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Abstract. This work focused on the manipulator system containing uncertainties,
and proposes an immersion and invariance (I&I) control strategy, in order to avoid
the damage on the mechanical and the operation object caused by parameter uncer-
tainty. A stable target system with lower dimension than the manipulator system
was chosen to design the control law and estimation laws of uncertain parameters.
Then finding an invariant and attractive manifold in state space with internal dy-
namics a copy of the desired closed-loop dynamics. Finally, design a control law that
can steer the state of the system sufficiently close to the manifold. The immersion
and invariance adaptive control does not rely on certainty equivalence. The whole
uncertain parameter estimations are the sum of two terms. One is obtained by an
iterative law like the traditional adaptive backstepping method. On the other hand,
a nonlinear function is introduced. The role of this additional term makes the param-
eter estimations more flexible and effective. Lyapunov function is not necessary for
the process of designing adaptive controllers. So immersion and invariance can effec-
tively avoid the ’computing expansion’ of backstepping method. Compared with the
traditional adaptive methods, simulation results show that the proposed immersion
and invariance adaptive controller can improve the system performance, including
dynamic response, stability and accuracy of parameter estimations.
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1 Introduction

The manipulator is a kind of mechanical device which is used for simulating
the arm of human beings. In recent years, the study of manipulator technology
has been making great progress. It is widely used in people’s lives, such as
industrial production, domestic service, space exploration. Manipulators have
some special characteristics, including, strong coupling, nonlinear and param-
eter uncertainty because of manipulators complex structure. So controlling
manipulators is subject to several difficult challenges. In brief, the study of
manipulator control has an important and far-reaching significance.

When the robot is in unknown situations, manipulators need not only a
high precision control, but also the adaptability of unknown working situations.
There are a lot of uncertainties in the dynamic characteristics of a manipulator,
for example, structured characteristic parameters of payload and unstructured
characteristics of friction and interference. Without adaptive estimation, the
controller will face failure because of fixed parameters. Therefore, the influence
of nonlinear and uncertain characteristics of the manipulator system should be
considered when the controller is designed. To protect the controlled object and
manipulator itself from damage of the uncertain parameters, it is a significant
and challenging study field that takes more effective adaptive control strategy
to estimate parameters.

During the past decade, several have been devoted to solving manipulators
nonlinear control. Neural network, sliding-mode, fuzzy and backstepping are
used to deal with the uncertain parameters. In [4], the input state lineariza-
tion method is used to design a nonlinear controller for an omnidirectional
mobile manipulator to realize its navigation and obstacle avoidance. In [13],
an adaptive neural network compensator is proposed to improve the control
performance of a macro-mini robotic manipulator, and it demonstrates that
compared to the mini based on feedback linearization with the PID controller,
vibration can be obviously suppressed using the adaptive compensator, and the
steady state error is also gradually improved. In [16], for flexible joint manip-
ulator, a comparison between PI and sliding mode control is proposed for the
control to improve the performance in the presence of errors in the parameters
identification, and it shows the high performances of sliding mode controller
by converging the error to zero and guaranteeing the stability of the robot [14].
In [5,6,10], an adaptive backstepping design method is proposed to deal with the
system uncertainty for the position tracking control of this robotic manipulator.
But backstepping is likely to result in ’computing expansion’. Backstepping is
one of the traditional adaptive methods which parameter estimations must fol-
low the principles of certainty equivalence. Also Lyapunov function is necessary
for the process of designing adaptive controllers. A large number of differential
calculations will increase computation work. Moreover, it makes the whole de-
signing process much more complicated. Therefore immersion and invariance
adaptive control is proposed to solve the problems above in [7, 8, 11, 15]. Im-
mersion and method is set up by an Italian scientist named A. Astolfi. A stable
target system with lower dimension than the controlled system was chosen to
design the control law and estimation laws of uncertain parameters in [1,3,12].
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Since the manipulator system contains some uncertain parameters, immer-
sion and invariance adaptive control method is made to design estimation laws
of uncertain parameters. First, a stable target system with lower dimension
than the manipulator system was chosen to design the control law and esti-
mation laws of uncertain parameters. Then any trace of the controlled system
is the target system in the immersion map. Finally, designing a control law
that can steers the state of the system sufficiently close to the manifold [2].
Unlike most existing adaptive methods, the immersion and invariance adap-
tive control does not invoke certainty equivalence in [9]. Lyapunov function is
unnecessary when the controller is designed in this method, which means dif-
ferential operation is redundant, hence averting the ’computing expansion’ of
backstepping method effectively. Also the(I&I) adaptive control does not rely
certainty equivalence principle. The whole uncertain parameters estimations
are the sum of two terms. One is obtained by an update law like backstepping
method. The other is an adequately chosen the nonlinear function. The role
of this additional term makes the parameters estimations more flexible and
effective.

2 Manipulator system model and control problems

We consider a one-link manipulator with the inclusion of motor dynamics. Its
configuration is shown in Figure 1.

 

Figure 1. Configuration of one-link manipulator with the inclusion of motor dynamics.

It is assumed that the armature of the manipulator adopts a DC motor
with the same performance parameters, and the reduction gear has the same
reduction ratio n. The manipulator model is given by

Dq̈ +Bq̇ +N sin(q) = τ,

Mτ̇ +Hτ = u−Kmq̇,

Math. Model. Anal., 23(3):379–389, 2018.
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where q, q̇, q̈ are respectively the position, velocity and acceleration of the
manipulator joint angle respectively, D meaning the inertia matrix, B repre-
senting the centripetal and coriolis force matrix, N standing for the friction and
gravity matrix, τ being the control moment. M = InL/nKt, H = InR/nKt,
Km = nKeIn. In is n-dimensional identity matrix, u is the voltage of motor
dynamics, L is the inductance of motor dynamics, Ke is the resistance of motor
dynamics, R is the back electromotive force constant of motor dynamics and
Kt is the torque constant of motor dynamics.

When uncertainties are presented, the above equations can be expressed
below

ẋ1 = x2 + x21θ1 + 0.2 sin(0.1x1), (2.1)

ẋ2 = x3 + x22θ2 −
Bx2
D
− N

D
sin(x1) +

1−D
D

x3,

ẋ3 =
1 + x23θ3
M

u− Km

M
x2 −

H

M
x3, y = x1,

where x1 = q, x2 = q̇, x3 = τ , when −B
D = B0, −ND = N0, 1 + 1−D

D = D0,
1
M = M0 , Km

M = Km0, H
M = H0, θ1, θ2, θ3 are parameters of friction, motor

factors and uncertainties caused by unknown grasping object. The system (2.1)
can be rewritten as

ẋ1 = x2 + x21θ1 + 0.2 sin(0.1x1), (2.2)

ẋ2 = D0x3 + x22θ2 −B0x2 −N0 sin(x1),

ẋ3 = M0(1 + x23θ3)u−Km0x2 −H0x3, y = x1.

Next, an adaptive controller based on I&I method is design for system (2.2)
and the designed I&I adaptive control law makes system’s dynamic response
more quickly and parameter estimations more accurate.

3 Design of I&I adaptive controller for manipulator
system

If the system has stable equilibrium point, the control goal is to design the
controller to make the system (2.2) global asymptotical stabilization approach
the equilibrium point. The following process is divided into four steps to design
a nonlinear controller.

3.1 Target system

The manipulator system is a three-dimensional system, hence one of the lower
dimension system is chosen as the target system. The two-dimensional system
is presented in (3.1)

ξ̇1 = ξ2,

ξ̇2 = −N0 sin(ξ1)−B0ξ2, (3.1)

where ξ1, ξ2 ∈ R, N0, B0 are parameters of manipulator system, and the system
has a globally asymptotically stable equilibrium at ξ∗ and x∗ = π(ξ∗).
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3.2 Choose the immersion mapping

As is shown above, the controlled system and the target system have been
chosen. Then immersion condition in the I&I method will give us the mapping
π(ξ, θ) and

π(ξ, θ) = [π1(ξ, θ), π2(ξ, θ), π3(ξ, θ)]T ,

where π1(ξ, θ) = ξ1, π2(ξ, θ) = ξ2 and π3(ξ, θ) is an unknown mapping to be
designed, i.e.

π(ξ, θ) =

π1(ξ, θ)
π2(ξ, θ)
π3(ξ, θ)

 =

 ξ1
ξ2

π3(ξ, θ)

 =

x1x2
x3

 = x.

According to the immersion condition (f(π(ξ, θ), c(ξ, θ), θ) = ∂π
∂ξ α(ξ, θ)), the

mapping relations between the controlled system and the target system are
given by ξ2 + ξ21θ1 + 0.2 sin(0.1ξ1)

D0π3 + ξ22θ2 −B0ξ2 −N0 sin(ξ1)
M0(1 + π2

3)(c(ξ, θ))− km0ξ2 −H0π3

 =

 ξ̇1
ξ̇2

∂π3(ξ,θ)
∂ξ1

ξ̇1 + ∂π3(ξ,θ)
∂ξ2

ξ̇2



=

 ξ2
−N0 sin(ξ1)−B0ξ2

∂π3(ξ,θ)
∂ξ1

ξ2 + ∂π3(ξ,θ)
∂ξ2

[−N0 sin(ξ1)−B0ξ2]

 . (3.2)

To calculate the second line of equation (3.2), then

π3 = − 1

D0
ξ22θ2. (3.3)

Using equation (3.3) to derive differential relations, there is
∂π3(ξ, θ)

∂ξ1
= 0,

∂π3(ξ, θ)

∂ξ2
= − 2

D0
ξ2θ2.

(3.4)

By substituting equation (3.4) into the third line of equation (3.2), we get

c(ξ, θ) =
2N0D0ξ2 sin(ξ1)θ2 + (2B0 −H0)D0ξ

2
2θ2 +D2

0Km0ξ2
M0(D2

0 + ξ42θ
2
2θ3)

.

3.3 Implicit manifold

The control objective is to keep all trajectories and drive the estimate asymp-
totically convergent to zero. We should make the manifold attractive and
invariant.

{x ∈ Rn|φ(x, θ) = 0} = {x ∈ Rn|x = π(ξ, θ), ξ ∈ Rp}.

Hence, we provide the implicit manifold

φ(x, θ) = x3 − π3([x1, x2]T , θ) = x3 +
1

D0
x22θ2.

Math. Model. Anal., 23(3):379–389, 2018.
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3.4 Nonlinear adaptive control system design

Define the off-the-manifold ζ = φ(x, θ̂), then

ζ = x3 − π3([x1, x2]T , θ) = x3 +
1

D0
x22θ2. (3.5)

For a more flexible design of the parameter estimation law introduce parameter
βi(x1, x2) and replace the unknown parameter θi with θ̂i + βi(x1, x2), where
˙̂
θi = ωi, θ̂i is an estimated value of the unknown parameter θi.

The partial differential of equation (3.5) is derived as

ζ̇ =

3∑
i=1

∂φ

∂xi
ẋi +

3∑
i=1

∂φ

∂θ̂i
ωi =

1

D0

∂β2(x1, x2)

∂x1
x22ẋ1 +

1

D0
[2β2(x1, x2)x2

+
∂β2(x1, x2)

∂x2
x22]ẋ2 + ẋ3 +

1

D0
x22ω2

=
1

D0

∂β2(x1, x2)

∂x1
x22[x2 + x21θ1 + 0.2 sin(0.1x1)] +

1

D0
[2β2(x1, x2)x2

+
∂β2(x1, x2)

∂x2
x22][D0x3 + x22θ2 −B0x2 −N0 sin(x1)]

+M0(1 + x23θ3)u−Km0x2 −H0x3 +
1

D0
x22ω2 =

1

D0

∂β2(x1, x2)

∂x1
x22

× [x2 + x21θ1 + 0.2 sin(0.1x1)] +
1

D0
[2β2(x1, x2)x2 +

∂β2(x1, x2)

∂x2
x22]

× [D0x3 + x22(θ̂2 + β2(x1, x2))−B0x2 −N0 sin(x1)]

+M0[1 + x23(θ̂3 + β3(x1, x2))]u−Km0x2 −H0x3 + x22ω2/D0.

Let ζ̇ = −δζ, and then the control law is designed as

u =
1

M0[1 + x23(θ̂3 + β3(x1, x2))]
{−δζ +Km0x2 +H0x3 −

1

D0
x22ω2

− 1

D0
[2β2(x1, x2)x2 +

∂β2(x1, x2)

∂x2
x22][D0x3 + x22(θ̂2 + β2(x1, x2))

−B0x2 −N0 sin(x1)]

1

D0

∂β2(x1, x2)

∂x1
x22[x2 + x21(θ̂1 + β1(x1, x2)) + 0.2 sin(0.1x1)]}.

The partial differential of the estimation errors zi = θ̂i − θi + βi(x1, x2) is

żi = ωi +
∂βi(x1, x2)

∂x1
ẋ1 +

∂βi(x1, x2)

∂x2
ẋ2

= ωi +
∂βi(x1, x2)

∂x1
[x2 + x21θ1 + 0.2 sin(0.1x1)]

+
∂βi(x1, x2)

∂x2
[D0x3 + x22θ2 −B0x2 −N0 sin(x1)]
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= ωi +
∂βi(x1, x2)

∂x1
{x2 + x21[θ̂1 + β1(x1, x2)− z1] + 0.2 sin(0.1x1)}

+
∂βi(x1, x2)

∂x2
{D0x3 + x22[θ̂2 + β2(x1, x2)− z2]−B0x2 −N0 sin(x1)}, (3.6)

i.e.

ż1 = ω1 +
∂β1(x1, x2)

∂x1
{x2 + x21[θ̂1 + β1(x1, x2)− z1] + 0.2 sin(0.1x1)}

+
∂β1(x1, x2)

∂x2
{D0x3 + x22[θ̂2 + β2(x1, x2)− z2]−B0x2 −N0 sin(x1)},

ż2 = ω2 +
∂β2(x1, x2)

∂x1
{x2 + x21[θ̂1 + β1(x1, x2)− z1] + 0.2 sin(0.1x1)}

+
∂β2(x1, x2)

∂x2
{D0x3 + x22[θ̂2 + β2(x1, x2)− z2]−B0x2 −N0 sin(x1)},

ż3 = ω3 +
∂β3(x1, x2)

∂x1
{x2 + x21[θ̂1 + β1(x1, x2)− z1] + 0.2 sin(0.1x1)}

+
∂β3(x1, x2)

∂x2
{D0x3 + x22[θ̂2 + β2(x1, x2)− z2]−B0x2 −N0 sin(x1)}.

Select ωi as follows

ωi = −∂βi(x1, x2)

∂x1
{x2 + x21[θ̂1 + β1(x1, x2)] + 0.2 sin(0.1x1)}

−∂βi(x1, x2)

∂x2
{D0x3 + x22[θ̂2 + β2(x1, x2)]−B0x2 −N0 sin(x1)}.

Substituting ωi into (3.6), we have

żi = −∂βi(x1, x2)

∂x1
x21z1 −

∂βi(x1, x2)

∂x2
x22z2,

i.e.

ż1 = −∂β1(x1, x2)

∂x1
x21z1 −

∂β1(x1, x2)

∂x2
x22z2,

ż2 = −∂β2(x1, x2)

∂x1
x21z1 −

∂β2(x1, x2)

∂x2
x22z2,

ż3 = −∂β3(x1, x2)

∂x1
x21z1 −

∂β3(x1, x2)

∂x2
x22z2.

Let V = (z21 + z22 + z23)/2. After taking the derivative of V , the following
expression is obtained

V̇ = z1ż1 + z2ż2 + z3ż3

= −z1(
∂β1(x1, x2)

∂x1
x21z1 +

∂β1(x1, x2)

∂x2
x22z2)− z2(

∂β2(x1, x2)

∂x1
x21z1

Math. Model. Anal., 23(3):379–389, 2018.
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+
∂β2(x1, x2)

∂x2
x22z2)− z3(

∂β3(x1, x2)

∂x1
x21z1 +

∂β3(x1, x2)

∂x2
x22z2)

= −z21x21
∂β1(x1, x2)

∂x1
− z1z2x22

∂β1(x1, x2)

∂x2
− z1z2x21

∂β2(x1, x2)

∂x1

−z22x22
∂β2(x1, x2)

∂x2
− z1z3x21

∂β3(x1, x2)

∂x1
− z2z3x22

∂β3(x1, x2)

∂x2
.

In order to ensure V̇ ≤ 0, we know

∂β1(x1, x2)

∂x1
≥ 0;

∂β1(x1, x2)

∂x2
= 0;

∂β3(x1, x2)

∂x1
= 0,

∂β2(x1, x2)

∂x2
≥ 0;

∂β2(x1, x2)

∂x1
= 0;

∂β3(x1, x2)

∂x2
= 0.

Choose the adjustment function as follows
β1(x1, x2) = x31,

β2(x1, x2) = x32,

β3(x1, x2) = 0.

We can obtain ω1 = −3x21{x2 + x21[θ̂1 + x31] + 0.2 sin(0.1x1)},
ω2 = −3x22{D0x3 + x22[θ̂2 + x32]−B0x2 −N0 sin(x1)},
ω3 = 0.

In conclusion, the control law is designed as

u =
1

M0(1 + x23θ̂3)
{−δ[x3 +

1

D0
x22(θ̂2 + x32)] +Km0x2 +H0x3

− 2

D0
x42[D0x3 + x22(θ̂2 + x32)−B0x2 −N0 sin(x1)]}.

4 Simulation and analysis

The stability of the manipulator system is discussed by analyzing the system
state responses under the Simulink of MATLAB environment. The system per-
formance is shown in the process of simulation, including dynamic response,
stability and accuracy of parameter estimation. To prove the effectiveness and
superiority of the proposed I&I adaptive controller, the traditional backstep-
ping adaptive controller is defined. In both cases, the manipulator system
parameters are chosen as follows:

D = 1, M = 0.05L, B = 1, Km = 10, H = 0.5Ω, N = 10, δ = 1.

Simulation results in Figures 2–3 show the comparison result between the
proposed immersion and invariance I&I adaptive controller and the traditional
backstepping adaptive method (BS).
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Figure 2. Dynamic response of a) x1, b) x2, c) x3.
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Figure 3. Parameter estimation of a) θ1, b) θ2, c) θ3.

Under the backstepping adaptive method, the dynamic responses fluctuate
strongly and tend to be stable after 10–11 seconds. For the I&I adaptive method
it can be clearly seen that the system dynamic responses fluctuate smoothly and
converge to be stable state more rapidly after about 5–7 seconds. Simulation
results show the good performance of the proposed I&I adaptive controller with
overshoot effectively suppressed and the settling time apparently reduced. As
a result, the proposed I&I adaptive controller improves the system properties,
including dynamic response, stability and accuracy of parameter estimation.

Math. Model. Anal., 23(3):379–389, 2018.



388 H. Wang, N. Jiang, T. Liu and Y. Cao

5 Conclusions

This paper investigated an adaptive controller for manipulator with uncertain
parameters based on immersion and invariance (I&I) method to improve system
dynamic quality. Conventional linearization methods have limitations, which
only can guarantee the stability of certain conditions. Although adaptive back
stepping method completely retained the nonlinear property of the system, the
design process was based on Lyapunov function, which would cause inflation
problems of the calculation in calculation due to the increase of the system
order. The proposed I&I method effectively avoids the above shortcomings
because it does not need the certainty equivalence. The controller design relies
on finding a mapping relationship between the manipulator system and the
target system, so the controller expression is more concise and it will be more
popular in engineering application. Compared with the traditional adaptive
methods, simulation results show that the proposed I&I controller not only
makes the system overshoot effectively suppressed, but also apparently reduces
the settling time.
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