the beds of coke particles. Therefore, the main 

findings of voids tracking and the proposed recipes are repeated here in the following section (4.1) 

to help readers in following the main message of the article.   

9.6.1. Vibrated Bulk Density 

In DEM simulations, simple elastic model was used as the contact model. A calibration work as 

described in [92] was used to estimate the normal and shear stiffness of the contacts. In this work 

Kn=Ks= 10’000 N/m and the fiction coefficient of 0.27 were used as inputs. 
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  A numerical sample composed of only the largest size fraction of particles (2.38 - 4.76 mm) was 

created. The bulk density of this sample was 0.786 g/cm3, thus with 42.9% inter-particle porosity. 

This is henceforth called skeleton sample as it is believed that it makes the backbone of the particle 

bed of all fractions. 

Based on the void tracking results, as given in table 9.3, new recipes of coke aggregates were 

defined. These recipes were defined with the aim of increasing the large fraction of particles, at the 

expense of the smaller ones, without the packing density being compromised. This, as mentioned 

above is expected to have positive effects on final properties of baked anodes. New recipes are 

presented in table 9.4.   

Table 9.3. Results of voids tracking test: Distribution of mass of the filling spheres within various 

size-ranges 

Size range (mesh) mass of filling spheres(g) 

-8+14 0.07887 

-14+30 1.448 

-30+50 1.413 

-50+100 1.288 

 

Table 9.4. Coke aggregates size distribution of new samples based on results of voids tracking 

method. The values show the weight percentage of each size range in the sample. Vibrated bulk 

density (VBD) for each sample has been also given 

Size range (mesh) Size Range (mm) 

Sample 

S1 S2 S3 S4 S5 Standard 

-4+8 Mesh 2.38- 4.76 60 60 60 65 100 33.6 

-8+14 Mesh 1.41- 2.38 0 0 0 0 0 15.3 

14+30 Mesh 0.595- 1.14 15 20 15 15 0 17.7 

-30+50 Mesh 0.297- 0.595 15 10 10 15 0 19.4 

-50+100 Mesh 0.149- 0.297 10 10 15 5 0 13.9 

VBD (g/cm3) 0.956 0.952 0.985 0.926 0.786 0.955 
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Vibrated Bulk Density tests were conducted on the samples. As given in table 9.4, due to absence 

of fine particles, the skeleton sample (S5) has an expected low VBD of 0.786 g/cm3. The standard 

recipe sample, however, has a quite high density of 0.955 g/cm3. In S1 the entire -8+14 mesh 

fraction has been removed and the content of large particles has been almost doubled. This change 

has resulted in a gain in VBD which experimentally confirms the results of void tracking on 

negative effect of -8+14 fraction on packing density. 

9.6.2. Electrical Resistivity 

Electrical resistivity of the coke aggregate mixes was investigated in the second step of the work. 

Electrical resistivity of the particle bed was measured using a four-point probe set up in which 

electrical current is provided by a Laboratory DC Power Supply GW GPR-1810HD. Current was 

injected through the aluminum plungers and voltage was measured using two gold-plated 

electrodes, insulated from the plungers. An external load is applied to the top of the sample creating 

an applied stress of 3MPa. 

Standard industrial aggregate mix has the electrical resistivity of 350μΩ.m. As presented in Figure 

9.2, all other samples have electrical resistivities less than the standard sample. The sample with 

the lowest electrical resistivity is S3 with 301.8μΩ.m. This represents 13.8% reduction in electrical 

resistivity. P.A. Eidem et al. [131] have already shown that in mono-size mixes, as the size of 

particles increases the bulk electrical resistivity decreases. It is believed that the electrical resistance 

of a bed of particles is the sum of the resistance of the material and the resistance of contacts. Thus, 

when the particles are coarse, number of contacts as well as resistance of each contact is much less 

compared to a bed of fine particles. However, the case of particle assemblies with irregular shapes 

and multi size fractions is complicated. DEM is used in this work as a powerful tool to evaluate the 

contact information in different samples and to reveal its effects on the electrical resistivity of the 

particle bed.    

In Figure 9.3 average contact radius and also number of contacts in volume unit (mm3) of aggregate 

mixes are compared.  As the content of coarse particles (-4+8 mesh) in standard sample is 33.6% 

and in all other samples is 60% or more, there is a remarkable distinction between the standard 

sample and the modified ones. The standard sample has a very high contact density of 9.16 mm-3.  
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Figure 9.2. Electrical resistivity of different samples measured by four-probe method 

If only samples S1, S2, S4 and standard are considered, there is a clear relation between electrical 

resistivity, contact density and average contact radius. High density of contacts is associated with 

small contact radius and a high electrical resistivity. Comparing these four samples can lead us to 

the conclusion that, using the void tracking technique, a better compaction of coke aggregates can 

be obtained in which the percentage of coarse particles is almost twice the standard recipe. The 

recipe modification also alters the inter-particle contacts and with almost the same bulk density, a 

packing with far fewer particle interfaces is realized. Reducing the particle interfaces without a 

compromise in bulk density has a positive effect in electrical conductivity (by reducing the 

resistivity as shown in figure 9.2). 

 
Figure 9.3. Contacts data for different samples obtained from DEM models 
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The observed difference between the electrical resistivity of S3 and S4, however, does not follow 

the same logic of other samples. Content of fine (-50+100 mesh) particles in S3 is three times bigger 

than S4. This results in, as expected, a higher contact density as shown in Figure 9.3. Similar to the 

other samples, this means a smaller average contact radius. These all are supposed to contribute in 

increasing the electrical resistivity. However, S3 has the lowest electrical resistivity among the 

samples. To explain this, DEM models of S3 and S4 are exploited to get information which cannot 

experimentally be measured. Figure 9.4 shows the contact information of coarse (-4+8 mesh) 

particles with only fine (-50+100) particles. Particles other than coarse ones have been omitted 

from the view to have a better illustration. Percentage of fines in S3 is three times of that in S4. 

Thus, as expected, number of coarse-fine contacts in S3 (figure 9.4-left) is more than S4 (figure 

9.4-right). Number of coarse particles with more than 40 contacts with fines (colored in red) in S3 

is clearly higher. This explains the higher contact density in S3 as shown in figure 9.3. 

 
Figure 9.4. Number of contacts with fine particles plotted for each coarse particle in S3 (left) and S4 

(right) 

However, if contacts between only coarse particles in these samples are plotted, difference is not 

considerable. This has been presented in figure 9.5 where again only coarse particles are shown in 

the pictures and color index shows the number of contacts between -4+8 particles.  

Comparing figures 9.4 and 9.5 let us conclude that fine particles in S3 do not break the contacts 

between coarse particles, they actually fill the voids between large particles. This can be also 
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verified with looking at density of coarse-coarse contacts in S3 and S4. This value for S3 is 0.0717 

and for S4 is 0.0768 and it should be noted that S3 has five percent less coarse particles.              

To illustrate effect of fine particles in S3 on its electrical resistivity, bulk density of S3 and S4 were 

numerically studied. The samples were divided to eight layers of 3 mm thick in vertical direction. 

Then, VoxelPorosity() function of YADE were used to measure the packing density in each layer. 

Results have been shown in figure 9.6 in form of occupied volume ratio for each layer in S3 and 

S4. As the graph suggests, presence more fines in S3 helps to have a higher packing density and 

this means that it provides additional paths for electrical current transfer. In each layer in sample 

S3 the equivalent available area for current transfer is higher than that of S4 and this is the key of 

low electrical resistivity in S3.         

 
Figure 9.5. Number of contacts with coarse particles plotted for each coarse particle in S3 (left) and 

S4 (right) 

9.7. Conclusions 

Three-dimensional imaging was used to capture the shape and size distribution of coke aggregates. 

Modeled coke aggregates were used to investigate the packing density and electrical resistivity of 

coke particle mixes by means of discrete element method.  
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Determining the pore size distribution in the sample with only coarse particles was performed 

through void tracking on the numerical model of S5.  

An industrial aggregate recipe of coke aggregates for making anode paste was then modified 

according to the results of void tracking. The modified recipes have higher content of coarse 

particles and fewer fines but their vibrated bulk density is comparable to standard sample.  

 
Figure 9.6. Packing density in eight horizontal layer in samples S3 and S4. Higher occupied volume 

means a bigger area for current transfer 

Electrical resistivities of the samples were also measured. Results showed that modified recipes not 

only provide a comparable or better bulk density but they have a smaller electrical resistivity as 

well. DEM investigations on inter-particle contacts show that reducing the amount of fine particles 

decreases the contact density and increases the average contact radius within the sample. These two 

effects, if the bulk density is not compromised, result in a lower electrical resistivity.    

Since inter-particle contacts act as resistors, to obtain the minimum electrical resistivity in a 

granular system one would need to decrease the contacts density. On the other hand, having a higher 

packing density in a sample provides a bigger area for current transfer in a given sample. This, as 

Ohm’s equation suggests, results in lower electrical resistivity. A single-piece chunk of material 

(with not contacts inside) would have the lowest electrical resistivity. But, if material is in granular 

form, keeping the packing density as high as possible and at the same time minimizing the contacts 

density contribute to have the minimum electrical resistivity.    
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10. Conclusions & Recommandations 

This dissertation is a part of a research program in REGAL for energy efficiency improvement in 

aluminum smelting process. One of the main projects of this program is working on different 

aspects of chemical, mechanical and physical properties of pre-baked carbon anodes. The main 

focus of this dissertation is providing a new numerical method to understand the compaction and 

consolidation mechanisms of anode paste. This project has been the first publicly available attempt 

to use discrete element method in carbon anodes technology. Therefore, a part of the work was 

committed to build a suitable and robust platform and verify it.  

10.1. Packing density of dry coke mixtures 

Particle packing is an old but still a complicated problem. Prediction of packing density becomes 

even more difficult when particles have a wide range of size distribution and irregular shapes. As 

this is the case for coke aggregates in anode recipe, one must first provide the corresponding model 

of coke aggregates with matching properties to the real material. DEM provides a unique 

opportunity to explicitly define the shape and size distribution of granular materials in a discrete 

model.  

In the present work, 3D imaging with micro-particle Imaging (MPI) machine provided the three- 

dimensional CAD files of coke particles of different size fractions. Then, a complementary software 

(ASG) was used to translate the CAD files to the DEM language: clusters of overlapping spheres. 

Size distribution and average sphericity were taken as two controlling parameters to match the 

DEM models to real particles in each size fraction.  
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Developed 3D DEM models were able to successfully predict the vibrated bulk density of coke 

aggregates as mono-size fraction or mixtures of different size fractions. Parametric studies on the 

verified models revealed that friction coefficient and sphericity remarkably influence the packing 

density of coke aggregates. Aggregates with higher sphericity and small friction coefficient hold a 

higher packing density, being supported by all experimental observations and empirical models 

developed in this field. For carbon anode plants, this can have a meaningful result. If other 

parameters can be fixed or controlled, using shot coke, which has almost spherical particles, instead 

of sponge coke can result in higher packing density for dry anode mixes and so lower pitch demand 

which is always preferable.  

Discrete Element Method models of calcined coke aggregates were also used to study the 

performance of standard industrial dry mix recipe in obtaining a high packing density. Results 

showed that studying the voids size distribution in a numerical sample made of only largest size 

fraction of aggregates provides a unique insight to the packing problem of aggregates. According 

to the results of such a work, new aggregates recipe were proposed and their vibrated bulk density 

were experimentally measured. Proposed recipes have intentionally high content of coarse particles 

and minimum possible content of fines. Proposed new recipes, although have doubled content of 

coarse (-4+8 mesh) particles, hold better or equal bulk density to the standard sample. This, as 

reduction in content of fines and increase the percentage of coarse particles, may lower the pitch 

demand in the anode recipe, being potentially able to result in better final properties of baked 

anodes. 

10.2. Rheology of pitch and pitch/coke mixtures 

Pitch at temperature higher than its softening point becomes a fluid with sort of viscoelastic 

behavior. Dynamic rheological parameters such as complex shear modulus (G*) and phase angle 

can mathematically define the material’s viscos, elastic and/or viscoelastic behavior. In the present 

work, dynamic shear rheometer in the form of frequency sweep tests was engaged to obtain the 

rheological response of pitch at temperature of 135, 140, 145, and 150 °C.   

Discrete element method simulation using viscoelastic four-parameter Burger’s model was 

observed to fit very well with rheological properties of pitch and its mixtures with fine particles at 

elevated temperatures. As temperature is increasing from 135 to 150 °C complex shear modulus of 

pitch decreases. This in particular for anode production plants means that if other parameters are 
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controlled, using higher temperatures for anode forming would results in a better compaction of 

the mixture.  

10.3. Electrical resistivity of coke mixtures 

Electrical current in granular media is transferred via inter-particle contacts. However, especially 

when dealing with irregularly-shaped aggregates, inter-particle contact cannot experimentally be 

measured. Again, discrete element simulation is a practical method which provides a virtual 

laboratory to measure and study the parameters which cannot directly be measured.  

Electrical resistivity of standard aggregate recipe and those of other modified recipes were 

experimentally measured using a four-probe set-up. Results showed that the recipe which has been 

proposed based on void size distribution studies by means of DEM holds the lowest electrical 

resistivity which is a very favorable index for final baked anodes. Results showed that both packing 

density and inter-particle contacts density influence the electrical resistivity of bed of coke 

aggregates. High average contacts radius and low contact density is usually associated with low 

resistivity samples. However, this should not be done at the expense of packing density. Therefore, 

the most efficient way to have granular sample with low electrical resistivity is to use maximum 

possible content of coarse particles to have contacts of large sizes and also decrease the number of 

contacts in volume unit. Then, filling the inter-particle voids with fine particles even if it increases 

the total number of contacts, it will reduce the resistivity by its positive effect of bulk density.          

10.4. Discrete element method and carbon anodes  

The choice of the numerical model in the present thesis was made based on the fact that material 

properties which are of interest for the anode plants cannot be directly and explicitly modeled by 

continuum models. Continuum numerical models of anode paste such as finite element method can 

predict the bulk response of the material. They however, fail to provide information about the 

internal rearrangements and porosity variations in a sample of anode during compaction.  

Discrete methods based on explicit finite difference solution of time come with an important issue 

to keep in mind; calculation time. However, for the problems like the one investigated in this thesis, 

no other numerical approach can fit in and provide answers.  
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Modeling of shapes and sizes of coke particles and interactions of the particles in a compacted or 

vibro-compacted assembly, viscoelastic modeling of pitch and binder matrix as well as the 

interactions of binders and solid particles have all become possible by using a discrete method. 

Therefore, as long as the microstructural phenomena and rearrangements in a dry mix or pitch/coke 

mixtures are of interest and the sample size can be reduced to less than 500’000 elements, discrete 

element method is a very powerful approach.      

10.5. Future works 

The research project in this thesis was the first attempt to bring the numerical modeling based on 

discrete methods to carbon anodes technology. After spending two years on a master’s project and 

then continuing the idea in doctorate level, a platform to simulate the behavior of anode paste in 

different loading and forming conditions has been created. The obtained results so far have been 

very promising in providing detailed information about the particle-particle contacts and flow of 

dry mixes and coke/pitch mixtures. However, it is still far from being a sophisticated model capable 

of simultaneously predicting a variety of parameters such as porosity, mechanical strength, 

electrical resistivity and resistance to cracking of a green of baked anode paste.  

With an ever-increasing power of microprocessors, technical limitations on DEM models become 

less annoying. This allows us to add more details to the models and include more materials 

properties. The current DEM platform of anode paste based on YADE software is suggested to be 

extended in the following directions: 

a) Pitch-coke adhesion: Wetting of coke particles by pitch and the bond strength in coke-pitch 

contacts and its changes by properties of pitch and temperature is an interesting parameter 

to include in the DEM models of anode paste. This parameter can then be used in 

investigation of cracking in anodes.  

   

b) Baking of pitch and material-bubbles interaction; in the current configuration, DEM 

models are composed pitch and coke and the space between the elements which represents 

voids. In reality, apart from the inter-particle voids, gas bubbles form in the anodes because 

of the vaporization of volatiles from pitch at elevated temperatures. Chemical response of 

pitch to temperature and its mass changes by heating are available in the literature. This 
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data can be inputted in the DEM model of pitch in the following manner in simulating the 

baking of pitch: 

1- Mass loss can be simulated by gradually removing certain number of pitch elements in 

the sample to match the experimental data.      

2- As baking continues and mass loss happens, calculated number and size of gas bubbles 

are created in the model. Currently a very basic bubble material model exists in YADE. 

It is however, a very primitive model and it can only handle bubble-bubble interactions. 

This model can be extended to handle the interactions of bubbles to the surrounding 

materials. A DEM model of anode paste including bubbles would potentially provide a 

unique insight to a variety of quality issues of carbon anodes. 

 

c) Cracking problem in anodes; including an experimentally verified parameters to coke and 

pitch bond strength enables one to model the fracture behavior of anode material. Forming 

and baking processes then can be modeled and the response of the material to induced 

compressive or tensile stresses can be visualized.  

 

d) Electrical and thermal properties; particle-particles contact data has been used to predict 

the electrical resistivity of coke mixtures in this thesis.  As results presented in chapter 9 

indicates, discrete element modeling of coke particles has already been an effective method 

in studying the electrical current transfer in granular systems (in this case coke particles). 

Mathematical model of electrical current (or heat) transfer in granular systems can be 

implemented in the DEM platform. By having the experimentally measure electrical 

resistivity of the material and implementation of mathematical solution of current transfer 

in multi-contact systems in the model, final electrical properties of anodes can also be 

predicted by numerical modeling.     
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