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ON THE UNIPOTENCE OF AUTOEQUIVALENCES OF TORIC
COMPLETE INTERSECTION CALABI-YAU CATEGORIES

MANFRED HERBST AND JOHANNES WALCHER

ABSTRACT. We identify a class of autoequivalences of triangulated categories
of singularities associated with Calabi-Yau complete intersections in toric va-
rieties. Elements of this class satisfy relations that are directly linked to the
toric data.

0. INTRODUCTION

Let X be a smooth projective variety over C, and D1, ..., Dy with k < dim(X)+1
effective divisor classes satisfying

(1) DiNDyN---NDy =0.

For each ¢ = 1,...,k, we consider the autoequivalence of the bounded derived
category of coherent sheaves, D®(X), given by tensoring with the line bundle O(D;),
i.e. for A € D*(X),

M;(A) = A O(D;).
Choosing for each ¢ a generic section s; of O(D;), we let N(s;) be the endofunctor
of D(X) sending A to

N(s:)(A) = Cone(s; : A — M;(A)).

Since as a consequence of eq. (), the complete intersection of (s1, ..., sk) is empty,
the associated Koszul complex K(s1,...,sg) is exact. Therefore,
(2) N(s1) oN(sz) 0o N(sp)(A) =0
for any object A in D?(X). When pushed to K-theory, and denoting the image of
M; by M; : K(D*(X)) — K(D"(X)), we obtain the relation
k

[ —id) =o.

i=1
In this paper we obtain generalizations of these formulas in a situation coming from
toric geometry and of interest in mirror symmetry. We now summarize the ideas
involved.

Let P be a toric Calabi-Yau variety with fan 3. Toric varieties birationally
equivalent to IPg, may be constructed by suitable modifcations of 3. We here think
of modifications ® obtained by crossing a face in the secondary fan, giving rise
to blowdowns, blowups, or flops. Following physics terminology, we shall refer to
the various @ as different phases of the secondary fan. For each such modification
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of 3, we have an equivalence of triangulated categories Db(Pg) = DP(Pg). The
corresponding functors have been described explicitly by van den Bergh [I] and
Kawamata [2]. Clearly then, autoequivalences of D¥(P) induce autoequivalences
of D*(Py,), and vice-versa. However, certain elements of Aut(D’(Py)) and relations
among them are easier to see in one description than in the other, which is going
to be the main theme of our paper.

The primary interest, however, is in studying compact Calabi—Yau manifolds X
that are complete intersection in Py, when the latter is a smooth, toric Fano. (This
is not the most general case to which our methods apply, but one of much interest.)
So let Py, Ps,..., P, be £ anti-effective divisor classes of Py, with Ea P, = KP)E'
Choose generic sections G, of (’)pi(—Pa) fora=1,2,...,¢, and consider

X::{Gl:O,GQZO,...,GgZO}CPE.

We recall some preliminaries about the derived category D’(X) in section Ml In
section Bl we give a description of D¥(X) in terms of a singularity category that
will be useful for later purposes. We replace Px; with a larger combinatorial object
Py, that may be thought of as the total space of the bundle @izl O(P,) — Py,
with fibers equipped with an additional grading called R-grading, a terminology
from physics. Let p, be the fibre coordinate on O(P,). Then the function, a.k.a
superpotential or Landau—Ginzburg potential,

l
W = ZpaGav
a=1

is the homological device that reduces D’(Py,) to D’(X): The singularity category
of W (namely, the triangulated category of the singularity W : Py, — C, in the
sense of [3] []) is equivalent to D*(X) (see Theorem [2).

Then, for each modification ® of 3 in the above sense, one may construct a
triangulated category, C4, as a quotient of singularity categories (Definition @),

L Dsg(grS‘) .
® Dsg(tor(i,g)

This is done in section 3 The category Dsg(grS’ ) depends on W, but is independent
of &, whereas the subcategory Dgg (toréS') of torsion modules depends additionally
on &. In fact, however, all C4 are equivalent as triangulated categories to the fixed
category Cg, 2 D¥(X) (Theorem [3).

Working now in a fixed phase d, we associate in section Hl to any toric divisor
class D € Pic(PPg,) an automorphism ./\/lg of Cs that can be thought of as tensoring
with a line bundle. We emphasize that the equivalences amongst the Cg will not
identify the ./\/lg with each other as ® varies. (For a familiar example, see comments
below.)

To describe the relations analogous to (2)) among the ./\/lg , we recall that the
toric divisors D1, ..., D, of Py are in one-to-one correspondence with the set of
one-dimensional cones 3(1) = (vy,...,vy) of . We denote the canonical sections
of O(D;) by x4, i = 1,...n. For Py, this list is extended by (the pullbacks of)
the divisors P, =: Dy 44, for a = 1,..., ¢, with canonical section p, =: Zp,44. This
extended list is in one-to-one correspondence with the set f)(l) of one-dimensional
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cones (0;)1<i<n+e¢ of f), and contains ﬁ)(l) for any ®. We denote the R-grading of

x; by ;.
0, 1<i:<n,
r; =
2, n+1<i<n+/.

Our main result will follow straightforwardly from these definitions in section [l

Theorem 1. For each toric divisor D;, with canonical section x; of O(D;), define
an endofunctor N of C4 by

Ny (i) () = Cone(z; : —— —®@ O(D;)[ri]).

Then for each subset T C {1,...,n+ £} such that the corresponding set of edges
(03)ier s not contained in any cone of ®, we have the relation

OiezNg(zi) = 0.
A simple consequence is the following

Corollary 1. Let Mé? be the automorphism induced by ./\/lg on the K-theory
K(C4). Then for each I as above,

[T —id) =0
i€T

Our original motivation for this work was to understand the generalization of
an old observation of Kontsevich. We let ) be the family of Calabi-Yau manifolds
that is mirror to X according to Batyrev’s construction. Let B be the base of the
family after removing the singular fibers (and possibly more). Monodromies around
loops in B induce symplectic transformations (generalized Dehn twists) that can be
lifted to autoequivalences of the symplectic category (the Fukaya category Fuk(Y'),
where Y is a generic fiber of ). Via the homological mirror symmetry (HMS)
conjecture, Fuk(Y) = Db(X), one is led to expect the existence of a monodromy
representation

p:m(B) — Aut(D(X))
that has attracted some attention over the years.

When X is the quintic threefold, and ) its mirror family, we may model B as
P\ {0,1,00}. Note that the point at oo does not correspond to a singular threefold,
but to one with an additional automorphism of order 5. Somewhat surprisingly,
this symmetry is only realized projectively at the categorical level. Indeed, if v
is a path around oo, the categorical monodromy M. = p(Vss) € Aut(D’(X))
(modulo HMS conjecture) satisfies the relation

3) (Moo)” = (5)[2]

To fully appreciate this remarkable relation, we rewrite this in more familiar terms
using v, = 70 0 71. According to HMS for the quintic threefold, the monodromy
~o around 0 € P! corresponds to the autoequivalence Mg of tensoring with the
line bundle Ox (1), whilst monodromy +; (around the conifold) is realized as twist

7oy by the structure sheaf [5]. These transformations of D’(X) can be checked to
satisfy [6, Chapter 7.1.4]

5
(Moo To,) = ()2,
which is the way in which @) is often quoted. (Some hypersurfaces in weighted
projective space are treated in [7].)
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Our results give a uniform treatment of such relations for the general class of
Calabi—Yau complete intersections in toric varieties. We elaborate on this point of
view, together with some other applications, in section
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1. PRELIMINARIES

Consider Py, a complete, smooth toric variety defined by a fan ¥ in the lattice
N = 7"k Let v; for i = 1,...,n be the generators of the one-dimensional cones
of . We briefly recall the construction of Py from ¥ in terms of homogeneous
coordinates (z;)1<i<n associated to the v; [§]. First, if M = N* is the dual lattice
and Pic(Px) =2 Z* the Picard lattice, the exact sequence

(4) M % 7" % Pic(Ps;)

induces a Z*-grading on the homogeneous coordinate ring through the (C*)*-action
(CY >N (21, 20) = (AN, ..., A% 2,). Second, if by a (Batyrev) primitive
collection [9] we mean a collection of generators v; that generates none of the cones
in ¥, whereas any proper subset of it does, we define the exceptional set as the
union
Zy = U 271,
P
where p indexes all primitive collections, and Z7, = ﬂﬂviezp{:vi = 0}. Then, the

toric variety is the quotient
Pe — C"—Zs
A

Given Py, we consider complete intersections X C Py defined by transversal
polynomials G, of ZF-degree d, for a = 1,...,¢. We require X to be a Calabi-Yau
variety, i.e. Y7 w; = Y20, da.

Switching to the algebraic description, let R = Clxy, ..., x,] be the ZF-graded
coordinate ring associated with the toric data, and Js = ([[;,,¢, il € X) the
Cox ideal [8], whose vanishing locus is Zy, = V(Jx) [9]. The complete intersection
ring is denoted by S = R/(G1,...,G¢)R, and the image of the Cox ideal along
R — S by the same symbol, Js. The following definitions involving Jx; can be
made over R or over S.

Let grS be the abelian category of graded S-modules. The morphisms of grS
are the module homomorphisms of degree 0. For a given S-module A, and ¢ € ZF,
a shift in degree is denoted by A(g). We call an S-module Jyg-torsion if it is
annihilated by (Jg)™ for some positive integer m.

Definition 1. Let D?(grS) be the bounded derived category of graded S-modules
and D®(torsS) the full triangulated subcategory of graded Js-torsion S-modules,
i.e. any object is isomorphic to a complex of Jyg-torsion modules. The quotient
category,

D (grS)

(5) Db(qngS) = Wu
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is defined by localization along the multiplicative system of morphisms s that fit
into distinguished triangles

A B — C — A[l],
where A, B € Db(grS) and C € D(torsS).

A generalization of Serre’s correspondence identifies the abelian category of co-
herent sheaves on X C Py, with the abelian category of graded S-modules modulo
Jy-torsion modules. This correspondence extends to the derived categories,

D*(X) = D(qgryS$).

When we subsequently consider the derived category of coherent sheaves on X, we
will stick to its algebraic description in terms of modules over rings, that is, to
D*(qgryS).

Since any graded S-module has a projective resolution (though possibly un-
bounded from below), the derived category D®(grS) can be defined to be the homo-
topy category of projective complexes K~ (grS) with quasi-isomorphisms inverted.
Here, the minus index indicates that the complexes may be unbounded to the left,
but with bounded cohomology. Namely, in the homotopy category of graded S-
modules all quasi-isomorphisms are homotopy equivalences and therefore D?(grS)
is in fact K~ (gr9).

By taking the quotient (G]), all objects of the full subcategory D®(torsS) become
zero objects in D’(qgrsS). Over R, an important class of zero objects is given by
the Koszul complexes associated with the primitive collections Z,,,

Kp(R) := K({zi}ijv,ez,; R) = ® Cone(z; : R — R(w;)) .

i‘UiEZp

Indeed, the Koszul complex K,(R) is nothing but the resolution of a Jx-torsion
R-module, hence K, (R) = 0 in D’(qgry,R). Over the complete intersection ring S
an even shorter regular sequence Sz, C {:vi}”viezp may be the resolution of a Jx-
torsion S-module. For G1,..., Gy generic, Sz, is just a subset of {Z;}jy,ez,, With
corresponding set of divisor clases {D;};. In general, we can choose representatives
s; of that shorter list of divisor classes, such that (N;{s; = 0}) N (N {Ga = 0})
has support on Zz,. Thus, we have

Lemma 1. Let S be the complete intersection ring associated with the regular
sequence (G1,...,Gg). For a primitive collection I, of the smooth toric fan X, we
denote by Sz, a reqular sequence as described above. We let w; be the degree of s;.
Then the Koszul complex

K(8z,:8) = ) Cone(s; : S — S(wy)) ,

is a zero object in D(qgrsS). O

The goal of this work is to understand autoequivalences of D®(qgrs,S) = D?(X)
and relations among them that can be directly traced back to the toric data, and
more specifically to the secondary fan of X C Pys;. To this end, we need a realization
of D(qgry,S) that has a natural generalization to all other maximal cones in the
secondary fan. This alternative construction begins with realizing X as the critical
locus {dW = 0} of a holomorphic function W on the total space of a certain
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holomorphic vector bundle over Py.. This then leads us to consider the singularity
category associated with W [3] [4].

2. THE SINGULARITY CATEGORY FOR COMPLETE INTERSECTIONS

We append the data of the ¢ polynomials G, to the toric data of Py to obtain
an enhanced fan 3 in Ng, where N = N @ Z¢, cf. [10, Chapter 5]. Explicitly, if v;
has coordinates (v}, ..., vf_k) with respect to some basis of NV, the generators v; of
the one-dimensional cones of 3 are as follows. For i = 1,...,n the coordinates of ¥;
are (v}, ..., o" % ul ... uf), where the u®’s are chosen to satisfy 37" | wiuf = d,.
For a = 1,...,4, 014 is given by a vector with 1 at the (n + a)-th position and
0 else. Let w subsume the vectors (w1, ..., w,, —d1,...,—d;). We will sometimes
use Wp4q := —dg. Then the exact sequence {) is extended to

M 2 7+ 2 Pic(Py) = Pic(Py) .
The (Calabi-Yau) toric variety of the enhanced fan 3 is given by
(Cn—i-f — 7. P
]P)i = W =~ Tot (@azlo(—da) — PE) .
Note that the exceptional set Zs, is just the pull-back of Zs along crtt — .
We denote by p, the homogeneous coordinate associated with 0y, in 3. Let R =
Clz1,...,%n,p1,-..,pe] be the ZF-graded homogeneous coordinate ring associated
with the fan 3. Similarly, Jg be the Cox ideal for 3. For what follows it is necessary
to introduce an additional 2Z-grading, calleid R-grading, on R. The R-grading of
the x; is 0, that of the p, is 2. For a given R-module A, a shift in R-grading by 2r
is denoted by A{2r}.

The holomorphic function W on Py, is built from the regular sequence (G1, ..., Gy)
and the auxiliary coordinates p, as
¢
W => piGa
a=1

W is a polynomial of degree 0 and R-grading 2. Letting S = R/(W)R, we have
the isomorphism of graded rings, S g/(Gl,pl, cee Gg,pg)S’, which geometrically
corresponds to the embedding of the complete intersection X in the toric Calabi-
Yau variety P, as the critical locus of W,

X = {dW =0} C Py..

This follows on account of the transversality of the polynomials Gy, ..., Gy, because
dW vanishes iff p, =0 and G, =0fora=1,...,¢.

Following [3, 4], we now introduce the singularity category associated with the
polynomial W.

Definition 2. Let Db(grS') be the derived category of graded S-modules, and
Perf(grS) the full triangulated subcategory of perfect complexes, i.e. bounded
complexes of free modules. The singularity category is the quotient
A Db grS’
Dyy(grs) = (7)

Perf(grS)
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By a result due to Eisenbud [II], a (minimal) free resolution of any S-module
becomes two-periodic (up to a shift of R-grading) after a finite number of steps.
(The same is true for complexes of S-modules by induction on the length of the
complex.) Modding out by perfect complexes means that we can cut off and add
finite pieces from the infinite resolution. Therefore, any non-zero object in Dy, (grS’ )
can be represented by a half-infinite free complex,

(6) A= I Aoy 24 A~ IR 4, 24 A,

with rkAg = rkA;. The underlined module is in homological degree 0.
Notice that

(7) A{2} = A'2],

for any A" € Dsg(grS'). The shift in R-grading by —2 in (@) is due to the R-grading
of W. In fact, the complex of free S-modules () can be lifted to a sequence of
free R-modules so that the homomorphisms compose as Jigx = W-id;, and
gifz=W-idy , where A; = flj ®pn S for 7 = 0,1. This also leads to Orlovs result
in [] that Dsg(grg ) can equivalently be described by the triangulated category of
matrix factorizations of W over the ring R.

The morphisms in the singularity category are given by chain maps modulo
homotopy and modulo chain maps that factor through perfect complexes. On the
two-periodic part the morphisms are also two-periodic, and since we mod out by
chain maps that factor through perfect complexes, the two-periodic part determines
the morphisms uniquely up to homotopy. On the representatives (@) a chain map
is a commutative diagram

Ao{=2} 5% A{-2y N4, 4

(8) 1 %o N f 1 %o L

Bo{-2} & B{-2}y & B, ¥ B
For the following purposes, a useful representative of the object A" € Dsg(grS’)
in Db(grS’) is constructed by continuing the complex (@) periodically by 2r steps
to the right, so that the R-degrees of Ao{2r} and A;{2r} are all positive, and then
cutting off the finite piece with positive R-degrees, in any homological degree. We
denote the corresponding functor by

<o Dsg(grS’) — D(grS).
Let meg : Db(grS) — Dsg(grS’), then clearly we have A" = mg,0<9 A" for any object
A e Dsg(grg). It follows from two-periodicity that a free resolution in the image
of o<p, say B’, satisfies the relation
(9) o<oTsg(B{2r}) = B'[2r], for r=0,1,2,....
In fact, the subcategory of such objects is a full triangulated subcategory of Db(grsv ).

Lemma 2. Let D<q be the full triangulated subcategory of objects satisfying (3).
Then the adjoint pair of functors,
<0

Dyg(grS) <ﬁ; D<o C D’(grS),

sg
is an equivalence of triangulated categories.
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Proof. We know already that A" = 7n,0<0A for any object A" € Dsg(grg), and by
definiton B™ = o<gmsg B for any B° € D<g. It remains to check isomorphism of
morphisms: Because of two-periodicity a chain map between objects in D< cannot
factor through a perfect complex, and hence

Hom g (msg A", Teg B') =2 Homp_ (A", B'),
for A", B € D<y. ([
Proposition 1. The triangulated categories Dyg(grS) and D*(grS) are equivalent.

Proof. Using Lemma [2]it remains to construct an adjoint pair of functors,

E
DY(grR) D DP(grS) =—= D<, C D"(grS)
w
that implements the equivalence.

The functor E is provided by Eisenbud’s work [I1] and is constructed in two
steps. For the first step we include DP(grS) as full triangulated subcategory in
D®(grR) by considering S-modules as R-modules which are annihilated by the
regular sequence (Gi,...,G¢). For an object A € Db(grS) we take the (minimal)
R-free resolution P'(A). Let P(A) be the free R-module in the complex P (A) and
do the differential.

The second step constructs from P'(A) a half-infinite complex in D<g. Theorem
7.1 of [I1] allows us to introduce auxiliary endomorphisms dy, : P(A)[2|n|] — P(A)

for n € (Z>o)" and |n| = Zi:l ng, which have homological degree 1 as well as
degree ) nqd, and satisfy
(10 dode, +doudo = Gu-idpn[-2],

Ym m|<[n| fmdn-m = 0, for |n|> 1.

Here e, = (0,...,0,1,0,...,0) with the 1 at the a*® position, and we set do = dj.
Define the free S-module P(A) = (C[p1,...,pe] ®c P(A))/(W). Then E(A) €
D« is the S-module
o P(A){—2r}[2r]
together with the differential d = )" p™ ® dn. Notice that the latter has degree
0 and preserves the R-grading. In view of ([I0), d*> = W -id[—2], which is zero
on S-modules. E(A) satisfies condition (@) and is therefore an object in D<g. In
fact, the object is determined by dy uniquely up to isomorphism, since finding
a solution to the recursive relations (I0) admits the freedom, d — UdU~! for
U=id+ ) ,.0p tn.
The functor w is defined by
w:D<y — D'(grS) c D(grR),
A = (0204)®S/(p, ... pe)S.

o3>0 cuts off negative R-gradings of A" and therefore picks the R-grading 0 compo-
nent, whose differential does not contain the auxiliary coordinates p,. Tensoring
with S / (pa)S' = R then removes the auxiliary coordinates from the module as well,
i.e. the image of the functor w is in D®(grR). Indeed, the image of w is D®(grS):
Given an object A" € D<o we write its differential as d = ) p™dyn. Then Theorem
7.2 of [11] constructs from the endomorphisms d,, an infinite S-free resolution, that
is an object in D®(grS), which is isomorphic to w(A’) in D’(grR).
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From the definitions of £ and w we have
wE(A) =P (A) = A,
for any A € D%(grS) C Db(grR). Conversely, for B € D<g, since w(B’) is the
R-grading 0 component of B° and E reconstructs the auxiliary endomorphisms in
B, we also have
Ew(B) > B
It remains to show that w and E are adjoint functors, that is
Hom p_,(E(A), B’) = Hom g5(A,w(B")),

for A € Db(grS) and B° € D<g. We use that D’(grS) is full in D’(grR) and
write the right-hand side as Hom g,z (P (A),w(B")). For the left-hand side write a
morphism in Hom p_,(E(A), B") as ¢ = Znez>0p“1/)n. Just as the differential d,
the morphism % is determined (up to isomorphiéms) by its R-grading 0 component
1o, hence the left-hand side is also isomorphic to Hom g z(P'(A),w(B")). O

Definition 3. Let Db(toriS’) be the full triangulated subcategory of D?(grS) con-
sisting of graded Js-torsion modules, and consider its image in Dsg(grS'), that is
Dsg(torig) = WSng(tOI‘ES). This is a full triangulated subcategory of Dy (grS).
We define the quotient category

; Dyg(g15)

Ds reS) = —=—2—.
g(agrs,S) Dyg(torg5)

Theorem 2. The image of the torsion subcategory Dgg(torsS) under the equiva-
lence w<p = wo<g : Deg(grS) — D¥(grS) is DP(torsS), and, consequently,

Dgg(agrsS) = D’(qgrsS).
Proof. Recalling that Z¢ is the pull-back of Zs; we find from the definition of w that

it maps Jg-torsion complexes to Jx-torsion complexes, hence w<o(Dsg(torgS)) C
DP(torsS). Also, from the definition of Dsg(torig), we know that 7 (D (torsS))

Dgg(torgS).  Applying w<o, we obtain w<g o me(DP(torsS)) = Db(torsS)
w<o(Dsg(torgS)), and therefore DP(torsS) = w<o(Dsg(torgS)).

O 1IN N

3. PHASES OF TRIANGULATED CATEGORIES

The realization of the derived category D?(X) = D®(qgrsS) through the singu-
larity category Dsg(qgrig) in Theorem [2] motivates us to define singularity cate-
gories for each maximal cone of the secondary fan of Ps,. We shall label the latter
by the toric fan P.

The corresponding toric variety is

(Cn-i-é — 7.

(11) Py = W

Note that in general d contains fewer one-dimensional cones than 3, i.e. fewer than
n 4+ £. This is taken into account in (1)) by the exceptional set being the union,

_ __ rzpTim N N
Ze =25 " YZsaneqny
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Here Z g”m is given in terms of Batyrev’s primitive collections for the fan &, and]

Zsane(1) = U {z: = 0}.
b, E€S(1)\®(1)
Note that
]P)é) _ ((Cn—i—f—r _ Zg”m) x ((CX)T N ((Cn—i—f—r _ Zg”m)
((Cx)k ((Cx)kfr X G<i>

where r is the number of one-dimensional cones in £(1)\&(1) and G is a finite
group.

To construct quotient singularity categories in every maximal cone <i>, it is con-
venient to start with the graded coordinate rings R= Clz1,y ..., Zn,p1,--.,pe) and
S = R/(W)R, with the degree and R-grading as before. In a maximal cone & of
the secondary fan consider the ideal Jg = ([, e5(1),0,¢0 %ilo € ®). Tts vanishing
locus is the exceptional set Z;. We say that a graded S-module is Jg-torsion if it
is annihilated by ng for some positive integer m.

Definition 4. Let S = R/(W)R, and D?(grS) as well as Dy (grS) be as in Defini-
tion[2l Take any maximal cone & in the secondary fan of Ps,. Let Db(tor(i,S’ ) be the
full triangulated subcategory of .Jz-torsion modules in Db(grS'), and Dgg (toréS') its
image in Dsg(grS’). Then we define the quotient

& D sg(grg )

Cs = Doglagry ) = —2\82)
¢ s (d8r35) Dgg(torgS)

Remark 1. For every irreducible component Z7, of the exceptional set Zg, the
associated Koszul complex

K, (S) = K({xi}viezp;g) = ® Cone(x; : § — S(w;){r:}) .
ieZ,
is an object in Db(torég). Here, r; is the R-degree of x;,i.e. r; =0fori=1,...,n
and 7,44, = 2 for a = 1,...,¢. Furthermore, for any object A" of Db(grS’), the

tensor product A" ®¢ K, is in D’ (torgS) and via 7y in Dgg(torgS).

We have introduced the quotient singularity categories separately for each max-
imal cone. The following result relates them.

Theorem 3. For any pair of neighboring mazximal cones, d, and Oy, in the sec-
ondary fan of Py, with Calabi-Yau complete intersecion X C Py, there is a family

{Frﬁ?‘i’l}mez of equivalences of the corresponding quotient singularity categories,
(12) F>® : Dyg(agrg, S) — Dyg(qgrs, S).

Proof. Let Pg, and Pg, be the (Calabi—Yau) toric varieties in the neighboring
maximal cones. We let T € Pic(Ps)* be the primitive dual vector characterizing
the face between the two adjacent maximal cones by the condition T'(v) = 0 for all

INote that the union may include some of the auxiliary coordinates z,4+q = Pa.
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v in the face. The exceptional sets Z; and Z, in the geometric construction of ]P’(i)1
and Pg are related by [12, Chapter 4.5]

7 = ZiU(Z1NZy),
Zy = Z_U(Z1NZy),

where Z4 = Njjr(w,)z0{7i = 0}. We let tor(i,+5’, torg, S, and tor(i)mS’ denote the
categories of torsion modules associated with Zy, Z_, and Z; N Z,, respectively.
By the Calabi—Yau condition, Z 1 w; = 0, we may define

o = Z T(w;) = — Z T (w;).

i|T (w;)>0 AT (w;)<0

For m € Z let K™(grS) c K~ (grS) be the homotopy category generated from
invertible modules S(q) satisfying (cf. [12} 1], 2])

(13) m < T(q) <m+o.

Denote the associated singularity category by DI} (grS’ ) and consider

L Wy ™ .
(14> Dsg(qgr&+S>TD (grS)TDsg(qgr@ S)

where Dgg(qgrg,, S) are the quotients of Dyg(grS) by Deg (torg, S). The functors 7+

are the projections of Dsg(grS') to the quotient categories applied to the subcategory
D% (grS). Comparing (I3) with Z, we find that the objects in D3 (grS) can not
be torsion. Also, the objects of Dm(grg) generate Dgg(qgrg, S), so that . are

bijective on the set of objects. D[} (grS’) containing no torsion objects also means
that there are no non-trivial extensmns and the functors 74 are fully faithful, hence
equivalences. The inverses wy take the unique (up to homotopy) representative of
an isomorphism class in Dsg(qgr@iS’) that satisfies the restriction (I3).

Finally, taking at each step in (I4) the quotient by Dgg(torg S) we find that
the functor in the theorem is given by the compositions,

Dyg(agrg, S) =5 Di(agrg, . S) — Dag(qgrg, ).

O

A combination of Theorems [ and [B] was proved for the hypersurface case by
Orlov in [4]. Van den Bergh [1] and Kawamata [2] stated analogous results for
the derived categories D’(Ps) of Calabi-Yau toric varieties using noncommutative
crepant resolutions. They build a tilting module, say P, out of a generating set of
invertible modules S(q) satisfying (I3) and use the derived category of the noncom-
mutative endomorphism algebra, D®(End(P)), to show the equivalence of Db(P(i,l)

and D°(Py, ).

Remark 2. In string theory the objects of the quotient singularity categories cor-
respond to boundary condition of certain two-dimensional supersymmetric field
theories. A physics derivation of the functor (I2) was given in [12]. Therein it was
found that the choice of the integer m corresponds to a choice of a homotopy class
of paths connecting limit points corresponding to ®; and ¥, in the moduli space
B of the mirror of X.
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4. AUTOEQUIVALENCES: THE MAIN FORMULA

In this section we study elements of the group Auts of autoequivalences of
Dsg(qgréS’). We begin in the phase b =73,

Immediate elements of Auty,, the group of automorphisms of D*(X) = D(qgryS),
are given by the shift functors [n], for n € Z, and the twists MY by the modules

S(q) for any g € Z* = Pic(Py,). For A € D*(qgryS),
M1 A— A®s S(q).
Together with the automorphisms Aut(X) of X, that is, the graded ring automor-
phisms of S modulo (C*)¥, these generate a subgroup Ag(X) = Aut(X)x Pic(Pg) x
7 of Aut(D*(X)).
Because of Theorem [ the group of automorphisms Aut(D®(X)), and in particu-

lar its subgroup Ag(X), also acts on the quotient singularity category Dgg(qgrsS).

The latter category appears to have an additional functor of twisting by S{2r}.
Recall however from (7)) that a shift in R-grading by {27} is equal to the shift
functor [2r], hence does not introduce a new autoequivalence.

Let s be an element of S with degree w. Introduce on D®(qgry,S) the endofunctor

N(s): A— Cone(s: A— MY(A)).

Proposition 2. For every primitive collection I, of ¥ choose a regular sequence
Sz, of elements s; € S, as in Lemmalll. Then,

(15) Os,esz, N(s;)(4) =0,
for any A € D®(qgrs.S).

Proof. By Lemma [l the Koszul complex K(Sz,; S) is isomorphic to the zero object
in D’(qgry,S). The same is true for the tensor product A ®g K(Sz,;S) for any
object A. This is nothing but the left-hand side of ([IH) since N(s)(A) = A ®g
Cone (s : 8 — S(w)). O

For any other maximal cone d of the secondary fan, there are twist autoequiva-

lences acting on Dgg(qgrS) as well. We set

ML A - A @g58(q) for A € DylagryS).
For any element s € S with degree w and R-grading 2r, let
Nj(s): A Cone (s: A" — Mg(A')[%]) .

Notice the shift in homological degree and recall that [2r] = {2r} on Dgz(qgrgS).
Then, we have

Proposition 3. Let & be the fan associated to a maximal cone in the secondary
fan of Ps. Consider an arbitrary object A" in the quotient singularity category

Dsg(qgrég). Then, for every primitive collection I, of P,
Oijsrez,Ng (7:) (A7) =0,
and for every v; € L(1)\®(1) associated with x; € S,
Ng(2:)(A) =0, or equivalently, Mg (A") = (A)[-2r].

Proof. Using Remark [I], the proof is similar to the proof of Proposition O
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Remark 3. In the maximal cone 3 we may write M? = WO'S()M%TFSgE. Using
this equivalence, the relations of Proposition [2] are in general stronger than those
of Proposition Bl One may sometimes obtain similarly strong relations also in
the other phases, namely whenever the exceptional set Z3 admits the solution of
dW = 0 to set p, = G, = 0 for (at least) one a = 1,...,¢. Then, we may work
over the ring S‘/(pa7 Ga)g. In fact, Proposition 2l applies because over Py, dW =0
admits p, =G, =0forall a=1,... 0.

Theorem [3 relates the singularity categories in neighbouring maximal cones o,
and ®;. The associated twists are only partly independent autoequivalences. In
fact, condition (I3, which defines the functor F22%1 : C4, — Cg,, implies that

G281~ pPa®
(16) MG o F2™ = Foin g o MG

In particular, the twists with T'(¢) = 0 commute with the functor Ff?él (for a
fixed integer m), which says that they correspond to the same autoequivalence,

ML= M1
F

: = (ER) MG 0 B for T(g) =0

$odq
m

On the other hand, if 7'(q) does not vanish the composition,

Dydi\—1 b d ~ -
(17) (ng‘bl) 1FmiTl(q) = M;;iz‘% M@f’

is a non-trivial autoequivalence of C«in'

For any P let Fy : Cs, — C4 be a composition of functors of Theorem [3l Then
the twists in ® act on Cg = DP(X) via MG, = F(;l o MZ o Fy. By combining
Proposition [3] with Theorem [3] we obtain

Theorem 4. Let X be a smooth Calabi—Yau complete intersection in a toric variety
Ps;, and Dgg(qgrsS) (=2 D(qgrsS)) its quotient singularity category. Then for
every mazimal cone ® in the secondary fan of Py, the autoequivalences M%s induce

an action of the Picard lattice Pic(Pg) on Dsg(qgrsS), subject to the following
relations. For any object A" € Dsg(qgrig) and every primitive collection Z,, of P,

(18) Oijosez, Ny (Fg(2i)) (A7) =0,

and for every ©; € 2(1)\®(1) and associated element z; € S,

(19) N, (Fg(zi))(A) =0, or equivalently, M (A) =2 (A)[-2ri).
Proof. Writing for any A" € Cg,

NF&) (F3(s))(A) = Cone(Fg(s): A — M?@ (A)[2r]) =
= FgCone(s: Fé:l(A') — MgFé:l(A')) =
= FaNg(s)Fy'(4),

the claim follows immediately from Proposition Bl (]
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5. APPLICATIONS

5.1. Monodromy representations — more about Aut(D’(X)).
According to Theorem [, we have an action of the toric Picard lattice of the
complete intersection X on D?(X) for every phase ® in the secondary fan of Py,

generalizing the simple twisting by line bundles for d = 3. As is evident from the
relations (IR) and (I9), this action can be very different for each & # 3.

In terms of the monodromy representation 71 (B) — Aut(D’(X)), mentioned in
the introduction, the action of Pic(Py,) obtained from d is a categorical lift of the
monodromies around the boundary divisor of B corresponding to the maximal cone
® of the secondary fan. This point of view fits in nicely with the interpretation
of the equivalence between the various C4’s as depending on the homotopy class
of a path in B. According to Remark Bl the composition ([IT) for T(q) = 1 is
the monodromy along a path around the discriminant locus of B, and therefore
corresponds to a Seidel-Thomas twist [5], cf. also [13], [14] and [12, Chapter 10.5].

5.2. Proof of K-theory formula.

The projection to K-theory splits the cones in Proposition 3] which implies Corol-
lary 11

When interpreted in terms of monodromy representations (see previous sub-
section), the relations in K-theory can also be obtained by studying the analytic
continuation of periods of the mirror variety, as in [I5]. (See also [16] for a recent
study.) Our results provide the precise categorical lift of the monodromies and the
relations between them.

5.3. Some examples.

Consider the list of 14 Calabi—Yau complete intersections X (d; . .. d,) in weighted
projective spaces P3¢ (wyq ... w34 ) with rank 1 Picard lattice, that is Pic(X) & Z
(cf. [I7,[18]):

X(5) Cc PH11111) | X(2,4) C P°(111111) X(2,12) C P5(111146)
X(6)c PH11112) | X(3,3) C P°(111111) X(4,6) C P5(111223)
X(8)Cc PH11114) | X(3,4) C P°(111112) X(6,6) C P5(112233)
X(10) ¢ P*11125) | X(2,6) C P5(111113) | X (2,2,3) C P®(1111111)
X(4,4) C P5(111122) | X(2,2,2,2) C P7(11111111)
The polynomial ring associated to the toric data is R = Clzo s T340, Py -« - 5 De)-
The secondary fan has two maximal cones, say ¥ and ;, where the first shall

correspond to the complete intersection 1tself. The respective (Cox) ideals are

3+£

L
= <H x;), and Jg = <Hpa>'

For the following let M = ./\/11E and £ := ML abbreviate the autoequivalences of

twisting by S (1) in the two associated singularity categories.
In the category Cy:

For (G1,...,Gy) generic, according to Proposition 2 a regular sequence St of four
elements, say & = (,, T4, , Tiy, Tig ), gives rise to a complex isomorphic to the zero
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object,

x x

Al = MU (4B = ... = PMUTR(A)]L] — MU(A) =0,
b=0 b=0

where w = Zg:o w;, . In K-theory for each regular sequence S7 the relation becomes
[T5_o(M™ie —id) = 0.
As an example, for X (10) C P*(11125) the K-theory relations are

(M —id)*(M? —id)(M® —id) = 0,
(M —id)*(M? —id) = 0,
(M —id)*(M° —id) =

It is easy to verify that for each complete intersection in the above list, the relations
imply the well-known result that the autoequivalence M is mazimally unipotent,
that is

(M —id)* = 0.

In the category Cg:

Proposition [3] tells us that for p = (p1,...,pe) the complex

p p

(20) £UA) B @ride(AN1] L L. B @uLde(A)e-1] L A,

is isomorphic to the zero object. Here, d = ) d,. On the level of K-theory this
becomes

Back in CE:

Theorem @ uses the functor Fy : C¢ — Cz to map the relation (20) to a relation
for the autoequivalence Lp, = F 1£Fé on Cg. Although the relation for Lg, is
a straight forward consequence ofH(IZII)7 we stress that it is highly non-trivial, even
more so, if we “forget” that Lr. in fact comes from an action of the Picard lattice
in another phase. B

We illustrate this for the complete intersection X = X (3,3) of two cubics in P?,

applying the autoequivalence Lr. on the structure sheaf O of X. Let Q be the
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pull-back of the cotangent bundle of P> to X. We obtain

£r(0) = Q)]
(Cr)?(0) = A2Q(@)[2) |
(Cr)?(0) = ORI —  AQE)3],
(Lr)(0) = QB — A
(Lr)?(0) = QU — A
(L) (0) = OW® —= ASO3)[02

where the arrows are canonical elements in Ext'(—, —). In fact, the object in the

last line is isomorphic to

(Lr)0(0) = O —— A3,

= (1000)
\ D
03]

which confirms the relation for L., when applied to O,

(£r)0(0) = (Lr O =% o).
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