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Abstract. A new three-term conjugate gradient-based projection method is pre-
sented in this paper for solving large-scale nonlinear monotone equations. This
method is derivative-free and it is suitable for solving large-scale nonlinear monotone
equations due to its lower storage requirements. The method satisfies the sufficient
descent condition FT

k dk ≤ − τ ‖Fk‖2, where τ > 0 is a constant, and its global
convergence is also established. Numerical results show that the method is efficient
and promising.
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1 Introduction

Conjugate gradient-based projection methods are a class of methods suited for
solving large-scale nonlinear equations

F (x) = 0, (1.1)

where F : Rn → Rn is a continuous and monotone function. A function F is
said to be monotone if it satisfies

(F (x)− F (y))T (x− y) ≥ 0, ∀x, y ∈ Rn.

Nonlinear monotone equations arise in many practical applications, for exam-
ple, as chemical equilibrium systems [13], economic equilibrium problems [5],

�
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and signal and image recovery problems [8]. Some mathematical problems
can also be transformed into finding the solution of problem (1.1), such as
variational inequality problems. This wide application has seen a number of
researchers study iterative schemes (methods) for solving monotone equations
over the years.

Conjugate gradient methods [3,9,17,22] are very efficient methods for solv-
ing large-scale unconstrained optimization problems mainly due to their sim-
plicity and low storage requirements. This has over the years influenced re-
searchers to propose conjugate gradient-based projection methods by combin-
ing conjugate gradient methods with the hyperplane projection method [16] to
solve nonlinear monotone equations.

Conjugate gradient-based projection methods are iterative methods that
generate the next iterate xk+1, given xk, by

xk+1 = xk −
F (zk)T (xk − zk)

‖F (zk)‖2
F (zk), (1.2)

where zk = xk + αkdk, ‖ · ‖ denotes the Euclidean norm and

dk =

{
−Fk, if k = 0,

−Fk + βkdk−1, if k ≥ 1,

with βk a parameter such that

FTk dk ≤ −τ‖Fk‖2, τ > 0, (1.3)

Fk = F (xk) and αk is a step length. One such method is that by Papp and
Rapajić [14] who proposed a derivative-free projection method

dk =

{
−Fk, if k = 0,

−Fk + βFRk wk−1 − θkFk, if k ≥ 1,

where

βFRk =
‖Fk‖2

‖Fk−1‖2
, θk =

‖Fk‖2‖wk−1‖2

‖Fk−1‖4
and wk−1 = zk − xk = αkdk.

The global convergence of this method was established using the line search

−F (zk)T dk ≥ σαk‖F (zk)‖‖dk‖2,

with σ > 0 being a constant.
Another method is that by Sun and Liu [18] which proposes the search

direction

dk =

{
−Fk, if k = 0,

−
(

1 + βk
FT

k dk−1

‖Fk‖2

)
Fk + βkdk−1, if k ≥ 1,

where βk = t‖Fk‖/‖dk−1‖, for some positive constant t. They proved that the
method is globally convergent and showed through numerical results that the
method is very efficient.
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More recently, Liu and Feng [10] proposed a derivative-free iterative method

dk =

{
−Fk, if k = 0,

−θkFk + βkdk−1, if k ≥ 1,

where βk = ‖Fk‖2/(dTk−1wk−1), with wk−1 = yk−1 + tdk−1, yk−1 = Fk − Fk−1,

t = 1+max
{

0,−d
T
k−1yk−1

‖dk−1‖2

}
and θk = τ− FT

k dk−1

dTk−1wk−1
, for some positive constant τ

that satisfies (1.3). This method was applied on convex constrained monotone
equations. For more conjugate gradient-based projection methods, the reader
is referred to [1, 2, 4, 7, 11,12,15,19,20,21].

In this paper, motivated by the work of Zheng and Zheng [22], we propose
another conjugate gradient-based projection method. This method is presented
in the next section. In Section 3, we prove the global convergence of the pro-
posed method. Numerical results follow in Section 4 and conclusion is presented
in Section 5.

2 Algorithm

Recently, in solving an unconstrained optimization problem

min
x∈Rn

f(x),

where f : Rn→R is a continuously differentiable function, Zheng and Zheng [22]
proposed two conjugate gradient methods that generate dk by

dk =

{
−gk, if k = 0,

−gk + βkdk−1, if k ≥ 1,

with gk = ∇f(xk) being the gradient of f at xk and the parameter βk given by

βDHSDLk =
‖gk‖2 − ‖gk‖

‖gk−1‖ |g
T
k gk−1|

µ|gTk dk−1|+ dTk−1yk−1
− t g

T
k sk−1

dTk−1yk−1
,

βDLSDLk =
‖gk‖2 − ‖gk‖

‖gk−1‖ |g
T
k gk−1|

µ|gTk dk−1| − dTk−1gk−1
− t g

T
k sk−1

dTk−1yk−1
,

where yk−1 = gk − gk−1, µ > 1 and t > 0. This method was shown to converge
globally using the strong Wolfe line search and it was also shown to perform
very well numerically.

Now, motivated the definition of βk by Zheng and Zheng [22], we propose
a new conjugate gradient-based projection method for (1.1) by defining the
search direction as

dk =

{
−Fk, if k = 0,

−Fk + βkdk−1 − θkwk−1, if k ≥ 1,
(2.1)
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where

βk =
‖Fk‖2 − ‖Fk‖

‖Fk−1‖ |F
T
k Fk−1|

µ‖Fk‖‖dk−1‖ − FTk−1dk−1
, θk =

FTk wk−1
µ‖wk−1‖2

, (2.2)

wk−1 = yk−1 + dk−1, yk−1 = Fk − Fk−1 + rsk−1, sk−1 = xk − xk−1, µ > 1 and
r > 0. Note here that wk−1 is defined as in [10, 11] except that in our case
t is always taken to be t = 1. The specific steps of our proposed method are
presented below in Algorithm 1.

Algorithm 1 [Three-term Conjugate Gradient-based Method (TCGM)].

1. Give x0 ∈ Rn, the parameters σ, κ, r, µ and ρ ∈ (0, 1). Set k = 0.

2. FOR k = 0, 1, . . . do

3. If ‖Fk‖ = 0, then stop. Otherwise, go to Step 4.

4. Compute dk by (2.1)–(2.2).

5. Compute zk = xk + αkdk where αk = max{κρi : i = 0, 1, 2, ...} such that
the inequality

−F (xk + αkdk)T dk ≥ σαk ‖ dk ‖2 (2.3)

with σ > 0 and κ > 0 being constants, is satisfied.

6. If ‖F (zk)‖ = 0, then stop. Otherwise, compute xk+1 using (1.2).

7. Set k = k + 1 and go to Step 3.

8. ENDFOR

Throughout this paper, we assume that the following assumption holds.

Assumption 1.

(i) The function F (·) is monotone on Rn.

(ii) The function F (·) is Lipschitz continuous on Rn, i.e. there exists a positive
constant L such that

‖ F (x)− F (y) ‖≤ L ‖ x− y ‖, ∀x, y ∈ Rn.

(iii) The solution set of (1.1) is nonempty.

3 Convergence analysis

We now present the global convergence of our algorithm under Assumption 1.

Lemma 1. Suppose that Assumption 1 holds. Let the sequence {xk} be gen-
erated by Algorithm 1. Then the search direction dk satisfies the sufficient
descent condition

FTk dk ≤ −
(

1− 1

µ

)
‖Fk‖2, ∀ k ≥ 0 and µ > 1. (3.1)
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Proof. Since d0 = −F0, we have FT0 d0 = −‖F0‖2. From this, we get that

FT0 d0 ≤ −
(

1− 1
µ

)
‖F0‖2 is satisfied for any µ > 1. To prove (3.1) for k ≥ 1,

we assume FTk−1dk−1 ≤ −
(

1− 1
µ

)
‖Fk−1‖2 and show it is true for k. Notice

from the definition of βk that we have

0 ≤ βk ≤
‖Fk‖2

µ‖Fk‖‖dk−1‖
.

Now, we obtain from (2.1)–(2.2) that

FTk dk = −‖Fk‖2 + βkF
T
k dk−1 − θkFTk wk−1

= −‖Fk‖2 +
‖Fk‖2 − ‖Fk‖

‖Fk−1‖ |F
T
k Fk−1|

µ‖Fk‖‖dk−1‖ − FTk−1dk−1
FTk dk−1 −

(FTk wk−1)2

µ‖wk−1‖2

≤ −‖Fk‖2 +
‖Fk‖2

µ‖Fk‖‖dk−1‖
‖Fk‖‖dk−1‖ = −

(
1− 1

µ

)
‖Fk‖2.

Hence (3.1) is satisfied for all k ≥ 0. ut

The following lemma indicates that if the sequence {xk} is generated by
Algorithm 1 and x∗ is such that F (x∗) = 0, then the sequence {xk − x∗} is
decreasing and convergent, thus the sequence {xk} is bounded.

Lemma 2. Suppose Assumption 1 holds and the sequence {xk} is generated by
Algorithm 1. For any x∗ such that F (x∗) = 0, we have that

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − ‖xk+1 − xk‖2

and the sequence {xk} is bounded. Furthermore, either {xk} is finite and the
last iterate is a solution of (1.1) or {xk} is infinite and

∞∑
k=0

‖xk+1 − xk‖2 <∞,

which means

lim
k→∞

‖xk+1 − xk‖ = 0. (3.2)

Proof. The conclusion follows from Theorem 2.1 in [16]. ut

Since F (x) is continuous and {xk} is a bounded sequence it follows that
there exists a constant M > 0 such that ‖F (xk)‖ ≤ M, ∀k ≥ 0. Thus, {Fk} is
bounded.

Lemma 3. For all k ≥ 0, we have(
1− 1

µ

)
‖Fk‖ ≤ ‖dk‖ ≤

(
1 +

2

µ

)
‖Fk‖.
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Proof. From (3.1) and Cauchy-Schwarz inequality, we have

‖dk‖ ≥
(

1− 1

µ

)
‖Fk‖.

From (2.1)–(2.2) we have

‖dk‖ ≤ ‖Fk‖+ |βk|‖dk−1‖+ |θk|‖wk−1‖

≤ ‖Fk‖+
‖Fk‖2

µ‖dk−1‖‖Fk‖
‖dk−1‖+

‖Fk‖‖wk−1‖
µ‖wk−1‖2

‖wk−1‖

= ‖Fk‖+
2

µ
‖Fk‖ =

(
1 +

2

µ

)
‖Fk‖.

Therefore, (
1− 1

µ

)
‖Fk‖ ≤ ‖dk‖ ≤

(
1 +

2

µ

)
‖Fk‖.

ut

Lemma 4. Let Assumption 1 hold and the sequences {xk} and {zk} be gener-
ated by Algorithm 1. Then, we have

αk ≥ min

{
κ,

ρµ(µ− 1)

(L+ σ)(µ+ 2)2

}
.

Proof. If αk 6= κ, then αk
′ = αk

ρ does not satisfy (2.3), that is

−F (xk + αk
′dk)T dk < σαk

′ ‖ dk ‖2 .

This together with (2.3) and (3.1) imply that(
1− 1

µ

)
‖Fk‖2 ≤ −FTk dk

= (F (xk + α
′

kdk)− Fk)T dk − F (xk + α
′

kdk)T dk

≤ Lα
′

k‖dk‖2 + σα
′

k‖dk‖2 = (L+ σ)αkρ
−1‖dk‖2

≤ (L+ σ)αkρ
−1
(
µ+ 2

µ

)2

‖Fk‖2.

Thus αk ≥ ρµ(µ− 1)/(L+ σ)(µ+ 2)2. ut

Theorem 1. Suppose that Assumption 1 holds, and the sequence {xk} is gen-
erated by Algorithm 1. Then we have

lim
k→∞

inf ‖ Fk ‖= 0. (3.3)

Proof. We assume that (3.3) does not hold, that is, ∃ η > 0 such that ‖Fk‖ ≥
η, ∀ k ≥ 0. From (3.1) and Cauchy-Schwarz inequality, we have

‖dk‖ ≥ (1− 1/µ) ‖Fk‖ ≥ (1− 1/µ) η > 0, ∀ k ≥ 0,

Math. Model. Anal., 24(4):550–563, 2019.
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and (3.2) implies that

lim
k→∞

αk = 0. (3.4)

On the other hand, Lemma 4 implies that αk ≥ min
{
κ, ρµ(µ−1)

(L+σ)(µ+2)2

}
, which

contradicts (3.4). ut

4 Numerical results

In this section, we do some numerical experiments to test the performance of
Algorithm 1, herein denoted as TCGM , and compare it with the derivative-free
projection method ITDM [1] and M3TFR2 method [14]. All the algorithms
are coded in MATLAB R2016a. In our experiments, the algorithms are stopped
whenever the inequality ‖Fk‖ ≤ 10−5 is satisfied, or the total number of iter-
ations exceeds 5000. The parameters used in ITDM and M3TFR2 methods
are set as in respective papers. The parameters in TCGM are selected as
σ = 10−4, ρ = 0.5, r = 10−3, µ = 1.3 and κ = 1. All the algorithms are
tested using the following test problems with different initial starting points
and various dimensions.

Problem 1. [4]

Fi(x) = 2c(xi − 1) + 4xi

n∑
i=1

x2i − xi, for i = 1, 2, 3, ..., n, and c = 10−5.

Problem 2. [11]

F (x) = Ax+ g(x),

where g(x) = (ex1 − 1, ex2 − 1, ..., exn − 1)T and

A =



2 −1
−1 2 −1

. . .
. . .

. . .

. . .
. . . −1
−1 2


Problem 3. [1]

F1(x) = x1 − ecos(
x1+x2
n+1 ),

Fi(x) = xi − ecos(
xi−1+xi+xi+1

n+1 ), for i = 2, 3, ..., n− 1,

Fn(x) = 2xn − ecos(
xn−1+xn

n+1 ).

Problem 4. [19]

Fi(x) = exi − 2, for i = 1, 2, 3, ..., n.
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Problem 5. [12]

F1(x) = 2x1 − x2 + ex1 − 1,

Fi(x) = −xi−1 + 2xi − xi+1 + exi − 1, for i = 1, 2, 3, ..., n− 1,

Fn(x) = −xn−1 + 2xn + exn − 1.

Problem 6. [21]

F2i−1(x) = x2i−1 + ((5− x2i)x2i − 2)x2i − 13,

F2i(x) = x2i−1 + ((1 + x2i)x2i − 14)x2i − 29,

for i = 1, 2, 3, ..., n2 (n even).

Problem 7. [21]

F1(x) = 2x1 + 0.5h2(x1 + h)3 − x2,
Fi(x) = 2xi + 0.5h2(xi + ih)3 − xi−1 + xi+1, for i = 2, 3, ..., n− 1,

Fn(x) = 2xn + 0.5h2(xn + nh)3 − xn−1,

where h = 1/(n+ 1).

Problem 8. [2]

Fi(x) = 2xi − sin(|xi|), for i = 1, 2, 3, ..., n.

Problem 9. [21]

F1(x) = 3x31 + 2x2 − 5 + sin(x1 − x2) sin(x1 + x2),

Fi(x) = −xi−1exi−1−xi + xi(4 + 3x2i ) + 2xi+1

+ sin(xi − xi+1) sin(xi + xi+1)− 8, for i = 2, 3, ..., n− 1,

Fn(x) = −xn−1exn−1−xn + 4xn − 3.

Problem 10. [2]

F1(x) = 2x1 − sin(x1)− 1,

Fi(x) = −2xi−1 + 2xi + sin(xi)− 1, for i = 1, 2, 3, ..., n− 1,

Fn(x) = 2xn + sin(xn)− 1.

The results are presented in Tables 1–10, where x10 = (1, 1, ..., 1)T , x20 =
(−1,−1, ...,−1)T , x30 = (0.1, 0.1, ..., 0.1)T and x40 = (−0.1,−0.1, ...,−0.1)T . In
each table, we report the dimension of the problem (DIM), the number of
iterations (NI), the number of function evaluations (FE) and the CPU time in
seconds. We note here that all algorithms managed to solve all the ten test
functions successfully. We see that the proposed method performs better than
the other methods in almost all the problems.

To have comprehensive comparisons for these methods with respect to num-
ber of iterations, number of function evaluations and the CPU time, we apply
the performance profiles tool of Dolan and Moré [6] to obtain Figures 1–2. The

Math. Model. Anal., 24(4):550–563, 2019.
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Table 1. Numerical results of Problem 1.

NI FE CPU

x0 DIM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM

x1
0 3000 9 13 13 29 57 33 0.0028 0.0066 0.0045

5000 9 18 13 29 85 33 0.0041 0.0122 0.0068
10000 9 22 10 29 125 30 0.0085 0.0340 0.0122
20000 9 28 10 29 191 30 0.0218 0.1214 0.0216

x2
0 3000 9 13 13 29 57 33 0.0029 0.0056 0.0045

5000 9 16 13 29 78 33 0.0040 0.0110 0.0069
10000 9 21 10 29 122 30 0.0108 0.0425 0.0147
20000 9 28 10 29 191 30 0.0144 0.1033 0.0249

x3
0 3000 8 16 13 20 80 34 0.0019 0.0075 0.0044

5000 8 19 13 20 106 34 0.0029 0.0148 0.0070
10000 8 22 14 20 149 37 0.0085 0.0446 0.0196
20000 8 29 14 20 223 37 0.0157 0.1245 0.0351

x4
0 3000 8 17 13 20 83 34 0.0030 0.0118 0.0048

5000 8 17 13 20 99 34 0.0029 0.0138 0.0068
10000 8 23 14 20 152 37 0.0054 0.0395 0.0138
20000 8 27 14 20 217 37 0.0104 0.1176 0.0266

Table 2. Numerical results of Problem 2.

NI FE CPU

x0 DIM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM

x1
0 300 17 17 22 45 58 72 0.0085 0.0298 0.0140

500 17 19 23 44 71 75 0.0296 0.0772 0.0537
1000 17 21 23 45 93 112 0.0913 0.1997 0.2398
2000 16 24 23 40 125 75 0.3556 1.1285 0.6854

x2
0 300 17 21 23 40 80 72 0.0069 0.0146 0.0127

500 18 21 26 44 89 121 0.0276 0.0561 0.0772
1000 21 22 25 58 109 80 0.1163 0.2198 0.1708
2000 19 25 24 48 155 74 0.4311 1.4178 0.6819

x3
0 300 14 16 18 36 46 55 0.0061 0.0087 0.0097

500 15 17 20 39 48 64 0.0242 0.0299 0.0411
1000 14 17 20 36 50 64 0.0707 0.1000 0.1301
2000 14 17 19 35 48 57 0.3142 0.4364 0.5250

x4
0 300 14 16 18 37 47 58 0.0071 0.0094 0.0113

500 14 16 19 36 47 61 0.0249 0.0333 0.0437
1000 16 17 19 42 48 61 0.0831 0.0970 0.1285
2000 15 17 19 38 50 61 0.3447 0.4539 0.5635

Table 3. Numerical results of Problem 3.

NI FE CPU

x0 DIM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM

x1
0 300 8 15 15 16 81 29 0.0006 0.0093 0.0014

500 8 18 16 16 108 31 0.0009 0.0055 0.0020
1000 8 22 16 16 158 31 0.0014 0.0138 0.0034
2000 8 29 16 16 242 31 0.0026 0.0386 0.0061

x2
0 300 8 29 16 16 207 31 0.0006 0.0075 0.0014

500 8 36 16 16 285 31 0.0009 0.0145 0.0020
1000 9 45 17 18 420 33 0.0016 0.0365 0.0036
2000 9 61 17 18 639 33 0.0029 0.1014 0.0065

x3
0 300 8 20 16 16 131 31 0.0006 0.0047 0.0014

500 8 28 16 16 188 31 0.0009 0.0096 0.0020
1000 8 33 16 16 276 31 0.0014 0.0243 0.0034
2000 9 46 17 18 423 33 0.0029 0.0673 0.0065

x4
0 300 8 27 16 16 164 31 0.0006 0.0060 0.0014

500 8 26 16 16 198 31 0.0009 0.0101 0.0020
1000 9 35 16 18 300 31 0.0016 0.0261 0.0034
2000 9 49 17 18 463 33 0.0029 0.0737 0.0065
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Table 4. Numerical results of Problem 4.

NI FE CPU

x0 DIM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM

x1
0 300 7 5 10 20 11 28 0.0005 0.0030 0.0008

500 7 5 10 20 13 28 0.0005 0.0004 0.0010
1000 7 6 11 20 18 31 0.0007 0.0007 0.0015
2000 8 8 11 23 28 31 0.0012 0.0014 0.0022

x2
0 300 7 19 10 18 104 26 0.0004 0.0024 0.0008

500 7 21 11 18 135 29 0.0005 0.0034 0.0011
1000 8 26 11 21 193 29 0.0008 0.0062 0.0014
2000 8 35 11 21 295 29 0.0010 0.0130 0.0021

x3
0 300 8 13 10 22 46 27 0.0005 0.0011 0.0008

500 8 12 11 22 43 30 0.0006 0.0012 0.0011
1000 8 14 11 22 60 30 0.0008 0.0020 0.0014
2000 8 18 11 22 87 30 0.0011 0.0040 0.0021

x4
0 300 8 13 11 22 51 30 0.0005 0.0012 0.0009

500 8 15 11 22 62 30 0.0006 0.0016 0.0010
1000 8 16 12 22 78 33 0.0008 0.0026 0.0015
2000 9 21 12 25 118 33 0.0012 0.0053 0.0023

Table 5. Numerical results of Problem 5.

NI FE CPU

x0 DIM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM

x1
0 3000 17 27 22 45 159 69 0.0097 0.0326 0.0165

5000 19 33 23 50 222 72 0.0142 0.0724 0.0258
10000 18 41 21 46 331 64 0.0205 0.1862 0.0343
20000 17 55 25 42 507 80 0.0416 0.5543 0.0997

x2
0 3000 19 30 26 48 200 81 0.0104 0.0447 0.0198

5000 19 32 25 47 252 78 0.0160 0.0680 0.0301
10000 19 44 28 47 389 129 0.0279 0.2348 0.0753
20000 17 57 26 40 577 83 0.0705 0.6020 0.1022

x3
0 3000 14 17 20 35 51 61 0.0051 0.0080 0.0119

5000 14 16 20 35 46 61 0.0080 0.0144 0.0213
10000 14 17 19 34 52 94 0.0153 0.0238 0.0509
20000 14 13 20 34 44 59 0.0287 0.0423 0.0603

x4
0 3000 15 18 15 38 53 44 0.0056 0.0078 0.0076

5000 15 17 21 38 50 70 0.0087 0.0115 0.0188
10000 16 18 19 41 58 59 0.0225 0.0259 0.0405
20000 16 17 20 42 58 63 0.0470 0.0496 0.0793

Table 6. Numerical results of Problem 6.

NI FE CPU

x0 DIM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM

x1
0 300 181 204 624 984 878 9849 0.0193 0.0220 0.1957

500 125 210 1083 678 945 17573 0.0166 0.0253 0.4370
1000 155 128 384 835 806 5937 0.0301 0.0305 0.2251
2000 231 196 881 1296 1285 14023 0.0770 0.0812 0.8993

x2
0 300 185 197 794 1030 895 12665 0.0205 0.0189 0.2527

500 97 194 930 515 1014 14747 0.0126 0.0263 0.3688
1000 189 218 729 1046 1365 11549 0.0374 0.0516 0.4370
2000 124 270 600 675 1874 9327 0.0400 0.1167 0.5942

x3
0 300 198 252 524 1093 1075 8202 0.0217 0.0228 0.1625

500 144 158 832 772 852 13048 0.0189 0.0221 0.3267
1000 154 242 845 842 1314 13223 0.0302 0.0504 0.5015
2000 193 229 680 1068 1543 10564 0.0628 0.0958 0.6666

x4
0 300 117 157 824 622 775 13077 0.0123 0.0162 0.2595

500 114 303 825 604 1350 13067 0.0147 0.0355 0.3267
1000 86 235 815 454 1283 12914 0.0163 0.0495 0.4895
2000 109 231 868 578 1606 13877 0.0343 0.0998 0.8735
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Table 7. Numerical results of Problem 7.

NI FE CPU

x0 DIM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM

x1
0 300 60 119 37 178 370 140 0.0117 0.0246 0.0096

500 60 112 37 178 357 139 0.0178 0.0360 0.0145
1000 60 108 36 178 364 134 0.0330 0.0680 0.0259
2000 60 100 33 178 369 122 0.0632 0.1323 0.0459

x2
0 300 60 119 37 178 370 140 0.0119 0.0250 0.0097

500 60 112 37 178 357 139 0.0178 0.0361 0.0145
1000 60 108 36 178 364 134 0.0329 0.0679 0.0258
2000 60 100 33 178 369 122 0.0631 0.1319 0.0453

x3
0 300 43 76 29 127 227 106 0.0085 0.0152 0.0074

500 43 74 28 127 221 105 0.0127 0.0223 0.0109
1000 43 72 29 127 215 106 0.0234 0.0401 0.0205
2000 43 70 28 127 209 103 0.0450 0.0748 0.0381

x4
0 300 43 76 29 127 227 106 0.0084 0.0151 0.0073

500 43 74 28 127 221 105 0.0128 0.0224 0.0110
1000 43 72 29 127 215 106 0.0234 0.0402 0.0204
2000 43 70 28 127 209 103 0.0450 0.0748 0.0382

Table 8. Numerical results of Problem 8.

NI FE CPU

x0 DIM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM

x1
0 3000 8 23 16 16 160 31 0.0011 0.0092 0.0034

5000 8 27 16 16 209 31 0.0015 0.0164 0.0050
10000 8 39 16 16 337 31 0.0028 0.0434 0.0092
20000 9 52 17 18 511 33 0.0053 0.1367 0.0179

x2
0 3000 15 26 15 57 180 57 0.0040 0.0129 0.0056

5000 15 31 16 57 234 61 0.0054 0.0229 0.0084
10000 15 43 16 57 362 61 0.0080 0.0532 0.0129
20000 15 58 16 57 553 61 0.0136 0.1349 0.0255

x3
0 3000 7 4 13 14 10 25 0.0012 0.0008 0.0034

5000 7 5 14 14 14 27 0.0015 0.0014 0.0048
10000 8 7 14 16 24 27 0.0028 0.0037 0.0083
20000 8 7 14 16 28 27 0.0048 0.0071 0.0147

x4
0 3000 12 10 13 45 29 49 0.0030 0.0022 0.0046

5000 12 9 13 45 27 49 0.0037 0.0025 0.0062
10000 13 10 14 49 34 53 0.0060 0.0047 0.0106
20000 13 12 14 49 44 53 0.0113 0.0109 0.0203

Table 9. Numerical results of Problem 9.

NI FE CPU

x0 DIM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM

x1
0 3000 1 1 1 1 1 1 0.0002 0.0002 0.0002

5000 1 1 1 1 1 1 0.0003 0.0004 0.0003
10000 1 1 1 1 1 1 0.0007 0.0007 0.0007
20000 1 1 1 1 1 1 0.0013 0.0013 0.0013

x2
0 3000 19 53 19 93 447 111 0.0221 0.1023 0.0289

5000 19 65 23 93 586 136 0.0529 0.2467 0.0640
10000 19 81 23 93 839 138 0.0852 0.6982 0.1223
20000 19 109 24 93 1266 147 0.1505 2.1338 0.3055

x3
0 3000 21 31 19 106 187 110 0.0431 0.0489 0.0282

5000 21 35 19 106 243 110 0.0475 0.1227 0.0466
10000 21 46 21 105 368 124 0.1213 0.3983 0.1271
20000 21 60 19 107 544 111 0.2026 0.9904 0.2261

x4
0 3000 19 34 22 91 230 131 0.0412 0.0693 0.0356

5000 21 39 20 103 299 117 0.0614 0.1698 0.0552
10000 20 50 20 98 439 119 0.0856 0.3457 0.1516
20000 20 68 21 98 667 124 0.1671 1.2313 0.2964
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Table 10. Numerical results of Problem 10.

NI FE CPU

x0 DIM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM TCGM M3TFR2 ITDM

x1
0 3000 47 55 46 156 231 240 0.0182 0.0293 0.0438

5000 47 60 49 156 282 270 0.0390 0.0554 0.0783
10000 47 68 47 158 371 203 0.0638 0.1485 0.1183
20000 47 80 53 158 515 287 0.1047 0.4317 0.2471

x2
0 3000 50 66 56 163 324 266 0.0226 0.0383 0.0470

5000 50 75 56 165 412 312 0.0382 0.0929 0.1007
10000 50 86 53 165 558 228 0.0632 0.2602 0.1246
20000 51 105 54 170 799 282 0.1357 0.6699 0.3113

x3
0 3000 44 43 54 142 129 278 0.0179 0.0255 0.0422

5000 44 43 52 142 130 255 0.0252 0.0241 0.0527
10000 44 44 45 142 137 274 0.0804 0.0732 0.1359
20000 44 47 50 144 149 244 0.0962 0.1259 0.2088

x4
0 3000 46 46 47 150 150 210 0.0237 0.0181 0.0287

5000 46 49 47 150 168 220 0.0347 0.0328 0.0489
10000 47 52 50 155 192 315 0.0682 0.0813 0.1844
20000 46 56 50 152 233 228 0.1068 0.1990 0.2056

Dolan and Moré [6] performance profiles procedure is a tool for evaluating and
comparing the performances of iterative methods. The profile of each method
is measured according to the ratio of its computational outcome compared to
the computational outcome of the best presented method. Figures 1–2 clearly
show that TCGM method is the most efficient as compared to the other two
methods.
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Figure 1. Iterations performance profile

5 Conclusions

In this paper, we proposed a three-term conjugate gradient-based method
(TCGM) for solving systems of large-scale nonlinear monotone equations. The
proposed method is free from derivative evaluations and also satisfies the suffi-
cient descent condition independent of any line search. Its global convergence
was also established. The proposed algorithm was tested on some benchmark
problems with different starting points and different dimensions and the nu-
merical results show that the method is very efficient.
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Figure 2. Results of numerical experiments: a) function evaluations performance profile
b) CPU time performance profile

References

[1] A.B. Abubakar and P. Kumam. An improved three-term derivative-free method
for solving nonlinear equations. Comp. Appl. Math., 37(5):6760–6773, 2018.
https://doi.org/10.1007/s40314-018-0712-5.

[2] A.B. Abubakar and P. Kumam. A descent Dai-Liao conjugate gradi-
ent method for nonlinear equations. Numer. Algor., 81(1):197–210, 2019.
https://doi.org/10.1007/s11075-018-0541-z.

[3] B. Baluch, Z. Salleh, A. Alhawarat and U.A.M. Roslan. A new modified
three-term conjugate gradient method with sufficient descent property and
its global convergence. J. Math., 2017(Article ID 2715854):12 pages, 2017.
https://doi.org/10.1155/2017/2715854.

[4] Y. Ding, Y. Xiao and J. Li. A class of conjugate gradient methods for
convex constrained monotone equations. Optim., 66(12):2309–2328, 2017.
https://doi.org/10.1080/02331934.2017.1372438.

[5] S.P. Dirkse and M.C. Ferris. MCPLIB: A collection of nonlinear
mixed complimentary problems. Optim. Methods Softw., 5:319–345, 1995.
https://doi.org/10.1080/10556789508805619.

[6] E.D. Dolan and J.J. More. Benchmarking optimization software
with performance profiles. Math. Program., 91(2):201–213, 2002.
https://doi.org/10.1007/s101070100263.

[7] D. Feng, M. Sun and X. Wang. A family of conjugate gradient methods
for large-scale nonlinear equations. J. Inequal. Appl., 2017(236):1–8, 2017.
https://doi.org/10.1186/s13660-017-1510-0.

[8] Q. Hu, Y. Xiao and Q. Wang. Non-smooth equations based methods for l1-norm
problems with applications to compressed sensing. Nonlinear Anal., 74:3570–
3577, 2011. https://doi.org/10.1016/j.na.2011.02.040.

[9] M.A.H. Ibrahim, M. Mamat and W.J. Leong. The hybrid BFGS-CG method
in solving unconstrained optimization problems. Abs. Appl. Anal., 2014(Article
ID 507102):6 pages, 2014. https://doi.org/10.1155/2014/507102.

[10] J. Liu and Y. Feng. A derivative-free iterative method for nonlinear mono-
tone equations with convex constraints. Numer. Algor., 82(1):245–262, 2019.
https://doi.org/10.1007/s11075-018-0603-2.

https://doi.org/10.1007/s40314-018-0712-5
https://doi.org/10.1007/s11075-018-0541-z
https://doi.org/10.1155/2017/2715854
https://doi.org/10.1080/02331934.2017.1372438
https://doi.org/10.1080/10556789508805619
https://doi.org/10.1007/s101070100263
https://doi.org/10.1186/s13660-017-1510-0
https://doi.org/10.1016/j.na.2011.02.040
https://doi.org/10.1155/2014/507102
https://doi.org/10.1007/s11075-018-0603-2


A New Three-Term Conjugate Gradient-Based Projection Method 563

[11] J. Liu and S. Li. Spectral DY-type projection method for nonlinear
monotone system of equations. J. Comput. Math., 33(4):341–355, 2015.
https://doi.org/10.4208/jcm.1412-m4494.

[12] J. Liu and S. Li. A three-term derivative-free projection method for
nonlinear monotone system of equations. Calcolo, 53(3):427–450, 2016.
https://doi.org/10.1007/s10092-015-0156-x.

[13] K. Meintjes and A.P. Morgan. A methodology for solving chemical equilibrium
systems. Appl. Math. Comput., 22:333–361, 1987. https://doi.org/10.1016/0096-
3003(87)90076-2.
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