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Abstract. In this paper we study the deviation of the error estimation for the
second order Fredholm-Volterra integro-differential equations. We prove that for m
degree piecewise polynomial collocation method, our method provides O(hm+1) as
the order of the deviation of the error. Also numerical results in the final section are
included to confirm the theoretical results.
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1 Introduction

In this paper we consider the second order Fredholm-Volterra integro-
differential (SFVID) equations as follows

y′′(t) = F
(
t, y(t), y′(t), zf [y](t), zv[y](t)

)
, t ∈ I := [a, b], (1.1)

y(a) = r1, y(b) = r2, (1.2)

where

zf [y](t) =

∫ b

a

Kf

(
t, s, y(s), y′(s), y′′(s)

)
ds,

zv[y](t) =

∫ t

a

Kv

(
t, s, y(s), y′(s), y′′(s)

)
ds
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and a, b, r1, r2 ∈ R = (−∞,∞). W and S are defined as follows

W := {(t, y, y′, zf , zv) ; t ∈ I and y, y′, zf , zv ∈ R},
S := {(t, s, u, u′, u′′) ; t, s ∈ I and u, u′, u′′ ∈ R}.

In this paper we shall assume that F is uniformly continuous in W . Also
we assume that zf [y](t), zv[y](t) are uniformly continuous in S. We say that
zf [y](t) and zv[y](t) are linear if we can write zf [y](t) and zv[y](t) as

zf [y](t) =

2∑
l=0

∫ b

a

Λl,f (t, s)y
(l)(s)ds, zv[y](t) =

2∑
l=0

∫ t

a

Λl,v(t, s)y(l)(s)ds,

where Λl,j(t, s) (l = 0, 1, 2&j = f ,v) are sufficiently smooth in J := {(t, s);
t, s ∈ I}. Also we say that F is linear if we can write it as

F
(
t, y(t), y′(t), zf [y](t), zv[y](t)

)
=

2∑
l=1

al(t)y
(2−l)(t) +

∑
l=f ,v

zl[y](t) + a3(t).

In the nonlinear case we assume that F
(
t, y, y′, zf , zv

)
, Fl

(
t, y, y′, zf , zv

)
for any l = t, y, y′, zf , zv are Lipschitz-continuous. When zf [y](t) and zv[y](t)
are nonlinear we assume that Kj(t, s, u, u

′, u′′) and (Kj)l(t, s, u, u
′, u′′) (j =

f ,v&l = u, u′, u′′) are Lipschitz-continuous. We say SFVID equation with
boundary condition (1.2) is linear if we can write (1.1) as follows

y′′(t) = a1(t)y′(t) + a2(t)y(t) + a3(t) + zf [y](t) + zv[y](t), t ∈ [a, b] (1.3)

with linear zf [y](t) and zv[y](t). Also, in the linear case we assume that ai(t),
i = 1, 2, 3 are sufficiently smooth in I. In this paper we use the defect correc-
tion principle, more details about this can be found in [4, 9]. The piecewise
polynomial collocation method for integro-differential equations can be found
in [5,6,7,8]. Also other methods for the integro-differential equations are stud-
ied in [11, 12]. The deviation of the error estimation for linear and nonlinear
first and second order boundary value problem is studied in [1,2,3]. The error
estimation based on locally weighted defect that we will use in this manuscript,
has been introduced in [1, 3].

The rest of this paper is organized as follows. In Section 2, the method is
described and we introduce some details about the deviation of the error for
SFVID. In Section 3, the analysis of the deviation of the error is given. Also
the main results of the paper are formulate in Theorems 4-5. In Section 4, we
study the special case of SFVID equation. And we show that in this case for m
degree piecewise polynomial collocation method, our method providesO(hm+2)
as the order of the deviation of the error. In Section 5, we present the numerical
experiments that demonstrate our theoretical results. A summary is given at
the end of the paper in Conclusion section.

2 Description of the method

In this section, we introduce some details about the deviation of the error
estimation, collocation method, finite differences and exact difference schemes.
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2.1 Collocation method

In the first step we consider τi, ρi as follows

a = τ0 < τ1 < . . . < τn = b, (n ≥ 1), 0 = ρ0 < ρ1 < . . . < ρm < ρm+1 = 1.

Definition 1. In this paper we define

Xi := {ti,j := τi + ρjhi; j = 1, . . . ,m}, Zn := {ti,0 := τi; i = 0, . . . , n},

S
(1)
m+1(Zn) := {p ∈ C1(I); p � [τi, τi+1] ∈ Πm+1([τi, τi+1])(i = 0, . . . , n− 1)},

where hi := τi+1− τi and Πm+1([τi, τi+1]) is space of real polynomial functions
on [τi, τi+1] of degree6 m+ 1. Also we define h (the diameter of gird Zn) and
h′ as

h := max{hi; i = 0, . . . , n− 1}, h′ := min{hi; i = 0, . . . , n− 1}.

The set X(n) :=
⋃n−1
i=0 Xi is called the set of collocation points.

In the piecewise polynomial collocation method we are looking to find a

p ∈ S(1)
m+1(Zn) so that (1.1)–(1.2) holds for all ti,j ∈ X(n). In the collocation

method, since always we can not determine exact value for zl[p](t) (l = f ,v),
therefore we use the following quadrature method to determine zl[p](ti,j) (l =
f ,v).

zf [p](ti,j) ≈
n−1∑
k=0

m+1∑
z=0

αk,zKf

(
ti,j , tk,z, p(tk,z), p

′(tk,z), p
′′(tk,z)

)
=: z̃f [p](ti,j),

(2.1)

zv[p](ti,j) ≈
i−1∑
k=0

m+1∑
z=0

αk,zKv

(
ti,j , tk,z, p(tk,z), p

′(tk,z), p
′′(tk,z)

)
+ (ti,j − τi)

×
m+1∑
z=0

βzKv

(
ti,j , ti,j,z, p( ti,j,z), p

′( ti,j,z), p
′′( ti,j,z)

)
=: z̃v[p](ti,j), (2.2)

where ti,j,z := τi + ρz(ti,j − τi) and

αk,z :=

∫ τk+1

τk

L[τk,τk+1]
z (s) ds, βz :=

∫ 1

0

Lz(s) ds

with

Lj(ρ) :=

m+1∏
i=0
i 6=j

ρ− ρi
ρj − ρi

, L
[a′,b′]
j (ρ) := Lj(

ρ− a′

b′ − a′
), a ≤ a′ < b′ ≤ b.

According to [10] we have the following theorem.

Math. Model. Anal., 21(6):719–740, 2016.
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Theorem 1. (Interpolation Error Theorem) If the function f has an (n+ 1)st
derivative and Pn(x) be a polynomial of degree at most n that interpolates f at
n + 1 distinct points xi(i = 0, . . . , n), then for every argument x there exists
a number ζ in the smallest interval I[x0, . . . , xn, x] which contains x and all
support abscissas xi, satisfying

f(x)− Pn(x) =
w(x)f (n+1)(ζ)

(n+ 1)!
,

where w(x) := (x− x0) . . . (x− xn).

For the above method we have the following lemma.

Lemma 1. For sufficiently smooth f , the following estimate holds

|zl[f ](ti,j)− z̃ l[f ](ti,j)| = O(hm+2), l = f ,v, (2.3)

where z̃ f [·](ti,j) and z̃ v[·](ti,j) are defined in (2.1)–(2.2).

Proof. For nonlinear z̃ f [·], we can write

zf [f ](ti,j)− z̃ f [f ](ti,j) =

∫ b

a

Kf

(
ti,j , s, f(s), f ′(s), f ′′(s)

)
ds−

n−1∑
k=0

m+1∑
z=0

αk,z

×Kf

(
ti,j , tk,z, f(tk,z), f

′(tk,z), f
′′(tk,z)

)
=

n−1∑
k=0

∫ τk+1

τk

I1(s) ds. (2.4)

By using Interpolation error theorem, we can get that I1 = O(hm+2). Then
we can rewrite (2.4) as follows

zf [f ](ti,j)− z̃ f [f ](ti,j) ≤ nhO(hm+2) ≤ h

h′
(b− a)O(hm+2) = O(hm+2).

Also for l = v, we get

zv[f ](ti,j)− z̃ v[f ](ti,j) =

i−1∑
k=0

∫ τk+1

τk

I2(s)ds+ (ti,j − τi)
∫ 1

0

I3(s)ds,

where

I2(s) := Kv

(
ti,j , s, f(s), f ′(s), f ′′(s)

)
−
m+1∑
z=0

L[τk,τk+1]
z (s)Kv

(
ti,j , tk,z, f(tk,z), f

′(tk,z), f
′′(tk,z)

)
,

I3(s) := Kv

(
ti,j , t̆i,j,s, f(t̆i,j,s), f

′(t̆i,j,s), f
′′(t̆i,j,s)

)
−
m+1∑
z=0

Lz(s)Kv

(
ti,j , ti,j,z, f( ti,j,z), f

′( ti,j,z), f
′′( ti,j,z)

)
,
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where t̆i,j,s := τi + s(ti,j − τi). By using Interpolation error theorem, we can
say I2 = O(hm+2) and I3 = O(hm+2). Then we get

zv[f ](ti,j)− z̃ v[f ](ti,j) ≤
h

h′
(τi − τ0)O(hm+2) +O(hm+2) = O(hm+2),

which completes the proof. Similarly, we can find (2.3) for linear case. ut

For above collocation method we have the following theorem [5].

Theorem 2. Assume that the SFVID problem (1.1)–(1.2) has a unique and
sufficiently smooth solution y(t). Also assume that p(t) is a piecewise polyno-
mial collocation solution of degree≤ m + 1. Then for sufficiently small h, the
collocation solution p(t) is well-defined and the following uniform estimates at
least hold:

‖y(j)(t)− p (j)(t)‖∞ = O(hm), j = 0, 1, 2,

‖y(j)(t)− p (j)(t)‖∞ = O(hm+2−j), j = 3, . . . ,m+ 1.

Also in the piecewise polynomial collocation method when m is odd and the
nodes ρi are symmetrically distributed we have

‖y(j)(t)− p (j)(t)‖∞ = O(hm+1), j = 0, 1.

Lemma 2. For linear and nonlinear zl[·](t) (l = f ,v) we have

|z̃ l[p](ti,j)− z̃ l[y](ti,j)| = O(hm), l = f ,v.

Proof. For linear case by using Lemma 1, Theorem 2 and the Integral mean
value theorem, we get

z̃ f [p](ti,j)− z̃ f [y](ti,j) = zf [e](ti,j) +O(hm+2)

=

2∑
l=0

∫ b

a

Λl,f (ti,j , s)e
(l)(s)ds+O(hm+2)

=

2∑
l=0

(b− a)Λl,f (ti,j , ζ
l
i,j) e

(l)(ζli,j)︸ ︷︷ ︸
O(hm)

+O(hm+2) = O(hm),

where ζli,j ∈ [a, b]. Also we can obtain

z̃ v[p](ti,j)− z̃ v[y](ti,j) = zv[e](ti,j) +O(hm+2)

=

2∑
l=0

∫ ti,j

a

Λl,v(ti,j , s)e
(l)(s)ds+O(hm+2)

=

2∑
l=0

(ti,j − a)Λl,v(ti,j , ζ
l

i,j) e
(l)(ζ

l

i,j)︸ ︷︷ ︸
O(hm)

+O(hm+2) = O(hm),

Math. Model. Anal., 21(6):719–740, 2016.
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where ζ
l

i,j ∈ [a, b]. Also for nonlinear case by using Lemma 1 and the Lipschitz
condition for Kl (l = f ,v) we can find

|z̃ f [y](ti,j)− z̃ f [p](ti,j)|
≤ |z̃ f [y](ti,j)− zf [y](ti,j)− z̃ f [p](ti,j) + zf [p](ti,j) + zf [y](ti,j)− zf [p](ti,j)|

≤ |
∫ b

a

(
Kf

(
ti,j , s, y(s), y′(s), y′′(s)

)
−Kf

(
ti,j , s, p(s), p

′(s), p′′(s)
))
ds|

+O(hm+2) ≤ C
2∑
l=0

∫ b

a

|y(l)(s)− p(l)(s)|ds+O(hm+2) = O(hm),

|z̃ v[y](ti,j)− z̃ v[p](ti,j)|
≤ |z̃ v[y](ti,j)−zv[y](ti,j)−z̃ v[p](ti,j)+zv[p](ti,j)+zv[y](ti,j)− zv[p](ti,j)|

≤ |
∫ ti,j

a

(
Kv

(
ti,j , s, y(s), y′(s), y′′(s)

)
−Kv

(
ti,j , s, p(s), p

′(s), p′′(s)
))
ds|

+O(hm+2) ≤ C
2∑
l=0

∫ ti,j

a

|y(l)(s)− p(l)(s)|ds+O(hm+2) = O(hm),

which completes the proof. ut

2.2 Finite difference scheme

Definition 2. In this subsection we define

∆i,j := {(l, k); l = 0, . . . , i− 1 & k = 0, . . . ,m} ∪ {(i, k); k = 0, . . . , j − 1},
A := {(i, j); ti,j ∈ X(n) ∪ Zn}, B := A−{(0, 0), (n, 0)}, T := A−{(n, 0)}.

Also we define

δi,j := ti,j+1 − ti,j , δ̂i,j :=
δi,j−1 + δi,j

2
, α̂i,j :=

δi,j−1

δ̂i,j
, β̂i,j :=

δi,j

δ̂i,j
.

A general one-step finite difference scheme can be written as follows.

(L
(2)
A η)i,j = F (ti,j , ηi,j , (L

(1)
A η)i,j , χ

f [η]i,j , χ
v[η]i,j), (i, j) ∈ B, (2.5)

η 0,0 = r1, ηn,0 = r2,

where

(L
(2)
A η)i,j :=

α̂i,jηi,j+1 − 2ηi,j + β̂i,jηi,j−1

α̂i,j β̂i,j δ̂ 2
i,j

, (L
(1)
A η)i,j :=

ηi,j+1 − ηi,j
δi,j

, (2.6)

χf [η]i,j :=
∑

(l,v)∈T

δl,vKf

(
ti,j , tl,v, ηl,v, (L

(1)
A η)l,v, (L

(2)
A η)l,v

)
,

χv[η]i,j :=
∑

(l,v)∈∆i,j

δl,vKv

(
ti,j , tl,v, ηl,v, (L

(1)
A η)l,v, (L

(2)
A η)l,v

)
.
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Theorem 3. Let f be a sufficiently smooth function on the interval [a, b]. Then
we have ∣∣χl[f ]i,j − zl[f ](ti,j)

∣∣ = O(h), l = f ,v. (2.7)

Proof. We can find

|Kf

(
ti,j , tl,v, f(tl,v), f

′(tl,v), f
′′(tl,v)

)
−Kf

(
ti,j , tl,v, f(tl,v), (L

(1)
A f)l,v, (L

(2)
A f)l,v

)
| = O(h). (2.8)

Also we get

Kf

(
ti,j , s, f(s), f ′(s), f ′′(s)

)
−Kf

(
ti,j , tl,v, f(tl,v), f

′(tl,v), f
′′(tl,v)

)
= (s− tl,v)

∂Kf

∂s

(
ti,j , ζ

l,v
s , f(ζl,vs ), f ′(ζl,vs ), f ′′(ζl,vs )

)
, (2.9)

where ζl,vs ∈ [tl,v, tl,v+1]. Therefore by using (2.8) and (2.9)we get∫ tl,v+1

tl,v

Kf

(
ti,j , s, f(s), f ′(s), f ′′(s)

)
ds

− δl,vKf

(
ti,j , tl,v, f(tl,v), (L

(1)
A f)l,v, (L

(2)
A f)l,v

)
=

∫ tl,v+1

tl,v

Kf

(
ti,j , s, f(s), f ′(s), f ′′(s)

)
ds

− δl,vKf

(
ti,j , tl,v, f(tl,v), f

′(tl,v), f
′′(tl,v)

)
+O(h2)

=
δ2l,v
2

∂Kf

∂s

(
ti,j , ζ

l,v
s , f(ζl,vs ), f ′(ζl,vs ), f ′′(ζl,vs )

)
+O(h2)

≤ h2

2

∂Kf

∂s

(
ti,j , ζ

l,v
s , f(ζl,vs ), f ′(ζl,vs ), f ′′(ζl,vs )

)
+O(h2),

then we can obtain∑
(l,v)∈T

(∫ tl,v+1

tl,v

Kf

(
ti,j , s, f(s), f ′(s), f ′′(s)

)
ds

− δl,vKf

(
ti,j , tl,v, , f(tl,v), (L

(1)
A f)l,v, (L

(2)
A f)l,v

))
≤

∑
(l,v)∈T

h2

2

∂Kf

∂s

(
ti,j , ζ

l,v
s , f(ζl,vs ), f ′(ζl,vs ), f ′′(ζl,vs )

)
+O(h)

≤ n(m+ 1)
h2

2
max
s∈[a,b]

∂Kf

∂s

(
ti,j , s, f(s), f ′(s), f ′′(s)

)
+O(h) (2.10)

≤ (b− a)(m+ 1)h

2h′
h max
s∈[a,b]

∂Kf

∂s

(
ti,j , s, f(s), f ′(s), f ′′(s)

)
+O(h) = O(h),

then by using (2.10), we can say that

χf [f ]i,j − zf [f ](ti,j) = O(h).

Similarly, we can find (2.7) for linear case and l = v. ut

Math. Model. Anal., 21(6):719–740, 2016.
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Definition 3. For any function u, we define

R(u) := {u(ti,j); (i, j) ∈ A},

also we define

η := {ηi,j ; (i, j) ∈ A}, L
(l)
A η := {(L(l)

A η)i,j ; (i, j) ∈ A}, l = 1, 2.

For the above finite difference scheme we have the following estimate

‖η −R(y)‖∞ = O(h), ‖L(l)
A η −R(y(l))‖∞ = O(hl), l = 1, 2,

where η and L
(l)
A η is defined in the Definition 3.

2.3 Deviation of the error estimation

We study the deviation of the error estimation for (1.1)–(1.2). We consider the
Dirichlet problem

y′′(t) = f(t), a ≤ t ≤ b, y(a) = y(b) = 0, (2.11)

where f(t) is permitted to have jump discontinuities in the points belonging to
Zn. For the discretization form of (2.11), i.e.,

(L
(2)
A η)i,j = f(ti,j), (i, j) ∈ B, (2.12)

η0,0 = 0, ηn,0 = 0, (2.13)

according to [1, 3], we have the following lemmas.

Lemma 3. The unique solution η of (2.12)–(2.13) is given by

ηi,j =
∑

(l,v)∈B

δ̂l,vG(ti,j , tl,v)f(tl,v),

where G(t, τ) is Green’s function

G(t, τ) =

{
(b− t)(a− τ)/b− a, a ≤ τ ≤ t ≤ b,
(b− τ)(a− t)/b− a, a ≤ t ≤ τ ≤ b.

Lemma 4. For v ∈ Ĉ2[ti,j−1, ti,j , ti,j+1], where

Ĉ2[ti,j−1, ti,j , ti,j+1] := {v ∈ C1[ti,j−1, ti,j+1] : v′′continuous on

[ti,j−1, ti,j) ∪ (ti,j , ti,j+1], lim
t↑ti,j

v′′ ∈ R, lim
t↓ti,j

v′′ ∈ R exist},

we have

(L
(2)
A v)i,j =

∫ β̂i,j

−α̂i,j

Ri,j(ξ)v
′′(ti,j + δ̂i,jξ)dξ,

with kernel

Ri,j(ξ) =

{
1 + ξ/α̂i,j , ξ ∈ [−α̂i,j , 0],

1− ξ/β̂i,j , ξ ∈ [0, β̂i,j ].
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As [1, 3] we can find “the exact finite difference” for (1.1) as follows

(L
(2)
A p)i,j = IA

(
F
(
ti,j , p(ti,j), p

′(ti,j), zf [p](ti,j), zv[p](ti,j)
))
,

where

IA
(
w(ti,j)

)
:=

∫ β̂i,j

−α̂i,j

Ri,j(ξ)w(ti,j + δ̂i,jξ)dξ.

We can say that a solution of problem (1.1)–(1.2) satisfies in the exact finite
difference scheme. Since according to the collocation method, we can say that

p′′(ti,j)− F
(
ti,j , p(ti,j), p

′(ti,j), zf [p](ti,j), zv[p](ti,j)
)
≡ 0, (i, j) ∈ X(n),

therefore we define the defect at ti,j as follows

Di,j :=(L
(2)
A p)i,j−IA

(
F
(
ti,j , p(ti,j), p

′(ti,j), zf [p](ti,j), zv[p](ti,j)
))
, (i, j) ∈ B.

In order to compute the integral in this expression, we use a quadrature formula.
When ti,j ∈ X(n) we have [1, 3]

IA
(
F (·, p, p′, zf [p], zv[p]), ti,j

)
≈ QA

(
F
(
ti,j , p(ti,j), p

′(ti,j), z̃f [p](ti,j), z̃v[p](ti,j)
))

:=

m+1∑
k=0

γki,jF
(
ti,k, p(ti,k), p′(ti,k), z̃ f [p](ti,k), z̃ v[p](ti,k)

)
,

where γki,j =
∫ β̂i,j

−α̂i,j
Ri,j(ξ)Lk(ρj + ξ

δ̂i,j
hi

)dξ. Also for ti,0 = τi we have [1, 3]

IA
(
F (ti,0, p(ti,0), p′(ti,0), zf [p](ti,0), zv[p](ti,0)

)
≈ QA

(
F
(
ti,0, p(ti,0), p′(ti,0), z̃ f [p](ti,0), z̃ v[p](ti,0)

))
:=

m+1∑
k=0

γk+i,0 F
(
ti,k, p(ti,k), p′(ti,k), z̃ f [p](ti,k), z̃ v[p](ti,k)

)
+

m+1∑
k=0

γk−i,0 F
(
ti−1,k, p(ti−1,k), p′(ti−1,k), z̃ f [p](ti−1,k), z̃ v[p](ti−1,k)

)
,

where

γk+i,0 =

∫ β̂i,0

0

Ri,0(ξ)Lk(ξ
δ̂i,0
hi

)dξ, γk−i,0 =

∫ 0

−α̂i,0

Ri,0(ξ)Lk(1 + ξ
δ̂i,0
hi−1

)dξ.

For the above quadrature formula we can find the following lemma.

Lemma 5. For sufficiently smooth f the following error holds

IA
(
f, ti,j

)
−QA

(
f, ti,j

)
= O(hm+2).

Also when m is odd and the nodes ρi are distributed symmetrically, we have
the following relation

IA
(
f, ti,j

)
−QA

(
f, ti,j

)
= O(hm+3).
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Then we consider defect at ti,j as follows

Di,j≈(L
(2)
A p)i,j−QA

(
F
(
ti,j , p(ti,j), p

′(ti,j), zf [p](ti,j), zv[p](ti,j)
))
, (i, j) ∈ B.

(2.14)

At this step we define π = {πi,j ; (i, j) ∈ A} as the solution of the following
finite difference

(L
(2)
A π)i,j = F (ti,j , πi,j , (L

(1)
A π)i,j , χ

f [π]i,j , χ
v[π]i,j) +Di,j , (i, j) ∈ B, (2.15)

π0,0 = r1, πn,0 = r2.

We define D := {Di,j ; (i, j) ∈ B}. For small value D, we have

π −R(p) ≈ η −R(y).

We define ε and e as ε := π − η ≈ R(p) − R(y) =: e. An estimate for the
error e can be found in Theorem 2. The deviation of the error can be written
in the following form θ := e − ε. By using (2.14) and Lemma 5 for linear and
nonlinear case we can easily prove the following lemmas.

Lemma 6. The defined defect in (2.14) has order O(hm).

Lemma 7. The π − η has order O(hm).

3 Analysis of the deviation of the error

Lemma 8. For the linear zl[·](t) (l = f ,v) we have∣∣χl[e]i,j − z̃ l[e](ti,j)∣∣ = O(hm), l = f ,v. (3.1)

Proof. When l = f by using Lemma 1 we can write∣∣χf [e]i,j − z̃ f [e](ti,j)
∣∣ ≤ ∣∣χf [e]i,j − zf [e](ti,j)

∣∣+
∣∣zf [e](ti,j)− z̃ f [e](ti,j)

∣∣︸ ︷︷ ︸
O(hm+2)

,

also by using Theorem 2 and Theorem 3 we can write

∣∣χf [e]i,j − zf [e](ti,j)
∣∣ =

∣∣∣ ∑
(l,v)∈T

2∑
m=0

(∫ tl,v+1

tl,v

Λm,f (ti,j , s)e
(m)(s) ds

− δl,vΛm,f (ti,j , tl,v)e(m)(tl,v)
)∣∣∣+O(hm) ≤ (b− a)(m+ 1)h

2h′
h

×
∣∣∣ max
s∈[a,b]

∂
(∑2

m=0 Λm,f (ti,j , s)e
(m)(s)

)
∂s︸ ︷︷ ︸

O(hm−1)

∣∣+O(hm) = O(hm).

In a similar way to the l = f , we can prove (3.1) for l = v. ut
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3.1 Linear case

Theorem 4. Consider the SFVID equation (1.3) with boundary conditions
(1.2). Assume that the SFVID problem has a unique and sufficiently smooth
solution. Then the following estimate holds

‖θ‖∞ = ‖e− ε‖∞ = O(hm+1),

where e is error, ε is the error estimate and θ is the deviation of the error
estimate.

Proof. Since F and zl[·](t) (l = f ,v) are linear then by using (2.5), (2.14) and
(2.15) we get

(L
(2)
A θ)i,j = a1(ti,j)(L

(1)
A θ)i,j + a2(ti,j)θi,j +

∑
k=f ,v

χk[θ]i,j

+ IA(a1e
′ + a2e, ti,j)− (a1(ti,j)(L

(1)
A e)i,j + a2(ti,j)e(ti,j))︸ ︷︷ ︸

I4

+ (QA − IA)(a1p
′ + a2p+ a3, ti,j)︸ ︷︷ ︸
I5

+
∑
k=f ,v

(
IA(zk[e], ti,j)− χk[e]i,j

)
︸ ︷︷ ︸

I6

+
∑
k=f ,v

(
QA(z̃k[p](ti,j))− IA(zk[p], ti,j)

)
︸ ︷︷ ︸

I7

, (3.2)

by using Lemma 6.1 in [1] and [3] we can say

I4 =
(
gi,j − ġi,j − g̈i,j

)
+

1

2δ̂i,j
(δi,jφi,j+ 1

2
− δi,j−1φi,j− 1

2
) +O(hm+2),

where

gi,j :=

∫ 0

−α̂i,j

(
ξ

α̂i,j
+ 1)a1(ti,j + ξδ̂i,j)e

′(ti,j + ξδ̂i,j)dξ,

ġi,j :=

∫ β̂i,j

0

(
ξ

β̂i,j
− 1)a1(ti,j + ξδ̂i,j)e

′(ti,j + ξδ̂i,j)dξ,

g̈i,j :=
a1(ti,j)

β̂i,j

∫ β̂i,j

0

e′(ti,j + ξδ̂i,j)dξ,

φi,j+ 1
2

:= δi,j

∫ 1
2

− 1
2

(u2 +
1

4
)Q(ti,j+ 1

2
+ δi,ju)du,

φi,j− 1
2

:= δi,j−1

∫ 1
2

− 1
2

(u2 +
1

4
)Q(ti,j− 1

2
+ δi,j−1u)du

with Q(t) =
(
a2(t)e(t)

)′
. We can easily prove that

gi,j = O(hm+1), ġi,j = O(hm+1), g̈i,j = O(hm), φi,j± 1
2

= O(hm+1).
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Also according to Theorem 6.1 in [1] and [3], we can obtain I5 = O(hm+2). Also
since p ∈ Πm+1 and Λl,k(t, s) (l = 0, 1, 2 &k = f ,v) are sufficiently smooth
then by using lemma 5 we can say that I7 = O(hm+2).

In a similar way to the I4, we can find I6 = Υf (ti,j) + Υv(ti,j),

Υf (ti,j) :=
∑

(w,v)∈T

(
Ω̇w,vf (ti,j)− Ω̈w,vf (ti,j)

)
,

Υv(ti,j) :=
∑

(w,v)∈∆i,j

(
Ω̇w,vv (ti,j)− Ω̈w,vv (ti,j)

)

+

2∑
l=0

∫ β̂i,j

−α̂i,j

∫ ti,j+ξδ̂i,j

ti,j

Λl,v(ti,j + ξδ̂i,j , s)e
(l)(s)dsdξ,

where

Ω̇w,vk (ti,j) := Ψw,vk (ti,j)− Ψ̆w,vk (ti,j), k = f ,v,

Ω̈w,vk (ti,j) := Ψ
w,v

k (ti,j)− Ψ̆
w,v

k (ti,j), k = f ,v

with

Ψw,vk (ti,j) :=

2∑
l=0

∫ tw,v+1

tw,v

∫ 0

−α̂i,j

(
ξ

α̂i,j
+ 1)Λl,k(ti,j + ξδ̂i,j , s)e

(l)(s)dξds,

Ψ
w,v

k (ti,j) :=

2∑
l=0

∫ tw,v+1

tw,v

∫ β̂i,j

0

(
ξ

β̂i,j
− 1)Λl,k(ti,j + ξδ̂i,j , s)e

(l)(s)dξds,

Ψ̆w,vk (ti,j) :=

∫ 0

−α̂i,j

1

2
δw,v

(
Λ0,k(ti,j , tw,v)e(tw,v)

+

2∑
l=1

Λl,k(ti,j , tw,v)(L
(l)
A e)w,v

)
dξ,

Ψ̆
w,v

k (ti,j) :=−
∫ β̂i,j

0

1

2
δw,v

(
Λ0,k(ti,j , tw,v)e(tw,v)

+

2∑
l=1

Λl,k(ti,j , tw,v)(L
(l)
A e)w,v

)
dξ.

By using Theorem 2, we obtain

Υk(ti,j) = O(hm), k = f ,v.

Therefore we can rewrite (3.2) as follows

(L
(2)
A θ)i,j = a1(ti,j)(L

(1)
A θ)i,j + a2(ti,j)θi,j +

∑
k=f ,v

χk[θ]i,j

+
(
gi,j − ġi,j − g̈i,j

)
+

1

2δ̂i,j
(δi,jφi,j+ 1

2
− δi,j−1φi,j− 1

2
)

+ Υf (ti,j) + Υv(ti,j) +O(hm+2).
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In this step we define

H := {gi,j − ġi,j − g̈i,j ; (i, j) ∈ B}, Θ = {Υf (ti,j) + Υv(ti,j); (i, j) ∈ B},
Φ := {δi,jφi,j+ 1

2
− δi,j−1φi,j− 1

2
; (i, j) ∈ B}.

Then by using Lemma 3 we find

θi,j =
(
(L2
A)−1H

)
i,j

+
1

2δ̂i,j

(
(L2
A)−1Φ

)
i,j

+
(
(L2
A)−1Θ

)
i,j
.

Let

ĝ = max
i,j
|H| = O(hm), φ̂ = max

i,j
|Φ| = O(hm+1), Υ̂ = max

i,j
|Θ| = O(hm),

therefore we get

‖θ‖∞ ≤ h
(

max
w,x

∑
(i,j)∈B

G(tw,x, ti,j)ĝ
)

+
1

2

(
max
w,x

∑
(i,j)∈B

G(tw,x, ti,j)φ̂
)

+ h
(

max
w,x

∑
(i,j)∈B

G(tw,x, ti,j)Υ̂
)

= O(hm+1).

ut

3.2 Nonlinear case

Definition 4. For nonlinear and linear zl[·] (l = f ,v) we define

χ f [ε]i,j :=
∑

(l,v)∈T

δl,v

(
Γ ε0,f (ti,j , tl,v)εl,v +

2∑
m=1

Γ εm,f (ti,j , tl,v)(L
(m)
A ε)l,v

)
,

χv[ε]i,j :=
∑

(l,v)∈∆i,j

δl,v

(
Γ ε0,v(ti,j , tl,v)εl,v +

2∑
m=1

Γ εm,v(ti,j , tl,v)(L
(m)
A ε)l,v

)
,

where, for linear case

Γ εm,k(ti,j , tl,v) := Λm,k(ti,j , tl,v), m = 0, 1, 2, k = f ,v

and for nonlinear case and k = f ,v we define

Γ εm,k(ti,j , tl,v) :=
∫ 1

0
(Kk)u

(
ti,j , tl,v, ηl,v + τεl,v, (L

(1)
A π)l,v, (L

(2)
A π)l,v

)
dτ, m = 0,∫ 1

0
(Kk)u′

(
ti,j , tl,v, ηl,v, (L

(1)
A η)l,v + τ(L

(1)
A ε)l,v, (L

(2)
A π)l,v

)
dτ, m = 1,∫ 1

0
(Kk)u′′

(
ti,j , tl,v, ηl,v, (L

(1)
A η)l,v, (L

(2)
A η)l,v + τ(L

(2)
A ε)l,v

)
dτ, m = 2.

Definition 5. For nonlinear and linear zl[·](t) (l = f ,v) we define

zf [e](ti,j) :=

2∑
m=0

∫ b

a

Γ em,f (ti,j , s)e
(m)(s)ds,

zv[e](ti,j) :=

2∑
m=0

∫ ti,j

a

Γ em,v(ti,j , s)e
(m)(s)ds,
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where, for linear case we define

Γ em,k(ti,j , s) := Λm,k(ti,j , s), m = 0, 1, 2, k = f ,v

and for nonlinear case and k = f ,v we define

Γ em,k(ti,j , s) :=
∫ 1

0
(Kk)u

(
ti,j , s, y(s) + τe(s), p′(s), p′′(s)

)
dτ, m = 0,∫ 1

0
(Kk)u′

(
ti,j , s, y(s), y′(s) + τe′(s), p′′(s)

)
dτ, m = 1,∫ 1

0
(Kk)u′′

(
ti,j , s, y(s), y′(s), y′′(s) + τe′′(s)

)
dτ, m = 2.

Now we can easily find the following lemma.

Lemma 9. For linear and nonlinear zl[·](t) (l = f ,v), we get

χk[π]i,j − χk[η]i,j = χ k[ε]i,j , k = f ,v, (3.3)

zk[p](ti,j)− zk[y](ti,j) = zk[e](ti,j), k = f ,v. (3.4)

Lemma 10. For linear and nonlinear zl[·](t) (l = f ,v), we have

|χ k[ε]i,j − zk[e](ti,j)| = O(hm), k = f ,v. (3.5)

Proof. In the linear case by using Lemma 7, Theorem 2 and the Integral mean
value theorem we get

χ f [ε]i,j − zf [e](ti,j) = χf [ε]i,j − zf [e](ti,j)

=
∑

(l,v)∈T

δl,v
(
Λ0,f (ti,j , tl,v)εl,v +

2∑
m=1

Λm,f (ti,j , tl,v)(L
(m)
A ε)l,v

)
−

2∑
l=0

∫ b

a

Λl,f (ti,j , s)e
(l)(s)ds

≤ (b− a)(m+ 1)h

h′
O(hm)

2∑
l=0

max
(l,v)∈A

Λl,f (ti,j , tl,v)

+O(hm)(b− a)

2∑
l=0

Λl,f (ti,j , ζ
l
i,j) = O(hm),

where ζli,j ∈ (a, b). In this step we study nonlinear case. According to (3.3)
and (3.4) we obtain

|χ f [ε]i,j | = |χf [π]i,j − χf [η]i,j |

=
∑

(l,v)∈T

δl,v

(
Kf

(
ti,j , tl,v, πl,v, (L

(1)
A π)l,v, (L

(2)
A π)l,v

)
−Kf

(
ti,j , tl,v, ηl,v, (L

(1)
A η)l,v, (L

(2)
A η)l,v

))
≤

∑
(l,v)∈T

δl,v

(
C|πl,v − ηl,v|

+ C|(L(1)
A π)l,v − (L

(1)
A η)l,v|+ C|(L(2)

A π)l,v − (L
(2)
A η)l,v|

)
≤ CO(hm)hn(m+ 1) ≤ C (b− a)(m+ 1)h

h′
O(hm) = O(hm),
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also

|zf [e](ti,j)| = |zf [p](ti,j)− zf [y](ti,j)|

≤
∫ b

a

|Kf

(
ti,j , s, p(s), p

′(s), p′′(s)
)
−Kf

(
ti,j , s, y(s), y′(s), y′′(s)

)
|ds

≤ C(b− a)

2∑
l=0

|p(l)(s)− y(l)(s)| = O(hm),

therefore by using the triangle inequality we have

|zf [e](ti,j)− χf [ε]i,j | ≤ |zf [e](ti,j)|+ |χf [ε]i,j | = O(hm).

In a similar way we can find (3.5) for k = v. ut

Definition 6. We define bl(ti,j) and cl(ti,j) (l = 1, 2, f ,v) as follows

b1(ti,j) :=

∫ 1

0

Fy(ti,j , ηi,j + τεi,j , (L
(1)
A π)i,j , χ

f [π]i,j , χ
v[π]i,j)dτ,

b2(ti,j) :=

∫ 1

0

Fy′(ti,j , ηi,j , (L
(1)
A η)i,j + τ(L

(1)
A ε)i,j , χ

f [π]i,j , χ
v[π]i,j)dτ,

bf (ti,j) :=

∫ 1

0

Fzf (ti,j , ηi,j , (L
(1)
A η)i,j , χ

f [η]i,j + τχ f [ε]i,j , χ
v[π]i,j)dτ,

bv(ti,j) :=

∫ 1

0

Fzv(ti,j , ηi,j , (L
(1)
A η)i,j , χ

f [η]i,j , χ
v[η]i,j + τχv[ε]i,j)dτ,

c1(ti,j) :=

∫ 1

0

Fy(ti,j , y(ti,j) + τe(ti,j), p
′(ti,j), zf [p](ti,j), zv[p](ti,j))dτ,

c2(ti,j) :=

∫ 1

0

Fy′(ti,j , y(ti,j), y
′(ti,j) + τe′(ti,j), zf [p](ti,j), zv[p](ti,j))dτ,

cf (ti,j) :=

∫ 1

0

Fzf (ti,j , y(ti,j), y
′(ti,j), zf [y](ti,j) + τzf [e](ti,j), zv[p](ti,j))dτ,

cv(ti,j) :=

∫ 1

0

Fzv(ti,j , y(ti,j), y
′(ti,j), zf [y](ti,j), zv[y](ti,j) + τzv[e](ti,j))dτ.

Lemma 11. We have

|bl(ti,j)− cl(ti,j)| = O(h), l = 1, 2, f ,v. (3.6)

Proof. By using the Lipschitz condition for Fy, Fy′ , Fzf and Fzv we can find∣∣∣Fy(ti,j , ηi,j + τεi,j , (L
(1)
A π)i,j , χ

f [π]i,j , χ
v[π]i,j

)
− Fy

(
ti,j , y(ti,j) + τe(ti,j), p

′(ti,j), zf [p](ti,j), zv[p](ti,j)
)∣∣∣

Math. Model. Anal., 21(6):719–740, 2016.



734 R. Parvaz, M. Zarebnia and A. Saboor Bagherzadeh

≤ C
(∣∣ηi,j − y(ti,j)

∣∣+ τ
∣∣εi,j − e(ti,j)∣∣)+ C

∣∣∣(L(1)
A π)i,j − p′(ti,j)

∣∣∣
+ C

∣∣∣χf [π]i,j − zf [p](ti,j)
∣∣∣+ C

∣∣∣χv[π]i,j − zv[p](ti,j)
∣∣∣ = O(h), (3.7)∣∣∣Fy′(ti,j , ηi,j , (L(1)

A η)i,j + τ(L
(1)
A ε)i,j , χ

f [π]i,j , χ
v[π]i,j)

− Fy′(ti,j , y(ti,j), y
′(ti,j) + τe′(ti,j), zf [p](ti,j), zv[p](ti,j))

∣∣∣
≤ C

∣∣ηi,j − y(ti,j)
∣∣+ C

(∣∣(L(1)
A η)i,j − y′(ti,j)

∣∣+ τ
∣∣(L(1)
A ε)i,j − e′(ti,j)

∣∣)
+ C

∣∣∣χf [π]i,j − zf [p](ti,j)
∣∣∣+ C

∣∣∣χv[π]i,j − zv[p](ti,j)
∣∣∣ = O(h),∣∣Fzf (ti,j , ηi,j , (L(1)

A η)i,j , χ
f [η]i,j + τχ f [ε]i,j , χ

v[π]i,j)

− Fzf (ti,j , y(ti,j), y
′(ti,j), zf [y](ti,j) + τzf [e](ti,j), zv[p](ti,j))

∣∣∣
≤ C

∣∣ηi,j − y(ti,j)
∣∣+ C

∣∣(L(1)
A η)i,j − y′(ti,j)

∣∣+ C
(∣∣χf [η]i,j − zf [y](ti,j)

∣∣
+ τ
∣∣χ f [ε]i,j − zf [e](ti,j)

∣∣)+ C
∣∣χv[π]i,j − zv[p](ti,j)

∣∣ = O(h),∣∣Fzv(ti,j , ηi,j , (L
(1)
A η)i,j , χ

f [η]i,j , χ
v[η]i,j + τχv[ε]i,j)

− Fzv(ti,j , y(ti,j), y
′(ti,j), zf [y](ti,j), zv[y](ti,j) + τzv[e](ti,j))

∣∣∣
≤ C

∣∣ηi,j − y(ti,j)
∣∣+ C

∣∣(L(1)
A η)i,j − y′(ti,j)

∣∣+ C
∣∣χf [η]i,j − zv[y](ti,j)

∣∣
+ C

(∣∣χv[η]i,j − zv[y](ti,j)
∣∣+ τ

∣∣χv[ε]i,j − zv[e](ti,j)
∣∣) = O(h).

Now we study (3.6). For l = 1, by using (3.7) we can get

|b1(ti,j)− c1(ti,j)| ≤
∫ 1

0

∣∣∣Fy(ti,j , ηi,j + τεi,j , (L
(1)
A π)i,j , χ

f [π]i,j , χ
v[π]i,j

)
− Fy

(
ti,j , y(ti,j) + τe(ti,j), p

′(ti,j), zf [p](ti,j), zv[p](ti,j)
)∣∣∣dτ = O(h).

In a similar way we can find (3.6) for l = 2, f and v. ut

When F is nonlinear we have the following theorem.

Theorem 5. Consider the SFVID equation (1.1) with boundary conditions
(1.2), where F (t, y, y′, zf , zv), Fl(t, y, y

′, zf , zv) (l = y, y′, zf , zv) are Lipschitz-
continuous. Also for nonlinear zl[·](t) (l = f ,v) we let Kl(t, s, u, u

′, u′′) and
(Kl)j(t, s, u, u

′, u′′) (l = f ,v&j = u, u′, u′′) are Lipschitz-continuous. Assume
that the SFVID problem has a unique and sufficiently smooth solution. Then
the following estimate holds

‖θ‖∞ = ‖e− ε‖∞ = O(hm+1),

where e is error, ε is the error estimate and θ is the deviation of the error
estimate.
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Proof. We have

(L
(2)
A θ)i,j = (L

(2)
A e)i,j − (L

(2)
A ε)i,j

= IA
(
F
(
ti,j , p(ti,j), p

′(ti,j), zf [p](ti,j), zv[p](ti,j)
)︸ ︷︷ ︸

R1

− F
(
ti,j , y(ti,j), y

′(ti,j), zf [y](ti,j), zv[y](ti,j))︸ ︷︷ ︸
R2

)
−
(
F (ti,j , πi,j , (L

(1)
A π)i,j , χ

f [π]i,j , χ
v[π]i,j)︸ ︷︷ ︸

R3

− F (ti,j , ηi,j , (L
(1)
A η)i,j , χ

f [η]i,j , χ
v[η]i,j)︸ ︷︷ ︸

R4

)
+QA

(
F
(
ti,j , p(ti,j), p

′(ti,j), z̃f [p](ti,j), z̃v[p](ti,j)
))

− IA
(
F
(
ti,j , p(ti,j), p

′(ti,j), zf [p](ti,j), zv[p](ti,j)
))
. (3.8)

We can get

R1 −R2 =

1∑
l=0

cl+1(ti,j)e
(l)(ti,j) +

∑
l=f ,v

cl(ti,j)zl[e](ti,j),

R3 −R4 = b1(ti,j)εi,j + b2(ti,j)(L
(1)
A ε)i,j +

∑
l=f ,v

bl(ti,j)χ
l[ε]i,j .

Therefore we can rewrite (3.8) as follows

(L
(2)
A θ)i,j = b1(ti,j)θi,j + b2(ti,j)(L

(1)
A θ)i,j +

∑
l=f ,v

bl(ti,j)χ
l[θ]i,j

+ IA
(
c1(ti,j)e(ti,j) + c2(ti,j)e

′(ti,j) +
∑
l=f ,v

cl(ti,j)z l[e](ti,j)
)

−
(
c1(ti,j)e(ti,j) + c2(ti,j)(L

(1)
A e)i,j +

∑
l=f ,v

cl(ti,j)χ
l[e]i,j

)
+
(
c1(ti,j)− b1(ti,j)

)
e(ti,j)︸ ︷︷ ︸
O(hm)

+
(
c2(ti,j)− b2(ti,j)

)
(L

(1)
A e)i,j︸ ︷︷ ︸
O(hm)

+
∑
l=f ,v

(
cl(ti,j)− bl(ti,j)

)
χ l[e]i,j︸ ︷︷ ︸
O(hm)

+QA
(
F (·, p, p′, z̃ f [p], z̃ v[p]), ti,j

)
− IA

(
F (·, p, p′, zf [p], zv[p]), ti,j

)
. (3.9)

Then we rewrite (3.9) as follows

(L
(2)
A θ)i,j = b1(ti,j)θi,j + b2(ti,j)(L

(1)
A θ)i,j +

∑
l=f ,v

bl(ti,j)χ
l[θ]i,j

+ IA
(
c1(ti,j)e(ti,j) + c2(ti,j)e

′(ti,j) +
∑
l=f ,v

cl(ti,j)z l[e](ti,j)
)
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−
(
c1(ti,j)e(ti,j) + c2(ti,j)(L

(1)
A e)i,j +

∑
l=f ,v

cl(ti,j)χ
l[e]i,j

)
+QA

(
F (·, p, p′, z̃ f [p], z̃ v[p]), ti,j

)
− IA

(
F (·, p, p′, zf [p], zv[p]), ti,j

)
+O(hm+1).

In a similar way to the Theorem 4, we can complete the proof. ut

4 Improvement of the deviation of the error estimate

In particular case of (1.1)–(1.2) with

zf [y](t) =

∫ b

a

Kf

(
t, s, y(s)

)
ds, zv[y](t) =

∫ t

a

Kv

(
t, s, y(s)

)
ds (4.1)

we can find second order finite difference scheme. In this case by using the
trapezoidal rule we can find the following finite difference scheme

(L
(2)
A η)i,j = F (ti,j , ηi,j , (L

(1)

A η)i,j , %
f [η]i,j , %

v[η]i,j), (i, j) ∈ B,
η 0,0 = r1, ηn,0 = r2,

where (L
(2)
A η)i,j is defined in (2.6) and

(L
(1)

A η)i,j :=
ηi,j+1 − ηi,j−1

2δ̂i,j
,

%f [η]i,j :=
∑

(l,v)∈T

δl,v
2

(
Kf

(
ti,j , tl,v, ηl,v

)
+Kf

(
ti,j , tl,v+1, ηl,v+1

))
,

%v[η]i,j :=
∑

(l,v)∈∆i,j

δl,v
2

(
Kv

(
ti,j , tl,v, ηl,v

)
+Kv

(
ti,j , tl,v+1, ηl,v+1

))
.

For above case, in the same way that, as discussed in the Section 3, we can
easily prove the following two theorems.

Theorem 6. Consider the SFVID equation (1.3) with (4.1) and boundary con-
ditions (1.2). Assume that the SFVID problem has a unique and sufficiently
smooth solution. Then the following estimate holds

‖θ‖∞ = ‖e− ε‖∞ = O(hm+2),

where e is error, ε is the error estimate and θ is the deviation of the error
estimate.

Theorem 7. Consider the SFVID equation (1.1) with (4.1) and boundary con-
ditions (1.2), where F (t, y, y′, zf , zv) and Fl(t, y, y

′, zf , zv) (l = y, y′, zf , zv) are
Lipschitz-continuous. Also for nonlinear zl[·](t) (l = f ,v) we let Kl(t, s, u)
and (Kl)j(t, s, u) (l = f ,v&j = u) are Lipschitz-continuous. Assume that the
SFVID problem has a unique and sufficiently smooth solution. Then the fol-
lowing estimate holds

‖θ‖∞ = ‖e− ε‖∞ = O(hm+2),

where e is error, ε is the error estimate and θ is the deviation of the error
estimate.
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5 Numerical Examples

In this Section we apply the numerical results. The examples 1-2 considered
below are used as test for Theorem 4 and Theorem 5. Also example 3 and
example 4 serve to illustrate Theorem 6 and Theorem 7. The results obtained
by using Mathematica-9 programming. Also in the examples the boundary
conditions are taken from the exact solution.

Example 1. We consider the linear case as

y′′(t) = ty′(t) + y(t) + a3(t) +

∫ 1

0

ts

2∑
l=0

y(l)(s)ds+

∫ t

0

ts2
2∑
l=0

y(l)(s)ds.

In this case a3(t) chosen so that exact solution is y(t) = exp(2t). In the
Table 1 we choose m = 4 and n collocation subintervals of length 1/n. Also
in the Table 2 we choose m = 2 and assume that {ρ0 = 0, ρ1 = 0.283333, ρ2 =
0.616667, ρ3 = 1}.

Table 1. Numerical results for example 1.

n ‖e‖∞ Order ‖θ‖∞ Order

4 3.25842e-2 – 3.91123e-6 –
8 2.11365e-6 3.94637 1.41308e-7 4.79071
16 1.32181e-7 3.99914 4.75659e-9 4.89277
32 8.26373e-9 3.99958 1.54231e-10 4.94676
64 5.16669e-10 3.99948 4.92406e-12 4.96910

Table 2. Numerical results for example 1.

n ‖e‖∞ Order ‖θ‖∞ Order

4 1.71121e-2 – 2.90399e-3 –
8 4.54653e-3 1.91218 4.43366e-4 2.71146
16 1.15124e-3 1.98158 6.15327e-5 2.84907
32 2.89467e-4 1.99172 8.23059e-6 2.90229
64 7.25721e-5 1.99591 1.09647e-6 2.90814

Example 2. We consider the problem

y′′(t) = ty′(t) + y2(t) + a3(t) +

∫ 1

0

ts
(
y(s) + y′(s) +

(
y′′(s)

)2)
ds

+

∫ t

0

ts2
(
y(s)y′(s) + y′′(s)

)
ds,

a3(t) chosen so that exact solution is y(t) = sin 2t. For this example we choose
n collocation subintervals of length 1/n. In the Table 3 we choose m = 4 and
assume that ρi(i = 0, ..., 5) are equidistant points. In the Table 4 we choose
m = 3 and {ρ0 = 0, ρ1 = 0.21, ρ2 = 0.46, ρ3 = 0.71, ρ4 = 1}.

Math. Model. Anal., 21(6):719–740, 2016.



738 R. Parvaz, M. Zarebnia and A. Saboor Bagherzadeh

Table 3. Numerical results for example 2.

n ‖e‖∞ Order ‖θ‖∞ Order

2 5.65455e-7 – 9.43288e-8 –
4 3.21333e-8 4.13727 3.58181e-9 4.71894
8 2.02451e-9 3.98843 1.21604e-10 4.88043
16 1.25615e-10 4.01049 3.94984e-12 4.94425

Table 4. Numerical results for example 2.

n ‖e‖∞ Order ‖θ‖∞ Order

2 1.20478e-5 – 4.38700e-6 –
4 1.58034e-6 2.93046 2.48796e-7 4.14020
8 2.02665e-7 2.96307 1.45576e-8 4.09512
16 2.57390e-8 2.97707 8.12608e-10 4.16307

Example 3. In this example we consider here the following linear problem

y′′(t) = cos(t)y′(t) + y(t) + a3(t) +

∫ 1

0

y(s)ds+

∫ t

0

t cos(s)y(s)ds,

a3(t) chosen so that exact solution is y(t) = t sin(t). For this example we choose
n collocation subintervals of length 1/n. In the Table 5 we choose m = 2 and
assume that ρi(i = 0, ..., 3) are equidistant points. Also in the Table 6, we
consider m = 3 and {ρ0 = 0, ρ1 = 0.2, ρ2 = 0.55, ρ3 = 0.72, ρ4 = 1}.

Table 5. Numerical results for example 3.

n ‖e‖∞ Order ‖θ‖∞ Order

2 2.26647e-3 – 8.45242e-6 –
4 5.63358e-4 2.00832 4.92246e-7 4.10191
8 1.40539e-4 2.00308 2.73140e-8 4.17167
16 3.51146e-5 2.00083 1.61489e-9 4.08014

Table 6. Numerical results for example 3.

n ‖e‖∞ Order ‖θ‖∞ Order

2 1.25407e-5 – 4.98589e-7 –
4 2.63666e-6 2.24984 1.47117e-8 5.08282
8 4.24484e-7 2.63493 4.31918e-10 5.09006
16 6.00350e-8 2.82183 7.28798e-12 5.88910

Example 4. As a last study we consider the nonlinear case as

y′′(t) = y′(t) + y2(t) + a3(t) +
( ∫ 1

0

sin(t)y(s)ds
)( ∫ t

0

cos(s)y(s)ds
)
,
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a3(t) chosen so that exact solution is y(t) = sin(t). In this example for Table 7
we choose m = 2 and assume that τi are equidistant point. Also In this table
we choose equidistant points for ρi. In the Table 8 we choose m = 3 and
{ρ0 = 0, ρ1 = 0.23, ρ2 = 0.55, ρ3 = 0.78, ρ4 = 1}.

Table 7. Numerical results for example 4.

n ‖e‖∞ Order ‖θ‖∞ Order

2 3.68252e-4 – 1.38395e-6 –
4 8.78560e-5 2.06748 5.77515e-8 4.58279
8 2.28186e-5 1.94493 2.29570e-9 4.65285
16 5.68809e-6 2.00419 1.00123e-10 4.51909

Table 8. Numerical results for example 4.

n ‖e‖∞ Order ‖θ‖∞ Order

2 1.80270e-6 – 9.53181e-8 –
4 2.48418e-7 2.85931 1.52154e-9 5.96915
8 3.46815e-8 2.84053 2.39238e-11 5.99094
16 4.55469e-9 2.92874 7.47957e-13 4.99934

Conclusions

In this paper, we have constructed efficient asymptotically correct a posteriori
error estimates for the numerical approximation of second order Fredholm -
Volterra integro differential equations. Also it is shown that when we use m
degree piecewise polynomial collocation method, the order of the deviation of
the error estimation is O(hm+1). In the previous section, numerical examples
confirming the theoretical results are given.

References

[1] W. Auzinger, O. Koch and A. Saboor Bagherzadeh. Error estimation based
on locally weighted defect for boundary value problems in second order or-
dinary differential equations. BIT. Numer. Math., 54(4):873–900, 2014.
http://dx.doi.org/10.1007/s10543-014-0488-y.

[2] W. Auzinger, O. Koch, D. Praetorius and E. Weinmller. New a posteriori error
estimates for singular boundary value problem. Numer. Algorithms., 40(1):79–
100, 2005. http://dx.doi.org/10.1007/s11075-005-3791-5.

[3] A. Saboor Bagherzadeh. Defect-based error estimation for higher order differen-
tial equations. PhD thesis, Vienna University of Technology, 2011.

[4] K. Bohmer, P. Hemker and H.J. Stetter. The defect correction approach. Com-
puting, Suppl., 5:1–32, 1984. http://dx.doi.org/10.1007/978-3-7091-7023-6 1.

Math. Model. Anal., 21(6):719–740, 2016.

http://dx.doi.org/10.1007/s10543-014-0488-y
http://dx.doi.org/10.1007/s11075-005-3791-5
http://dx.doi.org/10.1007/978-3-7091-7023-6_1


740 R. Parvaz, M. Zarebnia and A. Saboor Bagherzadeh

[5] H. Brunner. Collocation Methods for Volterra Integral and Related
Functional Differential Equations. Cambridge University Press, 2004.
http://dx.doi.org/10.1017/CBO9780511543234.

[6] R.J. Hangelbroek, H.G. Kaper and G.K. Leaf. Collocation methods for Volterra
integral and related functional differential equations. Siam J. Numer. Anal.,
14(1):377–390, 1977. http://dx.doi.org/10.1137/0714023.

[7] I. Parts, A. Pedas and E. Tamme. Piecewise polynomial collocation for Fredholm
integro-differential equations with weakly singular kernels. SIAM J. Numer.
Anal., 41(5):1897–1911, 2005. http://dx.doi.org/10.1137/040612452.

[8] A. Pedas and E. Tamme. Spline collocation method for integro-differential equa-
tions with weakly singular kernels. J. Comput. Appl. Math., 197(1):253–269,
2006. http://dx.doi.org/10.1016/j.cam.2005.07.035.

[9] H.J. Stetter. The defect correction principle and discretization methods. Numer.
Math., 29(4):425–443, 1978. http://dx.doi.org/10.1007/BF01432879.

[10] J. Stoer and R. Bulirsch. Introduction to numerical analysis, volume 12. Third
edition, Springer-Verlg, 2002. http://dx.doi.org/10.1007/978-0-387-21738-3.

[11] M. Turkyilmazoglu. An effective approach for numerical solutions of high-order
Fredholm integro-differential equations. Appl. Math. Comput., 227:384–398,
2014. http://dx.doi.org/10.1016/j.amc.2013.10.079.

[12] M. Turkyilmazoglu. High-order nonlinear Volterra-Fredholm-Hammerstein
integro-differential equations and their effective computation. Appl. Math. Com-
put., 247:410–416, 2014. http://dx.doi.org/10.1016/j.amc.2014.08.074.

http://dx.doi.org/10.1017/CBO9780511543234
http://dx.doi.org/10.1137/0714023
http://dx.doi.org/10.1137/040612452
http://dx.doi.org/10.1016/j.cam.2005.07.035
http://dx.doi.org/10.1007/BF01432879
http://dx.doi.org/10.1007/978-0-387-21738-3
http://dx.doi.org/10.1016/j.amc.2013.10.079
http://dx.doi.org/10.1016/j.amc.2014.08.074

	Introduction
	Description of the method
	Collocation method
	Finite difference scheme
	Deviation of the error estimation

	Analysis of the deviation of the error
	Linear case
	Nonlinear case

	Improvement of the deviation of the error estimate 
	Numerical Examples
	References

