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MITTAG-LEFFLER FUNCTION

Abstract. The aim of this paper is to establish general definite
integrals involving product of the Aleph function and the general-
ized Mittag-Leffler function with general arguments. This integral
yields a number of known results as special cases. For the sake of
illustration, several corollaries are also presented as special case of
our main results.
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1. Introduction and preliminaries. Throughout this paper, let C,
R, R+, Z−

0 and N be sets of complex numbers, real and positive numbers,
non-positive and positive integers, respectively, N0 := N ∪ {0}.
Gösta Mittag-Leffler [9] introduced and studied the function 𝐸𝛼 (𝑧), de-
fined by

𝐸𝛼 (𝑧) =
∞∑︁
𝑛=0

𝑧𝑛

Γ (𝛼𝑛 + 1)
(Re (𝛼) > 0) . (1)

A generalization of this function was given by Wiman [23], as follows:

𝐸𝛼, 𝛽 (𝑧) =
∞∑︁
𝑛=0

𝑧𝑛

Γ (𝛼𝑛 + 𝛽)
(Re (𝛼) > 0,Re (𝛽) > 0) . (2)

A generalization of the Mittag-Leffler function (M–L function) (2) by
a series representation is introduced by Prabhakar [11] as

𝐸𝛿
𝛼, 𝛽 (𝑧) =

∞∑︁
𝑛=0

(𝛿)𝑛 𝑧
𝑛

Γ (𝛼𝑛 + 𝛽)𝑛!
(Re (𝛼) > 0, Re (𝛽) > 0, Re (𝛿) > 0) . (3)

© Petrozavodsk State University, 2020

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Directory of Open Access Journals

https://core.ac.uk/display/442277342?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://creativecommons.org/licenses/by/4.0/


Finite integral formula involving Aleph-function and generalized ... 97

Further, Shukla and Prajapati [18] (see also Srivastava and Tomovski [19])
studied the function 𝐸𝛾, 𝑞

𝛼, 𝛽(𝑧), defined by

𝐸𝛾, 𝑞
𝛼, 𝛽 (𝑧) =

∞∑︁
𝑛=0

(𝛿)𝑛𝑞 𝑧
𝑛

Γ (𝛼𝑛 + 𝛽)𝑛!
, (4)

where Re(𝛼) > 0,Re(𝛽) > 0,Re(𝛾) > 0, 𝑞 ∈ (0,1) ∪ N.
Since the Mittag-Leffler function provides solutions to certain problems

formulated in terms of fractional order differential, integral and difference
equations, a number of generalizations of the this function have been in-
troduced and studied by many authors.

Salim and Faraj [15] have introduced a new generalization of the
Mittag-Leffler function by means of the power series

𝐸𝛿, 𝜁, 𝑞
𝜇, 𝜌, 𝑝 (𝑧) =

∞∑︁
𝑛=0

(𝛿)𝑛𝑞 𝑧
𝑛

Γ (𝜇𝑛 + 𝜌)𝑛! (𝜁)𝑝𝑛
, (5)

where Re (𝛿), Re (𝜇), Re (𝜌), Re (𝜁), 𝑝, 𝑞 > 0, such that 𝑞 6 Re (𝜇) + 𝑝.
Gupta et al. [5] gave certain relations of generalized fractional calculus

associated with the generalized Mittag-Leffler function (3) in terms of the
generalized Wright function; Kumar et al. [6] give the solution of a gen-
eral family of fractional kinetic equations associated with the generalized
Mittag-Leffler function; to mention a few.

The Aleph (ℵ)-function is a very general higher transcendental func-
tion, which is a generalization of the 𝐼-function [16]. The Aleph-function
was introduced by Südland et al. [20], [21], and is defined by means of a
Mellin-Barnes type integral in the following manner:

ℵ [𝑧] = ℵ 𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 𝑐𝑖; 𝑟

[︂
𝑧

⃒⃒⃒⃒
(𝑎𝑗, 𝐴𝑗)1,𝑛 , [𝑐𝑗 (𝑎𝑗𝑖, 𝐴𝑗𝑖)]𝑛+1, 𝑝𝑖;𝑟

(𝑏𝑗, 𝐵𝑗)1,𝑚 , [𝑐𝑗 (𝑏𝑗𝑖, 𝐵𝑗𝑖)]𝑚+1, 𝑞𝑖;𝑟

]︂
:=

:=
1

2𝜋𝜔

∫︁
ℒ

Ω 𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 𝑐𝑖;𝑟

(𝑠) 𝑧−𝑠 d𝑠,
(6)

where 𝑧 ∈ C ∖ {0}, 𝜔 =
√
−1, and

Ω 𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 𝑐𝑖; 𝑟

(𝑠) =

=

𝑚∏︀
𝑗=1

Γ (𝑏𝑗 + 𝐵𝑗𝑠)
𝑛∏︀

𝑗=1

Γ (1 − 𝑎𝑗 − 𝐴𝑗𝑠)

∑︀𝑟
𝑖=1 𝑐𝑖

{︃
𝑝𝑖∏︀

𝑗=𝑛+1

Γ (𝑎𝑗𝑖 + 𝐴𝑗𝑖𝑠)
𝑞𝑖∏︀

𝑗=𝑚+1

Γ (1 − 𝑏𝑗𝑖 −𝐵𝑗𝑖𝑠)

}︃ . (7)
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Here Γ denotes the Gamma function, the path of integration ℒ = ℒ𝜄 𝛾∞
(𝛾 ∈ R) goes from 𝛾 − 𝜄∞ to 𝛾 + 𝜄∞ and is a contour of the Mellin-
Barnes type integral. The poles of the Gamma functions Γ (1 − 𝑎𝑗 − 𝐴𝑗𝑠)
(𝑗, 𝑛 ∈ N; 1 6 𝑗 6 𝑛) do not coincide with those of Γ (𝑏𝑗 + 𝐵𝑗𝑠) (𝑗,𝑚 ∈ N;
1 6 𝑗 6 𝑚). The parameters 𝑝𝑖, 𝑞𝑖 ∈ N0 satisfy the conditions
0 6 𝑛 6 𝑝𝑖, 1 6 𝑚 6 𝑞𝑖, 𝜏𝑖 > 0 (1 6 𝑖 6 𝑟); the parameters 𝐴𝑗, 𝐵𝑗, 𝐴𝑗𝑖,
𝐵𝑗𝑖 > 0 and 𝑎𝑗, 𝑏𝑗, 𝑎𝑗𝑖, 𝑏𝑗𝑖 ∈ C. The empty product in (7) is interpreted
as unity. The existence conditions for the defining integral (6) depend on
the following conditions:

𝜙𝑖 > 0 and |arg(𝑧)| < 𝜋

2
𝜙𝑖, (8)

and
𝜙𝑖 > 0, |arg(𝑧)| < 𝜋

2
𝜙𝑖 and Re{𝜁𝑖} + 1 < 0, (9)

where

𝜙𝑖 =
𝑛∑︁

𝑗=1

𝐴𝑗 +
𝑚∑︁
𝑗=1

𝐵𝑗 − 𝑐𝑖

(︃
𝑝𝑖∑︁

𝑗=𝑛+1

𝐴𝑗𝑖 +

𝑞𝑖∑︁
𝑗=𝑚+1

𝐵𝑗𝑖

)︃
(10)

and

𝜁𝑖 =
𝑚∑︁
𝑗=1

𝑏𝑗 −
𝑛∑︁

𝑗=1

𝑎𝑗 + 𝑐𝑖

(︃
𝑞𝑖∑︁

𝑗=𝑚+1

𝑏𝑗𝑖 −
𝑝𝑖∑︁

𝑗=𝑛+1

𝑎𝑗𝑖

)︃
+

1

2
(𝑝𝑖 − 𝑞𝑖) . (11)

Here 𝑖 = 1, · · · , 𝑟.
Remark 1. Setting 𝑐𝑖 → 1(𝑖 = 1, . . . , 𝑟) in (6) gives the 𝐼-function due
to Saxena [16], given by following relation:

𝐼𝑚,𝑛
𝑝𝑖, 𝑞𝑖;𝑟

(𝑧) = ℵ𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 1;𝑟

(𝑧) = ℵ𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 1;𝑟

(︂
𝑧

⃒⃒⃒⃒
(𝑎𝑗, 𝐴𝑗)1, 𝑛 , (𝑎𝑗𝑖, 𝐴𝑗𝑖)𝑛+1, 𝑝𝑖

(𝑏𝑗, 𝐵𝑗)1,𝑚 , (𝑏𝑗𝑖, 𝐵𝑗𝑖)𝑚+1, 𝑞𝑖

)︂
=

=
1

2𝜋𝜔

∫︁
ℒ

Ω𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 1;𝑟

(𝑠) 𝑧−𝑠d𝑠, (12)

where the kernel Ω 𝑚𝑛
𝑝𝑖 𝑞𝑖, 1;𝑟

(𝑠) is given in (7) for 𝑐𝑖 → 1. The conditions of
existence of the integral in (12) are the same as stated in (8)–(11), with
𝑐𝑖 → 1 (𝑖 = 1, . . . , 𝑟).

Remark 2. If we, further, take 𝑟 = 1 in (12), then it reduces to the
𝐻-function, defined by Fox [4] (see also, [8]):

𝐻𝑚,𝑛
𝑝, 𝑞 (𝑧) = ℵ 𝑚,𝑛

𝑝𝑖, 𝑞𝑖, 1;1
(𝑧) = ℵ 𝑚,𝑛

𝑝𝑖, 𝑞𝑖, 1;1

(︂
𝑧

⃒⃒⃒⃒
(𝑎𝑗, 𝐴𝑗)1, 𝑝
(𝑏𝑗, 𝐵𝑗)1, 𝑞

)︂
=
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=
1

2𝜋𝜔

∫︁
ℒ

Ω 𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 1;1

(𝑠) 𝑧−𝑠d𝑠, (13)

where the kernel Ω 𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 1;𝑟

(𝑠) is given in (7) for 𝑐𝑖 → 1 (𝑖 = 1, . . . , 𝑟) and
𝑟 = 1. The existence conditions for the integral in (13) are the same as
given by (8) – (11) with 𝑐𝑖 → 1 (𝑖 = 1, . . . , 𝑟) and 𝑟 = 1.

Recently, Ayant and Kumar [1] have given finite double integrals in-
volving the product of two hypergeometric functions and the Aleph-function.
Kumar et al. [7] derived various integral formulas involving the Aleph-
function multiplied by algebraic functions and special functions; Suthar
et al. [22] established certain integrals involving the product of the Aleph-
function with the exponential function and the multi Gauss hypergeomet-
ric function. For more details and work on the Aleph-function, the reader
can refer the recent work [13], [17].

2. Main results. In order to avoid ambiguities, we use the symbols n
and r in the main results of this section instead of 𝑛 and 𝑟 used in equation
(6). We will need the following integral (see, Brychkov [2, eqn. 40, p. 115])
to define main results:

Lemma 1.
1∫︁

−1

(1 − 𝑥2)𝑠−
1
2

(1 + 2𝑎𝑥 + 𝑎2)𝑠(1 + 2𝑏𝑥 + 𝑏2)𝑠
d𝑥 =

√
𝜋Γ(𝑠 + 1

2
)

Γ(𝑠 + 1)
2𝐹1 [𝑠, 2𝑠; 𝑠 + 1; 𝑎𝑏] ,

(14)

where Re(𝑠) > −1
2

and 2𝐹1 is the Gauss hypergeometric function [12].

Theorem 1. If 𝐴1 = (1
2
−𝑠−𝑐n; 𝑒), (1−𝑠−r−𝑐n; 𝑒), (1−r−2(𝑠+𝑐n); 2𝑒);

𝐵1 = (−𝑠− r− 𝑐n; 𝑒) , (1 − 𝑠− 𝑐n; 𝑒), (1 − 2 (𝑠 + 𝑐n) ; 2𝑒); and

𝑋 =
(1 − 𝑥2)

(1 + 2𝑎𝑥 + 𝑎2) (1 + 2𝑏𝑥 + 𝑏2)
, (15)

then we have
1∫︁

−1

(1 − 𝑥2)
𝑠− 1

2

(1 + 2𝑎𝑥 + 𝑎2)𝑠 (1 + 2𝑏𝑥 + 𝑏2)𝑠
𝐸𝛿, 𝜁, 𝑞

𝜇, 𝜌, 𝑝 (𝑦𝑋𝑐) ℵ (𝑧𝑋𝑒) d𝑥 =

=
√
𝜋

∞∑︁
n, r=0

(𝛿)n𝑞 𝑦
n

Γ (𝜇n + 𝜌)n! (𝜁)𝑝n

(𝑎𝑏)r

r!
×
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× ℵ𝑚,𝑛+3
𝑝𝑖+3, 𝑞𝑖+3, 𝑐𝑖;𝑟

⎛⎝𝑧

⃒⃒⃒⃒
⃒⃒ 𝐴1, (𝑎𝑗, 𝐴𝑗)1, 𝑛 , [𝑐𝑖 (𝑎𝑗𝑖, 𝐴𝑗𝑖)]𝑛+1, 𝑝𝑖;𝑟

𝐵1, (𝑏𝑗, 𝐵𝑗)1,𝑚 , [𝑐𝑖 (𝑏𝑗𝑖, 𝐵𝑗𝑖)]𝑚+1, 𝑞𝑖;𝑟

⎞⎠ , (16)

provided that

a) Re (𝛿) ,Re (𝜇) ,Re (𝜌) ,Re (𝜁) , 𝑝, 𝑞 > 0, such that 𝑞 6 Re (𝜇) + 𝑝,
min {𝑎, 𝑏, 𝑐, 𝑒} > 0;

b) Re (𝑡 + n𝑐) + 𝑒 min
16𝑗6𝑚

Re

[︃(︃
𝑏
(𝑖)
𝑗

𝐵
(𝑖)
𝑗

)︃]︃
> −1

2
;

c) |arg (𝑧𝑋𝑒)| < 1

2
𝜋𝜙𝑖 (𝑖 = 1, . . . , 𝑟), where 𝜙𝑖 is defined by (10).

Proof. Invoke (5) and (6) and change the order of integration and sum-
mation (this can be done due to absolute convergence of the integral) to
transform the LHS of (16) to

ℐ =
∞∑︁
n=0

(𝛿)n𝑞𝑦
n

Γ(𝜇n + 𝜌)n! (𝜁)𝑝n

1∫︁
−1

(1 − 𝑥2)𝑠+𝑐n− 1
2

(1 + 2𝑎𝑥 + 𝑎2)𝑠+𝑐n(1 + 2𝑏𝑥 + 𝑏2)𝑠+𝑐n
×

×

⎡⎣ 1

2𝜋𝜔

∫︁
ℒ

Ω 𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 𝑐𝑖;𝑟

(𝑢) 𝑧−𝑢 (1 − 𝑥2)
−𝑒𝑢

(1 + 2𝑎𝑥 + 𝑎2)−𝑒𝑢 (1 + 2𝑏𝑥 + 𝑏2)−𝑒𝑢 d𝑢

⎤⎦ d𝑥.

(17)

Interchanging the order of the 𝑥-integral and the 𝑢-integral, which is per-
missible under the given conditions, we have

ℐ =
∞∑︁
n=0

(𝛿)n𝑞 𝑦
n

Γ (𝜇n + 𝜌)n! (𝜁)𝑝n

1

2𝜋𝜔

∫︁
ℒ

Ω 𝑚,𝑛
𝑝𝑖,𝑞𝑖,𝑐𝑖;𝑟

(𝑢) 𝑧−𝑢×

×
[︁ 1∫︁
−1

(1 − 𝑥2)
𝑠+𝑐n−𝑒𝑢− 1

2

(1 + 2𝑎𝑥 + 𝑎2)𝑠+𝑐n−𝑒𝑢 (1 + 2𝑏𝑥 + 𝑏2)𝑠+𝑐n−𝑒𝑢 d𝑢
]︁
d𝑥. (18)

Next, we evaluate the inner integral of (18) with the help of Lemma 1:

1∫︁
−1

(1 − 𝑥2)
𝑠+𝑐n−𝑒𝑢− 1

2

(1 + 2𝑎𝑥 + 𝑎2)𝑠+𝑐n−𝑒𝑢 (1 + 2𝑏𝑥 + 𝑏2)𝑠+𝑐n−𝑒𝑢 d𝑥 =
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=

√
𝜋Γ(𝑠 + 𝑐n− 𝑒𝑢 + 1

2
)

Γ (𝑠 + 𝑐n− 𝑒𝑢 + 1)
2𝐹1

(︃ 𝑠 + 𝑐n− 𝑒𝑢, 2 (𝑠 + 𝑐n− 𝑒𝑢)

𝑠 + 𝑐n− 𝑒𝑢 + 1

⃒⃒⃒⃒
⃒𝑎𝑏
)︃
. (19)

Now, by substituting (19) in (18), we arrive at

ℐ =
∞∑︁
n=0

(𝛿)n𝑞 𝑦
n

Γ (𝜇n + 𝜌)n! (𝜁)𝑝n

1

2𝜋𝜔

∫︁
ℒ

Ω 𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 𝑐𝑖;𝑟

(𝑢) 𝑧−𝑢×

×
√
𝜋Γ
(︀
𝑠 + 𝑐n− 𝑒𝑢 + 1

2

)︀
Γ (𝑠 + 𝑐n− 𝑒𝑢 + 1)

2𝐹1

(︃ 𝑠 + 𝑐n− 𝑒𝑢, 2 (𝑠 + 𝑐n− 𝑒𝑢)

𝑠 + 𝑐n− 𝑒𝑢 + 1

⃒⃒⃒⃒
⃒𝑎𝑏
)︃

d𝑢.

(20)

ℐ =
∞∑︁
n=0

(𝛿)n𝑞 𝑦
n

Γ (𝜇n + 𝜌)n! (𝜁)𝑝n

1

2𝜋𝜔

∫︁
ℒ

Ω 𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 𝑐𝑖;𝑟

(𝑢) 𝑧−𝑢 ×

×
√
𝜋Γ
(︀
𝑠 + 𝑐n− 𝑒𝑢 + 1

2

)︀
Γ (𝑠 + 𝑐n− 𝑒𝑢 + 1)

∞∑︁
r=0

(𝑠 + 𝑐n− 𝑒𝑢)r (2(𝑠 + 𝑐n− 𝑒𝑢))r (𝑎𝑏)r

(𝑠 + 𝑐n− 𝑒𝑢 + 1)r r!
d𝑢.

(21)

We change the order of integration and summation, which is justified due
to the absolute convergence of the 𝑢-integral and the n-series involved in
the process.

ℐ =
√
𝜋

∞∑︁
n, r=0

(𝛿)n𝑞 𝑦n

Γ (𝜇n + 𝜌)n! (𝜁)𝑝n

(𝑎𝑏)r

r!

[︃
1

2𝜋𝜔

∫︁
ℒ

Ω 𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 𝑐𝑖;𝑟

(𝑢) 𝑧−𝑢×

×
Γ
(︀
𝑠 + 𝑐n− 𝑒𝑢 + 1

2

)︀
Γ (𝑠 + 𝑐n− 𝑒𝑢 + 1)

(𝑠 + 𝑐n− 𝑒𝑢)r (2 (𝑠 + 𝑐n− 𝑒𝑢))r
(𝑠 + 𝑐n− 𝑒𝑢 + 1)r

d𝑢

]︃
. (22)

By using relation (𝑎)𝑟 =
Γ (𝑎 + 𝑟)

Γ (𝑎)
for (𝑎 ̸= 0,− 1,− 2, . . .), we get

ℐ =
√
𝜋

∞∑︁
n, r=0

(𝛿)n𝑞 𝑦n

Γ (𝜇n + 𝜌)n! (𝜁)𝑝n

(𝑎𝑏)r

r!

[︃
1

2𝜋𝜔

∫︁
ℒ

Ω 𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 𝑐𝑖;𝑟

(𝑢) 𝑧−𝑢×
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×
Γ(𝑠+𝑐n−𝑒𝑢+ 1

2
)

Γ(𝑠+𝑐n+r−𝑒𝑢 + 1)

Γ(𝑠+𝑐n+r−𝑒𝑢)Γ(2𝑠+𝑐n−𝑒𝑢)+r)

Γ(𝑠 + 𝑐n−𝑒𝑢)Γ(2(𝑠+𝑐n− 𝑒𝑢))
d𝑢

]︃
. (23)

Finally, interpreting the result (23), with the Mellin-Barnes counter inte-
gral, we arrive at the desired formula (16). �

Theorem 2. Assume that 𝐴2 = (1
2
− 𝑠 + 𝑐n; 𝑒), (1 − 𝑠 − r + 𝑐n; 𝑒),

(1 − r − 2(𝑠 − 𝑐n); 2𝑒); 𝐵2 = (−𝑠 − r + 𝑐n; 𝑒), (1 − 𝑠 + 𝑐n; 𝑒),
(1 − 2(𝑠 − 𝑐n); 2𝑒); and 𝑋 ̸= 0, where 𝑋 is given by (15). Then we
have

1∫︁
−1

(1 − 𝑥2)
𝑠− 1

2

(1 + 2𝑎𝑥 + 𝑎2)𝑠 (1 + 2𝑏𝑥 + 𝑏2)𝑠
𝐸𝛿, 𝜁, 𝑞

𝜇, 𝜌, 𝑝

(︀
𝑦𝑋−𝑐

)︀
ℵ (𝑧𝑋𝑒) d𝑥 =

=
√
𝜋

∞∑︁
n, r=0

(𝛿)n𝑞 𝑦
n

Γ (𝜇n + 𝜌)n! (𝜁)𝑝n

(𝑎𝑏)r

r!
×

× ℵ𝑚,𝑛+3
𝑝𝑖+3, 𝑞𝑖+3, 𝑐𝑖;𝑟

(︃
𝑧

⃒⃒⃒⃒
⃒
𝐴2, (𝑎𝑗, 𝐴𝑗)1, 𝑛 , [𝑐𝑖 (𝑎𝑗𝑖, 𝐴𝑗𝑖)]𝑛+1, 𝑝𝑖;𝑟

𝐵2, (𝑏𝑗, 𝐵𝑗)1,𝑚 , [𝑐𝑖 (𝑏𝑗𝑖, 𝐵𝑗𝑖)]𝑚+1, 𝑞𝑖;𝑟

)︃
, (24)

provided that

a) Re (𝛿) ,Re (𝜇) ,Re (𝜌) ,Re (𝜁) , 𝑝, 𝑞 > 0, such that 𝑞 6 Re (𝜇) + 𝑝,
min {𝑎, 𝑏, 𝑐, 𝑒} > 0.

b) Re (𝑡− n𝑐) + 𝑒 min
16𝑗6𝑚

Re

[︃(︃
𝑏
(𝑖)
𝑗

𝐵
(𝑖)
𝑗

)︃]︃
> −1

2
.

c) |arg (𝑧𝑋𝑒)| < 1
2
𝜋𝜙𝑖 (𝑖 = 1 . . . , 𝑟), where 𝜙𝑖 is defined by (10).

Proof. We can derive result (24) by following Theorem 1 and replacing 𝑐
by −𝑐. �

3. Special cases. In this section, we give some special cases of
Theorem 1 and Theorem 2.

Corollary 1. By taking 𝑐𝑖 → 1 in Theorem 1, the Aleph-function re-
duces to the 𝐼-function [16], and we obtain

1∫︁
−1

(1 − 𝑥2)
𝑠− 1

2

(1 + 2𝑎𝑥 + 𝑎2)𝑠 (1 + 2𝑏𝑥 + 𝑏2)𝑠
𝐸𝛿, 𝜁, 𝑞

𝜇, 𝜌, 𝑝 (𝑦𝑋𝑐) 𝐼 (𝑧𝑋𝑒) d𝑥 =
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=
√
𝜋

∞∑︁
n, r=0

(𝛿)n𝑞 𝑦
n

Γ (𝜇n + 𝜌)n! (𝜁)𝑝n

(𝑎𝑏)r

r!
×

× 𝐼𝑚,𝑛+3
𝑝𝑖+3,𝑞𝑖+3;𝑟

(︃
𝑧

⃒⃒⃒⃒
⃒ 𝐴1, (𝑎𝑗, 𝐴𝑗)1,𝑛 , (𝑎𝑗𝑖, 𝐴𝑗𝑖)𝑛+1,𝑝𝑖

𝐵1, (𝑏𝑗, 𝐵𝑗)1,𝑚 , (𝑏𝑗𝑖, 𝐵𝑗𝑖)𝑚+1,𝑞𝑖

)︃
, (25)

under the same notation and conditions a) – b) of (16). Also,
|arg (𝑧𝑋𝑒)| < 1

2
𝜋𝜙′

𝑖, (𝑖 = 1 . . . , 𝑟), where

𝜙′
𝑖 =

𝑛∑︁
𝑗=1

𝐴𝑗 +
𝑚∑︁
𝑗=1

𝐵𝑗 −
𝑞𝑖∑︁

𝑗=𝑚+1

𝐵𝑗𝑖 −
𝑝𝑖∑︁

𝑗=𝑛+1

𝐴𝑗𝑖.

Corollary 2. If we set 𝑟 = 1 in the above corollary, then the 𝐼-function
reduces to Fox’s 𝐻-function [4]:

1∫︁
−1

(1 − 𝑥2)
𝑠− 1

2

(1 + 2𝑎𝑥 + 𝑎2)𝑠 (1 + 2𝑏𝑥 + 𝑏2)𝑠
𝐸𝛿,𝜁,𝑞

𝜇,𝜌,𝑝 (𝑦𝑋𝑐) 𝐻 (𝑧𝑋𝑒) d𝑥 =

=
√
𝜋

∞∑︁
n, r=0

(𝛿)n𝑞 𝑦
n

Γ (𝜇n + 𝜌)n! (𝜁)𝑝n

(𝑎𝑏)r

r!
𝐻𝑚,𝑛+3

𝑝+3, 𝑞+3

(︃
𝑧

⃒⃒⃒⃒
⃒ 𝐴1, (𝑎𝑗, 𝐴𝑗)1, 𝑝

𝐵1, (𝑏𝑗, 𝐵𝑗)1, 𝑞

)︃
, (26)

under the same conditions a) – b), stated in (16), and | arg(𝑧𝑋𝑒)| < 1
2
𝜙,

where 𝜙 =
𝑛∑︀

𝑗=1

𝐴𝑗 +
𝑚∑︀
𝑗=1

𝐵𝑗 −
𝑞∑︀

𝑗=𝑚+1

𝐵𝑗 −
𝑝∑︀

𝑗=𝑛+1

𝐴𝑗.

Remark 3. By using similar methods, we can obtain the relation analo-
gous to the 𝐼-function of one variable defined by Rathie [14], the
𝐻-function defined by Buschman and Srivastava [3].

If we take 𝐴𝑗 (𝑗 = 1, · · · , 𝑝) = 𝐵𝑗 (𝑗 = 1, . . . , 𝑞) = 1, then Fox’s
𝐻-function reduces to Meijer’s 𝐺-function [8]. We have

Corollary 3.

1∫︁
−1

(1 − 𝑥2)
𝑠− 1

2

(1 + 2𝑎𝑥 + 𝑎2)𝑠 (1 + 2𝑏𝑥 + 𝑏2)𝑠
𝐸𝛿, 𝜁, 𝑞

𝜇, 𝜌, 𝑝 (𝑦𝑋𝑐) 𝐺 (𝑧𝑋𝑒) d𝑥 =

=
√
𝜋

∞∑︁
n, r=0

(𝛿)n𝑞 𝑦n

Γ (𝜇n + 𝜌)n! (𝜁)𝑝n

(𝑎𝑏)r

r!
𝐺𝑚,𝑛+3

𝑝′+3, 𝑞′+3

(︃
𝑧

⃒⃒⃒⃒
⃒
𝐴1, (𝑎𝑗)1, 𝑝′

(𝑏𝑗)1, 𝑞′ , 𝐵1

)︃
, (27)
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where 𝐴1, 𝐵1 and 𝑋 are the same as given in Theorem 1. Formula (27)
holds under the following assumptions [8]:

a) 0 6 𝑚 6 𝑞′ and 0 6 𝑛 6 𝑝′, where 𝑚,𝑛,𝑝′ and 𝑞′ are integers.

b) 𝑎𝑘 − 𝑏𝑗 ̸= 1, 2, 3, . . . (𝑘 = 1, . . . , 𝑛; 𝑗 = 1, . . . ,𝑚), which implies that
no pole of any Γ (𝑏𝑗 − 𝑠) (𝑗 = 1, . . . ,𝑚) coincides with any pole of
Γ (1 − 𝑏𝑘 + 𝑠) (𝑘 = 1, . . . , 𝑛).

c) 𝑧 ̸= 0, 𝛿, 𝜁, 𝜇, 𝜌 ∈ C, Re(𝛿), Re(𝜇), Re(𝜌), Re(𝜁), 𝑝, 𝑞 > 0, such that
𝑞 6 Re(𝜇) + 𝑝, min{𝑎, 𝑏, 𝑐, 𝑒} > 0.

The generalized M-L function introduced by Salim and Faraj [15] re-
duces to the function given by Shukla and Prajapati [18]; then we have

Corollary 4.
1∫︁

−1

(1 − 𝑥2)
𝑠− 1

2

(1 + 2𝑎𝑥 + 𝑎2)𝑠 (1 + 2𝑏𝑥 + 𝑏2)𝑠
𝐸𝛿, 𝑞

𝛼, 𝛽 (𝑦𝑋𝑐)ℵ (𝑧𝑋𝑒) d𝑥 =

=
√
𝜋

∞∑︁
n, r=0

(𝛿)n𝑞 𝑦
n

Γ (𝛼n + 𝛽)n!

(𝑎𝑏)r

r!
×

× ℵ 𝑚,𝑛+3
𝑝𝑖+3, 𝑞𝑖+3, 𝑐𝑖;𝑟

⎛⎝𝑧

⃒⃒⃒⃒
⃒⃒ 𝐴1, (𝑎𝑗, 𝐴𝑗)1,n , [𝑐𝑖 (𝑎𝑗𝑖, 𝐴𝑗𝑖)]n+1, 𝑝𝑖;𝑟

,

(𝑏𝑗, 𝐵𝑗)1,𝑚 , [𝑐𝑖 (𝑏𝑗𝑖, 𝐵𝑗𝑖)]𝑚+1, 𝑞𝑖;𝑟
, 𝐵1

⎞⎠ , (28)

where quantities 𝐴1, 𝐵1 and 𝑋 are the same as given in Theorem 1. Also,
provided that

a) Re (𝛼) , Re (𝛽) , Re (𝛿) > 0, 𝑞 ∈ (0, 1) ∪ N.

b) Re (𝑡 + n𝑐) + 𝑒 min
16𝑗6𝑚

Re
[︁(︁ 𝑏

(𝑖)
𝑗

𝐵
(𝑖)
𝑗

)︁]︁
> −1

2
.

c) |arg (𝑧𝑋𝑒)| < 1
2
𝜙𝑖𝜋, where 𝜙𝑖 is defined by the equation (10).

The M-L function, defined by Shukla and Prajapati [18], reduces to a
generalization of Mittag-Leffler function (3) introduced by Prabhakar [11],
and we obtain the following formula:

Corollary 5.
1∫︁

−1

(1 − 𝑥2)
𝑠− 1

2

(1 + 2𝑎𝑥 + 𝑎2)𝑠 (1 + 2𝑏𝑥 + 𝑏2)𝑠
𝐸𝛿

𝛼,𝛽 (𝑦𝑋𝑐)×
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× ℵ 𝑚,𝑛
𝑝𝑖, 𝑞𝑖, 𝑐𝑖;𝑟

(︃
𝑧𝑋𝑒

⃒⃒⃒⃒
⃒ (𝑎𝑗,𝐴𝑗)1,n , [𝑐𝑖 (𝑎𝑗𝑖, 𝐴𝑗𝑖)]n+1, 𝑝𝑖;𝑟

(𝑏𝑗, 𝐵𝑗)1 ,𝑚 , [𝑐𝑖 (𝑏𝑗𝑖, 𝐵𝑗𝑖)]𝑚+1, 𝑞𝑖;𝑟

)︃
d𝑥 =

=
√
𝜋

∞∑︁
n,r=0

(𝛿)n 𝑦
n

Γ (𝛼n + 𝛽)n!

(𝑎𝑏)r

r!
×

× ℵ 𝑚,𝑛+3
𝑝𝑖+3, 𝑞𝑖+3, 𝑐𝑖;𝑟

(︃
𝑧

⃒⃒⃒⃒
⃒ 𝐴1, (𝑎𝑗, 𝐴𝑗)1,n , [𝑐𝑖 (𝑎𝑗𝑖, 𝐴𝑗𝑖)]n+1, 𝑝𝑖;𝑟

,

(𝑏𝑗, 𝐵𝑗)1,𝑚 , [𝑐𝑖 (𝑏𝑗𝑖, 𝐵𝑗𝑖)]𝑚+1, 𝑞𝑖;𝑟
, 𝐵1

)︃
, (29)

where, Re(𝛼) > 0,Re(𝛽) > 0,Re(𝛿) > 0. Also the existence condition b)
and c) are satisfied, as stated in above corollary.

Next, by taking 𝑐𝑖 → 1 in Theorem 2, the Aleph-function reduces to
the 𝐼-function, and we obtain

Corollary 6.

1∫︁
−1

(1 − 𝑥2)
𝑠− 1

2

(1 + 2𝑎𝑥 + 𝑎2)𝑠 (1 + 2𝑏𝑥 + 𝑏2)𝑠
𝐸𝛿, 𝜁, 𝑞

𝜇, 𝜌, 𝑝

(︀
𝑦𝑋−𝑐

)︀
𝐼 (𝑧𝑋𝑒) d𝑥 =

=
√
𝜋

∞∑︁
n, r=0

(𝛿)n𝑞 𝑦n

Γ (𝜇n + 𝜌)n! (𝜁)𝑝n

(𝑎𝑏)r

r!
×

× 𝐼 𝑚,𝑛+3
𝑝𝑖+3, 𝑞𝑖+3;𝑟

(︃
𝑧

⃒⃒⃒⃒
⃒ 𝐴2, (𝑎𝑗, 𝐴𝑗)1,n , (𝑎𝑗𝑖, 𝐴𝑗𝑖)n+1, 𝑝𝑖

(𝑏𝑗, 𝐵𝑗)1,𝑚 , (𝑏𝑗𝑖, 𝐵𝑗𝑖)𝑚+1, 𝑞𝑖
, 𝐵2

)︃
, (30)

under the same conditions that a) and b) that (24), and | arg(𝑧𝑋𝑒)| <

<
1

2
𝜙′
𝑖𝜋, where 𝜙′

𝑖 =
𝑀∑︀
𝑗=1

𝐵𝑗 +
𝑁∑︀
𝑗=1

𝐴𝑗 −

(︃
𝑄𝑖∑︀

𝑗=𝑀+1

𝐵𝑗𝑖 +
𝑃𝑖∑︀

𝑗=𝑁+1

𝐴𝑗𝑖

)︃
> 0

(𝑖 = 1, . . . , 𝑟).

If we, further, take 𝑟 = 1 in the above corollary 6, then the 𝐼-function
of one variable reduces to Fox’s 𝐻-function, and we have

Corollary 7.

1∫︁
−1

(1 − 𝑥2)
𝑠− 1

2

(1 + 2𝑎𝑥 + 𝑎2)𝑠 (1 + 2𝑏𝑥 + 𝑏2)𝑠
𝐸𝛿, 𝜁, 𝑞

𝜇, 𝜌, 𝑝

(︀
𝑦𝑋−𝑐

)︀
𝐻 (𝑧𝑋𝑒) d𝑥 =
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=
√
𝜋

∞∑︁
n, r=0

(𝛿)n𝑞 𝑦n

Γ (𝜇n + 𝜌)n! (𝜁)𝑝n

(𝑎𝑏)r

r!
𝐻 𝑚,𝑛+3

𝑝+3, 𝑞+3

(︃
𝑧

⃒⃒⃒⃒
⃒ 𝐴2, (𝑎𝑗, 𝐴𝑗)1, 𝑝

(𝑏𝑗, 𝐵𝑗)1, 𝑞 , 𝐵2

)︃
,

(31)

under the same condition a) that stated in (24). Also the following con-
ditions are satisfied:
Re (𝑡− n𝑐) + 𝑒 min

16𝑗6𝑚
Re

[︂(︂
𝑏𝑗
𝐵𝑗

)︂]︂
> −1

2
, and |arg (𝑧𝑋𝑒)| < 1

2
𝜙′′
𝑖 𝜋, where

𝜙′′
𝑖 =

𝑀∑︁
𝑗=1

𝐵𝑗 +
𝑁∑︁
𝑗=1

𝐴𝑗 −

(︃
𝑄∑︁

𝑗=𝑀+1

𝐵𝑗 +
𝑃∑︁

𝑗=𝑁+1

𝐴𝑗

)︃
> 0.

4. Concluding Remarks. The Aleph-function is a transcenden-
tal function of very general character and may be specialized to include
most of special functions of one variable occurring in mathematical physics
and chemistry. We conclude our present study by remarking that several
further consequences of our results can easily be derived by using some
known and new relationships between Aleph-functions, which is an ele-
gant unification of various special functions, such as the 𝐻-function and
the 𝐼-functions (see, [4], [8], [16]), after some suitable parametric replace-
ments. Secondly, specializing the parameters of the generalized Mittag-
Leffler function, we can obtain others special functions. The integral ob-
tained in this paper is of the general nature, we can get other known and
new integrals by specializing different parameters. One can obtain new
definite integrals involving more generalized special functions: this may
have many applications in physics and engineering science.
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