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Abstract

A M onte Carlo event generator has been developed assum ing therm al production of hadrons.

The system under consideration is sam pled grand canonically in the Boltzm ann approxim ation.

A re-weighting schem e is then introduced to account for conservation ofcharges (baryon num ber,

strangeness,electriccharge)and energy and m om entum ,e�ectively allowingforextrapolation ofgrand

canonicalresults to the m icrocanonicallim it. Thism ethod has two strong advantages com pared to

analyticalapproaches and standard m icrocanonicalM onte Carlo techniques,in thatit is capable of

handling resonance decaysaswellas(very)large system sizes.
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I. IN T R O D U C T IO N

Thestatisticalhadronization m odel,�rstintroduced byFerm i[1]and Hagedorn [2],hasbeen

rem arkably successfulin thedescription ofexperim entally m easured averagehadron production

yields in heavy ion collisions ranging from SIS [3],and AGS [4],over SPS [5]to RHIC [6]

energies.Overtim ethishasled to theestablishm entofthe‘chem icalfreeze-outline‘[7],which

isnow a vitalpartofourunderstanding ofthe phase diagram ofstrongly interacting m atter.

M odelpredictions for the upcom ing LHC and future FAIR [8,9]experim ents largely follow

thesetrends.

Som ewhere above thisfreeze-outline in the phase diagram we expect,in general,a phase

transition from hadronic degreesoffreedom to a phase ofdecon�ned quarksand gluons,gen-

erally term ed the quark gluon plasm a;and m ore speci�cally,a �rstorderphase transition at

low tem peratureand high baryon chem icalpotential,and across-overathigh tem peratureand

low baryon chem icalpotential. In between,a second orderendpointora criticalpointm ight

em erge.Forrecentreviewssee[10,11].

Fluctuation and correlation observables are am ongst the m ost prom ising candidates sug-

gested tobesuitableforsignalingtheform ationofnew statesofm atter,andtransitionsbetween

them .Forrecentreviewsheresee[12,13,14,15].

Thestatisticalpropertiesofasam pleofeventsare,however,certainly notsolely determ ined

by criticalphenom ena. M ore broadly speaking,they depend strongly on the way events are

chosen fortheanalysis,and on theinform ation availableaboutthesystem .

The idealgasapproxim ation ofthe statisticalhadronization m odelwillagain serve asour

testbed.Itsstrongadvantageisthatitissim ple,and tosom eextentintuitive.Given itssuccess

in describing experim entally m easured average hadron yields,and itsability to reproduce low

tem perature latticesusceptibilities[16],thequestion arisesasto whether
uctuation and cor-

relation observablesalso follow itsm ain line.Criticalphenom ena (and m any m ore),however,

rem ain beyond thepresentstudy.

Conventionally in statisticalm echanicsthree standard ensem blesare discussed;the m icro-

canonicalensem ble (M CE),the canonicalensem ble (CE),and the grand canonicalensem ble

(GCE).In the M CE1 one considers an ensem ble ofm icrostates with exactly �xed values of

1 The term M CE isalso often applied to ensem bleswith energy butnotm om entum conservation.
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extensive conserved quantities(energy,m om entum ,electric charge,etc.),with ‘a prioriequal

probabilities‘ofallm icrostates(see e.g.[17]).The CE introducestheconceptoftem perature

by introduction ofan in�nitetherm albath,which can exchangeenergy (and m om entum )with

the system . The GCE introduces furtherchem icalpotentialsby attaching the system under

consideration to an in�nitechargebath2.Only iftheexperim entally accessiblesystem isjusta

sm allfraction ofthetotal,and allpartshavehad theopportunity to m utually equilibrate,can

theappropriateensem ble bethegrand canonicalensem ble.

A statisticalhadronization m odelM onteCarloeventgeneratora�ordsuswith thepossibility

ofstudying 
uctuation and correlation observablesin equilibrium system s. Data analysiscan

be done in close relation to experim entalanalysis techniques. Im posing globalconstraints

on a sam ple isalwaystechnically a bitm ore challenging. Directsam pling ofM CE events(or

m icrostates)hasonlybeen donein thenon-relativisticlim it[18].Sam pleand rejectprocedures,

suitableforrelativisticsystem s,becom erapidlyine�cientwith largesystem size.However,they

havetheadvantageofbeing very successfulforsm allsystem sizes[19,20].

In thisarticle we try a di�erentapproach: we sam ple the GCE,then re-weightevents ac-

cording to their values ofextensive quantities,and approach the sam ple-reject lim it (M CE)

in a controlled m anner. In thisway one can study the statisticalpropertiesofa globalequi-

librium system in theirdependence on the size oftheirtherm odynam ic bath. As any ofthe

threestandard ensem blesrem ain idealizationsofphysicalsystem s,onem ight�nd interm ediate

ensem blesto beofphenom enologicalinteresttoo.

W estudythe�rstand,inparticular,second m om entsofjointdistributionsofextensivequan-

tities.W econcentratem ainly on particlenum berdistributionsand distributionsof‘conserved’

charges,and discussthe in
uence ofacceptance cutsin m om entum space,conservationslaws,

and resonance decay on the statisticalpropertiesofa sam ple ofhadron resonance gasm odel

events.W eextend ourpreviousstudiesofidealparticleand anti-particlegases[21,22]and of

gasesofaltogetherm asslessparticles[23].

The num ericalcode has been written for inclusion into the already existing THERM US

package[24].W em akefrequentuseofthefunctionality provided by theROOT fram ework [25].

The paper is organized as follows: In Section IIthe basic ideas ofthis article are form u-

lated. The GCE M onte Carlo sam pling procedure is described in Section III. The �rst and

2 Notethata system with m any chargescan havesom echargesdescribed via theCE and othersvia theG CE.

3



second m om ents ofthe distributions offully phase space integrated extensive quantities are

then extrapolated to them icrocanonicallim itin Section IV.Section V containsan analysisof

GCE m om entum spectra.Them om entum spacedependenceofcorrelationsbetween conserved

charges is studied in Section VI. Section VII then deals with m ultiplicity 
uctuations and

correlations in lim ited acceptance and their extrapolation to the M CE lim it. A sum m ary is

given in Section VIII.

II. STAT IST IC A L EN SEM B LES W IT H FIN IT E B AT H

W estartoutasPatriha [17],and Challa and Hetherington [26],butquickly takea di�erent

route.

Let us de�ne two m icrocanonicalpartition functions,i.e. the num ber ofm icrostates,for

two separate system s. The �rstsystem isassum ed to be enclosed in a volum e V1 and to have

�xed values ofextensive quantities P
�

1 = (E 1;Px;1;Py;1;Pz;1),and Q
j

1 = (B 1;S1;Q 1),while

the second system is enclosed in a volum e V2 and has �xed values ofextensive quantities

P
�

2 = (E 2;Px;2;Py;2;Pz;2),and Q
j

2 = (B 2;S2;Q 2),where E isthe energy ofthe system ,Px;y;z

arethecom ponentsofitsthree-m om entum ,and B ,S,and Q,arebaryon num ber,strangeness

and electriccharge,respectively.Thuswehave:

Z(V1;P
�

1 ;Q
j

1) =
X

fN i
1
g

ZN i
1

(V1;P
�

1 ;Q
j

1); and Z(V2;P
�

2 ;Q
j

2); (1)

where ZN i
1

(V1;P
�

1 ;Q
j

1)denotesthe num berofm icrostatesofsystem 1 with additionally �xed

m ultiplicitiesN i
1 ofparticlesofspeciesi. Suppose thatsystem 1 and system 2 are subjectto

thefollowing constraints:

Vg = V1 + V2 ; (2)

P
�
g = P

�

1 + P
�

2 ; (3)

Q
j
g = Q

j

1 + Q
j

2 : (4)

W ecan then constructthepartition function Z(Vg;P
�
g ;Q

j
g)ofthejointsystem asthesum sover

allpossiblechargeand energy-m om entum split-ups:

Z(Vg;P
�
g ;Q

j
g)=

X

fP
�

1
g

X

fQ
j

1
g

Z(Vg � V1;P
�
g � P

�

1 ;Q
j
g � Q

j

1)Z(V1;P
�

1 ;Q
j

1): (5)
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Nextweconstructthedistribution ofextensivequantitiesin thesubsystem V1.Thisisgiven by

theratioofthenum berofallm icrostatesconsistentwith agiven chargeand energy-m om entum

split-up and a given setofparticlem ultiplicitiesto thenum berofallpossiblecon�gurations:

P(P
�

1 ;Q
j

1;N
i
1) =

Z(Vg � V1;P
�
g � P

�

1 ;Q
j
g � Q

j

1)

Z(Vg;P
�
g ;Q

j
g)

ZN i
1

(V1;P
�

1 ;Q
j

1): (6)

W ethen de�netheweightfactorW (V1;P
�

1 ;Q
j

1;Vg;P
�
g ;Q

j
g)such that:

P(P
�

1 ;Q
j

1;N
i
1) = W (V1;P

�

1 ;Q
j

1;Vg;P
�
g ;Q

j
g) ZN i

1

(V1;P
�

1 ;Q
j

1): (7)

By construction,the�rstm om entoftheweightfactorisequalto unity:

hW i =
X

fP
�

1
g

X

fQ
j

1
g

X

fN i
1
g

W (V1;P
�

1 ;Q
j

1;Vg;P
�
g ;Q

j
g) ZN i

1

(V1;P
�

1 ;Q
j

1)= 1 ; (8)

asthedistribution isproperly norm alized.

TheweightfactorW (V1;P
�

1 ;Q
j

1;Vg;P
�
g ;Q

j
g)generatesan ensem blewith statisticalproperties

di�erentfrom the lim iting casesVg ! V1 (M CE),and Vg ! 1 (GCE).Thise�ectively allows

forextrapolation ofGCE resultstotheM CE lim it.In thetherm odynam iclim it(V1 su�ciently

large)a fam ily oftherm odynam ically equivalent (sam e densities) ensem bles is generated. In

principleany other(arbitrary)choiceofW (V1;P
�

1 ;Q
j

1;Vg;P
�
g ;Q

j
g)could betaken.In thiswork

wecon�neourselves,however,tothesituation discussed above.Pleasenotethatallm icrostates

consistentwith thesam esetofextensivequantities(P
�

1 ;Q
j

1)have‘a prioriequalprobabilities‘.

In thelargevolum elim it,ensem blesareequivalentin thesensethatdensitiesarethesam e.

The ensem blesde�ned by Eq.(7)and lateron by Eq.(11)are no exception.Ifboth V1 and Vg

are su�ciently large,then the average densitiesin both system swillbe the sam e,Q j
g=Vg and

P �
g =Vg respectively.Thesystem in V1 willhencecarry on averagea certain fraction:

� � V1=Vg ; (9)

ofthetotalchargeQ j
g and four-m om entum P �

g ,i.e.:

hQ
j

1i = � Q
j
g ; and hP

�

1 i = � P
�
g : (10)

By varying the ratio � = V1=Vg,while keeping hQ
j

1i and hP
�

1 i constant,we can thus study

a class ofsystem s with the sam e average charge content and four-m om entum ,but di�erent

statisticalproperties.
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A . Introducing the M onte C arlo W eight W

Since Eq.(7)posesa form idable challenge,both m athem atically and num erically,we write

instead:

P(P
�

1 ;Q
j

1;N
i
1) = W P

�

1
;Q

j

1
;P

�
g ;Q

j
g(V1;Vgj�;u�;�j) Pgce(P

�

1 ;Q
j

1;N
i
1j�;u�;�j); (11)

where the distribution ofextensive quantitiesP
�

1 ,Q
j

1 and particle m ultiplicitiesN i
1 ofa GCE

system withtem peratureT = �� 1,volum eV1,chem icalpotentials�j andcollectivefour-velocity

u� isgiven by:

Pgce(P
�

1 ;Q
j

1;N
i
1j�;u�;�j) �

e� P
�

1
u� � eQ

j

1
�j�

Z(V1;�;u�;�j)
ZN i

1

(V1;P
�

1 ;Q
j

1); (12)

where �j = (�B ;�S;�Q ),sum m arizesthe chem icalpotentialsassociated with baryon num ber,

strangeness and electric charge in a vector. The norm alization in Eq.(12) is given by the

GCE partition function Z(V1;�;u�;�j),i.e. the num ber ofallm icrostates averaged overthe

Boltzm ann weightse� P
�

1
u�� and eQ

j

1
�j�:

Z(V1;�;u�;�j) =
X

fP
�

1
g

X

fQ
j

1
g

X

fN i
1
g

e
� P

�

1
u�� e

Q
j

1
�j� ZN i

1

(V1;P
�

1 ;Q
j

1): (13)

Thenew weightfactorW P
�

1
;Q

j

1
;P

�
g ;Q

j
g(V1;Vgj�;u�;�j)now reads:

W P
�

1
;Q

j

1
;P

�
g ;Q

j
g(V1;Vgj�;u�;�j) = Z(V1;�;u�;�j)

e� (P
�
g � P

�

1
)u� � e(Q

j
g� Q

j

1
)�j�

e� P
�
g u� � eQ

j
g�j�

�
Z(Vg � V1;P

�
g � P

�

1 ;Q
j
g � Q

j

1)

Z(Vg;P
�
g ;Q

j
g)

: (14)

In thecaseofan ideal(non-interacting)gas,Eq.(14)can bewritten [21,27]as:

W P
�

1
;Q

j

1
;P

�
g ;Q

j
g(V1;Vgj�;u�;�j) = Z(V1;�;u�;�j)

Z P
�
g � P

�

1
;Q

j
g� Q

j

1(Vg � V1;�;u�;�j)

Z P
�
g ;Q

j
g(Vg;�;u�;�j)

: (15)

TheadvantageofEq.(11),com pared toEq.(7),isthatthedistribution Pgce(P
�

1 ;Q
j

1;N
i
1j�;u�;�j)

can easily be sam pled forBoltzm ann particles,while a suitable approxim ation forthe weight

W P
�

1
;Q

j

1
;P

�
g ;Q

j
g(V1;Vgj�;u�;�j)isavailable.

Again,by construction,the�rstm om entofthenew weightfactorisequalto unity:

hW i =
X

fP
�

1
g

X

fQ
j

1
g

X

fN i
1
g

W P
�

1
;Q

j

1
;P

�
g ;Q

j
g(V1;Vgj�;u�;�j)Pgce(P

�

1 ;Q
j

1;N
i
1j�;u�;�j)= 1 : (16)
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In principle,Eq.(7) and Eq.(11) are equivalent. In fact,Eq.(7) can be obtained by taking

the lim it(�B ;�S;�Q )= (0;0;0),u� = (1;0;0;0),and � ! 0 ofEq.(11). However,asone can

already see,hW ni6= hW ni.Higher,and in particularthesecond,m om entsoftheweightfactors

W and W are a m easure ofthe statisticalerrorto be expected fora �nite sam ple ofevents.

The larger the higher m om ents ofthe weight factor,the larger the statisticalerror,and the

slowertheconvergence with sam plesize.Pleaseseealso AppendicesA and B.

As GCE and M CE densities are the sam e in the system Vg,these values are e�ectively

regulated by intensiveparam eters�,�j and u�.In essence,ifyou wantto study a system with

average hQ
j

1i,then sam ple theGCE with hQ
j

1iand calculate the weightaccording to Eq.(15).

This willresult in a low statisticalerror for �nite sam ples (as shown in later sections),and

allow forextrapolation to theM CE lim it.

W e willnow �rstcalculate the weightfactorEq.(15)and then take the appropriate lim its.

W ith the appropriate choice of�,�j and u� the calculation ofEq.(15)isparticularly easy in

thelargevolum elim it[27].

B . C alculating the M onte C arlo W eight W

In thisarticle,thetotalnum berof(potentially)conserved extensive quantitiesin a hadron

resonance gas is L = J + 4 = 3 + 4 = 7,where J = 3 is the num ber ofcharges (B ;S;Q)

and there are fourcom ponentsofthe four-m om entum . Including allextensive quantitiesinto

a singlevector:

Q l= (Q j
;P

�)= (B ;S;Q;E ;Px;Py;Pz); (17)

theweightEq.(15)can beexpressed as:

W Q l
1
;Q l

g(V1;Vgj�;u�;�j) = Z(V1;�;u�;�j)
Z Q l

g� Q
l
1(Vg � V1;�;u�;�j)

Z Q l
g(Vg;�;u�;�j)

: (18)

The generalexpression for the partition function Z Q l

(V;�;u�;�j) in the large volum e lim it

reads[27]:

Z Q l

(V;�;u�;�j) ’ Z(V;�;u�;�j)
1

(2�V )L=2det�
exp

�

�
1

2

1

V
�
l
�l

�

; (19)

where:

�
l =

�
Q k � V �

k
1

� �
�
� 1
�l
k
; (20)
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and:

�
l
k =

�

�
1=2

2

�l

k

: (21)

Here�1 and �2 aretheGCE vectorofm ean valuesand theGCE covariancem atrix respectively.

Thevaluesof�,�j and u� arechosen such that:

@Z Q l

@Q l

�
�
�
Q l= Q l

eq

= 0l: (22)

The approxim ation (19)givesthen a reliable description ofZ Q l
g around theequilibrium value

Q l
g = Vg�

l
1,provided Vg issu�ciently large. The charge vector,Eq.(20),isthen equalto the

null-vector�l= 0l (Q
l
g = Vg�

l
1).

Forthenorm alization in Eq.(18)wethen �nd:

Z Q l
g(Vg;�;u�;�j)

�
�
�
Q l
g= Q

l
g;eq

’
Z(Vg;�;u�;�j)

(2�Vg)
L=2det�

exp(0) : (23)

Forthenum eratorweobtain:

Z Q l
g� Q

l
1(Vg� V1;�;u�;�j)

�
�
�
Q l
g= Q

l
g;eq

’
Z(Vg � V1;�;u�;�j)

(2� (Vg � V1))
L=2det�

exp

�

�
1

2

1

(Vg � V1)
�
l
�l

�

;(24)

wherein Eq.(24)wewriteforthechargevectorEq.(20):

�
l= (�Q 2)

k
�
�
� 1
�l
k
: (25)

Then,using Q k
g = Q k

g;eq = Vg�
k
1,we�nd:

(�Q 2)
k
= (Q g � Q 1)

k
� (Vg � V1)�

k
1 = � (Q 1 � V1�1)

k
: (26)

Substituting Eq.(23)and Eq.(24)into Eq.(18)yields:

W Q l
1
;Q l

g(V1;Vgj�;u�;�j)

�
�
�
Q l
g= Q

l
g;eq

’
Z(V1;�;u�;�j)Z(Vg � V1;�;u�;�j)

Z(Vg;�;u�;�j)

�
(2�Vg)

L=2det�

(2� (Vg � V1))
L=2det�

exp

�

�
1

2

1

(Vg � V1)
�
l
�l

�

:(27)

The GCE partition functions are m ultiplicative in the sense that Z(V1;�;u�;�j) Z(Vg �

V1;�;u�;�j) = Z(Vg;�;u�;�j),and thus the �rst term in Eq.(27) is equalto unity. Now

using Eq.(9),� = V1=Vg,wecan re-writeEq.(27)as:

W Q l
1
;Q l

g(V1;Vgj�;u�;�j)

�
�
�
Q l
g= Q

l
g;eq

’
1

(1� �)L=2
exp

�

�
1

2

�
�

1� �

�
1

V1
�
l
�l

�

: (28)
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M odelparam eters are hence the intensive variables inverse tem perature �,four-velocity u�

and chem icalpotentials�j,which regulateenergy and chargedensities,and collectivem otion.

Provided V1 is su�ciently large,we have de�ned a fam ily oftherm odynam ically equivalent

ensem bles,which can now be studied in their dependence of
uctuation and correlation ob-

servables on the size ofthe bath V2 = Vg � V1. Hence,we can test the sensitivity ofsuch

observables,forexam ple,to globally applied conservation laws. The expectation valuesh:::i

are then identicalto GCE expectation values,while higherm om entswilldepend crucially on

thechoiceof�.

C . T he Lim its ofW

The largest weight is given to states for which �l�l = 0, i.e. with extensive quantities

Q l
1 = Q l

1;eq:.Hence,them axim alweighta m icrostate(orevent)ata given valueof� = V1=Vg

can assum eisW
Q l
1
;Q l

g

m ax (V1;Vgj�;u�;�j)= (1� �)� L=2.Taking thelim itsofEq.(28),itiseasy to

seethat:

lim
�! 0

W Q l
1
;Q l

g(V1;Vgj�;u�;�j) = 1 : (29)

I.e.for� = 0 wesam pletheGCE,and alleventshavea weightequalto unity.Hence,wealso

�nd hW 2i = 1 and therefore h(�W )2i = 0,im plying a low statisticalerror. For� ! 1,we

e�ectively approach a "sam ple-reject" procedure,as(forinstance)used in [19,20],and:

lim
�! 1

W Q l
1
;Q l

g(V1;Vgj�;u�;�j) / �(Ql
1 � V1�

l
1): (30)

However,asnow notallevents have equalweight,h(�W )2i growsand so too the statistical

error of�nite sam ples. Also,the larger the num ber L ofextensive quantities considered for

re-weighting,thelargerwillbethestatisticaluncertainty.

III. T H E G C E SA M P LIN G P R O C ED U R E

The M onte Carlo sam pling procedure fora GCE system in the Boltzm ann approxim ation

is now explained. The system to be sam pled is assum ed to be in an equilibrium state

enclosed in a volum e V1 with tem peratureT = �� 1 and chem icalpotentials�j = (�B ;�S;�Q ).

Additionally,thesystem isassum ed tobeatrest.Thefour-velocity isthen u� = (1;0;0;0)and

thefour-tem peratureis�� = (�;0;0;0).In thiscase,m ultiplicity distributionsarePoissonian,

9



whilem om entum spectra areofBoltzm ann type.

TheGCE sam pling processiscom posed offoursteps,each discussed below.

1. M ultiplicity Generation

In the �rststep,we random ly sam ple m ultiplicities N i
1 ofallparticle species iconsidered

in them odel.Theexpectation valueofthem ultiplicity oftherm alBoltzm ann particlesin the

GCE isgiven by:

hN i
1i =

giV1

2�2
m

2
i T K 2

�
m i

T

�

e
�i=T : (31)

M ultiplicities fN i
1gn are random ly generated for each event n according to Poissonians with

m ean valueshN i
1i:

P(N i
1) =

hN i
1i
N i
1

N i
1!

e
� hN i

1
i
: (32)

In theabove,m iand giarethem assand degeneracy factorofaparticleofspeciesirespectively.

The chem icalpotential�i = �jq
j

i = �B bi+ �Ssi+ �Q qi,where q
j

i = (bi;si;qi)represents the

quantum num bercontentofa particleofspeciesi.

2. M om entum Spectra

In thesecond step,we generate m om enta foreach particleaccording to a Boltzm ann spec-

trum .Fora statictherm alsourcesphericalcoordinatesareconvenient:

dN i

djpj
=

giV1

2�2
T
3 jpj2 e� "=T : (33)

Thesem om enta arethen isotropically distributed in m om entum space.Hence:

px = jpjsin� cos� ; (34)

py = jpjsin� sin� ; (35)

pz = jpjcos� ; (36)

" =
p
jpj2 + m 2 ; (37)

where px,py,and pz are the com ponents ofthe three-m om entum ," is the energy,and jpj=
p
p2x + p2y + p2z isthetotalm om entum .Thepolarand azim uthalanglesaresam pled according
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to:

� = cos� 1[2(x� 0:5)]; (38)

� = 2 � (x � 0:5) ; (39)

where x is uniform ly distributed between 0 and 1. Additionally,we calculate the transverse

m om entum pT and rapidity y foreach particle:

pT =

q

p2x + p2y ; (40)

y =
1

2
ln

�
"+ pz

"� pz

�

: (41)

Finally,wedistributeparticleshom ogeneously in asphereofradiusr1 and calculatedecaytim es

based on theBreit-W ignerwidth oftheresonances.

3. Resonance Decay

The third step (ifapplicable) is resonance decay. W e follow the prescription used by the

authorsofthe THERM INATOR package [29],and perform only 2 and 3 body decays,while

allowingforsuccessivedecay ofunstabledaughterparticles.Only strongdecaysareconsidered,

while weak and electrom agnetic decays are om itted. Particle decay is �rst calculated in the

parent’srestfram e,with daughterm om enta then boosted into the lab fram e. Finally,decay

positionsaregenerated based on theparent’sproduction point,m om entum and lifetim e.

Throughoutthisarticle,alwaysonly thelighteststatesofthefollowing baryons:

p n � � + �� �� �0 
� (42)

and m esons:

�
+

�
�

�
0

K
+

K
�

K
0 (43)

areconsidered asstable.Thesystem could now begiven collective velocity u�.

4. Re-weighting

In the fourth step, we calculate the values ofextensive quantities for the events gener-

ated by iterating over the particle list ofeach event. For the values ofextensive quantities

11



Q l
1;n = (B 1;n;S1;n;Q 1;n;E 1;n;Px;1;n;Py;1;n;Pz;1;n)in subsystem V1 ofeventn wewrite:

Q l
1;n =

X

particles in

q
l
in
; (44)

whereqlin = (bin;sin;qin;"in;px;in;py;in;pz;in)isthe‘chargevector’ofparticleiin eventn.Based

on Q l
1;n wecalculatetheweightwn fortheevent:

wn = W Q l
1;n

;Q l
g(V1;Vgj�;u�;�j); (45)

according to Eq.(28).Pleasenotethatallm icrostateswith thesam esetofextensivequantities

Q l
1;n arestillcounted equally.

IV . EX T R A P O LAT IN G FU LLY P H A SE SPA C E IN T EG R AT ED Q U A N T IT IES T O

T H E M C E

W e now attem pt to extrapolate fully phase space integrated grand canonicalresults to

the m icrocanonicallim it. Forthiswe iteratively generate,re-weight,and analyze sam ples of

events for various values of� = V1=Vg. By construction ofthe weight factor W ,Eq.(28),

we extrapolate in a system atic fashion such that,for instance, particle m om entum spectra

as wellas m ean values ofextensive quantities rem ain unchanged. On the other hand, all

variances and covariances ofextensive quantities subject to re-weighting converge linearly to

theirm icrocanonicalvalues.

This can be seen from the form ofthe analyticalapproxim ation to the grand canonical

distribution of(fully phasespaceintegrated)extensive quantitiesPgce(Q
l
1)(from Eq.(19)):

Pgce(Q
l
1) ’

1

(2�V1)
L=2det�

exp

�

�
1

2

1

V1
�
l
�l

�

; (46)

wherethevariable�lisgiven by Eq.(20).Now taking theweightfactorW �,Eq.(28),(� and �l

are the sam e in both equations)we obtain forthe distribution P�(Q
l
1)ofextensive quantities

Q l
1 in subsystem 1:

P�(Q
l
1) ’ W

Q l
1
;Q l

g

�
Pgce(Q

l
1) (47)

’
1

(2�(1� �)V1)
L=2det�

exp

�

�
1

2

1

(1� �)V1
�
l
�l

�

: (48)

This is essentially the sam e m ultivariate norm aldistribution as the grand canonicalversion

Pgce(Q
l
1),howeverlinearly contracted.W ewillcom pareM onteCarlo resultsto Eq.(48).
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TheM onteCarlo outputisessentially a distribution PM C (X 1;X 2;X 3;:::)ofa setofobserv-

ablesX 1,X 2,X 3,etc.Forallpracticalpurposesthisdistribution isobtained by histogram ing

allevents n according to theirvaluesofX 1;n,X 2;n,X 3;n,etc. and theirweightwn. One can

then de�nem om entsoftwo observablesX i and X j through:

hX n
iX

m
j i �

X

X i;X j

X
n
iX

m
j PM C (X i;X j): (49)

Additionally,wede�nethevarianceh(�X i)
2
iand thecovarianceh�X i�X jirespectively as:

h(�X i)
2
i � hX 2

ii � hX ii
2
; and (50)

h�X i�X ji � hX iX ji � hX iihX ji: (51)

In thefollowing,weusethescaled variance!i and thecorrelation coe�cient� ij de�ned as:

!i �
h(�X i)

2
i

hX ii
; and (52)

�ij �
h�X i�X ji

q

h(�X i)
2
ih(�X j)

2
i

: (53)

Let us consider a static and neutralsystem with four-velocity u� = (1;0;0;0),chem ical

potentials�j = (0;0;0),localtem peratureT = �� 1 = 0:160GeV ,and volum eV1 = 2000fm 3.

Thisisa system large enough3 forusing the large volum e approxim ation worked outin Sec-

tion II.

In Figs.(1)and(2)weshow theresultsofM onteCarlorunsof2:5� 104 eventseach.Each value

of� hasbeen sam pled 20 tim es to allow forcalculation ofa statisticaluncertainty estim ate.

19 di�erentvaluesof� have been studied. In thiscase study,the extensive quantitiesbaryon

num ber B ,strangeness S,electric charge Q,energy E ,and longitudinalm om entum Pz are

considered forre-weighting.Conservation oftransversem om enta Px and Py can beshown not

to a�ectthe�p T;i and �y i dependence ofm ultiplicity 
uctuationsand correlationsstudied in

the following sections. Their�y i dependence is,however,rathersensitive to Pz conservation.

Angularcorrelations(notstudied in thisarticle),on the otherhand,are strongly sensitive to

jointPx and Py conservation [21,22].

3 G enerally itisnoteasy to say when a system is‘largeenough‘forthelargevolum eapproxim ation to bevalid.

Herewe�nd good agreem entwith asym ptoticanalyticsolutions.Charged system s,orBose-Einstein/Ferm i-

Diracsystem s,usually convergem oreslowly to theirasym ptoticsolution.
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FIG .1:M ean values(left)and variances(right)ofvariousextensivequantities,aslisted in thelegends,

as a function of�. Each m arker and its error bar represents the result of20 M onte Carlo runs of

2:5� 104 eventseach.19 di�erentequally spaced valuesof� havebeen investigated.Solid linesindicate

G CE values(left),orlinearextrapolationsfrom theG CE valueto theM CE lim it(right).
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FIG .2:Covariances(left)and correlation coe�cients(right)between variousextensive quantities,as

listed in thelegends,asa function of�.Solid linesindicatelinearextrapolationsfrom theG CE value

to the M CE lim it(left),orG CE values(right).Therestasin Fig.(1).

In Fig.(1)(left)weshow theresultsform ean valuesofbaryon num berhB i,strangenesshSi,

electric charge hQi,energy hE i,and the m om enta hPxi and hPzi. The solid lines represent

GCE values. Only the expectation value ofenergy isnotequalto 0,asthe system sam pled

is assum ed to be static and neutralwith T 6= 0. The evolution ofthe respective variances
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isshown in Fig.(1)(right). Variancesofextensive quantitiessubjectto re-weighting converge

linearly to 0 as� goesto 1.Onenotesthath(�P x)
2
irem ainsconstant(within errorbars),as

thisquantity isnotre-weighted in thiscase study. Please note thaton m any data pointsthe

errorbarsaresm allerthan thesym bolused.

In Fig.(2) (left) we show the evolution ofcovariances h�B �Si,h�B �Qi,h�S�Qi,and

h�E �Qiwith the ‘size ofthe bath’. Asseen,the covariancesbetween quantities considered

forre-weighting also converge linearly to 0. In a neutralsystem ,covariancesbetween energy

and charge are equalto 0. As an exam ple,we show h�E �Qi. In a static system ,also the

covariancesbetween m om enta and any otherextensivequantity areequalto0.Asan exam ple,

we show h�E �P zi. The correlation coe�cients,Eq.(53),on the otherhand,rem ain constant

as a function of�,as shown in Fig.(2) (right). The values offully phase space integrated

correlation coe�cients� B S,�B Q ,and �SQ can becom pared to theGCE resultsdenoted by the

solid linesshown in Figs.(5 -7)in Section VI.

The variancesand covariancesconverge linearly from theirGCE valuesto theirrespective

M CE lim itsin thelargevolum e lim it.Thedependence ofh(�X i)
2i,Eq.(50),and h�X i�X ji,

Eq.(51),on thesizeofthebath � isgiven by:

h(�X i)
2i� = (1� �)h(�X i)

2igce + � h(�X i)
2im ce (54)

h�X i�X ji� = (1� �)h�X i�X jigce + � h�X i�X jim ce : (55)

M ean values hX ii� rem ain constant. This im plies that the scaled variance ! ofm ultiplicity


uctuations,Eq.(52),also convergeslinearly:

!� �
h(�N i)

2i�

hN ii�
= (1� �)!gce + � !m ce ; (56)

from itsGCE value!gce to theM CE lim it!m ce.PleasenotethatEqs.(54,55,56)areequivalent

to the‘acceptance scaling‘approxim ation4 used in [32,33,34].Forthecorrelation coe�cient,

Eq.(53),

�� �
h�X i�X ji�

p
h(�X i)

2i�h(�X j)
2i�

; (57)

4 Forthesituation discussed hereonecould equivalently say thatparticlesarerandom ly drawn from coordinate

spaceofthetotalvolum eVg.Forthederivation oftheacceptancescalingform ula[32]itwas,however,assum ed

thatparticlesarerandom ly drawn from a sam plein m om entum space.

15



the story ism ore com plicated. In case both X i and X j are re-weighted and m easured in full

phasespace,we�nd:

h(�X i)
2im ce = h(�X j)

2im ce = h�X i�X jim ce = 0 ; (58)

and the correlation coe�cient� �,Eq.(57),isindependentofthevalue of�,see Fig.(2).In all

othercases,oneneedsto extrapolateEqs.(54,55)separately,and then calculatethecorrelation

coe�cient.

W e have therefore successively transform ed our M onte Carlo sam ple. As � ! 1,we give

largerand largerweighttoeventsintheim m ediatevicinityoftheequilibrium expectation value,

and sm allerand sm allerweighttoeventsaway from it.Thedistribution ofextensivequantities

considered forre-weighting (a m ultivariatenorm aldistribution in theGCE in thelargevolum e

lim it) hence gets contracted to a �-function with vanishing variances and covariances. I.e.,

we successively highlightthe propertiesofevents which have very sim ilarvaluesofextensive

quantities. This willhave a bearing on charge correlations and,in particular,m ultiplicity


uctuationsand correlationsdiscussed in thefollowing sections.
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FIG .3: First and second m om ent ofthe weight factor Eq.(28) as a function of�. The rest as in

Fig.(1).

The price we pay isthat,as� grows,so too doesthe statisticaluncertainty. In the lim it

� ! 1,we approach a sam ple-rejecttype ofform alism . W e cannot,therefore,directly obtain

them icrocanonicallim itforthelargesystem sizestudied here,asthisisprohibited by available

com puting power. On the bright side,however,we can extrapolate to this lim it. In Fig.(3)
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we show the second m om entofthe weightfactor,Eq.(28),asa function of�. A large second

m om enthW 2iim pliesalargestatisticaluncertaintyand,hence,usuallyrequiresalargersam ple.

W e m ention in thiscontextthatthe interm ediate ensem bles,between the lim itsofGCE and

M CE,m ay also beofphenom enologicalinterest.

V . M O M EN T U M SP EC T R A

W enextconsiderm om entum spectra.In Fig.(4)weshow transversem om entum and rapidity

spectra ofpositively charged hadrons,both prim ordialand �nalstate,for a static therm al

system .

Based on thesem om entum spectraweconstructacceptancebins�p T;iand �y i,asin [21,22,

23]and [35,36]. M om entum binsare constructed such thateach ofthe �ve binsconstructed

contains on average one �fth ofthe totalyield ofpositively charged particles. The values

de�ning theboundsofthem om entum spacebins�p T;i and �y i aresum m arized in TableI.
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FIG .4: (Left:) Transverse m om entum spectrum ofpositively charged hadrons,both prim ordialand

�nalstate.(Right:) Rapidity spectrum ofpositively charged hadrons,both prim ordialand �nalstate.

2� 106 eventshave been sam pled.

Resonance decay shiftsthe transverse m om entum distribution to loweraverage transverse

m om entum hpTi and widens the rapidity distribution oftherm al‘�reballs‘[28]. Finalstate

transverse m om entum binsare,hence,slightly ‘contracted‘,while �nalstate rapidity binsget

slightly ‘wider‘,when com pared to theirrespective prim ordialcounterparts.
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pT;1 [G eV]pT;2 [G eV]pT;3 [G eV]pT;4 [G eV]pT;5 [G eV] pT;6 [G eV]

prim ordial 0.0 0.22795 0.36475 0.51825 0.73995 5.0

�nalstate 0.0 0.17105 0.27215 0.38785 0.56245 5.0

y1 y2 y3 y4 y5 y6

prim ordial -5.0 -0.4275 -0.1241 0.1241 0.4273 5.0

�nalstate -5.0 -0.5289 -0.1553 0.1551 0.5289 5.0

TABLE I:Transverse m om entum and rapidity bins �p T;i = [pT;i;pT;i+ 1]and �y i = [yi;yi+ 1],both

prim ordialand �nalstate,fora static neutralBoltzm ann system with tem peratureT = 0:160G eV .

Resonancedecay com bined with transverseaswellaslongitudinal
ow isbelieved toprovide

a rathergood description ofexperim entally observed m om entum spectra in relativistic heavy

ion collisionsatSPS and RHIC energies[29,30,31].Ourspectra,on theotherhand,contain

no 
ow and ourresults thus cannot be directly com pared to experim entaldata ortransport

sim ulations. However, qualitatively one m ight observe e�ects ofthe kind discussed in the

following.

V I. T H E M O M EN T U M SPA C E D EP EN D EN C E O F C O R R ELAT IO N S B ET W EEN

C O N SERV ED C H A R G ES

An interesting exam pleofquantitiesforwhich them easured valuedependson theobserved

part ofthe m om entum spectrum are the correlation coe�cients between the charges baryon

num ber B , strangeness S and electric charge Q. Please note that also the variances and

covariances ofthe baryon num ber,strangeness,and electric charge distribution are sensitive

to the acceptance cutsapplied. Theirvaluesare additionally rathersensitive to the e�ectsof

globally enforced conservation laws.Ifthesizeofthe‘bath‘isreduced,achangein oneinterval

ofphase space willhave to be balanced (preferably)by a change in anotherinterval,and not

by the‘bath‘.
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A . G rand C anonicalEnsem ble

W e willnow consider the correlation coe�cients � B S,�B Q ,and �SQ in lim ited acceptance

bins�p T;iand �y i,asde�ned in TableI,in thegrand canonicalensem ble.Particlesin onem o-

m entum bin arethen essentially sam pled independently from particlesin any otherm om entum

spacesegm ent,dueto the‘in�nitebath‘assum ption.Nevertheless,theway in which quantum

num bers are correlated is di�erent in di�erent m om entum bins,as di�erent particle species

have,dueto theirdi�erentm asses,di�erentm om entum spectra.

Let us �rst m ake som e basic observations about the hadron resonance gas and the way

in which quantum num bers are correlated in a GCE.Charge 
uctuations directly probe the

degreesoffreedom ofa system ,i.e. they are sensitive to itsparticle m assspectrum (and its

quantum num bercon�gurations).W e�rstconsiderthecontribution ofdi�erentparticlespecies

to thecovarianceh�X i�X ji,Eq.(51),and henceto thecorrelation coe�cient� ij,Eq.(53).

Allbaryonshave baryon num berb= +1.Baryonscan only carry strangequarks,i.e.their

strangeness is always s � 0. Anti-baryons have b = �1,and s � 0. Hence,both groups

contributenegatively tothebaryon-strangenesscovariance,and soh�B �Si< 0,and therefore

�B S < 0,asindicated by thesolid linesin Fig.(5).

Positively charged baryons and their anti-particles contribute positively to the baryon-

electricchargecovarianceh�B �Qi,whilenegatively charged baryons(and theiranti-particles)

contributenegatively.Two observationscan bem adeon thehadron resonancegasm assspec-

trum :therearem orepositivelychargedbaryonsthannegativelycharged ones,andtheiraverage

m assislower.I.e.,in a neutralgas(�B = �Q = �S = 0)thecontribution ofpositively charged

baryonsdom inatesand thereforeh�B �Qi> 0 and � B Q > 0,asindicated by thesolid linesin

Fig.(6).

M esonsandtheiranti-particlesalwayscontributepositivelytothestrangeness-electriccharge

correlation coe�cient � SQ . Electrically charged strange m esons are either com posed ofa u-

quark and an �s-quark,or ofan �u-quark and a s-quark (and superpositions thereof). Their

contribution to h�S�Qi is in either case positive. On the baryonic side,only the � + (as

wellasitsdegenerate statesand theirrespective anti-particles)hasa negativecontribution to

h�S�Qi,while allotherstrangenesscarrying baryonshave eitherelectric charge q = �1,or

q= 0.Therefore,we�nd �SQ > 0,asindicated by thesolid linesin Fig.(7).

In Figs.(5-7)we show the correlation coe�cients � B S (baryon num ber -strangeness),�B Q
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(baryon num ber-electric charge),and �SQ (strangeness-electric charge)asm easured in the

acceptancebins�p T;iand �y i de�ned in Table I,both prim ordialand �nalstate.Theaverage

baryon num ber,strangeness,and electric charge in each bin is equalto zero,as the system

isassum ed to be neutral. The analyticalprim ordialvalues(15 bins)shown in Figs.(5-7)are

calculated usinganalyticalspectra.Pleasenotethat,again,on m any datapointstheerrorbars

aresm allerthan thesym bolused.
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FIG .5: Baryon-strangeness correlation coe�cient � B S in the G CE in lim ited acceptance windows,

both prim ordialand �nalstate.(Left:) transversem om entum bins�p T;i.(Right:) rapidity bins�y i.

Horizontalerrorbarsindicatethewidth and position ofthem om entum bins(And notan uncertainty!).

Verticalerrorbarsindicatethestatisticaluncertainty of20 M onteCarlo runsof105 eventseach.The

m arkerindicatesthe centerofgravity ofthe corresponding bin. The solid linesshow the fully phase

space integrated G CE result.

In Tables II to IV we sum m arize the transverse m om entum and rapidity dependence of

the correlation coe�cients� B S,�B Q ,and �SQ . The statisticalerrorquoted correspondsto 20

M onte Carlo runs of105 events each. The analyticalvalues (5 bins) listed in the tables are

calculated using them om entum binsde�ned in Table I.M ild di�erencesbetween M onteCarlo

and analyticalresults are unavoidable. The analyticalvalues are also notexactly sym m etric

in �y i,asthe exactsize ofthe acceptance binsconstructed issensitive to the num berofbins

used forthe calculation ofthe m om entum spectra. The valuesofthe correlation coe�cient�

arealso rathersensitive to exactbin size,and thefourth digitbecom essom ewhatunreliable.

W enextattem pttoexplain,in turn,therapidity dependenceof�B S,�B Q ,and �SQ .Strange
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FIG .6:Baryon-electric chargecorrelation coe�cient� B Q in theG CE in lim ited acceptancewindows,

both prim ordialand �nalstate.(Left:) transversem om entum bins�p T;i.(Right:) rapidity bins�y i.

Therestasin Fig.(5).
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FIG . 7: Strangeness-electric charge correlation coe�cient � SQ in the G CE in lim ited acceptance

windows,both prim ordialand �nalstate.(Left:) transversem om entum bins�p T;i.(Right:) rapidity

bins�y i.Therestasin Fig.(5).

baryons are, on average, heavier than non-strange baryons, so their rapidity distributions

are narrower. The kaon rapidity distribution is then,com pared to baryons,again wider. A

changein baryon num ber(strangeness)athigh jyjislesslikely to beaccom panied by a change

in strangeness (baryon num ber) than at low jyj. The value of�B S,therefore,drops toward

higher rapidity,as shown in Fig.(5),(right). By the sam e argum ent,we �nd a weakening
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�B S �p T;1 �p T;2 �p T;3 �p T;4 �p T;5

�calcprim � 0:2479 � 0:2641 � 0:2864 � 0:3188 � 0:3839

�prim � 0:248� 0:003 � 0:264� 0:003 � 0:286� 0:003 � 0:319� 0:002 � 0:385� 0:002

�final � 0:216� 0:002 � 0:220� 0:003 � 0:241� 0:004 � 0:269� 0:003 � 0:335� 0:003

�B S �y 1 �y 2 �y 3 �y 4 �y 5

�calcprim � 0:2407 � 0:3345 � 0:3536 � 0:3345 � 0:2408

�prim � 0:241� 0:003 � 0:334� 0:003 � 0:353� 0:003 � 0:335� 0:003 � 0:240� 0:003

�final � 0:191� 0:002 � 0:300� 0:002 � 0:328� 0:002 � 0:299� 0:002 � 0:190� 0:002

TABLE II:Baryon-strangenesscorrelation coe�cient� B S in the G CE in transverse m om entum bins

�p T;i and rapidity bins�y i,both prim ordialand �nalstate.Forcom parison,analyticalvalues�
calc
prim

for prim ordialcorrelations are included. The statisticaluncertainty correspondsto 20 M onte Carlo

runsof105 eventseach.

�B Q �p T;1 �p T;2 �p T;3 �p T;4 �p T;5

�calcprim 0:1120 0:1271 0:1420 0:1579 0:1781

�prim 0:113� 0:002 0:126� 0:002 0:143� 0:003 0:158� 0:002 0:178� 0:003

�final 0:112� 0:003 0:120� 0:003 0:138� 0:003 0:164� 0:003 0:221� 0:003

�B Q �y 1 �y 2 �y 3 �y 4 �y 5

�calcprim 0:1160 0:1601 0:1658 0:1601 0:1160

�prim 0:116� 0:002 0:160� 0:003 0:166� 0:003 0:159� 0:003 0:117� 0:002

�final 0:118� 0:003 0:192� 0:003 0:202� 0:003 0:192� 0:003 0:119� 0:003

TABLE III: Baryon-electric charge correlation coe�cient� B Q in the G CE in transverse m om entum

bins�p T;i and rapidity bins�y i,both prim ordialand �nalstate.

of the baryon-electric charge correlation �B Q at higher rapidity (Fig.(6), (right)) as the

rapidity distribution ofelectrically charged particles is wider than that ofbaryons. For the

strangeness-electricchargecorrelation coe�cientwe�nd �rstam ild rise,and then asom ewhat

strongerdrop of�SQ towardshigherrapidity. Asone shiftsonesacceptance window towards

highervaluesofjyj,�rstthe contribution ofbaryons(in particular� + )decreasesand,asthe
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�SQ �p T;1 �p T;2 �p T;3 �p T;4 �p T;5

�calcprim 0:2831 0:3033 0:3150 0:3185 0:3055

�prim 0:284� 0:003 0:304� 0:003 0:314� 0:003 0:319� 0:002 0:305� 0:002

�final 0:243� 0:003 0:254� 0:003 0:276� 0:003 0:292� 0:003 0:303� 0:002

�SQ �y 1 �y 2 �y 3 �y 4 �y 5

�calcprim 0:2934 0:3137 0:3104 0:3137 0:2934

�prim 0:294� 0:003 0:314� 0:003 0:310� 0:002 0:312� 0:003 0:292� 0:002

�final 0:255� 0:002 0:299� 0:003 0:297� 0:003 0:298� 0:003 0:255� 0:003

TABLE IV: Strangeness-electric charge correlation coe�cient� SQ in theG CE in transversem om en-

tum bins�p T;i and rapidity bins�y i,both prim ordialand �nalstate.

m eson contribution grows,�SQ rises slightly. Towards the highest jyj,pions again dom inate

and de-correlatethequantum num bers.

The transverse m om entum dependence can be understood as follows: heavier particles

have higheraverage transverse m om entum hpTiand,hence,theirin
uence increases towards

higher pT. Heavy particles have a tendency to carry severalcharges,causing the correlation

coe�cientsto grow.

Thecontribution ofstrangebaryonscom pared tonon-strangebaryonsgrowstowardshigher

transverse m om entum , as strange baryons have on average larger m ass than non-strange

baryons. The correlation coe�cient � B S thus becom es strongly negative at high pT. As the

contribution ofbaryons com pared to m esons grows stronger towards larger pT,a change in

baryon num ber(electric charge)isnow m ore likely to beaccom panied by a change in electric

charge(baryon num ber)than atlow pT,and �B Q increaseswith pT (The� resonances5 ensure

it keeps rising). For the �p T;i dependence of�SQ we �nally note that one ofthe strongest

contributorsathigherpT isthe 
� ,with a relatively low m assofm 
 � = 1:672GeV . So after

a rise,�SQ dropsagain towardshighestpT,dueto an increasing �
+ contribution6.

5 Included in the THERM US particletableup to the �(2420).
6 Included in the THERM US particletableup to the �(2030).
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Since resonance decay has the habit ofdropping the lighter particles (m esons) at low pT

and higher jyj,while keeping heavier particles (baryons) at higher pT and at m id-rapidity,

none ofthe above argum ents about the transverse m om entum and rapidity dependence are

essentially changed by resonancedecay.Thecorrelation coe�cient� B S becom esm orenegative

towardshigherpT,while becom ing weakertowardshigherjyj. Sim ilarly,�B Q growslargerat

high pT and dropstowardshighery. The largercontributionsofbaryonsto the high pT tail

ofthe transverse m om entum spectrum ,and their decreased contribution to the tails ofthe

rapidity distribution,com pared to m esons,are to blam e. The bum p in the pT dependence of

�SQ ,presum ably caused by the�
+ ,hasvanished,asthe�+ isonly considered asstablein its

lightest version with m ass m � + = 1:189GeV . The sm allbum p in the y dependence of�SQ ,

however,stays. The correlation ispresum ably �rstincreased by a growing kaon contribution

and then again decreased by a growing pion contribution atlargerrapidities.

The values of� after resonance decay are directly sensitive to how the data is analyzed.

In the above study we analyzed �nalstate particles(stable againststrong decays)only. One

could,however,also reconstructdecay positionsand m om enta ofparentresonancesand could

then countthem asbelonging to theacceptance bin theparentm om entum would fallinto.In

thesituation above,however,thiswould again yield theprim ordialscenario.Ifreconstruction

ofresonancesisnotdone,oneissensitiveto chargecorrelationscarried by �nalstateparticles.

Asin theprim ordialcase,a largeracceptance bin e�ectively averagesoversm allerbins.How-

ever,the sm allerthe acceptance bin,the m ore inform ation islostdue to resonance decay. In

fullacceptance,�nalstate and prim ordialcorrelation coe�cientsoughtto be the sam e,since

quantum num bers(and energy-m om entum )areconserved in thedecaysofresonances.

B . Extrapolating to the M C E

W enextconsidertheextrapolationtotheM CE lim itofvariancesandcovariancesand,hence,

correlation coe�cients,ofjointdistributionsofchargesin lim ited acceptance.The prim ordial

joint baryon num ber -strangeness distributions in di�erent transverse m om entum bins will

serveasexam ples.In thissubsection,weusean extended data setof20� 8� 105 events.

In Fig.(8)weshow theevolution ofthevariancesofthem arginalprim ordialbaryon num ber

distribution h(�B )2i (left) and ofthe m arginalprim ordialstrangeness distribution h(�S)2i
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FIG .8: Evolution ofthe variance ofthe m arginalbaryon num ber distribution h(�B )2i (left) and

the variance ofthe m arginalstrangenessdistribution h(�S)2i(right)with � fora prim ordialhadron

resonancegasin di�erent�p T;ibins.Each m arkerand itserrorbarexceptthelastrepresentstheresult

of20M onteCarlorunsof105 eventseach.8di�erentequally spaced valuesof�havebeen investigated.

The lastm arkerdenotesthe resultofthe extrapolation. Solid linesindicate extrapolationsfrom the

G CE value to the M CE lim it.
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FIG .9: Evolution ofthe covariance h�B �Si(left)and the correlation coe�cient� B S (right)ofthe

baryon num ber-strangeness distribution with � for a prim ordialhadron resonance gas in di�erent

�p T;i bins.Therestasin Fig.(8).

(right) in the transverse m om entum bins �p T;i,de�ned in Table I,as a function ofthe size

ofthe bath � = V1=Vg. 8 equally spaced valuesof� have been investigated. The lastm arker
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denotesthe resultofthe extrapolation. In Fig.(9)we show the dependence ofthe prim ordial

covariance h�B �Si (left) and the prim ordialcorrelation coe�cient � B S (right) ofthe joint

baryon num ber-strangenessdistribution on thesizeofthebath �.

Let us �rst com m ent on the GCE values ofvariances (the left m ost m arkers in Fig.(8)).

Aseach ofthe 5 m om entum binsholdsone �fth ofthe charged particle yield and,hence,less

than one �fth ofthe baryonic contribution in the lowest bin �p T;1,and m ore than one �fth

in the highest bin �p T;5,we �nd the baryon num ber variance h(�B ) 2i largestin �p T;5,and

sm allestin �p T;1.Ifbinned in rapidity:�y 3 hasthestrongestbaryon contribution,and,hence,

h(�B )2iislargestthere.The sam e goesforthe varianceh(�S)2iofthem arginalstrangeness

distribution. Strangeness carrying particles are on average heavier than electrically charged

particlesand,hence,thestrangenesscontribution isstrongestaround m id-rapidity and towards

largertransverse m om entum (i.e.h(�S)2iislargestin �y 3 and �p T;5,whilebeing sm allestin

�y 1,�y 5,and �p T;1).
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FIG .10:M CE baryon num ber-strangenesscorrelation coe�cient� B S in lim ited acceptancewindows,

both prim ordialand �nalstate.(Left:) transversem om entum bins�p T;i.(Right:) rapidity bins�y i.

Horizontalerrorbarsindicatethewidth and position ofthem om entum bins(And notan uncertainty!).

Verticalerrorbarsindicate the statisticaluncertainty oftheextrapolation of8� 20 M onte Carlo runs

of105 events each. The m arker indicates the center ofgravity ofthe corresponding bin. The solid

linesshow thefully phasespace integrated G CE result.

The�p T;i dependenceoftheGCE covarianceh�B �Siand theGCE correlation coe�cient

�B S in Fig.(9)isexplained by theargum entsoftheprevioussubsection.Varying contributions
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ofhadronsofdi�erentm ass(and charge contents) to di�erentpartsofm om entum space are

responsible.

W enow turn ourattention to theextrapolation.M CE e�ectson thebaryonicsectorarefelt

m oststrongly in m om entum spacesegm entsin which thebaryoniccontribution isstrong (e.g.

see the evolution ofthe lastbin �p T;5 with � in Figs.(8,9)). The correlation coe�cientisnot

asstrongly a�ected,in general,by M CE e�ects.

In Fig.(10)weshow theresultsoftheextrapolation totheM CE lim itofthebaryon num ber-

strangenesscorrelation coe�cient� B S in acceptance bins�p T;i and �y i,both prim ordialand

�nalstate.M CE valuesarecloserto each otherthan corresponding GCE values,Fig.(5).The

in
uenceofglobally applied conservation lawson chargecorrelationsislessstrong than forthe

m ultiplicity 
uctuationsand correlationsdiscussed in thenextsection.

V II. M O M EN T U M SPA C E D EP EN D EN C E O F M U LT IP LIC IT Y FLU C T U AT IO N S

A N D C O R R ELAT IO N S

M ultiplicity 
uctuationsand correlationsarequalitatively a�ected by thechoiceofensem ble

and are directly sensitive to the fraction ofthe system observed. For vanishing size ofones

acceptancewindow,onewould loseallinform ation on how them ultiplicitiesofany twodistinct

groupsN i and N j ofparticlesare correlated,and m easure �ij = 0. Thisinform ation,on the

otherhand,isto som eextentpreserved in �B S,�B Q ,and �SQ ,i.e.theway in which quantum

num bersarecorrelated,ifatleastoccasionally a particleisdetected during an experim ent.

W e �rst sam ple the sam e GCE system ,which we have discussed in the previous sections,

and consider the e�ects ofresonance decay. Next the joint distributions ofpositively and

negatively charged particles in m om entum bins �p T;i and �y i are constructed. Then we,in

turn,extrapolatetheGCE prim ordialand �nalstateresultson thescaled variance!,Eq.(52),

and thecorrelation coe�cient�,Eq.(53),to theM CE lim it.

A . G rand C anonicalEnsem ble

In Fig.(11)weshow the�p T;i (left)and �y i (right)dependenceoftheGCE scaled variance

!+ ofpositively charged hadrons,both prim ordialand �nalstate. In the prim ordialBoltz-

m ann caseone�ndsno dependence ofm ultiplicity 
uctuationson theposition and sizeofthe
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acceptance window. The observed m ultiplicity distribution is,within errorbars,a Poissonian

with scaled variance !+ = 1.In fact,in the prim ordialGCE Boltzm ann case any selection of

particleshas! = 1.
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FIG .11: G CE scaled variance !+ ofm ultiplicity 
uctuations ofpositively charged hadrons,both

prim ordialand �nalstate,in transverse m om entum bins �p T;i (left) and rapidity bins �y i (right).

Horizontalerrorbarsindicatethewidth and position ofthem om entum bins(And notan uncertainty!).

Verticalerrorbarsindicate the statisticaluncertainty of20 M onte Carlo runsof2� 105 events each.

Them arkersindicatethecenterofgravity ofthecorresponding bin.Thesolid lineindicatesthe�nal

state acceptance scaling estim ate.

In Fig.(12) we show the �p T;i (left) and �y i (right) dependence ofthe GCE correlation

coe�cient� + � between positively and negatively charged hadrons,both prim ordialand �nal

state.Intheprim ordialBoltzm anncaseone�ndsalsonodependenceofm ultiplicitycorrelations

on theposition and sizeoftheacceptancewindow.Theobserved jointm ultiplicity distribution

isa productoftwo Poissonianswith correlation coe�cient� + � = 0.

Resonance decay istheonly source ofcorrelation in an idealGCE Boltzm ann gas.Neutral

hadronsdecaying into two hadronsofoppositeelectricchargearethestrongestcontributorsto

thecorrelation coe�cient� + � .Thechance thatboth (oppositely charged)decay productsare

dropped into thesam em om entum spacebin isobviously highestatlow transversem om entum

(i.e. the correlation coe�cient is strongest in �p T;1). The rapidity dependence is som ewhat

m ilderagain,becauseheavierparticles(parents)aredom inantly produced atm id-rapidity and

spread theirdaughterparticles overa range in rapidity. One notesthatthe scaled variances
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FIG .12:G CE m ultiplicity correlations�+ � between positively and negatively charged hadrons,both

prim ordialand �nalstate,in transverse m om entum bins �p T;i (left) and rapidity bins �y i (right).

Therestasin Fig.(11).

and correlation coe�cientsin therespectiveacceptancebinsin Figs.(11,12)aregenerally larger

than theacceptancescaling procedure7 suggests,with thenotableexception of�+ � (�p T;5).

Ifone would construct now a largerand largernum ber ofm om entum space binsofequal

average particle m ultiplicities,one would successively lose m ore and m ore inform ation about

how m ultiplicitiesofdistinctgroupsofparticlesarecorrelated.

There isa sim ple relation connecting the scaled variance ofthe 
uctuationsofallcharged

hadrons!� to the
uctuationsofonly positively charged particles!+ via thecorrelation coef-

�cient�+ � between positively and negatively charged hadronsin a neutralsystem :

!� = !+ (1 + �+ � ): (59)

W e,therefore,�nd the e�ectofresonance decay on the �p T;i dependence of!� to be consid-

erably strongerthan on thatof!+ ,and generally !� > !+ ,asthe correlation coe�cient� + �

rem ainspositivein the�nalstateGCE.Com pared to this,the�nalstatevaluesof!� ,!+ and

�+ � rem ain rather
atwith �y i in theGCE.

7 Forthe acceptance scaling approxim ation itisassum ed thatparticlesare random ly detected with a certain

probability q= 0:2,independentoftheirm om entum .
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B . Extrapolating to the M C E

In thevery sam eway thatweextrapolated fully phasespaceintegrated extensivequantities

totheM CE lim itinSectionIV,wenow extrapolatem ultiplicity
uctuations!+ andcorrelations

�+ � in transversem om entum bins�p T;iand rapidity bins�y ifora hadron resonancegasfrom

the GCE (� = 0)to the M CE (� ! 1). Analyticalprim ordialM CE results are done in the

in�nitevolum eapproxim ation [21,22].W e,hence,havesom eguidanceasto furtherassesthe

accuracy ofthe extrapolation schem e. For�nalstate 
uctuationsand correlationsin lim ited

acceptance,on theotherhand,no analyticalresultsareavailable.

M ean valuesofparticlenum bersofpositively charged hadronshN + iand negatively charged

hadronshN � iin therespective acceptance bins,de�ned in Table I,rem ain constantas� goes

from 0to 1,whilethevariancesh(�N + )
2iand h(�N � )

2i,and covarianceh�N + �N � iconverge

linearly to theirrespectiveM CE lim its.Thecorrelation coe�cient� + � between positively and

negatively charged hadrons,on the otherhand,willnotapproach itsM CE value linearly,as

discussed in Section IV.

1. Prim ordial

In Fig.(13) we show the prim ordialscaled variance !+ ofpositively charged hadrons in

transverse m om entum bins�p T;i (left)and rapidity bins�y i (right)asa function ofthe size

ofthebath � = V1=Vg,whilein Fig.(14)weshow thedependenceoftheprim ordialcorrelation

coe�cient � + � between positively and negatively charged hadrons in transverse m om entum

bins�p T;i (left)and rapidity bins�y i (right)on �.

The results of8� 20 M onte Carlo runs of2� 105 events each are sum m arized in Table V.

The system sam pled wasassum ed to be neutral�j = (0;0;0)and static u� = (1;0;0;0)with

localtem perature �� 1 = 0:160GeV and a system volum e ofV1 = 2000fm 3. 8 di�erentvalues

of� havebeen studied.Thelastm arker(� = 1)denotestheresultoftheextrapolation.Only

prim ordialhadrons are analyzed. Values for both �p T;i and �y i bins are listed. Analytical

num bers are calculated according to the m ethod developed in [21,22],using the acceptance

binsde�ned in Table I,and areshown forcom parison.

Thee�ectsofenergy-m om entum and chargeconservation on prim ordialm ultiplicity 
uctua-

tionsand correlationsin �niteacceptancehavebeen discussed in [21,22].A few wordsattem pt
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to sum m arize.
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FIG .13:Evolution oftheprim ordialscaled variance!+ ofpositively charged hadronswith theM onte

Carlo param eter � = V1=Vg for transverse m om entum bins �p T;i (left) and for rapidity bins �y i

(right). The solid lines show an analytic extrapolation from G CE results(� = 0)to the M CE lim it

(� ! 1).Each m arkerand itserrorbarexceptthelastrepresentstheresultof20 M onteCarlo runsof

2� 105 events.8 di�erentequally spaced valuesof� have been investigated.Thelastm arkerdenotes

theresultofthe extrapolation.
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FIG .14: Evolution ofthe prim ordialcorrelation coe�cient � + � between positively and negatively

charged hadrons with the M onte Carlo param eter � = V1=Vg for transverse m om entum bins �p T;i

(left)and forrapidity bins�y i (right).Therestasin Fig.(13).
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Let us �rst attend to fully phase space integrated results. The scaled variance ofm ulti-

plicity 
uctuations islowest in the M CE due to the requirem ent ofexact energy and charge

conservation,som ewhat largerin the CE,and largestin the GCE,as now allconstraints on

them icrostatesofthesystem havebeen dropped [27,33,34].Thefully phasespaceintegrated

M CE and CE correlation coe�cientsbetween oppositely charged particlesare ratherclose to

1.Doubly charged particlesallow form ild deviation,asalso the� + + resonance iscounted as

only oneparticle.

The transverse m om entum dependence can be understood asfollows: a change in particle

num berathightransversem om entum involvesalargeam ountofenergy.I.e.,inordertobalance

theenergy record,oneneedstocreate(orannihilate)eitheralighterparticlewith m orekinetic

energy,ortwo particlesatlowerpT.Thisleadsto suppressed m ultiplicity 
uctuationsin high

�p T;i bins com pared to low �p T;i bins. By the sam e argum ent,it seem s favorable,due to

the constraint ofenergy and charge conservation,to balance electric charge,by creating (or

annihilating) pairs ofoppositely charged particles,predom inantly in lower �p T;i bins,while

allowing fora m ore un-correlated m ultiplicity distribution,i.e. also largernet-charge (�Q =

N + � N � )
uctuations,in higher�p T;i bins.

For the rapidity dependence sim ilar argum ents hold. Here, however, the strongest role

is played by longitudinalm om entum conservation. A change in particle num ber at high y

involves now,in addition to a large am ountofenergy,a large m om entum pz to be balanced.

The constraintsofglobalPz conservation are,hence,feltleastseverely around jyj� 0,and it

becom esfavorableto balancechargepredom inantly atm id-rapidity (�+ � larger)and allow for

strongerm ultiplicity 
uctuations(!+ larger)com pared to forward and backward rapidity bins.

In a som ewhat casualway one could say: events ofa neutralhadron resonance gas with

valuesofextensivequantitiesB ,S,Q,E and Pz in thevicinity ofhQ
l
1ihaveatendency tohave

sim ilarnum bersofpositively and negatively charged particlesatlow transversem om entum pT

and rapidity y and lessstrongly so athigh pT and jyj.

The statisticalerroron the‘data‘pointsgrowsas� ! 1,ascan beseen from Figs.(13,14).

The extrapolation helpsgreatly to keep the statisticaluncertainty on the M CE lim itlow,as

sum m arized in Table V,and can be seen from a com parison ofthe last two data points in

Figs.(13,14). The last point and its error bar denote the result ofa linear extrapolation of

variancesand covariances,while the second to lastdata pointand itserrorbarare the result
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prim ordial �p T;1 �p T;2 �p T;3 �p T;4 �p T;5

!
gce
+ 1:000� 0:002 1:000� 0:002 1:000� 0:002 1:000� 0:002 1:000� 0:002

!m ce
+ 0:889� 0:007 0:880� 0:007 0:869� 0:007 0:850� 0:006 0:798� 0:007

!
m ce;c
+ 0:8886 0:8802 0:8682 0:8489 0:7980

�
gce
+ � 0:000� 0:002 � 0:000� 0:002 � 0:000� 0:002 0:000� 0:002 0:000� 0:001

�m ce
+ � 0:094� 0:005 0:085� 0:006 0:072� 0:006 0:056� 0:006 0:003� 0:005

�
m ce;c

+ � 0:0935 0:0844 0:0730 0:0554 0:0040

prim ordial �y 1 �y 2 �y 3 �y 4 �y 5

!
gce

+ 1:000� 0:002 1:000� 0:002 1:000� 0:003 1:000� 0:002 1:000� 0:002

!m ce
+ 0:795� 0:006 0:835� 0:007 0:853� 0:008 0:834� 0:006 0:794� 0:007

!
m ce;c

+ 0:7950 0:8350 0:8521 0:8351 0:7949

�
gce

+ � � 0:000� 0:001 0:000� 0:002 0:001� 0:002 0:000� 0:002 � 0:000� 0:002

�m ce
+ � � 0:013� 0:005 0:040� 0:006 0:061� 0:006 0:041� 0:006 � 0:012� 0:006

�
m ce;c
+ � � 0:0135 0:0406 0:0616 0:0406 � 0:0135

TABLE V:Sum m ary of the prim ordialscaled variance !+ of positively charged hadrons and the

correlation coe�cient� + � between positively and negatively charged hadronsin transversem om entum

bins�p T;iand rapidity bins�y i.Both theG CE result(� = 0)and theextrapolation to M CE (� = 1)

areshown.Theuncertainty quoted correspondsto 20 M onte Carlo runsof2� 105 events(G CE)oris

theresultofthe extrapolation (M CE).Analytic M CE results!
m ce;c
+ and �

m ce;c
+ � are listed too.

of20 M onteCarlo runswith � = 0:875.TheanalyticalM CE valuesarewellwithin errorbars

ofextrapolated M onte Carlo results,and agree surprisingly well,given the large num ber of

\conserved" quantities(5)and a relatively sm allsam plesizeof8� 20� 2� 105 = 3:2� 107 events.

In asam ple-rejecttypeofapproach thissam plesizewould yield asubstantially largerstatistical

error,asonly eventswith exactvaluesofextensive quantitiesarekeptfortheanalysis.Asthe

system sizeisincreased,asam ple-rejectform alism ,hence,becom esincreasinglyine�cient,while

theextrapolation m ethod stillyieldsgood results.Fora furtherdiscussion seeAppendix A.
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2. FinalState

W e now attend to theextrapolation of�nalstatem ultiplicity 
uctuationsand correlations

to the M CE lim it. An independentM onte Carlo run forthe sam e physicalsystem wasdone,

butnow with only stable�nalstateparticles‘detected’.

In Fig.(15) we show the �nalstate scaled variance !+ ofpositively charged hadrons in

transversem om entum bins�p T;i(left)and rapidity bins�y i(right)asafunction of�,whilein

Fig.(16)weshow thedependenceofthe�nalstatecorrelation coe�cient� + � between positively

and negatively charged hadronsin transversem om entum bins�p T;i(left)and rapidity bins�y i

(right)on thesizeofthebath � = V1=Vg.
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FIG .15:Evolution ofthe�nalstatescaled variance!+ ofpositively charged hadronswith theM onte

Carlo param eter � = V1=Vg for transverse m om entum bins �p T;i (left) and for rapidity bins �y i

(right). The solid lines show an analytic extrapolation from G CE results(� = 0)to the M CE lim it

(� ! 1). Each m arkerexceptthe lastrepresentsthe resultof20 M onte Carlo runsof2� 105 events.

8 di�erentequally spaced values of� have been investigated. The last m arkerdenotes the resultof

theextrapolation.

The�p T;iand �y idependenceon � ofthe�nalstateM CE scaled variance!+ isqualitatively

sim ilar to that ofthe prim ordialversions,Fig.(13),and is essentially also explained by the

argum entsofthe previoussection. The e�ectsofcharge and energy-m om entum conservation

work in pretty m uch the sam e way asbefore,and itstillseem sfavorable to have eventswith

widerm ultiplicity distributions atlow pT and low y,and narrowerdistributions atlargerpT
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FIG .16: Evolution ofthe �nalstate correlation coe�cient � + � between positively and negatively

charged hadrons with the M onte Carlo param eter � = V1=Vg for transverse m om entum bins �p T;i

(left)and forrapidity bins�y i (right).Therestasin Fig.(15).

and largerjyj.The dependence ofthe�nalstatecorrelation coe�cients� + � on �,Fig.(16),is

a bitdi�erentto theprim ordialcase,Fig.(14).However,in theM CE lim it,eventsstilltend to

have m ore sim ilarnum bersofoppositely charged particlesatlow pT and low y,than atlarge

pT and largejyj.

Thee�ectsofresonancedecay arequalitatively di�erentin theM CE,CE,and GCE.Letus

again �rstattend to fully phasespaceintegrated m ultiplicity 
uctuationsdiscussed in [33,34].

The�nalstatescaled varianceincreasesin theGCE and CE com pared totheprim ordialscaled

variance. M ultiplicity 
uctuations ofneutralm esons rem ain unconstrained by conservation

laws.However,they often decay into oppositely charged particles,which increasesm ultiplicity


uctuationsofpions,forinstance.IntheM CE,duetotheconstraintofenergyconservation,the

event-by-event
uctuationsofprim ordialpionsarecorrelated totheevent-by-event
uctuations

of,in general,prim ordialparentparticles,and !final< !prim ispossiblein theM CE.

In Fig.(17)and Fig.(18)wecom parethe�nalstate�p T;i (left)and �y i (right)dependence

ofthe M CE scaled variance !+ and the M CE correlation coe�cient� + � respectively to their

prim ordialcounterparts.Theresultsof8� 20M onteCarlorunsof2� 105 eventseach forastatic

and neutralhadron resonancegaswith T = 0:160GeV aresum m arized in Table(VI).

A few words to sum m arize Figs.(17,18): resonance decay and (energy) conservation laws

work in the sam e direction, as far as the transverse m om entum dependence of the scaled
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FIG .17: M CE scaled variance !+ ofm ultiplicity 
uctuations ofpositively charged hadrons,both

prim ordialand �nalstate,in transverse m om entum bins �p T;i (left) and rapidity bins �y i (right).

Horizontalerrorbarsindicatethewidth and position ofthem om entum bins(And notan uncertainty!).

Verticalerrorbarsindicate the statisticaluncertainty quoted in Table VI. The m arkersindicate the

center of gravity of the corresponding bin. The solid and the dashed lines show �nalstate and

prim ordialacceptance scaling estim atesrespectively.
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FIG .18: M CE m ultiplicity correlation coe�cient � + � between positively and negatively charged

hadrons,both prim ordialand �nalstate,in transverse m om entum bins�p T;i (left)and rapidity bins

�y i (right).Therestasin Fig.(17).

variance !+ and the correlation coe�cient � + � is concerned. Both e�ects lead to increased

m ultiplicity 
uctuationsand an increased correlation between the m ultiplicities ofoppositely
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�nalstate �p T;1 �p T;2 �p T;3 �p T;4 �p T;5

!
gce

+ 1:031� 0:002 1:026� 0:002 1:020� 0:002 1:015� 0:002 1:010� 0:002

!m ce
+ 0:904� 0:007 0:884� 0:007 0:872� 0:007 0:847� 0:007 0:778� 0:006

�
gce

+ � 0:163� 0:001 0:107� 0:001 0:109� 0:001 0:075� 0:002 0:052� 0:002

�m ce
+ � 0:143� 0:005 0:088� 0:005 0:090� 0:005 0:049� 0:006 � 0:010� 0:006

�nalstate �y 1 �y 2 �y 3 �y 4 �y 5

!
gce
+ 1:017� 0:002 1:023� 0:002 1:024� 0:002 1:023� 0:003 1:017� 0:002

!m ce
+ 0:771� 0:007 0:840� 0:006 0:859� 0:007 0:839� 0:007 0:770� 0:006

�
gce

+ � 0:100� 0:001 0:116� 0:001 0:115� 0:002 0:115� 0:002 0:100� 0:001

�m ce
+ � � 0:027� 0:005 0:069� 0:005 0:092� 0:006 0:069� 0:006 � 0:027� 0:005

TABLE VI:Sum m ary ofthe �nalstate scaled variance !+ ofpositively charged hadrons and the

correlation coe�cient� + � between positively and negatively charged hadronsin transversem om entum

bins�p T;i and rapidity bins�y i. Both the G CE result(� = 0) and the extrapolation to the M CE

(� = 1) are shown. The uncertainty quoted corresponds to 20 M onte Carlo runs of2 � 105 events

(G CE)oristheresultoftheextrapolation (M CE).

charged particlesin thelow pT region,com pared to thehigh pT dom ain.

Com pared to this,theM CE �y i dependence of!+ and �+ � ism ainly dom inated by global

conservation ofPz. Resonance decay e�ects,see Figs.(11,12),are m ore equalacrossrapidity,

than in transverse m om entum .

Again,we�nd thescaled varianceofallcharged particleslargerthan thescaled varianceof

only positively charged hadrons!� > !+ ,exceptforwhen �+ � < 0,i.ewhen them ultiplicities

ofoppositely charged particlesare anti-correlated,asforinstance in �p T;5,�y 1,and �y 5.In

contrastto that,wenarrowly �nd !� > 1 in thelowesttransverse m om entum bin �p T;1.

The qualitative picture presented in Fig.(17) could be com pared to sim ilar analysis of

UrQM D transportsim ulation data [35],orrecently published NA49 data on m ultiplicity 
uc-

tuationsin lim ited m om entum bins[36].W e,however,do notclaim thatthee�ectsdiscussed

abovearethesolee�ectsleading to thequalitativeagreem entwith eitherofthetwo.
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V III. SU M M A RY

W e have presented a recipe for a therm alm odelM onte Carlo event generator capable of

extrapolating 
uctuation and correlation observables forBoltzm ann system s oflarge volum e

from theirGCE valuesto theM CE lim it.Ourapproach hasa strong advantage com pared to

analyticalapproachesorstandard m icrocanonicalsam ple-and-reject M onte Carlo techniques,

in thatitcan handleresonancedecaysaswellas(very)largesystem sizesatthesam etim e.

To introduce ourschem e,we have conceptually divided a m icrocanonicalsystem into two

subsystem s.Thesesubsystem sareassum ed tobein equilibrium with each other,and subjectto

theconstraintsofjointenergy-m om entum and chargeconservation.Particlesareonlym easured

in onesubsystem ,whilethesecond subsystem providesatherm odynam icbath.By keeping the

size ofthe �rstsubsystem �xed,while varying the size ofthe second,one can thusstudy the

dependenceofstatisticalpropertiesofan ensem bleon thefraction ofthesystem observed (i.e.

assess their sensitivity to globally applied conservation laws). The ensem bles generated are

therm odynam ically equivalentin thesensethatm ean valuesin theobserved subsystem rem ain

unchanged when the size ofthe bath is varied,provided the com bined system is su�ciently

large.

The M onte Carlo processcan be divided into foursteps. In the �rsttwo stepsprim ordial

particle m ultiplicitiesforeach species,and m om enta foreach particle,are generated foreach

eventby sam pling thegrand canonicalpartition function.In thethird step resonancedecay of

unstableparticlesisperform ed.Lastly thevaluesofextensivequantitiesarecalculated foreach

eventand a corresponding weightfactorisassigned.Alleventswith thesam esetofextensive

quantities hence stillhave ‘a prioriequalprobabilities’. In the lim it ofan in�nite bath,all

events have a weight equalto unity. In the opposite lim it ofa vanishing bath,only events

with an exactly speci�ed set ofextensive quantities have non-vanishing weight. In between,

we extrapolate in a controlled m anner. The m ethod iseven rathere�cientforlarge volum e,

inaccessible to sam ple-and-reject procedures,and agrees well,where available,with analytic

asym ptoticm icrocanonicalsolutions.

Given thesuccessofthehadron resonancegasm odelin describing experim entally m easured

averagehadron yields,and itsability to reproducelow tem peraturelatticesusceptibilities,the

question arisesastowhether
uctuation and correlation observablesalsofollow itsm ain line.In

particular,threee�ectsarenicely discussable:Resonancedecay,conservation laws,and lim ited
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acceptance e�ects. Due to the M onte Carlo nature,data can be analyzed in close relation to

experim entalanalysistechniques.Thehadron resonancegasisan idealtestbed forthistypeof

study,in thatitissim pleand intuitive.

The statisticalproperties ofa sam ple ofhadron resonance gas events show a system atic

dependence on what part ofthe m om entum distribution and what fraction ofthe system is

observed. Two exam plesserved to illustrate:grand canonicalcharge-charge correlations,and

m icrocanonicalm ultiplicity 
uctuationsand correlations. In the case ofcharge-charge corre-

lations,m om entum space e�ects are caused by di�erent m asses ofhadrons and,hence,their

varying contribution to di�erent parts ofthe m om entum spectra. Although m icrocanonical

e�ectson the(co)variancesofthejointbaryon num ber-strangeness-electricchargedistribu-

tion areconsiderable,they rem ain weak forthecorrelation coe�cientsbetween thesequantum

num bers.In contrastto this,m om entum spacee�ectson m ultiplicity 
uctuationsand correla-

tionsarisedueto conservationslaws.Foran idealprim ordialgrand canonicalensem ble in the

Boltzm ann approxim ation (ourstarting point),m ultiplicity distributionsarejustuncorrelated

Poissonians,regardlessoftheacceptancecutsapplied,asparticlesareassum ed to beproduced

independently. The requirem ent ofenergy-m om entum and charge conservation leads to sup-

pressed 
uctuationsand enhanced correlationsbetween them ultiplicitiesoftwodistinctgroups

ofparticlesatthe‘high m om entum ’end ofthem om entum spectrum ,provided som efraction of

an isolated system isobserved.Resonancedecay doesnotchangethesetrends.Theargum ents

on which theexplanation ofthisparticulardependencearebased seem generalenough to hope

thatthey m ighthold tooin non-equilibrium system s,such asrealheavy ion dataortheoretical

transportsim ulations.

A directcom parison with experim entaldata seem sproblem aticatthem om ent.The static

globaltherm aland chem icalequilibrium assum ption m ade here iscertainly insu�cient. The

m odelpresented hereisfarfrom com plete.Severalinteresting aspectsdeserveattention.They

include the sam pling ofFerm i-Dirac orBose-Einstein particles,forwhich low transverse m o-

m entum isparticularly sensitive;�nitevolum ecorrectionscould bedone(possibleifonehasa

good approxim ation to W );theconvergence properties(at�xed �,and asa function of�)fall

basically intothesam edirection;sofarwealsohavenotderived atherm odynam icpotentialfor

ourensem bles;onecould also considerm oregeneralform sofW ;onecould ask how to couple

two system sofdi�erentdensities,oraltogetherdepartfrom thelocalequilibrium assum ption.
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Therearealso severalinteresting thingsthatthem odelcould do in itspresentform .Exam ples

include m ean transverse m om entum 
uctuations,correlation between transverse m om entum

and particlenum ber,oreven 2 and 3 particlecorrelation functions.Thisshould bethesubject

offuturework.
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A P P EN D IX A :C O N V ER G EN C E ST U D Y

Notonly forthe sake ofcom pletenesswe discussin thissection the convergence ofvarious

quantitieswith thesam plesize,i.e.thenum berofevents,N events,in ourM onteCarlo schem e.

Hereweanalyze�nalstate(stableagainstelectrom agneticand weak decays)particlesonly.W e

m ainly take a closerlook atthe data sub-setof20� 2� 105 events,with � = V1=Vg = 0:875 for

thesizeofthebath,which already hasbeen discussed in Section VII.

Thereisadegreeoffreedom atsohow toestim atethestatisticaluncertainty on them om ents

ofa distribution ofobservablesofa �nitesam ple.Theapproach taken hereisstraightforward,

butcould,however,certainly beim proved.

In Fig.(19)weshow theevolution ofthem ean valueshN + i(left)and thevariancesh(�N + )
2i

(right)ofthe distributionsofpositively charged hadronsforthe 5 transverse m om entum bins

�p T;i,de�ned in Table I,with thesam plesize.M ean valuesofparticlem ultiplicitiesin respec-

tivebinsarein rathergood approxim ation equalto each other,butare,however,notidentical

dueto �niteresolution on theunderlying m om entum spectrum ,even for� = 0:875 (binswere

constructed using GCE events from an independent run). Variances converge steadily and

are di�erent in di�erent bins, see Section VII. The event output was iteratively stored in

histogram s,which werethen evaluated afterstepsof2� 104 events.
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FIG . 19: Step histogram showing the convergence of the m ean values hN + i (left) and variances

h(�N + )
2
i(right)forpositively charged �nalstate hadronsin transverse m om entum bins�p T;i fora

hadron resonance gaswith � = V1=Vg = 0:875.
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FIG .20:Step histogram showing theconvergenceofthescaled variance!+ (left)ofpositively charged

hadronsand thecorrelation coe�cient� + � between positively and negatively charged hadrons(right)

in transverse m om entum bins�p T;i fora �nalstate hadron resonance gaswith � = V1=Vg = 0:875.

In Fig.(20)weshow theevolution ofthescaled variance!+ ofpositively charged �nalstate

particles (left) and the correlation coe�cient � + � between positively and negatively charged

particles(right).Theresultsfortherespectivetransversem om entum binscan becom pared to

the second to lastm arkersFigs.(15,16),leftpanels,which denote the corresponding resultsof
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FIG .21:Histogram showing theresultsforthescaled variance!+ (left)ofpositively charged hadrons

and the correlation coe�cient� + � between positively and negatively charged hadrons(right)in the

transverse m om entum bin �p T;5 fora �nalstate hadron resonance gaswith � = V1=Vg = 0:875. 200

M onte Carlo runsof2� 104 eventseach are analyzed.

grouping thesam edata into 20 M onteCarlo setsof2� 105 eventseach.

In Fig.(21)we show the distribution ofscaled variancesofpositively charged particles!+

(left)andcorrelationcoe�cientsbetween positivelyandnegativelychargedparticles� + � (right),

resulting from grouping again the sam e data setinto 200 sam ples of2� 104 events each. W e

chose the transverse m om entum bin �p T;5 for a �nalstate hadron resonance gas with � =

V1=Vg = 0:875.

M onteCarloresultsfor� = 0:875oftheanalysisshown inFig.(21),areforthescaledvariance

!+ (�p T;5)= 0:8069� 0:0514,and the correlation coe�cient� + � (�p T;5)= �0:0026� 0:0421.

They are nicely scattered around the m ean values,denoted by the bottom lines in Fig.(20),

!+ (�p T;5)= 0:8082,and �+ � (�p T;5)= �0:0028 respectively.

They are also com patible with the analysis shown in Figs.(15,16), of Section VII,

!+ (�p T;5) = 0:8081� 0:0149,and �+ � (�p T;5) = �0:0022� 0:0125,at the sam e value of�.

The com paratively large statisticalerroron the analysisin Fig.(21)isdue to the splitting up

into m any sm allsub-sam ples.Them ean valuesofdi�erentanalysesagreeratherwell.

Lastly,weshow in Fig.(22)theresultsofadditionalM onteCarlo runsforvaluesof� closer

to unity.Thistim ewehaveperform ed 20 runsof1� 107 prim ordialeventsfor� = 0:925,0:950,

and 0:975. Asdiscussed above,errorbarsdiverge,butconvergence seem sto be rathergood.
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FIG .22:Evolution ofthe prim ordialscaled variance !+ ofpositively charged hadrons(left)and the

prim ordialcorrelation coe�cient� + � between positively and negatively charged hadrons(right)with

theM onteCarlo param eter� = V1=Vg in di�erentrapidity bins�y i.Thesolid linesshow an analytic

extrapolation from G CE results(� = 0)to theM CE lim it(� ! 1).The4 leftm ostm arkersand their

errorbarsrepresenttheresultsof20 M onteCarlo runsof2� 105 events.3 additionalvaluesof� have

been investigated with 20 M onteCarlorunsof1� 107 events.Therightm ostm arkersdenotetheresults

ofthe extrapolation.

The additionaldata hasnotbeen used forthe extrapolation,so itcan serve asan un-biased

cross-check.

A P P EN D IX B :T H E C A N O N IC A L B O LT ZM A N N G A S

An analyticaland instructive exam ple is the canonicalclassicalrelativistic particle anti-

particlegasdiscussed in [32,37,38].W eusethisexam pletoshow that,although theprocedure

is form ally independent ofone’s choice ofLagrange m ultipliers,it is m ost e�cient for those

de�ned by M axwell’srelations. W e starto� with Eqs.(1),and then discuss,in turn,the �rst

and second m om entsofthem ultiplicity distribution ofparticles,and the�rstfourm om entsof

theM onteCarlo weightfactor.

The canonicalpartition function ZN 1
(V1;�;Q 1) ofa system with volum e V1,tem perature
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T = �� 1,chargeQ 1,particlenum berN 1,and anti-particlenum berM 1 = N 1 � Q 1,isgiven by:

ZN 1
(V1;�;Q 1) =

(V1 )
N 1

N 1!

(V1 )
N 1� Q 1

(N 1 � Q 1)!
: (B1)

Thesingleparticlepartition function isgiven byEq.(31), =
g

2�2
m 2 �� 1 K 2(m �).Thecanon-

icalpartition function with arbitrary particlenum ber,butstill�xed chargeQ 1,isobtained by:

Z(V1;�;Q 1) =

1X

N 1= Q 1

ZN 1
(V1;�;Q 1) = IQ 1

(2 V1  ) : (B2)

HereIQ 1
isa m odi�ed Besselfunction.Tem peratureisthesam ein both subsystem s;thebath

and theobservablepart.Thepartition function ofthebath istherefore:

Z(V2;�;Q 2) = IQ 2
(2 V2  ) : (B3)

Im posing the constraintsV2 = Vg � V1,and Q 2 = Q g � Q 1,sim ilarto Eq.(4),we �nd [39]for

thecanonicalpartition function,Eq.(5),ofthecom bined system :

Z(Vg;�;Q g) =

1X

Q 1= � 1

IQ 1
(2 V1  ) IQ g� Q 1

�

2(Vg � V1) 

�

= IQ g
(2 Vg  ) ; (B4)

asrequired.Theweightfactoristhen:

W (V1;Q 1;Vg;Q gj�) =
IQ g� Q 1

�
2(Vg � V1) 

�

IQ g
(2Vg )

: (B5)

Analogousto Eq.(7)we�nd forthejointparticlem ultiplicity and chargedistribution:

P(Q 1;N 1) = W (V1;Q 1;Vg;Q gj�)ZN 1
(V1;�;Q 1): (B6)

1. M onte C arlo W eight

W enextintroduceEq.(12),thejointGCE distribution ofchargesand particlem ultiplicity:

Pgce(Q 1;N 1) =
eQ 1��

Z(V1;�;�)
ZN 1

(V1;�;Q 1): (B7)

TheM onteCarlo weight,Eq.(15),isthen given by:

W Q 1;Q g(V1;Vgj�;�) � W (V1;Q 1;Vg;Q gj�)Z(V1;�;�)e
� Q 1�� : (B8)

In accordancewith Eq.(11),thedistribution Eq.(B6)isthen equivalently written as:

P(Q 1;N 1) = W Q 1;Q g(V1;Vgj�;�)Pgce(Q 1;N 1): (B9)

TheGCE partition function is:

Z(V1;�;�) =

1X

Q 1= � 1

e
Q 1�� Z(V1;�;Q 1) = exp

�
V12cosh(��)

�
: (B10)
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2. M om ents ofD istributions

To de�nethem ultiplicity m om entsofthedistributionsEq.(B6)orEq.(B9)wewrite:

hN n
1i �

1X

N 1= 0

1X

Q 1= � 1

N
n
1 P(N 1;Q 1): (B11)

Additionally wede�nethem om entsoftheweightEq.(B5):

hW ni �

1X

N 1= 0

1X

Q 1= � 1

h

W (V1;Q 1;Vg;Q gj�)

in
ZN 1

(V1;�;Q 1); (B12)

and oftheM onteCarlo weightEq.(B8):

hW ni �

1X

N 1= 0

1X

Q 1= � 1

h

W Q 1;Q g(V1;Vgj�;�)

in
Pgce(Q 1;N 1): (B13)

W e�rstattend to the�rsttwo m om entsofthem ultiplicity distribution.Substituting Eq.(B6)

orEq.(B9)into Eq.(B11)yields:

hN 1i = (V1 )
IQ g� 1(2Vg )

IQ g
(2Vg )

; (B14)

and

hN 2
1i = (V1 )

IQ g� 1(2Vg )

IQ g
(2Vg )

+ (V1 )
2 IQ g� 2(2Vg )

IQ g
(2Vg )

: (B15)

Canonicalsuppression ofyieldsand 
uctuationsactson theglobalvolum eVg.In theGCE the

�rsttwo m om entsarehN 1i= V1 e
��,and hN 2

1i= hN 1i
2 + hN 1i,respectively.TheCE lim itis

obtained by Vg ! V1,and Q g = hQ 1i.Substituting Eq.(B14)and Eq.(B15)into Eq.(52),and

using Eq.(9),� = V1=Vg,yields:

! = � !ce + (1� �) !gce ; (B16)

wheretheCE scaled variance!ce ofthecom bined system isgiven by [32,38]:

!ce = 1 � (Vg )

�
IQ g� 1(2Vg )

IQ g
(2Vg )

�
IQ g� 2(2Vg )

IQ g� 1(2Vg )

�

; (B17)

and !gce = 1 istheGCE scaled variance,astheparticlenum berdistribution isa Poissonian.

W enextapply ourM onteCarlo schem e to an observablesubsystem ofvolum eV1 = 50fm 3

em bedded into a system ofvolum e Vg = 75fm 3,chargeQ g = 10,and tem peratureT = �� 1 =

0:160GeV .Particlesand anti-particleshavem assm = 0:140GeV and degeneracy factorg = 1.

45



The average charge content in the observable subsystem is then hQ 1i ’ 6:667. The m ean

particle m ultiplicity,Eq.(B14),is hN 1i ’ 7:335,and the scaled variance ofparticle num ber


uctuations,Eq.(B16),is! ’ 0:3896.W e willsam ple theGCE in V1 forvariousvaluesof�Q

and use the M onte Carlo weight,Eq.(B8),to transform these sam ples to have the statistical

propertiesrequired by Eq.(B6)orEq.(B9).Foreach valueof�Q wehavegenerated 50 sam ples

of2000 eventseach to allow forcalculation ofa statisticaluncertainty estim ate.
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FIG .23: The�rstfourm om entsoftheM onteCarlo weight,Eq.(B8)(left)and the�rsttwo m om ents

ofm ultiplicity distributions(right),asdescribed in thetext.

In Fig.(23)(right)weshow,in open sym bols,them ean valuehN 1iand thevarianceh(�N 1)
2
i

ofthe particle m ultiplicity distribution ofthe originalGCE sam ples for di�erent values of

chem icalpotential�Q . The closed sym bolsdenote m ean value and variance ofthese sam ples

afterthe transform ation Eq.(B8)wasapplied. Independent ofthe originalsam ple the result

stays(withinerrorbars)thesam e.Howeverthestatisticalerrorislowestforachem icalpotential

closeto:

�Q = T sinh
� 1

�
Q g

2Vg 

�

; (B18)

i.e.when theinitialsam pleisalready sim ilar(atleastin term sofm ean values)to thedesired

sam ple. This is re
ected in the m om ents ofthe M onte Carlo W eight factor,Fig.(23) (left).

Higherm om entshave a strong m inim um around �Q = 0:1896GeV,i.e. the weightsare m ost
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hom ogeneously distributed am ongstevents,and m oste�cientused ism adeofthem .
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