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Abstract
These notes cover (i)electroweak symmetry breakingin the Standard Model
(SM) and the Higgs boson, (ii)alternatives to the SM Higgs bosonincluding
an introduction to composite Higgs models and Higgsless models that invoke
extra dimensions, (iii) the theory and phenomenology ofsupersymmetry, and
(iv) variousfurther beyond topics, including Grand Unification, proton decay
and neutrino masses, supergravity, superstrings and extradimensions.

1 The Standard Model, electroweak symmetry breaking and the Higgs boson

In this first Lecture, we review the electroweak sector of theStandard Model (SM) (for more detailed ac-
counts, see, e.g., [1–3]), with particular emphasis on the nature of electroweak symmetry breaking. The
theory grew out of experimental information on charged-current weak interactions, and of the realisation
that the four-point Fermi description ceases to be valid above

√
s = 600 GeV [3]. Electroweak theory

was able to predict the existence of neutral-current interactions, as discovered by the Gargamelle Collab-
oration in 1973 [4]. One of its greatest subsequent successes was the detection in 1983 of theW± and
Z0 bosons [5–8], whose existences it had predicted. Over time,thanks to the accumulating experimental
evidence, theSU(2)L ⊗ U(1)Y electroweak theory andSU(3)C quantum electrodynamics, collectively
known as the Standard Model, have come to be regarded as the correct description of electromagnetic,
weak and strong interactions up to the energies that have been probed so far. However, although the
SM has many successes, it also has some shortcomings, as we also indicate. In subsequent Lectures we
discuss ideas for rectifying (at least some of) these defects: see also [9–11].

The particle content of the SM is summarized in Table 1. Within the SM, the electromagnetic
and weak interactions are described by a Lagrangian that is symmetric under local weak isospin and
hypercharge gauge transformations, described using theSU(2)L ⊗ U(1)Y group (theL subindex refers
to the fact that the weakSU(2) group acts only the left-handed projections of fermion states;Y is the
hypercharge). We can write theSU(2)L ⊗ U(1)Y part of the SM Lagrangian as

L = −1

4
Fa
µνF

aµν

+ iψ/Dψ + h.c.

+ ψiyijψjφ+ h.c.

+ |Dµφ|2 − V (φ) . (1)

This is short enough to write on a T-shirt!

The first line is the kinetic term for the gauge sector of the electroweak theory, witha running over
the total number of gauge fields: three associated withSU(2)L, which we shall callB1

µ, B2
µ, B3

µ, and
one withU(1)Y , which we shall callAµ. Their field-strength tensors are

F a
µν = ∂νB

a
µ − ∂µBa

ν + gεbcaB
b
µB

c
ν for a = 1, 2, 3 (2)

fµν = ∂νAµ − ∂µAν . (3)

∗Based on lectures by John Ellis at the 2009 CERN–CLAF School of High-Energy Physics, Medellín, Colombia.
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Table 1: Particle content of the Standard Model with a minimal Higgs sector.

Bosons Scalars
γ,W+,W−, Z0, g1...8 φ (Higgs)

Fermions
Quarks (each with 3 colour charges) Leptons

2/3 :
−1/3 :

(
u
d

)
,

(
c
s

)
,

(
t
b

)
neutral:
−1 :

(
νe
e−

)
,

(
νµ
µ−

)
,

(
ντ
τ−

)

In Eq. (2),g is the coupling constant of the weak-isospin groupSU(2)L, and theεbca are its structure
constants. The last term in this equation stems from the non-Abelian nature ofSU(2). At this point,
all of the gauge fields are massless, but we will see later thatspecific linear combinations of the four
electroweak gauge fields acquire masses through the Higgs mechanism.

The second line in Eq. (1) describes the interactions between the matter fieldsψ, described by
Dirac equations, and the gauge fields.

The third line is the Yukawa sector and incorporates the interactions between the matter fields and
the Higgs field,φ, which are responsible for giving fermions their masses when electroweak symmetry
breaking occurs.

The fourth and final line describes the scalar or Higgs sector. The first piece is the kinetic term
with the covariant derivative defined here to be

Dµ = ∂µ +
ig′

2
AµY +

ig

2
τ ·Bµ , (4)

whereg′ is theU(1) coupling constant, andY andτ ≡ (τ1, τ2, τ3) (the Pauli matrices) are, respectively,
the generators ofU(1) andSU(2). The second piece of the final line of (1) is the Higgs potential V (φ).

Whereas the first two lines of (1) have been confirmed in many different experiments, there isno
experimental evidence for the last two lines and one of the main objectives of the LHC is to discover
whether it is right, needs modification, or is simply wrong.

1.1 The Higgs mechanism inU(1)

To explain the Higgs mechanism of mass generation, we first apply it to the gauge groupU(1), and
then extend it to the full electroweak groupSU(2)L ⊗ U(1)Y . Thus, we first consider the following
Lagrangian for a single complex scalar field:

L = (∂µφ)
∗ (∂µφ)− V (φ∗φ) , (5)

with the potential defined as
V (φ∗φ) = µ2 (φ∗φ) + λ (φ∗φ)2 , (6)

whereµ2 andλ > 0 are real constants. This Lagrangian is clearly invariant under globalU(1) phase
transformations

φ→ eiαφ , (7)

for α some rotation angle. Equivalently, it is invariant under aSO(2) rotational symmetry, which is
made evident by writingL in terms of the decomposition of the complex scalar field intotwo real fields
φ1 andφ2: φ ≡ φ1 + iφ2.

If we chooseµ2 > 0 in (8), the sole vacuum state has〈φ〉 = 0. Perturbing around this vacuum
reveals that, in this case, the scalar-sector Lagrangian simply factors into two Klein–Gordon Lagrangians,
one forφ1 and the other forφ2, with a common mass. The symmetry of the original Lagrangianis
preserved in this case.
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However, whenµ2 < 0, the Lagrangian (5) exhibits spontaneous breaking of theU(1) global
symmetry, which introduces a massless scalar particle known as a Goldstone boson, as we now show.
In order to make manifest this breaking of theU(1) symmetry present in Eq. (5), we first minimize the
potential (6) so as to identify the vacuum expectation value, or v.e.v., of the scalar field. To do this, we
first write the Higgs potential as

V (φ∗φ) = µ2
(
φ21 + φ22

)
+ λ

(
φ21 + φ22

)2
, (8)

and note that minimization with respect toφ∗φ yields the value

φ21 + φ22 = −µ2/ (2λ) , (9)

i.e., there is a set of equivalent minima lying around a circle of radius
√
−µ2/ (2λ), whenµ2 < 0 as

assumed. The quanta of the Higgs field arise when a particularground state is chosen and perturbed.
Reflecting the appearance of spontaneous symmetry breakingwe may, without loss of generality, choose
for instance

φ1,vac =
√
−µ2/ (2λ) ≡ v/

√
2 , φ2,vac = 0 . (10)

Perturbations around this vacuum may be parametrized by

η/
√
2 ≡ φ1 − v/

√
2 , ξ/

√
2 ≡ φ2 , (11)

so that the perturbed complex scalar isφ = (v + η + iξ) /
√
2, whereη andξ are real fields. In terms of

these, the Lagrangian becomes

L =

[
1

2
(∂µη) (∂µη)−

µ2

2
η2
]
+

1

2
(∂µξ) (∂µξ)

− λ

2

[
(v + η)2 + ξ2

]2
− µ2vη − µ2

2
ξ2 − 1

2
µ2v2 . (12)

The first and second terms describe two scalar particles: thefirst, η, is massive withm2
η = −µ2 > 0 (we

recall thatµ2 < 0), and the second,ξ, is massless, the Goldstone boson.

We now discuss how this spontaneous symmetry breaking manifests itself in the presence of a
U(1) gauge field. For this purpose, we make the Lagrangian (5) invariant under localU(1) phase trans-
formations, i.e.,

φ→ eiα(x)φ . (13)

This requires the introduction of a gauge fieldAµ that transforms as follows underU(1):

A′
µ → Aµ + (1/q) ∂µα (x) , (14)

and replacing the space-time derivatives by covariant derivatives

Dµ = ∂µ + iqAµ , (15)

whereq is the conserved charge. Replacing the derivatives in Eq. (5) and adding a kinetic term for the
Aµ field, the Lagrangian becomes

L = [(∂µ − iqAµ)φ
∗] [(∂µ + iqAµ)φ]− V (φ∗φ)− 1

4
FµνFµν . (16)

The last term in this equation,(1/4)FµνFµν , with Fµν ≡ ∂νAµ − ∂µAν , is the kinetic term, which is
separately invariant under the transformation (14) of the gauge field.
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We now repeat the minimization of the potentialV (φ) and write the Lagrangian in terms of the
perturbations around the ground state, Eqs. (11):

L =

{
1

2

[
(∂µη) (∂µη)− µ2η2

]
+

1

2
(∂µξ) (∂µξ)−

1

4
FµνFµν +

1

2
q2v2AµAµ

}

+ vq2AµAµη +
q2

2
AµAµη

2 + q (∂µξ)Aµ (v + η)− q (∂µη)Aµξ

− µ2vη − µ2

2
ξ2 − λ

2

[
(v + η) + ξ2

]2 − µ2v

2
. (17)

The first three terms again describe a (real) scalar particle, η, of mass
√
−µ2 and a massless Goldstone

boson,ξ. The fourth term describes the free gauge field. However, whereas previously the Lagrangian
described a massless boson field [see Eq. (12)], now it contains a term proportional toAµAµ, which
gives the gauge field a mass of

mA = qv , (18)

from which we see that the boson field has acquired a mass that is proportional to the vacuum expectation
value of the Higgs field. Indeed, the last two terms in the firstline of Eq. (12) are identical with the Proca
Lagrangian for aU(1) gauge boson of massm.

The rest of the terms in Eq. (12) define couplings between the fieldsAµ, η andξ, among which is a
bilinear interaction couplingAµ and∂µξ. In order to give the correct propagating particle interpretation
of (12), we must diagonalize the bilinear terms and remove this term. This is easily done by exploiting
the gauge freedom of theAµ field to replace

Aµ → A′
µ = Aµ +

1

qv
∂µξ , (19)

which is accompanied by the local phase transformation

φ→ φ′ = e−iξ(x)/vφ = (v + η) /
√
2 . (20)

After making this transformation, the fieldξ no longer appears, and the Lagrangian (12) takes the sim-
plified form

L =
1

2

[
(∂µ) (∂µ)− µ2η2

]
− 1

4
FµνFµν +

q2v2

2
Aµ ′A′

µ + . . . . (21)

where the. . . represent trilinear and quadrilinear interactions.

The interpretation of (21) is that the Goldstone bosonξ that appeared when the globalU(1) sym-
metry was broken by the choice of an asymmetric ground state whenµ2 < 0 has been absorbed (or
‘eaten’) by the gauge fieldAµ, with the effect of generating a mass. Another way to understand this is
to recall that, whereas a massless gauge boson has only two degrees of freedom, or polarization states
(which are transverse), a massive gauge boson must have a third (longitudinal) polarization state. In
the Higgs mechanism, this is supplied by the Goldstone bosonof the spontaneously-brokenU(1) global
symmetry.

At first sight, the Higgs mechanism may seem somewhat artificial. From one point of view, it
is merely a description of the breaking of electroweak symmetry, rather than an explanation of how a
massless gauge boson may become massive. As Quigg says [12],the electroweak symmetry is broken
becauseµ2 < 0, and we must chooseµ2 < 0, because otherwise electroweak symmetry is not broken.
From another point of view, theonly consistent formulation of an interacting massive gauge boson isvia
the Higgs mechanism, and the spontaneous breaking of symmetry is a mathematical ruse for describing
this phenomenon.
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1.2 The Higgs mechanism inSU(2)L ⊗ U(1)Y

Following closely in both spirit and notation the book by Quigg [12], we now consider the weak-isospin
doublet

L =

(
ν
e

)

L

, (22)

with the left-handed neutrino and electron states defined by

νL =
1

2
(1− γ5) ν , eL =

1

2
(1− γ5) e . (23)

The operator(1− γ5) /2 is of course the left-handed helicity projector, andν, e are solutions of the
free-field Dirac equation. Within the SM, we consider the neutrino to be massless, and it does not have
a corresponding right-handed component, i.e.,

νR =
1

2
(1 + γ5) ν = 0 . (24)

Hence, the only right-handed lepton,eR, constitutes a weak-isospin singlet, i.e.,

R = eR =
1

2
(1 + γ5) e . (25)

We write initially the Lagrangian as

L = Lgauge+ Lleptons (26)

Lgauge = −1

4
F a
µνF

aµν − 1

4
fµνf

µν (27)

Lleptons = R

(
∂µ + i

g′

2
AµY

)
R+ Liγµ

(
∂µ + i

g′

2
AµY + i

g

2
τ ·Bµ

)
L , (28)

where the field-strength tensors,Fµν andfµν , were defined in Eqs. (2) and (3), respectively. Here,g′/2
is the coupling constant associated to the hypercharge groupU(1)Y , andg/2 is the coupling to the weak-
isospin groupSU(2)L. So far, we are presented with four massless bosons (Aµ,B1

µ,B2
µ,B3

µ); the Higgs
mechanism will select linear combinations of these to produce three massive bosons (W±, Z0) and a
massless one (γ).

The Higgs field is now a complexSU(2) doublet

φ =

(
φ+

φ0

)
, (29)

with φ+ andφ0 scalar fields. We need to add the Lagrangian

LHiggs = (Dµφ)
† (Dµφ)− V

(
φ†φ
)
, (30)

with the Higgs potential given by analogy to Eq. (6) as

V
(
φ†φ

)
= µ2

(
φ†φ

)
+ λ

(
φ†φ

)2
, (31)

with λ > 0. We should also include the interaction Lagrangian betweenthis scalar field and the fermionic
matter fields, which occurs through Yukawa couplings,

LYukawa= −Ge

[
Rφ†L + LφR

]
. (32)

As we see later, these terms give rise to masses for the matterfermions.

5
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Fig. 1: Scalar potentialV
(
φ†φ

)
with λ > 0 andµ2 < 0

A plot of the Higgs potential is presented in Fig. 1.2, where we see that〈φ〉 = 0 is an unstable
local minimum of the effective potential ifµ2 < 0, and that the minimum is at some〈φ〉 6= 0 with an
arbitrary phase, leading to spontaneous symmetry breaking. Minimizing the Higgs potential, we obtain

∂

∂ (φ†φ)
V
(
φ†φ

)
= µ2 + 2λ〈φ〉0 = µ2 + 2λ

[(
φ+vac

)2
+
(
φ0vac

)2]
= 0 . (33)

Choosingφ+vac = 0 andφ0vac =
√
−µ2/ (2λ), the v.e.v. of the scalar field becomes

〈φ〉0 =

(
0

v/
√
2

)
, (34)

with v ≡
√
−µ2/λ. Selecting a particular v.e.v. breaks, of course, bothSU(2)L andU(1)Y symmetries.

Nevertheless, an invariance under theU(1)EM symmetry is preserved, with the charge operator as the
generator. In the preceding section, we saw one example of the general theorem that, for every broken
generator (i.e., every generator that does not leave the vacuum invariant), there would (in the absence of
the Higgs mechanism) be a Goldstone boson.

In general, a generatorG leaves the vacuum invariant if

eiαG〈φ〉0 ≃ (1 + iαG) 〈φ〉0 = 〈φ〉0 , (35)

which is satisfied whenG〈φ〉0 = 0. Let’s test whether the generators ofSU(2)L ⊗ U(1)Y satisfy this
condition:

τ1〈φ〉0 =

(
0 1
1 0

)(
0

v/
√
2

)
=

(
v/
√
2

0

)
(36)

τ2〈φ〉0 =

(
0 −i
i 0

)(
0

v/
√
2

)
=

(
−iv/

√
2

0

)
(37)

τ3〈φ〉0 =

(
1 0
0 −1

)(
0

v/
√
2

)
=

(
0

−v/
√
2

)
(38)

Y 〈φ〉0 = 〈φ〉0 . (39)

Thus, none of the generators leave the vacuum invariant. However, we note that

Q〈φ〉0 =
1

2
(τ3 + Y ) 〈φ〉0 = 0 , (40)
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which is what we expected: the linear combination of generators corresponding to electric charge remains
unbroken. Correspondingly, as we shall now see, whilst the photon remains massless, the other three
gauge bosons acquire mass.

To see this, we now consider perturbations around the choiceof vacuum. The full perturbed scalar
field is

φ = exp

(
iξ · τ
2v

)(
0

(v + η) /
√
2

)
. (41)

However, in analogy to what we did for theU(1) Higgs in the previous section to rotate the Goldstone
bosonξ away, we are also able here to gauge-transform the scalarφ and the gauge and matter fields, i.e.,

φ → φ′ = exp

(−iξ · τ
2v

)
φ =

(
0

(v + η) /
√
2

)
. (42)

τ ·Bµ → τ ·B′
µ (43)

L → L′ = exp

(−iξ · τ
2v

)
L , (44)

while theAµ and R remain invariant. It is possible to show thatτ · B′
µ = τ · Bµ − ξ × Bµ · τ −

(1/g) ∂µ (ξ · τ).
In the unitary gauge, we can write the perturbed state as

〈φ〉0 → φ =

(
0

(v + η) /
√
2

)
, (45)

and the Lagrangian in the Yukawa sector, Eq. (32), becomes

LYukawa= −Ge

[
eRφ

†
(
νL
eL

)
+ (νL eL)φeR

]
= −Ge

v + η√
2

(eReL + eLeR) . (46)

Defininge ≡ (eR, eL) ande ≡ (eL, eR)
T yields

LYukawa= −
Gev√

2
ee− Geη√

2
ee , (47)

so that the electron has acquired a mass

me = Gev/
√
2 . (48)

Clearly, this mechanism may be applied to all the SM fermions, with the general feature that their masses
are proportional to their Yukawa couplings to the Higgs field1. This implies that the preferred decays of
a Higgs boson into generic fermionsf are into heavier species, as long as the Higgs mass> 2mf .

To see the effect of spontaneous symmetry breaking on the scalar-sector Lagrangian,LHiggs in
Eq. (30), it is useful to calculate first

φ†φ =

(
v + η√

2

)2

, (49)

so that

V
(
φ†φ

)
= µ2

(
v + η√

2

)2

+ λ

(
v + η√

2

)4

, (50)

and we also need

Dµφ = ∂µφ+
ig′

2
AµY φ+

ig

2
τ ·Bµφ , (51)

1The Higgs couplings to quarks also induce their Cabibbo–Kobayashi–Maskawa mixing — see Eq. (93) below.
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whose first term is simply

∂µφ =

(
0

∂µη/
√
2

)
. (52)

Using Eqs. (36)–(39), we calculate the second and third terms, i.e.,

ig′

2
AµY φ =

ig′

2
Aµφ =

ig′

2
Aµ

(
0

(v + η) /
√
2

)
, (53)

(τ ·Bµ)φ = B1
µ

(
(v + η) /

√
2

0

)
+B2

µ

(
−i (v + η) /

√
2

0

)
+B3

µ

(
0

− (v + η) /
√
2

)
.(54)

Hence,

Dµφ =




ig
2

(
v+η√

2

) (
B1

µ − iB2
µ

)

1√
2
∂µη +

(
v+η√

2

)
i
2

(
ig′Aµ − igB3

µ

)


 (55)

and

(Dµφ)† (Dµφ) =
g2

8
(v + η)2 |B1

µ − iB2
µ|2 +

1

2
(∂µη) (∂

µη) +
1

8
(v + η)2

(
g′Aµ − gB3

µ

)2
. (56)

With this, the scalar-sector Lagrangian becomes

LHiggs =

{
1

2
(∂µη) (∂

µη)− µ2

2
η2 +

v2

8

[
g2|B1

µ − iB2
µ|2 +

(
g′Aµ − gB3

µ

)2]
}

+

{
1

8

(
η2 + 2vη

) [
g2|B1

µ − iB2
µ|2 +

(
g′Aµ − gB3

µ

)2]

− 1

4
η4 − λvη3 − 3

2
λv2η2 −

(
λv3 + µ2v

)
η −

(
λv4

4
+
µ2v2

2

)}
. (57)

From the second term inside the first curly brackets, we see that theη field has acquired a mass; indeed,
it is the Higgs boson, with non-zero mass. The terms inside the second curly brackets either describe
interactions between the gauge and Higgs fields, or are constants that do not affect the physics.

It is convenient to define the charged gauge fieldsW±
µ as linear combinations of the massless

fieldsB1
µ andB2

µ, i.e.,

W±
µ ≡

B1
µ ∓ iB2

µ√
2

, (58)

and, analogously,

Zµ ≡
−g′Aµ + gB3

µ√
g2 + g′ 2

, (59)

Aµ ≡
gAµ + g′B3

µ√
g2 + g′ 2

. (60)

Writing the original fieldsAµ,Bi
µ in terms of the new fields, we have

B1
µ =

√
2

2

(
W−

µ +W+
µ

)
, B2

µ =

√
2

2

(
W−

µ −W+
µ

)
, (61)

B3
µ =

g′√
g2 + g′ 2

(
Aµ +

g

g′
Zµ

)
, Aµ =

g√
g2 + g′ 2

(
Aµ −

g′

g
Zµ

)
. (62)

Making these replacements in the broken scalar-sector Lagrangian, Eq. (57), leads to

LHiggs =

[
1

2
(∂µη) (∂µη)−

µ2

2
η2
]

+
v2g2

8
W+ µW+

µ +
v2g2

8
W− µW−

µ +

(
g2 + g′ 2

)
v2

8
ZµZµ

8
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+ ... , (63)

and it is evident now that while the photon fieldAµ is massless due to the unbrokenU(1)EM symmetry
(i.e., the symmetry undereiQα(x) rotations), the vector bosonsW± andZ0 have masses

mW = gv/2 , mZ = (v/2)
√
g2 + g′ 2 . (64)

We see again that the Higgs couplings to other particles, in this case theW± andZ0, are related to their
masses.

We also see that the masses of the neutral and charged weak-interaction bosons are related through

mZ = mW

√
1 + g′ 2/g2 . (65)

Experimentally, the weak gauge boson masses are known to high accuracy to be [13]

mW = 80.399 ± 0.023 GeV , mZ = 91.1875 ± 0.0021 GeV , (66)

which can be compared in detail with (65) only after the inclusions of radiative corrections. Meanwhile,
the current experimental upper limit on the photon mass, based on plasma physics, is very stringent:
mγ < 10−18 eV [14]. For the Higgs mass, we see from (57) that

mH = −2µ2 . (67)

A priori, however, there is no theoretical prediction within the Standard Model, sinceµ is not deter-
mined by any of the known parameters of the Standard Model. Later we will see various ways in which
experiments constrain the Higgs mass.

We can introduce a weak mixing angleθW to parametrize the mixing of the neutral gauge bosons,
defined by

tan (θW ) = g′/g , (68)

so that

cos (θW ) =
g√

g2 + g′ 2
, sin (θW ) =

g′√
g2 + g′ 2

. (69)

With this, we can write, from Eqs. (59) and (60),

Zµ = − sin (θW )Aµ + cos (θW )B3
µ , (70)

Aµ = cos (θW )Aµ + sin (θW )B3
µ . (71)

The relation (65) between the masses ofW± andZ0 becomes

mW = mZ cos (θW ) , (72)

and it is common practice to define the ratio

ρ =
m2

W

m2
Z cos2 (θW )

. (73)

According to the Standard Model, this is equal to unity at thetree level, a prediction that has been well
tested by experiment, including radiative corrections. The value ofsin2 (θW ) is obtained from measure-
ments of theZ pole and neutral-current processes, and depends on the renormalization prescription. The
2008 Particle Data Group review [13] states values ofsin2 (θW ) = 0.2319(14) andρ = 1.0004+0.0008

−0.0004 .

Therefore, after the spontaneous breaking of the electroweakSU(2)L⊗U(1)Y symmetry, we have
ended up with what we desired: three massive gauge bosons (W±, Z0) that mediate weak interactions,
one massless gauge boson (A) corresponding to the photon, and an extra, massive, Higgs boson (H).

9
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1.3 QCD

The QCD Lagrangian has a structure similar to that of the electroweak Lagrangian [13], being also a
gauge theory, but based on the groupSU(3) and without spontaneous symmetry breaking:

LQCD = −1

4
F a
µνF

a µν + i
∑

q

ψ
i
qγ

µ (Dµ)ij ψ
j
q −

∑

q

mqψ
i
qψqi , (74)

F a
µν = ∂µA

a
ν − ∂νAa

µ − gsfabcAb
µA

c
ν , (75)

(Dµ)ij = δij∂µ + igs
∑

a

λai,j
2
Aa

µ , (76)

with gs the strong coupling constant,fabc the SU(3) structure constants, andλi (i = 1, . . . , 8) the
generators ofSU(3) (which can be taken to be the eight traceless Gell-Mann matrices). Note also that
ψi
q is the free-field Dirac spinor representing a quark of colouri and flavourq and theAa

µ (a = 1, . . . , 8)
are the eight gluon fields. As is well known, QCD and non-Abelian gauge theories possess the property
of asymptotic freedom:αs ≡ g2s/4π obeys the renormalization-group equation (RGE) that determines
its evolution as a function of the effective scaleQ:

Q
dαs

dQ
= 2β0αs + ... , (77)

where

β0 = 11− 2

3
nq (78)

andnq is the number of quark flavours with masses≪ Q. In addition to (76), which specifies QCD at the
perturbative level, its full specification of its vacuum at the non-perturbative level requires an additional
angle parameter,θQCD, that violates both parity P and CP [15]2.

1.4 Parameters of the Standard Model

The transformation from being one of the possible explanations of electromagnetic, weak and strong
phenomena into a description in outstanding agreement withexperiments is reflected in the dozens of
electroweak precision measurements available today [13,16,17]. These are sensitive to quantum correc-
tions at and beyond the one-loop level, which are essential for obtaining agreement with the data. The
calculations of these corrections rely upon the renormalizability (calculability) of the SM3, and depend
on the masses of heavy virtual particles, such as the top quark and the Higgs boson and possibly other
particles beyond the SM. The consistency with the data may beused to constrain the masses of these
particles.

Many of these observables have quadratic sensitivity to themass of the top quark, e.g.,

s2W ≡ 1−m2
W /m

2
Z ∋ −

2α

16π sin2 (θW )

m2
t

m2
Z

. (79)

This effect was used before the discovery of the top quark to predict successfully its mass [18], and
the consistency of the prediction with experiment can be used to constrain possible new physics beyond
the SM, particularly mass-squared differences between isospin partner particles, that would contribute
analogously to (79). Many electroweak observables are alsologarithmically sensitive to the mass of the
Higgs boson, e.g.,

s2W ∋ 5α

24π
ln

(
m2

H

m2
W

)
(80)

2The upper limit on the electric dipole moment of the neutron tells us that|θQCD| < O(10−9) [13].
3A crucial aspect of this is cancellation of anomalous triangle diagrams between quarks and leptons, which may be a hint of

an underlying Grand Unified Theory — see Lecture 4.
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whenmH ≫ mW . If there were no Higgs boson, or nothing to do its job4, radiative corrections such
as (80) would diverge, and the SM calculations would become meaningless. Two examples of precision
electroweak observables, namely the coupling of theZ0 boson to leptons and the mass of theW boson,
are shown in Fig. 2.
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Fig. 2: Left: LEP and SLD measurements ofsin2 θW and the leptonic decay width of theZ0, Γll, compared with
the SM prediction for different values ofmt andmH . Right: The predictions formt andmW made in the SM
using LEP1 and SLD data (dotted mango-shaped contour) for different values ofmH , compared with the LEP2
and Tevatron measurements (ellipse). The arrows show the additional effects of the uncertainty in the value ofαem

at theZ0 peak [16].

Table 2 and Fig. 1.4 [17] compare the predicted (fitted) and experimentally measured values for
several parameters of the Standard Model; the agreement is usually better than1σ. This is a remarkable
success for a theory that, as we have seen, can be written downin only a few lines.

The agreement of the precision electroweak observables with the SM can be used to predictmH ,
just as it was used previously to predictmt. Since the early 1990s [19], this method has been used to
tighten the vise on the Higgs, providing ever-stronger indications that it is probably relatively light, as
hinted in Fig. 4. The latest estimate of the Higgs mass is [16]

mH = 89+35
−26 GeV. (81)

Although the central value is somewhat below the lower limitof 114.4 GeV set by direct searches at
LEP [20], there is consistency at the 1-σ level, and no significant discrepancy.A priori, the relatively
light mass range (81) suggests that the Higgs boson interacts relatively weakly, with a small quartic
couplingλ, though there is no theoretical consensus on this: see the discussion in the next Lecture.

This success is very impressive. However, our rejoicing is muted by the fact that to specify the
SM we need at least 19 input parameters in order to calculate physical processes, namely:

• three coupling parameters, which we can choose to be the strong coupling constant,αs, the fine
structure constant,αem, and the weak mixing angle,sin2 (θW );

• two parameters that specify the shape of the Higgs potential, µ2 andλ (or, equivalently,mH and
mW ormZ);

• six quark masses (or the six Yukawa couplings for the quarks);

4See Lecture 2 for a discussion of possible alternatives.
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Table 2: Fit and experimental values of some SM quantities, as obtained using theGfitter package [17]. For all
the observables listed, exceptAl (LEP) andAl (SLD), the fit values shown are the results of ‘complete fits’,i.e.,
the results of using all the inputs, including the input value of the parameter that is being fit, to calculate the result.
For the two exceptions, the fit values shown were calculated using all inputs except their own. Consult [17] for a
description of each observable.

Parameter Input value Fit value
MZ [GeV] 91.1875 ± 0.0021 91.1876 ± 0.0021
ΓZ [GeV] 2.4952 ± 0.0023 2.4956 ± 0.0015
σ0had 41.540 ± 0.037 41.478 ± 0.014
R0

l 20.767 ± 0.025 20.741 ± 0.018

A0,l
FB 0.0171 ± 0.0010 0.01624 ± 0.0002

Al (LEP) 0.1465 ± 0.0033 0.1473 ± 0.0009

Al (SLD) 0.1513 ± 0.0021 0.1465+0.0007
−0.0010

sin2 φleff (QFB) 0.2324 ± 0.0012 0.23151+0.00010
−0.00012

A0,c
FB 0.0707 ± 0.0035 0.0737 ± 0.0005

A0,b
FB 0.0992 ± 0.0016 0.1032+0.0007

−0.0006

Ac 0.670 ± 0.027 0.6679+0.00042
−0.00036

Ab 0.923 ± 0.020 0.93463+0.00007
−0.00008

R0
c 0.1721 ± 0.0030 0.17225 ± 0.00006

R0
b 0.21629 ± 0.00066 0.21577 ± 0.00005

∆α
(5)
had

(
M2

Z

)
2768 ± 22 2764+22

−21

MW [GeV] 80.399 ± 0.023 80.371+0.008
−0.011

ΓW [GeV] 2.098 ± 0.048 2.092 ± 0.001
mc [GeV] 1.25 ± 0.09 1.25± 0.09
mb [GeV] 4.20 ± 0.07 4.20± 0.07
mt [GeV] 173.1 ± 1.3 173.6 ± 1.2

• four parameters (three mixing angles and one weak CP-violating angle) for the Cabibbo-Kobayashi-
Maskawa matrix [see Eq. (93) below];

• three charged-lepton masses (or the corresponding Yukawa couplings);

• one parameter to allow for non-perturbative CP violation inQCD,θQCD.

Moreover, because we now know that neutrinos have mass and that they mix (see, e.g., [21, 22]), the
Standard Model must be extended to incorporate this fact. Therefore, we also need to specify three neu-
trino masses and three mixing angles plus a CP-violating phase for the neutrino mixing matrix, bringing
the grand total to 26 parameters. Additionally, if neutrinos turn out to be Majorana particles, so that they
are their own antiparticles, two more CP-violating phases need to be specified. Notice that at least 20 of
the parameters relate to flavour physics.

Many of the ideas for physics beyond the SM that are discussedlater have been motivated by
attempts to reduce the number of its parameters, or understand their origins, or at least to make them
seem less unnatural, as discussed in subsequent Lectures.

1.5 Bounds on the Standard Model Higgs boson mass

1.5.1 Upper bounds from unitarity

As already emphasized, if there were no Higgs boson, and nothing analogous to replace it, the Standard
Model would not be a calculable, renormalizable theory. This incompleteness is reflected in the be-
haviours of physical quantities as the Higgs mass increases. The most basic example of this isW+W−
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Fig. 3: Comparison between direct measurements and the results of afit using theGfitter package [17]

scattering [23], whose high-energys-wave amplitude grows withmH :

T ∼ −4GF√
2
m2

H . (82)

Imposing the unitarity bound|T | < 1, one finds the upper limitM2
H < 4π

√
2/GF , which is strengthened

to

M2
H <

8π
√
2

3GF
∼ 1 TeV2 (83)

when one makes a coupled analysis including theZ0Z0 channel.

A related effect is seen in the behaviour of the quartic self-couplingλ of the Higgs field. Like
any of the Standard Model parameters,λ is subject to renormalizationvia loop corrections. Loops of
fermions, most importantly the top quark, tend todecreaseλ as the renormalization scaleΛ increases,
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Fig. 4: Theχ2 likelihood function formH in a global electroweak fit. The blue band around the (almost)parabolic
solid curve represents the theoretical uncertainty: the other curves indicate the effects of different calculations of
the renormalization ofαem and of including low-energy data. The shaded regions are those excluded by LEP and
by the Tevatron [16].

whereas loops of bosons tend toincreaseλ. In particular, if the Higgs mass& mt, the positive renor-
malization due to the Higgs self-coupling itself is dominant, andλ increases uncontrollably withΛ. The
larger the value ofmH , the larger the low-energy value ofλ, and the smaller the value ofΛ at whichλ
blows up. In general, one should regard the limiting value ofΛ, also for smallermH , as a scale where
novel non-perturbative dynamics must set in. This behaviour is seen in the upper part of Fig. 5, where we
see, for example, that ifmH = 170 GeV, thenΛ ∼ 1019 GeV, whereas ifmH = 300 GeV, the coupling
λ blows up at a scaleΛ ∼ 106 GeV. One may ask: under what circumstances doesmH ∼ Λ itself? The
answer is whenmH ∼ 700 GeV: if the Higgs boson were heavier than this mass, the Higgsself-coupling
would blow up at a scale smaller than its mass. In this case, Higgs physics would necessarily be described
by some new strongly-interacting theory, cf., the technicolour theories described in Lecture 2.

1.5.2 Lower bounds from vacuum stability

Looking at lower values ofmH in Fig. 5, we see an uneventful range ofmH extending down tomH ∼
130 GeV, where (as far as we know) the SM could continue to be validall the way to the Planck scale. At
lowermH , there is a band below which the present electroweak vacuum becomes unstable at some scale
Λ < 1019 GeV. For example, if the Higgs is slightly above the present experimental lower limit from
LEP,mH ∼ 115 GeV, the present electroweak vacuum is unstable against decay into a vacuum with
〈|φ|〉 ∼ 107 GeV. This instability is due to the negative renormalization of λ by the top quark, which
overcomes the positive renormalization due toλ itself, and drivesλ < 0 5.

If mH is only slightly below the top band, and above the middle band, it is true that the present

5The widths of the boundary bands indicate the uncertaintiesin these calculations.
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Fig. 5: The scaleΛ at which the two-loop RGEs drive the quartic SM Higgs coupling non-perturbative (upper
curves), and the scaleΛ at which the RGEs create an instability in the electroweak vacuum (lower curves). The
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indicate the LEP [20] and Tevatron [24] exclusion domains. Figure taken from [25].

electroweak vacuum is in principle unstable against decay into a state with〈|φ|〉 > Λ, but it would not
have decayed during the conventional thermal expansion of the Universe at finite temperatures. Below
the middle band but above the lowest band, the vacuum would have decayed to a correspondingly large
value of〈|φ|〉 at some finite temperature, but its present-day (low-temperature) lifetime is longer than the
age of the Universe. Below the lowest band, the lifetime for decay to a vacuum with〈|φ|〉 > Λ would be
less than the present age of the Universe at low temperatures, and we should really watch out!

In fact, as we see shortly, such low values ofmH are almost excluded by LEP searches for the SM
Higgs boson, as also seen in Fig. 5.

One could in principle avoid this vacuum instability by introducing some new physics at an energy
scale< Λ: what type of physics [26]? One needs to overcome the negative effects of renormalization of
λ by loops with the top quark circulating. The sign of renormalization could be reversed by loops with
some boson circulating, potentially restoring the stability of the electroweak vacuum. However, then
one should consider the renormalization of the quartic coupling between the Higgs and the new boson.
It turns out that the renormalization of this coupling is in turn very unstable, and that the best way to
stabilize this coupling would be to introduce a new fermion.

These new scalars and fermions look very much like the partners of the top quark and Higgs
bosons, respectively, that are predicted by supersymmetry[26]. In Lecture 3 we will study in more detail
the renormalization of mass and vacuum parameters in a supersymmetric theory.

1.5.3 Results from searches at LEP and the Tevatron

As seen in Fig. 2, searches for the reactione+e− → Z0 + H at LEP established a lower limit on the
possible mass of a SM Higgs boson [20]:

mH > 114.4 GeV (84)
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Fig. 6: Dependence onMH of the∆χ2 function obtained from the global fit of the SM parameters to precision
electroweak data [25], excluding (left) or including (right) the results from direct searches at LEP and the Tevatron

at the 95% confidence level. The lower limit (84) is somewhat higher than the central value of the SM
Higgs mass preferred by the global precision electroweak fit(81), but there is no significant tension be-
tween these two pieces of information. Figure 6 shows theχ2 likelihood function obtained by combining
the LEP search and the global electroweak fit. At the 95% confidence level, one finds [20]

mH < 157 GeV, 186 GeV, (85)

depending whether one uses precision electroweak data alone, or includes also the lower limit (84) from
the direct search at LEP. Theχ2 function obtained by combining the LEP limit (84) with the precision
electroweak fit is shown in Fig. 6. Notice the little blip atmH ∼ 115 GeV, reflecting the hint of a signal
found in the last run at the highest LEP energies: this was only at the 1.7-σ level, insufficient to claim
any evidence.

Searches at the Fermilab Tevatron collider have recently started to exclude a region of mass for
the SM Higgs boson, as also seen in Figs. 2, 5 and 6. At the time of writing, these searches exclude [24]

163 GeV < mH < 166 GeV (86)

at the 95% confidence level, as seen in Fig. 7. At smaller masses, the Tevatron 95% confidence level
upper limit on Higgs production and decay is only a few times bigger than the SM expectations, and the
integrated luminosity is expected to double over the next couple of years.

Figure 6 also includes the effect on theχ2 likelihood function of combining the Tevatron search
with the global electroweak fit and the LEP search. We see fromthis that the ‘blow-up’ regionmH >
180 GeV is strongly disfavoured: above the 99% confidence level if the Tevatron data are included,
compared with 96% if they are dropped [25]. The combination of all the data yields a 68% confidence
level range [17]

mH = 116+16
−1.3 GeV. (87)

The Tevatron is expected to continue running until late 2011, accumulatingO(10)/fb of integrated lumi-
nosity. That could be sufficient to exclude a SM Higgs boson over all the mass range between (84) and
(86), which would exclude all the preferred range (85) — a very intriguing possibility! Alternatively,
perhaps the Tevatron will find some evidence for a Higgs bosonwith a mass within this range?
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Fig. 8: Left: the dominant mechanisms for producing a SM Higgs bosonat the LHC at 14 TeV, and right: the most
important branching ratios for a SM Higgs boson, taken from [27]

1.5.4 LHC prospects

The search for the Higgs boson is one of the main raisons d’être of the LHC. Many mechanisms may
make important contributions to SM Higgs production at the LHC. If the Higgs boson is relatively light,
as suggested above, the dominant production mechanisms areexpected to begg → H andW+W− →
H, where theW± are radiated off incoming quarks:q →Wq′.

As already mentioned, the fact that Higgs couplings to otherparticles are proportional to their
masses implies that the Higgs prefers to decay into the heaviest particles that are kinematically accessible.
As seen in Fig. 8, this means that a Higgs lighter than∼ 130 GeV prefers to decay intōbb, whereas a
heavier Higgs prefers to decay intoW+W− andZ0Z0. However, couplings to lighter particles can
become important under certain circumstances. For example, whilst there is no tree-level coupling to
gluons because they are massless, one is induced by loops of heavy particles such as the top quark. For
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boson as a function ofmH . Right: the significance expected by ATLAS [29] for a SM Higgsboson, assuming
10/fb of data at 14 TeV.

the same reason, there is no tree-level Higgs coupling to photons, but the Higgs boson may decay into
γγ via top andW± loops. Although this decay has a very small branching ratio,it is very distinctive
experimentally, and may be detectable at the LHC if the SM Higgs weighs< 130 GeV.

Figure 9 displays estimates of the sensitivities of CMS (left) [28] and ATLAS (right) [29] to a
SM Higgs boson. A fraction of an inverse femtobarn per experiment may suffice to exclude a Higgs
boson over a large range of masses from∼ 150 GeV to∼ 400 GeV. An integrated luminosity∼ 1/fb
per experiment would be needed to discover a Higgs boson witha mass in a similar range, but more
luminosity would be required ifmH < 150 GeV. Indeed, a luminosity∼ 5/fb per experiment would be
needed for discovery over all the displayed range ofmH , down to the LEP limit. One way or another,
the LHC will be able determine whether or not there is a SM Higgs boson.

1.6 Issues beyond the Standard Model

The Standard Model, however, is not expected to be the final description of the fundamental interactions,
but rather an effective low-energy (up to a few TeV) manifestation of a more complete theory.

Some of the outstanding questions in the Standard Model are:

• How is electroweak symmetry broken? In other words, how do gauge bosons acquire mass?
We have seen that the Standard Model incorporates the Higgs mechanism in the form of a single
weak-isospin doublet with a non-zero v.e.v. in order to generate the gauge boson masses, but this
is not the only possible way in which the electroweak symmetry can be broken. For instance,
there could be more than one Higgs doublet, the Higgs could bea pseudo-Goldstone boson (with
a low mass relative to the mass scale of some new interaction)or electroweak symmetry could be
broken by a condensate of new particles bound by a new strong interaction. We cover a few of the
possibilities in Lecture 2.

• How do fermions acquire mass?Electroweak symmetry breaking is a necessary, but not a suffi-
cient, condition to generate the fermion masses. There alsoneeds to be a mechanism that generates
the required Yukawa couplings [see Eq. (46)] between the fermions and the (effective) Higgs field.
The separation between electroweak symmetry breaking and the generation of fermion masses is
made evident in models of dynamical symmetry breaking, suchas technicolour (see Section 2),
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where the breaking is carried out by the formation of a condensate of particles associated to a new
interaction, a process which, while breaking electroweak symmetry and giving masses to the gauge
bosons, does not necessarily give masses to the fermions. This situation is resolved by adding new
interactions which are responsible for generating the fermion masses. Within the Standard Model,
there are no predictions for the values of the Yukawa couplings. Moreover, the values required
to generate the correct masses for the three charged leptonsand the six quarks span six orders of
magnitude, which presumably makes the mechanism for the generation of the couplings highly
non-trivial.

• The hierarchy problem. Why should the Higgs mass remain low,mH . 1 TeV, in the face of di-
vergent quantum loop corrections? Following [3], the Higgsmass can be expanded in perturbation
theory as

m2
H

(
p2
)
= m2

0,H + Cg2
∫ Λ2

p2
dk2 + . . . , (88)

wherem2
0,H is the tree-level (classical) contribution to the Higgs mass squared,g is the coupling

constant of the the theory,C is a model-dependent constant, andΛ is the reference scale up to
which the Standard Model is assumed to remain valid. The integrals represent contributions at
loop level and are apparently quadratically divergent. If there is no new physics, the reference
scale is high, like the Planck scale,Λ ∼ MPl ≈ 1019 GeV or, in Grand Unified Theories (GUTs),
Λ ∼ MGUT ≈ 1015 − 1016 GeV (see Lecture 4). Clearly, both choices result in large corrections
to the Higgs mass. In order for these to be small, there are twoalternatives: either the relative
magnitudes of the tree-level and loop contributions are finely tuned to yield a net contribution
that is small (a feature that is disliked by physicists, but which Nature might have implemented),
or there is a new symmetry, like supersymmetry, that protects the Higgs mass, as discussed in
Lecture 3.

• The vacuum energy problem. The value of the scalar potential, Eq. (31), at the v.e.v.〈φ〉0 of the
Higgs boson is

V
(
〈φ†φ〉0

)
=
µ2v2

4
< 0 . (89)

Hence, because the Higgs mass ism2
H = −2µ2, this corresponds to a uniform vacuum energy

density

ρH = −m
2
Hv

2

8
. (90)

Taking v =
(
GF

√
2
)−1/2 ≈ 246 GeV for the Higgs v.e.v. and using the current experimental

lower bound on the Higgs mass [13],mH & 114.4 GeV, we have

−ρH & 108 GeV4 . (91)

On the other hand, if the apparent accelerated expansion of the Universe — originally inferred
from observations of type 1A supernovae [30] — is attributedto a non-zero cosmological constant
corresponding to∼ 70% of the total energy density of the Universe [13], the required energy
density should be

ρvac∼ 10−46 GeV4 , (92)

which is at least 54 orders of magnitude lower than the corresponding density from the Higgs field,
and of the opposite sign! The character of this dark energy remains unexplained [31,32], and will
probably remain so until we have a full quantum theory of gravity.

• How is flavour symmetry broken? Part of the flavour problem in the Standard Model is, of
course, related to the widely different mass assignments ofthe fermions ascribed to the Yukawa
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couplings, which also set the mixing angles between flavour and mass eigenstates. Mixing oc-
curs both in the quark and the lepton sectors, the former being parametrized by the Cabibbo–
Kobayashi–Maskawa (CKM) matrix and the latter, by the Maki–Nakagawa–Sakata (MNS) matrix.
These are complex rotation matrices, and can each be writtenin terms of three mixing angles and
one CP-violating phase (δ) [13]:

V =




c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13


 , (93)

wherecij ≡ cos (θij), sij ≡ sin (θij). While the off-diagonal elements in the quark sector are
rather small (of order10−1 to 10−3), so that there is little mixing between quark families, in the
lepton sector the off-diagonal elements (except for[VMNS]e3, which is close to zero) are of order
1, so that the mixing between neutrino families is large. TheStandard Model does not provide an
explanation for this difference.

• What is dark matter? The observation that galaxy rotation curves do not fall off with radial
distance from the galactic centre can be explained by postulating the existence of a new type of
weakly-interacting matter,dark matter, in the halos of galaxies. Supporting evidence from the cos-
mic microwave background (CMB) indicates that the dark matter makes up∼ 25% of the energy
density of the Universe [33]. Dark matter is usually thoughtto be composed of neutral relic parti-
cles from the early Universe. Within the Standard Model, neutrinos are the only candidate massive
neutral relics. However, they contribute only with a normalized density ofΩν & 1.2 (2.2)× 10−3

if the mass hierarchy is normal (inverted), or no more than10% if the lightest mass eigenstate lies
around 1 eV, that is, if the hierarchy is degenerate [3]. On top of that, structure formation indicates
that dark matter should be cold, i.e., non-relativistic at the time of structure formation, whereas
neutrinos would have been relativistic particles. Within the Minimal Supersymmetric extension of
the Standard Model (MSSM), the lightest supersymmetric partner, called aneutralino, is a popular
dark matter candidate [34].

• How did the baryon asymmetry of the Universe arise?The antibaryon density of the Universe
is negligible, whilst the baryon-to-photon ratio has been determined, using WMAP data6 of the
CMB [35] to be

η =
nb − nb
nγ

≃ nb
nγ

= 6.12 (19) × 10−10 , (94)

wherenb, nb, andnγ are the number densities of baryons, antibaryons, and photons, respectively.
The fact that the ratio is not zero is intriguing consideringthat, in a cosmology with an inflationary
epoch, conventional thermal equilibrium processes would have yielded an equal number of parti-
cles and antiparticles. In 1967, Sakharov [36] establishedthree necessary conditions (more fully
explained in [37]) for the particle–antiparticle asymmetry of the Universe to be generated:

1. violation of the baryon number,B;

2. microscopic C and CP violation;

3. loss of thermal equilibrium.

Otherwise, the rate of creation of baryons equals the rate ofdestruction, and no net asymme-
try results. In the perturbative regime, the Standard ModelconservesB; however, at the non-
perturbative level,B violation is possible through the triangle anomaly [15]. The loss of thermal
equilibrium may occur naturally through the expansion of the Universe, and CP violation enters
the Standard Model through the complex phase in the CKM matrix [13]. However, the CP viola-
tion observed so far, which is described by the Kobayashi–Maskawa mechanism of the Standard

6We use here values from the three-year WMAP analysis [35], rather than the five-year analysis [33], in order to be consistent
with the values quoted by the Particle Data Group [13] summary tables.
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Model, is known to be insufficient to explain the observed value of the ratioη, and new physics
is needed. One possible solution lies in leptogenesis scenarios, where the baryon asymmetry is a
result of a previously existing lepton asymmetry generatedby the decays of heavy sterile neutri-
nos [38].

• Quantization of the electric charge. It is an experimental fact that the charges of all observed
particles are simple multiples of a fundamental charge, which we can take to be the electron charge,
e. Dirac [39–41] proved that the existence of even a single magnetic monopole (a magnet with only
one pole) is sufficient to explain the quantization of the electric charge, but the particle content of
the Standard Model (see Table 1) does not include magnetic monopoles. Hence, in the absence of
any indication for a magnetic monopole, the explanation of charge quantization must lie beyond
the Standard Model. Indeed, so far there has only been one candidate monopole detection event
in a single superconducting loop [42], in 1982, and the monopole interpretation of the event has
now been largely discounted. One expects monopoles to be very massive and non-relativistic at
present, in which case time-of-flight measurements in the low-velocity regime (β ≡ v/c ≪ 1)
become important. The best current direct upper limit on thesupermassive monopole flux comes
from cosmic-ray observations [13]:

Φ1pole< 1.0× 10−15 cm−2sr−1s−1 , (95)

for 1.1×10−4 < β < 0.1. An alternative route towards charge quantization isvia a Grand Unified
Theory (GUT) (see Lecture 4). Such a theory implies the existence of magnetic monopoles that
would be so massive that their cosmological density would besuppressed to an unobservably small
value by cosmological inflation.

• How to incorporate gravitation? One of the most obvious shortcomings of the Standard Model
is that it does not incorporate gravitation, which is described on a classical level by general rela-
tivity. However, the consistency of our physical theories requires a quantum theory of gravity. The
main difficulty in building a quantum field theory of gravity is its non-renormalizability. String
theory [43] and loop quantum gravity [44] constitute attempts at building a quantized theory of
gravity. If one could answer this question, one would surelyalso be able to solve the dark energy
problem. Conversely, solving the dark energy problem presumably requires a complete quantum
theory of gravity.

2 Electroweak symmetry breaking beyond the Standard Model

2.1 Theorists are getting cold feet

After so many years, it seems that we will soon know whether a Higgs boson exists in the way predicted
by the Standard Model, or not. Closure at last!

Like the prospect of an imminent hanging, the prospect of imminent Higgs discovery concentrates
wonderfully the minds of theorists, and many theorists withcold feet are generating alternative models,
as prolifically as monkeys on their laptops. These serve the invaluable purpose of providing benchmarks
that can be compared and contrasted with the SM Higgs. Experimentalists should be ready to search for
reasonable alternatives, already at the Tevatron and also at the LHC once it is up and running, and they
should be on the look-out for tell-tale deviations from the SM predictions if a Higgs boson should appear.

Even within the SM with a single elementary Higgs boson, questions are being asked. As dis-
cussed in the previous section, within this framework the experimental data seem to favour a light Higgs
boson. However, the interpretation of the precision electroweak data has been challenged. Even if one
accepts the data at face value, the SM fit may need to take into account non-renormalizable, higher-
dimensional interactions that could conspire to permit a heavier SM Higgs boson? In this section, in
addition to these possibilities, we explore several mechanisms of electroweak symmetry breaking be-
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yond the minimal Higgs, i.e., a single elementarySU(2) Higgs doublet whose potential is arranged to
have a non-zero v.e.v.

Any successful model of electroweak symmetry breaking mustgive masses to the matter fermions
as well as the weak gauge bosons. This could be achieved usingeither a single boson, as in the SM, or
two of them, as in the Minimal Supersymmetric extension of the Standard Model (MSSM)7, or by some
composite of new fermions with new strong interactions thatgenerate a non-zero v.e.v. as in (extended)
technicolour models, or by some Higgsless mechanism.

We do know, however, that the energy scale at which EWSB must occur isO(1) TeV [45]. This
scale is set by the decay constant of the three Goldstone bosons that, through the Higgs mechanism, are
transformed into the longitudinal components of the weak gauge bosons:

Fπ =
(
GF

√
2
)−1/2

≈ 246 GeV . (96)

If there is any new physics associated to the breaking of electroweak symmetry, it must occur near this
energy scale. Another way to see how this energy scale emerges is to considers-waveWW scattering.
In the absence of a direct-channel Higgs pole, this amplitude would violate the unitarity limit at an energy
scale∼ 1 TeV (82).

It is the scale of 1 TeV, and the typical values of QCD and electroweak cross sections at this
energy,σ ≃ 1 nb–1 fb, that set the energy and luminosity requirements of the LHC:

√
s = 14 TeV and

L = 1034 cm−2 s−1 for pp collisions [13]. This energy scale is to be contrasted with the energy scale
of the other unexplained broken symmetry in the SM, namely flavour symmetry, which is completely
unknown: it may lie anywhere from 1 TeV up to the Planck scale,MP = 1.22 × 1019 GeV.

There are some general constraints that any proposed model of electroweak symmetry breaking
must satisfy [46]. First, the model must predict a value of the ρ parameter, Eq. (73), that agrees with
the valueρ ≈ 1 found experimentally. The desired valueρ = 1 is found automatically in models that
contain only Higgs doublets and singlets, but would be violated in models with scalar fields in larger
SU(2) representations. A second constraint comes from the strictupper limits on flavour-changing
neutral currents (FCNCs). These are absent at tree level in the minimal Higgs model, a fact that is in
general not true in non-minimal models.

2.2 Interpretation of the precision electroweak data

It is notorious that the two most precise measurements at theZ0 peak, namely the asymmetries measured
with leptons (particularlyAℓ(SLD)) and hadrons (particularlyA0,b

FB), do not agree very well [47], as seen
in Table 2 and Fig. 1.48. Within the SM, they favour different values ofmH , around 40 and 500 GeV,
respectively, as seen in Fig. 10. Most people think that thisdiscrepancy is just a statistical fluctuation,
since the totalχ2 of the global electroweak fit is acceptable (χ2 = 17.3 for 13 d.o.f., corresponding to
a probability of 18% [16]), but it may also reflect the existence of an underestimated systematic error.
However, if there were a big error inA0,b

FB, the preferred value ofmH would be pulled uncomfortably
low by the other data, whereas if there was a big error in the interpretation of the leptonic datamH would
be pulled towards much higher values. On the other hand, if wetake both pieces of data at face value,
perhaps the discrepancy is evidence for new physics at the electroweak scale. In this case there would be
no firm basis for the prediction of a light Higgs boson, which is based on a Standard Model fit, and no fit
value ofmH could be trusted?

7We leave the treatment of the Higgs sector within the MSSM fora later section.
8Another anomaly is exhibited by the NuTeV data on deep-inelasticν−N scattering [48], but this is easier to explain away

as due to our lack of understanding of hadronic effects.
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Fig. 10: The 68% confidence level ranges formH that are indicated by various individual electroweak measure-
ments [16]

2.3 Higher-dimensional operators within the SM

The Standard Model should be regarded simply as an effectivelow-energy theory, to be embeded within
some more complete and satisfactory theory. Therefore, oneshould anticipate that the renormalizable
dimension-four interactions of the SM could be supplemented by higher-dimensional operators of the
general form:

Leff = LSM +Σi
ci
Λp
i

O4+p
i , (97)

whereΛi is a scale at which the supplementary interactionO4+p
i of dimension4 + p appears to be

generated. A global fit to the precision electroweak data suggests that, if the Higgs is indeed light, the
coefficients of these additional interactions are small:

Λi > O(10) TeV (98)

for ci = ±1. It is then a problem to understand the ‘little hierarchy’ between the electroweak scale and
Λi.

However, conspiracies are in principle possible, which could allow mH to be large, even if one
takes the precision electroweak data at face value [49]. Examples are shown in Fig. 11, where one sees
corridors of allowed parameter space extending up to a heavyHiggs mass, ifΛi ≪ 10 TeV. A theory that
predicts a heavy Higgs boson but remains consistent with theprecision electroweak data should predict
a correlation of the type seen in Fig. 11. At the moment, this may seem unnatural to us, but Nature may

23

BEYOND THE STANDARD MODEL FOR MONTAÑEROS

167



1 10 1003 30
Scale of new physics in TeV

0.1

1

0.3

hi
gg

s
m

as
s

in
T

eV

1 10 1003 30
Scale of new physics in TeV

0.1

1

0.3

hi
gg

s
m

as
s

in
T

eV

Fig. 11: The 68%, 90%, 99% and 99.9% confidence levels fit for global electroweak fits including two different
types of higher-dimensional operators, demosntrating that they might conspire with a relatively heavy Higgs boson
to yield and acceptable fit [49]

know better. In any case, any theory beyond the SM must link the value ofmH and the scales of these
higher-dimensional effective operators in some way.

2.4 Little Higgs

One way to address the ‘little hierarchy problem’ and explain the lightness of the Higgs boson (if it is
light) is by treating it as a pseudo-Goldstone boson corresponding to a spontaneously broken approxi-
mate global symmetry of a new strongly-interacting sector at some higher mass scale, the ‘little Higgs’
scenario [50]. Such a theory would work by analogy with the pions in QCD, which have masses far
below the generic mass scale of the strong interactions∼ 1 GeV.

If the Higgs is a pseudo-Goldstone boson, its mass is protected from acquiring quadratically-
divergent loop corrections [51]. This occurs as a result of the particular manner in which the gauge and
Yukawa couplings break the global symmetries: more than onecouplng must be turned on at a time in
order for the symmetry to be broken, a feature known as ‘collective symmetry breaking’ [52, 53]. As
a consequence, the quadratic divergences that would normally appear in the SM are cancelled by new
particles, sometimes in unexpected ways. For example, the top-quark loop contribution to the Higgs
mass-squared has the general form

δm2
H,top(SM) ∼ (115GeV )2

(
Λ

400 GeV

)2

. (99)

As illustrated in Fig. 12, in little Higgs models this is cancelled by the loop contribution due to a new
heavy top-like quarkT with charge +2/3 that is a singlet ofSU(2)L, leaving a residual logarithmic
divergence:

δm2
H,top(LH) ∼ 6GFm

2
t√

2π2
m2

T log
Λ

mT
. (100)

Analogously, the quadratic loop divergences associated with the gauge bosons and the Higgs boson of
the Standard Model are cancelled by loops of new gauge bosonsand Higgs bosons in little Higgs models.

The net result is a spectrum containing a relatively light Higgs boson and other new particles that
may be somewhat heavier:

MT < 2 TeV
( mH

200 GeV

)2
,MW ′ < 6 TeV

( mH

200 GeV

)2
,MH++ < 10 TeV. (101)
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Fig. 12: Left: If the Standard Model Higgs boson weighs around 200 GeV, the top-quark loop contribution to its
physical mass (calculated here with a loop momentum cutoff of 10 TeV) must cancel delicately against the tree-
level contribution. Right: In ‘little Higgs’ models, the top-quark loop is cancelled by loops containing a heavier
charge-2/3 quark [50].

The extraT quark, in particular, should be accessible to the LHC. In addition, there should be more
new strongly-interacting physics at some energy scale at orabove 10 TeV, to provide the ultra-violet
completion of the theory.

2.5 Technicolour

Little Higgs models are particular examples of composite Higgs models, of which the prototypes were
technicolour models [54, 55]. In these models, electroweaksymmetry is broken dynamically, by the
introduction of a new non-Abelian gauge interaction [56–58] that becomes strong at the TeV scale. The
building blocks are massless fermions called technifermions and new force-carrying fields called tech-
nigluons. As in the SM, the left-handed components of the technifermions are assigned to electroweak
doublets, while the right-handed components form electroweak singlets, and both components carry hy-
percharge. AtΛEW ∼ 1 TeV the technicolour coupling becomes strong, which leads to the formation of
condensates of technifermions with v.e.v.’s

〈φ〉 = 〈fLfR〉 ≡ v . (102)

Because the left-handed technifermions carry electroweakquantum numbers, but the right-handed ones
do not, the formation of this technicondensate breaks electroweak symmetry.

The massless technifermions have the chiral symmetry group

Gχ = SU(2ND)L ⊗ SU(2ND)R ⊃ SU(2)L ⊗ SU(2)R , (103)

whereND is the number of technifermion doublets. When the condensate forms, this large global sym-
metry is broken down to

Sχ = SU(2ND) ⊃ SU(2)V , (104)

whereV refers to the vector combination of left and right currents,and4N2
D − 1 massless Goldstone

bosons appear, with decay constantF TC
π . Similarly to the Higgs mechanism in the SM, three of these

bosons are ‘eaten’ and become the longitudinal components of the W± andZ0 weak bosons, which
acquire masses [45]

mW =
g

2

√
NDF

TC
π , mZ =

1

2

√
g2 + g′ 2

√
NDF

TC
π =

mW

cos (θW )
. (105)
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The scaleΛTC at which technicolour interactions become strong is related to the magnitude of elec-
troweak symmetry breaking, namely to the weak scale, by:

ΛTC = few× F TC
π , F TC

π = Fπ/
√
ND , (106)

whereFπ = v ≈ 246 GeV. The breaking of the chiral symmetry in technicolour is reminiscent of
chiral symmetry in QCD, which provides a working precedent for the model9. Technicolour guarantees
ρ = m2

W /
(
m2

Z cos (θW )
)
= 1+O (α) through a custodialSU(2)R flavour symmetry inGχ [45], which

is traceable to the quantum numbers assigned to the technifermions.

Dynamical symmetry breaking addresses the problem of quadratic divergences in the Higgs mass-
squared, such as (99), by introducing a composite Higgs boson that ‘dissolves’ at the scaleΛTC. In
this way, it makes loop corrections to the electroweak scale‘naturally’ small. Moreover, technicolour
has a plausible mechanism for stabilizing the weak scale farbelow the Planck scale. The idea is that
technicolour, being an asymptotically-free theory, couples weakly at very high energies∼ 1016 GeV,
and then evolves to become strong at lower energies∼ 1 TeV [54]. However, writing down an explicit
GUT scenario based on this scenario has proved elusive.

As described above, the simplest technicolour models couldprovide masses for the gauge bosons
W± andZ0, but not to the matter fermions. Additions to technicolour could allow for quark and
lepton masses by introducing new interaction with technifermions, as in ‘extended technicolour’ mod-
els [55, 60]. However, these had severe problems with flavour-changing neutral interactions [61] and a
proliferation of relatively light pseudo-Goldstone bosons that have not been seen by experiment [62].

Moreover, a generic problem with technicolour models is presented by the global electroweak fit
discussed in the first Lecture. The preference within the SM for a relatively light Higgs boson (81) may
be translated into constraints on the possible vacuum polarization effects due to generic new physics
models. QCD-like technicolour models have many strongly-interacting dynamical scalar resonances in
the TeV range, e.g., a scalar analogous to theσ meson of QCD that corresponds naively to a relatively
heavy Higgs boson, which is disfavoured by the data [63]. Such a model can be reconciled with the
electroweak data only if some other effect is postulated to cancel the effects of its large mass. One
strategy for evading this problem is offered by ‘walking technicolour’ theories [64], where the coupling
strength evolves slowly, i.e., walks. However, the loss of the close analogy with QCD makes it more
difficult to calculate so reliably in such models: lattice techniques may come to the rescue here.

2.6 Interpolating models

So far, we have examined two extreme scenarios: the orthodoxinterpretation of the SM in which the
Higgs is elementary and relatively light, and hence interacts only weakly, and strongly-coupled models
exemplified by technicolour. The weakly-coupled scenario would require additional TeV-scale parti-
cles to stabilize the Higgs mass by cancelling out the quadratic divergences such as (99). A prototype
for such models is provided by supersymmetry, as discussed in the next Lecture. On the other hand,
strongly-coupled models such as technicolour introduce many resonances that are required by unitarity
and generate important contributions to the oblique radiative corrections, e.g., a vector resonanceρ in
W+W− scattering would induce

δρ ∼ m2
W

m2
ρ

(107)

whereρ was defined in (73), and the experimental upper limit|ρ| < 10−3 at the 95% confidence level
imposesmρ > 2.5 TeV.

One way to interpolate between these two extreme scenarios,and provide a basis for determin-
ing how far from the light-SM-Higgs scenario the data permitus to go, is to consider models in which

9The condensation phenomenon also occurs in solid-state physics: dynamical symmetry breaking in superconductors is
achieved by the formation of Cooper pairs [59], which are condensates of electron pairs with charge−2e.
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the unitarization of theW+W− scattering amplitude is shared between a light Higgs boson with mod-
ified couplings and a vector resonance with massmρ and couplinggρ, whose relative importance is
parametrized by the combination

ξ ≡ v
gρ
mρ

. (108)

The SM is recovered in the limitξ → 0, but its decay branching ratios may differ considerably asξ
increases towards the strong-coupling limitξ = 1, as seen in Fig. 13. Thus, one signature for such
models at the LHC may be the observation of a Higgs boson with couplings that differ from those of the
SM.

Fig. 13: The dependences of Higgs branching ratios on the parameterξ (108), formH = 120 GeV (left) and
180 GeV (right) [65]

Another way to probe such models is to look for effects inW+
L W

+
L scattering. Unfortunately,

at the LHC theW± bosons that are flashed off from incoming energetic quarks:q → Wq′ have pre-
dominantly transverse polarizations, so thatσ(W+

T W
+
T → W+

T W
+
T ) ≫ σ(W+

L W
+
T → W+

T LW
+
T ) and

σ(W+
L W

+
L →W+

L W
+
L ) for all mW+W+ in the SM, and there is an accidental very small factor [65]:

dσLL/dt

dσTT /dt
=

1

2304

(
mW+W+

mW

)4

ξ2 , (109)

which implies that, even forξ = 1, σ(W+
L W

+
L → W+

L W
+
L ) > σ(W+

T W
+
T → W+

T W
+
T ) only for

mW+W+ > 1.2 TeV, which is unlikely to be accessible at the LHC, as seen in Fig. 14. An alternative
possibility for the LHC may be double-Higgs productionvia the reactionW+W− → HH, which may
be greatly enhanced as compared with its rate in the SM, as also seen in Fig. 14 — though its observability
may be a different matter.

2.7 Higgsless models and extra dimensions

As has already been discussed, if there is nothing like a SM Higgs boson,s-waveWW scattering reaches
the unitarity limit atmW+W− ∼ 1 TeV (83). An immediate reaction might be: Who cares? Some non-
perturbative strong dynamics will necessarily restore unitarity, even in the absence of a Higgs boson.
However, more detailed study in specific models has shown that this strong dynamics is apparently
incompatible with the precision data: one needs some perturbative mechanism to break the electroweak
symmetry.

How can one break a gauge symmetry? Breaking it explicitly would destroy the renormalizability
(calculability) of the gauge theory, whereas breaking the symmetry spontaneously by the v.e.v. of some
field everywhere in space does retain the renormalizability(calculability) of the gauge symmetry. But
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Fig. 14: Left; the cross sectionsσ(W+
T W

+
T → W+

T W
+
T ), σ(W+

L W
+
T → W+

T LW
+
T ), and σ(W+

L W
+
L →

W+
L W

+
L ), as functions ofξ (108). Right: cross sections for double Higgs production [65].

that is the Higgs approach that we are trying to escape: Is there another way? The alternative is to
break the electroweak symmetryvia boundary conditions. This is impossible in conventional3 + 1-
dimensional space-time, because it has no boundaries. However, it becomes an option if we postulate
finite-size (small) extra space dimensions [66–68].

To see how this works, let us first consider the particle spectrum in the simplest possible model
with one extra dimension compactified on a circleS1 of radiusR with internal coordinate (fifth dimen-
sion)y, as illustrated in Fig. 15. In this case, the wave function ofa bosonφ at y andy + 2πR must be
identified:

φ(y + 2πR) = φ(y) , (110)

so that one can expand the five-dimensional field as follows:

φ(x, y) =
∑

n

1√
2δn0πR

(
cos
(ny
R

)
φ+n (x) + sin

(ny
R

)
φ−n (x)

)
. (111)

Theφ±n are the four-dimensional Kaluza–Klein [69,70] modes of thefield, which appear in four dimen-
sions as particles with masses

mn = pny =
n

R
, (112)

and the functionscos, sin(ny/R) describe the localizations of these modes along the extra dimension.
the lowest-lying mode has a flat wave function (n = 0), and the excitations haven > 0.

We now consider what happens if we ‘fold’ the circle by identifying y ∼ −y. Mathematically,
this is the simplestorbifold S1/Z2, also illustrated in Fig. 15. At the same time as identifyingy ∼ −y,
we can also identify the fieldφ up to a sign:

φ(−y) = Uφ(y) : U2 = 1. (113)

This has the effect of projecting out half the Kaluza–Klein wave functions (111). If we chooseU = +1,
we select the even wave functionscos(ny/R) and hence the Kaluza–Klein modesφ+n (x) whereas, if
we chooseU = −1, we select the odd wave functionssin(ny/R) and hence the Kaluza–Klein modes
φ−n (x). The ‘even’ particles include the massless mode withn = 0 whereas all the ‘odd’ particles are
massive. The projectionU serves to give masses to all the states that are asymmetric.

This mechanism can be extended to break gauge symmetry [66–68]. Let us consider a five-
dimensional theory with a gauge fieldAµ,5, and let us identify it on the orbifoldy ∼ −y up to a discrete
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Fig. 15: Compactification on a circleS1 of radiusR with internal coordinate (fifth dimension)y, illustrating the
possible orbifolding of this modelvia the identificationS1/Z2

gauge transformationU : U2 = 1:

Aµ = +UAµ(y)U
†, (114)

A5 = −UA5(y)U
†. (115)

The gauge symmetry group is broken at the end-points of the orbifold y = 0, πR: the surviving subgroup
is the one that commutes withU , and asymmetric particles acquire masses as described above. In this
way, one could imagine breakingSU(2) ⊗ U(1)→ U(1) with a suitable orbifold construction.

It is a general feature of this construction that a vector resonance should appear inWZ scattering,
corresponding to the lowest-lying Kaluza–Klein excitation. The production of such a particle at the LHC
has been considered in the context of a Higgsless model, and could well be observable, as seen in Fig. 16.

Fig. 16: Left: calculations of the possible modifications ofσ(W+Z0 → W+Z0). Right: simulations of the
possible numbers of events at the LHC [65].

You might wonder whether this type of vector resonance bearsany relation to the vector reso-
nances discussed previously in the context of new strong dynamics. The answer is yes: as was first
emphasized in the context of string theory, a strong coupling is equivalent to a new compactified di-
mension, and there is in general a ‘holographic’ relation between four- and five-dimensional theories,
the former being considered as boundaries of the five-dimensional ‘bulk’ theory. These ideas enable
the strongly-interacting models of electroweak symmetry breaking discussed in this Lecture, and many
others, to be related through a unified description à la M-theory [71], as seen in Fig. 17 [72]. The alter-
native is a weakly-interacting model of electroweak symmetry breaking, which is favoured, naively, by
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the indications from precision electroweak data of a light Higgs boson. In the next Lecture we discuss
supersymmetry, which is the most developed such alternative.

Fig. 17: Relations between different models of electroweak symmetry breaking [72]

3 Supersymmetry

We have seen that the Standard Model is a valid description ofphysical phenomena at energies lower than
a few hundreds of GeV. However, there are various reasons to think that supersymmetry might appear
at the TeV scale, and hence play an important role in new discoveries at the LHC, which will explore
energies of the order of a TeV. In this Lecture we present and discuss supersymmetric models, with a
focus on the phenomenological consequences of supersymmetry.

We first give a brief historical introduction and summarize the motivations for supersymmetry in
particle physics. Subsequently we discuss the general formal structure of a physical supersymmetric
theory. We then continue with some theoretical notions and applications to ‘low-energy’ particle physics
around the TeV scale. Among the possible models, we focus on the Minimal Supersymmetric Standard
Model (MSSM), which provides a basis for analysing supersymmetric phenomenology. Within the con-
text of the MSSM, we discuss the principal experimental constraints on supersymmetry, and then discuss
possible aspects of the detection of supersymmetry.

3.1 History and motivations

3.1.1 What is supersymmetry?

Supersymmetry is a radically new type of symmetry that transforms a bosonic state into a fermionic state,
or vice versa, with∆S = ±1/2, whereS is the spin. Denoting the supersymmetry generator byQ, we
may write schematically:

Q|Boson〉 = |Fermion〉 (116)

Q|Fermion〉 = |Boson〉. (117)

Formally, supersymmetry is an extension of the space-time symmetry reflected in the Poincaré group,
and this was a principal motivation leading to its discovery. Initially, it was also hoped that one could
use supersymmetry to combine the external space-time symmetries with internal symmetries. However,
this prospect seems more distant, as discussed below.

3.1.2 Milestones

There were several attempts in the 1960s to combine internaland external symmetries, but Coleman
and Mandula [73] showed in 1967 that it is impossible to combine these types of symmetry,via a fa-
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mous no-go theorem that is discussed later in more detail. However, their proof assumed that the new
symmetry should be generated by bosonic charges of integer spin. In 1971, Golfand and Likhtman [74]
discovered an extension of the Poincaré group using fermionic charges of half-integer spin. In the same
year, Ramond [75], Neveu and Schwarz [76] proposed supersymmetric models in two dimensions, with
the aim of obtaining strings with fermionic states that could accommodate baryons. A few years later,
in 1973, Volkov and Akulov [77] tried to apply a nonlinear realization of supersymmetry to neutrinos in
four dimensions, but their theory did not describe correctly the low-energy interactions of neutrinos.

In the same year, Wess and Zumino [78, 79] proposed the first four-dimensional supersymmetric
field theories of interest from the phenomenological point of view. Specifically, they showed how to
construct supersymmetric field theories linking scalars with fermions of spin1/2 [78], and also fermions
of spin 1/2 with gauge particles of spin 1 [79]. Then, together with Iliopoulos and Ferrara, Zumino
discovered that supersymmetry would eliminate many of the divergences present in other field theo-
ries [80, 81]. At first, these ultraviolet properties were regarded as curiosities, in particular because
not all logarithmic divergences were eliminated, but attempts were made to construct phenomenologi-
cal supersymmetric models, for example theories unifying matter particles and Higgs fields in the same
supermultiplet. Subsequently, in 1976, two groups [82, 83]found a local version of supersymmetry in
which the supersymmetry transformation depends on the space-time coordinates. This theory necessarily
includes a description of gravitation, and hence has been called supergravity.

3.1.3 Why supersymmetry?

Following these formal developments, the phenomenology ofsupersymmetry has been studied inten-
sively, and models based on supersymmetry are considered tobe among the most serious candidates for
physics beyond the SM [84–86]. Why introduce supersymmetryin particle physics? What makes it so
attractive for particle physicists?

The reasons for its introduction in particle physics are principally physical, and quite diverse in
nature, as we now discuss.

• The very special properties of supersymmetric field theories are helpful in addressing the natu-
ralness of a (relatively) light Higgs boson. In the previousLectures we have discussed the existence of
enormous radiative corrections to the Higgs mass-squared,m2

H , which feels the virtual effects of any par-
ticle that couples directly or indirectly to the Higgs field.For example, the correction due to a fermionic
loop such as that in Fig. 18(a) yields10:

∆m2
H = −

y2f
8π2

[2Λ2 + 6m2
f ln(Λ/mf ) + ...], (118)

whereΛ is an ultraviolet cutoff used to represent the scale up to which the SM remains valid, at which
new physics appears. We see that the mass of the Higgs diverges quadratically withΛ and, if we suppose
that the SM remains valid up to the Planck scale,MP ≃ 1019 GeV, thenΛ = MP and this correction
is 1030 times bigger than the reasonable value of the mass-squared of the Higgs, namely(102) GeV)2!
Moreover, there is a similar correction coming from a loop ofa scalar fieldS, such as that in Fig. 18(b):

∆m2
H =

λS
16π2

[Λ2 − 2m2
S ln(Λ/mS) + ...], (119)

whereΛS is the quartic coupling to the Higgs boson.

Comparing (118) and (119), we see that the divergent contributions terms∝ Λ2 are cancelled if,
for every fermionic loop of the theory there is also a scalar loop withλS = 2y2f . We will see later that
supersymmetry imposes exactly this relationship!Thus supersymmetric field theories have no quadratic
divergences, at both the one- and multi-loop levels, which enables a large hierarchy between different

10For this calculation, we define the Yukawa coupling of the Higgs boson to a fermion, as usual,via: yfHψψ.
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H

f

(b)

H

S

Fig. 18: One-loop quantum corrections to the mass-squared of the Higgs boson due to (a) a fermionic loop, (b) a
scalar boson loop

physical mass scales to be maintained in a natural way. In addition, other logarithmic corrections to
couplings also vanish in a supersymmetric theory [87].

• A second circumstantial hint in favour of supersymmetry is the fact, discussed in the previous
Lecture, that precision electroweak data prefer a relatively light Higgs boson weighing less than about
150 GeV [16]. This is perfectly consistent with calculations in the minimal supersymmetric extension of
the Standard Model (MSSM), in which the lightest Higgs bosonweighs less than about 130 GeV [88].

• A third motivation for supersymmetry is provided by the astrophysical necessity of cold dark
matter, which has a density ofΩCDMh

2 = 0.1099 ± 0.0062 according to the recent measurements of
WMAP [33]. This dark matter could be provided by a neutral, weakly-interacting particle weighing less
than about 1 TeV, such as the lightest supersymmetric particle (LSP)χ [34]. In many supersymmetric
models, a conserved quantum number calledR parity guarantees that the LSP is stable. As the Universe
expanded and cooled, all the particles present at high energies and densities would have annihilated,
disintegrated, or combined to form baryons, atoms, etc., except for stable weakly-interacting particles
such as the neutrinos and the LSP. The latter would be presentin the Universe as a relic from the Big
Bang, and could have the right density to constitute the majority of the cold dark matter favoured by
cosmologists.

• Fourthly, let us consider the couplings that characterize each of the fundamental forces. As
seen in the left panel of Fig. 19, it has been known for a long time now that if we evolve them with
energy according to the renormalization-group equations of the Standard Model, we find that they never
quite become equal at the same scale. However, as seen in the right panel of Fig. 19, when we include
supersymmetric particles in the evolution of the couplings, they appear to intersect at exactly the same
energy scale (about2 × 1016 GeV) [89]. Nobody is forced to believe in such a ‘Grand Unification’ on
the basis of this possible unification of the couplings, but it is very intriguing that supersymmetry favours
unification with high precision.

• Fifthly, supersymmetry seems to be essential for the consistency of string theory [90], although
this argument does not really restrict the mass scale at which supersymmetric particles should appear.

• A final hint for supersymmetry may be provided by the anomalous magnetic moment of the
muon,gµ−2, whose experimental value [91] seems to differ from that calculated in the SM, in a manner
that could be explained by contributions from supersymmetric particles. The amount of this discrepancy
depends on how one calculates the SM contributions togµ − 2, in particular that due to low-energy
hadronic vacuum polarization, and to a lesser extent that due to light-by-light scattering. The most direct
way to calculate the hadronic vacuum polarization contribution is to use low-energy data one+e− →
hadrons: these do not agree perfectly, but may be combined toyield a discrepancy [92]

δaµ ≡ δ

(
gµ − 2

2

)
= (24.6 ± 8.0) × 10−10, (120)

a discrepancy of 3.1σ, as illustrated in Fig. 20. Alternatively, and less directly, one may useτ decay
data, in which case the discrepancy is reduced to about 2σ.
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Fig. 19: The measurements of the gauge coupling strengths at LEP (a) do not evolve to a unified value if there is
no supersymmetry but do (b) if supersymmetry is included [89]
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Fig. 20: SM calculations ofaµ ≡ (gµ − 2)/2 disagree with the experimental measurement [91], particularly if
they are based on low-energye+e− data [73].

As we have seen, there are several arguments that motivate the study of supersymmetry11. Al-
though there are no experimental proofs of its existence, supersymmetry combines so many attractive
and useful characteristics that it deserves to be studied indetail.

3.2 The structure of a supersymmetric theory

3.2.1 Interlude on ‘spinorology’

In order to lay the basis for the theoretical description of supersymmetry [84], we first present the nota-
tions and conventions that we use in the rest of the section [11,87].

11Other extensions of the SM also address some of these issues,though perhaps none do so as naturally as supersymmetry.
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•We choose theWeyl representationfor theγ matrices:

γµ =

(
0 σµ

σµ 0

)
, (121)

with σµ = (12, σ
i), σµ = (12,−σi) whereσi are the Pauli matrices, andγ5 = iγ0γ1γ2γ3 =

diag(−12,12). We also use{γµ, γν} = 2ηµν , whereηµν = diag(+1,−1,−1,−1) is the Minkowski
metric, that may be used to lower or to raise Lorentz indexes.

• A Weyl spinordescribes a particle of spin1/2 and given chirality. It has two components, which we
label with Greek letters,ψα, ξβ, . . . whereα, β, ... = 1, 2. A spinorψα orψL will denote a particle with

left chirality, whereas we denote byψ
α̇

orψR a spinor with right chirality. These are related by complex
conjugation:

(ψα)
∗ = ψα̇ , (122)

(ψ
α̇
)∗ = ψα . (123)

We also use the matrixεαβ = εα̇β̇ ≡ iσ2 andεαβ = εα̇β̇ ≡ −iσ2, which allows us to raise and lower the
spinorial indicesα andβ.

• A Dirac spinor is constructed out of two Weyl spinors, and describes a particle with both chiralities. It
is a spinor of four components, which we denote here using capital Greek letters:Ψ, χ, Φ, ... In terms of
Weyl spinors, we have

Ψ =

(
ψL

ψR

)
=

(
ψα

ηα̇

)
. (124)

The projection operatorsPR,L = 1
2(1 ± γ5) allow us to select the right or left chiralty, respectively:

ΨR,L = PR,LΨ.

• A charge conjugate spinoris a spinor to which charge conjugation has been applied. It describes the
antiparticle of a given particle, with opposite internal opposite charge.

Ψc = CΨ
T
=

(
ηα

ψ
α̇

)
, (125)

where the charge conjugation matrixC can be written:

C = iγ0γ2. (126)

• A Majorana spinoris constructed out of a single Weyl spinor, but possesses four components that are
interrelated by charge conjugation, so thatΨM = Ψc

M :

ΨM =

(
ψL

−iσ2(ψL)
∗

)
=

(
ψα

ψ
α̇

)
. (127)

3.2.2 The supersymmetry algebra and supermultiplets

As was described before, supersymmetry combines the space-time transformations of the Poincaré group
with transformations of an internal symmetry. Prior to the advent of supersymmetry, there had been many
previous attempts to combine internal and external symmetries, but they had always failed, for a reason
demonstrated by Coleman and Mandula [73]. All the previous attempts used bosonic charges, scalar (or
vector) such as the electromagnetic charge (or momentum operator):

〈SpinJ |Q|SpinJ〉 = q, (128)
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〈SpinJ |Pµ|SpinJ〉 = pµ. (129)

Conservation of momentum in any2→ 2 collision implies

p(1)µ + p(2)µ = p(3)µ + p(4)µ . (130)

Consider now a tensor chargeΣµν : by Lorentz invariance, its diagonal matrix elements in anyparticle
state|a〉 must be of the form

〈a|Σµν |a〉 = αgµν + βpµpν . (131)

Conservation of the tensor charge during a2→ 2 collision would require

p(1)µ p(1)ν + p(2)µ p(2)ν = p(3)µ p(3)ν + p(4)µ p(4)ν . (132)

This is compatible with the linear relation (130) of conventional momentum conservation iff

p(1)µ = p(3)µ or p(4)µ , (133)

implying that only exactly forward and backward scatteringare allowed: no need to place any detectors
at large angles! This proof can easily be extended to bosoniccharges with any number of indices.
However, it makes the crucial assumption that the diagonal matrix element〈a|Q|a〉 6= 0, which is not
true in supersymmetry, enabling it to evade the Coleman–Mandula no-go theorem.

Supersymmetry is generated byspinorial chargesQα which have vanishing diagonal matrix ele-
ments:〈a|Qα|a〉 = 0. Being spinors, theQα anti-commute in the same way as other fermionic fields. It
is possible to introduce more generators, but in the simplest version of supersymmetry there is just a pair
of generators,Qα andQ̄α̇, that are complex spinors transforming inequivalently under the Lorentz group.
This isN = 1 supersymmetry, which is essentially the only case that we consider in these notes. The
initial reason for this choice is pedagogical, but in the following section we give some physical reasons
for such a choice.

The algebra of the supersymmetry (like that of any other symmetry) is summarized in the com-
mutation (and anticommutation) relations of its generators, i.e., its Lie (super)algebra. In addition to
the commutation relations of the Poincaré algebra, the supersymmetry algebra includes the following
relations for the generatorsQα y Q̄α̇:

[Pµ, Qα] = 0 = [Pµ, Q̄α̇], (134)

{Qα, Q̄β̇} = 2(σµ)αβ̇P
µ, (135)

{Qα, Qβ} = {Q̄α̇, Q̄β̇} = 0, (136)

{Mµν , Qα} =
1

2
(σµν)

β
αQβ, (137)

{Mµν , Q̄α̇} =
1

2
(σµν)

β̇
α̇Q̄β̇. (138)

What is the significance ofQα? First,Q is a charge in the sense of Noether’s theorem, i.e, it is the charge
conserved by the symmetry. As a conserved charge, it commutes with the Hamiltonian of the system and
is invariant under translations, see (134). Since it possesses spin 1/2 and has two complex components,
it can be written as a Weyl spinor, or alternatively as a Majorana spinor with 4 components: as such, its
commutation relations with the Lorentz generators are completely determined, see (137) and (138). The
non-trivial anticommutation relation above is (135): schematically{Q, Q̄} ∼ P , which means thatQ is
the ‘square root’ of a space-time translation.

If we want to apply supersymmetry to particle physics, we must know how to arrange particles
in irreducible representations (supermultiplets), and their transformation properties. Therefore, we now
study the supermultiplets and detail their contents. We recall that the Poincaré group has two Casimir
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invariant elements, the spin invariantW 2 = W µWµ, whereW µ = 1
2ǫ

µνρσPνMρσ is the Pauli-Lubanski
vector, and the mass invariantP 2 = PµPµ, wherePµ is the four-momentum. In a multiplet of the
Poincaré group, the particles have the same masses and the same spins. However, in the case of super-
symmetry,W 2 is not an invariant of the algebra, so only mass is conserved,not spin:

[P 2, Qα] = 0, (139)

[W 2, Qα] 6= 0. (140)

Thus, in a supermultiplet, the particles have the same mass but different spins. We can nevertheless
modifyW to obtain a new invariant whose eigenvalues are of the form2j(j + 1)m4 with j = 0, 12 , 1, ...
the quantum number of this ‘superspin’. This modifiedW is an invariant, so every irreductible represen-
tation can be characterized by a pair[m, j], and the relation between the spinS andj is deduced from
the relation:MS = Mj ,Mj +

1
2 ,Mj − 1

2 ,Mj . Within a given supermultiplet, there are particles of the
same mass and the same superspin. In addition, an important property of any supermultiplet is that there
are equal numbers of bosonic and fermionic degrees of freedom: nB = nF .

We can construct now two different supermultiplets:

⊲ The fundamental representation[m, 0] is called a chiral supermultiplet. The valuej = 0 implies
MS = 0,+1

2 ,−1
2 , 0, and this supermultipletΨ contains two real scalar fields described by a single

complex scalar field (the sfermion),φ, and a two-component Weyl fermionic field of spin 1/2,ψ with the
same mass:

Ψ = (φ,ψα, F ). (141)

What isF? In order that the supersymmetry be preserved in loops, where the particles are not on-shell,
i.e., P 2 6= M2, it is necessary that the fermionic and bosonic degrees of freedom be balanced also
off-shell. This is an issue because an off-shell Weyl fermion possesses 4 spin degrees of freedom, as
opposed to 2 on-shell. It is necessary to add to the on-shell content of this representation another scalar
complex fieldF that does not propagate, and does not correspond to a physical particle. This is termed
an auxiliary field, and does not have a kinetic term, and the equation of motionF = F ∗ = 0 may be
used to eliminate it when on-shell.

⊲ The second representation we use later is the vector (or gauge) supermultiplet[m, 1/2], denoted
by Φ. Its field content is obtained in the same way: a Weyl fermion (or, equivalently, a Majorana
fermion), called the gauginoλaα, a gauge boson (of zero mass)Aµ

a , and in the presence of any chiral
supermultiplet, an auxiliar real scalar field,Da:

Φ = (λaα, A
a
µ,D

a), (142)

wherea is an index of the gauge group.

These two representations may be used to accommodate the particles of the SM and their super-
partners. However, before doing so, we first construct with these two representations generic supersym-
metric field theories.

3.3 Supersymmetric field theories

Before discussing supersymmetric models in general, and particularly the minimal supersymmetric ex-
tension of the SM (the MSSM), we first present, without detailed derivations, the general structure of a
field theory with supersymmetry. We first introduce the modelof Wess and Zumino [78] without inter-
actions to see how the fields transform. Then we introduce theinteractions, which will lead us to the
new notion of the superpotential. Finally, we discuss gaugefields in a supersymmetric theory. At the end
of this section, we will have accumulated enough theoretical baggage to understand the structure of the
MSSM, and be able to study concretely its experimental predictions.
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3.3.1 The action for free bosons and fermions is globally supersymmetric

The simplest supersymmetric action is the combination of actions for a non-interacting massless complex
scalarφand a spin-1/2 fermionψ:

S =

∫
d4x (Lscalar + Lfermion) : (143)

Lscalar = −∂µφ∂µφ∗, (144)

Lfermion = −iψ†σ̄µ ∂µψ. (145)

If we introduce an infinitesimal supersymmetric global transformation parameterǫα, which is a Weyl
fermion independent of the space-time coordinates (∂µǫα = 0), and apply it to the scalar fieldφ, the
result must be proportional to the fermionic fieldψ:

δφ = ǫαψα and δφ∗ = ǭα̇ ψ̄
α̇, (146)

leading to
δLscalar = −ǫα (∂µψα) ∂µφ

∗ − ∂µφ ǭα̇ (∂µψ̄α̇). (147)

Since the mass dimensions of free boson and fermion fields are

[φ] = 1, [ψ] =
3

2
, (148)

the infinitesimal fermionǫα must have the dimensionality(mass)−1/2:

[ǫ] = −1

2
, (149)

in contrast to an usual Weyl fermion that has dimension(mass)3/2 (148). By simple dimensional count-
ing, the infinitesimal transformation of the fermion field must therefore be proportional to the derivative
of the boson field:

δψα = i(σµǫ†)α ∂µφ and δψ̄α̇ = −i(ǫ σµ)α̇ ∂µφ∗. (150)

Combining (146) and (150) and using the equations of motion,we see that the sumδLscalar+δLfermion

is a total divergence. This implies that the combined action, which is the space-time integral of the two
free LagrangiansLscalar + Lfermion, is invariant under this pair of transformations.

Does this transformation correspond to a supersymmetry transformation? To convince ourselves
that this is the case, it is enough to start from a fermionψ or from a bosonφ, and to apply these transfor-
mations twice. We find the following chain:

φ→ ψ → ∂φ, ψ → ∂φ→ ∂ψ, (151)

which means that in both cases the combined effects of two successive supersymmetry transformations
are equivalent to a space-time derivative∂µ, and hence to the momentum operatorPµ ∼ i∂µ. Thus
we recover the result of the previous section, namelyQ2 ∼ P , and our transformations satisfy the
supersymmetric algebra. This free Lagrangian model is actually the simplest Wess–Zumino model with
a single chiral supermultiplet, without mass and without interactions.

If we wish to preserve supersymmetryoff-shell, which will be essential once we include interac-
tions, we cannot use the equations of motion to demonstrate supersymmetry. To overcome this problem,
as discussed earlier, the actionS must be modified by the addition of a term that contains an auxiliary
fieldF :

S =
∫
d4x (Lscalar + Lfermion + Laux), (152)

Laux = F ∗ F, (153)
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In theon-shellcase, the equation of motion forF would yieldF = F ∗ = 0. However, its introduction
modifies the supersymmetry transformations of the fieldsψ andφ off-shell. Specifically, the transforma-
tion of the fieldψ is affected by the scalar fieldF . To see this, we first observe that the dimension of the
fieldF is of (mass)2, so that its only possible transformation law is

δF = i ǭα̇ (σµ)βα̇ ∂µψβ and δF ∗ = −i ∂µψ̄β̇ (σ̄µ)α
β̇
ǫα . (154)

The variation of the termLaux in S therefore gives

δLaux = i ǭ (σµ) ∂µψ F
∗ − i ∂µψ̄ (σ̄µ) ǫ F. (155)

In theon-shellcase, as we have already seen, the equation of motion forF would yieldF = F ∗ = 0,
and the variation (154) would also vanish, thanks to the equation of motion forψ. To compensate the
variation (155) in theoff-shellcase, we see that we require a supplementary term in the transformation
law forψ:

δψα = i(σµǭ)α ∂µφ+ ǫαF et δψ̄α̇ = −i(ǫ σµ)α̇ ∂µφ∗ + ǭα̇F ∗. (156)

Once again, the supplementary term vanishes when the on-shell conditionF = 0 is applied. For simple
dimensional reasons, the transformations ofφ are not affected. It is easy to check thatδS = 0 without
using the equations of motion, and hence supersymmetry continues to be satisfied off-shell, thanks to the
appearance of the auxiliary fieldF .

In fact, the auxiliary field plays an additional role. We mustnot forget that we have not observed
supersymmetry in the range of energies explored so far. Hence, if supersymmetry exists at all in Nature,
it must be broken in some way. The auxiliary fieldF (and the other auxiliary fieldD that we meet later)
serve to break supersymmetry if their v.e.v.s are non-zero,as we will see in the last part of this section.

3.3.2 Interactions of the chiral multiplets

We now add to the theory interactions between the scalar and fermion fields that comprise chiral super-
multiplets. The most general form of interaction that is at most quadratic in the fermion fields is

Lint = −
1

2
W ij(φ, φ∗)ψiψj + V (φ, φ∗) + c.c. (157)

We do not demonstrate it in detail, but the quantityW ij must be an analytic function of the fieldsφi,
i.e., it does not depend on theφ∗i , in order to ensure that the variation due to a supersymmetrytransfor-
mation of the first term ofLint can be compensated by the variation of another term (basically because
supersymmetry transformsψi into φi andvice versa). For the same reason,W ij must be completely
symmetric. HenceW ij must be of the form:

W ij =
∂2W (φ)

∂φi ∂φj
, (158)

where the objectW is called thesuperpotential. In order for the model to be renormalizable, the term in
(157) that is bilinear in the fermion fieldsψi can have at most a linear dependence on the scalar fieldsφi,
implying thatW can be at most cubic:

W =
1

2
mijφiφj +

1

6
yijkφiφjφk (159)

in the context of a renormalizable theory. Remarkably, apart from wave-function renormalization of the
fields, there is no intrinsic renormalization of the superpotential parameters.

In general, the superpotential has dimension(mass)3. The quadratic term inW (159) provides
the (symmetric) mass matrixmij of the fermions, which is equal to the mass matrix of the scalar bosons,
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by virtue of supersymmetry. The trilinear term inW provides the matrix of Yukawa couplingsyijk

betweeen a scalar and two fermions, and summarizes all the interactions that are not gauge interactions.
As already noted,W is an analytical function of the complex fieldsφi, which has an importance that we
discuss later.

The requirement thatLint be invariant under supersymmetry transformations also determines the
form of the potentialV . In presence of interactions, i.e., if the superpotential is non-zero, the auxiliary
fieldsF i introduced earlier (153) can be written in the form:

Fi = −
∂W (φ)

∂φi
= −W ∗

i , F ∗i = −∂W (φ)

∂φi
= −W i. (160)

We may therefore write the Lagrangian without introducing explicitly the F fields, in which case the
potentialV of the theory is:

V =W ∗
i W

i = FiF
∗i. (161)

That is automatically non-negative, since it is a sum of modulus-squared terms. If we use the general
form (159) of the superpotential, we have the general Lagrangian:

L = −∂µφ∂µφ∗−iψ†σ̄µ ∂µψ−
1

2
mijψiψj−

1

2
m∗

ijψ
†iψ†j−V −1

2
yijkφiψjψk−

1

2
y∗ijkφ

∗iψ†jψ†k, (162)

whereV is given by (161), (160) and (159). It is easy to see from (159)that the boson and fermion
masses are equal, as one would expect from supersymmetry.

3.3.3 Supersymmetric gauge theories

In addition to chiral fermions (quarks, leptons), the SM contains gauge fields of spin 1 (W andZ bosons,
photons and gluons). In the section dedicated to the supersymmetry algebra, we saw that vector super-
multiplets would provide the appropriate frameworks for such gauge fields. We now study the properties
of such a supermultiplet, both with and without interactions [79]. We recall that a vector supermultiplet
contains a massless gauge bosonAµ

a and a massless Weyl fermion, the gauginoλa, both in the adjoint
representation of the gauge group. In order to go off-shell,one must introduce an auxiliary real scalar
fieldDa analogous to the auxiliary fieldF introduced for the chiral supermultiplet.

The form of the Lagrangian is completely determined by the condition of gauge invariance and of
renormalizability:

Lgauge = −
1

4
F a
µνF

aµν − iλa†σ̄µDµλ
a +

1

2
DaDa, (163)

where the gauge covariant derivativeDµ andF a
µν take the forms:

F a
µν = ∂µA

a
ν − ∂νAa

µ − gfabcAb
µA

c
ν , (164)

Dµλ
a = ∂µλ

a − gfabcAb
µ, (165)

as usual for a gauge theory. Remarkably, this Lagrangian is already supersymmetric, as can be checked
using the following supersymmetry transformations for thefields of the vector supermultiplet:

δAa
µ =

1√
2

(
ǫ†σ̄µλa + λa†σ̄µǫ

)
, (166)

δλaα = − i

2
√
2
(σµσ̄νǫ)αF

a
µν +

1√
2
ǫαD

a, (167)

δDa =
i√
2

(
ǫ†σ̄µDµλ

a −Dµλ
a†σ̄µǫ

)
. (168)

In the absence of any interactions with chiral supermultiplets, the equation of motion for the auxiliary
fieldDa is simplyDa = 0, as seen directly from the Lagrangian (163), since it does not have a kinetic
term and therefore does not propagate.
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However, in the SM the gauge fields do interact with the chiralfermions. Hence, in our super-
symmetric version we have to consider interactions betweenchiral supermultiplets and vector supermul-
tiplets. As in the SM, the usual derivatives∂µ of the fermions must be replaced by gauge-covariant
derivativesDµ, and the same applies to their scalar supersymmetric partners. The supersymmetric trans-
formation laws of the chiral supermultiplets must be changed to take into account the variations of these
new terms. As a result, the equation of motion forDa becomes:

Da = −g(φ∗T aφ), (169)

where theT a are the generators of the gauge group andg is its coupling constant, and the full scalar
potential is

V = FiF
∗i +

1

2

∑

a

DaDa =W ∗
i W

i +
1

2

∑

a

g2(φ∗T aφ)2. (170)

This potential is completely determined by the Yukawa couplings (via theF term) and by the gauge
interactions (via theD term). The full scalar potential is automatically non-negative, which is important
for the spontaneous breaking of the symmetry.

In a globally supersymmetric theory, spontaneous breakingmay occurvia a v.e.v. for theD term
or theF term, either of which would give a positive contribution to the vacuum energy. However, it
is difficult to construct models that are interesting for phenomenology, and most model-builders pursue
the spontaneous breaking of local supersymmetry in the context of a supergravity theory, in which this
positive contribution may be cancelled.

3.4 Low-energy supersymmetric models

In this section we apply the results obtained in the previoussection, with the objective of supersym-
metrizing the Standard Model while preserving its successful characteristics. The minimal supersym-
metric extension of the SM is called the MSSM [85, 86]. We willpresent its particle content (including
the nomenclature of the new particles), we will discuss how the electroweak symmetry may broken, and
we will outline an effective framework for describing the breaking of supersymmetry. Later we will
present typical predictions of the MSSM. Along the way, we will also mention possible variants of the
MSSM, because Nature might very well have chosen a path more complex than this minimal model.

3.4.1 How many supersymmetries?

As well as mentioned already, the number of supersymmetric generatorsQα may beN ≥ 1. Super-
symmetric theories withN ≥ 2 have some characteristic advantages, e.g., they have fewerdivergences,
which make them very interesting theoretically. Specifically, in theN = 2 case there is only a finite
number of divergent Feynman diagrams, and in theN = 4 case there are none, i.e., any theory with
N = 4 supersymmetries is intrinsically finite, and it is easy to construct finiteN = 2.

Unfortunately, it is not possible to construct realistic models withN ≥ 2, because they do not
allow the violation of parity that is observed in the weak interactions. This is because a supermultiplet
of a theory withN ≥ 2 supersymmetries necessarily incorporates both left- and right-handed fermions
in the same supermultiplet: applying a supersymmetry chargeQ changes the helicity by 1/2, so applying
two charges relates states with helicity±1/2, implying that they are in the same representation of the
gauge group, and hence have the same interactions. This contradicts experimental observations, which
tell us, for example, that the left-handed electron (which forms part of a doublet in the SM) does not
have the same interaction withW bosons as the right-handed electron (which is a singlet withzero
electroweak isospin that does not feel theSU(2) weak interaction). Models withN ≥ 2 cannot describe
the physics of the SM particles observed at low energy.
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3.4.2 The particle content in the MSSM

The supermultiplets in the minimalN = 1 case are

• the chiral supermultiplet that includes a fermion of spin 1/2 and a boson of spin 0,

• the vector supermultiplet that includes a boson of spin 1 andone fermion of spin 1/2.

Could we link the particles of the SM in such multiplets, i.e., could we associate quarks and leptons
with the bosonsW , Z, the photon, and so on? The answer is no, because this would raise problems for
the conservation of their quantum numbers. Specifically, the gauge bosons and the fermions do not have
the same transformation properties under the SM gauge group, since they possess different quantum
numbers, e.g., quarks are triplets of the colour group whereas gauge bosons are either octets (the gluons)
or singlets (the other gauge bosons), and leptons carry lepton numbers whereas gauge bosons do not.
SimpleN = 1 supersymmetry does not modify these quantum numbers, so we cannot associate any
gauge boson with a known fermion orvice versa. Therefore, we have to postulate unseen supersymmetric
partners for all the known particles. Table 3 lists, for every SM particle, the name, spin and notation for
its spartner.

Table 3: Particle content of the MSSM

Particle Spartner Spin

quarks q squarks̃q 0
→ top t stopt̃
→ bottom b sbottom̃b
...
leptons l sleptons̃l 0
→ electrone selectroñe
→muonµ smuonµ̃
→ tauτ stauτ̃
→ neutrinosνℓ sneutrinosν̃ℓ
gauge bosons gauginos 1/2
→ photonγ photinoγ̃
→ bosonZ Zino Z̃
→ bosonB Bino B̃
→ bosonW Wino W̃
→ gluong gluino g̃

Higgs bosonsH±,0
i higgsinosH̃±,0

i 1/2

Before going on to the following sections, we make a few observations. First, we note that the
spartners of SM fermions and gauge bosons are of lower spin.A priori, one could have considered
associating the fermions of the SM with spartners of spin 1, and the gauge bosons with spartners of
spin 3/2. However, to introduce a particle of spin 1 would require introducing a new gauge interaction,
and hence a non-minimal model. Also, introducing particlesof spin> 1 would make the theory non-
renormalizable, i.e., it would no longer be possible to absorb the divergences in perturbation theory in a
finite number of physical quantities12.

Secondly, we recall that in the SM the right-handed fermionshave different interactions from the
left-handed fermions, e.g., being singlets ofSU(2) instead of doublets. In supersymmetry, the left- and
right-handed must belong to different supermultiplets, and have distinct spartners, e.g.,qL → q̃L and

12Supergravity does allow a restricted numberN ≤ 8 of spin-3/2 gravitino partners of the spin-2 graviton to be introduced,
but they do not carry conventional gauge interactions.
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qR → q̃R. These two squarks are quite different, and we use the chirality indexL orR to identify them,
even though the concept of handedness does not make physicalsense for a scalar particle, whose only
helicity is λ = 0. In general, thef̃L and f̃R mix, and the physical mass eigenstates are combinations
of them. In constructing the Yukawa interactions of the MSSM, it is often convenient to work with
superfields that comprise conjugates of thef̃R and their scalar spartners: these are left-handed chiral
supermultiplets denoted byF c.

Thirdly, we note that, besides the new spartners, at least two doublets of Higgs bosons are required.
To understand why, we recall that, in the study of supersymmetric theories, we introduced the notion of
the superpotential. This governs all the possible Yukawa interactions of the matter particles with the
Higgs fields. In the SM, if we use a Higgs fieldh to give masses to the quarks of type ‘down’,via
Yukawa couplingsqd̄h, we could use the complex conjugate fieldh∗ to give masses to quarks of type
‘up’, via couplingsqūh∗. However, we recall that in a supersymmetric theory the superpotential is
an analytic function of the superfields that cannot depend ontheir complex conjugates. Therefore, we
must use separate Higgs supermultiplets (denoted by capital letters) with opposite hypercharge quantum
numbers, and interactions of the formsQDcHd andQU cHu. Charged leptons may acquire masses
through interactions of the formLEcHd. We also note that pairs of Higgs superfields are needed in order
to cancel the triangle anomalies that would be generated by higgsino fermion loops.

Fourthly, we note that in general thẽγ, Z̃, W̃ and H̃ mix, and the experimentally observable
mass eigenstates are combinations of these gauginos and higgsinos that are generally named neutralinos
Ñ0

1,2,3,4, which have zero electrical charge, and charginosC̃±
1,2

13, which are electrically charged and mix

theW̃± and theH̃±.

3.4.3 Interactions in the MSSM

The MSSM is the minimal supersymmetric extension of the Standard Model [85,86]. The quarks and the
leptons are put together in chiral superfields with their superpartners that have the same charges under
SU(3)C , SU(2)L y U(1)Y . The gauge bosons are placed with their fermionic superpartners in vector
superfields. The superpotential of the MSSM is

W = YuQU cHu + YdQDcHd + YeLEcHd + µHuHd, (171)

where we recall that theQ andL are the superfields containing the left-handed quarks and leptons,
respectively, and theU c,Dc andEc are the superfields containing the left-handed antiquarks and an-
tileptons, which are the charge conjugates of the right-handed quarks and leptons. Note that, for clarity,
we have suppressed theSU(2) indexes. TheY are3 × 3 Yukawa matrices in flavour space, and do not
have dimensions. After electroweak symmetry breaking, they give the masses to the quarks and leptons
as well as the CKM angles and phases. As already mentioned, two Higgs doublets,Hu y Hd, are needed
because of the analytical form of the superpotential.

TheµHuHd term is permitted by the symmetries of the MSSM and is required in order to have a
suitable vacuum after electroweak symmetry breaking. The quantityµ has the dimension of a mass, and
phenomenology requires it to be of the order of a TeV. The origin of µ is a puzzle: it might be associated
to the scale of supersymmetry breaking.

The superpotential (171) determines all the non-gauge interactions of the MSSM, thanks to the
formula (157), and the form of the effective potential of thetheory is given by formula (170).

The next-to-minimal supersymmetric extension of the Standard Model (NMSSM) [93] is the sim-
plest extension of the MSSM. In this model, the particle content is modified by the addition of a new
singlet chiral supermultipletS, with some additional superpotential terms:

WNMSSM =
1

6
kS3 +

1

2
µSS

2 + λSHuHd +WMSSM . (172)

13These are often denoted bỹχ0
1,2,3,4 andχ̃±

1,2, respectively.
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The principal interest of the NMSSM is to propose a solution to theµ problem. Specifically, if the scalar
part ofS has a non-zero vacuum espectation value〈S〉, the last term in (172) gives an effectiveµ term:
µeff = λ〈S〉. Assuming that a soft supersymmetry-breaking scalar mass for S also appears inLsoft,
its v.e.v. is naturally of the order ofmsoft ∼ O(1) TeV, the typical mass scale of the other scalars and
gauginos. Thus the effective value ofµ is of the order of 1 TeV, rather than being a parameter whose
magnitude is independent of the scale of supersymmetry breaking.

Phenomenologically the NMSSM differs from the MSSM becauseit allows the lightest Higgs
boson to become heavier. In addition, the fermionic partnerof S can mix with the four neutralinos of
the MSSM. Thus the experimental signatures of the NMSSM may differ significantly from those of the
MSSM.

3.4.4 Soft supersymmetry breaking

We have discussed so far the supersymmetric aspects of the MSSM. However, we know that supersym-
metry must be broken: the selectron weighs more than the electron, squarks weigh more than quarks,
etc. Therefore, we must introduce into the model the breaking of supersymmetry. However, the mech-
anism and the effective scale of its breaking are still unknown. Hence we adopt thead hocstrategy of
parametrizing the breaking of supersymmetry in terms of effective soft14 low-energy supersymmetry-
breaking terms that are added to the Lagrangian [94]. For a general supersymmetric theory, the form of
these soft supersymmetry-breaking termsLsoft in the Lagrangian is

L ⊃ Lsoft = −
1

2
(Mλλ

aλa + c.c)−m2
ijφ

∗
jφi + (

1

2
bijφiφj +

1

6
aijkφiφjφk + c.c). (173)

This breaks supersymmetry explicitly, since only the the gauginosλa and the scalarsφi have mass terms,
and the trilinear terms with coefficientsaijk are also not of supersymmetric form. In the case of the
MSSM,Lsoft takes the following general form in terms of the spartner fields of the MSSM:

−Lsoft =
1

2
(M3g̃g̃ +M2W̃ W̃ +M1B̃B̃ + c.c)

+ Q̃†m2
QQ̃+ ¯̃U †m2

Ū
¯̃U + ¯̃D†m2

D
¯̃D + ¯̃L†m2

L
¯̃L+ ¯̃E†m2

Ē
¯̃E

+ ( ¯̃U †aU Q̃Hu − ¯̃D†aDQ̃Hd − ¯̃E†aEL̃Hd + c.c)

+ m2
Hu
H∗

uHu +m2
Hd
H∗

dHd + (bHuHd + c.c). (174)

The massesM3, M2 andM1 of the gauginos are complex in general, which introduces 6 parameters.
The quantitiesmQ,mL andmū, are the mass matrices of the squarks and sleptons, which arehermitian
3 × 3 matrices in family space, adding 45 more unknown parameters. The couplingsaU , aD, ..., are
also complex3 × 3 matrices, characterized by 54 parameters. In addition, thequadratic couplings of
the Higgs bosons introduce 4 more parameters, so that the whole Lsoft contains a total of 109 unknown
parameters, including many that violate CP!

Supersymmetry itself is a very powerful principle whose implementation introduces only one new
parameter (µ) in the MSSM. However, in our present state of ignorance, thebreaking of supersymmetry
introduces many new parameters. On the other hand, the number of soft parameters can be reduced by
postulating symmetries or making supplementary hypotheses. Measuring the parameters of soft super-
symmetry breaking would allow us to go beyond the phenomenological parametrization (174), and open
the way to testing models of the high-energy dynamics that breaks supersymmetry.

14Here, the adjective ‘soft’ means that they do not introduce quadratic divergences.
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3.4.5 Electroweak symmetry breaking and supersymmetric Higgs bosons

As we have already seen, the Higgs sector of the MSSM containstwo complex doublets:

Hu =

(
H0

u

H−
u

)
, Hd =

(
H+

d

H0
d

)
. (175)

Electroweak symmetry breaking is a little bit more complicated than its analogue in the Standard Model.
At tree level, we can write the effective scalar potential (after simplifications whose details we do not
reproduce):

V = (|µ|2 +m2
Hu

)|H0
u|2 + (|µ|2 +m2

Hd
)|H0

d |2 − b(H0
uH

0
d + c.c)

+
1

8
(g22 + g21)(|H0

u|2 − |H0
d |2)2. (176)

The terms proportional to|µ|2 originate from theF terms in the supersymmetric effective potential, and
the terms proportional to the gauge couplings(g1, g2) originate from theD terms. The other terms
originate fromLsoft (without mentioning the other scalars that do not play any role here). Spontaneous
electroweak symmetry breaking can arise with this form of potential if theb parameter satisfies:

b2 > (|µ|2 +m2
Hu

)(|µ|2 +m2
Hd

), (177)

In addition, we want the potential to be bounded from below. Thus

2b < 2|µ|2 +m2
Hu

+m2
Hd

(178)

at tree level15. After electroweak symmetry breaking, both the fieldsH0
u andH0

d must develop v.e.v.’s,
in order to give masses to all the quarks and leptons:

< H0
u >= vu, < H0

d >= vd. (179)

Comparing with the Standard Model, we have

v2 = v2u + v2d =
2m2

Z

(g22 + g21)
. (180)

Conventionally, one defines also thetan β parameter:

tan β =
vu
vd

: 0 < β <
π

2
. (181)

At the minimun of the potential
∂V

∂H0
u

=
∂V

∂H0
d

= 0, (182)

giving the two relations

|µ|2 +m2
Hu

= b tan β − mZ

2
cos2 β,

|µ|2 +m2
Hd

= b cot β +
mZ

2
cos2 β. (183)

These expressions are important because they relate a measurable quantity,mZ , to the soft parameters.
We note that some amount of fine-tuning would be required if the soft parameters were much larger than
mZ . We note also that the vacuum conditions (183) do not depend on the phase ofµ.

15As we shall see shortly, radiative corrections to the effective potential play important roles.
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The two complex Higgs doublets of the MSSM have a total of8 degrees of freedom. However, the
Higgs mechanism for electroweak breaking uses 3 degrees of freedom to give longitudinal polarization
states, and hence masses, to the twoW bosons and to theZ boson. Therefore, five physical Higgs bosons
remain in the spectrum. Of these, two are neutral Higgs bosons that are even under the CP transformation,
calledh0andH0. In addition, there is one neutral Higgs boson that is odd under CP, calledA0. The final
two Higgs bosons are charged, theH±.

At tree level, the masses of the supersymetric Higgs bosons are:

m2
h0,H0 =

1

2

(
m2

A0 +m2
Z ∓

√
(m2

A0 +m2
Z)

2 − 4m2
A0m

2
Z cos2 2β

)
, (184)

m2
A0 =

2b

sin 2β
, (185)

m2
H± = m2

A0 +m2
W , (186)

and the mass of theh0 is bounded from above by:

mh0 < | cos 2β|mZ . (187)

This upper limit onmh0 may be traced to the fact that the quartic Higgs couplingλ is fixed in the MSSM,
being equal to the square of the electroweak gauge coupling (up to numerical factors). This means that
λ and hencemh0 cannot be very large.

However, the above relations are valid only at tree level, and the masses of Higgs scalars have
one-loop radiative corrections that are not negligible [88]. The most important corrections formh are
those due to the top quark and squark:

∆m2
h =

3m4
t

4π2v2
ln

(
mt̃1

mt̃2

m2
t

)
+

3m4
t

8π2v2
f(m2

t̃1
,m2

t̃2
, µ, tan β), (188)

wheremt̃1,2
are the physical masses of the stops (that are mixtures oft̃R andt̃L), andf(m2

t̃1
,m2

t̃2
, µ, tan β)

is a non-logarithmic function that can be found in [10]. The correction∆m2
h depends quartically on the

mass of the top, making it more important than the one-loop corrections due to other quarks, leptons, and
gauge multiplets. After including this correction, the mass of the lightest Higgs boson may be as large as

mh . 130 GeV , (189)

for masses of sparticles about a TeV. This is seen in Fig. 21, which showsmh as a function ofmA0 for
different values oftan β. As noted, the range (189) for the mass of the lightest supersymetric Higgs
boson is in perfect agreement with the indications providedby the electroweak data, as discussed in
Lecture 1! This is just one of many attractive features of supersymmetry that we review here.

3.4.6 R parity and dark matter

We introduced above the superpotential (174) of the MSSM, which includes only the Yukawa interactions
of the SM. However, gauge invariance, Lorentz invariance, and analyticity in the SM fields would allow
us to introduce in the superpotential other terms that do nothave any correspondence with the SM, and
do not preserve either baryon number and/or lepton number16. These terms are

WRPV = λijkLiLjEk + λ′ijkLiQjD
c
k + λ′′ijkU

c
iD

c
jD

c
k + µ′iLiHu, (190)

16The conservation ofB andL in the SM is an accidental symmetry of its renormalizable interactions that isa priori not
obligatory. As we see later in the context of Grand Unified Theories, the SM, non-renormalizable terms that violateL or B
may be added to the SM Lagrangian. In the MSSM, suchL- andB-violating may appear at the renormalizable level.
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Fig. 21: The mass of the lightest supersymmetric Higgs boson as a function ofmA0 for different values oftanβ

whereλ, λ′ andλ′′ are arbitrary dimensionless coupling constants, and theµ′i are parameters with the
dimension of a mass.

These parameters are subject to strong phenomenological restrictions. For example, a combination
of the second and third terms would induce rapid disintegration of the protonvia squark exchange,
whereas the proton is very stable, with a lifetime exceeding∼ 1033 years. This implies that the product
of such terms must be strongly suppressed [95]:

|λ′λ′′| < O(10−9). (191)

One way to avoid all such terms is to add to the MSSM a new symmetry calledR-parity, given by the
following combination baryon number, lepton number, and spin S:

R = (−1)3(B−L)+2S . (192)

This is a multiplicatively-conserved quantum number in theSM, since all the SM particles and Higgs
bosons have evenR parity:R = +1. On the other hand, all the sparticles have oddR parity (R = −1).

Conservation ofR parity would have important phenomenological consequences:

• The sparticles are produced in even numbers (usually two at time), for example:p̄ p → q̃ g̃ X,
e+ e− → µ̃+ µ̃−.

• Each sparticle decays into another sparticle (or into an oddnumber of them), for example:
q̃ → q g̃, µ̃→ µ γ̃.

• The lightest sparticle (LSP) must be stable, since it hasR = −1. If it is electrically neutral, it
can interact only weakly with ordinary matter, and may be a good candidate for the non-baryonic dark
matter that is required by cosmology [34].

The dark matter particles should have neither electric charge nor strong interactions, otherwise
they would be visible or detectable, e.g., through their binding to ordinary matter to form what would look
like anomalous heavy nuclei, which have never been seen. We therefore expect any dark matter particle
to have only weak interactions, in which case, if it was produced at a collider such as the LHC, it would
carry energy–momentum away invisibly. Accordingly, most LHC searches for supersymmetry focus on
events with missing transverse momentum, though searches for signatures ofR-violating models are also
considered.
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The existence of a stable, weakly-interacting LSP is a very important prediction of the MSSM, but
its nature and its total contribution to the density of dark matter depend on the parameters of the MSSM.
One weakly-interacting candidate was the lightest sneutrino, but this has already been excluded by direct
searches at LEP and by experiments searching directly for dark matter. The remaining candidate particles
are the lightest neutralinoχ of spin 1/2, and the gravitino of spin 3/2. As we discuss later, there are
chances to detect a neutralino LSP at the LHC in events with missing energy, or directly as astrophysical
dark matter. On the other hand, the interactions of the gravitino are so weak that it could not be detected
as astrophysical dark matter, and could only be detected indirectly in collider experiments.

3.5 Phenomenology of supersymmetry

As we have seen, the soft supersymmetry-breaking sector of the MSSM has over a hundred parameters.
This renders very difficult the interpretation of experimental constraints and (hopefully) the extraction
of the experimental values of these parameters. A simplifying hypothesis is to assumeuniversalityat a
certain scale before renormalization, leading us to the constrained MSSM (CMSSM):

• The gaugino masses are assumed to be equal at some input GUT orsupergravity scale:M3 =
M2 =M1 = m1/2;

• The scalar masses of squarks and sleptons are assumed to be universal at the same scale:m2
Q =

m2
Uc = ... = m2

0, as are the soft supersymmetry-breaking contributions to the Higgs massesm2
Hu

=
m2

Hd
= m2

0;

• The trilinear couplings are related by a universal coefficient A0 to the corresponding Yukawa
couplings:au = A0yu, ad = A0yd, ae = A0ye.

Simplifying the MSSM to the CMSSM reduces the number of parameters from over one hundred
to only 4:m1/2,m0, A0, tan β and the sign ofµ [the magnitude ofµ is fixed by the electroweak vacuum
conditions: see (183]. The CMSSM hypothesis is very practical from a phenomenological point of view,
though questionable from a purely theoretical point of view. The CMSSM and the simplification of
Lsoft are inspired by simple supergravity models where the breaking of supersymmetry is mediated by
gravity, though minimal supergravity models actually impose two additional constraints. On the other
hand, generic string models often lead to different patterns of soft supersymmetry breaking.

Dropping universality for squarks or sleptons with the samequantum numbers but in different gen-
erations would lead to problems with flavour-changing neutral interactions, and Grand Unified Theories
relate the soft supersymmetry-breaking masses of squarks and sleptons with different quantum numbers.
However, there is no strong theoretical or phenomenological reason to postulate universality for the soft
supersymmetry-breaking contributions to the Higgs masses. One may relax this assumption for the Higgs
scalar masses-squaredm2

H by assuming the same single-parameter non-universal Higgsmass parameter
(the NUHM1), or by allowing the non-universal Higgs mass parameters to be different (the NUHM2).

3.6 Renormalization of the soft supersymmetry-breaking parameters

In our ignorance of the underlying mechanism of supersymmetry breaking, it is usually assumed that this
occurs at some large mass scale far above a TeV, perhaps around the grand unification or Planck scale.
The soft supersymmetry-breaking parameters therefore undergo significant renormalization between this
input scale and the electroweak scale. Although quadratic divergences are absent from a softly-broken
supersymmetric theory, it still has logarithmic divergences that may be treated using the renormalization
group (RG).

At leading order in the RG, which resums the leading one-looplogarithms, the renormalizations
of the soft gaugino massesMa are the same as for the corresponding gauge couplings:

Q
dMa

dQ
= βaMa, (193)
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whereβa is the standard one-loop renormalization coefficient including supersymmetric particles that is
discussed in more detail in the next Lecture. As a result of (193), to leading order

Ma(Q) =
αa(Q)

αGUT
m1/2 (194)

if the gauge couplingsαa and the gaugino masses are assumed to unify at the same large mass scale
MGUT . As a consequence of (194), one expects the gluino to be heavier than the wino:mg̃/mW̃ =
α3/α2 at leading order.

The soft supersymmetry-breaking scalar masses-squaredm2
0 acquire renormalizations related to

the gaugino massesvia the gauge couplings, and to the scalar masses and trilinear parametersAλ via the
Yukawa couplings:

Qdm2
0

dQ
=

1

16π2
[
−g2aM2

a + λ2(m2
0 +A2

λ)
]
. (195)

The latter effect is significant for the stop squark, one of the Higgs multiplets, and possibly the other
third-generation sfermions iftan β is large. For the other sfermions, at leading order one has

m2
0(Q) = m2

0 +Cm2
1/2, (196)

where the coefficientC depends on the gauge quantum numbers of the corresponding sfermion. Conse-
quently, one expects the squarks to be heavier than the sleptons. Specifically, in the CMSSM one finds
at the electroweak scale that

squarks : m2
q̃ ∼ m2

0 + 6m2
1/2, (197)

left-handed sleptons:m2
ℓ̃L

∼ m2
0 + 0.5m2

1/2, (198)

right-handed sleptons:m2
ℓ̃R

∼ m2
0 + 0.15m2

1/2. (199)

The difference between the left and right slepton masses mayhave implications for cosmology, as we
discuss later. A small difference is also expected between the masses of the left and right squarks, but
this is relatively less significant numerically.

The CKM mixing between quarks is related in the SM to off-diagonal entries in the Yukawa cou-
pling matrix, and shows up in leading-order charged-current interactions and flavour-changing neutral
current (FCNC) interactions induced at the loop level. One would expect additional FCNCs to be in-
duced by similar loop diagrams involving squarks, which would propagate through the RGEs (195) and
induce flavour-violating terms in the sfermion mass matrices. However, experiment imposes important
upper limits on such additional supersymmetric flavour effects. As already discussed, these would be
suppressed (though non-zero) if the soft supersymmetry-breaking scalar masses of all sfermions with
the same quantum numbers were the same before renormalization. The hypothesis of Minimal Flavour
Violation (MFV) is that flavour mixing of squarks and sleptons is induced only by the CKM mixing in
the quark sector and the corresponding MNS mixing in the lepton sector: see the next Lecture. The MFV
hypothesis requires also that the soft supersymmetry-breaking trilinear parametersA be universal for
sfermions with the same quantum numbers:Aλ = A0λ. However, the MFV hypothesis does permit the
appearance of 6 additional phases beyond those in the CKM model for quarks: 3 phases for the different
gaugino mass parameters, and 3 phases for the differentA0 coefficients [96].

Results of typical numerical calculations of these renormalization effects in the CMSSM are shown
in Fig. 22. An important effect illustrated there is that theRGEs may drivem2

Hu
negative at some low

renormalization scaleQN , thanks to the top quark Yukawa coupling appearing in (195)17. A negative
value ofm2

Hu
would trigger electroweak symmetry breaking at a scale∼ QN . Since the negative value of

17The effect of the Yukawa coupling is toincreasem2
0 asQ increases, i.e., todecreasem2

0 asQ decreases.

48

M. BUSTAMANTE, L. CIERI AND J. ELLIS

192



m2
Hu

is due to the logarithmic renormalization by the top quark Yukawa coupling, electroweak symmetry
breaking appears at a scale exponentially smaller than the input GUT or Planck scale:

mW

MGUT,P
= exp

(
−O(1)

αt

)
: αt ≡

λ2t
4π
. (200)

In this way, it is possible for the electroweak scale to be generated naturally at a scale∼ 100 GeV if the
top quark is heavy:mt ∼ 60 to 100 GeV, a realization that long predated the discovery ofjust such a
heavy top quark.
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Fig. 22: Calculations of the renormalization of soft supersymmetry-breaking sparticle masses, assuming univer-
sal scalar and gaugino massesm0,m1/2 at the GUT scale. Note that strongly-interacting sparticles have larger
physical masses at low scales, and them2

Hu
is driven negative, triggering electroweak symmetry breaking.

3.6.1 Sparticle masses and mixing

There are aspects of sparticle masses and mixing that are important for phenomenology, as we now dis-
cuss.

Sfermions: As we have seen, each flavour of charged lepton or quark has both left- and right-handed
componentsfL,R, and these have separate spin-0 boson superpartnersf̃L,R. These have different isospins
I = 1

2 , 0, but may mix as soon as the electroweak gauge symmetry is broken. Thus, for each flavour we
should consider a2× 2 mixing matrix for thef̃L,R, which takes the following general form:

M2
f̃
≡



m2

f̃LL
m2

f̃LR

m2
f̃LR

m2
f̃RR


 . (201)

The diagonal terms may be written in the form

m2
f̃LL,RR

= m2
f̃L,R

+mD2

f̃L,R
+m2

f , (202)

wheremf is the mass of the corresponding fermion,m̃2
f̃L,R

is the soft supersymmetry-breaking mass

discussed in the previous section, andmD2

f̃L,R
is a contribution due to the quarticD terms in the effective
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potential:
mD2

f̃L,R
= m2

Z cos 2β (I3 + sin2 θWQem), (203)

where the term∝ I3 is non-zero only for thẽfL. Finally, the off-diagonal mixing term takes the general
form

m2
f̃L,R

= mf

(
Af + µtan β

cot β

)
for f =e,µ,τ,d,s,b

u,c,t . (204)

It is clear thatf̃L,R mixing is likely to be important for thẽt, and it may also be important for thẽbL,R
andτ̃L,R if tan β is large.

We also see from (202) that the diagonal entries for thet̃L,R would be different from those of
the ũL,R andc̃L,R, even if their soft supersymmetry-breaking masses were universal, because of them2

f

contribution. In fact, we also expect non-universal renormalization ofm2
t̃LL,RR

(and alsom2
b̃LL,RR

and

m2
τ̃LL,RR

if tan β is large), because of Yukawa effects analogous to those discussed previously for the

renormalization of the soft Higgs masses. For these reasons, the t̃L,R are not usually assumed to be
degenerate with the other squark flavours.

Charginos: These are the supersymmetric partners of theW± andH±, which mix through a2 × 2
matrix

−1

2
(W̃−, H̃−) MC

(
W̃+

H̃+

)
+ herm.conj. (205)

where

MC ≡
(

M2

√
2mW sin β√

2mW cos β µ

)
. (206)

HereM2 is the unmixedSU(2) gaugino mass andµ is the Higgs mixing parameter introduced previously.

Neutralinos: These are characterized by a4 × 4 mass mixing matrix [34], which takes the following
form in the(W̃ 3, B̃, H̃0

2 , H̃
0
1 ) basis :

mN =




M2 0 −g2v2√
2

g2v1√
2

0 M1
g′v2√

2

−g′v1√
2

−g2v2√
2

g′v2√
2

0 µ

g2v1√
2

−g′v1√
2

µ 0




(207)

Note that this has a structure similar toMC (206), but with its entries replaced by2 × 2 submatrices.
As has already been mentioned, one often assumes that theSU(2) andU(1) gaugino massesM1,2 are
universal at the GUT or supergravity scale, so that

M1 ≃M2
α1

α2
, (208)

so the relevant parameters of (207) are generally taken to beM2 = (α2/αGUT )m1/2, µ andtan β.

In the limit M2 → 0, the lightest neutralinoχ would be approximately a photino, and it would
be approximately a higgsino in the limitµ → 0. However, these idealized limits are excluded by un-
successful LEP and other searches for neutralinos and charginos. Possibilities that persist are thatχ be
approximately a Bino,̃B, or that it has a substantial higgsino component.
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3.7 Constraints on the MSSM

Most of the current constraints on possible physics beyond the SM are negative and, specifically, no
sparticle has ever been detected. The concordance with the SM predictions means that, in general, one
can only set lower limits on the possible masses of supersymmetric particles. However, there are two
observational indications of physics beyond the SM that may, in the supersymmetric context, be used
for settingupper limits of the masses of the supersymmetric particles. As discussed earlier, these two
hints for new physics are the anomalous magnetic moment of the muon,gµ− 2, which seems to disagree
with the prediction of the SM (at least if this is calculated using low-energye+e− data as an input),
and the density of cold dark matterΩCDM . However, these discrepancies may be explained either with
supersymmetry or with other possible extensions of the SM, so their interpretations require special care.
Nevertheless, these may be regarded as additional phenomenological motivations for supersymmetry,
in addition to the more theoretical motivations described in the beginning of this section, such as the
naturalness of the hierarchy of mass scales in physics, grand unification, string theory, etc. Therefore, in
addition to considering the more direct searches for supersymmetry, it is also natural to ask whatgµ − 2
andΩCDM may imply for the parameters of supersymmetric models. Figure 23 compiles the impacts
of various constraints on supersymmetry, assuming that thesoft supersymmetry-breaking contributions
m1/2,m0 to the different scalars and gauginos are each universal at the GUT scale (the scenario called
the CMSSM), and that the lightest sparticle is the lightest neutralinoχ.
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Fig. 23: The CMSSM(m1/2,m0) planes for (a)tanβ = 10 and (b)tanβ = 55, assumingµ > 0, A0 = 0,

mt = 173.1 GeV andmb(mb)
MS
SM = 4.25 GeV. The near-vertical (red) dot-dashed lines are the contours for

mh = 114 GeV, and the near-vertical (black) dashed line is the contour mχ± = 104 GeV. Also shown by the
dot-dashed curve in the lower left is the region excluded by the LEP boundmẽ > 99 GeV. The medium (dark
green) shaded region is excluded byb→ sγ, and the light (turquoise) shaded area is the cosmologically preferred
region. In the dark (brick red) shaded region, the LSP is the charged̃τ1. The region allowed by the measurement
of gµ− 2 at the 2-σ level, assuming thee+e− calculation of the Standard Model contribution, is shaded (pink) and
bounded by solid black lines, with dashed lines indicating the 1-σ ranges (updated from [98]).

Experiments at LEP and the Tevatron collider, in particular, have made direct searches for super-
symmetry using the missing-energy-momentum signature. LEP established lower limits∼ 100 GeV on
the masses of many charged sparticles without strong interactions, such as sleptons and charginos. The
Tevatron collider has established the best lower limits on the masses of squarks and gluinos,∼ 400 GeV.
In view of the greater renormalization of the squark and gluino masses than for charginos and sleptons,
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see (194) and (199), these two sets of limits are quite complementary.

Another important constraint is provided by the LEP lower limit on the Higgs mass:mH >
114.4 GeV [20]. This holds in the Standard Model, for the lightest Higgs bosonh in the general MSSM
for tan β <∼ 8, and almost always in the CMSSM for alltan β, at least as long as CP is conserved18.
Sincemh is sensitive to sparticle masses, particularlymt̃ via the loop corrections (188), the Higgs limit
also imposes important constraints on the soft supersymmetry-breaking CMSSM parameters, principally
m1/2 [98], as seen in Fig. 23.

Important constraints are imposed on the CMSSM parameter space by flavour physics, specifically
the agreement with data of the SM prediction for the decayb → sγ, as well as the upper limit on the
decayBs → µ+µ−, which is important at largetan β in particular.

We see in Fig. 23 that narrow strips of the(m1/2,m0) planes are compatible [98] with the range
of the astrophysical cold dark matter density favoured by WMAP and other experiments. However, these
strips vary withtan β andA0. In fact, foliation by these WMAP strips covers large fractions of the
(m1/2,m0) plane astan β andA0 are varied. Away from these narrow strips, the relic neutralino density
exceeds the WMAP range over most of the(m1/2,m0) planes shown in Fig. 23. In its left panel, the
relic density is reduced into the WMAP range only in the shaded strip atm0 ∼ 100 GeV that extends
to m1/2 ∼ 900 GeV. This reduction is brought about by co-annihilations between the LSPχ (which is
mainly a Bino) and sleptons that are only slightly heavier, most notably the lighter stau and the right
selectron and smuon, which are significantly lighter than the left sleptons, as discussed earlier. In the
right panel of Fig. 23 fortan β = 50, this co-annihilation strip moves to largerm0. Also, it is extended to
largerm1/2, as a result of a reduction in the relic density due to rapidχ− χ annihilations though direct-
channel heavy Higgs (H,A) states. In addition to these visible WMAP regions, there isin principle
another allowed strip at very large values ofm0, called the focus-point region, where the LSP becomes
relatively light and acquires a substantial higgsino component, favouring annihilationviaW+W− final
states.

Finally, also shown in the two panels of Fig. 23 are the regions favoured by the supersymmetric
interpretation of the discrepancy (120) between the experimental measurement ofgµ − 2 and the value
calculated in the SM using low-energye+e− data [98]. The favoured regions are displayed as bands
corresponding to±2σ. We see that they can be used to setupper limits on the sparticle masses! In
particular,gµ − 2 disfavours the focus-point region, wherem0 is so large that the supersymmetric con-
tribution togµ − 2 is negligible, and also the region at largetan β and largem1/2 where the neutralinos
may annihilate rapidly though direct-channel heavy-Higgsstates.

3.8 Frequentist analysis of the supersymmetric parameter space

In a recent paper [99] the likely range of parameters of the CMSSM and NUHM1 has been estimated
using a frequentist approach, by building aχ2 likelihood function with contributions from the various
relevant observables, including precision electroweak physics,gµ−2, the lower limit on the lightest Higgs
boson mass (taking into taking into account the theoreticaluncertainty in theFeynHiggs calculation of
Mh [100]), the experimental measurement of BR(b→ sγ)(which agrees with the SM), the experimental
upper limit on BR(Bs → µ+µ−), andΩCDM . This frequentist analysis used a Markov chain Monte
Carlo technique to sample thoroughly the(m0,m1/2) plane up to masses of several TeV, including the
focus-point and rapid-annihilation regions, for a wide range of values ofA0 andtan β.

We display in Fig. 24 the∆χ2 functions in the(m0,m1/2) planes for the CMSSM (left plot)
and for the NUHM1 (right plot). The parameters of the best-fitCMSSM point arem0 = 60 GeV,
m1/2 = 310 GeV, A0 = 130 GeV, tan β = 11, andµ = 400 GeV (corresponding nominally to
Mh = 114.2 GeV and an overallχ2 = 20.6 for 19 d.o.f. with a probability of 36%), which are very

18The lower bound on the lightest MSSM Higgs boson may be relaxed significantly if CP violation feeds into the MSSM
Higgs sector [97].
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close to the ones previously reported in Ref. [101]. The corresponding parameters of the best-fit NUHM1
point arem0 = 150 GeV, m1/2 = 270 GeV, A0 = −1300 GeV, tan β = 11, andm2

h1
= m2

h2
=

−1.2 × 106 GeV2 or, equivalently,µ = 1140 GeV, yieldingχ2 = 18.4 (corresponding to a similar fit
probability to the CMSSM) andMh = 120.7 GeV. The similarities between the best-fit values ofm0,
m1/2 andtan β in the CMSSM and the NUHM1 suggest that the model frameworks used are reasonably
stable: if they had been very different, one might well have wondered what would be the effect of
introducing additional parameters, as in the NUHM2 with twonon-universality parameters in the Higgs
sector.
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Fig. 24: The∆χ2 functions in the(m0,m1/2) planes for the CMSSM (left plot) and for the NUHM1 (right plot),
as found in frequentist analyses of the parameter spaces. Wesee that the co-annihilation regions at lowm0 and
m1/2 are favoured in both cases [101].

These best-fit points are both in the co-annihilation regionof the(m0,m1/2) plane, as can be seen
in Fig. 24. The C.L. contours extend to slightly larger values ofm0 in the CMSSM, while they extend to
slightly larger values ofm1/2 in the NUHM1, as was already shown in Ref. [101] for the 68% and95%
C.L. contours. However, the qualitative features of the∆χ2 contours are quite similar in the two models,
indicating that the preference for smallm0 andm1/2 are quite stable and do not depend on details of
the Higgs sector. We recall that it was found in Ref. [101] that the focus-point region was disfavoured
at beyond the 95% C.L. in both the CMSSM and the NUHM1. We see inFig. 24 that this region is
disfavoured at the level∆χ2 ∼ 8 in the CMSSM and> 9 in the NUHM1.

The favoured values of the particle masses in both models aresuch that there are good prospects
for detecting supersymmetric particles in CMS [28] and ATLAS [29] even in the early phase of the LHC
running with reduced centre-of-mass energy and limited luminosity, as seen in Fig. 25. The best-fit
points and most of the 68% confidence level regions are withinthe region of the(m0,m1/2) plane that
could be explored with 100/pb of data at 14 TeV in the centre ofmass, and hence perhaps with 200/fb
of data at 10 TeV19. Almost all the 95% confidence level regions would be accessible to the LHC with
1/fb of data at 14 TeV. As seen in Fig. 25, in substantial partsof these regions there are good prospects
for detectingq̃ → qℓ+ℓ−χ decays, which are potentially useful for measuring sparticle mass parameters,
and the lightest supersymmetric Higgs boson may also be detectable inq̃ decays.

The best-fit spectra in the CMSSM and NUHM1 are shown in Fig. 26: they are relatively similar,
though the heavier Higgs bosons, the gluinos, and the squarks may be somewhat heavier in the CMSSM,
whereas the heavier charginos and neutralinos may be heavier in the NUHM1 [101]. There are con-
siderable uncertainties in these spectra, as seen in Fig. 27[99]. However, in general there are strong

19The comparisons are made with experimental simulations fortanβ = 10 andA0 = 0, whereas the frequentist analysis
sampled all values oftanβ andA0. As it happens, the preferred values oftanβ in both the CMSSM and the NUHM1 are
quite close to 10: the value ofA0 is relatively unimportant for the experimental analysis.
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Fig. 25: The (m0,m1/2) planes in the CMSSM (upper) and the NUHM1 (lower) fortanβ = 10 andA0 = 0.
The dark shaded areas at lowm0 and highm1/2 are excluded due to a scalar tau LSP, the light shaded areas at
low m1/2 do not exhibit electroweak symmetry breaking. The nearly horizontal line atm1/2 ≈ 160 GeV in the
lower panel hasmχ̃±

1
= 103 GeV, and the area below is excluded by LEP searches. Just above this contour at low

m0 in the lower panel is the region that is excluded by trileptonsearches at the Tevatron. Shown in each plot is
the best-fit point [101], indicated by a star, and the 68 (95)%C.L. contours from the fit as dark grey/blue (light
grey/red) overlays, scanned over alltanβ andA0 values. The plots also show some5 σ discovery contours for
CMS [28] with 1 fb−1 at 14 TeV, 100 pb−1 at 14 TeV and 50 pb−1 at 10 TeV centre-of-mass energy [101].

correlations between the different sparticle masses, as exemplified in Fig. 28, though the correlation is
weaker, e.g., for the lighter stau and the LSP in the NUHM120.

Finally, a result from this frequentist analysis that also concerns LHC physics, but away from
the high-energy frontier. We see in Fig. 29 that the branching ratio forBs → µ+µ− may well exceed
considerably its value in the SM, particularly at largetan β. This is true to some extent in the CMSSM,
and even more so in the NUHM1. Particularly in the latter case, this decay might perhaps be accessible
to the LHCb experiment during initial LHC running. Therefore, there may be important competition for
ATLAS and CMS in their quest to discover supersymmetry!

20This reflects the possible appearance of rapid direct-channel annihilations also at lowm1/2 and lowtanβ, allowing an
escape from the co-annihilation region wheremχ ∼ mτ̃1 .
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Fig. 26: The spectra at the best-fit points: left — in the CMSSM withm1/2 = 311 GeV,m0 = 63 GeV,A0 =

243 GeV, tanβ = 11.0, and right — in the NUHM1 withm1/2 = 265 GeV,m0 = 143 GeV,A0 = −1235 GeV,
tanβ = 10.4, andµ = 1110 GeV [101].

4 Further beyond: GUTs, string theory and extra dimensions

4.1 Grand unification

Gauge theories, particularly non-Abelian Yang–Mills theories, are the only suitable framework for de-
scribing interactions in particle physics. In the SM, thereare three different gauge groupsSU(3)C ,
SU(2)L, andU(1)Y , and correspondingly there are three different couplings.It is logical to look for a
single, more powerful non-Abelian grand unified gauge groupwith a single couplinggGUT that would
enable us to unify the three couplings, and might provide interesting relations between the other different
SM parameters such as Yukawa couplings and hence fermion masses21. As a first approximation, we
assume that the effects of the gravitational interaction are negligible, which is generally true if the grand
unification scaleMGUT is significantly smaller that the Planck mass. As we see later, it turns out that
typical estimations, based on extrapolation to very high energies of the known physics of the SM [102],
give a grand unification scale of the order of1016 GeV, which is about a thousand times smaller than the
Planck scaleMP l = O(1019) GeV.

Postulating a single group to describe all the interactionsof particle physics also implies new
relations between the matter particles themselves, as wellas new gauge bosons. Specifically, if the
symmetry changes then the representations, and hence the organization of the particles into multiplets,
also change. There are some hints for this in low-energy physics, such as charge quantization and the
correlation of fractional electrical charges with colour charges, and the cancellation of anomalies between
the leptons and the quarks that also lead us to anticipate an organization simpler than the SM.

Clearly, one must recover the Standard Model at low energy, implying that in these Grand Unified
Theories (GUTs) one must also study the breaking of the GUT groupG→ SU(3)C⊗SU(2)L⊗U(1)Y .

This section begins with a presentation of the renormalization-group evolution equations of the
three SM gauge couplings and studies their possible unification at some GUT scale. Subsequently, some
specific examples of GUTs are discussed, notably the prototype based on the groupSU(5), which makes

21In this section, we denote the couplings byg1 for theU(1) subgroup,g2 for SU(2), andg3 for SU(3), which have the
appropriate normalizations for grand unification [see later].
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Fig. 27: Spectra in the CMSSM (left) and the NUHM1 (right). The vertical solid lines indicate the best-fit values,
the horizontal solid lines are the 68% C.L. ranges, and the horizontal dashed lines are the 95% C.L. ranges for the
indicated mass parameters [99].
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Fig. 28: The correlations between the gluino mass,mg̃, and the masses of the the left-handed partners of the five
light squark flavours,mq̃L , are shown in the CMSSM (left panel) and in the NUHM1 (right panel) [99].

56

M. BUSTAMANTE, L. CIERI AND J. ELLIS

200



1-
C

L

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

βtan
0 10 20 30 40 50 60

)µµ
→ s

B
R

(B

0

5

10

15

20

25

30

35

40

45
-910×

1-
C

L

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

βtan
0 10 20 30 40 50 60

)µµ
→ s

B
R

(B

0

5

10

15

20

25

30

35

40

45
-910×

Fig. 29: The correlation between the branching ratio forBs → µ+µ− andtanβ in the CMSSM (left panel) and
in the NUHM1 (right panel) [99].

possible a simple discussion of many properties of GUTs. This is followed by a short discussion of
typical predictions of these models, such as the decay of theproton and the relations between the masses
of the quarks and leptons. We finish by discussing some of the advantages, problems, and perspectives
of GUT models.

4.1.1 The evolution equations for gauge couplings

The first apparent obstacle to the philosophy of grand unification is the fact that the strong coupling
strengthα3 = g23/4π is much stronger than the electroweak couplings at present-day energies:α3 ≫
α2, α1. However, the strong coupling is asymptotically free [9]:

α3(Q) ≃ 12π

(33− 2Nq) ln(Q2/Λ2
3)

+ . . . , (209)

whereNq is the number of quarks,Λ3 ≃ few hundred MeV is an intrinsic scale of the strong in-
teractions, and the dots in (209) represent higher-loop corrections to the leading one-loop behaviour
shown. The other SM gauge couplings also exhibit logarithmic violations analogous to (209). For ex-
ample, the fine-structure constantαem = 1/137.035999084(51) is renormalized to effective value of
αem(mZ) ∼ 1/128 at theZ mass scale. The renormalization-group evolution for theSU(2) gauge
coupling corresponding to (209) is

α2(Q) ≃ 12π

(22− 2Nq −NH/2) ln(Q2/Λ2
2)

+ . . . , (210)

where we have assumed equal numbers of quarks and leptons, andNH is the number of Higgs doublets.
Taking the inverses of (209) and (210), and then taking theirdifference, we find

1

α3(Q)
− 1

α2(Q)
=

(
11 +NH/2

12π

)
ln

(
Q2

m2
X

)
+ . . . . (211)

Note that we have absorbed the scalesΛ3 andΛ2 into a single grand unification scaleMX whereα3 =
α2.

Evaluating (211) whenQ = O(MW ), whereα3 ≫ α2 = 0(αem), we derive the characteristic
feature [102]

mGUT

mW
= exp

(
O
(

1

αem

))
, (212)
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i.e., the grand unification scale is exponentially large. Aswe see in more detail later, in most GUTs there
are new interactions mediated by bosons weighingO(mX) that cause protons to decay with a lifetime
αm4

X . In order for the proton lifetime to exceed the experimentallimit, we needmX
>∼ 1014 GeV and

henceαem
<∼ 1/120 in (212) [103]. On the other hand, if the neglect of gravity isto be consistent, we

needmX
<∼ 1019 GeV and henceαem

>∼ 1/170 in (212) [103]. The fact that the measured value of the
fine-structure constantαem lies in this allowed range may be another hint favouring the GUT philosophy.

Further empirical evidence for grand unification is provided by the prediction it makes for the
neutral electroweak mixing angle [102]. Calculating the renormalization of the electroweak couplings,
one finds

sin2 θW =
αem(mW )

α2(mW )
≃ 3

8

[
1− αem

4π

110

9
ln
m2

X

m2
W

]
, (213)

which can be evaluated to yieldsin2 θW ∼ 0.210 to 0.220, if there are only SM particles with masses
<∼ mX [102]. This is to be compared with the experimental valuesin2 θW = 0.23120 ± 0.00015 in the
MS renormalization scheme. Considering thatsin2 θW coulda priori have had any value between 0 and
1, this is an impressive qualitative success. The small discrepancy can be removed by adding some extra
particles, such as the supersymmetric particles in the MSSM.

To see this explicitly, we may write

sin2 θ(mZ) =
g′2

g22 + g′2
=

3

5

g21(mZ)

g22(mZ) +
3
5g

2
1(mZ)

, (214)

whereg1 is defined in such a way that its quadratic Casimir coefficient, summed over all the particles in
a single generation, is the same as forg2 andg3, which is the appropriate normalization within a GUT.
Using the one-loop RGEs, we can then write

sin2 θ(mZ) =
1

1 + 8x

[
3x+

αem(mZ)

α3(mZ)

]
=

1

5

(
b2 − b3
b1 − b2

)
, (215)

where thebi are the one-loop coefficients in the RGEs for the different SMcouplings. Their values in
the SM (on the left) and the MSSM (on the right) are:

4

3
NG − 11 ← b3 → 2NG − 9 = −3 (216)

1

6
NH +

4

3
NG −

22

3
← b2 → 1

2
NH + 2NG − 6 = +1 (217)

1

10
NH +

4

3
NG ← b1 → 3

10
NH + 2NG =

33

5
(218)

23

218
= 0.1055 ← x → 1

7
. (219)

Experimentally, usingαem(mZ) = 1/128, α3 = 0.119 ± 0.003, sin2 θW (mZ) = 0.2315, we find

x =
1

6.92 ± 0.07
, (220)

in striking agreement with the MSSM prediction in (219)!

Another qualitative success is the prediction of theb quark mass [104, 105]. In many GUTs,
such as the minimalSU(5) model, discussed shortly, theb quark and theτ lepton have equal Yukawa
couplings when renormalized at the GUT sale. The renormalization group then tells us that

mb

mτ
≃
[
ln

(
m2

b

m2
X

)] 12
33−2Nq

. (221)
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Usingmτ = 1.78 GeV, we predict thatmb ≃ 5 GeV, in agreement with experiment. Happily, this pre-
diction remains successful if the effects of supersymmetric particles are included in the renormalization-
group calculations [106].

To examine the GUT predictions forsin2 θW etc. in more detail, one needs to study the renorma-
lization-group equations beyond the leading one-loop order. Through two loops, one finds that

Q
∂αi(Q)

∂Q
= − 1

2π

(
bi +

bij
4π

αj(Q)

)
[αi(Q)]2 , (222)

where thebi receive the one-loop contributions

bi =




0
−22

3
−11


+Ng




4
3

4
3

4
3




+NH




1
10

1
6

0




(223)

from gauge bosons,Ng matter generations andNH Higgs doublets, respectively, and at two loops

bij =




0 0 0

0 −136
3 0

0 0 −102




+Ng




19
15

3
5

44
15

1
5

49
3 4

4
30

3
2

76
3




+NH




9
50

9
10 0

3
10

13
6 0

0 0 0



. (224)

It is important to note that these coefficients are all independent of any specific GUT model, depending
only on the light particles contributing to the renormalization.

Including supersymmetric particles as in the MSSM, one finds[107]

bi =




0

−6

−9




+Ng




2

2

2




+NH




3
10

frac12

0



, (225)

and

bij =




0 0 0

0 −24 0

0 0 −54




+Ng




38
15

6
5

88
15

2
5 14 8

11
5 3 68

3




+NH




9
50

9
10 0

3
10

7
2 0

0 0 0



, (226)

again independent of any specific supersymmetric GUT.

One can use these two-loop equations to make detailed calculations ofsin2 θW in different GUTs.
These confirm that non-supersymmetric models are not consistent with the determinations of the gauge
couplings from LEP and elsewhere [108]. Previously, we argued that these models predicted a wrong
value forsin2 θW , given the experimental value ofα3. In Fig. 19(a) we see the converse, namely that
extrapolating the experimental determinations of theαi using the non-supersymmetric renormalization-
group equations (223), (224) does not lead to a common value of the gauge couplings at any renormaliza-
tion scale. In contrast, we see in Fig. 19(b) that extrapolation using the supersymmetric renormalization-
group equations (225), (226)doeslead to possible unification atMGUT ∼ 1016 GeV [89], if the spartners
of the SM particles weigh∼ 1 TeV.
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Turning this success around, and assumingα3 = α2 = α1 atMGUT with no threshold corrections
at this scale, one may estimate that [109]

sin2 θW (MZ)

∣∣∣∣
MS

= 0.2029 +
7αem

15α3
+
αem

20π

[
−3 ln

(
mt

mZ

)
+

28

3
ln

(
mg̃

mZ

)

−32

3
ln

(
mW̃

mZ

)
− ln

(
mA

mZ

)
− 4 ln

(
µ

mZ

)
+ . . .

]
. (227)

Setting all the sparticle masses to 1 TeV reproduces approximately the value ofsin2 θW observed exper-
imentally. Can one invert this successful argument to estimate the supersymmetric particle mass scale?
One can show [110] that the sparticle mass thresholds in (227) can be lumped into the parameter

Tsusy ≡ |µ|
(
m2

W

mg̃

)14/19 (
m2

A

µ2

)3/38
(
m2

W̃

µ2

)2/19 3∏

i=1




m3
ℓ̃Li
m7

q̃i

m2
ℓ̃Ri

m5
ũi
m3

d̃i




1/19

. (228)

If one assumes sparticle mass universality at the GUT scale,then [110]

Tsusy ≃ |µ|
(
α2

α3

)3/2

≃ µ

7
, (229)

approximately. The measured value ofsin2 θW is consistent withTsusy ∼ 100 GeV to 1 TeV, roughly
as expected from the hierarchy argument. However, the uncertainties are such that one cannot use this
consistency to constrainTsusy very tightly [111]. In particular, even if one accepts the universality
hypothesis, there could be important model-dependent threshold corrections around the GUT scale [109,
112].

4.1.2 Specific GUTs

What groups may be used to construct a GUT [113]?

First, suitable groups must be sufficiently large to includethe SM. The latter is of rank four, i.e.,
there are four simultaneously-diagonalizable symmetry generators22: SU(3)C have two,SU(2)L one,
andU(1)Y one also. It is striking that all of the diagonal generators are traceless: this is trivial for the
non-Abelian groupsSU(3)C andSU(2)L, but non-trival forU(1)Y , and a possible hint that it should
be embedded in a non-Abelian GUT group. Therefore, we must first find in the Cartan classification of
Lie groups a group of rank higher than or equal to four. Secondly, a GUT group must possess complex
representations, in order that the matter particles and their antiparticles (described by complex conjugate
spinors) could be in inequivalent representations. Thirdly, we should also keep track of the hypercharges
Y = Q− T3. One of the major puzzles of the SM is why

∑

q,ℓ

Qi = 3Qu + 3Qd +Qe = 0. (230)

In the SM, the hypercharge assignments area priori independent of theSU(3) × SU(2)L assignments,
although constrained by the fact that quantum consistency requires the resulting triangle anomalies to
cancel. In a simple GUT group, the relation (230) is automatic: wheneverQ is a generator of a simple
gauge group,

∑
RQ = 0 for particles in any representationR, cf., the values ofI3 in any representation

of SU(2).

There are only two groups of rank 4 that have complex representations and hence are suitable
a priori for GUTs, namelySU(5) andSU(3) ⊗ SU(3). However,SU(3) ⊗ SU(3) does not allow

22Each one is associated with a quantum number, a ‘charge’, that may be used to label particle states.
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simultaneously the leptons to have an integer electric charge and the quarks to have a fractional electric
charge. Moreover, if one tried to useSU(3) × SU(3), one would need to embed the electroweak gauge
group in the secondSU(3) factor. This would be possible only if

∑
qQq = 0 =

∑
ℓQℓ, which is not

the case for the known quarks and leptons. Therefore, attention has focused onSU(5) [113] as the only
possible rank-4 GUT group.

The groupSU(5) is the simplest GUT group capable of including the SM. Other possible GUT
groups have higher rank, and groups that are commonly used areSO(10), the only suitable simple group
of rank 5 with complex representations, and the exceptionalgroupE6 of rank 6. As examples that may
help understand the new physics that appears when the symmetry of the SM is enhanced, we are first
going to study key aspects of the groupSU(5) and then, more briefly, some aspects of the groupSO(10).

TheSU(5) group

As in the SM, particles must be arranged in suitable representations ofSU(5). This group has a
fundamental spinorial representation of dimension 5 and a 2-index antisymmetric spinorial representation
of dimension 10. Together they are suitable for accommodating the fermions of a given generation, which
consist of3× 2× 2 = 12 quarks + 2 charged leptons + 1 neutrino. To see how this may be done, we first
decompose the smallest representations ofSU(5) in terms of representations ofSU(3)⊗ SU(2):

5̄ = (3̄,1) + (1,2), (231)

10 = (3̄,1) + (3,2) + (1,1). (232)

For example, in (231) the representation5̄ of SU(5) can accommodate a colour antitriplet that is also an
SU(2) singlet, and a colour singlet that is also anSU(2) doublet. In addition, it is necessary that the sum
of the charges in each of these two multiplets be zero. The only possible combination of first-generation
fermions in the SM is:

5̄ : (ψi)L =




d̄1
d̄2
d̄3
e−

−νe




L

, (233)

and the rest of the first-generation fermions may be accommodated uniquely, as follows:

10 : (χij)L =
1√
2




0 ū3 −ū2 u1 d1
−ū3 0 ū1 u2 d2
u2 −ū1 0 u3 d3
−u1 −u2 −u3 0 e+

−d1 −d2 −d3 −e+ 0




L

, (234)

where we neglect the eventual mixings between the fermions in different generations. We must repeat
the previous classification of fermions in10 + 5̄ representations for the other two generations: there is
no explanation inSU(5) for the presence of three generations23.

After discussing the matter fermions, we now discuss the GUTgauge bosons. Groups of type
SU(N) haveN2 − 1 symmetry generators in an adjoint representation (e.g.,SU(3)C has 8 gluons,
SU(2) has 2W bosons, etc.), so thatSU(5) has 24 gauge bosons. Of these 24 gauge bosons, 12
correspond to the SM gluons,W±, Z0 andγ, and 12 are new. Decomposing this 24-dimensional adjoint
representation into representations ofSU(3) ⊗ SU(2)⊗ U(1), we find

24 = (3,2,
5

3
)⊕ (3̄,2,−5

3
)

︸ ︷︷ ︸
new bosons

⊕ (8,1, 0)︸ ︷︷ ︸
gluons Ga

⊕ (1,3, 0)︸ ︷︷ ︸
Wi

⊕ (1,1, 0)︸ ︷︷ ︸
B

, (235)

23The pairing of̄5 and10 representations is free of triangle anomalies.
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where the third numbers in the parentheses are the hypercharges of the multiplets. The new bosons,
calledX andY , have electric charges 4/3 and 2/3, respectively, carry leptoquark quantum numbers, are
coloured and have isospin 1/224. In matrix notation,

A =

24∑

a=1

TaA
a =




Gi Gi Gi X̄ Ȳ
Gi Gi Gi X̄ Ȳ
Gi Gi Gi X̄ Ȳ
X X X Wi Wi

Y Y Y Wi Wi



, (236)

where theTa are the generators ofSU(5) represented by5 × 5 matrices (the equivalents forSU(5) of
the Pauli matrices ofSU(2)). The basis is chosen so thatSU(3)C corresponds to the first three lines
and columns, andSU(2)L to the last two lines. The top-left and bottom-right blocks therefore contain
the gluons andW bosons, respectively, and theU(1) bosonB (not shown) corresponds to a traceless
diagonal generator.

The remaining steps in constructing anSU(5) GUT are the choices of representations for Higgs
bosons, first to breakSU(5) → SU(3) × SU(2) × U(1) and subsequently to break the electroweak
SU(2) × U(1)Y → U(1)em. The simplest choice for the first stage is an adjoint24 of Higgs bosonsΦ
with a v.e.v.

< 0|Φ|0 >=




1 0 0
... 0 0

0 1 0
... 0 0

0 0 1
... 0 0. . . . . . . . . . . . . . . . . . . . . .

0 0 0
... −3

2 0

0 0 0
... 0 −3

2




×O(mGUT ). (237)

It is easy to see that this v.e.v. preserves colourSU(3), which reshuffles the first three rows and columns,
weakSU(2), which reshuffles the last two rows and columns, and the hyperchargeU(1), which is a
diagonal generator. The subsequent breaking ofSU(2) × U(1)Y → U(1)em is most economically
accomplished by a5 representation of Higgs bosonsH:

< 0|φ|0 >= (0, 0, 0, 0, 1) × 0(mW ). (238)

It is clear that this v.e.v. has anSU(4) symmetry which yields [104] the relationmb = mτ before
renormalization that leads, after renormalization (221),to a successful prediction formb in terms ofmτ .
However, the same trick does not work for the first two generations, indicating a need for epicycles in
this simplest GUT model [114].

Making the minimalSU(5) GUT supersymmetric, as motivated by the naturalness of the gauge
hierarchy, is not difficult [94]. One must replace the above GUT multiplets by supermultiplets:̄5 F̄ and
10 T for the matter particles,24 Φ for the GUT Higgs fields that breakSU(5) → SU(3) × SU(2) ×
U(1). The only complication is that one needs both5 and 5̄ Higgs representationsH andH̄ to break
SU(2) × U(1)Y → U(1)em, just as two doublets were needed in the MSSM to cancel anomalies and
give masses to all the matter fermions. The simplest possible form of the Higgs potential is specified by
the superpotential [94]:

W = (µ+
3λ

2
M) + λH̄ΦH + f(Φ) (239)

24They have direct interactions with quarks and leptons, which we discuss in the next section.
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whereµ = O(1) TeV andM = O(MGUT ), andf(Φ) is chosen so that∂f/∂Φ = 0 when

< 0|Φ|0 >=M




1 0 0
... 0 0

0 1 0
... 0 0

0 0 1
... 0 0. . . . . . . . . . . . . . . . . . . . . .

0 0 0
... −3

2 0

0 0 0
... 0 −3

2




. (240)

Inserting this into the second term of (239), one finds termsλMH̄3H3, −3/2λMH̄2H2 for the colour-
triplet and weak-doublet components ofH̄ andH, respectively. Combined with the bizarre coefficient
of the first term, these lead to terms

W ∋ (µ+
5λ

2
M)H̄3H3 + µH̄2H2. (241)

Thus we have heavy Higgs triplets with massesO(MGUT ) and light Higgs doublets with massesO(µ).
However, this requires fine tuning the coefficient of the firstterm inW (239) to about 1 part in1013! In
the absence of supersymmetry, such fine tuning would be destroyed by quantum loop corrections [105].

A primary advantage of supersymmetry is that its no-renormalization theorems [80,81] guarantee
that this fine tuning isnatural, in the sense that quantum corrections do not destroy it, unlike the situation
without supersymmetry. On the other hand, supersymmetry alone does not explain theorigin of the
hierarchy. A second advantage of supersymmetry, as we saw earlier in this section, is that it would make
possible a much more precise unification of the gauge couplings. However, a potential snag is that the
exchanges of the supersymmetric partners of the heavy Higgstriplets H̄3,H3 may cause rapid proton
decay, as discussed later.

Another possible GUT group that is frequently studied isSO(10) [113,115]. It is a group of rank
5, that containsSU(5) ⊗ U(1). The principal advantage ofSO(10) over SU(5) is that it possesses
a fundamental spinorial representation of dimension 16 that can accommodate all the fermions of one
generation, as well as a singlet right-handed neutrino, thanks to its decomposition in terms ofSU(5)
representations25

16 = 10⊕ 5̄⊕ 1. (242)

The appearance of anSU(5) singlet provides a natural framework for the physics of the neutrinos and the
seesaw mechanism26. In SO(10) the number of gauge bosons rises to 45, which includes 33 additional
gauge bosons beyond the SM, and therefore many possible interactions, including additional options for
proton decay. In addition, the breaking ofSO(10) is more complicated than that ofSU(5), because it is
done in two steps. One may pass fromSO(10) to SU(5) ⊗ U(1) or SU(4) ⊗ SU(2)L ⊗ SU(2)R, and
then toSU(2)⊗U(1). The Higgs sector is potentially quite extensive, and may include large multiplets
of dimensions 10, 16, 45, 54, 120 and 126, depending on the model.

4.1.3 Baryon decay

Baryon instability is to be expected on general grounds, since there is no exact gauge symmetry to guar-
antee that baryon numberB is conserved. Indeed, baryon decay is a generic prediction of GUTs, which
we illustrate with the simplestSU(5) model, that is anyway embedded in larger and more complicated

25TheSO(10) group is anomaly-free, so this decomposition explains finally the freedom from anomalies ofSU(5) and the
SM.

26In SU(5), singlet right-handed neutrinos could be added ‘by hand’, in which case they would have no gauge interactions. In
the case ofSO(10), the gauge interactions ofSO(10) do not have any direct influence on accessible neutrino phenomenology,
but may provide interesting restrictions on their Yukawa interactions.
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Fig. 30: Diagrams contributing to baryon decay (a) in minimalSU(5) and (b) in minimal supersymmetricSU(5)

GUTs. We see in (236) that there are two species of gauge bosons in SU(5), calledX andY , that
couple the colourSU(3) indices (1,2,3) to the electroweakSU(2) indices (4,5). As we can see from the
matter representations (234), these may enable two quarks or a quark and lepton to annihilate, as seen
in Fig. 30(a). Combining these possibilities leads to an interaction with∆B = ∆L = 1. The forms of
effective four-fermion interactions mediated by the exchanges of massiveZ andY bosons, respectively,
are [105]

(
ǫijkuRk

γµuLj

) g2X
8m2

X

(2eR γ
µ dLi + eL γ

µ dRi) ,

(
ǫijkuRk

γµdLj

) g2Y
8m2

X

(νL γ
µ dRi) , (243)

up to generation mixing factors.

Since the gauge couplingsgX = gY = g3,2,1 in anSU(5) GUT, andmX ≃ mY , we expect that

GX ≡
g2X
8m2

X

≃ GY ≡
g2Y
8m2

Y

. (244)

It is clear from (243) that the baryon decay amplitudeA ∝ GX , and hence the baryonB → ℓ+ meson
decay rate

ΓB = cG2
Xm

5
p, (245)

where the factor ofm5
p comes from dimensional analysis, andc is a coefficient that depends on the GUT

model and the non-perturbative properties of the baryon andmeson.

The decay rate (245) corresponds to a proton lifetime

τp =
1

c

m4
X

m5
p

. (246)

It is clear from (246) that the proton lifetime is very sensitive tomX , which must therefore be calculated
very precisely. In minimalSU(5), the best estimate was

mX ≃ (1 to 2)× 1015 × ΛQCD (247)

whereΛQCD is the characteristic QCD scale in theMS prescription with four active flavours. Making an
analysis of the generation mixing factors [116], one finds that the preferred proton (and bound neutron)
decay modes in minimalSU(5) are

p→ e+π0 , e+ω , ν̄π+ , µ+K0 , . . .

n→ e+π− , e+ρ− , ν̄π0 , . . . , (248)
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and the best numerical estimate of the lifetime is

τ(p→ e+π0) ≃ 2× 1031±1 ×
(

ΛQCD

400 MeV

)4

y . (249)

This is inprima facieconflict with the latest experimental lower limit

τ(p→ e+π0) > 8.2× 1033 y (250)

from super-Kamiokande [117]. However, this failure of minimalSU(5) is not as conclusive as the failure
of its prediction forsin2 θW .

We saw earlier that supersymmetric GUTs, includingSU(5), fare better withsin2 θW . They also
predict a larger GUT scale [107]:

mX ≃ 2× 1016 GeV, (251)

so thatτ(p → e+π0) is considerably longer than the experimental lower limit. However, this is not
the dominant proton decay mode in supersymmetricSU(5) [118]. In this model, there are important
∆B = ∆L = 1 interactions mediated by the exchange of colour-triplet higgsinosH̃3, dressed by
gaugino exchange as seen in Fig. 30(b) [119], these give

GX → O
(
λ2g2

16π2

)
1

mH̃3
m̃
, (252)

whereλ is a generic Yukawa coupling. Taking into account colour factors and the values ofλ for more
massive particles, it was found [118] that decays into neutrinos and strange particles should dominate:

p→ ν̄K+ , n→ ν̄K0 , . . . (253)

Because there is only one factor of a heavy massmH̃3
in the denominator of (252), these decay modes are

expected to dominate overp→ e+π0 etc. in minimal supersymmetricSU(5). The current experimental
limit is τ(p → ν̄K+) > 1033y [120]. Calculating carefully the other factors in (252) [121], it seems
that the modes (253) may be close to detectability in this model, possibly even too close for comfort, in
which case a more complicated supersymmetric GUT might be needed.

There are non-minimal supersymmetric GUT models such as flippedSU(5) [122] in which the
H̃3- exchange mechanism (252) is suppressed. In such models,p → e+π0 may again be the preferred
decay mode [123]. However, this is not necessarily the case,as colour-triplet Higgs boson exchange
may also be important, in which casep → µ+K0 could be dominant [124], or there may be non-
intuitive generation mixing in the couplings of theX andY bosons, offering the possibilityp → µ+π0

etc. Therefore, the continuing search for proton decay should be open-minded about the possible decay
modes. The current experimental limits for these process are τ(p → e+π0) > 1033y [117], τ(p →
µ+K0) > 1033y [120], andτ(p→ µ+π0) > 1033y [117].

4.1.4 Neutrino masses and oscillations

The experimental upper limits on neutrino masses are far below the corresponding lepton masses [13].
From studies of the end-point of tritiumβ decay, we have

mνe
<∼ 2 eV, (254)

to be compared withme = 0.511 MeV. Neglecting mixing effects, from studies ofπ → µνµ decays, we
have

mνµ < 190 keV, (255)
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to be compared withmµ = 105 MeV, and from studies ofτ → pions +ντ , again neglecting mixing
effects, we have

mντ < 18.2 MeV, (256)

to be compared withmτ = 1.78 GeV.

On the other hand, there is no good symmetry reason to expect the neutrino masses to vanish. We
expect masses to vanish only if there is a corresponding exact gauge symmetry, cf.,mγ = 0 in QED with
an unbrokenU(1) gauge symmetry.

However, although there is no candidate gauge symmetry to ensuremν = 0, this is a prediction of
the SM. We recall that the neutrino couplings to charged leptons take the form

Jµ = ēγµ(1− γ5)νe + µ̄γµ(1− γ5)νµ + τ̄ γµ(1− γ5)ντ , (257)

and that only left-handed neutrinos have ever been detected. In the cases of charged leptons and quarks,
their masses arise in the SM from couplings between left- andright-handed componentsvia a Higgs
field:

gHf̄f H∆I= 1
2
,∆L=0 f̄RfL + h.c.→ mf = gHf̄f 〈0|H∆I= 1

2
,∆L=0|0〉. (258)

Such a left–right coupling is conventionally called a Diracmass. The following questions arise for
neutrinos: if there is noνR, can one havemν 6= 0? On the other hand, if there is aνR, why are the
neutrino masses so small?

The answer to the first question is positive, because it is possible to generate neutrino massesvia
the Majorana mechanism that involves theνL alone. This is possible because an(fR) field is in fact
left-handed:(fR) = (f c)L = fTLC, where the superscriptT denotes a transpose, andC is a 2 × 2
conjugation matrix. We can therefore imagine replacing

(fR)fL → fTL C fL, (259)

which we denote byfL · fL. In the cases of quarks and charged leptons, one cannot generate masses in
this way, becauseqL · qL has∆Qem, ∆(colour) 6= 0 andℓL · ℓL has∆Qem 6= 0. However, the coupling
νL · νL is not forbidden by such exact gauge symmetries, and would lead to a neutrino mass:

mM νTL C νL = mM (νc)LνL ≡ mM νL · νL. (260)

Such a combination has non-zero net lepton number∆L = 2 and weak isospin∆I = 1. There is no
corresponding Higgs field in the SM or in the minimalSU(5) GUT, but there is no obvious reason to
forbid one. If one were present, one could generate a Majorana neutrino massvia the renormalizable
coupling

g̃Hν̄ν H∆I=1,∆L=L νL · νL ⇒ mM = g̃Hν̄ν〈0|H∆I=1,∆L=2|0〉. (261)

However, one could also generate a Majorana mass without such an additional Higgs field,via a non-
renormalizable coupling to the conventional∆I = 1

2 SM Higgs field:

1

M

(
H∆I= 1

2
νL

)
·
(
H∆I= 1

2
νL

)
⇒ mM =

1

M
〈0|H∆I= 1

2
|0〉2, (262)

whereM is some (presumably heavy mass scale:M ≫ mW ).

The simplest possibility for generating a non-renormalizable interaction of the form (262) would
bevia the exchange of a heavy fieldN that is a singlet ofSU(3)× SU(2)× U(1) or SU(5):

1

M
→ λ2

MN
, (263)
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where one postulates a renormalizable couplingλH∆I=1/2νL ·N . As already mentioned, such a heavy
singlet field appears automatically in extensions of theSU(5) GUT, such asSO(10), though it does not
actuallyrequire the existence of any new GUT gauge bosons.

We now have all the elements we need for the see-saw mass matrix [125] favoured by GUT model-
builders:

(νL, N) ·
(
mM mD

mD MM

) (
νL
N

)
, (264)

where theνL · νL Majorana massmM might arise from a∆I = 1 Higgs with couplingg̃Hν̄ν , (261),
the νL · N Dirac massmD could arise from a conventional Yukawa couplingλ (263) and should be
of the same order as a conventional quark or lepton mass, andMM could a priori beO(MGUT )

27.
Diagonalizing (264) and assuming thatmM = 0 or that〈0|H∆I=1|0〉 = O(m2

W /mGUT ), as generically
expected in GUTs, one obtains the mass eigenstates

νL + 0

(
mW

mX

)
N : m = O

(
m2

W

MGUT

)
, (265)

N + 0

(
mW

mX

)
νL : M = O(MGUT ). (266)

We see that one mass eigenstate (265) is naturally much lighter than the electroweak scale, whereas the
other (266) is naturally much heavier.

There is evidence for atmospheric neutrino oscillations [127] betweenνµ andντ with ∆m2
A ∼

(10−2 to 10−3) eV2 and a large mixing angle:sin2 θ23 >∼ 0.9. In addition, there is evidence [128]
for solar neutrino oscillations with∆m2

S ≃ 10−5 eV2 and sin2 θ12 ∼ 0.6. We also know that the
third neutrino mixing angleθ13 must be small, but it is an open experimental question just how small
it may be. The pattern of MNS neutrino mixing seems very different from that of CKM quark mixing,
perhaps reflecting special ingredients related to the see-saw mechanism. Other open questions include
the magnitude of the CP-violating phase in the neutrino mixing matrix (analogous to the Kobayashi–
Maskawa phase in quark mixing), and also the sequence of neutrino mass eigenstates.

CP-violating decays of heavy singlet neutrinos provide a simple mechanism for generating the
baryon number of the Universe [129], by first providing a lepton asymmetry that is subsequently con-
verted partially into a baryon asymmetry by non-perturbative electroweak interactions [15]. Essential
ingredients in this scenario are the violation of lepton number via Majorana neutrino masses and CP
violation [38]. The CP-violating phase observable in neutrino oscillations does not play a direct role
in this scenario for baryogenesis [130], but its observation would nevertheless be of great conceptual
importance.

4.2 Local supersymmetry and supergravity

Why study a local theory of supersymmetry [82,83]? One motivation is the analogy with gauge theories,
in which bosonic symmetries are made local. Another is that local supersymmetry necessarily involves
the introduction of gravity. Since both gravity and (surely!) supersymmetry exist, this seems an inevitable
step. It also leads to the possibility of unifying all the particle interactions including gravity, which was
one of our original motivations for supersymmetry. Moreover, it is interesting that local supersymmetry
(supergravity) admits an elegant mechanism for supersymmetry breaking [131], analogous to the Higgs
mechanism in gauge theories, which allows us to address moreseriously the possible existence of a
cosmological constant.

27It is often assumed that there are three singlet neutrinosN , but this need not be the case. If there were only two, one of the
light neutrinos would be massless. On the other hand, there could be many more than three [126].
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The basic building block in a supergravity theory [82, 83] isthe graviton supermultiplet, which
contains particles with helicities(2, 3/2), the latter being the gravitino of spin3/2. Why is this required
when one makes supersymmetry local?

We recall the basic global supersymmetry transformation laws (150, 151) for bosons and fermions.
Consider now the combination of two such global supersymmetry transformations

[δ1, δ2] (φ or ψ) = −(ξ̄2γµξ1) (i ∂µ) (φ or ψ) + . . . (267)

The operator(i ∂µ) corresponds to the momentumPµ, and we see again that the combination of two
global supersymmetry transformations is a translation. Consider now what happens when we consider
local supersymmetry transformations characterized by a varying spinorξ(x). It is evident that the in-
finitesimal translation̄ξ2γµξ1 in (267) is nowx-dependent, and the previous global translation becomes
a local coordinate transformation, as occurs in General Relativity.

How do we make the theory invariant under such local supersymmetry transformations? Consider
again the simplest globally supersymmetric model containing a free spin-1/2 fermion and a free spin-0
boson (143), and make the local versions of the transformations (151), we can obtain

δL = ∂µ(· · · ) + 2ψ̄γµ ∂/S(∂
µξ(x)) + herm. conj. (268)

In contrast to the global case, the actionA =
∫
d4xL is not invariant, because of the second term in

(268). To cancel it out and restore invariance, we need more fields.

We proceed by analogy with gauge theories. In order to make the kinetic term(iψ̄∂/ψ) invariant
under gauge transformationsψ → eiǫ(x)ψ, we need to cancel a variation

−ψ̄∂µψ∂µǫ(x), (269)

which is done by introducing a coupling to a gauge boson

gψ̄γµψA
µ(x) , (270)

and the corresponding transformation

δAµ(x) =
1

g
∂µǫ(x). (271)

In the supersymmetric case, we cancel the second term in (268) by a coupling

κψ̄γµ∂/Sψ
µ(x) (272)

to a spin-3/2 spinorψµ(x), representing a gauge fermion or gravitino, with the corresponding transfor-
mation

δψµ = −2

κ
∂µξ(x), (273)

whereκ ≡ 8π/m2
P .

For completeness, let us at least write down the Lagrangian for the graviton–gravitino supermulti-
plet

L = − 1

2κ2
√−gR− 1

2
ǫµνρσψ̄µγ5γνDρψσ, (274)

whereg denotes the determinant of the metric tensor

gµν = ǫmµ ηmnǫ
µ
ν , (275)

ǫmµ is the vierbein andηmn the Minkowski metric tensor, andDρ is a covariant derivative

Dρ ≡ ∂ρ +
1

4
ωmn
ρ [γm, γn], (276)
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whereωmn
ρ is the spin connection. This is the simplest possible generally-covariant model of a spin-3/2

field. It is remarkable that it is invariant under the local supersymmetry transformations

δǫmµ =
x

2
ξ̄(x)γmψµ(x),

δωmn
µ = 0, δψµ =

1

x
Dµξ(x), (277)

just as the simplest possible(1/2, 0) theory (143) was globally supersymmetric, and also the action of
an adjoint spin-1/2 field in a gauge theory.

As already remarked, supergravity admits an elegant analogue of the Higgs mechanism of spon-
taneous symmetry breaking [131]. Just as one combines the two polarization states of a massless gauge
field with the single state of a massless Goldstone boson to obtain the three polarization states of a mas-
sive gauge boson, one may combine the two polarization states of a massless gravitinoψµ with the two
polarization states of a massless Goldstone fermionλ to obtain the four polarization states of a mas-
sive spin-3/2 particlẽG. This super-Higgs mechanism corresponds to a spontaneous breakdown of local
supersymmetry, since the massless gravitonG has a different mass from the gravitinõG:

mG = 0 6= mG̃. (278)

This is the only known consistent way of breaking local supersymmetry, just as the Higgs mechanism is
the only way to generatemW 6= 0.

Moreover, this can be achieved while keeping zero vacuum energy (cosmological constant), at
least at the tree level. The reason for this is the appearancein local supersymmetry (supergravity) of a
third term in the effective potential (170), which has anegativesign [131]. There is no time in these
lectures to discuss this exciting feature in detail: the interested reader is referred to the original literature
and the simplest example [132]. In this particular case,Λ = V = 0 for anyvalue of the gravitino mass,
for which reason it was named no-scale supergravity [133].

Again, there is no time to discuss here details of the coupling of supergravity to matter [131].
However, it is useful to have in mind the general features of the theory in the limit whereκ→ 0, but the
gravitino massmG̃ ≡ m3/2 remains fixed. One generally has non-zero gaugino massesm1/2 ∝ m3/2,
and their universality is quite generic. One also has non-zero scalar massesm0 ∝ m3/2, but their univer-
sality is much more problematic, and even violated in generic string models. It was this failing that partly
refuelled interest in gauge-mediated models. A generic supergravity theory also yields non-universal
trilinear soft supersymmetry-breaking couplingsAλλφ

3 : Aλ ∝ m3/2 and bilinear scalar couplings
Bµµφ

2 : Bµ ∝ m3/2. Therefore, supergravity may generate the full menagerie of soft supersymmetry-
breaking terms:

−1

2

∑

a

m1/2a ṼaṼa −
∑

i

m2
0i |φi|2 −

(∑

λ

Aλλφ
3 + h.c.

)
−
(∑

µ

Bµµφ
2 + h.c.

)
. (279)

In a minimal supergravity (mSUGRA) framework, the gaugino massesm1/2, scalar massesm0, and
trilinear couplngsA are universal, as assumed in the CMSSM, but there are specificconditions:B =
A− 1, and the gravitino mass is fixed:m3/2 = m0. The former condition is more restrictive than in the
CMSSM, and the latter condition implies that the gravitino is the LSP in significant regions of parameter
space. Hence, the CMSSM and mSUGRA are distinct scenarios [134].

Since these soft supersymmetry-breaking parameters are generated at the supergravity scale near
mP ∼ 1019 GeV, the soft supersymmetry-breaking parameters are renormalized as discussed earlier.
The analogous parameters in gauge-mediated models would also be renormalized, but to a different
extent, because the mediation scale≪ mP . This difference may provide a signature of such models, as
discussed elsewhere [135,136].
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Also renormalized is the vacuum energy (cosmological constant), which is a potential embarass-
ment. Loop corrections in a non-supersymmetric theory are quartically divergent, whereas those in a
generic supergravity theory are only quadratically divergent, suggesting a contribution to the cosmolog-
ical constant of orderm2

3/2m
2
P , perhapsO(10−32)m4

P ! Particular models may have a one-loop quantum

correction of orderm4
3/2 = O(10−64)m2

P , but more magic (a new symmetry?) is needed to suppress the
cosmological constant to the required level

Λ <∼ 10−123m4
P . (280)

This is one of the motivations for seeking a fundamental Theory of Everything including gravity.

Once upon a time, supergravity was considered a possible candidate for such a Theory of Every-
thing, particularly the maximalN = 8 supergravity in 4 dimensions. However, this candidature would
need two elements that are still lacking: a proof that the theory is finite, or at least renormalizable, and a
demonstration of how it could lead to a low-energy theory resembling the SM, e.g.,via the formation of
bound states: see Ref. [137] for a review of these issues. In the meantime, string theory [90] is the most
plausible candidate for a Theory of Everything.

4.3 Towards a Theory of Everything

4.3.1 Problems in quantum gravity

One of the most important unfinished tasks for understandingthe Universe and the fundamental inter-
actions is the unification of the two great theories of the 20th century: general relativity and quantum
mechanics. To write such a unified Theory of Everything is oneof the major challenges for physicists in
our century. The solution of the problem of the cosmologicalconstant, for example, will have to find a
place in the frame of such a Theory of Everything.

Gravity is a puzzle for conventional quantum theory, in particular because incontrollable, non-
renormalizable infinities appear when one tries to calculate Feynman diagrams that contain loops with
gravitons. These correction terms diverge increasingly rapidly as the order of the perturbative calculation
increases, essentially because the coupling of gravity hasnegative mass dimensionality, being∝ 1/M2

P ,
whereMP ≃ 1.2× 1019 GeV.

There are also non-perturbative problems in the quantization of gravity, which first appeared in
connection with black holes. We recall that a black hole is a non-perturbative solution of the equations
of General Relativity, in which the curvature of space-timeinduced by gravitational forces becomes
so strong that no particle can escape the event horizon. The existence of this horizon is linked to the
existence of entropyS and a non-zero temperatureT of the black hole. From the pioneering work of
Bekenstein and Hawking [138] on black-hole thermodynamics, we know that the mass of a black hole is
proportional to the surface areaA of its horizon, which is related in turn to its entropy:

S =
1

4
A . (281)

The appearance of non-zero entropy means that the quantum description of a black hole must involve
mixed states. The intuition underlying this feature is thatinformation can be lost through the event
horizon. To see how this may happen, consider, for example, apure quantum-mechanical pair state
|A,B〉 ≡ ∑

i ci|Ai〉|Bi〉 prepared near the horizon, and what happens if one of the particles, sayA,
falls through the horizon whileB escapes, as seen in Fig. 31. In this case, all the informationabout the
component|Ai〉 of the wave function is lost, so that

∑

i

ci|AiBi〉 →
∑

i

|ci|2|Bi〉〈Bi| (282)

andB emerges in a mixed state, as in Hawking’s original treatmentof the black-hole radiation that bears
his name [138]. The problem is that conventional quantum mechanics does not permit the evolution of a
pure initial state into a mixed final state.
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Fig. 31: If a pair of particles|A〉 |B〉 is produced near the horizon of a black hole, and one of them (|A〉, say) falls
in, the remaining particle|B〉 will appear to be in a mixed state, since the state of|A〉 is unobservable

For a discussion of these and other open problems in quantum black hole physics, see Ref. [139].
Many theorists consider that these problems point to a fundamental conflict between the proudest achieve-
ments of early-twentieth-century physics, namely quantummechanics and General Relativity. One or the
other should be modified, and perhaps both. Since quantum mechanics is sacred to field theorists, most
particle physicists prefer to modify General Relativity byelevating it to string theory, as we now discuss.

4.3.2 Introduction to string theory

As was just mentioned, one of the major issues of quantum gravity is that it has an infinite number of
infinities. These divergences can be traced to the absence ofa short-distance cut-off in conventional field
theories, where the particles are points. The problem is that one can in principle approach infinitely near
a point particle, giving rise to interactions of infinite strength:

∫ Λ→∞
d4k

(
1

k2

)
↔
∫

1/Λ→0
d4x

(
1

x6

)
∼ Λ2 →∞. (283)

Such divergences can be avoided or removed if one replaces point particles by extended objects. The
simplest possibility is to extend in just one dimension, leading to a theory of strings. In such a the-
ory, instead of point particles moving along one-dimensional world lines, one has strings moving over
two-dimensional world sheets. Historically, closed loopsof string have been the most popular, and the
corresponding world sheet would be tubes. The ‘wiring diagrams’ generated by the Feynman rules of
conventional point-like particle theories become ‘plumbing circuits’ generated by the junctions and con-
nections of these tubes of closed string. One could imagine generalizing this idea to higher-dimensional
extended objects such as membranes describing world volumes, etc., and we return later to this option.

Back in the early 1960s, there existed a quantum theory of theelectromagnetic force (QED), but
successful descriptions of the weak and strong forces were not yet known. At that time, theoretical
efforts were concentrated on developing a theory that woulddetermine the scattering (S) matrix, which
describes on-mass-shell scattering amplitudes, which should possess certain properties abstracted from
quantum field theory, such as unitarity and maximal analyticproperties. These characteristics would
ensure the requirements of causality and non-negative probabilities. A key idea in those years was
maximal analyticity in the angular momentum plane, i.e., that the conventional partial-wave amplitudes
al(s) defined in the first instance for discrete angular momental = 0, 1, ..., can be extended uniquely
to analytic functions ofl, a(l, s). These have isolated ‘Regge’ poles that move along Regge trajectories
l = α(s) in the complex angular-momentum plane. The values ofs for which l take suitable discrete
values correspond to a physical hadron states. Experimental results indicated that the Regge trajectories
are approximately linear, with a common slopeα′:

α(s) = α(0) + α′s, (284)
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whereα′ ∼ 1.0(GeV)−2. These ideas were insufficient to determine theS matrix, and additional prin-
ciples were invoked, such as thebootstrapidea, according to which the exchanges of hadrons in crossed
channels provide forces that are responsible for forming hadronic bound states. In the narrow-resonance
approximation, i.e., if resonance decay widths are negligible compared to their masses, the scattering
amplitude can be expanded in an infinite series ofs-channel poles, and this should give the same result
as its expansion in an infinite series oft-channel poles due to exchanged particles. The narrow-resonance
version of the bootstrap idea, which was called duality, hada precise formulation with a definite solution.

The decisive contribution to the solution was made by Veneziano in 1968 [140]: he gave an an-
alytic formula that exhibited duality with linear Regge trajectories. Its structure was the sum of three
Euler beta functions [141]:

T = A(s, t) +A(s, u) +A(t, u) : A(s, t) =
Γ(−α(s))Γ(−α(t))
Γ(−α(s)− α(t)) , (285)

whereα is a linear Regge trajectory, withα(s) = α(0) + α′s as described above. In the course of the
next few years, several further breakthroughs were achieved. Virasoro [142] showed how to generalize
the Veneziano formula to one with full symmetry in the three Mandelstam invariantss, t, u. Multi-
particle generalizations of the Veneziano and Virasoro formulas were constructed and shown to factorize
consistently on a finite spectrum of single-particle statesat each energy level, which could be described
by an infinite number of simple harmonic oscillators. This surprising result led to the first ideas of
strings [143]: they could be interpreted as the scattering modes of a relativistic string: open strings in the
Veneziano case and closed strings in the Virasoro case28.

While looking for a way to incorporate baryons into the string framework, in 1971 Ramond [75]
constructed a dual-resonance model generalization of the Dirac equation. The solutions of this equa-
tion gave the spectrum of a noninteracting fermionic string. In combination with work by Neveu and
Schwarz [76], this led to a unified interacting theory of bosons and fermions, which was essentially a
prototype for what later came to be known as superstring theory. The action of this theory has two-
dimensional global supersymmetry on the world-sheet, described by infinitesimal fermionic transforma-
tions of the type discussed in the previous Lecture.

Initially, it was regarded as a disadvantage that this first incarnation of string theory was not able to
accommodate the point-like partons seen inside hadrons at this time. In retrospect, this was the converse
of the quantum-gravity motivation for string theory mentioned at the beginning of this section, which dis-
favours point-like structures. Then in 1973 along came QCD which incorporated these point-like scaling
properties and provided a qualitative understanding of confinement that has now become quantitative
with the advent of modern lattice calculations. Thus stringtheory languished as a candidate model of the
strong interactions, though there is still hope that some asyet undiscovered variant of string theory might
provide a useful alternative description of the strong interactions. In the mean time, interest was sparked
in 1973 by the realization that string theory predicted the existence of a massless spin-2 state [144].
Could this be the graviton? It was known that in any consistent theory of a massless spin-2 particle
its low-energy interactions would be identical with those of general relativity. Might string theory be
a consistent high-energy completion of this theory, in which case it might be the longsought Theory of
Everything?

As already mentioned, one of the primary reasons for studying extended objects in connection
with quantum gravity is the softening of divergences associated with short-distance behaviour. Since
the string propagates on a world sheet, the basic formalism is two-dimensional. Accordingly, string
vibrations may be described in terms of left- and right-moving waves:

φ(r, t)→ φL(r − t), φR(r + t). (286)

28It still seems amazing that the mathematical formulae preceded the string interpretation [141].
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If the string has no boundary, as for a closed string, the left- and right-movers are independent. When
quantized, they may be described by a two-dimensional field theory. Compared to a four-dimensional
theory, it is relatively easy to make a two-dimensional fieldtheroy finite. In this case, it has conformal
symmetry, which has an infinite-dimensional symmetry groupin two dimensions. However, as you
already know from gauge theories, one must be careful to ensure that this classical symmetry is not
broken at the quantum level by anomalies. If the quantum string theory is to be consistent in a flat
background space-time, the conformal anomaly fixes the number of left- and right-movers each to be
equivalent to 26 free bosons if the theory has no supersymmetry, or 10 boson/fermion supermultiplets if
the theory hasN = 1 supersymmetry on the world sheet. There are other importantquantum consistency
conditions, and it was the demonstration by Green and Schwarz [145] that certain string theories are
completely anomaly-free that opened the floodgates of theoretical interest in string theory as a potential
Theory of Everything.

Among consistent string theories, one may enumerate the following. Thebosonic stringexists
in 26 dimensions, but this is not even its worst problem! It contains no fermionic matter degrees of
freedom, and the flat-space vacuum is intrinsically unstable. Superstringsexist in 10 dimensions, have
fermionic matter and also a stable flat-space vacuum. On the other hand, the ten-dimensional theory
is left-right symmetric, and the incorporation of parity violation in four dimensions is not trivial. The
heterotic stringwas originally formulated in 10 dimensions, with parity violation already incorporated,
since the left- and right movers were treated differently. This theory also has a stable vacuum, but still
suffers from the disadvantage of having too many dimensions. Four-dimensional heterotic stringsmay
be obtained either by compactifying the six surplus dimensions: 10 = 4 + 6 compact dimensions with
sizeR ∼ 1/mP , or by direct construction in four dimensions, replacing the missing dimensions by other
internal degrees of freedom such as fermions or group manifolds or ...? In this way it was possible to
incorporate a GUT-like gauge group [122] or even something resembling the Standard Model.

What are the general features of such string models? First, they predict there are no more than
10 dimensions, which agrees with the observed number of 4. Secondly, they suggest that the rank
of the four-dimensional gauge group should not be very large, in agreement with the rank 4 of the
Standard Model29. Thirdly, the simplest four-dimensional string models do not accommodate large
matter representations [146], such as an8 of SU(3) or a3 of SU(2), again in agreement with the known
representation structure of the Standard Model. Fourthly,simple string models predict fairly successfully
the mass of the top quark, from the requirement that the theory make sense at all energies up to the Planck
mass. Fifthly, string theory makes a fairly successful prediction for the gauge unification scale in terms
of mP . If the intrinsic string couplinggs is weak, one predicts

MGUT = O(g) × mP√
8π
≃ few× 1017GeV, (287)

whereg is the gauge coupling, which isO(20) higher than the value calculated on the basis of LEP
measurement of the gauge couplings. Nevertheless, it wouldbe nice to obtain closer agreement, and
this provides the major motivation for considering strongly-coupled string theory, which corresponds to
a large internal dimensionl > m−1

GUT , as we discuss next.

4.3.3 M theory

As was already said, the bosonic string model has many more disadvantages than other models. It has 26
dimensions, does not contain fermions, and has an unstable vacuum. Consequently, physicists focused
on superstring models, of which five types exist:

• Type IIA, that reduces at low energy to a non-chiralN = 2 supergravity ind = 10 dimensions;

• Type IIB, that reduces at low energy to a chiralN = 2 supergravity ind = 10 dimensions;

29However, the number of gauge symmetries may be enhanced by non-perturbative effects.
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• The heteroticE(8)×E(8) theory, that reduces at low energy to anN = 1 supergravity ind = 10,
connected to a Yang–Mills gauge theory with anE(8) × E(8) gauge group;

• The heterotic theorySO(32), that reduces at low energy to anN = 1 supergravity ind = 10,
connected to a Yang–Mills gauge theory with anSO(32) gauge group;

• Type I, that contains simultaneously opened and closed strings, and that reduces at low energy to
anN = 1 supergravity ind = 10 connected to a Yang–Mills gauge theory with anSO(32) gauge
group.

These theories all look different. For example, the Type I theory is the only one that contains
simultaneously open and closed strings, whereas the otherscontain only closed strings. In addition, the
low-energy gauge structures of the five theories are different. It seems then, that we have five distinct
theories that may describe gravity at the quantum level. Howmay we understand this? Is it possible that
there is a link between the different theories?

Current developments involve going beyond strings to consider higher-dimensional extended ob-
jects, such as generalized membranes with various numbers of internal dimensions. These can be re-
garded as solitons (non-perturbative classical solutions) of string theory [147], with masses

m ∝ 1

gs
, (288)

somewhat analogously to monopoles in gauge theory. It is evident from (288) that such membrane-
solitons become light in the limit of strong string coupling: gs →∞.

It was observed some time ago that there should be a strong-coupling/weak-coupling duality be-
tween elementary excitations and monopoles in supersymmetric gauge theories. These ideas were con-
firmed in a spectacular solution ofN = 2 supersymmetric gauge theory in four dimensions [148].
Similarly, it was shown that there are analogous dualities in string theory [149], whereby solitons in
some strongly-coupled string theory are equivalent to light string states in some other weakly-coupled
string theory. Indeed, it appears that all string theories are related by such dualities. A peculiarity of this
discovery is that the string coupling strengthgs is related to an extra dimension in such a way that its
sizeR→∞ asgs →∞. This then leads to the idea of an underlying 11-dimensionalframework called
M theory [71] that reduces to the different string theories indifferent strong/weak-coupling linits, and
reduces to eleven-dimensional supergravity in the low-energy limit (see Fig. 32).

A particular class of string solitons calledD-branes offers a promising approach to the black
hole information paradox mentioned previously. Accordingto this picture, black holes are viewed as
solitonic balls of string, and their entropy simply counts the number of internal string states. These are
in principle countable, so string theory may provide an accounting system for the information contained
in black holes. Within this framework, the previously paradoxical process (282) becomes

|A,B〉+ |BH〉 → |B′〉+ |BH ′〉 (289)

and the final state is pure if the initial state was. The apparent entropy of the final state in (282) is now
interpreted as entanglement with the state of the black hole. The ‘lost’ information is encoded in the
black-hole state, and this information could in principle be extracted if we measured all properties of this
ball of string [150].

In practice, we do not know how to recover this information from macroscopic black holes, so
they appear to us as mixed states. What about microscopic black holes, namely fluctuations in the
space-time background with∆E = O(mP ), that last for a period∆t = O(1/mP ) and have a size
∆x = O(1/mP )? Do these steal information from us, or do they give it back tous when they decay?
Most people think there is no microscopic leakage of information in this way, but not all of us [151]
are convinced. The neutral kaon system is among the most sensitive experimental areas for testing this
speculative possibility.
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Fig. 32: The different limits of theM theory are joined by different duality relations. The numbers16 and32 are
the numbers of spinor components in the theory.

How large might the extra dimension be inM theory? Remember that the naïve string unification
scale (287) is about 20 times larger thanmGUT as inferred from LEP data. If one wants to maintain
consistency of LEP data with supersymmetric GUTs, it seems that the extra dimension may be relatively
large, with sizeL11 ≫ 1/mGUT ≃ 1/1016 GeV≫ 1/mP [152]. This may be traced to the fact that the
gravitational interaction strength, although growing rapidly as a power of energy

σG ∼ E2/m4
P , (290)

is still much smaller than the gauge coupling strength atE = mGUT . However, if an extra space-time
dimension appears at an energyE < mGUT , the gravitational interaction strength grows faster, as indi-
cated in Fig. 33. Unification with gravity around1016 GeV then becomes possible,if the gauge couplings
do not also acquire a similar higher-dimensional kick. Thuswe are led to the startling capacitor-plate
framework for fundamental physics shown in Fig. 34.

Each capacitor plate isa priori ten-dimensional, and the bulk space between them isa priori
eleven-dimensional. Six dimensions are compactified on a scaleL6 ∼ 1/mGUT , leaving a theory which
is effectively five-dimensional in the bulk and four-dimensional on the walls. Conventional gauge in-
teractions and observable matter particles are hypothesized to live on one capacitor plate, and there are
other hidden gauge interactions and matter particles living on the other plate. The fifth dimension has a
characteristic size which is estimated to beO(1012 to 1013 GeV)−1. Physics at smaller energies (large
distances) looks effectively four-dimensional, whereas gravitational physics at larger energies (smaller
distances) looks five-dimensional, and the strength of the gravitational coupling rises rapidly to unify
with the gauge couplings. Supersymmetry breaking is expected to originate on the hidden capacitor
plate in this scenario, and to be transmitted to the observable wall by gravitational-strength interactions
in the bulk.

The phenomenological richness of this speculativeM -theory approach is only beginning to be
explored, and it remains to be seen whether it offers a realistic phenomenological description. However,
it does embody all the available theoretical wisdom as well as offering the prospect of unifying all the
observable gauge interactions with gravity at a single effective scale∼ mGUT , including the interac-
tions of the Standard Model. As such, it constitutes our bestcontemporary guess about the Theory of
Everything within and beyond the Standard Model.
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Fig. 34: The capacitor-plate scenario favoured in eleven-dimensionalM theory. The eleventh dimension has a
sizeL11 ≫M−1

GUT , whereas dimensions5, ..., 10 are compactified on a small manifoldK with characteristic size
∼M−1

GUT . The remaining four dimensions form (approximately) a flat Minkowski spaceM4 [152].

4.4 Extra dimensions

We have seen that string theories suggest that there may be extra unseen dimensions of space, but this
speculation did not originate with string theorists. The idea of extra dimensions was first developed
by Kaluza [69] and Klein [70]. They noticed that gravitational and electromagnetic interactions, being
so alike in many ways, could be descendants of a common ancestor. Indeed, if we formulate a theory
with extra spatial dimensions, it is possible to unify gravity and electromagnetism. In the same way,
non-Abelian gauge fields can be unified with Einstein’s gravity in more complicated models with extra
dimensions. Thus, the first reason why extra dimensions werestudied was to unify the gravitational and
gauge interactions. These initial discussions concerned gravitation at the classical level. If you want
to quantize gravity, you would be well advised to look at the best available candidate, namely string or
M-theory, which, as we have seen, can be formulated consistently in a space with six or seven extra
dimensions. From this point of view, the quantization of gravitational interactions becomes a second
reason for extra dimensions.
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In all the scenarios considered above, the extra dimensionswere very small, close to the Planck
size or perhaps somewhat larger, but undetectable in conceivable experiments.

However, it was suggested by Antoniadis [153] that an extra dimension might be a good way to
break supersymmetry, in which case its size would be∼ 1/ TeV, in which case it might have some
observable manifestations at the LHC.

Another suggestion, discussed in Lecture 2, was the possibility that boundary conditions in an
extra dimension might be used to break the electroweak gaugesymmetry. In this case also, the size of
the extra dimension should be∼ 1/ TeV, and potentially detectable at the LHC [66–68].

Arkani-Hamed, Dimopoulos and Dvali (ADD) [154] went even further, observing that the Higgs
mass hierarchy problem might be addressed in models with large extra dimensions, if they were of a
millimetre or micron in size. Because the extra dimensions are so large in the ADD framework, their
effects might be measurable even in low-energy table-top experiments. These models can be embedded
in string theory framework, as discussed in Ref. [155]. The main ingredients of the simplest ADD
scenario are [156]:

• The particles of the SM live on a 3-brane, while gravity spreads to all 4+N dimensions;

• There is a new fundamental scale of gravity in extra dimensions,M∗, which together with the
ultraviolet completion scale of the SM is around a few TeV or so, thus eliminating the Higgs mass
hierarchy problem;

• N extra dimensions are compactified.

If we define in this context the 4-dimensional Planck mass

M2
P l =M2+N

∗ (2πL)N , (291)

and postulate that the quantum gravity scaleM∗ ∼ TeV, we can estimate the size of the extra dimensions
to be

L ∼ 10−17+30/Ncm . (292)

For one extra dimension,N = 1, we obtainL ∼ 1013 cm, which is excluded within the ADD framework,
because gravity would have become higher-dimensional at distances∼ 1013 cm. On the other hand, for
N = 2 we getL ∼ 10−2 cm. This case is very interesting, because it predicts a modification of the
4-dimensional laws of gravity at submillimeter distances —which has become the subject of active
experimental studies [156]. For largerN , the value ofL should decrease but, even forN = 6, L is very
large compared to1/MP .

Randall and Sundrum (RS) went much further still [157], showing that a model with aninfinite
warped extra dimension could provide an attractive way to reformulate the hierarchy problem. In this
scenario, 4-dimensional gravity on a brane is obtained through the phenomenon of localization of gravity.
The brane is embedded in a 5-dimension bulk space with negative cosmological constant. In this case
we find a relation between the 4-dimensional Planck mass andM∗

M2
P l =M3

∗ (2L). (293)

This is similar to the relation between the fundamental scaleM∗, the sizeL of the extra dimension, and
the Planck massMP in the ADD model with one extra dimension (291). This similarity is based on the
fact that in both theories the effective size of the extra dimension that is felt by the zero-mode graviton is
finite and∼ L.

So, are extra dimensions very small, small, large or infinite, and how do we tell? There are several
ways to search for extra dimensions in experiments at the TeVscale at the LHC.

Typical examples in theories with TeV-scale extra dimensions are the appearance of Kaluza–Klein
excitations, corresponding to particle wave functions that wrap themselves around the extra dimension.
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These show up as resonances that can appear in cross sectionsat specific energies related to the compact-
ification scale. These Kaluza–Klein excitations occur in ‘towers’ that can be understood by analogy with
a quantum-mechanical particle in a potential well. Its energy is quantized due to the boundary conditions
at the walls of the well. In our case, the supplementary dimension plays the role of the wall of the well.

In models with very large extra dimensions, there are many Kaluza–Klein excitations of the gravi-
ton, which may be detectablevia missing-energy events.

Another speculative possibility is the creation of a microscopic black hole [158]. Any concentra-
tion of energy or massm will be transformed into a black hole if it is squeezed below its Schwarzschild
radius:G/m. The larger the mass, the easier it can be squeezed below its Schwarzschild radius. More-
over, as we have seen, extra dimensions can increase the value ofG. Hence, if there are a few extra
dimensions of sufficient size, it is conceivable that collisions in the LHC might squeeze a pair of partons
below their combined Schwarzschild radius, and hence create a microscopic black hole. These should
evaporate rapidly, since Hawking radiation implies that the black hole loses energy at a rate inversely
proportional to its mass. Studies performed by the CMS [28] and ATLAS [29] collaborations have
demonstrated that such Hawking radiation would be visible in the LHCvia energetic jets, leptons and
photons, as well as missing energy carried away by neutrinos. See Fig. 35 for some results for simulated
black hole production at the LHC [159].
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Fig. 35: Left: a comparison of the missing transverse momentum spectra in the SM, in a typical supersymmetric
model, and in two black hole scenarios, and right: the results of a fit to the number of extra dimensionsn and
the higher-dimensional Planck massMPL on the basis of simulated black hole production at the LHC, taken from
Ref. [159].

4.5 And now for something completely different?

In 1982, Prime Minister Thatcher of the United Kingdom visited CERN: I was placed in the receiving
line, and introduced as a theoretical physicist. “So what dotheoretical physicistsdo?” she boomed. I
replied that “We think of things for the experimentalists tolook for, and we hope they find something
different”. Mrs Thatcher was not sure about this, and asked “Wouldn’t it be better if they found what you
had predicted?” My response was that “In that case, we would not be learning anything new.” In the same
spirit, let us hope that new experiments, particularly at the LHC, will soon reveal new physics beyond
the Standard Model. Perhaps it will look something like the possibilities discussed in these Lectures, but
let us hope that it will take us beyond the beyonds imagined bytheorists.
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