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Abstract
This paper investigates the design and experimental development of planar programmable inertia generators. An inertia
generator is a hand-held haptic device that has a programmable inertia. By moving internal masses in reaction to accel-
erations induced by the user, the effective inertia of the device is modified in order to render a prescribed inertia. In this
paper, a one-degree-of-freedom device with one internal moving mass is first proposed. The corresponding dynamic model
is developed and the rendering capabilities of the device are investigated. Then, a controller is designed to produce the
appropriate motion of the internal mass in reaction to the acceleration induced by the user. A prototype is presented and
experimental results are discussed. A mechanical architecture is then proposed for the design of a planar three-degree-
of-freedom inertia generator. The corresponding dynamic model is derived, and it is shown that the generalized inertia
matrix of the proposed mechanism is always of full rank. The rendering capabilities of the device are also investigated.
Finally, simulation results obtained with the three-degree-of-freedom inertia generator are reported and discussed.
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1. Introduction

It is common, for training or entertainment purposes, to
actively prescribe the dynamics rendered by a mechatronic
device. For instance, impedance control is used in hap-
tics or physical human–robot interaction (pHRI) in order to
simulate virtual environments. This approach can be imple-
mented using fixed-base haptic devices which are controlled
to produce a desired behavior (see for instance Hannaford
and Okamura (2008) and many other references).

In interactive systems (e.g. computer games or training
environments), hand-held devices are also often used. These
devices are typically passive (Moen, 2007) and are unable to
produce kinesthetic feedback. However, as shown in (Laiti-
nen and Maenpaa, 2006; Amemiya et al., 2008; Wever et al.,
2013), it is possible to include moving masses in hand-held
devices in order to produce the illusion of an external force.
This approach can also be used with rotating mechanisms in
order to produce the illusion of an external moment (Ando
et al., 2004; Nakamura and Fukui, 2006; Winfree et al.,
2009).

The work reported in this paper addresses a similar but
different challenge. The long-term objective of this initia-
tive is to design a hand-held device that has a programmable
inertia. The effective inertia of such a device is modified
by moving internal masses in reaction to the accelerations

imparted to the hand-held system by the user. Using this
approach, the inertia perceived by the user manipulating the
hand-held device can be prescribed arbitrarily, within the
physical constraints of the mechanical system.

In this paper, a one-degree-of-freedom (1-DOF) inertia
generator is first investigated. The main objective of this
first phase of the work is to assess the feasibility of the con-
cept. In order to vary the rendered inertia, a moving mass is
mounted on a slider within the manipulated 1-DOF physi-
cal interface. By moving the internal mass in reaction to an
accelerometer signal, a prescribed effective inertia can be
rendered. The concept is then extended to a 3-DOF planar
inertia generator whose architecture includes four internal
moving masses.

The paper is structured as follows: after providing a gen-
eral description of the concept of inertia generator, the
dynamic model of the 1-DOF mechanical system studied
here is derived and the limitations on the rendering capa-
bilities of such a device are investigated. Then, a controller
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is designed to produce the appropriate motion of the inter-
nal mass in reaction to the accelerations. A description of
the physical 1-DOF prototype is provided and experimental
results are discussed. The concept of a 3-DOF inertia gener-
ator is then proposed and the corresponding dynamic model
is developed. Simulation is used to investigate the rendering
capabilities of the device and to provide validation.

2. General concept of inertia generator

The general concept of inertia generator is represented
schematically in Figure 1. Consider a box which is held
by a user and inside which a set of masses are mounted
on actuated sliders or revolute joints. For example, three
masses could be mounted on orthogonal actuated rails and
three inertias could be mounted on orthogonal actuated piv-
ots. Alternatively, one single rigid body could be attached
to the end-effector of a 6-DOF parallel mechanism that can
produce translations and rotations of this body in arbitrary
directions. When the user imparts accelerations to the box,
the latter are measured by a set of accelerometers and the
masses are displaced in order to render a prescribed inertia.
If the ratio of the moving masses to the mass of the frame
of the box is large enough, accelerating the internal masses
will produce a significant change in the external apparent
inertia of the box. For instance, if the user is accelerating the
box along the x-axis and if it is desired to render an inertia
that is smaller than the actual inertia of the device, the inter-
nal mass(es) will be accelerated in the opposite direction in
order to reduce the effective inertia. Similarly, if it is desired
to render an inertia that is larger than that of the physical
system, then the mass(es) will be moved in the direction of
the acceleration imparted by the user in order to increase
the apparent inertia.

The principle of the inertia generator is akin to that of
motion simulators (Nahon and Reid, 1990) and to that of
acceleration compensation for vibration isolation (Graf and
Dillmann, 1997; Ebert-Uphoff and Dang, 2004). The per-
formance of such devices is limited by the range of motion
of the components—i.e. the range of motion of the inter-
nal masses for the inertia generator—and by the limited
capabilities of the actuators (maximum velocity and accel-
eration). Typically, the limitations on the range of motion
affect the low-frequency rendering while the limitations on
the velocity and acceleration of the actuators affect higher-
frequency rendering. In order to alleviate the limiting effect
of the range of motion, the concept of a washout filter (Has-
souneh et al., 2004) used in motion simulators is applied
to the inertia generator. The basic principle of a washout
filter is to include a low-frequency command in the con-
trol loop that aims at bringing the mechanism to a neutral
configuration so that it is ready for the next acceleration
input. The neutral configuration referred to here is defined
as one in which all directions of motion are feasible with
approximately the same range of motion in all directions.
In other words, a washout filter is a high-pass filter aiming

Fig. 1. Schematic representation of the concept of inertia
generator.

Fig. 2. Schematic representation of the 1-DOF inertia generator.

at eliminating the very low-frequency content of the input
signal which cannot be properly rendered because of limited
motion range and which is usually not critical for human
perception.

3. Dynamic modeling of a 1-DOF inertia
generator

A schematic representation of a 1-DOF inertia generator is
given in Figure 2. The external frame of the device has a
mass m1 and is subjected to the external force F1 applied
by the user. It is assumed that the direction of motion is
horizontal. An actuator is included in the device (mounted
on the frame) to move a second mass m2 mounted on a slider
attached to the frame of mass m1. The force applied by the
actuator on mass m2 is noted F2 while the friction force
between the two masses is noted Ff . Relative and absolute
coordinates are used in order to ease the derivation of the
dynamic model. In this setting, the position of the frame of
the device with respect to a fixed inertial frame is noted x1,
the position of mass m2 with respect to the inertial frame is
noted x2 and x3 denotes the position of mass m2 with respect
to mass m1, as shown in Figure 2. Therefore, one has

x2 = x1 + x3, ẍ2 = ẍ1 + ẍ3 (1)

As mentioned above, it is desired to render a pre-
scribed inertia, noted ma, when the user applies forces
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on the device. Therefore, the desired behavior can be
expressed as

F1 = maẍ1 (2)

where ẍ1 is the acceleration of mass m1 with respect to the
fixed inertial frame. Applying Newton’s second law to each
of the moving masses, one obtains

F1− ( F2 − Ff ) = m1ẍ1 (3)

F2 − Ff = m2ẍ2 (4)

where ẍ2 is the acceleration of mass m2 with respect to the
fixed inertial frame. Substituting equation (1) into equations
(3) and (4) and rearranging, one has

F1 = ( m1 + m2) ẍ1 + m2ẍ3 (5)

F2 = m2ẍ1 + m2ẍ3 + Ff (6)

Equations (5) and (6) represent the dynamics of the 2-
DOF system comprising the mobile frame of mass m1 and
the sliding mass m2. Referring to equation (2), it is desired
to obtain an expression for the force F2 to be applied by the
actuator in order to render the prescribed inertia ma. To this
end, equation (2) is first substituted into equation (5), which
leads to

m2ẍ3 = ( ma − m1 − m2) ẍ1 (7)

Substituting the latter equation into equation (6) then
leads to

F2 = ( ma − m1) ẍ1 + Ff (8)

Finally, equation (7) is rearranged in order to determine
the acceleration required at the actuator, namely by
rewriting it as

ẍd3 = ( ma − m1 − m2) ẍ1

m2
(9)

where ẍd3 is the desired relative acceleration.

4. Rendering capabilities of the 1-DOF inertia
generator

For a given frame mass m1 and internal mass m2, the ren-
dering capabilities of an inertia generator are limited by two
main design parameters, namely, the motion range of the
internal moving mass and the velocity and acceleration lim-
itations of the actuator. The effect of these two constraints
are now investigated.

4.1. Limitations on the motion range of the
moving mass

In a practical situation, an inertia generator is likely used
in the vicinity of a given reference position around which
it is moved by a user. Although the motions imparted by
the user are somewhat arbitrary, they can always be rep-
resented as a sum of harmonic functions, using a Fourier

series for instance. Therefore, in order to analyze the ren-
dering capabilities of such a device, a harmonic input func-
tion (user imparted motion) is assumed. One writes, using
the notation of the preceding section

x1 = r sin ωt, ẋ1 = rω cos ωt, ẍ1 = −rω2 sin ωt
(10)

where t is the time and where ω and r are respectively the
frequency and the amplitude of the input motion. Substitut-
ing the above expression for ẍ1 into equation (7), one then
obtains

ẍ3 = −( ma − m1 − m2) rω2 sin ωt

m2
(11)

Assuming a steady state sinusoidal trajectory, the motion
of mass m2 relative to mass m1 that renders the prescribed
inertia ma can therefore be written as:

x3 = ( ma − m1 − m2) r sin ωt

m2
. (12)

The latter trajectory is feasible as long as the motion range
of mass m2 is larger than the amplitude of the above sine
function. Assuming a range of motion for m2 of 2a, i.e.

−a ≤ x3 ≤ a (13)

and by considering the bounds on the sine function,
one then obtains, by substituting equation (12) into
equation (13),

−a ≤
(

( ma − m1 − m2) r

m2

)
≤ a. (14)

The minimum and maximum prescribed inertia that can be
rendered, for a given input motion range, r, and a given
motion range of the moving mass, a, can then be obtained
by rearranging equation (14) as

(
m1 + m2 − m2a

r

)
≤ ma ≤

(
m1 + m2 + m2a

r

)
(15)

The above inequalities are represented graphically in
Figure 3 where M = m1 + m2 is the total mass of the
device and where the shaded area represents the range of
prescribed inertia (more precisely the ratio of the prescribed
inertia to the total mass) that can be rendered for a given
ratio of the input motion range to the motion range of the
moving mass. This graph can be used as a guideline in order
to establish the capabilities of a device at the design stage.
The horizontal asymptote on the graph represents a pre-
scribed inertia equal to the total moving mass, which can
always be rendered since it does not require any motion
of mass m2. The two curves are symmetric with respect to
this asymptote since the motion of mass m2 can be inverted
depending on whether the prescribed inertia is larger or
smaller than the actual total mass. It can also be observed
that a zero virtual mass can theoretically be rendered as long
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Fig. 3. Ratio of the prescribed inertia that can be rendered by the
inertia generator to the total actual mass as a function of the ratio
of the input motion range to the motion range of the moving mass.
The shaded area represents the feasible region.

as the ratio of the input motion range to the range of motion
of m2 is smaller than or equal to the ratio of mass m2 to
the total moving mass. Increasing the latter ratio therefore
improves the performances of the device. In all cases, the
maximum motion ratio (input range to actuation range) for
which a zero virtual inertia can theoretically be rendered is
always smaller than one. Also, when the input motion range
to actuation range is equal to one, the feasible range of ren-
dered mass to total mass ratio is bounded by 1− ( m2/M)
and 1 + ( m2/M), which further emphasizes the importance
of maximizing the moving mass to total mass ratio, m2/M .
Finally, it can be observed that the rendering capabilities
represented by the graph of Figure 3 are independent from
the frequency of the input motion. The only quantities that
are relevant in the assessment of the rendering capabilities
based on the limitations on the motion range of mass m2

are thus the ratio of the masses (moving mass to total mass)
and the ratio of the input motion range to the moving mass
motion range. The limitations related to the frequency of
the input motion are studied in the next subsection.

4.2. Limitations on the velocity and acceleration
of the actuator

4.2.1. Acceleration limits Referring to equation (11), it is
apparent that the magnitude of the acceleration required at
the actuator in order to render a prescribed inertia ma is pro-
portional to the square of the input frequency. Therefore,
limitations on the acceleration capabilities of the actuator
limit the frequency of the input motion for which a pre-
scribed mass can be rendered. It should also be pointed out
that the force (or acceleration) limitations of the actuator
correspond to limitations on F2—or equivalently on ẍ2—
since the force transmitted to the moving mass m2 is entirely

provided by the actuator. Hence, substituting equation (10)
into equation (8) and neglecting friction, one obtains

ω2 = F2a

r|ma − m1| (16)

where F2a is the actuator force corresponding to a pre-
scribed inertia ma. If the actuator force F2 is limited to
F2,max, the maximum frequency for which a prescribed
inertia ma can be correctly rendered is therefore given by

ω2
max = F2,max

r|ma − m1| (17)

Above this frequency, the rendered inertia, noted mr, differs
from the prescribed inertia ma. Dividing equation (16) by
equation (17), one then obtains

F2a

F2,max
= ω2

ω2
max

(18)

In order to assess the performance of the inertia generator,
the ratio between mr and ma is now determined for frequen-
cies above ωmax. Consider a situation in which ω > ωmax

and for which it is desired to render a prescribed inertia ma.
In this situation, the force required at the actuator in order
to render the inertia ma, F2a, exceeds the capabilities of the
actuator, i.e. F2a > F2,max. Referring to equation (8), one
can write

F2a = ( ma − m1) ẍ1 (19)

However, since the actuator cannot produce a force of mag-
nitude F2a, it is limited to F2,max and the rendered inertia,
noted mr, rather corresponds to

F2,max = ( mr − m1) ẍ1 (20)

Dividing equation (20) by equation (19) and recalling
equation (18), one then obtains

mr − m1

ma − m1
= F2,max

F2a
= ω2

max

ω2
(21)

which can be rearranged as

mr

ma
= m1

ma
+
(

1 − m1

ma

)
ω2

max

ω2
(22)

The latter expression represents the ratio of the rendered
inertia mr over the prescribed inertia ma for input frequen-
cies that are above the maximum input frequency for which
ma can be rendered. This is illustrated in Figure 4 where it
can be observed that up to an input frequency ωmax, given
by equation (17), the prescribed inertia ma can be rendered
while above this frequency, the rendered inertia mr differs
from ma. For very high frequencies, the rendered inertia
converges to m1, since force F2 becomes negligible com-
pared to F1, and hence the rendered inertia is only due to m1.

The effect of the force limitation on the acceleration pro-
file of mass m2 is represented schematically in Figure 5. It is
pointed out that the rendered inertia predicted by equation
(22) corresponds to the worst case over a complete input
cycle and that it occurs at only two points of the trajectory.
Therefore, this assessment is rather conservative.
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max

Fig. 4. Ratio of the rendered inertia over the prescribed inertia as
a function of the frequency of the input motion considering the
acceleration limit of the actuator.

max

max

Fig. 5. Illustration of the effect of the force (acceleration)
limitation.

4.2.2. Velocity limits The derivation of the previous sub-
section assumes that acceleration is the limiting factor on
the actuator motion. However, it should also be verified
that the velocities required in order to produce the actua-
tor motion do not exceed the capabilities of the actuator.
The limitations introduced by the maximum velocity of
the actuator are associated with variable ẋ3—whereas the
acceleration limits are associated with variable ẍ2—since ẋ3

represents the relative velocity between masses m1 and m2.
From equation (7) and assuming the steady-state harmonic
input motion of equation (10), one can write

m2ẋ3 = ( ma − m1 − m2) ẋ1 (23)

Using equation (10), the latter equation can also be
written as

ω = m2ẋ3,a

r|ma − m1 − m2| (24)

where ẋ3,a stands for the actuator velocity that is required in
order to render a prescribed inertia ma.

The maximum velocity that can be produced by the actu-
ator is noted ẋ3,max. Hence, the maximum input frequency
for which a prescribed inertia ma can be rendered without
exceeding the velocity limit of the actuator is obtained by
substituting equation (10) into equation (23), leading to

ω′
max = m2ẋ3,max

r|ma − m1 − m2| (25)

where the maximum frequency associated with the velocity
limitation is noted ω′

max in order to distinguish it from the
maximum frequency associated with the accleration limi-
tation. Dividing equation (25) by equation (24), one then
obtains

ω′
max

ω
= ẋ3,max

ẋ3,a
(26)

Similarly to what was done in the previous subsection, a
situation for which ω > ω′

max is now considered. The sit-
uation resulting from a required velocity ẋ3,a that exceeds
the capabilities of the actuator is depicted schematically in
Figure 6. The impact on the rendering is different from that
of the acceleration limitation. Indeed, the velocity limit pro-
duces a portion of the trajectory for which the velocity is
constant, and hence the acceleration ẍ3 is equal to zero on
this portion of the trajectory. Therefore, referring to equa-
tion (5) or equation (7), it is apparent that the rendered
inertia is equal to ( m1 + m2) for that portion of the input
trajectory. Hence, the worst case rendering over an input
cycle corresponds to mr = ( m1+m2), which corresponds to
the portion of the trajectory in which the acceleration of m2

with respect to m1 is equal to zero. This result is represented
in Figure 7. Similarly to the case of the acceleration limit,
this assessment is rather conservative, especially because
the velocity limit affects the portion of the trajectory in
which the acceleration is small. Therefore, the impact on
the perceived inertia may not be as drastic as represented in
Figure 7.

4.2.3. Combined limits In a practical design or control sit-
uation, the most limiting condition (velocity or accelera-
tion) determines the actual performance of the mechanism.
Whether the velocity or the acceleration is the most limiting
factor depends on the physical limits of the actuator (F2,max

and ẋ3,max), the input motion amplitude (r), the device’s
masses (m1 and m2) and the prescribed inertia (ma). An
example situation (corresponding to the prototype used in
this work) is depicted in Figure 8 where the range of fre-
quencies that can be rendered for a given input motion to
motion range ratio ( r/a) is plotted as a function of the ratio
of the prescribed inertia ma to the total mass of the device
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max

max

Fig. 6. Illustration of the effect of the velocity limitation.

max

Fig. 7. Ratio of the rendered inertia over the prescribed inertia as
a function of the frequency of the input motion considering the
velocity limit of the actuator.

( m1 + m2). The shaded area represents the range of fre-
quencies for which the prescribed inertia can theoretically
be rendered. It can be observed that, depending on the pre-
scribed inertia, the limitation on the frequency may be due
to the velocity or acceleration limit of the actuator. It should

Fig. 8. Range of frequencies of the input motion for which the
prescribed inertia can be rendered considering the velocity and
acceleration limits of the actuator ( ẋ3,max = 1.5 m/s, F2,max = 22
N, m1 = 2.45 kg, m2 = 2.32 kg), for an input motion amplitude to
range ratio of ( r/a) = 0.5. The shaded area represents the feasible
range of frequencies. The solid lines represent the boundaries due
to acceleration limits while the dashed lines represent boundaries
due to velocity limits.

also be pointed out that the curves shown in Figure 8 are
also dependent on the mass ratio, m2/M .

5. Controller Design

Based on the dynamic model presented in Section 3, a con-
trol scheme is developed in order to render the prescribed
inertia ma. The controller is designed to react to the accel-
eration of the moving frame of mass m1. To this end, an
accelerometer is mounted on the frame, which provides a
measurement of its acceleration ẍ1. The control strategy is
based on the combination of three terms, namely: a feed-
forward term (including friction compensation), a feedback
term, and a washout term. Each of these contributions is
now detailed.

5.1. Feedforward and friction compensation

The feedforward term is based on the dynamic model devel-
oped in Section 3. Equation (8) is used to compute an esti-
mation of the force to be applied by the actuator based on
the measured acceleration ẍ1 and on an estimation of the
friction force Ff . A simple friction compensation can be
written as:

Ff = fc + fv (27)

where fc and fv are respectively the Coulomb and viscous
friction forces with

fc = c( 1 − e−α|ẋd3|) sign( ẋd3) (28)

fv = vẋd3 (29)
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where c is the Coulomb friction coefficient, v the viscous
friction coefficient and α is a tuning parameter. The expo-
nential term is used to reduce the chattering induced by
friction compensation when the velocity is near zero. The
desired velocity, ẋd3, is used for friction compensation in
order to reduce the command noise, although the measured
velocity could also be used. Other more complex friction
models could also be used (see for instance Armstrong-
Helouvry et al. (1994)), including stiction for example, but
the simple friction compensation given in equation (27) pro-
vides good experimental results, as will be shown in the
next section.

5.2. Feedback

The desired acceleration of mass m2 can be computed
using equation (9). In order to achieve this relative accel-
eration, it would be possible to use a feedback control
(e.g. PID control) with a relative acceleration measurement
(e.g. accelerometer or second derivative of the position).
However, acceleration control is not very practical, mainly
because the measured acceleration is known to be very
noisy. Instead, velocity or position control is implemented
using an integration technique.

First, the discrete desired velocity required to render
the desired acceleration is obtained with a zero-order-hold
integration (alternatively, a bilinear discretization can be
used):

ẋd3( k) = ẋd3( k − 1) +ẍd3( k) Ts (30)

while the position is obtained by integrating a second time,
namely:

xd3( k) = xd3( k − 1) + ẋd3( k − 1) Ts + 1

2
ẍd3( k) T2

s (31)

where Ts is the sampling period, k is the time step and xd3,
ẋd3, and ẍd3 are respectively the desired position, velocity
and acceleration.

One should note that this integration method is used to
achieve acceleration control in pHRI with admittance con-
trol schemes (Lecours et al., 2012) and that, although it
is preferable to use the desired velocity of the preceding
step (ẋd3( k − 1)), the measured velocity can alternatively
be used in the above equations. The desired acceleration
is then rendered using velocity or position control, which
is more practical and can be achieved using a simple PID
controller or more advanced algorithms.

5.3. Washout

As explained in Section 2, the goal of the washout filter is
to ensure that the moving mass is kept as close as possible
to its neutral position in order to be ready to accommodate
arbitrary acceleration inputs. For the 1-DOF system studied
here, this amounts to keeping mass m2 as close as possible
to its mid-range position in order to avoid the mechanical

limits (end of stroke). To this end, a virtual spring-damper
system modelled as follows is used:

Fw = −Kw( x3 − xw) −Cwẋ3 (32)

where Fw stands for the washout force, Kw is the washout
spring stiffness, Cw is the washout damping factor and xw is
the neutral position. The adjustment of the washout param-
eters is based on the analysis of the above second-order
system. Knowing the mass to be moved m2, one obtains

Kw = m2ω
2
w (33)

Cw = 2m2ζwωw (34)

where ωw is the washout frequency and ζw is the damp-
ing factor. The washout frequency should be chosen low
enough so that it does not significantly impact the render-
ing. On the other hand, it should be high enough to ensure
that mass m2 is kept sufficiently close to its neutral posi-
tion. In order to cope with this compromise, the washout
frequency is adjusted according to the acceleration of the
frame, ẍ1. The following heuristic rule is used:

ωw =
⎧⎨
⎩

0 if |ẍ1| > ẍ1t

ωw0

(
1 − ẍ2

1
ẍ2

1t

)
otherwise

(35)

where ωw0 is the default washout frequency and ẍ1t is an
acceleration threshold above which the washout is deacti-
vated. In this work, ωw0 = 2 s−1 and ẍ1t = 0.3 ms−2 are
used for the 1-DOF prototype.

5.4. Internal motion limits

The motion of the internal mass m2 is limited by the stroke
allowed by the slider on which it is mounted. Therefore,
limitations must be imposed on ẍd3, ẋd3 and xd3 in order to
account for these physical limits and avoid collisions with
the end stops. To this end, saturation limits are imposed
on the desired position, velocity and acceleration calcu-
lated from equations (9), (30) and (31). It is pointed out
that, although the limitation is primarily on the position
xd3, the velocity and acceleration ẋd3 and ẍd3 must also be
recomputed based on this limitation. Moreover, the limita-
tion should also be taken into account in the feedforward
term. To this end, the value of ẍd3 obtained after saturation
is injected in equation (6).

6. Experiments

The prototype used in the experiments reported in this paper
is shown in Figure 9. Mass m1 consists of an aluminium
plate equipped with wheels that can roll with low friction
on a table top or on a floor. A DC motor is mounted on
the plate together with a rail and pulleys while mass m2

consists of a small steel plate and a trolley. The motion of
mass m2 is actuated by the DC motor which is connected
to the mass via a closed-loop belt. An accelerometer is
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Accelerometer
Mass 1 Mass 2

BeltMotor

Fig. 9. Prototype of a 1-DOF inertia generator used in the experi-
ments.

mounted on the base plate in order to measure the accel-
eration of the frame, ẍ1. Also, an ATI MINI-40 force/torque
sensor can be attached to the plate to measure the force F1

applied by the user on the inertia generator and a second
accelerometer can be mounted on mass m2. The latter two
measurements (force F1 and acceleration ẍ2) are not used
by the controller but only for experimental validation and
analysis. Therefore, they are not shown in Figure 9.

6.1. Model validation

A first experiment is performed in order to validate the
dynamic model. In this experiment, the frame (mass m1)
is moved manually while the second mass (m2) is free to
slide on the rail. The interaction force ( F1) and the acceler-
ation of each of the masses (ẍ1 and ẍ2) are measured. The
measured accelerations are then compared with those com-
puted using the measured force and the dynamic equations,
in order to validate the model. The results are shown in
Figure 10. It can be observed that, although the results are
not perfect, the model is sufficiently realistic to be used for
control purposes.

6.2. Interaction experiments

Experiments are then performed using the prototype
described above, which has the following characteristics:
m1 = 2.45 kg and m2 = 2.32 kg, for a total moving mass of
4.77 kg. It can be observed experimentally (qualitatively)
that variations of the prescribed inertia ma are easily per-
ceived by the user. To obtain quantitative observations, the
force and acceleration are recorded in order to compare the
results with the desired dynamics given by equation (2).
Considering the characteristics of the prototype (the masses
given above and the range of motion of mass m2, namely
a = 0.17 m) and an approximate input range of motion
observed in the experiments, equation (15) can be used to
estimate the rendering capabilities, which leads to

∼ 1kg ≤ ma ≤∼ 8.5kg. (36)

Hence, prescribed inertias within this range are used in the
experiments.

Figure 11 presents the results obtained with a prescribed
mass varying from ma = 1.25 kg to ma = 6.00 kg. The
graphs provide a comparison of the force applied by the user

(m
/s

2 )
(m

/s
2 )

(m
/s

2 )

Fig. 10. Model validation. The solid lines represent measured
quantities while the dashed lines represent accelerations computed
using the dynamic model and the measured force.

(measured) and the rendered force (maẍ1) where ẍ1 is the
measured acceleration. A video demonstrating the opera-
tion of the 1-DOF inertia generator is available in Extension
1 of this paper.

7. Discussion

It can be observed from the experimental results that the
prescribed inertia is generally well rendered. When the pre-
scribed inertia is close to the total mass ( m1 +m2), e.g. with
ma = 4.77 kg, the results are obviously very good since
the demands on the actuator velocity are very low. These
results can serve as a base line for the analysis of the results
obtained in more demanding situations. Basically, if ma is
close to ( m1 + m2), the errors correspond to the estimation
errors introduced by the control loop and the measurements
themselves. Similarly, when the prescribed inertia is close
to the mass of the frame m1, e.g. with ma = 2.45 kg, the
results are also very good because the force demands on the
actuator are very low. Indeed, in this case mass m2 is almost
not moving with respect to the inertial frame, and hence the
actuator torque is very low.

When the prescribed inertia is more significantly differ-
ent from the total mass, the actuator is much more sollicited
and the error tends to increase, as observed in Figures 11(a)
and 11(d). Nevertheless, the results are still acceptable,
especially considering that the perceptual resolution capa-
bilities of the user are limited. For example, with ma = 1.25
kg (Figure 11(a)) the rendered mass is approximately 1.5
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Fig. 11. Experimental results obtained with the prototype for different values of the prescribed inertia ma. The solid lines represent the
measured force while the dashed lines represent the model force (maẍ1) where ẍ1 is measured with an accelerometer.

kg. It can be observed in the latter figure that the measured
forces are slightly larger than the prescribed forces. On the
other hand, if the prescribed inertia is larger than the total
mass, e.g. ma = 6.00 kg (Figure 11(d)), the measured forces
tend to be slightly smaller than the prescribed forces. These
results demonstrate the feasibility of the concept and they
confirm the applicability of the design guidelines provided
in Section 4. They also highlight the importance of properly
selecting the ratio between m2 and m1, which in turn raises
the issue of the power to mass ratio of the actuator. Ide-
ally, the mass ratio ( m2/m1) should be maximized so that
the impact of the moving mass is maximized, as shown in
Figure 3. One possible design avenue is then to include the
actuator in the moving mass in order to increase the mass
ratio. Using this principle, the power to mass ratio of the
actuator becomes less important.

The experimental results reported in Section 6 can also
be analyzed based on the rendering capabilities discussed
in Section 4. First, the time plots of Figure 11 are subjected
to a frequency analysis in order to extract the dominant
input frequency and its associated motion amplitude, r. The

limitations of the prototype are then considered, namely
F2,max � 22 N, ẋ3,max � 1.5 m/s. Based on these char-
acteristics, equations (17) and (25) are used to determine
the range of input frequencies for which a given prescribed
inertia can be rendered, which is compared with the domi-
nant input frequency extracted from the experimental data.
Figure 12 shows the feasible frequency range as a func-
tion of the input motion amplitude considering the velocity
and acceleration limitations of the prototype for different
values of the prescribed inertia. Depending on the situa-
tion, the frequency range is limited either by the velocity
or the acceleration constraint. For example, when the pre-
scribed inertia is low (for instance with ma = 1.25 kg,
Figure 12(a)), acceleration is the main limiting factor for
small input motion ranges while velocity is the limiting fac-
tor for larger input motion amplitudes. When the prescribed
mass is equal to the mass of the frame m1, (ma = 2.45
kg, Figure 12(b)), the actuator is theoretically not apply-
ing any force, which means that the force constraint is
not active. The frequency limitation is therefore solely due
to the velocity constraint, as shown on the graph. In this
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Fig. 12. Feasible frequency range as a function of the input motion amplitude considering the position, velocity and acceleration
limitations of the prototype for different values of the prescribed inertia. The solid lines represent the acceleration limitations while
the dashed lines represent the velocity limitations. The dashed-dotted vertical lines represent the limitations due to the range of motion
while the dotted horizontal lines represent the washout filter frequency. The shaded area represents the feasible range, knowing that the
performances may deteriorate when operating close to or below the washout filter frequency. The stars indicate the frequency and the
input motion range of the dominant input motion for each of the experiments (point of operation) with (a) ma = 1.25 kg, (b) ma = 2.45
kg, (c) ma = 4.77 kg and (d) ma = 6.00 kg.

situation, although the actuator does not apply any force,
it must move fast enough to produce the relative motion
required between the two masses. On the other hand, when
the prescribed mass is equal to the total mass of the device
(ma = 4, 77 kg, Figure 12(c)), the actuator is theoretically
not moving, which means that the velocity constraint is not
active. The frequency limitation is therefore solely due to
the acceleration constraint. Indeed, although the actuator
is not moving, it still has to produce the torque required
to accelerate mass m2 with respect to the inertial frame.
Finally, when the prescribed mass is large (for instance
with ma = 6, 00 kg, Figure 12(d)), the main constraining
factor is the acceleration, although the velocity limitation
reappears on the graph.

The limitations due to the finite range of motion, a, of
mass m2 can also be assessed. First, equation (15) is used to

determine the maximum input motion range for which the
prescribed mass ma can be rendered. Based on the physi-
cal parameters of the prototype, the maximum value of the
input to range ratio can be calculated for each of the situ-
ations depicted in Figure 12, yielding ( r

a )max = 0.659 for
ma = 1.25 kg, ( r

a )max = 1 for ma = 2.45 kg, ( r
a )max → ∞

for ma = 4.77 kg, and ( r
a )max = 1.886 for ma = 6 kg.

The corresponding limits (vertical dashed-dotted lines) are
shown in Figure 12(a) and (b) while they are outside of the
plotting limits for the other two cases. The limited motion
range of mass m2 is also reflected by the use of a washout
filter, which affects the rendering performance. Although it
is not easy to represent precisely the effect of the washout
filter on the graphs of Figure 12, the following reasoning
can be used. Referring to equation (35), it is recalled that
the washout filter is progressively activated when the input
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acceleration ẍ1 is lower than a prescribed threshold ẍ1t. For
a periodic input motion, there are always points of the tra-
jectory for which the acceleration is zero, i.e. points for
which the washout filter is operating at its maximum fre-
quency. Therefore, it can be expected that when the input
motion is taking place at a frequency close to or lower
than the maximum frequency of the washout filter, ωw0,
the rendering is likely to be affected. The maximum fre-
quency of the washout filter used in the experiment is equal
to approximately 0.32 Hz and is represented as a horizon-
tal dotted line on the graphs of Figure 12. When operating
in the areas located below this line, a deterioration of the
rendering performances is likely to occur.

Finally, the stars appearing on each of the four graphs
indicate the point of operation of each of the experiments
reported in Figure 11, i.e. the dominant frequency appear-
ing in the input motion and the corresponding input motion
amplitude. It can be observed that, in each case, the point
of operation is within the feasible frequency range, which
explains the good rendering results. It can also be observed
that for the more demanding cases, e.g. with ma = 6.00
kg, shown in Figure 12(d), the point of operation is closer
to the boundary, thereby leading to a slight performance
degradation.

8. Planar 3-DOF inertia generator

A planar 3-DOF inertia generator is now considered. This
mechanism aims at rendering inertias in the plane, includ-
ing rotational inertia around an axis orthogonal to the
plane. In a practical implementation, the generator will be
mounted on omnidirectional wheels, spherical wheels, low
friction pads or an air table.

8.1. Dynamic modeling

The planar 3-DOF inertia generator proposed here consists
of a square frame with rails mounted on its edges, as shown
in Figure 13. A moving mass mi, i = 1, . . . , 4, is mounted
on the ith rail and its displacement along the rail is con-
trolled by an actuator. Therefore, there are four actuators
in the mechanism. A fixed inertial reference frame Oxy
is defined on the ground, while a moving frame Cx0y0 is
attached to the inertia generator, with its origin at the cen-
troid of the square frame. The position vector of the centroid
of the square frame with respect to the origin of the fixed
reference frame is noted c0 while the position vector of the
center of mass of mass mi with respect to the origin of the
fixed frame is noted ci. The rotational inertia of mass mi is
noted Ii, the unit vector along the ith slider is noted ei and
the position coordinate of mass mi along the slider is given
by si, measured from the mid-point of the motion range.
The vector connecting the centroid of the square frame and
the mid-point of the slider on which mass mi is mounted
is noted ci0. Finally, the orientation of the moving frame
with respect to the fixed frame is given by the angle between

Fig. 13. Kinematic modeling of the planar 3-DOF inertia
generator.

the x-axis of the fixed frame and the x0-axis of the moving
frame, noted θ . One can then write the position vector of
the center of mass of mass mi with respect to the origin of
the fixed frame as

ci = c0 + ci0 + siei, i = 1, . . . , 4 (37)

Differentiating twice with respect to time, one then obtains
the acceleration of the center of mass of mass mi as

c̈i = s̈iei + gi, i = 1, . . . , 4 (38)

where

gi = c̈0 + θ̈ ( Eci0 + siEei) + θ̇2( E2ci0 + siE
2ei) + 2θ̇ ṡiEei,

i = 1, . . . , 4 (39)

with

E =
[

0 −1
1 0

]
(40)

The force applied by the moving square frame onto the
ith sliding mass is noted Fi while the torque applied by the
square frame onto mass mi is noted τi. One can then write
the Newton–Euler equations applied to each of the moving
masses and to the base frame as

Fi = mic̈i, i = 1, . . . , 4 (41)

τi = Iiθ̈ , i = 1, . . . , 4 (42)

F −
4∑

i=1

Fi = m0c̈0 (43)

τ −
4∑

i=1

τi +
4∑

i=1

(( ci0 + siei)
T EFi) = I0θ̈ (44)

where m0 and I0 are the mass and inertia of the frame of the
device and where F and τ are respectively the external force
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and torque applied on the frame. Substituting equations (41)
and (42) into equations (43) and (44), one then obtains the
relationship between the external force and torque applied
on the frame of the device and the motion of the frame and
of the internal masses as

F = m0c̈0 +
4∑

i=1

[mi( s̈iei + gi) ] (45)

τ =
(

I0 +
4∑

i=1

Ii

)
θ̈ +

4∑
i=1

[mi( ci0 + siei)
T ET( s̈iei + gi) ]

(46)

The input accelerations of the moving masses are collected
in an input acceleration vector, s̈, defined as

s̈ = [s̈1 s̈2 s̈3 s̈4]T (47)

Equations (45) and (46) can then be rewritten in matrix
form as

Hs̈ = v (48)

where v is a three-dimensional vector defined as

v = [hTσ ]T (49)

with

h = F − m0c̈0 −
4∑

i=1

( migi) (50)

σ = τ −
(

I0 +
4∑

i=1

Ii

)
θ̈−

4∑
i=1

[mi( ci0+siei)
T ETgi] (51)

and where H is a 3 × 4 matrix which can be written as

H =
[

m1e1 m2e2 m3e3 m4e4

m1( cT
10ETe1) m2( cT

20ETe2) m3( cT
30ETe3) m4( cT

40ETe4)

]
(52)

The latter expression was simplified by noting that

misie
T
i ETei = 0, i = 1, . . . , 4 (53)

A generalized inverse can be used to compute the
input accelerations from equation (48). For instance, the
minimum-norm solution can be used to minimize the norm
of the accelerations. It is pointed out that matrix H is always
of full rank. Indeed, its columns are the planar line coordi-
nates (direction vector and moment) of the lines associated
with the four sliders. For instance, working in the mov-
ing coordinate frame attached to the frame of the device,
one has

H =
⎡
⎣ 0 m2 0 m4

m1 0 m3 0
m1u m2u −m3u −m4u

⎤
⎦ (54)

which is clearly always of full rank. In the above expres-
sion, u denotes one half of the distance between two parallel
sliders. Additionally, since matrix H is constant in the local
reference frame, its generalized inverse can be computed
off-line and directly implemented in the controller.

8.2. Prescribed translational and rotational
inertia

Similarly to what was done for the 1-DOF mechanism, it is
desired to prescribe translational and rotational inertias for
the 3-DOF inertia generator. It is noted that it is possible
to prescribe a different translational inertia for orthogonal
directions of motion. However, prescribing different iner-
tias may lead to a counterintuitive behavior, depending on
the application. It is assumed here that the prescribed trans-
lational inertia, noted ma, is the same for all directions of
motion. Also, the prescribed rotational inertia is noted Ia.

In the above equations, the prescribed translational and
rotational inertias are used to compute the desired interac-
tion force and moment, namely,

F = mac̈0, τ = Iaθ̈ (55)

These equations are then substituted into equations (50) and
(51), and equation (48) is then used to compute the accel-
erations of the moving masses that are required to produce
the rendering, namely vector s̈.

8.3. Accelerometer configuration

The above computations require the knowledge of the accel-
eration, angular acceleration and angular velocity of the
frame of the device. These quantities can be determined
using two bi-directional accelerometers mounted on the
frame at points P1 and P2, as shown in Figure 13. Vectors
r1 and r2 are respectively defined as the vectors connecting
point C to points P1 and P2. One can then write

p̈i = c̈0 + θ̈Eri − θ̇2ri, i = 1, 2 (56)

where p̈i is the acceleration vector of point Pi (measured by
accelerometer i). Collecting the above two equations and
writing them in matrix form leads to

Kz = m (57)

where z is the four-dimensional vector of quantities to be
computed, namely

z = [c̈T
0 θ̈ θ̇2]T (58)

while m is the four-dimensional vector of measured accel-
erations, i.e.

m = [p̈T
1 p̈T

2 ]T (59)

and matrix K is a 4 × 4 matrix that can be written as

K =
[

1 Er1 −r1

1 Er2 −r2

]
(60)

where 1 stands for the 2×2 identity matrix. It is pointed out
that if the accelerometers are placed as shown in Figure 13,
matrix K if of full rank and can be inverted. In fact, this
matrix is always invertible, as long as the two accelerome-
ters are not located at the same point, i.e. as long as r1 �= r2.
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Moreover, matrix K is constant when expressed in the local
frame and it can be inverted off-line. Finally, the solution
of equation (57) for z yields the magnitude of the angular
velocity but not its sign. If the sign of the angular velocity
is needed, a technique such as the one presented in Cardou
and Angeles (2008) can be used.

8.4. Rendering capabilities of the 3-DOF inertia
generator

The rendering capabilities of the 3-DOF inertia genera-
tor are now investigated. The ability of the mechanism to
render prescribed translational inertias is assessed using a
translational motion along a circular path with a constant
orientation.

8.4.1. Limitations on the motion range of the moving
masses As explained in Section 4, this analysis is based
on harmonic motion but the results lead to design guide-
lines that are independent from the frequency of the input
motion. A circular trajectory involving no rotation of the
frame is assumed here, namely

xc = r cos( ωt) (61)

yc = r sin( ωt) (62)

θ = 0 (63)

where xc and yc stand for the components of vector c0, ω

and r are respectively the frequency and the amplitude of
the input motion and t is the time. Since θ is constant,
one has

θ̇ = θ̈ = 0 (64)

Therefore, from equation (39), one can write

gi = c̈0, i = 1, . . . , 4 (65)

Differentiating equations (61) and (62) twice with respect
to time, one has

c̈0 = −rω2

[
cos( ωt)
sin( ωt)

]
(66)

Substituting equations (55) and (65) into equation (45) then
leads to

4∑
i=1

( mis̈iei) =
(

ma − m0 −
4∑

i=1

mi

)
c̈0 (67)

Referring to equation (54) and working in the coordinate
frame attached to the platform, the latter equation can be
rewritten in component form as

m2s̈2 + m4s̈4 = −
(

ma − m0 −
4∑

i=1

mi

)
rω2 cos( ωt) (68)

m1s̈1 + m3s̈3 = −
(

ma − m0 −
4∑

i=1

mi

)
rω2 sin( ωt) (69)

Although it is not a necessary condition, it is now assumed
that all the moving masses are equal, i.e.

mi = m, i = 1, . . . , 4 (70)

Moreover, it is apparent that a solution of equations (68)
and (69) can be obtained with

s̈1 = s̈3, s̈2 = s̈4 (71)

Assuming a steady state trajectory, the latter conditions
lead to

s2 = s4 = ( ma − m0 − 4m) r cos( ωt)

2m
(72)

and

s1 = s3 = ( ma − m0 − 4m) r sin( ωt)

2m
(73)

Referring to the last line of matrix H in equation (54) and
substituting the above solutions into equation (46), it is
readily observed that the internal mass motions of equa-
tions (72) and (73) result in τ = 0, i.e. no external moment
is induced, as desired. With the above solutions, masses m2

and m4 oscillate in phase. Masses m1 and m3 also oscillate
in phase, with a phase difference of 90◦ between the two
sets of masses.

The maximum range of motion of each of the four masses
is assumed to be the same and is noted a, namely

−a ≤ si ≤ a, i = 1, . . . , 4 (74)

Therefore, substituting equations (72) and (73) into the lat-
ter equation and considering the bounds on the sine and
cosine functions, one can write(

m0 + 4m − 2am

r

)
≤ ma ≤

(
m0 + 4m + 2am

r

)
(75)

The above inequalities are represented graphically in
Figure 14. It is noted that the graph of Figure 14 is almost
identical to that of Figure 3 except that M = m0 + 4m
(total mass), the maximum value of ( r/a) for which a zero
virtual mass can be rendered is 2m/( m0 + 4m), and the
rendered to total mass ratio for ( r/a) = 1 is bounded by
1−2m/M and 1+2m/M . As a result, the maximum motion
ratio (input range to actuation range) for which a zero vir-
tual inertia can theoretically be rendered is always smaller
than one half (as opposed to one for the 1-DOF device).
Indeed, it can be observed that the numerator of the max-
imum value of r/a for which a zero virtual mass can be
rendered is equal to twice the mass of one of the moving
masses while there are four such masses. This result reflects
the fact that the masses are mounted by pairs on orthogonal
rails and that only two of the masses can be used to ren-
der inertia in a given direction (e.g. the x0 and y0 axes of
the local frame) while the other two masses become dead
weights for this direction of motion. Therefore, it can be
argued that the use of four independently driven masses
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Fig. 14. Ratio of the prescribed inertia that can be rendered by the
3-DOF inertia generator to the total actual mass as a function of
the ratio of the input motion range to the moving masses motion
range. The shaded area represents the feasible region.

is not optimal from the point of view of inertia genera-
tion. Indeed, the use of a single larger mass mounted on
a 3-DOF mechanism may seem more efficient. However,
such an arrangement is more complex and may also lead
to inefficient inertias because the links of the 3-DOF mech-
anism also introduce spurious inertias. Moreover, in order
to be able to generate significant rotational inertial effects
with a single rigid body, the latter should have a relatively
large radius of gyration, which would significantly increase
its size and therefore reduce the allowable motion range.
From the above derivations, it is clear that a reduced motion
range is highly detrimental to the rendering capabilities of
an inertia generator. Hence, it is believed that the archi-
tecture proposed here is a reasonable compromise between
complexity and effectiveness.

8.4.2. Limitations on the actuator velocities and accelera-
tions Similarly to what was done in the case of the 1-DOF
device, the performance limitations introduced by the lim-
ited feasible velocities and accelerations of the actuators
should also be assessed. The acceleration limits correspond
to the limits on the absolute acceleration of the moving
masses with respect to a fixed inertial frame. For the trans-
lational trajectory defined in equations (61) and (62), the
acceleration limits are applied on ( ẍc + s̈i) and ( ÿc + s̈i).
Each of the components of equation (67) then leads to an
equivalent equation that can be written as

2mis̈2 = 2ms̈i = ( ma − m0 − 4m) ẍc (76)

If the maximum force that can be applied by one of
the actuators is noted Fi,max, the corresponding maximum

max

Fig. 15. Ratio of the rendered inertia over the prescribed inertia
as a function of the frequency of the input motion considering the
acceleration limit of the actuators of the 3-DOF inertia generator.

frequency of the trajectory defined in equations (61) and
(62) can be obtained by writing

Fi,max = m( ẍc + s̈2) (77)

in which equation (76) and the second derivative of equa-
tion (61) are substituted. After a few simple manipulations,
one obtains

ω2
max = 2Fi,max

r|ma − m0 − 2m| (78)

Equation (78) provides the maximum frequency for
which the prescribed translational inertia ma can be ren-
dered. For frequencies above ωmax, the analysis presented
in Section 4.2 is repeated here for the 3-DOF mechanism
using the translational circular trajectory defined above,
which leads to

mr

ma
= m0 + 2m

ma
+
(

1 − ( m0 + 2m)

ma

)
ω2

max

ω2
(79)

The resulting behavior is illustrated in Figure 15. Similarly
to what was observed for the 1-DOF mechanism, the ren-
dered inertia is equal to the prescribed inertia when ω ≤
ωmax while the rendered inertia differs from the prescribed
inertia for higher frequencies. For very high frequencies,
the rendered inertia converges to ( m0 + 2m) /ma. The term
2m appearing in the numerator of this ratio arises from the
fact that the masses are mounted on orthogonal rails and
that for any direction of motion, half of the masses act as
dead weights.

The effect of velocity limitations is similar to what was
observed for the 1-DOF device and the derivation is similar
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to that of Section 4.2. Considering equations (68) and (69),
assuming the steady state trajectory defined in equations
(61) and (62) and four equal masses, one can write

2mṡi = ( ma − m0 − 4m) ẋc = −( ma − m0 − 4m) rω sin( ωt)
(80)

which leads to

ω′
max = 2mṡi,max

r|ma − m0 − 4m| (81)

where ω′
max is the maximum frequency for which the pre-

scribed inertia can be rendered considering the velocity lim-
itations of the actuators. For input frequencies larger than
ω′

max, the maximum velocity of the actuators is reached and
hence the acceleration s̈i is zero over a certain phase of the
motion. Considering the trajectory defined in equations (61)
and (62) and assuming s̈i = 0, equations (48), (50), and (39)
lead to

Fx = ( m0 + 4m) ẍc (82)

which means that the rendered inertia over this phase of the
motion is equal to ( m0 + 4m), i.e. the actual total mass of
the device. This is equivalent to what was observed for the
1-DOF device. As explained in Section 4, the effect of this
limitation may not be as drastic as it appears because the
degradated rendering takes place in a phase of the motion
during which the acceleration is low. Nevertheless, both
acceleration and velocity limitations should be taken into
account in a practical design.

8.5. Simulation results

Simulations were conducted in order to further investigate
the capabilities of the 3-DOF inertia generator described
above. Examples of simulation trajectories are now pro-
vided in order to illustrate the results.

8.5.1. Translational motion First, the results obtained with
a translational trajectory are reported. The trajectory con-
sists of a lemniscate, which can be described in parametric
form as

xc = b
√

2 cos β

1 + sin2 β
, yc = b

√
2 sin β cos β

1 + sin2 β
, β = ωt (83)

where b is a scaling factor, ω is the frequency with which
the trajectory is performed (ω = π/2 here) and t is the
time. The trajectory used in the simulation ( b = 0.07m) is
represented graphically in Figure 16.

The center of the frame of the inertia generator follows
the trajectory defined by the lemniscate while the orienta-
tion remains unchanged (θ = θ̇ = θ̈ = 0). The masses are
initially at rest and located at the mid-point of their mov-
ing range. The prescribed translational inertia is equal to
75% of the total mass of the device, i.e. ma/M = 0.75.
Also, the amplitude of motion (distance from the origin of

m

m

Fig. 16. Translational trajectory consisting of a lemniscate with
b = 0.07m.

the fixed frame to the extreme points of the lemniscate is
equal to approximately 40% of the amplitude of motion
allowed for the masses, namely r/a � 0.4. Finally, each
of the moving masses has a mass equal to approximately
114% of the mass of the frame, which leads to a ratio
of 2m/( m0 + 4m) � 0.4. It is recalled that this ratio is
defined in the preceding section as a design guideline for
low inertia rendering. Hence, according to the analysis pre-
sented in the preceding section, the amplitude of the trajec-
tory prescribed in this simulation and the prescribed inertia
selected should be within the capabilities of the inertia gen-
erator, which is readily observed on the graphs provided
below.

The results of the simulation are shown in Figure 17.
Figure 17(a) shows the force components rendered to the
user. These force components correspond exactly to the
inertial effects associated with the prescribed virtual iner-
tia. In other words, the generator is capable of rendering
the prescribed inertia at all times. In order to render these
inertial forces, the masses undergo the displacements shown
in Figure 17(b). It can be observed that, after having com-
pleted one full cycle of the lemniscate, the masses have
drifted away from their mid-range initial position. This sit-
uation arises from the fact that the initial conditions on
the masses (initial position and velocity) do not match
the steady state conditions of the lemniscate. These results
highlight the importance of using a washout filter in a prac-
tical implementation (no washout filter was used in the
simulation). Figure 17(c) confirms that no moment is gen-
erated in the simulation, i.e. the motion of the masses is
such that the moments generated by the individual masses
(see Figure 17(d)) always cancel out exactly, as enforced by
equation (48).
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m

Fig. 17. Simulation of the planar 3-DOF inertia generator performing a translational trajectory consisting of a lemniscate (b = 0.07,
ω = π/2).

8.5.2. Rotational motion In this simulation, a rotational
motion of the inertia generator with respect to its centroid
is prescribed. The trajectory is described as

xc = 0, yc = 0, θ = η sin( ωt) (84)

where η is a scaling factor, ω is the frequency at which the
trajectory is performed (ω = π here) and t is the time. The
trajectory used in the simulation uses a range of rotation of
η = π/6, and the prescribed rotational inertia is equal to
85% of the total inertia of the generator.

The results of the simulation are shown in Figure 18.
Figure 18(a) shows that the force rendered to the user is
identically equal to zero, as expected. The contribution of
each of the masses to the rendered forces is shown in Fig-
ures 18(c) and (d), where it can be observed that the effect
of the masses cancels out. The displacement of the masses,
which is required in order to render the prescribed inertia,
is shown in Figure 18(b). Referring to Figure 13, it can be
observed that the masses are ‘rotating’ around the center
of the generator in order to produce a counter inertia that
reduces the actual inertia thereby rendering the prescribed
inertia. It can also be observed that the masses are drifting
away from their initial position after one cycle of oscillation
has been performed, which is is due to the initial conditions
that do not correspond to the steady state of the oscillating
trajectory. Such a drift can be alleviated using a washout
filter. The contribution of each of the masses to the counter
inertia is the same, due to the symmetry of the device. This
can be observed in Figure 18(f) where the contribution of

each of the masses to the rendered rotational inertia is plot-
ted. Finally, Figure 18(e) shows that the correct inertia is
rendered.

9. Conclusion

The concept of inertia generator is proposed in this paper. In
an inertia generator, internal masses are moved in reaction
to accelerations induced by the user such that the effec-
tive intertia of the device is modified in order to render
a prescribed (programmable) inertia. This paper presented
preliminary investigations on a 1-DOF inertia generator
that has the capability to render a translational inertia in
one direction. The dynamic model of the system was first
derived. Based on this model, the rendering capabilities of
the inertia generator were investigated and general guide-
lines were proposed for its design. The range of input fre-
quencies that can be properly rendered was also determined
based on the acceleration and velocity limitations of the
actuator. A controller that uses the measured acceleration of
the frame as an input and determines the motion of the inter-
nal mass as an output was then developed. The controller is
based on the time integration of the acceleration in order to
alleviate the difficulties associated with noisy accelerome-
ter signals. A velocity or position control can therefore be
used. Experimental results show that, although the power
to mass ratio and the moving mass to frame mass ratio of
the prototype are not high, the latter is capable of render-
ing a significant range of inertias. Moreover, experimental
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Fig. 18. Simulation of the planar 3-DOF inertia generator performing a pure rotation (η = π/6, ω = π ).

data was shown to concur with the rendering capabilities
predicted by the theoretical analyses.

The concept was then extended to a planar 3-DOF iner-
tia generator capable of rendering translational inertia in
two directions as well as rotational inertia. The proposed
architecture consists of four masses mounted on orthogo-
nal rails attached to the frame of the inertia generator. Two
bi-directional accelerometers are used to compute the accel-
eration, angular velocity and angular acceleration of the
frame. Based on these measurements and on the prescribed
inertias, the required motion of the moving masses is com-
puted using a robust dynamic model. It was shown that the
matrix computations required are stable and that the inver-
sions can be computed off-line. An analysis of the rendering
capabilities of the 3-DOF generator was conducted, which
led to general design guidelines. The range of input fre-
quencies that can be rendered was also investigated based
on the acceleration and velocity limitations of the actua-
tors. Example simulations were provided and the results

demonstrated the feasibility of the 3-DOF inertia generator.
A prototype of a 3-DOF inertia generator is currently being
designed and built. Future work includes the experimental
validation of the 3-DOF prototype, the investigation of spa-
tial multi-DOF inertia generators and the experimentation
with more advanced prototypes.
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Appendix: Index to Multimedia Extensions

The multimedia extension page is found at http://www.
ijrr.org.

Table of Multimedia Extensions

Extension Type Description

1 Video A video demonstrating the operation of
the prototype of the 1-DOF inertia
generator.
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