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Abstract

Many models of optimization, statistics, social organizations and machine learning cap-
ture local dependencies by means of a network that describes the interconnections and
interactions of different components. However, in most cases, optimization or inference
on these models is hard due to the dimensionality of the networks. This is so even when
using algorithms that take advantage of the underlying graphical structure. Approximate
methods are therefore needed. The aim of this thesis is to study such large-scale systems,
focusing on the question of how randomness affects the complexity of optimizing in a graph;
of particular interest is the study of a phenomenon known as correlation decay, namely,
the phenomenon where the influence of a node on another node of the network decreases
quickly as the distance between them grows.

In the first part of this thesis, we develop a new message-passing algorithm for op-
timization in graphical models. We formally prove a connection between the correlation
decay property and (i) the near-optimality of this algorithm, as well as (ii) the decentralized
nature of optimal solutions. In the context of discrete optimization with random costs, we
develop a technique for establishing that a system exhibits correlation decay. We illustrate
the applicability of the method by giving concrete results for the cases of uniform and
Gaussian distributed cost coefficients in networks with bounded connectivity.

In the second part, we pursue similar questions in a combinatorial optimization setting:
we consider the problem of finding a maximum weight independent set in a bounded degree
graph, when the node weights are i.i.d. random variables. Surprisingly, we discover that
the problem becomes tractable for certain distributions. Specifically, we construct a PTAS
for the case of exponentially distributed weights and arbitrary graphs with degree at most
3, and obtain generalizations for higher degrees and different distributions. At the same
time we prove that no PTAS exists for the case of exponentially distributed weights for
graphs with sufficiently large but bounded degree, unless P=NP.

Next, we shift our focus to graphical games, which are a game-theoretic analog of
graphical models. We establish a connection between the problem of finding an approxi-
mate Nash equilibrium in a graphical game and the problem of optimization in graphical



models. We use this connection to re-derive NashProp, a message-passing algorithm which
computes Nash equilibria for graphical games on trees; we also suggest several new search
algorithms for graphical games in general networks. Finally, we propose a definition of
correlation decay in graphical games, and establish that the property holds in a restricted
family of graphical games.

The last part of the thesis is devoted to a particular application of graphical models
and message-passing algorithms to the problem of early prediction of Alzheimer’s disease.
To this end, we develop a new measure of synchronicity between different parts of the
brain, and apply it to electroencephalogram data. We show that the resulting prediction
method outperforms a vast number of other EEG-based measures in the task of predicting
the onset of Alzheimer’s disease.
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Definitions

We use the following conventions and notations in this thesis: key concepts, when they
are first introduced, are italicized. We will use the symbol £ for equations which define
symbols. The notation of single elements v of a set V' uses a regular typeface, while the
bold typeface v denotes vectors or arrays. For any set V', 2V denotes the set of all subsets
of V.

A graph G = (V, E) is an object composed of a finite set of nodes or vertices V and a
set E of unordered pairs of elements of V. Z)? denotes the set of oriented edges of (V, E)
whose unoriented version belongs to E. More generally, a hypergraph (V,C) is composed
of a set of nodes V and a set of hyperedges C C 2V, where each hyperedge C € C is a
nonempty subset of V. Finally, a network consists of a graph or hypergraph, along with a
collection of functions indexed by the elements (nodes, edges, or hyperedges) of the graph
or hypergraph.

Hypergraphs can be seen as being equivalent to factor graphs. A factor graph is a
bipartite graph G = (G, F), with G = V U A, and where the vertices of V are called
variable nodes and the vertices of A are called factor nodes. There is a trivial bijection
between hypergraphs and graphs, where for any hypergraph (V,C), we create a factor
graph (V, A, E), where each hyperedge C is mapped to a single factor node a(C) € A, and
we create edges in the factor graph according to the rule v € C if and only if (v,a(C)) € E.

Given a graph (V, E) (resp. hypergraph (V, A)) and a subset U of V, the graph (resp.
hypergraph) induced by U is the graph (U, E’) (resp. (U,C")), where E' = {(u,v) € E :
u,v € U} (C" = {C € C : C c U}. Induced networks, which we call subnetworks, are
defined similarly.

For any graph G = (V, E), and any two nodes (u,v) in V, let d(u,v) be the length of

15



a) ag

Figure 0-1: Equivalence between hypergraphs and factor graphs

a shortest path (in number of edges) between u and v. Given a node u and integer r > 0,
let Bg(u,r) = {veV:d(u,v) <r}. Let also Ng(u) 2 B(u,1)\{u}. The extended set of
neighbors N (u)® is Bg(u,1) = N (u) U {u}. For any r > 0, let N5(v) be the subnetwork
induced by Bg(u,r). For any node u, Ag(u) & |Ng(u)| is the number of neighbors of u in
G. Let Ag be the maximum degree of graph (V| E); namely, Ag = max, |[Ng(v)|. Often
we will omit the reference to the network G when obvious from context.

We will often consider sets and sequences (i.e., ordered sets) of elements indexed by the
vertices of a network (V, E). For any set or sequence of elements x = (z,)yey indexed by
the elements of a set V', and any subset U = (vy,vs, ... V) of V, Xy = (Tyy, Tugs - - - ,vvw‘)
denotes the sequence of corresponding elements. For any set or sequence x and element
u € V, we denote X_, a X\ {u} = (Zv)vevwzu the set of elements for all nodes other than
u. Finally, for any set or sequence x, and element u € V', we denote x.,, = XyeN(u) the set

of elements that are neighbors of u.

We will assume an underlying probability space, denoted as (2, B,IP). For a set of
discrete random variables X = (Xy,...,X,) and possible outcome x = (z1,...,z,), we

16



denote P(X = x) the probability that the random vector X takes the value x. If the X;
are jointly continuous, we denote by dP(X = x) the density of X. Finally, for any random
variable X, E[X] denotes the expected value of X, and for any sub-c algebra A of B,
E[X | A] is the conditional expectation of X given A.

For any finite set x, we denote S(x) the simplex over x, or alternatively, the set
of probability distributions over elements of x: S(x) = {z € [0,1]X | Va € x, z(a) >
0, and }_.c, z(a) = 1}. Elements a of x can be viewed as elements of S(x) (with unit
mass at a). For any § = 1/n > 0 for some positive integer n, let Ss(x) be the set of prob-
ability distributions over x whose components are integer multiples of § (Vs € S5(x), Ik =
(ki,... k) € NXI such that s = 6k and 3=, k; = 1/6).

17



18



Introduction

Graphical Models

Many models of optimization, statistics, control, and learning capture local interactions
and sparse dependencies by means of a network in which different components are con-
nected and interacting. Originating in statistical physics under the name Ising model
in the first half of the 20th century (see [Isi24, Ons39, Ons44]), these classes of mod-
els have since flourished in a number of different fields, most prominently, statistics and
artificial intelligence [Lau96, Jor98, WJO08], theoretical computer science and combinato-
rial optimization [AS04, BSS05, GNS06, BG06, BGK107, GG09], coding theory [BGT93,
MUO07, RUO8], game theory [KLS0la, OK03, DP06], and decentralized optimization and
control [KP00, GDKV03, RR03, CRVRL06]. While the problems these different commu-
nities consider and the questions they aim to answer are at first glance different, research
in recent years has uncovered previously unknown connections between these fields. At a
high level, research in graphical models has aimed to understand how macroscopic phenom-
ena of interest arise from local properties, and efforts to answer this question have led to
the fast development of new classes of distributed algorithms designed to compute critical
physical parameters of the system, perform optimization, or carry statistical inference on

the network.

The basic model

The basic model we will be considering throughout this thesis is the following: we consider
a team of agents working in a networked structure given as a hypergraph (V, A), where V
is the set of agents, and where each hyperedge a € A represents local interaction within a
subteam of agents. Each agent u € V makes a decision z, in a finite set xy 2 {0,1,...,T —
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1}. For every v € V (resp. every hyperedge a), a function ¢, : x = R (resp. ¢5 : xal = R)
is given. Functions ¢, and ¢, will be called potential functions and interaction functions
respectively. Let ® = ((¢y)vev, (Pa)aca). A vector x = (x1,22,...,zy|) of actions is called
a solutions for the decision network (individual components z, will be called decisions).
Theset G = (V, A, ®, x) is called a decision network or graphical model. The set of potential
and interaction functions ® defines a network function (often called the energy function)
Fg which associates with each solution x the value

Fg(x) = Zd’a(xa)“‘szv(a’v) (1)
acA v

In an optimization context, the goal is to find a decision vector x* which minimizes or

maximizes the function Fg(x): x* € argmax, Fg(x).

In the context of statistics, the function Fy defines a family of probability distributions
on decision vectors x. These distributions are called exponential family distributions, and
are indexed by real parameters 6 = (0a)aca called exponential parameters or canonical
parameters; the exponential family distribution with parameters 6 assigns to each solution

X a probability

P(x) =

de) €Xp ( Z 9a¢a(xa)) (2)

acA
where
A
Z(0) = Z exp ( Z Ga¢a(wa)) (3)
x acA
The quantity Z(6) is called the partition function of the network G, and F(0) 2

is called the log-partition function or cumulant function.

log(Z(9))

An important special case is when 8, = —f for all a € A. The resulting distribution is
called the Gibbs distribution (also known as Boltzmann distribution) and the parameter j3
is then called inverse temperature, in analogy with the Boltzmann equation from statistical
physics. For a Gibbs distribution, the log-partition function F(f3) is also called the free

energy of the system.
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Frameworks, examples, and applications

Let us mention a few example of models from different fields which can be cast as special
cases of graphical models, and consider the key problems each field focuses on.

As an example, common models in the area of statistical inference are Bayesian net-
works and Markov Random Fields (MRF) (see [Lau96, WJ08] for a more in-depth presen-
tation of these topics). A Markov Random Field is a probability distribution on a set of
random variables (X1, Xo,...,X,) € x™ such that the joint probability distribution takes
the form

PX)=— J] telzc) (4)

Cecl(V,E)

where (V,E) is a graph, cl(V,E) is the set of cliques (complete subgraphs) of (V,E),
and for each clique C, ¢ is a nonnegative function. Markov Random Fields constitute a
generalization of Markov chains, which can be seen as one-dimensional, directed MRFs. In a
similar fashion to Markov chains, Markov Random Fields satisfy a collection of conditional
independence relations, and can be proven to model any set of consistent independence
relations, explaining their power as modeling tools. A Bayesian network is defined on a
directed acyclic graph (DAG) (V, E) and defines a joint probability distribution

P(X) = [[ p(zv | 2p(w)) (5)
veV

where V' is the set of nodes of the DAG (V, E), and for each V', P(v) denotes the set of par-
ents of v in V, E. Morever, for any assignment of variables Tp (), P(Tv | Tp(y)) is a discrete
probability distribution on z,. Because they are defined on a directed graph, Bayesian
networks are extensively used in systems where causality links between variables are of
interest. As mentioned, one can easily show [WJ08] that both Markov Random Fields and
Bayesian nets can be modeled as graphical models. The main research problems pertaining
to MRFs and Bayesian nets are as follows. In many cases, the variables of an MRF or
Bayesian net can be divided in three categories: variables which are observed (observed
variables), variables which are unobserved and which are not of direct interest (structural
variables), and variables which we would like to predict given the information provided
by the observed variables (target variables). The key mathematical step then consists in

marginalizing the structural variables in the models described by equations (4) and (5),
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in order to obtain the conditional distribution of the target variables given the observed
variables. Another key object in such a model is the state which achieves the mode of the

density, namely, the state which maximizes the a priori likelihood.

Other examples can be found in the field of combinatorial optimization, where the
problem of interest can often be described as that of finding subsets of nodes or edges
which satisfy various constraints supported by the underlying graphs. Examples include
independent sets, matchings, k-SAT, graph coloring problems, and many others. Often, the
goal is to identify which of these objects minimizes or maximizes some objective function.
The search space is typically exponentially large, and so is the number of local minima,
making such an optimization task hard. Again, it can be shown that many such optimiza-
tion problems can be converted into an optimization problem in a graphical model (see
Chapter 4 for the concrete example of Maximum Independent Set). Other problems of
interest involve counting the number of solutions which satisfy the constraints, or at least
estimating the rate at which this number grows when the size of some structured graph
grows as well. Both of these problems can be directly related to the issue of computing
the partition function of a graphical model.

Finally, in statistical physics, the Ising model [Tal03] with interaction energy J is
described by set of particles s positioned on a lattice (V, E), each of which can be in one
of two spin states (s, € {—1,+1}). In this case, the total energy of the system is given by

Fg(s) = — >_(uv)eE JSuSv, and the corresponding Boltzmann distribution is
Ps)=exp (B 3 Jsusu) (6)
(u,v)EE

where (3 is the inverse temperature. An important object of interest in this model is the
ground state — a state which achieves the minimum possible energy, i.e., corresponds to
the minimum of Fg(s). For J < 0, this is equivalent to the problem of finding the so-called

max-cut of a graph.
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Computational complexity and randomness

Looking at all the examples above, research in graphical models can be seen as trying to
address two categories of problems.

The first category includes counting and sampling problems. Counting involves com-
puting (exactly or approximately) the partition function Z(8), or equivalently, the free
energy F(3). Sampling involves sampling a set of variables according to the Gibbs dis-
tribution for a given 5. A related task include computing or sampling from the marginal
Gibbs distribution for a given variable (or a small number of variables). In a wide num-
ber of frameworks, counting and sampling can be shown to be problems of equivalent
computational complexity [JVV86].

The second category regards optimization. Here the objective is to identify a vector x
which minimizes or maximizes the energy function Fg(x). Many hard constraints can be
modeled by making infeasible configurations have infinite positive (or negative) energy.

In many cases of interest, the combinatorial nature of the problems considered im-
plies that optimization or inference on these models is hard, even when using algorithms
that take advantage of the underlying graphical structure [Co090, Rot96, CSHO08|. Ex-
act inference in most graphical models is NP-hard, counting the number of solutions of
many combinatorial problems on a graph is §P-hard [Jer03], and finding an optimal policy
for a Markov Decision Process takes exponential time and space in the dimension of the
state-space, even for very simple factored Markov Decision Processes [PT87, BT00]. Thus,
approximate methods to find solutions that theoretically or empirically achieve proximity

to optimality are needed.

Optimization methods and message-passing schemes

The search for approximate methods typically differs from field to field. In combinatorial
optimization the focus has been on developing methods that achieve some provably guar-
anteed approximation level using a variety of approaches, including linear programming,
semi-definite relaxations and purely combinatorial methods [Hoc97]. In the area of graph-
ical models, researchers have been developing new families of inference algorithms, one of
the most prominent being message-passing algorithms.

At a high level, message-passing schemes function as follows. For each directed edge

e = (u — v) of the graph, a message u,_;, is defined, usually a real number, a vector of
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real numbers, or a function. Each node of the graph receives messages from its neighbors,
combines them in some particular way, and computes new messages that it sends back to
its neighbors. The passing of messages in the network is either performed synchronously or
asynchronously, and upon convergence (if the scheme converges), all incoming messages to

a node u are combined in order to compute either a decision z, or a marginal distribution
P(Xy).

One of the most studied message-passing algorithms is the Belief Propagation (BP)
algorithm, [Lau96, Jor04, YFWO00]. The BP algorithm is designed both for solving the
problem of finding the optimal state using the max-product version, as well as for the prob-
lem of computing the partition function, using the sum-product version. The BP algorithm
is known to find an optimal solution 2* when the underlying graph is a tree, but may fail to
converge, let alone produce optimal solutions, when the underlying graph contains cycles.
Despite this fact, it often has excellent empirical performance [FM98, YMW06, WYMO7].
Moreover, it is a distributed algorithm and easy to implement. This justifies the wide
applicability of BP in practice and the intense focus on it by the researchers in the signal
processing and artificial intelligence communities. Nevertheless, a major research effort has
been devoted to developing corrected version of Belief Propagation, and to understanding

the performance of message-passing schemes.

This thesis focuses on developing a new message-passing style algorithm, the cavity
exzpansion algorithm, and to understand and study its performance in the context of large-
scale graphical models, with emphasis on the question of how randomness affects the com-
plexity of optimizing in a graph. In particular, we put ourselves in a framework where the
potential and edge functions are randomly generated, and try to understand under which
conditions a problem is computationally hard or easy. These conditions typically relate to
the structure of the graph considered, along with the distribution of the cost functions. The
connections which have been uncovered between statistical physics and optimization can
be of much help in this respect. Of particular interest is the study of a statistical physics
phenomenon known as the correlation decay property. At a high level, correlation decay
indicates a situation in which the “influence” of a node on another node of the network
decreases quickly as the distance between them grows. We show that, in many cases, the
onset of correlation decay often implies that the optimization problem becomes easy on

average.
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Organization of the thesis and contributions

Chapter 1: Message-passing schemes and Belief Propagation

In the first chapter, we present our general optimization framework, and give a short
introduction to message-passing algorithms, Belief Propagation, and some of the most
prominent message-passing variations that were designed to address issues of correctness

or convergence of BP.

Chapter 2: The Cavity Expansion algorithm

In the second chapter, we propose a new message-passing-like algorithm for the problem
of finding z* € argmax Fg(x), which we call the Cavity Ezpansion (CE) algorithm. Our
algorithm draws upon several recent ideas, and relies on a technique used in recent de-
terministic approximate counting algorithms. It was recently recently shown in [Wei06]
and [BGO6] that a counting problem on a general graph can be reduced to a counting
problem on a related self-avoiding exponential size tree. Following a generalization of this
technique later developed in [GK07b, BGKT07], we extend the approach to general opti-
mization problems. We do not explicitly use the self-avoiding tree construction, and opt
instead for a simpler notion of recursive cavity approximation. The description of the CE
algorithm begins by introducing a cavity B,(z) for each node/decision pair (v,z). B,(z)
is defined as the difference between the optimal reward for the entire network when the
action in v is x versus the optimal reward when the action in the same node is 0. It is

easily shown that knowing B,(z) is equivalent to solving the original decision problem.

Our main contribution is to obtain a recursion expressing the cavity B,(x) in terms of
cavities of the neighbors of v in suitably modified sub-networks of the underlying network.

From this recursion, we develop the CE algorithm, which proceeds by expanding this
recursion in the breadth-first search manner for some designed number of steps t, thus
constructing an associated computation tree with depth t. We analyze the computational
effort and prove it is exponential in t. We therefore need conditions which guarantee that
using the cavity recursion for small ¢ results in near-optimal decisions, which is the object

of the following chapters.
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Chapter 3: Correlation decay and efficient decentralized optimization in
decision networks with random objective functions

In the third chapter, we investigate the connection between a property of random systems,
called the correlation decay property, and the existence of polynomial-time, decentralized
algorithms for optimization in graphical models with discrete variables and random cost
functions.

A key insight of this thesis is that in many cases, the dependence of the cavity B,(z)
on cavities associated with other nodes in the computation tree dies out exponentially fast
as a function of the distance between the nodes. This phenomenon is generally called
correlation decay and was studied for regular, locally tree-like graphs in [GNS06].

It is then reasonable to expect that the Cavity Expansion algorithm and the correlation
decay analysis can be merged in some way. Namely, optimization problems with general
graphs and random costs can be solved approximately by constructing a computation tree
and proving the correlation decay property on it. This is precisely our approach: we show
that the correlation decay property is a sufficient condition which guarantees the near
optimality of the CE algorithm. Thus, the main associated technical goal is establishing
the correlation decay property for the associated computation tree.

We indeed establish that the correlation decay property holds for several classes of
decision networks associated with random reward functions ® =( ¢y, ¢py). We provide
a general technique to compute conditions on the parameters of families of distribution
that ensure that the system exhibits the correlation decay property. We illustrate the
applicability of the method by giving concrete results for the cases of uniform and Gaussian
distributed functions in networks with bounded connectivity (i.e., bounded graph degree).

Chapter 4: Connections between correlation decay and computational
hardness of probabilistic combinatorial optimization

In the fourth chapter, we look at similar questions for a specific combinatorial optimiza-
tion problem, namely, the Mazimum Weight Independent Set (MWIS). We show how the
CE algorithm applies to the MWIS problem and provides conditions under which the CE
algorithm finds an approximately optimal solution. The application of CE in a randomized
setting has a particularly interesting implication for the theory of average case analysis of
combinatorial optimization. Unlike some other NP-complete problems, finding a MWIS

of a graph does not admit a constant factor approximation algorithm for general graphs.
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We show that when the graph has maximum degree 3 and when the nodes are weighted
independently with exponentially distributed weights, the problem of finding the maxi-
mum weighted independent set admits a polynomial time algorithm for approximating the
optimal solution within 1 + € for every constant € > 0. We also provide a generalization
for higher degrees, and detail a framework for analyzing the correlation decay property
for arbitrary distributions, via a phase-type distribution approximation. Thus, surpris-
ingly, introducing random weights translates a combinatorially intractable problem into a
tractable one. We note that the sufficient condition pertains only to the weight distribution
and the degree of the graph. As such, CE does not suffer from the loopiness of the graph
being considered, a very uncommon feature for a message-passing style algorithm. We also
provide partial converse results, showing that even under a random cost assumption, it is

NP-hard to compute the MWIS of a graph with sufficiently large degree.

Chapter 5: Correlation Decay in graphical games

Graphical games [KLS0la] are a natural extension of the discrete optimization graphical
models of Chapter 1, where each agent is assigned her own family of cost functions which
she tries to optimize while taking into account other agents’ potentially conflicting ob-
jectives. It is well known that computing the Nash equilibrium of a game is hard, (see
Daskalakis et al. [DGP09]), even when considering sparse networks. These facts arguably
make NE an unlikely explanation for people’s or markets’ behaviors. Thus, there has thus
been an interest in adapting message-passing algorithms to the computation of Nash Equi-
libria, under the reasoning that simple distributed schemes might better represent social
computation. In [KLSOlal], and then [OKO03], Kearns et al. develop Nash Propagation, an
analog of Belief Propagation for the setting of graphical games. Like BP, NP is optimal or
near-optimal for tree-structured games.

Our objective is two-fold. First, we develop a general framework for designing message-
passing algorithms for graphical games. These message-passing algorithms aim to compute
so-called Nash cavity functions, which are local constraints encoding as much of the global
Nash equilibrium constraints as possible. With the help of this framework, we develop the
Nash Cavity Algorithm, a general message-passing heuristic which aims to try to compute
Nash cavity functions for general graphical games. In particular, we show that TreeProp
is a special case of the Nash Cavity algorithm for graphical games on tree.

Second, we appropriately define the correlation decay property for particular graphical
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games on trees, and show that, under appropriate conditions, the Nash cavity functions of
games exhibiting the correlation decay property can be computed locally.

Chapter 6: Application of graphical models and message-passing tech-
niques to the early diagnosis of Alzheimer’s disease

In the last chapter, we consider a particular application of graphical models and message-
passing algorithms. The problem in question is a statistical signal processing problem,
specifically, measuring the similarity of a collection of N point processes in RM. The
work is motivated by the following application: developing a new measure of synchronicity
between different parts of the brain, as recorded by electroencephalogram electrodes, and
using said measure to give an early prediction of Alzheimer’s disease. We show that the
resulting measure of synchronicity outperforms a vast number of other EEG-based measures

in the task of predicting the onset of Alzheimer’s disease.
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Chapter 1

Message-passing schemes and

Belief Propagation

1.1 Introduction and literature review

Foundations of message-passing algorithms

In this chapter, we present the Belief Propagation (BP) algorithm, arguably the first,
simplest, and most commonly used form of message-passing algorithms. Introduced by
Pearl in the context of inference in probabilistic Al [Pea82, PS88, Pea00], the sum-product
algorithm enabled distributed computation of marginal probabilities in belief networks, and
its success encouraged the shift from classical to probabilistic AI. BP was later extended
to maz-product (min-sum in the log domain), a version of BP which computes the mode
of the distribution underlying a Bayesian Network. Belief Propagation was then proven
to output the correct solution when the graph is a tree (or a forest), and initially, most
research effort in message-passing for Al focused on algebraic, exact generalizations of BP
to graphs with cycles [Lau96].

Eventually, it was discovered that Belief Propagation, even when applied to graphs with
cycles (the idea is referred to as “loopy Belief Propagation”), often had excellent empirical
performance [FM98]. This surprising discovery fostered much research activity in the do-
main of message-passing algorithms, leading to the development of several new distributed
computation techniques, and revealing connections between classical optimization (most

prominently convex optimization and linear programming relaxations) and message-passing
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methods [BBCZ07, WYMO07, YMWO06, WJ08, SSWO08].

Much earlier, Gallager, in his 1960 PhD thesis [Gal60, Gal63], invented a new class
of error-correcting techniques called Low Density Parity Check (LDPC) codes, along with
an iterative algorithm to perform decoding of LDPC codes. This early algorithm was
later found to be an early version of Belief Propagation. Similar iterative algorithms
performing on graphs were later investigated by researchers in coding theory, in particu-
lar Forney [FJ70], Tanner [Tan81], Battail [Bat89], Hagenauer and Hoeher [HH89], and
finally Berrou and Glavieux [BGT93], whose BP-like turbocodes nearly attained the Shan-
non capacity. The performance of turbocodes sparked great interest in message-passing
algorithms in the coding theory community, see for instance later work by Kschischang,
Frey, Loeliger, Vontobel, Richardson, Urbanke, and many others [DMU04, LETB04, VK05,
LDH*07, MU07, RUO0S].

Finally, a new class of models for magnetized particles with frustrated interations, spin
glasses, generated a lot of interest in the statistical physics community in the late 1980s,
especially after Parisi solved a particular Ising model proposed by Sherrington and Kirk-
patrick [SK75] a decade before. Parisi’s technique (see [MPV87]), the cavity method, bore
a lot of similarities to Belief Propagation, and was found to have connections to combinato-
rial optimization problems such as k-SAT or graph coloring. This result was one example
of the convergence of interests between statistical physics, mathematics (combinatorics
especially), computer science (computational complexity) and Al

On the one hand, physicists started to study combinatorial optimization problem in
order to both understand better the relations between computational hardness and ran-
domness (in particular, through the study of phase transitions), and to develop stronger
algorithms for solving constraint satisfaction problems. Some of the algorithms developed,
such as survey propagation, proved to solve very efficiently large instances of hard problems
(see for instance [BMZO05]).

On the other hand, mathematicians investigated, formalized, and made rigorous tech-
niques and problems from statistical physics. Of particular interest is the solution of the
¢(2) Parisi conjecture for the random minimal assignment problem (see [Ald92, AldO1,
AS03]). One of the key ideas was the study of fixed points of recursive distributional equa-
tions (RDE) (see Chapter 4). Again, the existence and convergence to a fixed point of a
RDE can also be understood in terms of asymptotic convergence of the Belief Propagation
algorithm in an infinite random graph.

Research on graphical models, message-passing algorithms, and Belief Propagation in
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particular, can therefore truly be seen to be at the intersection of many different fields:
Al, coding and information theory, statistical physics, probabilistic combinatorics, and
computational complexity (see [WJO08] for an overview of inference techniques in graphical
models and [HW05, MMO8] for comprehensive studies of the relations between statistical
physics, statistical inference, and combinatorial optimization).

Each of these brings a different point of view on the mechanics and performance of Belief
Propagation, and, based on those particular insights, offers particular generalizations or

corrections of Belief Propagation.

Modern work on Belief Propagation

The empirical success of Belief Propagation, despite the fact that BP is a nonexact recur-
sion, prompts the following two questions. First, can one identify problems and conditions
under which BP is provably optimal, and second, can one design a “corrected” version of
BP, which will achieve greater theoretical and practical performance, specifically for the

cases where BP is proven not to work?

Regarding the first question, researchers have recently identified a number of frame-
works in which BP converges to the optimal solution, even if the underlying graph is not
a tree. In a framework similar to ours, Moallemi and Van Roy [MR09] show that BP con-
verges and produces an optimal solution when the action space is continuous and the cost
functions are quadratic, convex. More generally, when these functions are simply convex,
the authors exhibit in [MRO7] a sufficient condition (more specifically, a certain diagonal
dominance condition) for the convergence and optimality of BP. Other cases where BP pro-
duces optimal solutions include Maximum Weighted Matchings [San07, BBCZ08, BSS08],
Maximum Weighted Independent Sets if the LP relaxation is tight [SSWO08], network
flows [GSW09], and, more generally, optimization problems with totally unimodular con-
straint matrices [Che08]. Furthermore, in the case of Gaussian Markov Random Fields,
sufficient conditions for convergence and correctness of Belief Propagation were studied
in [RRO1, CJWO08, JMW06, MJWO06]. Finally, a number of researchers have investigated
sufficient conditions for BP to converge (to potentially suboptimal solutions), and then
tried to quantify the resulting error of the solution obtained; see for instance [Wei00, TJ02,
MKO05, IFW06).
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Regarding the second question, over the last few years, many corrected or improved ver-
sions of BP have been proposed, most notably the junction tree algorithm [Lau96}, survey
propagation [MMWO07], Kikuchi approximation-based BP and generalized Belief Propa-
gation (GBP) [YFWO0O0], tree-reweighted Belief Propagation [WJW03b, WJW05a, KW05,
Kol06], loop-corrected Belief Propagation [MWKROT], loop calculus [CC06a, CC06b], and
dual LP-based Belief Propagation algorithms [SMG*08b, SGJ08, SJ09]. Each of these
algorithms differs in its conditions for convergence or optimality, running time, or the type
of bounds provided on the free energy of the system considered.

In this chapter, we present the Belief Propagation algorithm (optimization version),
along with some of the most prominent message-passing algorithms which aim to correct
BP for the problems in which it performs poorly.

1.2 Message-passing schemes and framework

Let us for convenience restate the model we previously introduced. We consider a pairwise
decision network G = (V, E,®,x). Here (V, E) is an undirected graph without repeated
edges, in which each node u € V represents an agent, and edges e € E represent a possible
interaction between two agents. Each agent makes a decision z,, € x = {0,1,...,T — 1}.
For every v € V, a function ¢, : x — R is given. Also for every edge e = (u,v) a
function ¢ : x> — R is given. Functions ¢, and ¢, will be called potential functions and
interaction functions respectively. Note that in general, we don’t require the presence of
potential functions, as these can be absorbed into the interaction functions as follows: for
any potential function ¢, corresponding to a node u € V, choose an arbitrary neighbor
v of u, and update ¢, and ¢y, into ¢}, and ¢, as follows: ¢, (x) = 0 for all x, and

{u’v(xU7x’U) = ¢u,v(xuaxv) + ¢u(xy) for all zy, 2. Let & = ((¢v)vev, (¢e)eck)- The object
G = (V,E,®,x) will be called a pairwise decision network, or pairwise graphical model.
A vector x = (z1,%2,...,)y|) of actions is called a solution for the decision network.
The value of solution x is defined to be Fg(x) = 3, y)ep Puo(Tus To) + 22, $u(Tv). The

quantity Jg 2 maxy Fg(x) is called the (optimal) value of the network G. A decision x is
optimal if Fg(x) = Jg. Our objective is to compute an optimal (or near-optimal) solution

for the network:

Problem (Maximization in decision network).
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Given a network G = (V, E, (¢v)vev, (Puv) (uv)eE)s X), find x* € xV such that

x* e argmax,. (Z ¢v($v) + Z Cbu,v(-rua -'L'v))

Message-passing schemes are a simple, naturally distributed, and modular class of algo-
rithms for performing optimization in graphical models. They function as follows: we
define a vector of messages M € SE, where S is the space of messages (often, S = R).
Given some understanding of the optimization problem at hand, we design for each ori-
ented edge e = (u — v) a function F,_,, : S™=l 5 § and we iteratively update the vector
M by the following operation:

In other words, messages outgoing from u are functions of message incoming to u (see
Fig. 1.2). Assuming the scheme converges, we set the variable z, to g, (M ;) for some
carefully chosen function g,: the decision x, of u is a function of messages incoming to
in steady state.

Because of the recursions we consider have their root in dynamic programming, in the
following, it will be more natural for us to denote p,_,,, the message sent from u to v, by

flyy, message received by v from u (these two notions being identical in our context).

Figure 1-1: A message-passing scheme
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1.3 The Belief Propagation algorithm

In this section, we derive the Belief Propagation equations by proceeding in two steps.
First, we develop a recursion where variables are located on the nodes of our network G.
This recursion is natural and based on a simple dynamic optimization principle, but is
not easily parallelizable, nor easily applied to general (non tree) graphs. In the second
step, we show how the dynamic optimization equations can be converted into a new set of
recursive equations, where this time variables dwell on the edges of the graph. This new
set of equations constituting the Belief Propagation equations, are naturally parallelizable,
and are easily applied to arbitrary graphs (albeit non optimally). We begin by introducing
useful notations.

Given a subset of nodes v = (v1,...,v), and x = (z1,...,zx) € X¥, let Jgv(x) be the
optimal value when the actions of nodes v1,..., v are fixed to be z,, ...,z respectively:
Jgv(X) = MaXx.z, =z;1<i<k Fg(x). Given v € V and z € X, the quantity Bg,,(z) =
Jg»(z) — Jg »(0) is called the cavity of action x at node v. Namely it is the difference of
optimal values when the decision at node v is set to = and 0 respectively (the choice of 0
is arbitrary). The cavity function of v is Bg, = (Bgu(z))zey. Since Bg,(0) = 0, Bg,
can be thought of as element of RT~!. In the important special case x = {0, 1}, the cavity
function is a scalar Bg, = Jg (1) — Jg(0). In this case, if Bg, > 0 (resp. Bg, < 0) then
Jg (1) > Jg,(0) and action 1 (resp. action 0) is optimal for v. When Bg, = 0 there are
optimal decisions consistent both with x, = 0 and x, = 1. When G is obvious from the

context, it will be omitted from the notation.

Vertex-based dynamic optimization

Given a decision network G = (V, E, @, x) suppose that (V, E) is a tree T, and arbitrarily
root the tree at a given node u. Using the graph orientation induced by the choice of u as
a root (i.e., children of a node v are further from u than v is), let K, (v) denote the set of
children of any node v in (V| E), and let T,(v) be defined as the subtree rooted in node
v. In particular, G = T, (u). Given any two neighbors v,w € V, and an arbitrary vector
B = (B(x),z € x), define

poew(z, B) = mz?x(d)v,w(@ y) + B(y)) - me(%,w(O, y) + B(y)) (1.2)
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Figure 1-2: Dynamic optimization recursion on a tree

for every action x € x. p is called the partial cavity function.

Proposition 1 (Cavity recursion for trees). For every v € V and z € x,

BE(v),v(x) = ¢v(z) — ¢u(0) + Z o (T, Bn(w),w) (1.3)
weEK (V)

Proof. Suppose K, (v) = {wy,...,wg}. Observe that the subtrees 7, (w;),1 < i < d, are
disconnected (see Fig. 1.3). Thus,

youry

d
B%(v),v (.”I)) = ‘bv(x) + xi’na}a(:d { Zl d)'U,’U)j (IL‘, xj) + Jﬂ(wj),wj (xj)}
J:

L1y &d

d
= 3u(0) = max {37 6y, (0,25) + 1., (2)) }
j=1

¢u(z) — ¢0(0)

B

+ { m;X (¢v,wj (I, y) + Jn(wj),wj (y)) - m;x (¢'U,'LU]’ (0, y) + Jn(w_j),’UJj (y))}

1

<.
Il
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For every j,

m:l?x ((bv,wj (.’13, y) + Jn(wj),wj (y)) - mya’x (¢U,wj (05 y) + J’T;(wj),wj (y)) =

mslx (¢U,Wj (17, y) + J’E(wj),wj (y) - J’E(wj),wj (O)) - myax (¢u,vj (07 y) + J%(wj),wj (y) - J’R(w]'),wj (0))
The quantity above is exactly pyew,(z, BT, (wj)’w].). O

By analogy with the algorithm we develop in the next chapter, Equation 1.3 will be
called the cavity recursion for trees. It is based on nonserial dynamic optimization [BB72],
which computes value functions of subtrees of the original graph. In the equations above,
the variables of interest are cavities, and they are computed at the nodes of the graph.

Edge-based Belief Propagation

We now transform equation 1.3 into an equivalent system of equations where the variables
are computed on oriented edges of the graph. Recall that since G is a tree, for any two
nodes v, w, removing the edge (v, w) from the graph (V, E) separates it into two trees, one
containing v, the other containing w. We denote the one which contains v (resp. w) Ty
(resp. Tyew). For any edge (v, w), let Gy be the network induced by Ty U{v, w}, with
the additional modification that the potential ¢, is removed from that network. Finally,
let My (zy) denote Bg, ., »(2y). Since v has a unique neighbor w in Gy, it is easy to
check that we have

Mv(——w(mv) = Mv(—w(xv, Bﬂ”_w,v) (1'4)

Proposition 2 (Belief Propagation). For all u € G,

Bg,u(xu) = ¢u(Ty) — u(0) + Z My v(Ty) (1.5)
veN (u)
For all (u,v) € E,
Mu(—v(ivu) = Hyev | Ty, Z ((bv + Mv(—wi) (1'6)
weN (v)\{u}
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Figure 1-3: Tree splitting
Tree T split into Ty and Ty

Proof. For the first equation, consider Equation (1.3) for v = u, and note that KCy(u) =
N(u), and as noted previously, 7,(u) = G. We obtain

Bgu(zu) = ¢u(z) — ¢u(0) + Z P (T, B’R(v),v)
vEN (1)

Since clearly Tyev = Tu(v), Equation (1.4) implies that Bgy(zy) = ¢u(z) — ¢4(0) +
ZvGN(u) My« (zy), and thus finishes the proof of the first equation. The second equation
follows from the exact same principles and the observation that for a node v with neighbors
{u,wi,...,wa}, Tu(w;) is equal to Ty, for all i. ]

Equations (1.5) and (1.6) are called belief propagation equations, and make the prac-
ticality of the BP algorithm apparent. Indeed, Equation (1.6) can be seen to be iterative
in nature, since it writes the set of all messages (M“‘_”)(m—v)eﬁ as a function of itself.
This natur_a}lly suggests the following iterative scheme to compute the M, ,: for any

(ue—v)€EE,z,€x,andr >0
M;,F,U(:Eu) = MHuev | Tu, Z M:;;lw, (wv) (1'7)
weN (v)\{u}

where the values MY, , are initialized to arbitrary values. While it is not necessarily obvious
that this scheme converges for trees, it can easily be shown by induction that for r greater
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than the depth of tree, the messages M, , are in fact stationary and equal to their correct
values M, ,. This subsequently allows the use of Equation (1.5) to compute the cavities,
and therefore the optimal solution. In that sense, Proposition 2 is the restatement of the
well-known fact that BP finds an optimal solution on a tree [MMO08]. More importantly,
unlike Equation (1.3), the algebraic structure of Equation (1.7) does not require that the
graph be a tree, and can therefore be applied to any general graph. The resulting algorithm
is called loopy Belief Propagation. As mentioned previously, it may now not converge,
and even if it does, plugging the obtained messages into Equation (1.5) may result in an
arbitrarily poor solution.

Generalization to factor graphs

We now generalize the Belief Propagation equations to hypergraphs. As for the pairwise
case, we will first derive dynamic optimization equations, and then rewrite them as message-
passing equations in a factor graph. Consider a factor graph (V, A, E, ®, x), for which the
underlying network (V, A, E) is a tree T, and arbitrarily root the tree at a given node
u € V. Again, denote T,(v) the subtree rooted at v € V' U A when using the orientation
induced by u as root, and K,(v) the children of v. Note that for any v € V, Ky(v) C A,
and for any a € A, Ky(a) C V. Finally, consider any v € V and a € Ky(v), and denote
ke = Ky(a) the number of children of a; for any z, € x, and an arbitrary function M from

x¥a to R, define the partial cavity function (for factor graphs) puy«q as

Pvea(z, B) = max (a(@y1, 92, - -y Yka) + M (Y1, .-, Uk,))

i

—max (¢a(0, 91,92, - - yUka) F M (Y1, - -5 Yka)) (1.8)

The analog of the recursion (1.3) for factor graphs is as follows (the proof is essentially
identical to that of Proposition 1):

Proposition 3. For everyv € V and = € ¥,

Br, (@) = 60(2) = $u(0) + D> tocal® Y. Brww) (1.9)

A€ (v) weKy(a)

We now proceed to convert Equation (1.9) to a set of recursive equations on messages
in the factor graphs. Once again, we use similar notations to the bipartite case: for any

two neighbors v € V,a € A, removing the edge (v,a) separates 7 into two trees. T o
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will denote the one containing v, and T, the one containing a. Let G, ,, be the network
induced by Tgen, and Gy g U (u,a) be the one induced by Ty, with again potential
¢, removed from that network. Note that (u,a) is not included in Gy, ,). Finally, let
My o(zy) be Bg,_, v(zy) and Mgy (2y) be Bg, ., »(xy). The Belief Propagation algorithm

for factor graphs is given by the following proposition:

Proposition 4. For allu e g

Bg,u(a?u) ¢u(x Z Mu(—a -T'u. (110)
a€N (u)
For all (u,a) € E,
Mu(—a(xu) = Husa (J;u, (Mm—w)we,/\/(a)\{u}) (1'11)
and
Ma(—u(mu) = ¢u(1‘u) + Z Mu(—a’(xu) (112)

a'eN(u)\{a}

1.4 Variations of Belief Propagation

In this section, we present just a few generalizations of the BP algorithm, drawing our
examples from a variety of different fields, and intending to illustrate the fact that Belief
Propagation, as a technique developed independently in different research areas, may be
understood from many different points of view. Each of these points of view provides some
understanding of why Belief Propagation may fail to give an optimal solution, and suggest

an appropriate modification to help improve the message-passing algorithm.

Junction tree algorithm

The junction tree algorithm is probably the oldest improvement to the BP algorithm,
and actually predates the use of loopy BP on general graphical models. Its development
stemmed from the study of Belief Propagation as an algebraic operation aimed at operating
a marginalization of variables of a probability distribution factored through a graphical
structure. Using tools of graph theory, Pearl [Pea00] proposed a more complex algorithm

for computing marginals of the random variables defined through a graphical model (the
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optimization version of the junction tree algorithm was only later developed, see [Daw92]).
At a high level, the junction tree algorithm consists of converting our graphical model
G = (V,A E,®,x) into a new graphical model ¢’ = (V', A", E', ®’, x') with the following
properties:

e For each v € V/, v/ is a subset of V
e For each v/ € V7, the set of decisions for z/, is the product space x¥’
o (V' A'E') is a tree for which each a’ € A’ has at most two neighbors v} and vj.

e For any o’ € A’ with neighbors (v}, v}), ¢o is a function which depends only on the
y 1, Y2

variables in v} N v). Any node in v} N v} will be said to belong to a’.

e For any two v/,w’ in V', and any factor a’ on the unique path between v and v/,

v/ Nw' must be a subset of a’.

G and G’ have the same optimal value function

Such a G’ will be called a junction tree; the proof of its existence relies on tools in graph
theory. The junction tree algorithm simply consists in running Belief Propagation on
the junction tree. The complexity of doing so is exponential in the size of the largest
subset v’ (since the corresponding decision space for that node is X”'). There may exist
many junction trees G’ for a given graphical model G; the minimum of max, |v'| over all
such transformations is called the treewidth of the hypergraph. However, computing the
treewidth of a graph is in general a hard problem [Bod06], and for a large number of graphs,
the treewidth grows linearly with the size of the graph, limiting the applicability of the

junction tree to fairly simple structures.

Variational inference and convex relaxations

The next class of algorithms we consider are message-passing algorithms derived from
linear and convex relaxations of the optimization problems we consider. Consider a pair-
wise graphical model G = (V,E,®, x), and for simplicity assume there are only inter-
action functions ¢, ,. For any family 6 = (0uu)u,vece € R of nonnegative real num-
bers, we define a new graphical model G(0) = (V,E,® - 0, x), such that for any (u,v) €
E, the interaction function for edge (u,v) in G(0) is equal to Oy y¢uy. Since Jge) =
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MaXy e, v (Zuv Ou,vbu,v(Ty, Ty)) is the maximum of linear function of 8, it is therefore con-
vex in §. Consider a set (81,02, ...,60%) of § functions, along with a probability distribution
p on the elements of {1,2,...,k}). Suppose that

Y(u,v) € E, Zp(z) 9;,0 =1

In other words, for each u,v, we have E,[0yy] = 1(4,)cr- By applying Jensen’s inequality,
we obtain that

Jg = Jo, o) < D_ pi Joor) (1.13)

Therefore, if for each i, Jgg: is easy to compute, we readily obtain an upper bound for
the value function of G. One possible idea is to consider a distribution p on spanning
trees of E, and choose each 6 such that G(6") is a tree, in which case each Jgg:) is easy
to compute through Belief Propagation. This idea is the basis of tree-reweighted belief
propagation (TRBP), introduced by Wainwright, Jaakkola and Willsky in [WJWO03a], and
later extended in [KW05, WJWO05b, Kol06]. For instance, for any distribution p on a
collection of trees (71,72, .., Tz), denote pyy = D, p(4)1(y)eT;» and consider the function
9};71, = I(’LT“)UETL It is easy to check that this set of 8 functions satisfies the conditions
> p()0* =1 and G(8") is a tree for each i. It happens that the BP iterations for each tree

can be combined into one global iteration, given by the following TRBP equations:

Mu(—v(zu) = max ¢u,v(xv)
Zv Pu,v

+ Z pu,me——w(xv) - (1 - Pu,v)Mm—u(%;) (1.14)
weN (v)\{u}

Upon convergence, the final step consists of combining the messages in order to properly
upper bound the value function Jg (see [WJWO03a] for more details).

A similar idea is explored in [GJO7], where the authors exhibit a message-passing scheme
which converges to the same value as a particular LP relaxation of our optimization prob-

lem. Denote p(z1,...,,) a probability distribution over all decision variables of G. Using
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Jensen’s inequality, we obtain:

Jg = méix (Z st(xv) + Z ¢u,v(xu»xv)> = m;lX]Epr Z ¢v(xv) + Z d’u,v(xu, xv)

U,V

= max Z pu,v(xu, mv)¢u,v(xu> xv) + Z pv(xv)(bv(xv)

(u,0),Zx, 2 V,Zy

Clearly, any distribution p on the joint variables (z1,...,z,) satisfies for any u, v the three
consistency conditions >0, . Puv(Tu, Tv) =1, 32, p(Tu, Tv) = p(zy), and 3, p(Ty, 2y) =
p(zy). Let Loc denote the set of probability distributions which satisfy these three condi-
tions. Loc is a polyhedron defined by a polynomial number (in |V| 4 |E|) of inequalities,
and it defines a natural LP relaxation for upper-bounding the value of Jg:

Jg < nggxoc Z pu,v(mua mv)¢u,v($ua xv) + va(xv)¢v(wv)
(u,0),Zu Lo v, Ty
The main result of [GJ07] is to establish that by considering a relaxation scheme following
the argument of Equation (1.13), one can construct a convergent message-passing scheme,
MPLP, which computes exactly the value of the LP relaxation constructed above. This
is done by considering a collection of simple “star” trees (each star tree consisting of one
node and its neighbors), and optimizing over the values of §*. The MPLP equations they

obtain (edge-version) are as follows:
1 1
Mu(—v(xu) = "'5 Z Mu<—k($u) + 5 Halc?,x Z Mvek’(xv) + ¢u,v($ua -'L'v)
keN (u)\{v} k' eNv\{u}

The connection between convex relaxations and message-passing algorithms were later
refined, for instance by designing message-passing algorithms which compute tighter LP
relaxations of the underlying optimization problem (see for instance [SGJ08, SMG*08a]).

1.5 Conclusions

In this chapter, we presented the Belief Propagation algorithm, and showed how for trees,

the BP algorithm is an iterative version of a natural recursive dynamic programming al-
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gorithm. Since this recursion is only correct for trees, we cannot expect loopy Belief
Propagation to be optimal for general graphs. This observation leads to the following
question: can the cavity recursion (1.3) be corrected for general graphs, and can we derive
new message-passing-like algorithms from this corrected recursion? This question will be

the focus of our next Chapter.
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Chapter 2

The Cavity Expansion algorithm

2.1 Introduction

In this chapter, we introduce a new, exact recursion for computing the objective values of
optimization problems, and, based on that recursion, we propose a new message-passing-
like scheme called the Cavity Expansion algorithm (CE). This algorithm will be at the
center of many of the results of this thesis. Our construction relies on a technique recently
used for constructing approximate counting algorithms. Specifically, Bandyopadhyay and
Gamarnik [BG06] and Weitz [Wei06] proposed approximate counting algorithms which are
based on local (in the graph-theoretic sense) computation. A crucial idea of Weitz [Wei06]
was to establish that certain counting problems in general graphs are equivalent to counting
problems on specially designed trees called self-avoiding walks trees (SAW trees). Simi-
lar SAW constructions were later used for optimization in specific settings [JS07], de-
coding [LMMO7], and statistical physics and inference [Moo08]. The self-avoiding walk
approach was later extended in Gamarnik and Katz [GKO7b, GKO07a] and in Bayati et
al. [BGK™07], where it was shown that rather than constructing the SAW tree, it was
possible to write the recursion on the associated computation tree as a recursion on the
original graph which can be directly used for computations. The present chapter develops

a similar recursive approach for general optimization problems on arbitrary factor graphs.
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2.2 The cavity recursion

2.2.1 The SAW tree construction

In this section, we construct a generalization of identity (1.3), in the same pairwise graphical
model framework introduced in the previous chapter. This generalization can be achieved
by building a sequence of certain auxiliary decision networks G(u, k,z) constructed as
follows.

Fix any node u and action z and let N'(u) = {v1,...,v4}. For every k =1,...,d let
G(u,k,x) be the decision network (V’, E',®’,x) on the same decision set x constructed
as follows. (V’,E') is the subgraph induced by V' = V \ {u}. Namely, E' = E\
{(u,v1),...,(u,vq)}. Also ¢, = ¢ for all e in E' and the potential functions ¢, are

defined as follows. For any v € V\{u,v1,...,Uk—1,Vk+1,---,Vd}, ®}, = ¢v, and
¢fu(y) — ¢’U(y) + ¢u,v(a7a y)? fOI' v e {'Ul, e 7Uk—1} (2.1)
¢v(y) + ¢u,v(07 y)v for v € {vk-f—la . avd}
(2.2)

Theorem 1 (Cavity Recursion). Given a network G and u € V, let N(u) = (v1,...,vq).
For every x € ¥,

d

Bu(.’IJ) = ¢u($) - ¢U(O) + Z Hu—vy (wa Bg(u,k,x),vk) (23)
k=1

Though we we will not prove it here (see [Wei06, JS07] for more details), it can be
shown that carrying out the cavity recursion for the binary decisions, pairwise costs case is
equivalent to carrying out the cavity tree recursion (1.3) on a self-avoiding walk tree, i.e.,
a tree for which each branch is a path in G which does not intersect itself. Our result is
however more general, as it can be generalized to multi-spin, general factor graph model.

We now proceed to prove Theorem 1.

Proof. Let zj, = = when j < k and = 0 otherwise. Let v = (v1,...,v4), and z =
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= ¢u(z) — ¢u(0) + Ju
U3

= ¢u(m) - ¢u(0) + Jy

= ¢u(x) — du(0) + Jy

+ Ju

)

+ Ju

55'@@_@1)3

\ )

Figure 2-1: First step: building the telescoping sum; black nodes indicate decision x, gray
node decision 0
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(21,...,24) € X% We have

d
Bg,u(2) = $ul() — 6u(0) + max { D du, (@,2) + Jo\(uv(2) |

j=1
d

- mzax { Z ¢u,vj (0, Zj) + Jg\{u},v (Z)}

j=1
Consider a telescoping sum,
d d
Bgu(z) = ¢u(z) — ¢u(0) + > max { > Suw; (T 25) + JQ\{u},v(z)} (2.4)
k=1 j=1
d
— max { > bun, (T3-1,27) + Jo\(uy v (2) }]
j=1

and the k£t difference:

d d
max { > Buy (@340 25) + Jor(uy v (Z)} - mZaX{ > Sy (Tik-1,2) + Jg\{u},v(Z)} (2:5)

Let z_y = (21, .-, 2k—1, Zk+1,- - -, 2d). Then,
d
mzax { Z bu V5 (xj,k‘) Z]) + Jg\{u} v(z)}
j=1
max (¢u Vg (.’L‘ Zk) + ma.x{ Z o U5 33 z] Z ¢u,vj (07 Zj) + JQ\{u},v(z)}) (2'6)
j<k—1 jZk+1
Similarly,

¢u \Uj (x]k 1723) + Jg\{u}v(z } =

MQ

max{
z

Il
—

J

<¢u vk(o 2k) +ma~x{ Z bu 5 (z, z] Z ¢u,vj (O7zj) + Jg\{u},v(z)}) (2.7)

j<k-1 j>k+1

48



vy [ ) v

| RS—— | [ [ (S SOR——

= [y (T, BG(H.2,m)=”2)

with

‘Igm (2) = ¢v,(2) + Ju,0,(0, 2)
{51;3 (2) = bug(2) + Duus(z, 2)

Figure 2-2: Second step: building the modified subnetworks (here G(u, 2, z))

For each z;, we have

Iila-x{ Z Pu,v, (z,2) + Z Pu,v; (0,7) + Jg\{u},v(z)} = Jg(u,k.m),vk(zk)
* k-1 j>k+1

By adding and substrating Jg(yk ¢),v, (0), €xpression (2.5) can therefore be rewritten as
m;"x(ﬁt’u,vk (-'ﬂs y) + Bg{u,k,:c) (y) — mfx(qﬁu,vk 0,9) + Bg(u,k,:.r:) (¥))

which is exactly ptuc v, (2, Bg(u,k,z))- Finally, we obtain:

d
By(z) = ¢u(x) — ¢u(0) + Z Py (T, Bg(u,k,x),vk)
k=1
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2.2.2 Extension to factor graphs

We now turn to our most general result, the cavity recursion for factor graphs, which in
principle allows computation of bonuses for arbitrary optimization problems. We will need
to define a new family of modified subnetworks in order to derive the result. Consider
a node u with neighbors N'(u) = {a1,as,...,a4}, and an arbitrary action x € x. Once
again, we need the neighbors to be arbitrarily ordered (we will see in Chapter 5 this can
have an importance). For every k = 1,2,...,d, let G(u,k,x) be the decision network
(V\ {u}, A"\ {ax}, ®', x) where ® is constructed as follows. For any a € A\ {a1,...,aq},
@}, = ¢q. For each j # k, ¢;j is a function only of x4\ (4}, and the updated values are given
by

ba; (T, Xa\{u}), T < K;
&, (Xavguy) = {2 . (2.8)
a;\Ta\{u} ¢aj (0, xa\{u})a j>k.
(2.9)
Theorem 2. For every u € V with neighbors {a1,...,aq}, and x € X,
Bgu(@) = $u(®) = $u(0) + D puca, (@ Mguia) (2.10)
1<k<d
where Mgy .z) i defined as follows: let (u, w1, ..., wn(k)) be the neighbors of a; in G.
Mg(uke)(T15 s Tnk)) = Bg(uk,z),(w,.wnguy) (T1:T25 - -+, Tn(k)) (2.11)

Note that Equation (2.10), while similar to the factor graph Belief Propagation Equa-
tion (1.9), does not have the same exact same structural form (in the way the pairwise
BP Equation (1.3) and the pairwise cavity Equation (2.3) have the same structural form).
In particular, the function M in Equation (2.11) is not decomposed as a sum of bonus
functions of the neighbors of a in different network. This issue can be partially ad-

dressed by our next result. For any network G, vector of node v = (v, ...,v,) and actions
X = (r1,...,2y), let G{v : x} be the subnetwork (V', E’, ®', x), where (V’, E’) is induced
by V \ {v1,...,v}, and all factors which depended on the action of some v; are computed

by fixing the action of v; to x; (while they have similar definitions, G(u, k, z) and G{v : x}

differ in that no factors are removed from G{v : x}).
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Theorem 3. Consider any u, action x, and a factor aj such that N (ay) = {u, w1, ..., wy)}
and let G = G(u, k,x) for simplicity. For any z1,... s Tnk) € X, and for any n > 0, let
win| = (wy,...,wp) and x[n] = (z1,...,2y).

Mg(u,k,x) (:El, ceey xn(k)) = Z BQ’{w[n—l]:x[n—l]},wn (Ccn) (2'12)
1<n<n(k)

We now prove Theorems 2 and 3.

Proof. Using the same telescoping sum used to prove Theorem 1, we have

Bgu(z) = ¢u(x) — ¢u(0)+ r}r(l:’:li( ( Z Pa; (x,xaj\{u}) + Z (ba(wa))

1<j<d agN (u)

—max ( D 00,20\ uy) + D ¢>a($a)>

1<j<d agN (u)

= ¢u(z) — ¢u(0)+ (I)I(li‘f{ ( Z (baj (‘Tj,ka zaj\{u}) + Z ¢a(xa))
d

1<k< 1<j<d agN (u)

TR ( > Fay(@ik-1,2a\ ) + Z $a(a ))

™ \1gi<d agN (u
Consider the k*? difference:

I;I(lif( (¢ak (:L', xak\{u}) + Z ¢a]’ (.’I,‘, xaj\{u}) + Z ¢aj (Oa Lo, \{u}) + Z ¢a (ita))

1<j<k—1 k+1<j<d agN (u)

— max (%k(o Za) T Y Pa (@) D b0 (0Tappuy) Y Sala )

1<5<k—1 k+1<j<d agN (u)

The first term of the k" difference can be decomposed as follows:

pox (‘/’ak(f” Tarw) T Y, o @ Tt D, a0+ D %(%)

1<j<k-1 k+1<j<d a@N (u)
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= max Gay, (Ty Tap\[u}) +  max Z Pa; (2, Taj\{u})

Ty gy Ty (1) VWaR) \ 1<kt
+ D 60, (0zapw) + D, Pa(za)
k+1<j<d agN (u)

And it is easy to check that

max Z ¢aj(xaxaj\{u})+ Z ¢aj(07m(lj\{u})+ Z Ga(Ta) | =

T
VW) \ 1<ick-1 k+1<j<d agN (w)
TG (wk,2), (w1t 1) (B T25 -+ 5 Tn(k))

The same decomposition applies to the second term of the k! difference, and we obtain

that the ktP difference can be rewritten:

max (%k (@, Tag\{u}) + TG k), (w1, ) (15 25 - - axn(k)))

xwl 7-T’LU2 I "mwn(k)

- max (d)ak (07 mak\{u}) + Jg(u,k,x),(w1,...,wn(k))(xla T2, ... :xn(k)))

Twq ymw21"'1an(k)

which by substracting Jg(u,k,x),(wh...,wn(k))(0’ 0,...,0) is seen to be equal to

max (%k (2, Zag\ fu})  Bo(uk,2). (w1, wney) (T1, T2, - - axn(k)))

Twy axwza"'aan(k)

- max (¢ak (07 mak\{u}) + Bg(u,k,x),(wl,‘..,wn(k))(mla L2y .. axn(k)))

Ty Ty rersTuwyy )

= Hucay (:C, Mg(u,k,x))

which finishes the proof of Theorem 2. Theorem 3 is a special case of a simple identity:

for any network G, collection of node (vy,...,v4) and decision vector (z1,...,xq), we have
BQ,(Ul,.‘.,'ud) (x1,...,7q) = Z Bg{v[n—l]:x[n—l]},vn (zn) (2.13)
1<n<d
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To prove the above, let x[n] denote (z1,...,2zy,0,...,0), and simply note that

Bg (o1, (@1, -1 Zd) =JG 0y, 00) XLA]) = TG (0y....00) (X[0])
- Z JQ,(vl,,..,vd)(x[n]) - JQ,(vl,...,vd)(x[n - 1])

1<n<d

= Z Bg{v[n—l]:x[n—l]},vn(xn)

1<n<d

2.3 The Cavity Expansion algorithm for graphs or factor
graphs

Armed with the cavity recursion, we are now in a position to develop new optimization
algorithms for general graphical models. The main problem with using the cavity recursion
for computing bonuses is that its computation time can be extremely large. As mentioned
previously, carrying the recursion until it terminates is equivalent to carrying the compu-
tation on a corresponding SAW tree. In general, the SAW tree will have degree as large as
the degree of our network G, and depth equal to the length of the longest self-avoiding walk
of the graph, which itself often grows linearly with the size of the graph. Consequently,
in the vast majority of cases, using the cavity recursion to compute the network cavities
will result in an exponential time algorithm. In order to remedy this, we design two main
algorithms. The first, the cavity expansion algorithm, is a message-passing-type algorithm,
whose main idea can be summarized as interrupting the computation after a predetermined
depth. The second, the cavity propagation algorithm, is a message-passing version of the

cavity expansion algorithm.

2.3.1 The CE algorithm

Given a decision network G, a node u € V with M, = {v1,...,v4}, and r € Z,, introduce
a vector CE[G,u,7] = (CE[G,u,r,z],z € x) € RT defined recursively as follows.

1. CE[G,u,0,z] =0
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2. For every r =1,2,..., and every z € ¥,

d
CE[G, u,7,2] = §u(2) = u(0) + D prucs, (# CEIG (v, j,2), vy, 7 - 1), (219)
j=1

where G(u, k,z) is defined in Subsection 2.2.2, and the sum Z?:l is equal to 0 when
N, = 0. Note that from the definition of G(u, k, z), the definition and output of CE[G, u, r]
depend on the order in which the neighbors v; of u are considered. CE[G,u,r] serves as
an r-step approximation, in some appropriate sense to be explained in Chapter 3, of the
cavity vector Bg,. The motivation for this definition is relation (2.3) of Theorem 1. The
local cavity approximation can be computed using an algorithm described below, which we

call Cavity Ezpansion (CE) algorithm.

Cavity Expansion: CE[G, u,r ]

INPUT: A network G, a node u in G, an action z and a computation depth r >
0

BEGIN

If r=0 return 0

else do

Find neighbors N (u) = {v1,v2,...,v4} of u in G.

If N(u) =0, return ¢u(z) — ¢, (0).

Else

For each 7= 1,...,d, construct the network G(u,j,x).

For each j=1,...,d, and y € x, compute CE[G(u,j,x),vj,” — 1,9]

For each j=1,...,d, compute pycy,(z,CE[G(y, j,7),vj,7 —1,y])

Return ¢y () — ¢u(0) + 30 <j<q bucv, (%, CE[G(u, j,2),v;,7 — 1,9]) as CE[G,u,r, x).

The algorithm above terminates because r decreases by one at each recursive call of
the algorithm. As a result, an initial call to CE[G, u,r, z| will result in a finite number of

recursive calls to some CE[G;, uj, k;, x;], where k; < r. Let (G;, vi, Z;)1<i<m be the subset of
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arguments for the calls used in computing CE[G, u, r, z] for which k; = 0. In the algorithm
above, the values returned for » = 0 are 0, but it can be generalized by choosing a value C;
for the call CE[G;, v;, 0, 2;].

The set of values C = (C;)1<i<m Will be called a boundary condition. We denote by
CE[G, u,r,z,C] the output of the cavity algorithm with boundary condition C. The in-
terpretation of CE[G,u,r, x,C] is that it is an estimate of the cavity Bg,(x) via r steps
of recursion (1.3) when the recursion is initialized by setting CE[G;,u;,0,z;] = C; and is
run r steps. We will sometimes omit C from the notation when such specification is not
necessary. Call C* = (C}) = (Bg; v;(zi)) the “true boundary condition”. The justification
comes from the following proposition, the proof of which follows directly from Theorem 1.

Proposition 5. Given node v and N(u) = {v1,...,vq}, suppose for every j = 1,...,d
and y € x, CEG(u, j,x),vj,7 — 1,y] = Bg(uje)w;(y); then, CEG,u,r,2] = Bgu(x).

As a result, if C is the “correct” boundary condition, then CE[G,u,r, x,C] = Bg ()
for every u,r,z. The execution of the Cavity Expansion algorithm can be visualized as
a computation on a tree, due to its recursive nature. This has some similarity with a
computation tree associated with the performance of the Belief Propagation algorithm,
[TJ02, SSWO08, BSS08]. The important difference with [TJ02] is that the presence of cycles
is incorporated via the construction G(u, j, z) (similarly to [Wei06, JS07, BGK*07, GK07a,
GKO7b]. As a result, the computation tree of the CE is finite (though often extremely

large), as opposed to the BP computation tree.

2.3.2 Properties and computational complexity
Independence Lemma

An important lemma, which we will use frequently in the rest of the thesis, states that in
the computation tree of the cavity recursion, the cost function of an edge is statistically

independent from the subtree below that edge.

Proposition 6. Given u,z and N(v) = {v1,...,vq}, for everyr,j =1,...,d and y € x,
CE[G(u,j,x),vj,7 — 1,y] and ¢y, are independent.

Note, however, that ¢, ,, and G(u, k,z) are generally dependent when j # k

Proof. The proposition follows from the fact that for any j, the interaction function Pu,v;
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does not appear in G(u, j, ), because node u does not belong to G(u, j,)), and does not
modify the potential functions of G(u, j,z) in the step (2.1). |

Bounds on the cavities

Another strength of the CE algorithm is that it in the binary case (x = {0,1}, it pro-
vides upper and lower bounds on the cavities (this is contrast to convex relaxation, which
provides upper bound on the value functions instead, but the technique works only for
binary networks), through appropriate simple choice of the boundary condition. Consider
the following modified algorithm, which for any network G, node u, and integer r > 0,
computes two cavity approximations CE*[G,u,r] and CE™[G, u,](recall that by design,
the cavity of 0 is always 0).

Cavity Expansion with bound CE*[G,u,7],CET[G,u,7]

INPUT: A network G, a node u in G, and a computation depth r >0

BEGIN

If r =0 return CET[G,u,r] = +oo and CE™[G,u,r| = —00

else do

Find neighbors N(u) = {v1,v2,...,vq} of u in G.

If N(u) =0, return ¢,(1) — ¢,(0).

Else

For each j=1,...,d, construct the network G(u,j,1).

For each j=1,...,d, compute CE™[G(u,j,1),v;,7 — 1] and

CEY[G(u,j,1),vj,r — 1]

For each j=1,...d and each y € x, form the quantity €; = ¢yv,(0,0)+Puv;(1,1)—
Bu (0,1) — B, (1,0)

For each j = 1...d, create two variables BJ'-" and Bj- as follows: if ¢; > 0,
let BJ“.F = CE*[G(u, j,1),vj,r — 1] and B; = CE7[G(u,j,1),v;,7 — 1]; otherwise, let
B =CE™[G(u,j,1),vj,r — 1] and B = CE*[G(u,j,1),vj,r — 1].

For each j=1,...,d, compute um_vj(l,B;.') and um_vj(l,Bj')

Return ¢y (1) — ¢u(0) + > 1<j<q pucv; (1, Bf) as CET[G,u,r] and

Pu(1) — Pu(0) + X1 <jca Pucv; (LB]'_) as CET[G,u,7]
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Theorem 4. For any network G, node u, depth r € N, and action z,
CE~ [g> U, Ty ZL’] < Bg’u(ﬂf) < CE+ [ga U, T, LIZ]
Proof. By induction: the result is clearly correct if 7 = 0 or if A/(u) = . The next step of

the proof is the following lemma:

Lemma 1. For any (u,v) € E, py« (1, B) is nondecreasing in B if ¢y (1, 1)+ ¢y 0(0,0) —
uw(0,1) — ¢y o(1,0) > 0, and nonincreasing otherwise.

To see why why this is true, simply consider all possible cases for the inequalities

between values of ¢, ,. Next, assume that for all j,
CE_[g(umj, l)a V5, T — 1] < Bg(u,j,l),vj(l) < CE+[g(uaj, 1)7 vy, T — 1]
From Lemma 1, this implies

Nu(—v(laBj_) < Nu(—U(LBg(u,j,l),vj) < ,UJué—v(laB;'r)
and we obtain the result by summing over j. |

Computational complexity
Our last proposition analyzes the complexity of running the Cavity Expansion algorithm.

Proposition 7. For every G,u,r,z, the value CE[G,u,r,z] can be computed in time
O(r(AT)).

Proof. The computation time required to construct the networks G(u, j, ), compute the
messages fu«y;(Z, By;), and return @y, (x) — 4, (0) + ZISJSd Puc; (T, By, ), is O(AT). Let
us prove by induction that that for any subnetwork G’ of G, CE[G’, u, r, z] can be computed
in time bounded by O(r(AT')"). The computation time for r = 0 is constant. For r > 1, the
computations of CE[G’, u,r, z] requires a fixed cost of O(AT), as well as (AT calls to CE
with depth (r — 1). The total cost is therefore bounded by O(AT + (AT) (r — 1)(AT)" 1),
which is O(r(AT)"). O
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2.3.3 Message-passing version of the CE algorithm

In this last section, we detail how to derive a new message-passing algorithm from the
cavity recursion. We restrict ourselves to the pairwise case. For any network G, neighbors

u, v, and decision z, let

Mg,m—v(xu) —é— H;:fzx (Cbu,v(xu, xv) + Bg,v(%)) - n}?;x (¢u,v(0, xv) + ¢v(xv)BG,v(mv))

The following proposition is an analog of Proposition 2 for the cavity recursion:

Proposition 8.

Mg,u%v(«ru) ZH;&X d’u,v(-’ru, -Tv) + ¢v("13v) + Z Mg(u,k,m),vevk (xv) (2'15)
‘ wEN (v)\{u}

- II;&.X ¢u,v (07 xv) + ¢v (‘Tv) + Z Mg(u,k,x),v%vk (xv)
v weN (v)\{u}

Proposition 8 suggests a new message-passing algorithm for computing the cavities of
a network G. The algorithm, which we call Cavity Propagation, depends on a depth pa-
rameter 7 and a network G, and at a high level, functions as follows. Cavity Propagation
computes messages recursively by using Equation (2.15) while decreasing the depth param-
eter at each iteration, and whenever the depth reaches zero, resets the modified subnetwork
to the original graph G. Formally, consider some network G and depth parameter » € N_..
Initial calls to CE[G,u,r,z] for all w will result in a finite number of recursive calls to
some CE[G;,u;,kj,z;], where k; < r. For any s < r, let Ry = {G; | k;j = s} be the set
of all subnetworks H which were called with a depth equal to s, and R = |JRs the set
of all subnetworks called recursively by the CE algorithm with depth ». For any H € R

and (u,v) € H, and iteration time ¢ > 0, we define a message M3 4, Which is updated
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according to the Cavity Propagation equations:

For H € RO M;t.l,ufvv(xu) = IT;a.X ¢u,v($uaxv) + ¢v(xv) + Z M(_t}';l(—vk (.’lfv)
h weN (v)\{u}
(2.16)

- II;&X ¢u,fu (O, -'L'v) + ¢’U (x'l)) + Z Mézfl‘_vk (wv)
v weN (v)\{u}

For H ¢ Ro, M7t-l,u<—v(a7u) =n}:ax Gup(Tus Ty) + Po(Ty) + Z M’;{_(’l:s,,k,m),’lﬂ—vk (z0)
¢ weN W)\ {u}

—max Pu,w(0, Zy) + du(z0) + Z M;iz;,}c,z)t—l,%uk (zv)
’ weN (v)\{u}

It is easy to see that the algorithm for » = 0 corresponds to Belief Propagation, and for r
greater than the length L of longest self-avoiding walk of the graph, it provides the exact
cavity in each node v of the original network G. We can therefore expect that for0 < r < L,

Cavity Propagation is an increasingly powerful family of message-passing algorithms.

2.4 Conclusions

Starting from an exact but computationally intensive recursion to compute cavities in
arbitrary graphical models, we developed a new message-passing-type algorithm, the Cavity
Expansion algorithm. At a high level, the CE algorithm works by locally computing cavities
as a function of neighboring cavities. The algorithm then proceeds by expanding the cavity
recursion in the breadth-first search manner for some designed number of steps t, thus
constructing an associated computation tree with depth t. At the initialization point the
cavity values are assigned some default value. The approximation value Bv(a:) is then
computed using this computation tree. If this computation was conducted for ¢ equalling
roughly the length L of the longest self-avoiding path of the graph, it would result in exact
computation of the cavity values B,(x). Yet the computation effort associated with this
scheme is exponential in L, which itself often grows linearly with the size of the graph. The
CE algorithm interrupts the expansion after a fixed number of steps t << L. As such, the

CE constructs cavity approximations which are only based on information local to each
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node. We are therefore led to wonder whether conditions exist which can guarantee that
the resulting approximations are very close to the correct cavities. We will address this

question in the following two chapters.
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Chapter 3

Correlation decay and efficient
decentralized optimization in
decision networks with random

objective functions

3.1 Introduction

In this chapter, we begin our investigation of the connections between a property of random
systems called correlation decay, and the near-optimality of the CE algorithm we introduced
in Chapter 2. Here, we will focus on optimization in graphical models with discrete variables

and random cost functions.

The concept of correlation decay was introduced by Dobrushin [Dob68a, Dob68b] in
the context of infinite Markov Random Fields (see also [Spi71, Geo88] for monographs on
related topics). The purpose was to identify sufficient conditions for the uniqueness of a
distribution on an infinite Markov Random Field, when given only local conditional distri-
butions. Dobrushin identified a simple sufficient condition for uniqueness which stated, at
a high level, that if local correlations were weak enough, the local conditional distributions
could only correspond to one distribution on the infinite field. This condition was later
found to have applications in computer science, as it was shown that finite Markov Ran-
dom Fields which satisfied conditions similar to Dobrushin’s exhibited fast mixing of the
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corresponding Markov Chain Monte Carlo dynamics [JS97]. In addition, further connec-
tions were found between Dobrushin’s condition and convergence of the Belief Propagation
algorithm [TJ02].

Thus, correlation decay as introduced by Dobrushin is well adapted to counting and
sampling problems in Markov Random Fields. However, in order to apply these ideas to
optimization, a different concept of correlation decay is therefore needed. Such a con-
cept was introduced and studied in the context of probabilistic combinatorial optimiza-
tion [Ald92, Ald01, AS03, GNS06, GG09], where it was shown that some optimization
problem on regular and random locally tree-like graphs with random costs are tractable
as they exhibit the correlation decay property. Moreover, it was shown that under the
correlation decay property, such optimization problems exhibit a phenomenon known as
long-range independence: intuitively, this means that the optimal decision taken by a node
in a network is asymptotically independent from that of nodes faraway from it.

This idea is reminiscent of the approach taken by the CE algorithm, which, as mentioned
in Chapter 2, uses only local network information to compute a decision for each node.
It is then reasonable to expect that the SAW tree construction of our last chapter and
the correlation decay analysis can be merged in some way. Namely, optimization problems
with general graphs and random costs can be solved approximately by constructing a
computation tree and proving the correlation decay property on it. This is precisely our
approach: we show that if we compute B,(z) based on the computation tree with only
constant depth ¢, the resulting error B, (z) — B,(x) is exponentially small in ¢t. By taking
t = O(log(1/e)) for any target accuracy €, this approach leads to an e-approximation scheme
for computing the optimal reward max, F(x).

In this chapter, we provide a general technique to compute conditions on the parameters
of families of distribution that ensure the system exhibits the correlation decay property.
We illustrate the applicability of the method by giving concrete results for the cases of
uniform and Gaussian distributed functions in networks with bounded connectivity (graph
degree) A.

Another implication of correlation decay concerns decentralization of the decisions. De-
fine the local neighborhood N of radius r for node v in G as the subnetwork induced by
B,(r). Intuitively, N is the subnetwork node v “sees” if its horizon has length r. A de-
centralized solution z! of radius r for node v is a decision of x which is built only using
knowledge of N7. A vector of decisions taken with only partial (local) information is likely

to be suboptimal, and precisely how much is lost by discarding nonlocal information can
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for instance be measured by the quantity F'(x) — F(x"). The tradeoff between decentraliza-
tion and suboptimality was investigated by Van Roy and Rusmevichientong in [RR03], but
the analysis was restricted to line graphs. Our analysis generalizes their approach, casting
their results in the light of the correlation decay phenomenon; we find that if correlation

decay occurs, we can accurately quantify the decentralization-optimality tradeoff.

The chapter is organized as follows. In Section 3.2, we describe the general model, ex-
amples, and main results. In Section 3.3, we prove our main result, the fact that correlation
decay implies optimality of the cavity recursion and local optimality of the solution. The
rest of the chapter is devoted to the analysis of a general coupling technique used to iden-
tify sufficient conditions for correlation decay (and hence, optimality of the CE algorithm).

Concluding thoughts are offered in Section 3.7.

3.2 Model description and results

Recall the pairwise graphical model of Chapter 1: we consider a decision network G =
(V,E,®,x). Here (V, E) is an undirected simple graph in which each node u € V represents
an agent, and edges e € F represent a possible interaction between two agents. Each agent
makes a decision z, € ¥ £ {0,1,...,T — 1}. For every v € V, a function ¢, : x — R is
given. Also for every edge e = (u,v) a function ¢, : x> — R is given. Let A denote the
maximum degree of the network G.

Our objective is to compute an optimal (or near-optimal) solution for the network,
and the main focus of this chapter will be on the case where ¢,(z), ¢(z,y) are random
variables (however, the actual realizations of the random variables are observed by the
agents, and their decisions depend on the values taken by ¢,(z) and ¢e(z,y)). While we
will usually assume independence of these random variables when v and e vary, we will
allow dependence for the same v and e when we vary the decisions z,y. The details will

be discussed when we proceed to concrete examples.

Examples
Graph Coloring

An assignment ¢ of nodes V to colors {1,...,q} is defined to be proper coloring if no

monochromatic edges are created. Namely, for every edge (v, u), we want ¢(v) # ¢(u). Sup-
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pose each node/color pair (v,z) € V x {1,...,¢} is equipped with a weight W, ; > 0. The
(weighted) coloring problem is the problem of finding a proper coloring ¢ with maximum
total weight ) W, 4(,). In terms of a decision network framework, we have bvu(z,x) =
—00, ppu(z,y) =0,V £y € x={1,...,¢}, (v,u) € E and ¢,(2) = Wy o, Vv € V,x € x.

MAX 2-SAT

Let (Zy,...,2Zy) be a set of boolean variables. Let (Ci,...,Cr) be a list of clauses of
the form (Z; V Z;), (Zi V Z;), (Z; V Z;) or (Z; V Z;). The MAX-2SAT problem consists
of finding an assignment for binary variables Z; which maximizes the number of satis-
fied constraints Cj. In terms of a decision network, take V = {1,...,n}, E = {(4,7) :
Z; and Z; appear in a common clause}, and for any k, let ¢x(z,y) to be 1 if the clause Cy
is satisfied when (Z;, Z;) = (z,y) and 0 otherwise. Let ¢,(z) = 0 for all v, z.

MAP estimation

We note in that in the graphical model and message-passing literature, the term MAP
estimation is often used to refer to MLE estimation of the graphical model G, or in other
words, to the task of finding max Fg(x). We consider here a problem which is properly “a-
posteriori”. In this example, we see a situation in which the reward functions are naturally
randomized.

Consider a graph (V,E) with |V| = n and |E| = m, a set of real numbers p =
(p1,---,pn) € [0,1], and a family (fi,..., fm) of functions such that for each (i,j) € E,
fij is a function f; j(o,x,y) where o is real and z,y € {0, 1}2. Assume that for each
(z,y), fij(o,z,y) is a probability density for o. Consider two sets C = (Ci)i<i<n and
O = (Oj)1<j<m of random variables, with joint probability density

P(0,0) =[] (1 -p)'""% ][ fusloiicivey)
i (i,5)€E
C is a set of Bernoulli random variables ( “causes”) with probability P(C; = 1) = p;, and
O is a set of continuous “observation” random variables. Conditional on the cause variables
C, the observation variables O are independent, and each O;; has density f; ;(o,c;,c;).
Assume the variables O represent observed measurements used to infer on hidden causes

C. Using Bayes’s formula, given observations O, the log posterior probability of the cause
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variables C is equal to:

logP(C=c|O=0)=K+ Z@(Q) + Z i(ci, cj)

i,j€E

where

¢i(ci) =log(pi /(1 — ps))ci
¢i,5(ci, c5) =log(fi (045, iy c5))

where K is a random number which does not depend on c. Finding the maximum a
posteriori values of C given O is equivalent to finding the optimal solution of the deci-
sion network G = (V, E,¢,{0,1}). Note that the interaction functions ¢;; are naturally
randomized, since ¢; j(x,y) is a continuous random variable with distribution

dP(¢ij(z,y) =t) =" Y dP(f;;(0,2',y) =e")

z’',y'€{0,1}

Main results

At a high level, all our results stem from a combined approach. The algorithm mentioned
in the following results is always the CE algorithm introduced in Chapter 2. Correlation
decay provides the framework used to prove optimality and polynomiality of the methods.
The proof that a correlation decay condition holds is framework-specific; in this chapter, all
results stem from the coupling technique detailed in Section 3.4, which applies to graphical
models with random costs and no combinatorial constraints. We present detailed results
from the uniform distribution and for the Gaussian distribution. It is important to note
that while we limit our exposition to these two families, nothing prevents us for applying
the methodology to a larger number of distributions. Finally, we refer the readers to
Appendix B for the definition of additive FPTAS with high probability.

Uniform Distribution

Suppose that for all u € V', ¢, (1) is uniformly distributed on [—I3, I1], ¢(0) = 0, and that
for every e € E, ¢.(0,0),¢.(1,0),¢.(0,1) and ¢¢(1,1) are all independent and uniformly
distributed on [—1Iy, I3], for some I7, I > 0. Intuitively, I; quantifies the ‘bias’ each agent

has towards one action or another, while I quantifies the strength of interactions between
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agents.

Theorem 5. Let § = %f If B(A — 1)? < 1, then there ezists an additive FPTAS for
finding Jg with high probability.

Gaussian distribution

Here we consider the case of Gaussian distributed reward functions: assume that for any
edge e = (u,v) and any pair of action (z,y) € {0,1}?, du,u(z,y) is a Gaussian random
variable with mean 0 and standard deviation o.. For every node v € V', suppose ¢, (1) =0
and that ¢,(0) is a Gaussian random variable with mean 0 and standard deviation oy.

Assume that all rewards ¢.(z,y) and ¢,(z) are independent.

Theorem 6. Let 3 = \/Ug‘fag If B(A—1)+/B(A — 1)3 < 1, then there exists an additive
FPTAS for finding Jg with high probability.

3.3 Correlation decay and decentralized optimization

In this section, we investigate the relations between the correlation decay phenomenon and
the existence of near-optimal decentralized decisions. When a network exhibits the corre-
lation decay property, the cavity functions of faraway nodes are weakly related, implying a
weak dependence between their optimal decisions as well. Thus, one can expect that good
decentralized decisions exist. We will show that this is indeed the case.

Definition 1. Given a function p(r) > 0,7 € Z4 such that lim, o p(r) = 0, a decision
network G is said to satisfy the correlation decay property with rate p if for every two

boundary conditions C, C’'
n&ax]EICE[Q’,u,T,:E,C] — CE[g,u,r,m,C’]l < p(r).
T

If there exists K. > 0 and a. < 1 independent from the network topology such that
p(r) < Ko for all v, then we say that G satisfies the exponential correlation decay property

with rate ..

The correlation decay property implies that for every u, x,

IE'CE[Q,U,’I’, IL‘] - Bg,u(m)‘ < p(r).
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The following assumptions will be frequently used in the subsequent analysis.

Assumption 1. For allv e V,x #y € x, By(z) — By(y) is a continuous random variable

with density bounded above by a constant g > 0.

We will also assume the costs functions are bounded in Lo norm:

1/2

Assumption 2. There erists K¢ such that for anye € E, (Zm,yéxEl¢e(w7 YI?)° < Kg

and for anyv eV, (erxE|¢v(x)|2)1/2 < K

Assumption 1 is designed to lead to the following two properties:
(a) There is a unique optimal action in every node with probability 1.
(b) The suboptimality gap between the optimal action and the second best action is large

enough so that there is a “clear winner” among actions.

Correlation decay implies near-optimal decentralized decisions

Under Assumption 1 let x = (z,)yev be the unique (with probability one) optimal solution
for the network G. For every v € V| x € ¥, let z}, = argmax,CE[G,v,r, x|, ties broken
arbitrarily, and x" = (). The main relation between the correlation decay property, the
Cavity Expansion algorithm and the optimization problem is given by the following result.

Proposition 9. Suppose G exhibits the correlation decay property with rate p(r) and that
Assumption 1 holds. Then,

Pzl # ) < 2T%\/2gp(r), YueV,r>1. (3.1)
Proof. For simplicity, let B} (x) denote CE[G,u,r,z]. We will first prove that
2
P(a, # z) < T(ge + 27) (3.2

The proposition will follow by choosing € = 1/2p(r)g~!. Consider a node u, and notice
that if

(Bu(z) = Bu(y))(By(z) = By(y)) >0,  Vz #uy,
then zj, = z,. Indeed, since B,(z,) — By(y) > 0 for all y # z,, the property implies the
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same for B],, and the assertion holds. Thus, the event {z], # x,} implies the event

{3(z,y),y # = : (Bu(z) — Bu(y))(B,(z) — By(y)) < 0}

Fix € > 0 and note that for two real numbers r and s, if |r| > € and |r — s| < ¢, then
rs > 0. Applying this to 7 = By(z) — By(y) and s = Bj(z) — Bj(y), we find that the
events |By(z) — By(y)| > € and

(IBu(x) — By ()] < €/2) N (1Bu(y) — By(y)| < €/2)

jointly imply
(Bu(z) — Bu(y))(By(z) — By(y)) > 0

Therefore, the event (By(z) — By(y)) (B} (z) — B;(y)) < 0 implies
{IBu(z) = Bu(y)| < €} U{|Bu(z) — B,(z)| 2 €/2} U{|Bu(y) — B,(y)| = €/2}
Applying the union bound, for any two actions = # y,

P((Bu(w) — Bu(y))(By(z) — By(y)) < 0) < P(|Bu(z) — Bu(y)| < €) + P(|Bu(z) — B, ()] = €/2)
+P(|Bu(y) — By(y)| = €/2). (3.3)

Now P(|By(z) — Bu(y)| < €) is at most 2ge by Assumption 1. Using the Markov inequality,
we find that the second summand in (3.3) is at most 2E|B,(x) — By (z)|/e < 2p(r)/e. The
same bound applies to the third summand. Finally, noting there are T'(T — 1)/2 different
pairs (z,y) with z # y and applying the union bound, we obtain:

el #2.) < (T(T - 1)/2)(2¢ + dp(r)/e)
2%(0),

IA

T?(ge +
O

For the special case of exponential correlation decay, we obtain the following result, the

proof of which immediately follows from Proposition 9.

Corollary 1. Suppose G exhibits the exponential correlation decay property with rate a.
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and constant K., and suppose Assumption 1 holds. Then
P(z;, # zy) < 2T°\/29Kc0/?,  YueV,r > 1.

In particular, for any e > 0, if

|log K| + | log €|

> 2
| log(ac)|

then
P(ay, # zy) < €

where K. = 2T%\/2gK,

In summary, correlation decay - and in particular fast (i.e., exponential) correlation
decay - implies that the optimal action in a node depends with high probability only on
the structure of the network in a small radius around the node. As in [RR03], we call such
a property decentralization of optimal actions. Note that the radius required to achieve
an € error does not depend on the size of the entire network; moreover, for exponential
correlation decay, it grows only as a logarithm of the accepted error.

The main caveat of Proposition 9 is that Assumption 1 does not necessarily hold. For
instance, it definitely does not apply to models with discrete random variables ¢,, and ¢y .
In fact, Assumption 1 is not really necessary, and it can be shown that a regularization
technique allows to relax this assumption. Note that Assumption 2 is not needed for

Proposition 9 to hold.

Correlation decay and efficient optimization

Proposition 9 illustrates how optimal actions are decentralized under the correlation de-
cay property. In this section, we use this result to show that the resulting optimization
algorithm is both near-optimal and computationally efficient.

As before, let before x = (x,) denote the optimal solution for the network G, and
let x" = (z],) be the decisions resulting from the Cavity Expansion algorithm with depth
r. Let X = (&,) denote (any) optimal solution for the perturbed network G. Let K; =
10Ke T(|V| + |E|), and K> = K; (g K.)"/*, where K, is defined in the assumption of

exponential correlation decay.
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Theorem 7. Suppose a decision network G satisfies correlation decay property with rate
p(r). Then, for allT >0

E[F(x) — F(x")] < Ki(gp(r))"/* (3.4)

Corollary 2. Suppose G ezhibits exponential correlation decay property with rate o and
constant K.. Then, for any € > 0, if

r > (8|log €| + 4 log(.Kz)D“Og(Oéc)r1

then
P(F(x) — F(x") > €) <e

and X" can be computed in time polynomial in |V|, 1/e.

Proof. By applying the union bound on Proposition 9, for every (u, v), we have: ]P’((xa, xn) #
(T, 2y)) < 4T?\/2gp(r). We have

E[F(x) — F(x")| < Z Elpu(zu) — dulzy)] + Z E|¢u,o(Tus Tv) — Gu,o(Ty: T5)|

ueV (u,v)EE

For any u,v €'V,

]E[¢u,v($U7$v) — ¢u,v($z’$2)] < E[l(mz,m{,)#(wu,rv) (|¢u,v($u7$v)| + |¢u,v($z,$g)‘)}
< 2Ky P((2],0]) # (zuy 1))
< 4KoT (2gp(r))"/*

where the second inequality follows from Cauchy-Schwarz. Similarly, for any u we have
Elgu(wu) — ¢ular)| <4KaT (2gp(r))"*

By summing over all nodes and edges, we get: E[F(x) — F(x") < 8KoT(2gp(r))"/* <
Ki1(gp(r))Y/*, and Equation (3.4) follows. The corollary is then proved using the Markov
Inequality; injecting the definition of exponential correlation decay into Equation (3.4), we
obtain

P(Jg — F(&) > €) < ElJg — F(#)]/e < Koa™/* /e
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Since r > (4| log(K>)| + 8|log(e)|)|log(a)| !, we have Koa™/* < € and the result follows.

3.4 Establishing the correlation decay property

The previous section motivates the search for conditions implying the correlation decay

property. This section is devoted to the study of a coupling argument which can be used to

show that correlation decay holds. Results in this section are for the case |x| = 2. They can

be extended to the case |x| > 2 at the expense of heavier notations, but without providing

much additional insight. For this special case x = {0,1}, we introduce a set of simplifying

notations as follows.

Notation

Given G = (V,E,®,{0,1}) and u € V, let v1,...,vq be the neighbors of w in V. For any
r > 0 and boundary conditions C, C’, define:

1.

2.

B(r) = CE[G,u,r,1,C] and B'(r) 2 CE[G,u,r,1,C']

For j =1,...d, let G; = G(u,j,1), and let B;j(r — 1) 2 CE[G;,vj,r — 1,1,C] and
B;(T—l) é CE[gj,vj,r—l, ].,CI]. Also let B(’I‘—-l) = (Bj(r"l))lgjsd and B/(T—l) =

(Bj(r — )i<j<d

. For k=1,...nj, let (vj1,...,vjn;) be the neighbors of v; in G;, and let Bji(r —2) =

CE[G;(vj, k,1), vk, — 2,1,C] and B}k(r —2) = CE[G(vj,k,1),v;,7 — 2,1,('] for all
k=1...n; Alsolet Bj(r —2) = (Bjk(r — 2))1<k<n; and Bj(r — 2) = (Bj(r —

2))1<k<n;-

. For simplicity, since 1 is the only action different from the reference action 0, we

A
denote flyev;(2) = pucw, (1, 2).
From Equation (1.2), note the following alternative expression for iy y;(2)

Nu(—vj (Z) = ¢u,vj(1) 1) - ¢u,vj (Oa 1)+ ma‘x(d)u,vj (13 O) - ¢u,vj (1a 1)’ Z) (35)
— max(¢y,v; (0,0) — pun,; (0,1),2)

Similarly, for any j =1...d and k= 1...nj, let py, v (2) 4 Hoj vy (1, 2).
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6. For any z = (z1,...,24), let pu(z) = Zj e, (25)- Also, for any j, and any z =

(217 s ,znj)v let Ho; (Z) = Zlgkgnj Houjevgy, (Zk)

7. For any directed edge e = (u « v), denote

8t 2 Gun(1,0) — dun(1,1)

62 £ uw(0,0) — 6u(0,1)

$ 2 bun(l,1) = duo(0,1)

X, 2 gl+¢?

Yo 2 62— 0l =dun(l,1) = $up(1,0) = du(0,1) + 64,(0,0)

Note that Yy = Yyu, so we simply denote it Yy, ,.

Note that for any e, E|Y.| < Kg (see Assumption 2). Equation (2.14) can be rewritten as

B(r) = pu(B(r—1))+éu(l) — ¢u(0) (3.6)
B'(r) = pu(B'(r—1))+ ¢u(l) — ¢u(0) 3.7)
Similarly, we have
Bj(r — 1) = po; (B;(r — 2)) + ¢; (1) — b, (0) (3.8)
Bj(r — 1) = pu, (Bj(r — 2)) + ¢u,(1) — ¢, (0) (3.9)

Finally, Equation (3.5) can be rewritten
puev(2) = ¢?u—v + max(qbb_m z) — ma'x(‘ﬁ?u—m z) (3.10)

Y, represents how strongly the interaction function ¢y (4, x,) is “coupling” the vari-
ables =, and z,. In particular, if Y, is zero, the interaction function ¢y, ,(zu,,) can be
decomposed into a sum of two potential functions ¢, (zy) + ¢»(xy), that is, the edge be-
tween u and v is then be superfluous and can be removed. To see why this is the case, take
$u(0) = 0, du(1) = duw(1,0) — duw(0,0), ¢,(0) = ¢u,v(0,0) and ¢y(1) = ¢y,,(0,1), which
is also equal t0 ¢y 4(1,1) — ¢y »(1,0) + ¢u(0,0), since Ye = 0.
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3.4.1 Coupling technique

In this section, we present a sufficient condition for correlation decay. The condition
depends on the parameters of a particular form of coupling: For any neighbor v; of w,
it is possible that the partial cavities py—; and u; depending on two different boundary
conditions C and C’ be equal even when B; # Bj. The probability that this coupling occurs

decreases as the distance between B; and B;. grows bigger.

Definition 2. A network G is said to exhibit (a,b)-coupling with parameters (a,b) if for

every edge e = (u,v), and every two real values x, x':

P(,Uu(—v(x + ¢u(1) — #4(0)) = #u(—v(xl + ¢o(1) — ¢v(0))) > (1—a)—blz - m/| (3.11)

The probability above, and hence the coupling parameters, depends on both the dis-
tribution of ¢,(1) — ¢,(0) and the distribution of the values ¢, ,(z,y). Note that if for all

z,r

P(uco(2) = puen(@)) 2 (1= a) = blz = & (3.12)

then G exhibits (a, b) coupling, but in general the tightest coupling values found for Equa-
tion (3.12) are much weaker than the ones we would find by analyzing condition (3.11).
This form of distance dependent coupling is a useful tool in proving that correlation decay

occurs, as illustrated by the following theorem:

Theorem 8. Suppose G exhibits (a,b)-coupling. If
a(A—1)+ VbKe(A —-1)%? < 1 (3.13)

then the exponential correlation decay property holds with K = A’Kg and o = a(A —1) +
VbKg (A —1)3/2,

Suppose G ezhibits (a,b)-coupling and that there ezxists Ky > 0 such that |Ye| < Ky with
probability 1. If

a(A-1)+bKy(A-1)2 <1 (3.14)
then the exponential correlation decay property holds with a = a(A — 1) + bKy (A —1)?
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Proof of Theorem 8
We begin by proving several useful lemmas.

Lemma 2. For every (u,v), and every two real values z,z’
|pun () — NM—v(x/)' <l|z-— xll‘ (3.15)
Proof. From (3.5) we obtain

(@) — pc(@') = max (Gu0(1,0) = Bup(1,1),) = max (9,0(0,0) = ¢u0(0, 1), )
— max (9u0(1,0) = Gua(1, 1),2') + max (#4,(0,0) = 64,(0,1),2").

Using twice the relation max, f(x) — max, g(z) < max;(f(r) — g(x)), we obtain:

Pwern(T) = puern(®’) < max(0,z — z') + max(0, 2’ — )

= |z~
The other inequality is proved similarly. O

Lemma 3. For every u,v € V and every two real values z,z’
| () — fuey(z')] < Yol (3-16)
Proof. Using (3.5) and (3.7), we have

Mu(—v($) - (¢u,v(1a 1) - Qbu,v(o, 1)) = max(¢u,v(1a O) - ¢u,v(1y 1), 117)
— max(¢u,vz (0,0) — Puw(0,1),2).

By using the relation max, f(z) — max; g(z) < max,(f(z) — g(z)) on the right hand side,

we obtain

Nu(—v(x) - (¢u,v(1a 1) - ¢u,v(05 1)) < max(o«; “Yu,v)-

Similarly
_‘,Ufue—v(x,) + (¢u,'u(1a 1) - ¢u,v(07 1)) < max(O, Yu,v)'
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Adding up
Hu(—v(w) - /Ju(—v(xl) < |Yu,v|-

The other inequality is also proven similarly.

Lemma 4. Suppose (a,b)-coupling holds. Then,

EIB(r)- B'(r)] <a Y E[Bj(r—1)=Bj(r—1)|+b > _ E[|B;(r— 1) — Bj(r — 1)’].

1<j<d 1<j<d
(3.17)
Proof. Using (2.14), we obtain:
E|B(r) - B'(r)| = E|[gu(1) — ¢ +Zuw, (r—1)) = (¢u(1) — Zuw 1= 1)

< Z}E’/Lm_vj (Bj(r — 1)) — po; (Bj(r — 1))

—ZE[ [0y (B (r = 1)) = pruccay (B = 1))y (By(r = 2), i, (B — 2] |

By Lemma 2, we have |uyv, (Bj(r — 1)) = prue; (Bj(r — 1)) < |Bj(r — 1) = Bj(r — 1)|.
Also note from that from Equation (3.8) and (3.9), |B;(r — 1) — Bi(r — 1)| = |pv, (Bj(r —
2)) = po,; (Bj(r — 2))[; hence conditional on both p,,(Bj(r —2) and p,, (Bj(r — 2), |B;(r —
1) — Bj(r — 1)| is a constant. Therefore,

E |ty (B3 (= 1)) = praccay (B = D) [pae, (By(r = 2), oy (B} = 2)] (3.18)
< Bj(r — 1) = Bj(r = D) Plttaco, (Bj(r = 1)) # prucuy (B — 1)) | o, (By(r — 2), o, (B(r — 2))

Note that in the (a,b) coupling definition, the probability is over the values of the func-
tions ¢y,, and ¢,. By Proposition 6, these are independent from p.,,(B;(r — 2) and
fhv; (B§(r—2)). Thus, by the (a,b) coupling assumption, P(pucwv, (Bj(r—1)) # puco,; (Bj(r—
1)) | po; (B (r —2), pr; (Bj(r —2)) < a+b|Bj(r — 1) — Bj(r — 1)|. The result then follows. [

Fix an arbitrary node v in G. Let N'(u) = {v1,...,vq}. Let dj = |[N(v;)| — 1 be the
number of neighbors of v; in G other than u for j = 1,...,d. We need to establish that for
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every two boundary condition C,C’
E|CE(G,u,r,C) — CE(G,u,r,C")| < Ka" (3.19)

We first establish the bound inductively for the case d < A—1. Let e4 denote the supremum
of the left-hand side of (3.19), where the supremum is over all networks G’ with degree
at most A, such that the corresponding constant K¢ < Kg, over all nodes u in G with
degree |NV(u)] < A —1 and all over all choices of boundary conditions C,C’. Each condition
corresponds to a different recursive inequality for e,

Condition (3.13)

Under (3.13), we claim that

er <a(A —1)e,_1 +b(A—1)3Kper—o (3.20)
Applying (3.8) and (3.9), we have

Bir =D =B =10 Y bty (Bin(r —2)) ~ s (Bilr —2))
lgkﬁd]’

Thus,

Byr =1 = Bir =D < (2 bty Bislr = 2)) — oo (Biulr = 2)])
1<k<d;

< dj Z ‘ij%vjk (Bjk(r —2)) — Hoj gy, (B;k(r - 2))‘2
1<k<d;

By Lemmas 2 and 3 we have |py;« v, (Bjr(r — 2)) — tv;ev; (Bip(r — 2))| < [Bjr(r —
2) = Biy(r — 2)| and Jttoycu (Bir(r — 2)) = Huyecuy (Bly(r — 2))| < [¥yl. Also, dj <
A — 1.Therefore,

Bj(r—1) = Bj(r =) < (A=1) Y |Bji(r—2) = Bjy(r = 2)| - Vil (3.21)
1<k<d;

By Proposition 6, the random variables | By (r —2) — Bf; (r —2)| and [Yjy| are independent.
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We obtain:

E|Bj(r—1)— Bj(r — 1)’ <(A—1) > E[Bj(r—2) - Bjy(r—2)| .E[Yie] (3.22)
1<k<d;
<(A-1)Ko( Y E|Bj(r—2) - Bjy(r—2)))
1<k<d;

<(A - 1)2K<I>erv2

where the second inequality follows from the definition of K¢ and the third inequality
follows from the definition of e, and the fact that the neighbors vz, 1 < k < d; of v; have
degrees at most A — 1 in the corresponding networks for which Bji(r — 2) and Bl (r — 2)

were defined. Applying Lemma 4 and the definition of e,, we obtain

E|B(r)— B'(r)| <a ) _ E[Bj(r—1)=Bj(r—1)|+b > _ E[Bj(r—1) - Bj(r — 1)*]

1<j<d 1<j<d

<a(A—1)ep—1 +b(A - 1)3Kger—o
This implies (3.20).
From (3.20) we obtain that e, < Ka'" for K = AKg and a given as the largest in

absolute value root of the quadratic equation a? = a(A —1)a +b(A —1)3Kg. We find this
root to be

o= %(a(A — 1)+ /@A 1) 7 4(A — 1°Ks)

<a(A—1)+ b(A —1)P°Ke
<1

where the last inequality follows from assumption (3.13). This completes the proof for the
case where the degree d of u is at most A — 1.

Now suppose d = [N (u)| = A. Applying (3.6) and (3.7) we have

|B( ) B, I < Z ‘Nu(—v] (T - 1) Hu—v; (B;‘(T - 1))'
1<j<d
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Applying again Lemma 2, the right-hand side is at most

> IBj(r —1) = Bj(r = 1)| < Ae,
1<j<d

since Bj(r — 1) and Bj(r — 1) are defined for v; in a subnetwork G; = G(u, j, 1), where v;
has degree at most A — 1. Thus, the correlation decay property again holds for v with AK
replacing K.

Condition (3.14) Recall from Lemma 4 that for all r, we have:

E|B(r)-B'(r)|<a Y E|Bj(r—1)—Bj(r—1)|+b »_ E[|B;(r—1) - Bj(r — 1)]*].

1<j<d 1<j<d

For all Js |BJ(T' - 1) - B;(’I‘ - 1)| = ’Ek(ﬂvjevjk (BJ ) - ij(-vjk(B;'k))|' Moreover, for
each j, k, |to; vy (Bjk) = pozev; (Bjp)| < [Yjk| £ Ky (the second inequality follows from
Lemma 3, the third by assumption). As a result,

|Bj(r —1) = Bj(r — 1)|* < (A = 1)Ky |Bj(r — 1) — Bj(r — 1)|
We obtain:
er < (a+bKy (A —1)) (A —1)er—y

Since a(A — 1) + bKy (A — 1)2 < 1, e, goes to zero exponentially fast. The same
reasoning as previously shows that this property implies correlation decay.
3.4.2 Establishing coupling bounds
Coupling Lemma

Theorem 8 details sufficient condition under which the distance-dependent coupling induces
correlation decay (and thus efficient decentralized algorithms, vis-a-vis Proposition 7 and
Theorem 7). It remains to show how can we prove coupling bounds. The following simple
observation can be used to achieve this goal.

For any edge (u,v) € G, and any two real numbers z, 2’, consider the following events

Ef(z,a") = {min(z,2") + ¢u(1) — ¢0(0) > max(uc v, Pucv)}

78



E‘;—v(w’x/) = {ma.x(a:,x’) + ¢v(1) - ¢U(0) S min(¢1lu—vv ¢12L<~v)}

Euco(z,2') = Ef (z,2') UE, ,(z,2)

Lemma 5. If E, ,(z,2’) occurs, then pyo(z+ ¢y(1) — p(0)) = pyeo (2’ + P (1) — 5 (0)).
Therefore

P(puen(T + ¢u(1) — ¢4(0)) = NM—v(x/ + ¢u(1) — ¢4(0)) > P(Eyev(z, xl))

Proof. From representation (3.10), we have jy¢(z) = ¢35, +max(¢l,_,, z)~max(¢2,_,, 2);

let z, 2’ be any two reals. If both = and ' are greater than both ¢!, , and Phi2_,, then

Puen(T) = $3y = puco(2’). If both z and z’ are smaller than both ¢}, , and Phi2_,,
then pye o(x) = @3, + Ol — D2y = puco(z’). The result follows from applying the
above observation to = + ¢,(1) — ¢,(0) and z’ + ¢, (1) — ¢, (0). O

Note that Lemma 5 implies that the probability that coupling does not occur Py (z+

du(1) — ¢4(0)) # puco(z’ + ¢p(1) — ¢,(0))) is upper bounded by the probability of
(Eyevy(z,2'))¢. When obvious from context, we drop the subscript u «+ v. We will of-

ten use the following description of (Ez,z'))¢: for two real values z > «’,

(E(z,2")° =
{min(¢?, ¢%) + ¢4(0) — (1) < = < max(¢', ¢?) + ¢u(0) — ¢ (1) + . — 2’} (3.23)

Uniform Distribution: Proof of Theorem 5

In order to prove Theorem 5, we compute the coupling parameters a, b for this distribution
and apply the second form of Theorem 8.

Lemma 6. The network with uniformly distributed rewards described in section 3.2 exhibits

(a,b) coupling with a = 21721 and b = %

Proof. For any fixed edge (u,v) € G, ¢._, and ¢2,_, are i.i.d. random variables with a

triangular distribution with support [—~2I5,2I5] and mode 0. Because ¢., , and ¢2,_, are
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i.i.d., by symmetry we obtain:

P((E(z,2"))%) =
215 21

2 . dP g (a1) dIP¢2(a2) P(a1 + ¢u(0) — ¢u(1) <2 < $4(0) — ¢o(1) + a2+ — a') =
21> 21>
2 . dIP¢1 (al) dIP¢2(a2) P(:C/ —ag < ¢v(0) — ¢v(1) <T-— a1)

The quantity P(z’ — az < ¢»(0) — ¢»(1) < z — a;) can be upper bounded by —2——1-—“ R

and we obtain:

21> 215
dIP¢1 (al) dP¢2 (ag)(ag — al)

ay

z—2z 1

P(E(ﬂ}"x’)c) — 2[1 + I_l or
—zl2

Note that dPy:(a2) = 412 (ag + 2I5)d(az) for az <0, and dPy2(az) = 41.2 (215 — az)d(ag)
for ag > 0; identical expressions hold for dP4:(a1). Therefore, for a; > 0,

212 1 21
dPa(az)(az — a1) = —2/ (21, — as)(az — a1) d(as)
ai 412 ai
1 215 212
— (- [ eh-wlde) + R -a) / (21, — az)d(az))
2 31
1 1 1 1
= 4—1_%( — —?;(212 — a1)3 + 5(2[2 — al) ) 24[2 (2[2 — a1)3
Similarly, for a; <0,
215 1
. d]P’¢2(a2)(a2 — al) = — 24]2 ((1,1 =+ 2]2)
The final integral is therefore equal to:
21, 215
d]P’¢1 (al) dP¢2 (ag)(az - al)
—2I5 al
: (/O ((a1 +2I5)(—a1 + L (@ +2r )*)d( )+/212 L @D - ay)td(a ))
= -— a a — —
4]22 o, ay 2 1 24]-2 1 2 1 o 2413 2 1 1
1 24 4 7
= —|—= —1I
4122(15I 15[2) 157
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Finally,

L |zr-2| I |rx—2
P((E ey« =4 4l e M 21
(Ble2)) < -+ 55 <o, * o

Therefore, the system exhibits coupling with parameters (5%, 5};) (]

We can now finish the proof of Theorem 5. For all (u,v) € F and z,y € X, |pun(z,y)| <
I,. Therefore, for any (u,v), |Yuu| = [u,0(1; 1) = ¢uw(0,1) — ¢u,0(1,0) + ¢u(0,0)| < 415.

Note that for all edges, |Ye| < 41, so that the condition S(A —1)? < 1 implies TIf;(A —
1)+ %(A —1)2 < 1. Since (A — 1) < (A —1)2, if B(A —1)?2 < 1 we also have 2—%—(A -
1)+ %(A —1)? < 1. This is exactly condition (3.14) with a,b as given by Lemma 6 and
Ky = 4I,. Tt follows that G exhibits exponential correlation decay, and since Assumptions
1 and 2 hold, all conditions of Corollary 2 are satisfied, and there exists an additive FPTAS
for computing Jg.

Gaussian distribution: Proof of Theorem 6

In this section, we compute the coupling parameters for Gaussian distributed reward func-
tions. Rather than considering only the assumptions of Theorem 6, we adopt a more
general framework. The proof will then follow from the application of Theorem 8 (first
condition) and a special case of the computation detailed below (see Corollary 3). Assume
that for every edge e = (u,v) the value functions (¢ »(0,0), ¢y (0, 1), Py (1,0), Py (1,1))
are independent, identically distributed four-dimensional Gaussian random variables, with
mean p = (44)ie{00,01,10,11}, and covariance matrix ' = (Sy;); je{00,01,10,11}- For every node
v € V, suppose ¢,(1) = 0 and that ¢,(0) is a Gaussian random variable with mean x, and
standard deviation o,. Moreover, suppose all the ¢, and ¢. are independent for v € V,
e € E. Let

2 2 2 2
o1 = S10,10 — 251011 + S11,11 + 0, a5 =8S00,00 — 2500,01 + So1,01 + 05
2 _ 2
-1 2 09 — 0]
p = (0102)" (S00,10 — So0.11 — Sor,10 + Sor,11 +0p) O =———5— PO
\/(‘71 + 05)* — 4p®cio;
0% = 0% + 03 +2po109 0% =0? + 03 — 2pay0y

Proposition 10. Assume C < 1. Then the network ezhibits coupling with parameters
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(a,b) equal to:

1 / / |oo + p11 — p10 — o1l
a =— arctan (
s 1- 02 O'X

21
TOoOXxX

b=

Corollary 3. Suppose that for each e,(¢¢(0,0), pc(0,1),9c(1,0),0e(1,1)) are i.i.d. Gaus-

stan variables with mean 0 and standard deviation o.. Let 8 = 0—,2%2' Then a < 8 and
€ P

bKy < B.

Proof. Under the conditions of corollary 3, we have 0}2/ =402, ag( = 403 +402, and C = 0.
Note also that K¢ < 20, By Proposition 10, the network exhibits coupling with parameters

2
e

02 + 02

1 1 2
b=4/ -——=——=—= and bKy <1/ =B <
277\/?man 50, > 7{_/6_/8
€ D

)<ip<p

1
a =— arctan (
T

]

Note that if o, — 0, then 8 — 0 and correlation decay takes place; moreover, combining
Corollary 3 and Theorem 8 (condition (3.13)) directly yields Theorem 6.

Proof of Proposition 10 . Fix an edge (u,v) in E; for simplicity, in the rest of this section

denote @' = ¢, + ¢,(0) — ¢y (1) and ¢ = ¢2,_, + o (0) — po(1). It follows that (¢, )
follows a bivariate Gaussian distribution with mean (u1, u2):

p1 = p10 — p11 + pp and pg = poo — po1 + Kp

Sy = % poyiog
pPo109 U%
Let X = g_bl + 52, Y = 52 — 51. Then, (X,Y) is a bivariate Gaussian vector with means

E[X] = p1 + p2 and E[Y] = py — 1, standard deviations ox,oy and correlation C as
defined previously. Denote also X SX_-E [X] and Y SY-E [Y], the centered versions

and covariance matrix
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of X and Y. Consider two real numbers z > z’, and let (b, t) be the two real numbers such
that x = b+ ¢/2, ' = b — t/2. From Equation (3.23), we have

(E(z,2))° = {min(¢',8°) — t/2 < b < max(¢',$) + t/2}

The first step of the proof consists in rewriting the event (E(xz,z’))¢ in terms of the variables
X,Y:

Lemma 7.
(BE(z,2") = {[Y| > |X — 2b| — ¢}

Proof.

(E(z,2")° ={min(§,§") — t/2 < b < max($', &) + t/2)
={3' —t/2<b< @ +1/2,6 <P} U{(F —t/2<b<d +/2Y <0,3 <3}
={20' —t<2<20 +t,6 <FIU{2F —t<2<25 +1,8 <$)
=X -Y - t<2<X4+Y+t,Y>0} U{X+Y —-t<2<X-Y+tY <0}
={(X —2b)— Y| -t <0< (X =2b)+|V|+t}
={Y|> (X -26-t}N{]Y] > (2~ X —t)}
={|Y| > |X — 26| - )

For any b and t > 0, let S(t) = {z,y : |y| > |z| — t}, and for any real z, let S(t,y) =
{z : ly| > |z| — t}. Note that S(t,y) is symmetric and convex in z for all y. Using the
lemma, we obtain:

! 1 (== pa+20)®  (y—pat+ )’
P((E)(z,2)) = / B s
(V@) 2w0,0yV1 — C? Js(1) e 2(1 - 02)( o2 o2
020y
1 1 (y—p2+m)?
N Ji—cz /), =P d 3.24
2rogoyV1 — CZ/y xp( 2(1 = C?) o2 ) 9(y)dy (3.24)
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where:

1 (z — p1 — pa + 2b)° (= 1 — p2 +2b)(y — po + 1)
gy =/ exp(— -2C dx
W 2€S(ty) Cai—cn o3 a0y )

Let 7y = (m_—‘“;z—ﬂib) and § = W Then:

2
o) = o) [ P g - O

Z—p1—pa+2b— Coz(y—uo+py)
Now, z — Cy = 7 . Recall Anderson’s inequality [Dud99]: let ~y

Oz

be a centered Gaussian measure on R¥, and S be a convex, symmetric subset of R¥.
Then, for all z, v(S) > v(S + 2). Since S(t,y) is a convex symmetric subset, by setting
2b = py + pg + %:Wl, it follows that

c? 1 )
< S — S S
oW = eXp(2(1 —c%)” )/mes(t,y) ol 203(1-C%)" e

Injecting that bound in Equation (3.24), we obtain:

¢ / 1 _ 1 (y—p2t 1)
PUEN (0 5 | oo g )
C*  (y—p2+m)? 1

e, 2
(exp(zu —n o )/xes(t,y) (- 5aq - )da ) dy
2

1 1 T (y — p2 + w)?
< exp(———— (= + (1 = CH) T L2722 ))dad
T 2mozoyV1 — C? /S(t) <P 2(1 - 02)(0% ( ) oy Needy

Finally, note that the triangular inequality, for any « we have S(t) C S, (t) 2 {(z,y) :
ly — a| > |z| — t — |a|}. We obtain:

1 1 2? (v — p2+ m)?
P((E)¢(xz,z")) < / (L 4+ (1-CHT T Y)dad
(B ) Sges | bl gy (5 + (- O sy
1 / 1 z? o Y2
< exp(————(— + (1 — C*)=))dzdy
2mogoyV1 — C? Js(t+|ua—pm) ( 2(1-C?) (Ua2c ( )05))

where the second inequality follows from a simple change of variable. Let ¢’ =t + |u2 — p1]
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Finally, we decompose S(t') as the union of two sets: S(t) = Sint(T) U Sout(t), where:

Sint (tl)
Sout(t,)

{(X,Y):|X| <t}
{(X,Y) :|X] >t and Y] > (|X] =)},

and note that Siyt(t') N Sout(t') = 0. We have:

2t/

V2m(1 — C?)o,

]P(Sint (tl)) <

and, by symmetry of Sout(t') in X and Y,

P(Sous(t)) =4P({(z,y) : x > t,y > 0,y > z — t})
1

2 / z? N
. S— exp(— ———= (= + (1 — C)L)) dady
mozoyV1 — C? J{(@y)a>ty>0y>c—1) ( 21 -¢?) (‘73 ( )"5 )

Using the change of variables (z/,y") = ( \/If_gf%, -Uly),we get:

2 v
P(Squt (t' :—/ exp(—(z' + ——=———)% — ¢/?) )dz'dy’
(Soult) T J{(ay):a' >0,y >0,y > IEN2Em VUL‘CZ '} ( (= V1-C? Ua:) )>

Since (z/ + ——4—=—)2 > 2’2, it follows that:
V1-C2? o,

P(Sow (1) <=

exp(—z" - y’g))dxdy
" /{‘“"y')ﬁ“f’>0yy'>0,y'z@y} (

By using a radial change of variables (z',y’) = (r cos(f),rsin(f)) we can compute exactly
the expression above, and find:
2

P(Sous(t')) <=

2
exp(—r”)rdrdf
T /{‘(7',9)17‘>0,arctan( @)SQS %} ( )

1
=— arctan(
™

oy )
oz V1 —C?

85



P((E)%(z,2)) < (%arctan(L) + 2 |p- #1!) N 2t

ovi-c2  \71=C?) o, (1= C%)ox
(3.25)
which gives us the desired bounds on (a, b). O

3.5 Decentralization

In this section, we consider another property obtained as a result of the correlation decay
property, specifically, the decentralization of optimal solutions. In economics, the field
of team theory [Mar55, Rad62, MRT72] tries to quantify the minimal suboptimality losses
incurred by a team of agents when each of them takes a decision with limited information.
For instance, we may consider a set of decision networks D and a function ¢ from {(G,v),G €
D,v € G} to some set called information set Z. We explicitly assume that 4 is not one-
to-one. Then, we consider some scheme ¢ : Z — x and assume that each agent v in a
network G of D uses the scheme ¢ to choose its decision: VG € D,Yv € G, x, = ¥(f(G)).
The main research question is to devise a scheme ¢ which minimizes some measure of the
suboptimality loss Fg(z) — Fg(v¥(f(G))).

An interesting question raised in [RR03] asks what the cost of decentralization is for a
team of agents. In other words, if we assume that each node only receives local information
on the network topology and costs, what kind of performance can the team attain? For any
node v and integer r > 0, we recall that N denotes the subnetwork induced by Bj. We call
decentralized algorithm ¢" of radius r a function that takes as input a local neighborhood
NI and outputs a decision € x. The corresponding decentralized solution is x”, defined
by x"(v) = " (N7) for any v € V. A decision made with only partial information is likely
to be suboptimal, and precisely how much is lost by discarding nonlocal information is
measured by the following quantity:

1

mE [Fg(z)] — E [Fg(=")]

It should be clear at this point that the CE algorithm in fact provides a decentralized
solution, that is, 2} = argmax,CE[G, u,r, z] is a decentralized decision of radius r for node
v. Therefore, another way to interpret Theorem 7 is that the decentralization suboptimality

loss is essentially upper-bounded by the rate of correlation decay.

86



The main result of [RR03] states that for a chain of agents (i.e., a decision network
for which the graph is a line), the cost of decentralization using randomized decentralized
algorithms can be upper bounded by 5 for any 0 < a < 1. We will show that their
result is a special case of our coupling theorem. Assume that the functions ¢uv and ¢, are
deterministic and bounded by Kgs, and that A = 2, so that (V, E) is a disjoint union of

path and cycles. For given r € Ny and 6 > 0, construct x™ as follows:

1. For each node v € V, force z, to 0 with probability é, and leave xz, undecided

otherwise

2. For each undecided node v € V, run the cavity algorithm with depth r and choose
the action which maximizes the approximate cavity function obtained by the cavity

algorithm.

Proposition 11. If A = 2 and if for all (u,v) € E, 2y, z, € X, we have |¢y(Ty, Ty)| <
Kg a.s. and |¢py(zy)| < Ks a.s., then for any r > 0, there exists § > 0 such that the
suboptimality gap of x™° is bounded by L(|V| + |E|)l9g, where L is a constant which
depends only on Kg.

Proof. Let 6 > 0, and let (hy)uey be a family of i.i.d. Bernoulli random variables with
probability 4. For each u € V, the action z, is forced to 0 if h, = 1.

Consider the modified network G° = (V, E, ¢°, x), where for any wu, if h, = 1, the
potential function ¢,(1) is changed to —oco (¢,(0) is unchanged), and for any (u,v), if
hy, = 1, the interaction function ¢y (v,2y) is changed to ¢, ,(0,z,) (and becomes a
function of x, only). Let x° be the optimal solution of G%, and x be the optimal solution
of G. Let H={u€V : h,=1},and let E' = {(u,v) :u &€ Hyv ¢ H}.

F(x°) =F5( )

Z ¢uv($u>1’v +Z¢u(1’u)+ Z ¢uv( w v +Z¢u($

(u v)EE’ ugH (u,v)EE\E’ ueH

Subtracting this quantity from F(x), we obtain:

Fo)=FO) S Y louned,ad) - duplen o)l + 3 1u(al) — du(a)]

(u,v)EE\E’ ueH

<6Ko|H|

87



We have E|H| = |V|4. By taking expectations, we obtain
E[F(x) - F(2)] < 6Kg 6|V |

Let us now prove that forcing some variables to 0 induces coupling in the network with
value function F%: remember that for any message sent on an edge (u,v), |tuv(B) —
pruen(B')] < |Yup|- But if by, =1, then ¢y (x4, zy) is actually ¢y (2y,0) and it immedi-
ately follows in that case that Y, , = 0. Therefore, for any two messages p, i/ sent on the

computation tree and started with different boundary conditions, we have

Plu=p)>0

It follows the system has distance-dependent coupling with parameters (a,b), with a =
(1—4¢) and b=0. Since A =2, a(1 —A) = (1 -6) < 1 and by Proposition 8, the network
exhibits exponential correlation decay. By Equation (3.4), there exist constants K, Ko

which depend only on K¢ such that
E[F(x) — F(x™°)] < ([V|+ |E|)K16 + K2(1 — )"

By choosing § = , it follows that

E[f(x) - f(x")] <(|V|+IEI)K1—+Kzexp(r10g(1—5))

log r
g<rV|+|E|>K1—+K2exp<—r &7)
10 r
<(V|+ |ENK g +K2-
logr
<(IV|+|E)L e

3.6 Regularization technique

The main caveat of Proposition 9 is that Assumption 1 does not necessarily hold. In fact,
it definitely does not apply to models with discrete random variables &, and ®,,,. We now

introduce an idea of regularization via a small perturbation of ®,, ®,, .
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Let Z,.,v € V,z € x be a collection of independent standard Gaussian random vari-
ables. Fix § > 0 and consider ®,(z) = ®,(z) + 6Zy ;. Let G = (V, E, ®,,®,,). In other
words G is obtained from G by perturbing the potential functions ®, with 0Zyz. Also let
x and X be (any) optimal decisions for the networks G and G, respectively. Denote by
Bv(az) the corresponding bonus function. Then we find that the bonuses in the regularized

network G have bounded density, and that the functions F and F reach similar values

Proposition 12. For every x # y, By(z) — By(y) is a continuous random variable with

density bounded above by ﬁ. Moreover, for any random vector z, we have:

E|F(z) — F(z)] < T\/g V8. (3.26)

While we will not do it here, it is easy to use Equation (3.26) to show that a near-optimal

solution for the regularized network G is also a near-optimal solution for G.

Proof. We have:
Bu(.’.lt) - Bu(y) = Bu(l') - Bu(y) + 5Zu,m - 6Zu,y«

Let D = By(z) — By(y) and D = By (x) — B,(y). Since Z, , — Zyy is a zero mean Gaussian
random variable with variance 2, then for every ¢ € R and h > 0, by conditioning on
Zux — Zuy, We obtain:
_ +o0 1 w2
Pt<D<t+h) = e w@Pt-u<D<t+h—u)du

—00 VAT

1 +00 L J h

—_— Pt—u<D<t+h—u)du <——,

Vdnd /_oo ( ) VAard
where the last inequality follows from the fact that, for any random variable X with
E|X| < 400,

o0

/ Ple <X <z+h)dz < h

—00

Taking the limit for A — 0, we conclude that D has a density and which is bounded by

—L__. Finally, we have:

NZTT 3
|F(z) = F(2)] <6 ) | Zuyl
vy
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which implies

E|F(z) — F(2)| < T\/%IVM
O

Finally, we will show that the regularization technique can only improve the coupling

technique of section 3.4:
Lemma 8. If G ezhibits (a,b) coupling, then for any 6 > 0, G also exhibits (a,b) coupling.

Proof. Let Z = Zy) — Zyo. Then ®,(1) — ®,(0) = ®,(1) — ®,(0) + Z. For any z,z’

P(us(z + Bo(1) = 4(0)) = pucala’ + Bo(1) = 84(0))) =

/dPZ(z)IP(p%_v(x 2+ Dy(1) = B0(0)) = prucsla’ + 2 4 Dy(1) — B4(0)))

¥4

Applying definition (3.11) to = + z and z’ + z, we obtain

P(Nm—v(x + (i)v(l) - <i)v(o)) = puco(2' + @y(1) — (i)v(o))) 2 /dPZ(z)((l —a) —blz — xll)

¥4

>(1—a)—blz -7

3.7 Conclusions

In this chapter, we introduced a new definition of correlation decay adapted to optimiza-
tion problems in arbitrary graphical models, and sought out the connections between the
correlation decay property and the near-optimality of the Cavity Expansion algorithm. We
have shown that such connections do indeed exist: graphical models with random costs
often exhibit the correlation decay property, and therefore admit near-optimal approxima-
tion algorithms. We have identified a variety of models which exhibit the correlation decay
property and we have proposed a general-purpose coupling technique which demonstrates
when the property holds. However, this technique is limited to settings where all costs are
bounded, and is thus restricted to settings without any hard constraints. This limitation

prompts the question of whether the correlation decay property can be proven to hold
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for constrained optimization problems. In Chapter 4, we will study the correlation decay

phenomenon for a combinatorial optimization problem with constraints.

91



92



Chapter 4

Correlation decay and average-case
complexity of the Maximum

Weight Independent Set problem

4.1 Introduction

In this chapter, we investigate whether the correlation decay analysis of Chapter 3 can be
extended to combinatorial optimization problems, in particular, the Maximum Weighted
Independent Set (MWIS) problem.

The problem of finding the largest independent set of a graph is a well-known NP-
complete problem. Moreover, unlike some other NP-complete problems, it does not admit
a constant factor approximation algorithm for general graphs: Hastad [Has96] has shown
that for every 0 < § < 1 no n'~% approximation algorithm can exist for this problem unless
P = NP, where n is the number of nodes. Even for the class of graphs with largest degree
at most 3, no factor 1.0071 approximation algorithm can exist, under the same complexity-
theoretic assumption; see Berman and Karpinski [BK98|. Similar results are established in
the same paper for the cases of graphs with maximum degrees 4 and 5 with slightly larger
constants. Thus, the problem does not admit a PTAS (Polynomial Time Approximation

Scheme) even in the least non-trivial class of degree-3 graphs.

The study of correlation decay in the context of combinatorial optimization was in-
troduced by Aldous [Ald92],[A1d01],[AS03] in the context of solving the well-known ((2)

93



conjecture for the random minimal assignment problem. More recently, a different average
case model was considered in Gamarnik et al. [GNS06]: the nodes of an Erdos-Rényi graph
(with average degree c) are equipped with random weights distributed exponentially. The
authors show that when the problem exhibits correlation decay, they are able to compute
the limiting expression for the maximum weight independent set. Correlation decay was
proven to hold in the regime ¢ < 2e, and similar results were established for r-regular
graphs with girth diverging to infinity for the cases r = 3,4. They also show that the
correlation decay property does not hold when r > 4. The local-weak convergence/cavity
method thus was used extensively, but only in the setting of random graphs, which are
known to have a locally tree-like structure.

In this chapter, we extend the correlation decay analysis to general graphs. The ap-
plication of the Cavity Expansion algorithm in a randomized setting has a particularly
interesting implication for the theory of average case analysis of combinatorial optimiza-
tion. We consider an arbitrary graph with largest degree at most 3, where the nodes are
equipped with random weights, generated i.i.d. from an exponential distribution with pa-
rameter 1. Surprisingly, we discover that this is a tractable problem — we construct a
randomized PTAS, even though the unit weight version of this problem (maximum car-
dinality independent set) does not admit any PTAS, as mentioned above. We extend
this result to more general graphs but for distributions which are mixtures of exponential
distributions.

Furthermore, we show that the setting with random weights hits a complexity-theoretic
barrier just as the classical cardinality problem does. Specifically, we show that for graphs
with sufficiently large degree the problem of finding with high probability the largest-
weight independent set with i.i.d. exponentially distributed weights does not admit a
PTAS. This negative result is proven by showing that for large degree graphs, largest-
weighted independent sets are dominated by independents sets with cardinality close to
largest possible. Since the latter does not admit a constant factor approximation up to
oA/ 2‘/@) multiplicative factor [Tre01], the same will apply to the former case.

4.2 Model description and results

Consider a simple undirected graph G = (V,E), V = [n] = {1,2,...,n}. A set of nodes
I C V is an independent set if (u,v) ¢ E for every u,v € I. The quantity a = a(G) =

max |I| is called the independence number of the graph, where the maximization is over all
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independent sets. Let I° = I denote the independent set with the largest size: |I5| = a.
In cases where we have several such independent sets, let I® be any such independent set.

Suppose the nodes of the graph are equipped with weights W; > 0,7 € V. The weight
of an (independent) set I is > .; W,. The maximum weight independent set problem is
the problem of finding an independent set I with maximum weight. It can be recast as a
decision network problem G = (V, E,®,{0,1} by setting ¢.(0,0) = ¢(0,1) = ¢.(1,0) =
0,9e(1,1) = —oo for al edges e € E, and ¢,(1) = Wy, ¢,(0) =0 for all v € V.

In this chapter we consider a variation of the MWIS problem, where the nodes of the
graph are equipped with random weights W;,i € V| drawn independently from a common
distribution F(t) = P(W < t),t > 0. The goal is again to find an independent set I with
the largest total weight W (I) £ 3", , W;. Naturally, this problem includes the problem of
computing «(G) as special case when F(t) is the deterministic distribution concentrated
on 1. Our main result shows that, surprisingly, the problem of finding maximum weight
independent set becomes tractable for certain distributions F', specifically when F'is an
exponential distribution with parameter 1, F(t) = 1 — exp(—t), and the graph has degree
A < 3. Let I* = I*(G) be the largest weighted independent set, when it is unique, and
let W(I*) be its weight. In our setting it is a random variable. Observe that I* is indeed
unique when F is a continuous distribution, which is our case.

We now state our first main result:

Theorem 9. There ezists an algorithm which for every G = (V,E) with Ag < 3, and
every € > 0, produces a (random) independent set T such that

P (I;//((;)) >14 e) <, (4.1)

when the node weights are independently and exponentially distributed with parameter 1.
The algorithm runs in time O(nZO(G_QIOg(l/e))), namely it is an EPRAS.

Remarks:

1. Our algorithm, as we shall see, uses randomization, independent of the underlying
randomness of the instance. Thus, the probabilistic statement (4.1) is with respect
to two sources of randomness: randomness of weights and randomization of the

algorithm.
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2. The choice of parameter 1 in the distribution is without the loss of generality, of

course: any common parameter leads to the same result.

3. Observe that the running time of the algorithm is actually linear in the number
of nodes n. The dependence on the approximation and accuracy parameter € is
exponential, but the exponent does not involve n. In fact our algorithm is local in

nature and, as a result, it can be run in a distributed fashion.

The exponential distribution is not the only distribution which can be analyzed in this
framework. It is natural to ask if the above result can be generalized, and in particular to
wonder if it is possible to find for each A a distribution which guarantees correlation decay
holds for graphs with degree bounded by A. It is indeed possible, as we extend Theorem 9,
albeit to the case of mixtures of exponential distributions. Let p > 25 be an arbitrary
constant and let a; = 5> 1.

Theorem 10. There ezists an algorithm which for every G = (V, E) with Ag < A and
€ > 0 produces a (random) independent set T such that

W (I*)
¥ ( W)

>1+ e) <€, (4.2)

when the nodes weights are distributed according to P(W > t) = %lejg A exp(—ayt).
The algorithm runs in time O(n(%)A) , namely it is an FPTAS.

Note that for the case of a mixture of exponential distributions described above, our
algorithm is in fact an F(fully)PTAS as opposed to an EPRAS for Theorem 9. The reason
for this (rather the reason for the weaker EPRAS result) is that in order to establish the
correlation decay property for the case of exponential distributions we need, for technical
reasons, that the average degree is strictly less than two. Thus, our algorithm is preempted
by preprocessing consisting of deleting each node with small probability § = é(e) indepen-
dently for all nodes. This makes the correlation decay rate dependent on & and ultimately
leads to an exponential dependence on €. On the other hand, for the case of a mixture
of exponential distributions, we will show a correlation decay rate which holds for every
degree (by adjusting the weights in the mixture).

Our last result is a partial converse to the results above; one could conjecture that

randomizing the weights makes the problem essentially easy to solve, and that perhaps
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being able to solve the randomized version does not tell much about the deterministic ver-
sion. We show that this is not the case, and that the setting with random weights hits a
complexity-theoretic barrier just as the classical cardinality problem does. Specifically, we
show that for graphs with sufficiently large degree the problem of finding with high prob-
ability the largest-weighted independent set with i.i.d. exponentially distributed weights
does not admit any PTAS. We need to keep in mind that since we are dealing with in-
stances which are random (in terms of weights) and worst-case (in terms of the underlying
graph) at the same time, we need to be careful as to the notion of hardness we use.
Assuming that the results of Theorems 9 and 10 hold (which we call “finding the MWIS
with high probability”), it can easily be proven that there exists a PTAS for computing
the deterministic number E[W (I)*], the expected weight of the MWIS in the graph G
considered. However, we show that if the maximum degree of the graph is increased, it is

impossible to approximate the quantity E[W (I)*] arbitrarily closely, unless P=NP.

Theorem 11. There exist Ao and ci, c5 such that for all A > Ay the problem of computing
E[W (I)*] to within a multiplicative factor p = A/(c}log A2%VI98 2 for graphs with degree
at most A is NP-complete.

In principle, we could compute a concrete Ag such that for all A > Ay the claim of
the theorem holds. But computing such A explicitly does not seem to offer much insight.
We note that in the related work by Trevisan [Tre01], no attempt is made to compute a
similar bound either.

The main idea of the proof is to show that the difference between the largest weighted
independent set and the largest independent set measured by cardinality is diminishing
in A. A similar proof idea was used in [LV97] for proving the hardness of approximately

counting independent sets in sparse graphs.

4.3 Cavity expansion and the algorithm

We begin by establishing the cavity recursion CE in the special case of MWIS. In this section
we consider a general graph G, whose nodes are equipped with arbitrary non-negative
weights W;, i € V. Thus, no probabilistic assumption on W; is adopted yet. Note that for
the Independent Set problem, we have Jg = W(I*), and for any (i1, ... ,ir), Jg g,,..:,)(0) =
Jo\{i,...ir}> Where G\ {i1,... 4.} is the subgraph induced by nodes V'\ {i1,...,d,}. For
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any node i, we define the quantity Cg(i) = Jg — Jg\ (3}, which will be called censored cavity
at node 1.

Proposition 13. Given i € V, let N(i) = {i1,...,i,}. Then

Cg(i) = max (0, W; — Z Cg\{i,il,..,,il_l}(il))y (4.3)

1<i<r

where Elglgr = 0 when N(i) = 0. Moreover, if W; — Zlglgr Cg\{z‘,il,...,i,q}(il) > 0,
namely Cg(i) > 0 then every largest weight independent set must contain i. Similarly if
W; — lelgr Co\{ii1,...iu_1} (1) <0, implying Cg (i) = 0, then every largest weight indepen-
dent set does not contain i.

Remark: The proposition leaves out a ”fuzzy” case Wi—> 1 <)<, Ca\{ijis,....i_1} (41) = 0.
This will not be a problem in our setting since, due to the continuity of the weight distribu-
tion, the probability of this event is zero. Modulo this tie, the event Cg(i) > 0(Cg(i) = 0)
determines whether ¢ must (must not) belong to the largest-weighted independent set.

Proof. Observe that
Jg = max (Jg\{i}> Wi + JQ\{i,il,.‘.,ir})

Subtracting Jg\ ;) from both sides, we obtain

Cg (i) = max (0, Wi — (Jo\(iy — Jg\{i,h,,..,u}))

Observe further,

Jo\{iy — Jo\{iyir, e} = Z Jo\{iir,.viio1) — JON\{iitenit}

1<i<r
= Z Cg\{zazlavzl—l}(ll)
1<i<r
The proof of the second part follows directly from the analysis above. O

Let us now relate the above theorem and notations in terms of the more general result

of Chapter 2. It is easy to see that for independent sets, for i = (ij,49,...,4;),we have
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Jo\{i1,42,...,4} = Jgi(0,0,...,0). From Theorem 1, we have

Bg ;= Jgi(1) — Jgi(0) = W; + Zﬂi(—il(l,cg(i,l),il)
.

In the decision network formulation of MWIS, we have ¢.(z,y) equal to —oo for (z,y) =
(1,1) and 0, otherwise. Therefore, by definition of y1;.;,, we have

tiei, (1, Bg(i1),i,) = max(—oo + Bg 1y,0) — max(Bg; ),0)
= — max(Bg( ), 0)

Thus, we have

Bgi=W;— > max(Bg(,0)
1

which gives

max(Bg ;,0) = max(0, W; — Z max(Bg; 1), 0))
I

This is exactly the specialized cavity recursion (4.3), when setting Cg(i) = max(Bg,0),
and supposing G(i,1) = G\ {é,%1,...,%-1}. By carefully looking at the definition of G(i,1),
we can see this is indeed the case, and therefore Equation (4.3) is a special case of Equation
(2.3) when applied to the “censored cavities” or C = max(B,0), for the problem of MWIS.

We now construct quantities which provide bounds on the cavity C. For every induced
subgraph H of G every t = 0,1,2,... and every i € V define C,(4,t) recursively as follows.
Let Ny (%) = {é1,...,ir}. Then,

, t=
Coi,t) = _ 44
H ) { max (0, VI/Z - ZISIST C;\{i,’il,.‘.,’il_l}(zl’t - 1)), t Z 1 ( )
CHty =4 P Y )
1, = _ . .
X max (0, Wi = Srcicr Cosian. iy (it = 1)), t>1.

By Proposition 13, if it was the case that C;l\{i i il—l}(il,t = 1) = Cap\fiia,.ir_1 3 (00)
for all I, then C3;(i,t) = Cy(i,t). The same applies to C3(i,t). However, this is generally

not the case due to our ”incorrect” initialization C(4,0) = 0. Our goal is to show using
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correlation decay that when ¢ is sufficiently large, C7 (4, t) is approzimately correct. Show-
ing this is the subject of the next section. We now close this section by giving two helpful
lemma, before describing the modified Cavity Expansion algorithm used for the proof of
Theorem 9.

Lemma 9. For every G with degree A, i € V(G) and t, the quantities Cg(i,t),Cg(i,t)
can be computed in time O(tA?).

The proof follows directly from Proposition 7.
It turns out that Cy(i,t) and Cj(4,t) provide valid bounds on the true cavities Cy(3).

Lemma 10. For every t,
Cuist) < Cu(i) < G4 (ist),

Proof. The proof is by induction in ¢, and is a special case of Theorem 4. The assertion
holds by definition of C~,C" for t = 0. The induction follows from (4.3), definitions of
C~,C™" and since the function £ — max(0, W — z) is non-increasing. O

We now describe our algorithm for producing a large weighted independent set. Our
algorithm runs in two stages. Fix ¢ > 0. In the first stage we take an input graph
G = (V, E) and delete every node (and incident edges) with probability €2/2, independently
for all nodes. We denote the resulting (random) subgraph by G(e). In the second stage
we compute Cg 6)(i, r) for every node i for the graph G(e) for some target even number of
steps r. We set Z(r,e) = {i : C(_;(e)(i,r) > 0}. Let I be the largest weighted independent
set of G(e).

Lemma 11. Z(r,¢€) is an independent set.

Proof. By Lemma 10, if Cg(e)(i,r) > 0 then Cg(y) > 0, and therefore Z C I}. Thus our
algorithm produces an independent set in G(€) and therefore in G. O

Due to Lemma 9, the complexity of running three stages of CA(t,€) is O(nt Al). As
it will be apparent from the analysis, we could take Bg, instead of Bgo and arrive at the

same result. We now proceed to the analysis of the Cavity Expansion algorithm C A(¢, €).
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4.4 Correlation decay for the MWIS problem

In this section, we will prove Theorem 9. The main bulk of the proof will be to show that
Z(r,€) is close to IF in the set-theoretic sense. We will use this fact to show that W (Z(r,¢€))
is close to W(IF). It will be then straightforward to show that W (I}) is close to W (I*),
which will finally give us the desired result, Theorem 9. The key step therefore consists in

proving that the correlation decay property holds. It is the object of our next proposition.

Correlation decay property

We first need introduce for any arbitrary induced subgraph H of G(e), and any node
i in H, introduce My(i) = Elexp(—Cxu(i))], My (i,7) = Elexp(—Cy(i,7))], Mj;(i,r) =
Elexp(=Cy(i,7))].

Proposition 14. Let G(e) = (V,, E¢) be the graph obtained from the original underlying
graph as a result of the first phase of the algorithm (namely deleting every node with
probability § = €2/2 independently for all nodes). Then, for every node i in G(€) and

every T
P(Cg(o(i) = 0,0, (i,7) > 0) < 3(1 — €2/2)", (4.6)
and

P(Cg(o)(i) > 0,Cg (3, 7) = 0) < 3(1 — €2/2)". (4.7)

Proof. Consider a subgraph H of G, node i € H with neighbors Ny (i) = {i1,...,i4}, and
suppose for now that the number of neighbors of 7 in G is less than 2.

Examine the recursion (4.3) and observe that all the randomness in terms Cap (5.4, .5, } (i1)
comes from the subgraph # \ {3,¢1,...,%4_1}, and thus W is independent from the vector
(Ca\fiir,.i_1}(01), 1 < 1 < d). A similar assertion applies when we replace Cy\ i i,.....i,_,} (%)
with C”}_t\{i,h,...,iz_l}(il’ r) and C;\{i,il,...,il_l}(il’ r) for every r. Using the memoryless prop-

erty of the exponential distribution, denoting W a standard exponential random variable,
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we obtain:

Elexp(—Cr(i))l D Confisis,ir_}(01) = 2] =P(W; < z)Elexp(0)]+
1<i<d

Elexp(—(W; — z)) | W; > z|]P(W; > z)
=(1 —P(W; > z)) + E[exp(—W)|P(W; > z)
=(1-P(W; > x)) + (1/2)P(W; > z)
=1-(1/2)P(W; > x)
=1—(1/2)exp(—x) (4.8)

It follows that
Elexp(—Cx(i))] = 1 — (1/2)Eexp (— > CH\{i,il,...,il_l}(il))
1<i<d

Similarly, we obtain

E [exp (—C3(i,7))] =1 — (1/2)Eexp(— z %\{”1 ll_l}(il,r - 1))

1<i<d

E [exp (~C5(i,m))] = 1= (1/2Bexp(= Y Copinn sy (inr = 1)

1<i<d

Since 7 had two neighbors or less G, it also has two neighbors or less in H. For d = 0, we
have trivially My (i) = M, (i) = M} (i). Suppose d = 1: Ny (i) = {i1}. Then,

Mj(iy7) = My (iym) = (1/2) (E [exp(=Cp g (i1, = 1)] = Elexp(—Ci 5y (in,7 = )] )
= (1/2) (Mjp gy (i, = 1) = M g1, = 1)) (4.9)

Finally, suppose d = 2: N(i) = {i1,i2}. Then

My, (i,7) — M;_'Z(i,r) = (1/2)E [exp( \{ }(11,7' -1)- C';{\{Ml}(z'g,r - 1))]
~ (1/2)E |exp(=C 3y (i1,7 = 1) = Cp 51y (i2e7 = 1))
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— (1/2)E [exp(—C';l\{i}(z'l,r — D) (exp(=Cipy 11y (i2e7 = 1)) = exp(=Cify 11y (12,7

- 1)]

+ (1/2)E [exp( \{l Zl}(z2a 1))(exp(—C \{l} (1,7 — 1)) — exp(-—C;\{i}(il,r - 1))]

Using the non-negativity of C—,C* and applying Lemma 10 we obtain

0 < My (i,r) — M3 (i,r) < (1/2)(M7;\{i,i1}(i2,r -1) - M;\{i,il}(ig,r -1))

Summarizing the three cases we conclude

M (1) = M (iv7)| < (d/2) mx | M3 Gr = 1) = My (G = 1),

(4.11)

where the maximum is over subgraphs H’ of G and nodes 7 € H with degree less than 2 in
H. The reason for this is that in Equations (4.9) and (4.10); the moments M, (j,r — 1)
in the right hand side are always computed in a node j which has lost at least one of
its neighbors (namely, i) in graph H. Since the degree of j was at most 3 in G and one
neighbor at least is removed, j has at most two neighbors in H. By considering H N G(¢)

in all previous equations, Equation (4.11) implies

|M;mg(€)(i,r) N M?Irwg(e)(i’r)| < (d(¢)/2) %ai{ Mﬂ'n@(e)(j’r -1)- MHnQ(e G =1},
(4.12)

where d(e) denotes the number of neighbors of ¢ in H N G(e). By definition of G(e), d(e)
is a binomial random variables with d trials and probability of success (1 — €2/2), where d
is the deree of 7 in H. Since d < 2, E[d(e)] < 2(1 — €2/2). Moreover, this randomness is
independent from the randomness of the random weights of ‘H. Therefore,

E |M;}

g0 T) = Mapngo(6,m)| < (1 - €/2) max E Mo Gr = 1) = Myo o (G,r = 1)

(4.13)

where the external expectation is wrt randomness of the first phase of the algorithm (deleted
nodes). Let e,_; the right-hand side of (4.13). By taking the max of the left-hand side
of (4.13) over all (#H,j) where j has degree less than or equal to 2 in H, we obtain the
inequality e, < (1 —€2?/2)e,_;. Iterating on r and using 0 < M < 1, this inequality implies
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that e, < (1 — €2/2)" for all » > 0. Finally, it is easy to show using the same techniques
that Equation (4.11) holds for » = 3 as well. This finally implies that for an arbitrary node
¢ in G(e),

E Mg, (i) = Mg (i,r)| < 3/2(1 — &2/2)
Applying Lemma 10, we conclude for every r

0<E [exp(—Cg(e)(i, r)) — exp(—C’g(e)(i, r))} < 3/2(1 —€2/2)"

Recalling (4.8) we have

Elexp(—Cgo ()] =1 = (1/2)PW > Y Coienfiis,ir_1} (@) = 1 = (1/2)P(Cge (5) > 0),

1<i<d

Similar expressions are valid for Cg )(z',r)), Cg(e) (¢,7)). We obtain

€

0 < P(Cgy (i) = 0) = B(Cgy,, (é,7) = 0) < 3(1 - €2/2)"

Again applying Lemma 10, we obtain

(i,7) = 0,C

G(e) (¢,7) >0) <3(1 — 62/2)T

]P’(Cg(e) (Z) =0, Cg(e) (i, 7‘) > 0) < P(Cg_(e)

and

(i,2r) = 0,CT \(i,2r) > 0) < 3(1 — €2/2)*"

P(Cg(q) (i) > 0,Cg(i,2r) = 0) < P(Cg, G

G(e)

This completes the proof of the proposition. O

Concentration argument

We can now complete the proof of Theorem 9. We need to bound |W (I*) — W (I¥)| and
W (I} \ Z(r,e)) and show that both quantities are small.

Let AV, be the set of nodes in G which are not in G(e). Trivially, |W (I*) — W(I})| <
W(AV,). We have E [AV,] = €2/2n, and since the nodes were deleted irrespective of their
weights, then E [W(AV,)] = €2/2n.

To analyze W (I} \ Z(r,€)), observe that by (second part of) Proposition 14, for every
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node i, P(i € I} \ Z(r,€)) < 3(1 — €2/2)" 2 6. Thus, E|I* \ Z(r,¢)| < 61n. In order to
obtain a bound on W(I} \ Z(r,¢)) we derive a crude bound on the largest weight of a
subset with cardinality d1n. Fix a constant C' and consider the set V¢ of all nodes in G(¢)
with weights greater than C. We have E [W (V)] < (C + E[W — C|W > C]) exp(—C)n =
(C + 1) exp(—C)n. The remaining nodes have a weight at most C. Therefore,

EW(II\Z(r,e)] <E[W(((I2\Z(r, ) N Vo) UVE)] < CE(II \Z(r,€)]] +E Vo]
< Con+ (C+1)exp(—C)n.

We conclude
E[|W (I*) = W(Z(r,€))|] < €2/2n + Céin + (C + 1) exp(—C)n. (4.14)

Now we obtain a lower bound on W(I*). Consider the standard greedy algorithm for
generating an independent set: take arbitrary node, remove neighbors, and repeat. It
is well known and simple to see that this algorithm produces an independent set with
cardinality at least n/4, since the largest degree is at most 3. Since the algorithm ignores
the weights, then also the expected weight of this set is at least n/4. The variance of that
weight is upper bounded by n. By Chebyshev’s inequality

P(W(I*) < n/8) < - = 64/n.

(/&= n/8)

We now summarize the results.

P(%;‘)E)) <1-¢< P(% <1-eW(I")2n/8) +P(W(I") <n/8)
< P(|W(I*)‘;/(I;/;()I(Ta €))| > e, W(I*) > n/8) +64/n
< pW) —n‘/"g(f(’“’ N5 o) 4 64/n
L €/2+4CA -2 + (C+ Dexp(=C) | 64/n,

- €/8

where we have used Markov’s inequality in the last step and §; = 4(1—4)". Thus, it suffices
to arrange ¢ and C so that the first ratio is at most €¢/2 and assuming, without the loss of

generality, that n > 128/¢, we will obtain that the sum is at most €. It is a simple exercise
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to show that by taking r = O(log(1/¢)/e?) and C = O(log(1/¢)), we obtain the required
result. This completes the proof of Theorem 9. O

4.5 Hardness result

In this section, we prove Theorem 11.

Proof of Theorem 11. The main idea of the proof is to show that the weight of a maximum
weighted independent set is close to the cardinality of a maximum independent set. A
similar proof idea was used in [LV97] for proving the hardness of approximately counting
independent sets in sparse graphs.

Given a graph G with degree bounded by A, let I* denote (any) maximum cardinality
independent set, and let I* denote the unique maximum weight independent set corre-
sponding to i.i.d. weights with exp(1) distribution. We make use of the following result
due to Trevisan [Tre01].

Theorem 12. There exist Ag and ¢* such that for all A > Ag the problem of approz-
imating the largest independent set in graphs with degree at most A to within a factor
p=A/26°VIEA s NP-complete.

Our main technical result is the following proposition. It states that the ratio of the
expected weight of a maximum weight independent set to the cardinality of a maximum
independent set grows as the logarithm of the maximum degree of the graph.

Proposition 15. Suppose A > 2. For every graph G with mazimum degree A and n large

enough, we have:

EW(I)]

1<
- |

< 10log A.

This in combination with Theorem 12 leads to the desired result.

Proof. Let W(1) < W(2) < --- < W(n) be the ordered weights associated with our graph
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G. Observe that

BW(I) = E[Y. Wi

vel*

< Y. W)
n—|I*|+1

< B[ Y, W@
n—|[I%|+1

The exponential distribution implies E[W(j)] = H(n) — H(n — j), where H(k) is the

harmonic sum ), ., 1/i. Thus

Y. EW@GI= ) (H(n)-Hn-j)

j=n—|I%|+1 n—|I8|+1<j<n

=|I*|H(n)— Y H(j

J<|rel-1
We use the bound log(k) < H(k) — v < log(k)+1, where y ~ .57 is Euler’s constant. Then

S EW@G) < IFIHM) —y) +log(IF) +2— > log(y)

j=n—|I%|+1 1<j<| 18]

[I°|(H (n) — ) + log(|I°|) +2 — fI |10g(t)dt

[7°] log(n) + |IS| + log(|1°]) +2 -llfsllog(lfsl) + |17
(I7°] + 1)(log = |IS| + 2+ log(|I°[)/|1°])

[7%|(log(A + 1) + 3) + (log(A + 1) + 3),

IA

VAN VAN VA

IA

where the bound |[I*| > n/(A + 1) (obtained by using the greedy algorithm, see Section
4.4) is used. Again using the bound |I*] > n/(A + 1), we find that ﬂ‘ﬁs—l < log(A +
1) + 3+ o(1). Since E[W(I*)] > E[W(I?®)] = |I®], it follows that for all sufficiently large
n, 1 < EHM < log(A + 1) + 4. The proposition follows since for all A > 2 we have
log(A+1)+4<10log A. O
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4.6 Generalization to phase-type distribution

4.6.1 Mixture of exponentials

In this section we present the proof of Theorem 10. The proof follows two steps. First, we
show how to analyze correlations for the MWIS problem when the distribution of weights
is a mixture of exponentials (as opposed to simply exponential, as in Theorem 9). Then

we show that the correlation decay property holds for the parameters chosen in Theorem 10.

The mixture of A exponential distributions with rates a;,1 < j < A and equal weights
1/A can be viewed as first randomly generating a rate a with the probability law P(a =
a;) = 1/A and then randomly generating exponentially distributed random variable with

rate o, conditional on the rate being a;.

For every subgraph H of G, nodeiin H and j = 1,..., A, define Mgi(z) = Elexp(—a;Cy(4))],
M7 (i,r) = Elexp(—a;Cy(i,))] and M;7 (i,7) = Elexp(—a;C5;(i,7))], where C3(4)), C5; (i, 7))
and Cy(i,r)) are defined as in Section 4.3.

Lemma 12. Fiz any subgraph H, node i € H with Ny (i) = {i1,...,iq}. Then

. 1 Q; ‘
Efexp(—a;Cu(1))] = 1-x a-—i—Ja Elexp(— Y axConfisis,..i_1} (i1))]
1<k<m 4 T %k 1<i<d
1 o
Efexp(—a;C(i,)] = 1- + L_Elexp(— 3 axCiayi. s (it — )]
Y A A a; + ag 13%1 H\{4,i1,-r0_1}
1 o
Efexp(~a;Cx(6, )] = 1- = L Elexp(— 3 arCl iy 7 = D)
J A 1<hem a; + oy ISXl;d H\{i\i1,.s8-1}

Proof. Let a(i) be the random rate associated with node i. Namely, P(a(i) = ;) = 1/A.
We condition on the event 3 )<y Cp\(isiy,....ii_1} (1) = 2. As Cyx (i) = max(0, W; — x), we
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obtain:
El-a;Cu(ile] = %;E[—aﬂwm,a(i) = o]
— %zk: (P(Wi < zla(i) = ax)
+P(W,- > zla(i) = ax)Elexp(—a; (Wi — 2))[W; > 7, a(i) = o))

= x Z (1 — exp(—ayx) + exp( akx) o+ ak)

= 1——Za3+a exp(—axz)

Thus,

Elexp(— Z axCa\fisin,...ip 1} (01))]

1<i<d

E[-a;Cn(i)] = 1——2

aj—i-ak

The other equalities follow identically. O

By taking differences, we obtain
M;J’(i r) — M3 (i,r) =

A Z a; + g (E[ H exp(—axC ’H\{zn, i 1}(ilar_ 1))] _]E[ H eXp(_akC;L\{i,il’m,il_l}(ilaT_ 1))])

1<i<d 1<i<d

We now use the identity

sz—Hyl=Z((Hwk(wl H%)

1<i<r 1<I<r 1<i<r 1<k<i-1 +1<k<r

which further implies

‘ II =- II yz‘S D lm—wl,

1<i<r 1<i<r 1<i<r

when max; |z, |yi| < 1. By applying this inequality with z; = exp(—a C’ NI 1}(zl,
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1)) and y; = eXp(_akC;t\{i,h,...,i[q}(il’T — 1)), we obtain

My (i, 7) = M (i, v)|
1

] —k C 4y Atk .
= A 1 Shem aj + o 1;(1 }MH\{i,il’-‘A,il—l}(“’ r—1) MH\{i,il,-u,iz—ﬂ(Zl’ r 1)1
This implies
M (i) — M (i,r)‘ (4.15)
T a; —k . +,k .
< A o + o oax ‘M’H\{i,il ..... il_l}(ll’r -1)- MH\{i,il,...,il_l}(”’T - 1)| (4.16)
1<k<m 7 ==

For any t > 0 and j, define e, ; as follows

erj = Sup ’Mg’j(z’,r) - M;_;’j(i,r) (4.17)
HCG,ieH

By taking maximum on the right- and left- hand side successively, inequality (4.15) implies

T o

j
eri < — E er_
= A o + oy r-Lk

1<k<m
For any t > 0, denote e, the vector of (e;1,...,erm). Denote M the matrix such that for
all (j, k), M, = & ?C-!Fo%k We finally obtain
er < Mer_1.

Therefore, if M" converges to zero exponentially fast in each coordinate, then also e,
converges exponentially fast to 0. Following the same steps as the proof of Theorem 9,
this will imply that for each node, the error of a decision made in Z(r,0) is exponentially
small in 7 . Note that © < 1. Recall that a; = p?. Therefore, for each j,k, we have
M, < ﬁ%?’? Define Ma to be a A x A matrix defined by M ; =1/2, M, = 1,5 > k and
M= (1/p)k=3,k > j, for all 1 < j,k < A. Since M < My, it suffices to show that M}
converges to zero exponentially fast. Proof of Theorem 10 will thus be completed with the
proof of the following lemma:

Lemma 18. Under the condition p > 25, there exists d = 6(p) < 1 such that the absolute
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value of every entry of M} is at most 6" (p).

Proof. Let € = 1/p. Since elements of M are non-negative, it suffices to exhibit a strictly
positive vector z = z(p) and 0 < § = (p) < 1 such that M’z < z, where M’ is transpose
of M. Let z be the vector defined by zj = /2,1 < k < A. We show that for any j,

Ve

(M'); < (1/2+ 277 \/E)xj

It is easy to verify that when p > 25, that is € < 1/25, (1/2 +27%) < 1, and the proof
would be complete. Fix 1 < j < A. Then,

(M'a:)j = Z Mk,j xE + 1/21']- + Z Mk’j Tk
1<k<j—-1 JH1<k<A

= Z IRekI2 417260/ Z ek/?

1<k<j—1 JH1<k<A

Since z; = €//2, we have

L R S LYW G

T 1<k<j—1 j+1<k<A
-2+ Y 2 Y ek/2<1/2+-—2—€-£
N ¢ - 1—¢l/2
1<k<j—1 1<k<A—j
This completes the proof of the lemma and of the theorem. O

4.6.2 Phase-type distribution

In this section, we generalize the correlation analysis of section 4.6.1 to general phase-type
distributions. It is well known that phase-type distributions are dense in the space of all
distributions, and this approach therefore allows us, in some sense, to study the correlation

decay property for all distributions. Consider a triplet (m, @, v), where:
e m is a number of states.

e () is a m x m generator for a continuous-time Markov process for which states

{1,2,...,m — 1} are transient and state m is absorbing.

e v is a distribution for the starting state.
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Note that for all u, Q(u,m) = Q(m,u) = Q(m, m) = 0. Let X(t) denote the state of that
Markov process at time ¢ (conditional on X (0) being distributed according to ). Since
m is absorbing, we know that T = inf{t : X(t) = m | X(0) ~ p} is a finite stopping
time. The distribution of T is called the phase-type distribution with parameters (Q, p).
Furthermore, for any state ¢, let T; = inf{t : X () = m | X(0) = ¢}, and for any (j, k), let

M(; k) be a m x 1 vector with components M(; y(4) SE [(exp(QTi)) 'k] . Finally, for every

subgraph H of G and any v, w, define M7;" (u) SE [(exp (QCH(u))) } . Similarly, define
VW

A

My (u,r) £ E [(exp (Qc;xu,r)))j,k] and My " (w) = E [(exf’ (Qci?(“)))v,w]' e

begin our analysis by the following lemma:

Lemma 14. Let x > 0, and suppose W follows a (Q, ) phase-type distribution. Let
C =max(0, W — ). Then, for any (j, k)

E [(exp (QC)).

k] = T exp(Qz) M 1) (4.18)
Proof. Let X(t) denote the state of the Markov process at time t, with starting state
distributed according to u. We are interested in the state of the process at time z. If
X (x) = m, then the process has reached state m, the corresponding variable W is less than
z, and (W — z)* = 0. However, if X(z) = i < m, then the remaining time until X reaches
m is T; (by definition of T;,). In this case, we have W = z+T;, and therefore (W —z)* = T;.
Since T, = 0, we can conclude in general that (W—:r:)Jr has the same distribution as T’x ().
Finally, by classical theory of Markov processes, P(X(x) =i | X(0) ~v) = (T exp(Qx));.
Combining all these observations, we obtain:

]E[(exp Qc) ] ZIP’ [(exp(QT)) }
_ Z(” exp(Q))i M (i) = v exp(Qx) M 4y

a

Now, consider any subgraph H, node u € H, with Ny(u) = {v1,...,v4}. Then, from
Cu(u) = max(0, Wy — 371 <1<a Co\ [w,ur,....wi_1} (v1)) and Lemma 14, we obtain
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Lemma 15.

MiFw) = VE |exp Q'( > C’H\{u,vl,...,vl_l}(vl)) M; i
1<i<d

M,};’j’k(u,r) = I/TIE exp Q( Z C’}_:\{u,vl,...,vz_l}(vl’r_ 1)) M[]’k]

1<I<d

M’:L.’j,k(u’r) = V'E |exp Q( Z Cﬁ\{’u,vl»-u,vl—l}(vl’r—1)) M

1<i<d

Proof. The proof is essentially the same as that of Lemma 12. To obtain the result, we
use the tower property by conditioning on the value z of 3, ;s Ca\(uun,....0_1(w))> 20d
invoke Lemma 14. |

4.7 Conclusions

In this chapter, we considered a combinatorial problem with hard constraints, and showed
that, once again, the correlation decay property proved to be a sufficient condition for the
existence of local, near-optimal algorithms. Our results highlight interesting and intriguing
connections between the fields of complexity of algorithms for combinatorial optimization
problems and statistical physics, specifically the cavity method and the issues of long-
range independence. For example, in the special case of the MWIS problem, we showed
that the problem admits a PTAS, provided by the CE algorithm, for certain node weight
distribution, even though the maximum cardinality version of the same problem is known to
be non-approximable unless P=NP. It would be interesting to see what weight distributions
are amenable to the approach proposed in this paper. For example, one could consider the
case of Bernoulli weights and see whether the correlation decay property breaks down
precisely when the approximation becomes NP-hard. It might also be useful to inquire
whether random weights assumptions for general decision networks can be substituted
with deterministic weights which have some random-like properties, in a fashion similar
to the study of pseudo-random graphs. This would move our approach even closer to the

worst-case combinatorial optimization setting.
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Chapter 5

Graphical games

5.1 Introduction

Graphical games, introduced by Kearns, Littman and Singh in [KLSOlal, are a class of
models used to sparsely represent local interactions between selfish, rational agents. They
are a natural extension of the discrete optimization models used in Chapters 3 and 4 to a
game-theoretic setting. In a graphical game, each agent is assigned her own utility function,
which depends on her own decision and the decisions of a few other players in the network.
Ideally, each agent would choose an action which maximizes her expected utility; however,
as her utility depends on the actions of other agents, in general, she cannot assume that
other players will have aligned objectives. As a result, agents have to make their decisions
while taking into account other agents’ potentially conflicting objectives. The traditional
concept used in game theory to predict the resulting outcome is to postulate that the
agents’ strategies will result in some kind of equilibrium, where the different forces at play
balance out. The well known concept of Nash equilibrium [Nas50, Nas51] dictates that the
game will result in a situation where each player cannot increase her utility by changing
her decision, assuming the strategies of other players are fixed to those dictated by the
equilibrium.

One of the main problems behind the assumption that rational players play according to
a Nash equilibrium is that a Nash equilibrium, while guaranteed to exist in a large number
of situations (see for instance [FT91}), is hard to find. At the heart of the computational
issues behind notions of game-theoretic equilibrium are the following two questions: how

complex is the computation of Nash equilibrium, and what are the best algorithms to find
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one? In recent work at the intersection of computer science and economics, great progress
has been made towards answering these questions. It has been shown that even under re-
strictive assumptions, finding a pure Nash equilibrium is NP-hard, while computing a mixed
Nash equilibrium is PPAD-hard (see [CS02, CS03, GGS05, DFP06, BFH09, DGP09] for
more details and appendix B for a primer on the PPAD complexity class). Other computa-
tional problems, such as finding a Nash equilibrium satisfying particular constraints [GS04],
particular optimality conditions [CS08, CS03, EGG07, GGSO05], and the related problem
of finding all pure Nash (or finding a finite algebraic representation of all mixed Nash)
[MMO96], were also found to be generally hard to solve.

A potential way to address the complexity of computing a Nash equilibrium is to study
graphical games. Indeed, the latter have generated a lot of interest in the past decade, as
their sparser and more structured representation compared to traditional models has the
potential to help design simpler algorithms for computing equilibria. They also may help
identify nontrivial classes of games for which an equilibrium can be found in polynomial
time. Finally, they build connections with the well-developed field of inference in graphical
models. Following that reasoning, the objective of this chapter is twofold: first, we want to
develop a framework for creating new message-passing schemes to compute Nash equilibria.
Second, we want to identify sufficient conditions for the fast computation of Nash equilibria.
In particular, we want to prove that under a suitably defined correlation decay condition,
simple distributed schemes can compute Nash equilibria in polynomial time for particular
graphical games. The fact that the scheme would be distributed, decentralized, efficient,
and near-optimal would give credence to the notion of Nash equilibrium as a model for
social behavior.

Literature review

The first models for graphical games can be found in [KLS01a] (for a game-theoretic analog
of Markov Random Fields), and in a slightly different fashion, in [VK02, KM03] and [LMO0O]
(for a game-theoretic analog of Bayesian networks, more adapted to studying the question
of causality in games). In their original paper [KLS0la], Kearns et al. present a general
framework for graphical games, and introduce TreeProp, a simple message-passing algo-
rithm for computing exact and approximate Nash equilibria in trees (the exact algorithm
runs in exponential time in the worst case, while the approximate algorithm is a FPTAS).

An important feature of their algorithm is that it provides a representation of all Nash
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equilibria (approximate or not). They also propose in [LKS02] a heuristic modification
of TreeProp aimed at finding one Nash equilibrium in polynomial time for trees (while it
does run in polynomial time, the algorithm, unlike TreeProp, is not guaranteed to find an
equilibrium). On the same topic, Elkind et al. prove in [EGGO6] that it is unlikely that
algorithms similar to TreeProp would be able to find an exact Nash equilibrium for trees
(the question of whether this is possible or not nevertheless remains open).

Later, Ortiz and Kearns generalize TreeProp into NashProp, a message-passing heuristic
which tries to compute Nash equilibria for general graphs (in a very similar fashion to the
way Belief Propagation is generalized to arbitrary networks). They prove that NashProp is
a convergent search algorithm which correctly reduces the size of the search space (in the
sense that it only removes bad solutions from the space of solutions, but not necessarily all
of them). Kakade et al. [KKLOO3] investigate the computational issues behind the more
general notion of correlated equilibrium in graphical games; they discover a very fruitful
connection with Markov Random Fields. They use this connection to show that under
technical assumptions, the correlated equilibrium can be sparsely represented as well, and
under the assumption that the graph is chordal, prove that the correlated equilibrium can
be computed in polynomial time. Another generalization to TreeProp, this time for games
of imperfect information, is developed in [SSWO04].

Other techniques for computing Nash equilibria in graphs are developed in [KMO03,
SSWO07], where connections between constraint satisfaction problems (CSPs) and graphical
games are used to recast TreeProp as a constraint satisfaction algorithm; in [BSKO06], a
version of the classical homotopic algorithm for computing NE is specialized to the structure
of graphical games.

In [DPO06], Daskalakis and Papadimitriou shows that the computation of pure Nash
equilibria in graphical games can be recast as a MAP problem in a related Markov Random
field, thus formally establishing a connection between graphical game theory and graphical
models. This connection is used to exhibit a first class of nontrivial graphs for which the
Nash equilibrium can be efficiently computed (if it exists), namely, graphs with bounded
treewidth. A similar result is established again in [JLBO7] in the more specific case of
action graphical games (games where payoffs depend only on the set formed by the action
of all the neighbors of a node, and not on which neighbor took which action).

Approximation algorithms for graphical games are considered in a number of papers, a
0.5-approximation algorithm is first exhibited in [DMP09], later improved to 0.38 [DMPO07],
and finally to 0.34, the current state of the art, in [TS07].
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Random graphical games have also been studied in a number of papers. Often, these
papers investigate the number of pure Nash equilibria in games with either random graphs
or random payoffs. Rinott and Scarsini look at a complete graph with arbitrary correlations
between payoffs in [RS00]. Graphical games per se are studied in [DGS07] (the authors
assume a variety of fixed graph topologies and symmetric i.i.d. payoffs), and [CDMOS]
(the authors prove more general results and provide bounds on the expected number of
NE for arbitrary graph topology and symmetric, i.i.d. payoffs; they also consider random
Erdos-Renyi graphical games, and show the existence of a double-phase transition for the
existence of a pure Nash equilibrium). In a different direction, Barany, Vempala and
Vetta [BVVO07] show that Nash equilibria are in some sense easier to compute in random
games, and provide FPRAS for two player games, in the cases of uniform and Gaussian
distributions.

We conclude this section by mentioning that in more specific settings, Saberi and
Montanari [MS09] and Chien and Sinclair [CS09] propose simple iterative algorithms on
graphs and show their convergence to Nash equilibria.

5.2 Game theory, Nash equilibria, and approximate Nash
equilibria
Games, strategies, solutions

A normal form game is defined as a triplet (V,x,®), where V is a set of agents, x =
{0,1,...,T — 1} is a finite set of decisions for each player, and ® = (¢, )ucv is a set of
utility or payoff functions, with a given utility function ¢, : x™ — R for each agent u. For
any X = (z,) € X", ¢u(x) is the utility of agent v when agent v plays x,.

A strategy s, for player u is a set of probabilities for each action in x: let s, =
(su(1),...,84(T — 1)), such that for each ¢, s,(¢) € [0,1] and >, s,(¢) = 1, then, s,(¢)
represents the probability that player u plays action i. Recall that for any finite set y, we
denote by S(x) the set of (discrete) probability distributions on x. Therefore, a strategy
sy, is formally an element of S(x). A strategy is said to be pure if there exists 7 such that
su(i) =1 and s,(j) = 0 for j # 4. In this case, we abuse notation and write s, = i.

A discretized strategy of stepsize ¢ is a strategy s, such that for all i, s,(7) = k9, for
some nonnegative integer k. The set of all d-discretized strategy is denoted by Ss(x).

A solution (also called strategy profile) s = (Su)ue{i,..n} 1S @ set consisting of one
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strategy per player — in other words, it is an element of S(x)". A solution is said to be
pure if the strategy is pure for each player. Similarly, a solution is discretized if each
strategy composing it is. For any function f on x", its expected value under solution s is
the expected value of f under the assumption that each player u plays ¢ with probability
8u(?), independently of other players.

Es[f(x)] = Z H Su(icu)f(lea cee ,.’En)

(Z1,ye.yZn)EX™ UEV

For any strategy s and player u, we define ¢, (s) = Eg[¢u(x)].

For any player u, let s_, be a tuple (s,)yxy Of strategies for all players but u. We call
such a set a complement solution to player u. ¢, (sy,S—y) represents the utility of player u
when he plays strategy s, and the other players follow the strategy s_,,.

Nash equilibrium

A Nash equilibrium (NE) is a solution s such that for each u, and each = € ¥,

bu(s) > du(z,5-0) (5.1)

Thus, for each player wu, if all other players v # u keep their strategy fixed to s,, then u has
no incentive to deviate from strategy s,. It is known [FT91] that any normal form game
admits a Nash equilibrium. A pure Nash equilibrium (PNE) is a pure solution x which is
a Nash equilibrium. In other terms, tt is a set of action x = (z1,...,zn) € x*¥ such that
forally € x and u € V,

Pu(x) > Gu(y, x_u) (5.2)

Finally, we will need the concept of approximate Nash equilibrium. For any € > 0, an
e-approximate Nash equilibrium is a solution s such that for all v and all y € ¥,

du(s) +€ > du(y,s—u) (5.3)

For any v = (¢, ), a d-discretized solution which is a e-approximate Nash equilibrium will
be called a v-Nash equilibrium. A pair (e, §) for which an (¢, §)-NE is guaranteed to exist
is called a wvalid pair. We only consider valid pairs throughout this chapter (an easy check
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for (e,4) to be a valid pair is given by Proposition 17).

Best reponse function

For any player u, the best response function is the function BR, : S(x)V~! — 2X such
that for any s_, € S(x)V 71!,

BR,(s—y) = argmax ¢, (z,S_y) (5.4)

In other words, for any = € x, z € BRy(s_,) if and only if ¢, (z,s_y) > ¢y (y,s_4), for all
y € x. From this, we obtain the following alternative definition of a pure Nash equilibrium:
x is a PNE if and only if for all u, z,, € BRy(x_,).

By extension, for any player u, and any complement strategy s_,, we will say that a
strategy s, belongs to the best response of s_,, if and only if for any action y € x, we have

Gu(SusS—u) = du(y,s5-u)

Note this is simply the same as requiring that Supp(sy) C BRy(s—y). For each player
u, we can also define an e-approximate best response to a complement strategy s_, by
BR(s_y) = {su € S(X) | Yy € X, du(Su,S—u) + € > du(y,s_u)} and conclude that s is an
e-approximate NE if and only if for all u, s, € BR(s_,).

5.3 Graphical games

Basic Model

A graphical game G = (V, E, x,®) is a normal form game, where for each u € V, the
utility function ¢, is only allowed to depend on the action z, and the actions xar(,) of the
neighbors of u. For any u, let N'(u)® = {u}JN(u). Then, ¢, is a function from yW(®°!
to R. In particular, this implies that for each player u, the best response function BR,
depends only on the strategies of the neighbors of u.

Given a subset of vertices v = (v1,...,vx) and strategies sy = (Sy;, .., Sy, ), let G[v : g
be the game obtained by fixing the strategies of each node v; € v to s;. Mathematically,
we have G[v : 8| = (V. E' x,®), where V' =V \ {vy,..., v}, B = EN (V' x V'), and for
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any node u with neighbors (wy,...,wy) in V', and any zy, Zw,, ..., Ty, in X, we have

G (Tuy Ty s -+ Twy) = Esy [@u(Tuy Tuoy s - -+, Tuogs Svrs - -+ v )]

(where a variable s,, appears on the expression above only if v; was a neighbor of u in
(V. E))

Note the following important fact: by definition, for any Nash equilibrium in G[v : s] , the
agents v € v do not have to be in best-response to their neighbors, they are excluded from

the game and serve as fixed boundary conditions.

Decomposable graphical games

We will need a further simplifying assumption regarding the structure of graphical games.
(u(—v)eg).
For each u € V, 9, is a function from y to R, and for each oriented edge u - v, ¢y is

A decomposable graphical game is a set (V, E, x, ®), with ® = (¢ )uev, (ducv)

a function from x2 to R. In a decomposable game, the utility function for agent u, given
actions Xar(y)e, 18

bu (XN ) wu xu Z Ou—v -Tuy-'ljv)

veEN (u)

Directed tree game

Our final and simplest model is the directed tree game. A directed tree game is a game
G=(V,E,o,x,®), where T 2 (V, E) is an out-tree with root o, and for each node v in the
the tree, its utility function only depends on the action of that player, and the actions of
its children. This is in contrast with a graphical game on a tree, where the utility function
of each player depends on its action and the action of all its neighbors (in other words,
given an arbitrary orientation of the tree, the utility function depends on a player’s action,
the action of its children, but also the action of its parent). For each node v, denote by
K(v) the set of children of v in T (with orientation given by the root o). Thus, for any
node u, ¢, is a function of sx(,). Directed tree games have the additional property that

they always admit a pure Nash equilibrium:

Property 1. There exists a pure Nash equilibrium for any directed tree game. Moreover,

if all the payoff functions are injective, the pure Nash equilibrium is unique.

Proof. We prove the result by induction. Clearly, for any directed tree game with a single
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node v and payoff function ¢, argmax(¢,) is the set of pure Nash equilibria for that game.
Furthermore, if ¢, is injective, the maximizing decision is unique, and so is the PNE.
Now consider a general directed tree game G = (V, E, 0, x, ®), and let (v1,...,vg) be the
children of o in G. For each v;, let G,, denote the subgame induced by the subtree rooted
at v;, each G,, is a directed tree game. By the induction hypothesis, each G,, admits a pure
Nash equilibrium which we denote x;, and let z,, be the decision of v; in x;. Then, take
any z, € argmax,(¢o(z, Ty, ..., %y,)), and let x = (x5, X1, X2,...,%X4). By construction, x
is a pure Nash equilibrium for G. Furthermore, if the payoff functions were injective, x;
was unique for each i, and so was z,, and we conclude that the pure Nash equilibrium is

unique as well. 0

5.4 Computation of Nash equilibrium

5.4.1 Nash cavity function

Our general aim is to identify algorithms for computing approximate Nash equilibria in
graphical games. There are three different problems of interest. The first one consists of
finding any (depending on the problem, mixed, pure, or approximate) Nash equilibrium.
The second consists of finding a Nash equilibrium with particular properties (maximizing
total payoff, maximizing payoff of a single player, maximizing minimal payoff). The third
consists of finding all Nash equilibria (note that traditional notions of computational com-
plexity are harder to apply here, since it is not clear that the set of all Nash equilibrium
can be succinctly represented). Clearly, the first problem is easier than the second, which
is easier than the third; we a priori consider all three. We also wish to analyze spatial
properties of the equilibria, and in particular, we wish to analyze the potential decentral-
ization properties of Nash equilibria. Our main tool to compute Nash equilibria will be the
following functions.

Given a graphical game G and node v € G, let Zg ,, be a function from S(x) to R, such
that Zg,(sy) > 0 if and only if there exists a Nash equilibrium in G in which v plays s,.
We call these functions Nash cavity functions, they are the analog of the cavity functions
of Chapters 1-4. We will focus in particular on two special kinds of Nash cavity functions.
A binary Nash cavity function is a function Zg ,(s,) which is equal to 1 if and only if there
exists a Nash equilibrium in G in which v plays s,, and 0 otherwise. A set (Z,)yev of

Nash cavity functions for each node in G is called a set of local Nash cavity functions if and
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only if for each v, argmax, Z,(s,) is composed of a unique element s,, and the solution
s = (Sy)vev is Nash equilibrium. Similar definitions for (e, §)-approximate (resp. pure)
Nash equilibria are denoted Z} (resp. ZP). Both local and binary cavity functions have
their own interest: binary cavity functions are useful because they are more symmetrical
(i.e., they do not differentiate between any of the Nash equilibrium), and are the most
natural tool to search for the set of all Nash equilibria. Furthermore, as we will explain
later, they are useful for the study of message-passing algorithms for graphical games. This
is because message-passing algorithms that aim to compute binary Nash functions tend to
have strong convergence properties. Another way to look at binary Nash cavity functions
is that they are simply indicator functions of any other Nash cavity function. On the other
hand, knowing local cavity functions can be extremely useful to locally compute Nash
equilibria, as well as finding a Nash equilibrium with particular properties (for instance,

finding a Nash equilibrium which maximizes total welfare).

5.4.2 From Nash Cavity functions to Nash equilibria

In this section, we will motivate further the problem of computing Nash cavity functions,
by relating that problem to the problem of computing Nash equilibria. Given a set w =
(w1, ..., wy), let Zgw be a function from S(x)* to [0,+00) such that Zgw(sw) > 0 if
and only if there exists a Nash equilibrium in G where for each i = 1,...,k, w; plays s,,.
Similarly, let Zg ., be a function from S5(x)* to [0,+00) such that Z§ w(sw) > 0 if and
only if there exists a v-Nash equilibria in which w; plays s, for all i. Finally, let Zg,w be
a function from x to [0, 00) such that Zg w(xw) > 0 if and only if there exists a pure Nash
equilibrium from G in which w; plays z,,,. The reason we are interested in these is because

of the following reductions:

e Given an algorithm A which computes 26 w for any (G, w), there exists an algorithm
A’ which outputs an v-Nash equilibrium for any G if there exists one. Conversely,
given an algorithm A’ which finds all v-Nash equilibrium for G, there exists an algo-

rithm A which computes some function Z57w with the desired properties.

e Given an algorithm A which computes Zg v for any (G, w), there exists an algorithm
A’ which outputs a Nash equilibrium for any G. Conversely, given an algorithm A’
which finds all Nash equilibrium for G, there exists an algorithm 4 which computes

some Nash Cavity function Zg w.
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Note that the reductions above are trivial: a binary Zg (. .,)(s) is exactly the the
indicator function 1(s is a Nash equilibrium for G). Computing Zg ¢y, ..,.} is however not
a practical goal, as the very high dimension of the function makes it impossible to store
it, let alone compute it. The hope is that in graphical gameé, computing Zg 1y, . v}
for small values of k is sufficient (practically or theoretically) to find at least one Nash
equilibrium. For instance, the main result of [KLS01a] shows that computing the Zg ,(s,)
and Zgy.s,),»(8v) for any u,v is enough to find all Nash equilibria on trees, and that the
Zgu:su)w(Sv) can be computed recursively by a message-passing algorithm (for details on
the algorithm, see section 5.5).

Proposition 16 (upstream phase of TreeProp [KLS01a]). Given a game G defined on a
tree, and Nash cavity functions Zg ,(sy) and Zgpy.s,],4(sv), the following algorithm finds a
Nash eguilibrium in polynomial time:

TreeProp(upstream phase): TP[G, Zg ,(sy), ZGluzsu]w(8v)]

INPUT: A graphical game G defined on a tree, and Nash cavities

Zg,0(8v); Zgfu:s,)v(Sv)

BEGIN

Choose an arbitrary node u, and choose s, such that Zg,(s,) >0

Letting (vi,...,v4) be the neighbors of u, find (sy,...,Sy,) such that Zgy.e,) v (Sv;) =
1 for all ¢, and send a tag s, to v;.

FOR all vertices w# u in G (in order of proximity to u) DO:

Receive a tag s, from the parent node v . Fix decision to sy.

Letting (v,wi,...,wq) be the neighbors of w, find (Sy,,...,Sw,;) such that for all
7, Zg[v:sv],wi(swi) =1, and send tag s,, to each i.

END DO. END BEGIN.

QUTPUT: s = (Sy)yeg such that s is a Nash equilibrium.

The algorithm can be proven to be correct by a simple induction. Extensive numerical
evidence [VK02, OK03, KM03, SSWO07] suggests that simpler versions of the search algo-
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rithm, detailed below, are very efficient at computing Nash equilibria.

NashSearch: NS[G,(Vi,...,Vi),(Wh,...,Wi), Zgv;..;.w;(-)s Zg]

INPUT: A game G, two sets (Vi,...,Vi) and (Wy,...,Wy), where for each i, V; and
W; are subsets of V such that V;NW; =0. Assume we are given the function
ZQ[Viz-],Wi(') for each i, as well as functiomns Zg,

BEGIN

Let F =0

WHILE F %V DO

Pick a node in u in V \ F such that R, £ {i : v € V;,V; C F,W;\v C F} is
largest in cardinality. Find s, such that Z,(s,) > 0 and such that for all
1€ Ry,

Zg[Si;Ssi],v(va STi\(v}) > 0

OUTPUT: s = (Sy)yeg is a candidate for Nash equilibrium.

The set F' represents the set of all nodes v for which the strategy s, has been fixed
already. The set R, represents the set of all constraints which are checkable, meaning
that all strategies in the boundary condition S; are fixed, and all strategies the constraint
depends on (7;) are already fixed, except for the strategy of s,. Intuitively speaking,
the algorithm above simply tries to find a Nash equilibrium by sequentially looking for
strategies s, which satisfy currently checkable constraints (meaning a constraint for which
all strategies but s, have already been fixed by the algorithm).

5.4.3 Existence of approximate Nash equilibria

Graphical games are special cases of normal form games, and they therefore admit a Nash
equilibrium. In general, the equilibrium will be mixed, and the corresponding solution will
therefore be continuous. This creates a problem, since both message-passing algorithms
and correlation decay methods are not well suited for continuous problems. The reason we

are interested in e-approximate Nash equilibrium is that there always exists a discretized
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strategy (with § small enough) which is an e-Nash equilibrium (cf. the following propo-
sition). This will allow us to view strategies as discrete rather than continuous objects,
which will make the use of graphical models. Suppose x = {0,1,...,7 — 1} , and let A be
the maximum degree of the graph. The following is an improved version of a lemma from
Kearns [KLS0la]. For any normal form game, denote ||®||o be the maximum absolute

utility over decisions and players: ||®||oo = MaxX, yey N [Pu(X)]-

Proposition 17. For any graphical game (V, E, x,®), and for any € > 0, take an integer

n > 2TATH(A + 1) ||®y||.,, and let 6 = L. Then there exists a §-discretized solution s°
which is a e-approrimate NE.

[eoX4

The following proof follows very closely that of Kearns et al., using more general ar-
guments and more careful bounds, and is included for completeness. We first need the
following lemmas, the first of which is new, and the second of which is a generalization to

more than two actions, and has a better dependency on n.

Lemma 16. Let s, be a strategy over T actions, and n be some positive integer. Let

0= % > 0. Then, there exists a d-discretized strategy sﬁ such that for all i
lsu(d) - 5(0)] < 6
Proof. For any i, let k; = |ns,(i)] and k; = [ns,(i)]. For all 4,
k76 < su(i) < z6 (5.5)
and
kf—k7 <1 (5.6)

By summing over i, we obtain
QO k)6<1< (D ks
i i

For any 0 < j < T, consider the vector k’ defined by k(i) = k; ifi> jand k;" otherwise.
In particular k% = k=, and kT = k*. Note that 3", k(i) < n and 3, k7 (i) > n. Since
for any j, we have 3", k7+1(i) — 3", k/(i) < 1, there exists some j/ such that 3, k’'(i) = n.

126



This implies that s 2 17’8 is a 5-discretized strategy, and from Equations (5.5) and (5.6),
we obtain |s, (i) — s2(i)| < 4 for all 4. |

Lemma 17. Let x andy be two elements of the m-dimensional simplezx, such that sup; |x;—
yil < 6. Then, |[];zi — [, vl < mé

This is proven by simple application of the formula

[Tl 3 (1 )e-( T

1<i<m - 1<j<i—1 i+1<j<k

Lemma 18. Let u be a player with A, neighbors. Consider two solutions s,s® such that
for any v €V and z, € X, we have |sy(xy) — 3(x,)| < 8. Then,

du(s) — du(s?)| < T2 Ay +1) - [|®||o - 6

Proof. Recalling that N (u)¢ = N (u)U{u}, and expanding the expectations over all possible

outcomes, we obtain:

buls) = ous)| = X | I sle)- I si@) )| e

xexW W'l \veN (u)) veEN (u))’
< Y [ (Bu+1)8
xExIN Y]

ST (Au+1) |2l 8

where the second inequality is from Lemma 17, and the third inequality comes from count-
ing the number of elements in W @', |

Proof of Proposition 17. Since G is a normal form game, there exists a solution s which is
a Nash equilibrium. For each v, consider the é-discretized strategy sf, which approximates

Sy as in Lemma, 16, and let s° = (s9),c1. Consider an arbitrary player u and action y € x.
v/vE Yy
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Then,

Su(y:s%,) = Bulsy,8%,) = u(y,8%,) — du(y,s-u)
+ Gu(y,8—u) — Pu(Su;5-u)
+ bulSu,5—u) — du(sd,s2,)
<e/2+0+¢/2<c¢

The first and third summand are upper bounded by €/2 by application of Lemma 18 and
the choice of §. The second summand is upper bounded by 0 since s is a NE. O

5.5 Message-passing algorithms for graphical games

In this section, we explore the use of message-passing for graphical games. We first in-
troduce the TreeProp and NashProp algorithms of [KLS01a], the canonical equivalents of
the BP algorithm to the settings of graphical games. Then, in a spirit similar to the pure
Nash-MRF reduction of Daskalakis et al. [DP06], we present a framework further establish-
ing the connection between graphical games and optimization in graphical models. This
allows in principle the derivation of a large number of new algorithms for graphical games.
In particular, we prove that TreeProp is a special case of the cavity algorithm applied to
the graphical model derived from a graphical game on a tree. In addition, we show how
applying the cavity recursion to a general graphical game results in a new heuristic for
finding Nash equilibria.

5.5.1 TreeProp and NashProp

Consider a graphical game G = (V, E, x, ®) such that (V, E) is a tree 7. For any two nodes
u, v and strategies sy, sy, we are interested in computing binary Nash cavities Zgjy.s,],+(8v)-
By analogy with the original paper, and in order to highlight the connection with a message-
passing paradigm, we will also denote this quantity by Ty« (Sy, Sy). The main result of
[KLSO01la] was the following:

Theorem 13 (Downstream pass of [KLS01al]). Consider an arbitrary node v € V, and let
(u,wy, ..., wq) be the neighbors of v. then, for all (sy,sy) € S(x)?, Tucv(Su,sy) =1 if and
only if there exists (Sw,, Swo, - - - Swy) € S(X) such that

1. For all i, Ty, (Sv,8w;) =1
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2. Sy € BRy(SusSwyy- -+ Swy)

Furthermore, for any node u € V with neighbors {vi1,...,vq}, Zy(sy) = 1 if and only if
there exist (Sy,,...,8y,) € S(x) such that

1. For all i, Tyev,(Su,Sv,) =1

2. Su S BRu(Suast e asvd)

Proof. (included for completeness)

Recall that for any tree T, removing an edge (u,v) separates 7 into 7y, Which contains
u, and T, which contains v. A Nash equilibrium for G[u : s,] is composed of a Nash
equilibrium for Ty [u : s,] and a Nash equilibrium for Ty [u : sy (both conditional on
u playing s,). Since no payoff function of Ty« o[u : s,] depends on any node of Ty y[u : 8y
(and vice-versa), there exists a Nash equilibrium in Glu : s,] in which v plays s, if and
only if there exists a Nash equilibrium in Ty [u @ sy] in which v plays s,.

Let us assume such an equilibrium exists, and let s, , denote this Nash equilibrium,
and let (Sy,,...,8w,) denote the actions of (ws,...,wy) in this equilibrium. Clearly, by
projecting sy, on each subtree Ty ,, there exists for each i a Nash equilibrium for each
Tocw; [V : Sy] where w; plays s,,. Therefore, for each i, Ty, (v, Sw;) = 1. Furthermore,
since (Sy, Sw;, - - - Sw,) are the actions of (v, wy,...,wq) in a NE of Tuev[t : Sy}, we obtain
that s, € BRy(Sy, Swys -+, Swy). This prove the “if” part.

For the only if part, we just reverse the argument. If there exist (sy,Sw;,---Swy)
such that Ty, (Sv, Sw;) = 1, then this means there exist Nash equilibria sy, for each
Tw;u[v : 8y]. Combining the equilibria into Sy«y = (Sv;Svew; - - Svew,), We see that

Sucy is a Nash equilibrium for Ty p[u : s,], and therefore Ty y(Sy, sv) = 1. O

By the exact same arguments, similar results are proven for (e,d)-approximate and
pure Nash equilibria: for any node v with neighbors {u,w;,...,wq}, -discretized strate-
gies sy, sy, and decisions xy, z,, we let TV _ (sy, sv) 2 ZS[u:su] ,(8v) and Theo(Tu, Ty) 2

D
Zfusza o (To)-

Theorem 14. For all (sy,sy) € S(X)?, Tucro(Su; Sv) = 1 if and only if there ezists
Swyy Swas - - Swy € Ss(x) such that

1. For all i, Ty, (v, 8u;) =1

2. 8y € BR(SusSwyy- -+ Swy)
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Theorem 15. For all (sy, 8y) € S(X)?, Theuv(su, $v) = 1 if and only if there exist

Sawrs Swey -+ 5 Swy € X such that
1. For all t, T&_wi(sv,swi) =1
2. sy € BRv(Sw Swyse ey Swd)

Note that while the proof of correctness of Theorem 13, 14 and 15 relies on the fact that
(V, E) was a tree, the update equations themselves do not. It is therefore possible to use
the exact same equations for any graphical game G. The resulting algorithm is called Nash
propagation. By initializing Ty, ,, to be identically 1 for all u,v, Ortiz and Kearns [OK03]
show that Nash Propagation always converges, and that true Nash equilibria of the network
G satisfy the constraints implied by Equations (13), (14) or (15). In that sense, NashProp
is an algorithm which correctly reduces the search space (without necessarily reducing it
to the set of all Nash equilibria). In the next section, we will see how this property is a
special case of Nash search algorithms for binary Nash cavities.

Finally, observe that since TreeProp computes binary Nash cavities, even if one could
show that these cavities can be computed locally (eg., through a correlation decay argu-
ment), it is an intrinsically nonlocal algorithm: in order to compute a Nash equilibrium
from the Nash cavity function, TreeProp needs to use the iterative upstream algorithm
mentioned in section 5.4.2 (this algorithm has the additional undesirable property of dis-
tinguishing a root node u for no apparent reason). We will see how to alleviate this
assumption in the next section, and how to turn TreeProp into a truly local algorithm.

5.5.2 A framework for deriving message-passing algorithms for graphical
games

From now on, we only consider (¢, 6)-approzimate NE, and will omit this fact from state-

ments and notations in order to avoid repetitions.

In this section, we present a general framework for establishing a connection between in-
ference in graphical models and computation of approximate equilibria in graphical games.
Our method is related to the reduction of Daskalakis et al. [DP06], with two differences:
first, we generalize the approach from pure Nash equilibria to approximate, discretized
Nash equilibria; second, by using the factor graph framework rather than Markov Random

fields, the resulting graphical model is arguably simpler to construct and has fewer edges
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(and is therefore more amenable to the use of message-passing algorithms). Furthermore,
our focus will be on the Nash cavity functions, as opposed to directly optimizing the joint
probability of the corresponding MRF.

The reduction

The reduction is very simple: for any graphical game G = (V, E, ®, x) and any v = (¢, 9),
we build a graphical model H = (V, A, E', ®', x) such that:

e A, the set of factor nodes, is a set indexed by the elements of V: A = {a, ,v € V'}
e For each v € V, (u,a,) € E’ if and only if (u,v) € F or u = v.

e For each v € V, ¢,, is a function of (s,,s_,) such that

Ga, (Sv,8—y) 20 if s, € BRi(s_y) (5.7)
®a, (Sv,S—y) = —K  otherwise (5.8)

and K satisfies
K2n max Pa, (Sv;S—v)

We denote by Fy(s) the cost function corresponding to the graphical model H. Note
that given the way (V, A, E’) is constructed, (u,a,) € E’ if and only if (v,a,) € E'. In
particular, no matter what the topology of (V,E) was, (V, A, E’) is not a tree (unless
E = (). Moreover, we can always take K = oo, but it is sometimes desirable to keep K
bounded, in particular to ensure that the cavities on H stay well defined.

From the definition of H, we immediately obtain the following result, which links opti-
mal solutions of H to v-approximate Nash equilibria of G, and is an analogous to Lemmas
3.1 and 3.2 in [DPO6].

Theorem 16. For any s € Ss(x), Fu(s) > 0 if and only if s is an (¢, §)-approrimate Nash

equilibrium for G.

Proof. For any solution s, if there exists a node v for which s, is not an e-best response to
its neighbors, then the total cost includes at least one — K term. The total contributions of
all the other factors being at most (n — 1) maxy s, s_, ®a, (Sv, S—v), We obtain that the total

cost is at most — maxy s, s_, Pa, (Sv,S—v), and is therefore strictly negative. Conversely, it

131



is clear that if s is a (¢, 0)-approximate Nash equilibrium, then the contribution of each

factor is nonnegative, and therefore the total cost is nonnegative as well. |

This construction allows us to establish another connection between graphical games
and graphical models, namely, we prove that under certain assumptions, Nash cavities are

directly related to the value functions and cavity functions of Chapters 1 and 2.

Property 2. For any graphical game G, and node v € V, the function Z, defined by
Zy(sy) = Juv(sy) is a Nash cavity function for G. Moreover, if H admits a unique
mazimum, then the set (Zy)vev forms a set of local Nash cavity functions for G (i.e.,
(argmaz Zy(8y))vev s a Nash Equilibrium). Finally, for any tree graphical game G, the

Nash cavity functions Zg[y:s,)v(Sv) s,)>0 are ezactly equal to the messages of

= 1J'H[u:su],v(
the TreeProp and NashProp algorithms.

The proof follows directly from Theorem 16.

Choosing the parameters

Finally, by assigning different values for the feasible assignments to each factor, we obtain

different properties for the optimal solution of H. We propose different models as follows:
Theorem 17.

(a) Suppose that K = 400, and that for all v € V, complementary strategies s_,, and
Sy € BR{(s_y), we set ¢q,(Sy,5—y) = 0. Then, the set of all (¢,6)-approzimate Nash
equilibria is ezactly the set {s | Fy(s) = 0}

(b) Suppose that for all v € V, complementary strategies s_,,, and s, € BR},(s_,), we set
Ga, (80,8—v) = Pu(8y,8_y). Then, the optimal solution of H is a (e,§)-approximate
Nash equilibrium which mazimizes the total utility.

(c) Suppose that there exists u € V' such that for all v # w, complementary strategies s_,,
and 8, € BR{(s_,), we set ¢q,(Sy,8—y) = 0. Furthermore, suppose that for all s_,
and sy € BR;,(S—vy), ®ay(SusS—u) = du(Su,S—vu). Then, the optimal solution of H is a
(e, 0)-approzimate Nash equilibrium which mazimizes the utility of player u.

(d) Consider a collection of independent random variables X, 5 uniformly distributed over
[0,1] and indezed by player v and decision x € x. Suppose that for allv € V, com-
plementary strategies s_y, and s, € BR{(s_,), we set ¢q,(sv,5-v) = Es[>_, Xoz,]-
Then, the optimal solution of H is unique with probability 1.
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Proof. For the first statement, simply note that H is designed so that Fy(s) is equal to
—oo if s is not a Nash equilibrium, and 0 otherwise. For the second (resp. third), note
that H is designed so that Fy(s) is negative if s is not a Nash equilibrium, and equal to
the total utility (resp. utility of player w) induced by s otherwise. Finally, for the last
statement, note that the joint distribution of the utility of two distinct discretized solution
has a density, and therefore, two distinct discretized solutions have almost surely distinct
payoffs. Since there is only a finite number of discretized solutions, the probability that two
have the same payoff is zero. Therefore, the solution which maximizes Fy is unique. [J

Note that the uniform distribution assumption of the last point can be replaced by any
nonnegative distribution with a density. In most cases, the approximate Nash equilibrium
which maximizes the total utility (or a given player utility) is unique. This is for instance
the case with probability 1 if the utility functions are random variables and if their distri-
bution has a density. In this case, from Property 2, computing said Nash equilibrium and

computing the local Nash cavity functions is equivalent.

5.5.3 Search algorithms

In the previous section, we showed that computing a Nash equilibrium for G is equivalent to
computing the optimal solution of a suitably defined factor graph. It is therefore natural to
wonder if the message-passing algorithms exposed in Chapters 1 and 2 can be converted into
message-passing algorithms for graphical games. We show that this is partially the case,
as the cavity expansion algorithm, applied to the factor graph of a tree game, is equivalent
to the TreeProp algorithm. Using the cavity expansion algorithm, we also generalize the
TreeProp algorithm into the Nash Cavity Ezpansion (NCE) algorithm, a message-passing
family of heuristics which aims to compute Nash cavity functions for graphical games.
Furthermore, we show that NCE algorithms, when they are designed to compute binary
Nash cavities, always converge, and always decrease the size of the search space for NE. We
show in particular that the NashProp algorithm of Ortiz and Kearns belongs to the NCE
family. Finally, we show how to modify the TreeProp algorithm so that it computes local
Nash cavities, thus removing the need for the second “upstream” phase of the TreeProp

algorithm.
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TreeProp as a special case of the Cavity Expansion

Take a graphical game G (we do not suppose for now that G is a tree), and consider the
reduction from G to H where K is set to +00, and assignments (s,,S_,) in best-response
for factor v have utility ¢, (sy,8—y) = 0. Note that in the graphical model #, any value
function Jy 4 (sy) can in fact be considered as the negative of a cavity function (or more
precisely, of a censored cavity function, in the meaning of Chapter 4). Indeed, we have
J1,0(8v) = Ju0(S0) — Ju, since Jy is always zero (as there always exists a Nash equilibrium
for G, we know that the value function of H is 0). It is sometimes more intuitive to think
of a censored cavity Jy — Jy,»(sy) as a difference Jy o (f) — J31,4(Sv), where f represents the
“free” action, meaning that v can optimize over it.

Now, consider any node v € V with neighbors {w1,...,ws}, a strategy s,, and suppose
we wish to compute Jy ,(sy). In M, v has neighbors {ay,ay,,...,aw,}. Let us apply the
cavity recursion for factor graphs (2.10) in order to compute Jy ,(s,). We obtain:

J’H,v(sv) = J’H,v(sv) - Ju

= Z Ho—an, (S‘Ua M’H(v,i,sv)) + Yoea, (sv, M’H(v,d—i—l,sv))
1<i<d

We obtain that Jp . (sy) is 0 if and only if each term of the sum is 0 as well. We now
make the following observation: since we chose the factor a, to be last in our expansion,
in each of the H(v, 1, s,), the decision of v in factor a, is actually fixed to the value f, the
“free” decision variable. Therefore, the corresponding p function is 0 (since there always
exists a Nash equilibrium for any game, even if the decision of v is constrained to be s,
as long as we do not check if v is in best-response to its neighbors). The first d terms of
the sum are therefore zero (this can be verified through careful checking of the definitions).
We are thus left with only one term, ttyeq, (Sv, Mp(v,d+1,s,))- In H(v,d + 1, 8,) , both the
node v and its factor a, has been removed, and in every other factor v was involved in,
the decision of v is fixed to s,. Thus, H(v,d + 1,s,) is simply H[v : s,], and checking
definitions, we find that My,.,,] is equal t0 Jy[y.s,],w(Sw). Finally, it is easy to check that
oeay, (8vy JHfu:sy),w(Sw)) is equal to O if and only if there exists sw such that:

o sy, € BRy(Swys- ) Swy)

® Zg[u:s,),w(8w) = L. In other words, there exists a NE in G[v : s,] in which each player

w; plays sy,
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Note that the above statement is in fact obvious, and that for completely general graph-
ical games, the Cavity Expansion does not provide useful information. However, by
applying Theorem 3 (Chapter 2) to H, we immediately recover that Jyjy.s,)w(Sw) =
> JH[v:sy),w; (Sw;)y OF in other words that Zgjy.s,) w(sw) = 1 if and only if Zgjy.s,] 2, (Sw,) =
1 for all 4. This is the mathematical way to say that there exists a NE in G[v : s,] in which
each player w; plays sy, if and only if for each 7, there exists a NE in G[v : s,] in which w;
plays sy, (since all players w; are decoupled after conditioning on v). We thus recovered

the TreeProp equations as a special case of the CE algorithm.

Proposition 18. Given a tree graphical game G and the corresponding graphical model H,
the Cavity Expansion algorithm applied to H has the same output as the output of TreeProp

for G, and thus computes ezactly the Nash cavity functions.

Nash cavity expansion

Let us try to go further. The following lemmas will help design useful (although non-exact)

recursions for computing the Nash cavity functions:

Lemma 19. Consider an arbitrary set T C {1,...,n} and 0-1 function G, which takes as
input an object (st, F1,..., Fy) where:

e st is a set of strategies for the elements of T: sp = (Sy)veT
e For each i, F; is a function from Ss(x) to {0,1}

Suppose that for any st and (Fi,...,Fy), G(sr,F1,...,Fy) is equal to one if and only
if there exists a set of strategies s_p = (sy)vgr Such that, after forming a solution s =

(sT,s_1), we have:
e For eachv €T, s, € BRy(Sy,5—v)
e For each i, Fi(s) =1
Then, G is an increasing function of Fi, ..., Fy.

Proof. Consider two sequences (Fi,...,Fy) and (F7,..., F}) with F; < F} for all ¢, and
a set of strategies sp. If G(sp, Fi,...,F;) = 0, then clearly G(sr, F{,...,F}) > 0 =
G(st,F1,..., Fy). If G(sp, Fi,..., F) = 1, then there exists s_r such that the conditions
above hold for the sequence F;. But then, since F; < F, the conditions above also hold
for the sequence Fy, and G(sr, Fy, ..., F}) is also equal to 1. O
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Lemma 19 can be used to show that a wide family of message-passing algorithms for
computing binary Nash cavity functions converges. It suffices to think of the F; as the set
of all messages, and G as the update rule for one of the messages. Since the update rule is
monotonic and belong to a finite space, using a generalized version of the technique used

by Ortiz and Kearns [OK03], we can show that the messages have to converge.

Nash Cavity Expansion

INPUT: A graphical game G, two sequences (Si,...,S%) and (T1,...,Tk) of subsets
of V such that T; N S; = 0 for all i, and a sequence (K,...,K}) of subsets
of {1,...,k}

BEGIN

For each i, initialize Y as a function of strategy sets sg, and sy, equal to
1 for all values of the input.

While Y7 # Y7 1! for all ¢ DO:

For all : DO:

Update Y;(sg,,s7;) as follows:

IF there exists s_(rus,) = (Sv)vgs,ur; such that:

e For all v €T;, s, € BRy(s)
e For all j € K;, we have Y].T_I(SS].,STJ.) =1

THEN set )/iT(SSi,STi) =1
ELSE
set Y (sg,,s7;) =0 OUTPUT The set of converged functions Y;.

Lemma 20. Nash Cavity Ezpansion always terminates, and at termination, for any NE

s* of G, we have
Y;:(Sgi’s}i) =1
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Proof. Since Y is identically one, we have Y;! < Y2 for all i. From Lemma 19, we obtain
Y7 < Y77! for all i and r > 1. Finally, since Y decreases and has a finite number of
configurations, it converges. For the equality, it suffices to check by induction that all NE

s* are stable through the iterations. O

The second part of Lemma 20 ensures that we have effectively reduced the search space
for Nash equilibria, and improves the chances of the NashSearch algorithm to obtain a
valid Nash equilibrium.

The final “step” of designing a good NCE algorithm is to design the clusters and take
advantage of the graphical structure to ensure that, when updating Y;, only a few of the
Y; are checked, as well as checking over all strategies s_7,us, can be made on a smaller set.

Consider for instance any node v with neighbors {u, w1, ..., wq}, consider the oriented
edge u v and let S(u « v) = {u}, T(u + v) = {v} and K(u < v) = {v + w;,1 <i <
d}. Then it is easy to check that by the set of all S(u < v),T(u < v), the corresponding
NCE is NashProp.

By slightly augmenting the size of the clusters, one can easily obtain an algorithm which
is strictly stronger than NashProp, yet whose complexity can be manageable. For instance,
consider clusters of size 3: for any node v with neighbors {w1, ..., wg}, let S(v, w;, w;) =
{wi,ws}, T(v, ws,wj) = 1, and K (v, w;, w;) be the set of permutations of (v, w;, w;). The
number of iterations of NashProp is upper bounded by |E|1/6%, and each iteration takes
O(1/6%) steps, so that the overall compexity of NashProp is O(|E|1/6412). In constrast,
the 3-cluster algorithm takes at most |E|Ad® iterations, and each iteration is O(1/6%2), so
that the overall complexity is O(|E|A1/822F3),

5.6 Correlation decay and local Nash equilibrium

In this section, we develop a correlation decay analysis for graphical games, in the restrictive
framework of directed tree games. Nevertheless, there are many reasons to believe the
technique we develop for directed tree games can be extended to general tree games, and
perhaps, to a lesser extent, to general games on arbitrary networks. We will assume for
simplicity that |x| = 2. All results can be extended to the case |x| > 2, with more complex
computations of the coupling and correlation constants.

Consider an arbitrary decomposable, directed tree game G = (V, E, o, x, ®). Recall that

137



for any u € V with neighbors {v,...,v4}, the utility function of u can be decomposed as:

¢u(33u,-'17v1, oo axvd) = 'Q[}u(xu) + Z ¢u<—v(xu:xv)

veEN (u)

Recall that for a directed tree game with random costs with a jointly continuous distri-
bution, there exists a unique pure Nash equilibrium. For any directed tree game H and
node v, we will denote Zy,, the action of v in the PNE of . (We use the same notation
as a Nash cavity function since the Nash cavity function Z%)v(x) will be nonnegative for a
unique z. As such, there is a clear bijection between a Nash cavity function and an optimal
decision in the PNE). Our probabilistic model is as follows:

Assumption 3. There exist two nonnegative real numbers I1 and I, and distributions Fy,
and Fy such that the following two assumptions hold:

o For all u, ¢, (0) = 1Y, (0) and ¥y (1) = I ¢),(1), where the set
(4%,(0),%,,(1))uecv is a set of i.i.d. random variables with common distribution F.
We also suppose that Fy has a bounded density, and denote oy the bound on the
density.

o For all (u,v) € E, and Ty, Ty € X, Gucv(Tu, Ty) = Iz & o(Tu, Tv), where the set
(Do (Tus Tv)) (u)€E, (za,20)ex? 1S @ S€t of i.i.d. random variables with common dis-

tribution Fy.

We denote Qp = ]E[max(gi);(_vz (07 0)“‘15;14——111 (17 0)7 iu—vi (07 1)_75;“—1)1— (1’ 1))_min(¢;¢<—vi (Oa 0)_
;evi(l’o)’ :u—vi (Oa 1) - ’/lL(—’l)i(17 1))] = 0.
For any u € V, let G, (resp. G;,) denote the game induced by the subtree rooted at
node u (resp. the game induced by the subtree rooted at u with depth at most r), both
G, and G" are decomposable directed tree games. Let Z;, be the optimal decision of u in
" and Z, be the optimal decision of u in G (which is also the optimal decision of u in G,,
by Property 1). Our objective is to identify sufficient conditions pertaining to Fy, Fy, and
the maximum degree A, to guarantee the following correlation decay condition:

Definition 3. For a nonnegative function p(r) which decreases and converges to 0, we say

that a directed tree game G exhibits the correlation decay property with rate p if

Yu,r >0, P(Z;, # Z,) < p(r) (5.9)
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Correlation decay is said to be exponential if p(r) is of the form Ka", with K > 0 and
a < 1, where K and a do not depend on the network topology or the number of nodes, but

solely on the distribution of the costs.

The condition is of interest because of the following property, which follows from a

trivial application of the union bound.

Property 3. Suppose that the correlation decay condition (5.9) holds. Let 2" = (Z])uev .
Then,

P(z" is a NE) > 1 — |V|p(r)

Note that Property 3 is not a statement about computation times, since it is very easy
to compute Nash equilibria for directed tree games. Instead, it should be seen as a locality
property of a Nash equilibrium in a random game. In other words, in a directed tree game
which satisfies a correlation decay condition, the decision of an agent in the tree depends
only on a local neighborhood around it — see Section 3.5 in Chapter 3 for a discussion

about decentralization.

5.6.1 Results

We now give our main results.

Theorem 18. Suppose that Assumption 3 holds, and that Fyy and Fy, both are the distri-

bution of uniform random variables over [0,1]. If

I,
A=-<1
I
then the exponential correlation decay property holds, and there exists a local NE for the
directed tree game G.
Theorem 19. Suppose that Assumption 3 holds, and that Fy and F both are the distri-

bution of standard Gaussian random variables. If

Al
<1
V2 +(A-DI3)

then the exponential correlation decay property holds, and there exists a local NE for the

directed tree game G.
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5.6.2 Branching argument

In this section, we consider the simplest argument to prove the existence of local Nash
equilibria for decomposable graphical games on trees (this particular argument actually
trivially extends to general graphical games). The conditions we obtain will serve as a
benchmark for the more powerful bounds we will obtain by using a more refined correlation
decay analysis. Consider a decomposable game G defined on a tree 7, and let u be an
arbitrary node with d neighbors v1,...,v4. Let 8 be the probability that the best reponse
reponse function BR,, of node u is always a fixed action z € x, no matter what the input

strategies (Sy;, Syys - - -, Sy,) aTe.

B=P (Ekc € X, Y(Suyy---38u,) € S(x)d,BRu(svl,...,svd) = £L') (5.10)

B is called the branching parameter of the system, and provides a simple way of proving
the existence of a local Nash equilibria:

Property 4. Assume A(1 — ) < 1. Then G exhibits correlation decay with rate p(r) =
(AL =B8)

Proof. We prove the result by induction. The result is clearly true for r = 0, since for any
agent u, P(Z0 # Z,) <1< (A(1 — B))°. Suppose now the result is true for a given r, and
let us compute P(Z/ ! # Z,). Let (v1,...,v4) be the children of u in Z,.

P(Z # Z,) =P(Fist. Z), # Zo)P(Z,T" # Zu | Fi st Z), # Zy,)
By induction hypothesis and the union bound, P(Fi s.t. Z; # Z,) < A - ((1 - B)A)".

Furthermore, P(Z[ ™1 # Z, | Jist. Z, # Zy,) = 1 —P(Z[T = Zy | i st. Z), # Zy,) <
(1 — B). Combining both bounds, we obtained the desired result. |

Proposition 19. Suppose for all u, ¥, (0) and (1) are independent and uniformly dis-

tributed over [0, I1], and for all (u,v), ¢ucv(0,0), Pucv(0,1), Pucv(l,0) and dyy(1,1) are
independent and uniformly distributed over [0,13]. Then,

I
(1-8)< Af_l
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More generally, under Assumption 3, we have

I
(1-p8)< Al—f%%

Proof. First, note that we have
B =P(AUB)
with
A= {‘v’(svl, o 8uy) € S(X)% BRu(Su,s .- ., 50,) = 1}
B= {V(svl, cey Syy) € S(x)d,BRu(svl,...,svd) = 0}

It is easy to see that

v(yh e 7yd) € Xd7 (D’u,(la y) 2> (I)U(O’y) (511)

is a necessary and sufficient condition for
Y(Suyy-- -5 80y) € S(X)% ®u(l,8) > 84(0,8) (5.12)

to hold. It is clearly necessary, and is sufficient since the payoff of a mixed strategy is
a convex combination of payoffs of pure strategies. The payoffs are decomposable, and
therefore

®u(L,y) = 2u(0,) = Wu(1) = %u(0)) = D ($ucwi(0,4:) = buewi(,92))  (5.13)

1<i<d

For any i, let C; = max(¢yv,; (0,0) =y, (1,0), Py, (0, 1) — Dy, (1,1)). From Equation
(5.13), we obtain that (5.11) holds if and only if

(Pu(1) = u(0) > D C (5.14)

1<i<d

Similarly, let D; = min(¢y« v, (0,0) — Py, (1,0), Py, (0,1) — Py, (1,1)). Then, event
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B holds if and only if

(Pu(1) —¥u(0)) < > D (5.15)
1<i<d
We finally obtain
1-B=PANBY)=P( Y D;<tpu(l)—¢u(0)< Y Cj) (5.16)
1<i<d 1<i<d

If for any x, ¢y (x) = L19, (), and the density of ¢ () is upper bounded by a,;, then the
density of ¢, (x) is upper bounded by O‘T’lﬁ It follows that the density of 1, (1) — 1, (0) is
also upper bounded by 9}319, and we obtain

1-g=E _121§i§d Di <pu(1) =9 (0)<31 <4<y Ci]

=E |E 121§i§d Di<¢u(1)_¢u(0)<zlsisd C;

sz

- -

=E |E|P| > Di<vu()=9u(0)< ) Ci

L L 1<i<d 1<i<d
&y
SB[ G- 2 D
_1§z§d 1<i<d
a,/,ad,AIg
= Il

Note that the first inequality comes from the fact that C; > D; almost surely. Finally,
for uniform random variables, ay < 1, and simple algebra (very similar to the calculations
of Section 3.4.2 in Chapter 3) shows that ay = % < 1, leading to the desired upper
bounds.

Remark: The branching argument, through Property 19, shows that G exhibits cor-
relation decay as soon as A2 ﬁ is less than some constant K. This is a weaker result than
the conditions of Theorems 18 and 19, showing that the branching argument alone does
not suffice to show our correlation decay result. Through lengthy computations, one could
in fact show that in the uniform case (and most likely for a vast number of distributions),
(1 — B) is at most K'vA f-f for some constant K’, which shows that the best that the
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branching argument could ever do is a condition of the form A%/ 2% < 1, still weaker than
Theorems 18 and 19. This shows that the correlation decay phenomenon truly is more

than a simple branching argument in a tree.

5.6.3 Dobrushin trick

In this section, we introduce a stronger technique to prove that the correlation decay
property holds. It is based on a simple interpolation trick Dobrushin used in order to
prove his condition for uniqueness of Gibbs distribution (c.f. [Dob68a]), and the resulting
condition we obtain for correlation decay in graphical games is quite similar to a uniqueness
condition for Gibbs fields.

Consider an arbitrary directed tree game H. Recall that for any node v € H with
children (vy,va,...,vq), we have

Also, for any r > 0,
Zy=BRu(Z}, 20, 25

Finally, for all v, Z0 is an arbitrary decision in {0,1}. Introduce e, = sup, P(Z, #
Z}). Also, given distributions Fy, and Fy, for any d > 0, let a,(d) denote the maximum
probability that two vectors of d decisions that are identical in all but one component have

a different best response.

oy(d) £ sup P(BR(0,y-i) # BR(1,y-:)) (5.17)
t,y—s€xd1

Note that implicit in the definition of « is the fact that the best response function BR is
sampled according to (I1Fy, I2Fy) and corresponds to a node of degree d. Our main result

is the following Lemma:
Lemma 21. e, < sup,cy g<a(day(d)) er—1

Proof. Consider any node v € V. Since Z, € {0,1}, note that P(Z, # Z;) = E|Z, — Z}|.
For any 0 < i < d, define the vector Zy[i] = (Zy,[i], ..., Zy,[d]), where Z, [i] = Z,, if
Jj < i and is equal to Z,’;j‘l otherwise. Note that Zy[0] = (Z,,,...,Z,,) and Z,[d] =
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(23, 2,

g+ -+ 1 Zy,)- Using a telescoping sum,

P(Zu # Z,) =E|Zu — Z,| = E|BRw(Zy[d]) — BRw(Zy[0))]

=K Z (BRu(Zv[i]) - BRu(Zv[i - 1]))

1<i<d

< Y E[BRu(Zy[i]) - BRy(Zy[i — 1])| (5.18)
1<i<d

Now, notice that Z [i] and Zy[i—1] differ only on Z,,: Z,,[i] = Z.,, while Z,,[i—1] = Z;~1.
Conditioning on the event {Z,, = Z{,z._l}, we obtain

E|BRy(Zv[i]) — BRu(Zv[i — 1])| =P(Zy, = Z;-_l) E [IBRu(Zv[iD — BRy(Zy[i — 1])] | Zy; = Z:;i_l]
+P(Zy, # Z3; ") E [|BRu(Zy[i) — BRu(Zvli — ) | Zu, # Z37']
<P(Z = Z;7) 0+ B(Z, £ Z57)) ald)

?

by definition of . Substituting the last inequality into (5.18), we obtain

P(Zy # Z;) < Z olP(Zy, # Z:;i_l) < a(d)der—1
1<i<d

Taking the supremum over all nodes u, we obtain the desired result. a
Lemma 21 trivially implies the following

Proposition 20. If for all d < A, a(d)d < 1, then G ezhibits correlation decay with rate
p(r) = (supgea(a(d)d))”

All what remains to do in order to prove Theorems 18 and 19 is to compute desired

upper bounds on «(d)

Proposition 21. Suppose that Assumption 8 holds, and that both Fy and Fy are the

distribution of uniform random variables over [0,1]. Then,
Vd >0, ad)<-= (5.19)
Suppose instead that Fyy and Fy, are the distribution of standard Gaussian random variables.
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Then,

vd >0, ad) < L2

= VAT @) (5:20)

Proof. Since (1) and v,(0) are ii.d. random variables, and so is the collection of
(Puco(Tus Tv)) gy 20)ex2- Therefore, the quantity P(BR(0,y—;) # BR(1,y—;)) does not
depend on i or y_;, and we take ¢ to be 1 and y_; to be identically zero. Letting 0g_

denote the vector composed of d — 1 zeroes, we therefore have
a(d) =P ({BR(O, Od—l) = 0,BR(1, 04-1) = 1} U {BR(O, Od-l) =1, BR(l, Od—l) = 0})
The event {BR(0,04_1) = 0} is equivalent to

$u(0) + ducv, (0,0) + D buev,(0,0) 2 Yu(1) + buevy (1,0) + Y due,(1,0) (5.21)

2<i<d 2<i<d

On the other hand, {BR(0,14—1) = 1} is equivalent to

$u(0) + ducy (0,1) + D bucv,(0,0) < Yu(1) + buevy (L) + D duewy(1,0) (5:22)

2<i<d 2<i<d

Let X = ¢u(1) + zzgigd Pue;(1,0) — 1u(0) — Zzgigd Pue;(0,0). Together, Equations
(5.21) and (5.22) imply that the event {BR(0,04—1) = 0, BR(1,04_;) = 1} is equivalent to:

¢u<—v1 (07 1) - ¢u<—v1(1a 1) S X S ¢u(—v1 (07 0) - ¢u<—v1(1,0) (523)
Conversely, event {BR(0,04—1) = 1,BR(1,04_;) = 0} is equivalent to
¢u(—v1 (Oa 0) - ¢u<—v1(17 0) S X S ¢u<—v1 (O) 1) - ¢u<—v1 (1a 1) (524)

Letting Y = ¢u1,(0,0) — ¢ue-ry(1,0) and Z = ¢y, (0,1) — Yy, (1,1), by combining
Equations (5.23) and (5.24), we finally obtain

a(d) = P(min(Y, Z) < X < max(Y, Z)) (5.25)

Let us now upper bound this probability for the case of uniform random variables. The
density of X can be very crudely upper bounded by the density of ¢, (1) — 1,(0) (for
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any independent random variables X and Y, the density of X + Y is upper bounded by
the minimum of the maximum density of X and the maximum density of Y), itself upper
bounded by 2 A . Therefore,

o(d) = / / dPy dP ;P(min(y, z) < X < max(y, 2))

< 11 / / dPy dPy; max(y, 2) — min(y, 2)

I2 12

< Elmax(¥, 2) - win(Y, 2)] = oy < 7

For normally distributed random variables, X is a zero-mean Gaussian random vari-

able with variance 2(I? + (d — 1)IZ). The density of X is therefore upper bounded by
1

————————_ Using the same method as above, we obtain:
2(I24+(d-1)I2)

Iy
* VR +(d- D)

and it is easy to show that for Gaussian variables (see similar computations in Chapter 3,

a(d) < a

we also have ag < 1, giving us the desired result. O

5.7 Conclusions

In this chapter, we switched focus from a classical optimization setting where agents of the
networks are cooperating towards a common goal, to a game-theoretic setting in which our
network is composed of selfish agents locally interacting with each other. Our approach
is twofold. First, following the lead of Daskalakis et al., we established a connection be-
tween optimization in graphical models, and computation of Nash equilibrium in graphical
games. In particular, we found that TreeProp, a tree-optimal message-passing algorithm
for computing Nash in graphical games, was a special case of a family of heuristics derived
from the cavity expansion. We suggested a simple modification of TreeProp which ensures
that a Nash equilibrium can be computed locally and without coordination between agents,
and developed a new family of search heuristics. Next, we developed a notion of correlation
decay for graphical games, although in the restricted setting of directed tree games, and
found sufficient conditions for the correlation decay property to hold. In particular, we

developed a Dobrushin-like trick to prove these conditions, which we demonstrate to be
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stronger than simple coupling techniques. These findings point to several areas for future
research. An important open problem is to generalize the correlation decay proof technique
to general graphs, or at least non-directed tree graphs. While the Dobrushin method we
introduced can be trivially applied to tree graphs, it is hard to compute the correlation
coefficients a(d) in a non-tree setting. Furthermore, we need to extend our development
and analysis of message-passing algorithms. We see at least two directions in which this
is important. The first direction consists of developing algorithmic methods which would
allow us to link a tree-based correlation decay methodology to general graphs. The second
direction consists in identifying specific game-theoretic models for which simple algorithms

such as NashProp would converge to the exact Nash cavity functions.
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Chapter 6

Application of graphical models
and message-passing techniques to
the early diagnosis of Alzheimer’s

disease

6.1 Introduction

In this last chapter, we shift our focus from theoretical questions to an applied problem,
and investigate applications of graphical models and message-passing algorithms to the
early diagnosis of Alzheimer’s disease (AD). By doing so, we aim to demonstrate the
practical relevance of the mathematical frameworks we considered throughout this thesis.
In particular, the statistical model developed in this chapter is a graphical model, and the
key algorithm used to perform inference will use the Belief Propagation algorithm.
Alzheimer’s disease is a neuro-degenerative disease, the most common form of dementia,
the third most expensive disease and the sixth leading cause of death in the United States.
It affects more than 10% of Americans over age 65, nearly 50% of people older than
85, and it is estimated that the prevalence of the disease will triple within the next 50
years [MMS, Mat04]. While no known cure exists for Alzheimer’s disease, a number of

medications are believed to delay the symptoms (and perhaps causes) of the disease.

The progression of the disease can be categorized in four different stages. The first
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stage is known as Mild Cognitive Impairment (MCI), and corresponds to a variety of symp-
toms — most commonly amnesia — which do not significantly alter daily life. Between
6% and 25% of people affected with MCI progress to AD every year. The next stages
of Alzheimer’s disease (mild and moderate Alzheimer’s disease) are characterized by in-
creasing cognitive deficits, decreasing independence, culminating in the patient’s complete
dependence on caregivers and a complete deterioration of personality (severe Alzheimer’s
disease) [SYAT01].

Early diagnosis of Alzheimer’s disease, and in particular diagnosis of MCI, is important
for several reasons [CFCt02a, CFC*02b, SHY05, BJZGAO07, BLT08]:

e A negative diagnostic may ease anxiety over memory loss associated with aging. It
also allows for early treatments of reversible conditions with similar symptoms (such

as thyroidal problems, depression, and nutrition or medication problems).

e Early diagnosis of AD also allows prompt treatment of psychiatric symptoms such
as depression or psychosis, and as such reduces the personal and societal costs of the
disease.

e Current symptoms-delaying medications have a given time frame during which they
are effective. Early diagnosis of MCI helps ensure prescription of these medications
when they are most useful. As research progresses, preventive therapies may be
developed. Early diagnosis raises the chance of treating the disease at a nascent
stage, before the patient suffers permanent brain damage.

e Finally, positive diagnoses give the patient and his family time to inform themselves
about the disease, to make life and financial decisions related to the disease, and to
plan for the future needs and care of the patients. Furthermore, as institutionalization
accounts for a large part of health care costs incurred because of AD, by preserving
patients’ independence longer and preparing families for the needs of AD patients,

timely diagnosis further decreases the societal cost of the disease.

Medical diagnosis of Alzheimer’s disease is hard, and symptoms are often dismissed
as normal consequences of aging. Diagnosis is usually performed through a combination
of extensive testing and eliminations of other possible causes. Psychological tests such
as mini mental state examinations (MMSE), blood tests, neurological examination, and
increasingly, imaging techniques are used to help diagnose the disease [AA03, SGRO7,
PBMT07].
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Our approach is based on medical studies which show that many neurophysiological
diseases (such as Alzheimer’s disease) are often associated with abnormalities in neural
synchronicity. It is indeed well known the neural activity of different parts of a healthy
brain is, to some extent, synchronized. In contrast, it has frequently been reported that
these diseases cause brain signals from different brain regions [Mat01, Jeo04] to become
less coherent. Therefore, developing methods to reliably detect degradations in brain-signal
coherence may help to diagnose such diseases.

A common type of brain activity are so-called electroencephalograms (EEGs); these
are measurements of electrical activity produced by the brain as recorded from electrodes
placed on the scalp [NS06]. In particular, we will focus on the problem of quantifying the
coherence of EEG signals (EEG synchronicity).

In general, quantifying the statistical interdependence between time series is an impor-
tant but challenging problem. Although it is relatively easy to quantify linear dependencies
(through the measure of statistical correlation, for instance), the extension to non-linear
dependencies is far from trivial. This is especially true in the case of EEG anomalies, since
it is important to detect brain diseases as early as possible, and fluctuations in brain signal
coherence are usually very weak at this stage.

Following this last hypothesis, we developed a novel similarity measure for the purpose
of detecting perturbations in EEG synchronicity. We will refer to this measure as “Stochas-
tic Event Synchrony (SES)”, since it tries to capture stochastic interactions between certain

events in the time series.

6.2 Basic principle

In this section, we will briefly describe the problem of quantifying similarity of synchronicity
between time series or point processes, and give a high-level, qualitative description of our

algorithm.

6.2.1 Measures of synchronicity

Finding good measures of similarity between data sets is a problem of tremendous prac-
tical importance. Classical mathematical notions of distance between time series often do
not correspond to the qualitative separation the practitioner desires to achieve, and it is

therefore often necessary to carefully design a new metric of separation which takes into
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account knowledge of the problem at hand.

More specifically, being able to measure alignment or synchronicity (which we will
loosely define as the alignment of oscillatory processes) of different time series or point pro-
cesses has been found to be the mathematical problem at the center of many various prac-
tical applications, including oceanography (e.g., oceanic “normal modes” caused by con-
vection [KCO00]), seismography (e.g., free earth oscillations and earth oscillations induced
by earthquakes, hurricanes, and human activity [AFR72]), biochemistry (e.g., oscillatory
events in calcium imaging data are due to oscillations of intracellular calcium [VLM™07]),
proteomics [LNREO05, LKBJO08], speech recognition and stereo vision [LP98, LNREO05], and
lastly, our application of interest, neuroscience.

Finding quantitative measures of synchronicity in brain activity is indeed an important
topic in neuroscience. For instance, it is hotly debated whether the synchronous firing of
neurons plays a role in cognition [VLRMO1]. The synchronous firing paradigm has also
attracted substantial attention in both the experimental [ABMV93] and the theoretical
neuroscience literature [ANWS03].

6.2.2 Stochastic Event Synchrony

Stochastic event synchrony is a new measure of the interdependence of generic point pro-
cesses, and as such can be used to measure alignment of point processes coming from
various fields. We will, however, solely consider time series that occur in the context of

neuroscience, in particular, electroencephalograms (EEG).

Point process representation of EEG data

A potential problem for using SES with EEG signals is that, as we will see, SES is developed
to be a measure of synchronicity of point processes, while EEG signals are continuous time
series. More generally, we would like to be able to use SES to compare any collection
of time series. In order to do so, we will assume that the data obtained is, potentially
after transformation, sparse in some domain, and therefore well approximated by a point
process representing “bursts” of activity. Sparse representation of data has attracted a lot
of interest recently through the development of compressed sensing.

Returning to the field of computational neuroscience, it is in fact known that EEG
signals are, after appropriate pre-processing, well approximated by point processes: the

time-frequency maps (spectrograms) of EEG signals are indeed sparse, as shown in Fig. 6-1
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(top). They contain discrete regions of strong activity, commonly referred to as oscillatory
events, which are believed to contain much of the information encoded in brain signals.
The brain, which is a network of over a hundred billion neurons, can be considered as a
huge network of coupled oscillators; as a consequence, oscillations, and oscillatory events
in particular, are a key concept in the analysis in brain signal measurements such as EEG.

o 20 wgac)

Amplivda

Figure 6-1: Bump modeling: the original EEG signal (top) is transformed in time-frequency
domain (second from top). Then, a bump model (bottom two figures) is extracted from

the resulting time-frequency map.

Following this intuitive reasoning, we pre-processed our EEG data and approximated
it by a sparse representation, which we describe at a high-level as follows (see appendix C

for full details on the pre-processing used):
1. wavelet transform
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2. mormalization of the wavelet coefficients
3. bump modeling of the normalized wavelet representation,
4. aggregation of the resulting bump models in several regions.

We used Morlet wavelets (well-known to be useful in the extraction of oscillatory patters
in EEG data, see [TBBDP96]). The output of the wavelet transform is a time-frequency
signal (cf. Fig. 6-1 (top)), in which clear bursts of activity can be identified.

Therefore one may consider approximating each wavelet transform by a sequence of
(half-ellipsoid) basis functions (“bumps”) [VMD*07]. The resulting bump models repre-
sent the most prominent oscillatory activity, and can be represented as points in a multi-
dimensional space, two dimensions for the center of the bump, two for the width and height,

and one for the intensity.

The basic principle behind SES

The idea underlying SES itself is very simple, and consists in matching events from one
point process to events from other processes, as illustrated in Fig. 6-2. The better the
matching, the more similar the original signals are. Let us reiterate that this approach
differs from the classical approaches mentioned earlier in one important point: classi-
cal measures are usually directly computed from the original signals, either in time or
time-frequency domain. In contrast, we determine the similarity based on point processes
extracted from those signals, e.g., oscillatory events in EEG.

Suppose for now that we are only comparing two time series (N = 2; see Fig. 6-3).
Bumps in one time-frequency map may not be present in the other map (non-coincident
or orphan bumps); other bumps are present in both maps (coincident or matched bumps),
but appear at slightly different positions on the maps.

The black lines in Fig. Fig. 6-3 connect the centers of coincident bumps; hence, they
show the offset in position between pairs of matched bumps. Stochastic event synchrony

consists in this case of five parameters that quantify the alignment of two bump models:
e p: fraction of orphan bumps,

e §; and d;: average time and frequency offset between matched bumps,
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t

(a) Time-frequency maps.

(b) Bump models.

Figure 6-2: Stochastic event synchrony of three EEG signals (N = 3); from their time-
frequency transforms (top), one extracts two-dimensional point processes (“bump models”;
bottom), which are then aligned by the proposed algorithm.

e 5; and sy: variance of the time and frequency offset between matched bumps.

It is noteworthy that SES tolerates shifts in time and frequency between both bump models,
and this is also the case for the multivariate formulation of SES, as we will explain later.

We align the two bump models and determine the above parameters by coordinate de-
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(a) Bump models of two EEG channels; the arrows are described in Section 6.3.
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(b) matched bumps (p = 27%); the black lines connect the centers of matched bumps.

Figure 6-3: Bump models of two EEG signals (N = 2), one model is depicted in red, the
other in blue; some bumps are matched (bottom), others are orphans.
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scent, iterating between the following two steps (in a fashion similar to the EM algorithm):

1. For given estimates of &;, d, s;, and sy, we align the two bump models (cf. Fig. 6-3
(bottom)). In section 6.3, we show that the alignment of two bump models can be

recast as a maximum weighted matchings problem.

2. Given this alignment, the SES parameters are updated by maximum a posteriori
(MAP) estimation.

The five SES parameters are determined from the resulting alignment by maximum a
posteriori (MAP) estimation. The parameters p and s; are the most relevant for the
present study, since they quantify the synchronicity between bump models (and hence, the
original time-frequency maps); low p and s; implies that the two time-frequency maps at
hand are well synchronized.

So far, we have described SES for pairs of signals (as in Fig. 6-3). In practice, however,
one often needs to analyze multiple signals simultaneously. For example, EEG is usually
recorded by an array of 21, 64, or 256 electrodes [NS06]. In principle, one may apply SES
to each pair of signals, and average the SES parameters over all those pairs, resulting in
a global measure for synchronicity. This approach, however, may become unwieldy as the
number of pairs grows quadratically with the number of electrodes. This is one reason why
we wish to consider all signals simultaneously. Secondly, multivariate SES also allows us
to investigate interactions between more than two signals; for example, it enables us to
distinguish events that occur in all signals from those that only occur in a subset of signals.

At a high level, multivariate SES is built upon the same idea as bivariate SES (see Fig. 6-
4): events from the different signals are matched with each other. If the point processes
are similar, the matched events form clearly distinguishable clusters as in Fig. 6-4, each
containing at most one event from each point process. Events within each cluster are then
similar and nearly simultaneous (apart from a potential shift in time and/or frequency).
On the other hand, if the point processes are less similar, there may be clusters with fewer
events, and the events within each cluster may be less similar and may occur at substantially
different times. In summary, the similarity of point processes can be characterized by the
average number of events per cluster, and the timing dispersion and similarity of the events
within each cluster.

We will give a full mathematical development of bivariate and multivariate SES in the

next sections.
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Figure 6-4: Five bump models on top of each other (N = 5), each color corresponds to one
model; the dashed boxes indicate clusters, the dashed ellipses correspond to exemplars;
cluster 1, 5 and 6 contain bumps from all 5 models, cluster 2, 4 and 7 contains bumps from
3, 4, and 2 models respectively, and cluster 3 consists of a single bump.
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6.3 A class of statistical model measuring similarity between

two point processes

6.3.1 Bivariate SES

In this section, we will focus on the interdependence of two multi-dimensional point pro-
cesses (the special case of two one-dimensional point processes in R benefits from a great
deal of additional structure, and is thoroughly studied in [DVWCO09]). As a concrete ex-
ample, we will consider multi-dimensional point processes in the time-frequency domain,
in particular bump models; the proposed algorithm, however, is not restricted to that
particular situation, and will be clearly generalizable to any pair of k-dimensional point
processes.

Suppose that we are given a pair of continuous signals, e.g., EEG signals recorded from
two different channels, each converted into a bump model. Each bump is described by
five parameters: time X, frequency F, width AX, height AF', and amplitude W. The
resulting bump models Y = (X1, Fi,AX,AF,Wy),...,(Xn, Fn,AXp, AF,,W,)) and
Y' = (X}, F|,AX{,AF,W)), ..., (X}, F,,AX],,

nent oscillatory activity in the signals at hand. In the statistical model we expose in this

AF!,,W),)) represent the most promi-

section, the heights, widths, and amplitude actually will actually play no role, and Y and
Y’ could be considered two-dimensional point process (bumps positions). However, for the
application of early diagnosis of AD, we will use a slight variation of this model which
does involve these variables; for the sake of consistency, we will keep widths, heights and
amplitudes as data points of our processes.

The development of SES was derived from the following observation (see Fig. 6-3):
bumps in one time-frequency map may not be present in the other map (“non-coincident”
or orphan bumps); other bumps are present in both maps (“coincident or matched”), but
appear at slightly different positions on the maps. The black lines in Fig. 6-3 connect
the centers of matched bumps, and hence, visualize the offsets between pairs of matched

bumps.

Statistical model

SES is intrinsically a measure of statistical similarity. We assume that the data at hand

was generated from a statistical model whose parameters need to be inferred from MAP
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Figure 6-5: Generative model

estimation (given appropriate priors). These parameters form the set of SES metrics. Let
us now describe the generative model of the observed data. We assume that there exists
a hidden, unobserved point process V' — the mother process — from which we obtain
by perturbation the two observed processes Y and Y’. We make the following statistical
assumptions about V, Y and Y":
The mother process V has ¢ events, where ¢ is a geometric random variable with
intensity A:
P(2) = (1 — A)A% (6.1)

Let V = (X1, F1,AX . AF,WY),..., (X, Fj, AX;. AF;,W;)) and let us first suppose
that the experiment goes over a period of time of length Tj, i.e., for any bump, X € [0, Tp).
The centers (&, fx) are uniformly distributed over a period of time [0, Tp] and a frequency
band [fmin, fmax); and as a consequence:

.= 1
@110 = Fr——

(6.2)

The amplitudes and widths (in time and frequency) of the bumps Vj are independently
and identically distributed according to distributions p,,, pa; and pay respectively (once
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again, let us mention that because of the perturbation model used, these distributions do
not affect the resulting SES metrics).
From the mother bump process V, the bump processes Y and Y’ are then generated

as follows:
1. Two identical copies Z and Z’ of bump model V are made.

2. For every i = 1,...,¢, the bumps Z; and Zl’ are randomly removed. More precisely,
each bump is deleted with probability pg, independently of the other bumps. The

results of the deletions are the two point processes Z and Z'.

3. The heights A fy, widths Axy, and amplitudes wy of all remaining bumps in Z and
Z' are randomly perturbed; more precisely, they are redrawn independently from the

priors py, paz and pay respectively.

4. The bump sequence Y (resp. Y’) is obtained by shifting the position of the bumps
Zy and Z;, by (—%L, —%L) and (%t, %ﬁ), and by adding small random perturbations to
the position of the bumps Y} and Y} (cf. Fig. 6-5), modeled as zero-mean Gaussian

random vectors with diagonal covariance matrix (s;,sy):

Joint distribution of the hidden process and observed samples

Let us detail some notations. Let ngg]“ble be the number of double deletions, i.e., the

number of bumps of V for which the copies in Z and Z' both were deleted. Let ngel (resp.
nl) be the number of deleted bumps of Z (resp. Z’) for which the other bump was not
deleted (single deletions). By definition,

ndel + n + gl = £, (63)

and likewise:
nhy + 1’ + ndQble = ¢, (6.4)

and the total number of deleted bumps is therefore given by:
nt = ngel + Ny + 20340 =20 —n — 7/, (6.5)

Note that the bump parameters w, Az, Af are generated independently for each bump,

and therefore, they do not provide any information about bump matchings. As a result,
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the SES inference algorithm (see Section 6.3.2) does not depend on the specific choice of
the priors py, paz and pay. Without loss of generality, we will adopt improper priors
Pw = PAz = Ppaf = 1.

Since there is a total of 2 bumps and 2¢ — n — n’ deleted bumps, and since each bump
is deleted with i.i.d. probability pg, the joint probability of V, Z, Z’ and ¢ is:

P(v,z,2',1) = PE)P(v]|OP(z,2 |v,¥) (6.6)
= (W s ™ (6)
By introducing parameters 3 and +:
= \/TO(fmax)\_ fmin) (68)
v=a-3(* ;dpd)"w, (6.9)
we can rewrite (6.7) as:
P(v, 2,2, 1) = v B%. (6.10)

Finally, we use the relation 2¢ = n + n’ + nge + N + 2nggl‘1ble to obtain:

double

P(v, 2,2, 1) = o f2rae” graer+tnae (6.11)

with 4/ = ~ gntn’,

Before we can write down the complete model (including Y and Y”), we need to in-
troduce some more notation. We attach to each bump Y; a binary variable B;, which
indicates whether Y; has a matching bump in Y’. In particular, Y; is equal to one iff the
corresponding bump in Y’ was deleted. Along the same lines, we associate variables B
to each bump Y;. Furthermore, we introduce binary variables Cyxs for any k and k': the
variables Cy are equal to one if bumps Yj and Y}, are matched (i.e., copies of the same

bump in V), and 0 otherwise. Since each bump Y} in Y is either unmatched (i.e., By = 1)
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or corresponds to exactly one bump in Y’, the following matching constraints hold:

n
Z e +bp =1 (6.12)
k'=1

n

> eww + b =1 (6.13)

Note also that 3, by = nlj, and Y,/ b}, = nge. Therefore, the exponent nj, + nge of B
in Equation (6.11) can be written in terms of B and B':

n:jel + Ndel = Z br + Z b;c/. (6.14)
k k'

Finally, let i be the index of the bump in V' that generated Y, and similarly, #;, stands
for the index of the bump in V' that generated Y},. Note that if Cy = 1, we have iy = 4},.
Finally, let 8 = (&, 51,07, sy), and let P(6) denote the prior on 6, on which we will later
elaborate. In this representation, the joint probability of the entire set of random variables
(¢, V,Y,Y',C,C', B, B") of the global statistical model is given by:

P(¢,v,y,y ¢, bV, 0) p(e)ﬂzkbwzk,bk,

—
m:

! Ck!
<p — B —00/2, st/2) (x;C, — :Eik;ét/2,st/2)>

x
[
—
=
<
Il
—

:’;13

r <p fzm —6¢/2, Sf/2) (f}é’_ﬁk;‘sf/Q’sf/Q))%kl

k=1k"'=1

by
H (p(xk Zi; —0:/2, st/2) ( flk, 8¢/2, sf/2))
k

b,
H (p(a:k/ — —6¢/2, st/Z) (f,’cl - fi'k;——ﬁf/,?,sfﬂ))
k/
6[bk' + chk’ — 1 H ((5[bk + Z Ckk! — 1]), (6.15)

k’'=1 k=1 k=1 k'=1

where p(z, m,s) represents the density of a normal variable with mean m and standard

deviation s at point x, and § the dirac function equal to 1 if its argument is zero, and 0
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otherwise. The variables Cyy/, B, and By are binary. The first four factors in (6.15) cor-
respond to bump pairs (Y%, Y},) (with Cgg = 1); the next four factors correspond to orphan
bumps (Bg = 1 and By, = 1). The last two factors in (6.15) encode the constraints (6.12).

Our objective is to estimate the parameters 6 and alignment variables C' and C’, since
those quantities contain information about the similarity of Y and Y’. We integrate over the
structural variables V, B and B’, and after some straightforward algebraic manipulations,

we eventually obtain:

n n Crk!
Pp(y,y,c.8) < [ T (p(:v?c/ — ;b 50) p(fle = fis Oy, 5¢) B‘2>

k=1k'=1
- P(6)1(c), (6.16)

where I(c) is equal to 1 if and only if for all k, >~/ cxrr € {0,1} and for all k', 3~ cprr €
{0,1}. The factor I(c) encodes the partial matching constraints (6.12).

We now comment on the priors of the parameters § = (&;, 51,05, 7). Since we usually
we do not need to encode prior information about d; and éy, we may choose improper
priors p(d;) = 1 = p(d5). On the other hand, one may have prior knowledge about s; and
ss. For example, in the case of spontaneous EEG (see Section 6.5), we a priori expect s;
to be larger than s;: we expect bumps to appear at about the same frequency in both
time-frequency maps, but there might be a delay of up to about 500ms between them.
Indeed, frequency shifts can only be caused by non-linear transformations, which are hard
to justify from a physiological perspective; on the other hand, signals may propagate over
large distances in the brain, and therefore, time shifts arises quite naturally. For example,
bump nr. 1 in Fig. 6-3(a) (t = 10.7s) should then be paired with bump nr. 3 (¢t = 10.9s)
and not with nr. 2 (¢ = 10.8s), since the former is much closer in frequency than the latter.
One may encode such prior information by means of conjugate priors for s; and sy, i.e.,

scaled inverse chi-square distributions:

(so tVt/Q)"t/2 e—Vt50,t/2s¢
B | 6.17
p(st) ['(14/2) st1+ut/2 ( )

(SO’fo/2)Vf/2 e——l/f.SQ,f/QSf
D 2) g

p(sf) = (6.18)

where 14 and vy are the degrees of freedom and I'(z) is the Gamma function. In the
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example of spontaneous EEG, the widths so; and sg ; are chosen such that sq; > so ¢,

since sy is expected to be smaller than s;.

6.3.2 Statistical inference for bivariate SES

As previously described, our two point processes Y and Y’ will intuitively be considered as
synchronous when they are identical with a few exceptions: (i) Small time and frequency
shifts §; and &¢; (ii) small deviations in the event occurence times (“event timing jitter”)
and in the frequencies; (iii) a few event insertions and/or deletions. More precisely, the
event timing jitter should be significantly smaller than the average inter-event time, and
the number of deletions and insertions should only comprise a small fraction of the total
number of events.

Armed with the stochastic model of section 6.3.1, we are now in a position to rigorously
define Stochastic Event Synchrony (SES): given two point processes y, and ', SES is defined
as the triplet (&, s, p), where:

o sty SR bk SO 1o
T on4n n+n' . (6.19)

The estimates (¢,) are obtained by maximum a posteriori (MAP) estimation:
(éa é) = a’rgma‘xc,e IP(C, 9|ya yl)' (620)

Since for given y and y', the factor p(c,6ly,y’) is proportional to p(y,y’, c,6) (cf. (6.16)),

we can rewrite (6.20) as:
(&,0) = argmax, P(y,4/, ¢, 6). (6.21)

The MAP estimate (6.21) is hard to compute, and we obtain it by coordinate descent:

first, the parameters 6 are initialized (e.g., St(o) =0= 5;0), §§0) = 80,¢, and §§co) = 50,f),

then one alternates the following two update rules until convergence (or until the available

time has elapsed):

gt = argmax, P(y,/, c, é(i)) (6.22)
60+ = argmax, P(y, y', é1, 9). (6.23)
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Update of the continuous parameters

The estimate 60+ (6.23) is available in closed-form; indeed, it is easily verified that the

point estimates &(HD S;i“)

and are the (sample) mean of the timing and frequency offset

respectively, computed over all pairs of matched events:

(3+1)
jirn A L - (&6 _ g+ 6.24
L S ) (024
k=1
(i+1)
2(i+1) A " M(i+1) (z+1
5 B (z+1) Z(f ) (6.25)

where n(tt1) is the number of coincident bump pairs in iteration 7 + 1, and where we used

: (i1
the shorthand notation & A(Hl) and 2/}, +) to represent the times of kth matched pair during

the ¢*! iteration of the algorlthm and likewise for f FE+D) and f’ . Using the conjugate
priors, the estimates sg Y and 3 A(H' ) are obtained as:

(i+1) a(i+1)

L(i+1) _ VtSot +n St,sample
§ = g 2 (6.26)
i+1) a(i+1)
§(1,+1) — Ufsovf + n(l+1) sflsa,mple (6 27)
s s s R '

where vy, vy, so; and so ; are the parameters of the conjugate priors (6.17) and (6.18),
and St sample and Sfgample are the (sample) variance of the timing and frequency offset

respectively, computed over all pairs of coincident events.

Update of the discrete parameters

We now address the update (6.22), i.e., finding the optimal bivariate alignment C for given
values 6 of the parameters 6. In the following, we will show that it is equivalent to a
standard problem in combinatorial optimization, i.e., max-weight bipartite matching (see,
e.g., [Ger95, Pul, BSS08, BBCZ08, HJ07, San07, San07]).

First, note that the maximization (6.22) is equivalent to:

¢t = argmax, log p(y, ', ¢, 6. (6.28)
C
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Using (6.16), we can rewrite (6.28) as:

) = argmax, Y wiw cxr + log I(c), (6.29)
Kk’
with
P — §@)2 1o p o §@)2
2s; 2sy
—1/2log 2ms; — 1/2log 27sy, (6.30)

where the weights wyy can be positive or negative. Bump pairs (Y, Y},) with large weights
wyy are likely to be matched to each other. The closer the bumps (Y%,Y},) on the time-
frequency plan, the larger their weight wyg. From the definition of 8 (6.8), we can also
see that the weights increase as the deletion probability py decreases. Indeed, if py is large,
a significant number of bumps from Y cannot be matched with bumps from Y’ and vice
versa. In addition, the weights wyys are large if the concentration of bumps on the time-
frequency plane, i.e., the ratio A/S with S = To(fmax — fmin), 1S small. Indeed, if there are
few bumps in each model (per square unit) and a bump Y of Y happens to be close to a
bump Y}, of Y’, they are most likely a matched bump pair.

The term log(I(c)), on the other hand, is equal to 0 if and only if for all £ and ¥/,
both 3,/ Crr and Y, Cyy are either zero or one (binary), and is equal to —oo otherwise
(infeasible solution). Therefore, the maximization problem is equivalent to finding:

max Z wkk’Ckk’

k. k'
s.t.

vk, Z Crrr € {0, 1}
k/
VE',> " Crw € {0,1}. (6.31)
k
This is exactly the formulation of the imperfect, bipartite, maximum-weight matching
(IBMWM) problem. Note that if wgg < 0, since it is an imperfect matching problem,

we know that cpir = 0 in the optimal solution, and the corresponding variable can be

removed. In practice, this will make the matching problem very sparse, since for a given
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bump, only neighboring bumps (in the time-frequency plane) will have positive weight and
be considered for matching. As a result, this observation naturally transforms our general
optimization problem into an optimization problem in a graphical model, where two bumps
k and k' are neighbors if and only if they are from a different process and wgz > 0.

The IBMWM problem can be solved (in polynomial time) by at least three different
methods:

e by the Edmond-Karp [Edm69] or auction algorithm [TB89],

e by using the tight LP relaxation to the integer programming formulation of bipartite
max-weight matching [Ger95, Pul],

e by applying the max-product algorithm [BSS08, BBCZ08, HJ07, San07].

The Edmond-Karp [Edm69] and auction algorithm [TB89] both result in the optimum
solution of (6.29). The same holds for the linear programming relaxation approach and
the max-product algorithm as long as the optimum solution is unique. If the latter is not
unique, the linear programming relaxation method may result in non-integer solutions and
the max-product algorithm may not converge, as shown in [San07]. Note that in many
practical problems, the optimum matching (6.29) is unique with probability one. This is
in particular the case for the bump models described above. Each method was tested, and

the message-passing paradigm was found to be very efficient for several reasons:
e It does not require a complex, potentially commercial LP solver.

e It is a very simple iterative algorithm, and takes natural advantage of the sparsity of
the underlying bipartite graph. For example, note that if wg, < 0, the edge between
bumps Yj and Y} can be removed.

e It is very modular: simple modifications of the model often translate into simple mod-
ifications of the iterative equations. Convergence and optimality may not be guar-
anteed anymore, but in practice the algorithm has very good performance, whereas
specialized combinatorial algorithms may fail.

Finally, we note that the SES inference algorithm is guaranteed to converge. Indeed, this
algorithm is an instance of coordinate descent, which is guaranteed to converge if the
iterated conditional maximizations have unique solutions. This holds for the SES inference

algorithm: the conditional maximization (6.23) has unique solutions (cf. (6.24)), and the
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same also holds for (6.22) in most practical applications, in particular, the application
considered in Section 6.5.

We close this section by mentioning that not all statistical assumptions made were
necessary. As a matter of fact, the only assumptions necessary for tractability are the geo-
metric number of mother bumps, and the uniform (or at least piecewise uniform) location
of these bumps. All other assumptions can be generalized; in particular, the assumption

of Gaussian deviations, while convenient and plausible, is not required.

6.4 Comparing multiple point processes at the same time

We now consider the extension of SES from pairs of point processes to collections of point
processes. We will do so in a fully general framework. Consider N > 2 signals S,...,Sn
from which we extract point processes Y7,...,Yxy by some method. Each point process
Y; is a list of n; points (or events) in a given multi-dimensional set S C RM ie., V; =
{Yi1,Yio2,...,Yipn,} with Y € Sfor k =1,...,n; and i = 1...N. By analogy with
the previous section, we will call events “bumps”. Intuitively speaking, N bump models
Y; may be considered well-synchronized if bumps appear in all models (or almost all)
simultaneously, potentially with some small offset in time and frequency. In other words, if
one overlays N bump models (cf. Fig. 6-4 with N = 5), bumps naturally appear in clusters
that contain precisely one bump from all (or almost all) bump models. In the example
of Fig. 6-4, clusters 1, 5 and 6 contain bumps from all five models Y;, clusters 2, 4 and
7 contains bumps from 3, 4, and 2 models respectively, and cluster 3 consists of a single

bump.

6.4.1 Principle of multivariate SES

This intuitive concept of similarity may be translated into a generative stochastic model
in the same spirit as section 6.3. In that model, the N point processes Y; are treated as
independent noisy observations of a hidden “mother” process X. An observed sequence Y;

is obtained from X by the following three-step procedure:
1. COPY: generate a copy of the mother bump model X,
2. DELETION: delete some of the copied mother bumps,
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3. PERTURBATION: slightly alter the position and shape of the remaining mother

bump copies, resulting in the bump model Y;.

As a result, each sequence Y; consists of “noisy” copies of a non-empty subset of mother
bumps. The point processes Y; may be considered well-synchronized if there are only a
few deletions (cf. Step 2) and if the bumps of Y; are “close” to the corresponding mother
bumps (cf. Step 3). One way to determine the synchronicity of given point processes Y;
is to first reconstruct the hidden mother process X, and to next determine the number of
deletions and the average distance between the point processes Y; and the mother process
X. When comparing more than two point processes, inferring the mother process is a high-
dimensional estimation problem, as the underlying probability distribution typically has a
large number of local extrema. Therefore, we will use an alternative procedure: we will
assume that each cluster contains one identical copy of a mother bump; the other bumps
in that cluster are moisy copies of that mother bump. The identical copy, referred to as
ezemplar, plays the role of “center” or “representative” of each cluster (see Fig. 6-4). We
will assume, without loss of generality, that there is one exemplar for each mother bump.
Note that under this assumption, the mother process X is equal to the list of all exemplars.

The exemplar-based formulation amounts to the following inference problem: given the
point processes Y; (with i = 1,2,..., N), we need to identify the bumps that are exemplars
and those that are noisy copies of some exemplar, with the constraint that an exemplar and
its noisy copies all stem from different point processes. Obviously, this inference problem
also has potentially many locally optimal solutions. However, in contrast to the original
(continuous) inference problem, we can in practice find the global optimum by message-
passing and integer programming (see sections 6.4.3). This model choice is related to
exemplar-based approaches for clustering such as affinity propagation [FD07, FD06] and
the convex clustering algorithm of [LG07]. As we will see, the exemplar-based formulation

will allows us to extend the bivariate similarity to multivariate similarity measures.

6.4.2 Stochastic model for multivariate SES

We now describe the underlying stochastic model in more detail. The mother process

X = {Xy,..., Xy}, which is the source of all points in Y7, Y3, ... Yy, is modeled as follows:

e The number M of points in X is geometrically distributed with parameter A vol(S):
P(M) = (1 - Avol(S))(Avol(S))™, (6.32)
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where vol(.S) is the multi-dimensional volume of set S.

e Each point z,, for m =1,..., M is uniformly distributed in S:

P(&|M) = vol(S) ™., (6.33)

With those two choices, the prior of the mother process X equals:
P(z, M) = P(M)P(Z|M) = (1 — Avol(S))AM. (6.34)

For convenience we will in the following use the short-hand notation p(Z) for p(z, M), i.e.,
we will not explicitly mention the dependency on M.

From the mother process X, the point processes Y; for ¢ = 1,..., N are generated
according to the following steps:

e For each event X,, in the mother process X, one of the point processes Y; with
i € {1,..., N} is chosen at random, denoted by Yi(m), and a copy of mother event Xm
is created in Yj,,); this identical copy is referred to as “exemplar”. For convenience,
we will adopt a uniform prior P(i(m) = i) = 1/N for i = 1,..., N. Next, for each
event X,, in the mother process X (with m = 1,..., M), a “noisy” copy may be
created in the point processes Y; with j # i(m), at most one copy per point process
Y;; the latter restriction ensures that all events in a cluster come from different point

processes (cf. Fig. 6-4). The noisy copies are modeled as follows.

e The number C,, of copies is modeled by a prior P(cy,|6.), parameterized by 6., which
in turn has a prior p(6.). As a priori for C,,, we take a binomial distribution with
N — 1 trials and probability of success ps, and adopt the beta distribution B(x, A)
as a conjugate prior for p;. Note that a binomial prior Bi(ps) for Cy, is equivalent
to deleting copies of the mother events independently with probability 1 — ps (cf.
DELETION step). In appendix D, we show how to extend the binomial distribution
to a multinomial distribution Mult(vy) with parameter v and conjugate Dirichlet Di(()

respectively.

e Conditional on the number C,, of copies, the copies are attributed uniformly at
random to other signals Y;, with the constraints of at most one copy per signal
and j # i(m); since there are (1\2;1) possible attributions A, C {1,...,i(m) —
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Li(m) +1,...,N} with |4p,| = ¢, the probability mass of an attribution A, is
-1
P(Amlem) = (Aiml) ‘

The process of generating a noisy copy Y;, from a mother bump X is described by
a conditional distribution p,(z; ,|Zm;6%), parameterized by some vector 6% that may

differ for each point process Y;.

In the case of bump models (cf. Fig. 6-4), a simple mechanism to generate copies is
to slightly shift the mother bump center while the other mother bump parameters
(width, height, and amplitude) are drawn from some prior distribution, independently
for each copy. The latter four bump parameters could be taken into account in a
less trivial way, but we omit such extensions here, as they are not required for the
application at hand. The center offset may be modeled as a bivariate Gaussian
random variable with mean vector (d;,d i) and diagonal non-isotropic covariance
matrix V; = diag(s;,sy,:), and hence, 6 = (04,i,9¢,4, 814, 55,4). For simplicity, we
will assume that s;; = s; and s;; = sy for all &. We adopt the improper priors
p(d::) = 1 = p(dy,;) for d;; and d;; respectively, and conjugate priors for s; and sy,
i.e., scaled inverse chi-square distributions:

(30,tVt/2)Vt/2 e vesot/2st

p(st) = T(n/2) gt (6.35)
_ (S()’fl/f/2)"f/2 e VsSo,f/25f
plap) = '(ve/2) $}+uf/2 ’ (6.36)

where 14 and vy are the degrees of freedom, and sg; and sg ; are the width of the

scaled inverse chi-square distributions, and I'(z) is the Gamma function.

Joint distribution

For later convenience, we will introduce some more notation. The exemplar associated to

the mother event X,, is denoted by Yi(m),k(m), it is the event k(m) in point process Y;:n).

We denote the set of pairs (i(m), k(m)) by Z%%. A noisy copy of X, is denoted by Yi(m),e(m)>

it is the event £(m) in point process Y}y, with j(m) € A,,. We denote the set of all pairs
§(m), £(m)) associated to X, by Z?, and furthermore define Z¢PY 2 TPY ...y TP
1 M
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and Z = Z%U Z°°PY. In this notation, the overall probabilistic model may be written as:

M
P(X,X,T,0) = p(8:)p(6)(1 — Avol(S)A\M N—M H 8(Zi(m) f(m) — Tm)

m=1
N-1\""! i
'P(Cm|9c)< . ) H Pa (4,5 Zm, Oz)- (6.37)
" (1.5) TP
Given point processes X = (Y1,...,Yn), we wish to infer Z and 6, since those variables

contain information about similarity. In particular, we are interested in the timing jitter
s and the number of events per cluster; the latter is given by ¢, + 1, i.e., there is one
exemplar in each cluster and ¢, noisy copies. The smaller the timing jitter s; and the
more events contained in each cluster, the more similar the point processes are considered
to be. The parameter s; is part of 8, and the variables ¢,, can be directly extracted from

Z. (Note: in section 6.5, we will denote the average number of events per cluster by n..)

6.4.3 Statistical inference for multivariate SES

By considering the minus logarithm of the above stochastic model:

—logp(X,X,T,0) = —logp(6.) — log p(6;) — log(1 — Avol(S)) — Mlog%

- N-1\""
- Z 1Ogé(sci(m),k(m) - jm) — log (p(cmlac)< > )
_ Cm
m=1
- Z logpm(xi,ﬂjm’ ex) (638)
(4,3)€log Try™

The term — log pz(x; ;|Tm,0:) may be interpreted as a measure of the distance between
z;; and &pm; note that this measure is not necessarily symmetric or non-negative. If p, is
a Gaussian distribution (as in the case of bump models), this measure is nothing but the
Euclidean distance. In other applications, non-Euclidean distances may be more appro-
priate. The proposed algorithm can straightforwardly handle arbitrary distance measures.
Let us now consider specific choices for p(cp|0.); if the latter is a binomial distribution

with N — 1 trials and probability of success ps, and the prior for ps is a beta distribution
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B(k, A\), we have:

. A
—logp(X, X,T,0) = —log B(ps; x, A) — log p(6z) — log(1 — Avol(S)) — Mlog —

N
M
— Y 10g 6(Tim),k(m) — Fm) — M(N — 1)log 6
m=1
M 1—p
- Z (N -1- Cm) log ® - Z logpx(xi,jljm: 9:1:),
m=1 P ez
(6.39)
which we can rewrite as:
—logp(X, X, Z.0) = — log B(ps; 5, A) — log p(8z) — log(1 — Avol(S)) + aM
M M
- Z 108 8 (2i(1m) k(m) — Zm) + B Z(N —1—cp)
m=1 m=1
- Z logpm(fri,jl-%my 93:)7 (6'40)
(69 ELR™
where
O¢=—logi——(N—1)10gpS and ﬁ=log( Ps ) (6.41)
N 1—ps

A reasonable approach to infer (Z,6) is maximum a posteriori (MAP) estimation:
(Z,0) = argmaxz 5 log p(X, X, Z,0). (6.42)

As there exists no closed form expression for (6.42), we need to resort to numerical methods.
A simple technique to try to find (6.42) is coordinate descent: We first choose initial values
6O, and then perform the following updates for r > 1 until convergence:

1) = argmax; logp(X, X,Z,00~V) (6.43)
) = argmax, log p(X, X,2M,6). (6.44)

. First we consider the update (6.43), which we will carry out by integer programming. Next,
we treat the update (6.44) of the parameters 6.
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Integer Program

We write the update (6.43) as an integer program, i.e., a discrete optimization problem
with linear objective function and linear (equality and inequality) constraints. To this end,

we introduce the following variables:
e S; i is a binary variable equal to one iff the k-th event of Y; is an exemplar.

e C; .« k is a binary variable equal to one iff the k-th event of Y; is copy of exemplar
Yirw.

e M; s i is a binary variable equal to one iff no event of Y; is a copy of exemplar Yy p.

Note that ¢; g, = 0 for all k and &' and m;;, = 1 for all i and k', since Y; must not
contain a noisy copy of a mother event X if it already contains the exemplar associated
to X’m.

First assume that the parameters 6, and ps of the binomial prior are constant. By
substituting (6.40) in (6.43), it can be easily shown that with the above choice of variables

b, the conditional maximization (6.43) may be cast as the following integer program in b:

min D N s+ 8> me

1,1<k<n; 4,0 #4,1<k'<n,

- S cipiw logpr(@iglrew; 67V) + C (6.45)

1,8/,1<k<n;, 1<k <n;
subject to
Vick, ) Cipink t Sik =1 (6.46)
ik
Vi, i # i,k Migg = suk — Y Cikik (6.47)
1<k<n;
where C is an irrelevant constant, and
A(r—1) A A(r—1)
& = —log N (N —1)log ps (6.48)
. ﬁ(’”"l)
Br=1 = log (—s A(T_1)>. (6.49)
]. - ps
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The sum }_; 1. bix in (6.45) is equal to the number of exemplars M; therefore, the first
term in (6.45) assigns a cost a to each exemplar. The second term in (6.45) associates a
cost 3 to every deletion. Indeed, if (¢/,k’) is not an exemplar, >, b; i ;» is equal to zero;
if (¢, k") is the exemplar associated to the m-th mother event, >, b; 1 = (N — 1 — ¢p),
which is the number of deletions in the m-th cluster. The third term assigns a cost to each
copy (i, k) of exemplar (¢, k'), proportional to the “distance” — log p, between both events.

The constraint (6.46) ensures that each event is either an exemplar or a copy of an
exemplar. The constraint (6.47), combined with the fact that b; # v is a binary variable,
encodes the following:

e ¢; i can only be equal to one if sy j is equal to one, i.e., (i,k) can be a copy of
(¢, k') iff (¢, k) is an exemplar,

e at most one event in Y; can be a copy of (¢, k'),
e m; ik is one iff (¢, k') is an exemplar but has no copy in Y.

The discrete optimization problem (6.45)-(6.47) is an integer program in b, since the ob-
jective function (6.45) and constraints (6.46) (6.47) are linear in the variables b.

This optimization problem may be solved by max-product message-passing on a sparse
graph of p(X, X,Z,0) (6.37), along the lines of the algorithm of [DVW*09]. We imple-
mented this approach for the problem described in Section 6.5, and found that Belief
Propagation converged in about 70% of instances. In those instances it converged, it found
a solution which was always optimal or near-optimal. In the remaining 30% of instances,
BP either diverged, or converged to an extremely poor solution (choosing every single
bump to be an exemplar). Visual inspection of the instances for which BP converged and
those where BP did not surprisingly did not reveal any qualitative differences between the
bump profiles. As a result, we opted for the following scheme for optimization: we first run
the BP algorithm, inspect the resulting solution, and, if poor, use an integer programming
algorithm (CPLEX) to solve the instance. CPLEX was in fact found to solve most of these
instances fairly fast.

6.5 Application to early diagnosis of Alzheimer’s disease

In this last section, we investigate the applicability of both bivariate and multivariate SES

to the problem of early prediction of Alzheimer’s disease.
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6.5.1 EEG Data

The EEG data used here has been analyzed in previous studies concerning early diagnosis
of Alzheimer’s disease (AD) [CNM*07, CSM*05, HSKT03, MAY*02, VCD*05]. They
consist of rest, eyes-closed EEG data recorded from 21 sites on the scalp based on the 10—
20 system (see Fig. C-2)). The sampling frequency fs was 200Hz, which allowed for signals
of up to 100Hz to be represented. As in [CNM 107, CSM 105, HSK+03, MAY 102, VCD*05],
the signals were band-pass filtered between 4Hz and 30Hz using a third-order Butterworth
filter.

The subjects comprised two study groups. The first consisted of a group of 25 patients
who had complained of memory problems. These subjects were then diagnosed as suffering
from mild cognitive impairment (MCI) and subsequently developed mild AD. The criteria
for inclusion into the MCI group were a mini mental state exam (MMSE) score = 24,
though the average score in the MCI group was 26 (SD of 1.8). The other group was a
control set consisting of 56 age-matched, healthy subjects who had no memory or other
cognitive impairments. The average MMSE of this control group was 28.5 (SD of 1.6). The
ages of the two groups were 71.9 £+ 10.2 and 71.7 & 8.3, respectively. Finally, it should be
noted that the MMSE scores of the MCI subjects studied here are quite high compared to
a number of other studies. For example, in [HSK'03] the inclusion criterion was MMSE
= 20, with a mean value of 23.7, while in [CNM107], the criterion was MMSE = 22 (the
mean value was not provided); thus, the disparity in cognitive ability between the MCI and
control subjects was comparatively small, making the present classification task relatively
difficult.

All recording sessions were conducted with the subjects in an awake but resting state
with eyes closed.

After recording, the EEG data was carefully inspected. Indeed, EEG recordings are
prone to a variety of artifacts, for example due to electronic smog, head movements, and
muscular activity. The EEG data has been investigated independently by three EEG
experts. EEG segments were considered as artifact-free if all three experts agreed. We
retained in our analysis only those subjects whose EEG recordings contained at least 20s
of artifact-free data. Based on this requirement, the number of subjects in the two groups
described above was further reduced to 22 and 38, respectively.

We first applied bivariate SES to the 10 region pairs, and averaged the results over

those pairs, resulting in one set of (average) bivariate-SES parameters per subject. Then,
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we applied multivariate SES to the 5 regions simultaneously. Besides SES, we applied a

large variety of classical approaches, as we will explain in the following section.

Methods and Statistics

We studied the following statistics, directly extracted from the bump model:
o AT: average width of bumps,
e AF': average height of bumps,
e F': average frequency of bumps.
From bivariate SES, we obtained the following statistics:
e s?P: timing jitter variance,
e p: fraction of unmatched (“orphan”) bumps.
From multidimensional SES, we obtained:
e s;: variance in time domain (“time jitter”),
e pi: the fraction of clusters with 7 bumps (for each i = 1,...,N),
e n.: average number of bumps per cluster.

We also consider the linear combination h, of all parameters p, that optimally separates
both subject groups, obtained through leave-one-out cross-validation.

Besides SES, we applied a variety of classical synchronicity measures to the EEG data:

Pearson cross-correlation coefficient [NS06],
e mean-square and phase coherence [NS06],

e Granger causality [KL05], in particular, Granger coherence, partial coherence, partial
directed coherence (PDC), directed transfer function (DTF), full-frequency directed
transfer function (ffDTF), and direct directed transfer function (dDTF),

the recently proposed corr-entropy coefficient and wave-entropy coefficient [XBCP06],
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e phase synchronicity indices derived from the Hilbert transform and time-frequency
maps [LRMV99], global field synchronization (GFS) [KLS*01b], evolution map ap-
proach (EMA), and the instantaneous period approach (IPA) [RCB*02],

e mutual information, both in time domain (I) [KSGO04] and time-frequency domain
(Iw) [Avi05],

e information-theoretic divergence measures [Avi05] (in time-frequency domain), in

particular, Kullback-Leibler, Rényi, Jensen-Shannon, and Jensen-Rényi divergence,

e state space based measures, in particular, the non-linear interdependence indices N*,
Sk H* [QQKKG02], and the S-estimator [CKIDF05].

For the sake of brevity, we will not expand on the technical details here (see [DVMC] for

a study based on those measures), and instead only discuss the results.

6.5.2 Results and Discussion

The main results are summarized in Table 6.1, which shows the sensitivity of the syn-
chronicity measures for diagnosing MCI. More precisely, it contains p-values obtained by
the Mann-Whitney test. This test indicates whether the statistics at hand, in particular,
the synchronicity measures, take different values for the two subject populations: low p-
values indicate large difference in the medians of the two populations. Note that while a
low p-value does not necessarily imply small classification error, it is a necessary condition
for good classification, and an indicator of the classification strength. We therefore use
p-values as a way to identify potentially good features for classification; we investigate
classification in the following section.

Note that the p-values in Table 6.1 need to be statistically corrected. Indeed, since we
consider many different measures simultaneously, it is likely that a few of those measures
have small p-values due to stochastic fluctuations and not due to systematic difference
between MCI patients and control subjects. Therefore, the p-values need to be corrected
accordingly, for example, by means of Bonferroni [Bon36] or Sidak [Sid67] post-correction
or step-down methods [Hoc88, Hol79]. In the most conservative Bonferroni post-correction,
the p-values of Table 6.1 need to be multiplied by the number of synchronicity measures. As
was shown in [DVMC], however, many synchronicity measures are strongly correlated: one

can distinguish a small number of families of synchronicity measures. As a consequence,

179



Measure Cross-correlation Coherence Phase Coherence Corr-entropy ‘Wave-entropy
p-value 0.028" 0.060 0.72 0.27 0.012*7
References [NS06] [XBCP06]
Measure || Granger coherence | Partial Coherence PDC DTF fIDTF dDTF
p-value 0.15 0.16 0.60 0.34 0.0012**T 0.030*
References [KLO05]

Measure Kullback-Leibler Rényi Jensen-Shannon Jensen-Rényi Iy I
p-value 0.072 0.076 0.084 0.12 0.080 0.060
References [Avi05] [KSG04]

Measure NE SF HF S-estimator

p-value 0.032* 0.29 0.090 0.33
References [QQKKG02] [CKIDFO05]

Measure Hilbert Phase ‘Wavelet Phase Evolution Map | Instantaneous Period GFS

p-value 0.15 0.082 0.072 0.020* 0.51
References [LRMV99] [RCB02] [KLST01b]

Bump AT AF F

p-value 2.3.10—4™1 0.023* 2.10-3"

2D-SES 52D p

p-value 0.12 0.00041°"

multi-SES n P2 P P e

p-value 0.016' 29104 0.089 0.59 0.0054°
multi-SES Ne he 8¢

p-value 1.10-3*T 1.10—4*" 0.46

Table 6.1: Sensitivity of average synchronicity for early prediction of AD (p-values for
Mann-Whitney test; * and ** indicate p < 0.05 and p < 0.005 respectively; { indicates
p-values that remain significant after post-correction).

a less conservative but arguably more reasonable approach is to multiply the p-values of
Table 6.1 by the number of synchronicity measure families (four or five). The p-values
in Table 6.1 that remain significant after post-correction are indicated by f, i.e., wave-
entropy (p = 0.012), full-frequency DTF (0.0012), p (p = 0.00041), p? (p = 2.9107%), n,
(p=11073), and AT (p = 2.310~*). Note that even after the most conservative Bonferroni
post-correction, the most discriminative SES measures (p, pZ, n.) remain significant. In
figures D-1 and D-2, we show boxplots for these synchronicity measures.

The strongest observed effect is a significantly higher degree of non-correlated activ-
ity in MCI patients, more specifically, a high number of non-coincident, non-synchronous
oscillatory events, as quantified by the statistics (p, pi, n.); in MCI patients, there is an
increase in the fraction p of orphan events (see Fig. D-1(d)), a decrease in the average
number of bumps per cluster (see Fig. D-1(e)), an increase in the number of clusters with
1 and 2 bumps (see Fig. D-2(a) and D-2(b)), and a decrease in the number of clusters of
size 4 and 5 (see Fig. D-2(d) and D-2(e)). Interestingly, we did not observe a significant
effect on the timing jitter s; of the coincident events (see Fig. D-1(c)). In other words, MCI

seems to be associated with a significant increase of non-coincident background activity,
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while the coincident activity remains well synchronized. Of course, those observations beg
for a physiological explanation. However, this clearly goes beyond the scope of the present
study.

We verified that the SES measures are not correlated with other synchronicity measures
(Pearson r, p > 0.10). In contrast to the classical measures, SES quantifies the synchronicity
of oscillatory events instead of more conventional amplitude or phase synchronicity, and

therefore provides complementary information about EEG synchronicity.

6.5.3 Classification

Combining the SES parameters (p, pc, he, n.) with fIDTF or bump parameters (e.g.,
AT) yields good classification of MCI vs. control patients; some examples are shown
in figures 6-6, 6-7, and 6-8. The classification error, determined by leave-one-out cross
validation, was found to be between 10% and 15%. These results are promising, as
there are currently very few methods to reliably predict the onset of MCI. The meth-
ods of [CNMT07, CSM*05, HSK*03, MAY 02, VCD"05], applied to the same EEG data,
have significantly higher classification errors and use vastly more features and thus are
more prone to over-fitting. In addition, the classical synchronicity measures lead to poorer
classification performance. For instance, the classical measure ffDTF, which is the most
discriminative classical synchronicity measure for the EEG data at hand, leads to classifi-
cation errors of about 30% (obtained through leave-one-out cross validation). Combining
fIDTF with SES parameters leads to vastly better results; this can be explained by the fact
that SES provides complementary information about synchronicity.

However, the classification errors we obtained are admittedly still too large to allow
us to predict AD reliably. To this end, we would need to combine those synchronicity
measures with complementary features, perhaps from different modalities such as PET,
MRI, or biochemical indicators. We wish to point out, however, that in the data set at
hand, patients did not carry out any specific task. In addition, we considered recordings
of 20s, which is very short. It is plausible that the sensitivity of EEG synchronicity could
be further improved by increasing the length of the recordings and by recording the EEG
before, during, and after patients carry out specific tasks, e.g., working memory tasks. As
such, the separation shown in Fig. 6-6, 6-7, and 6-8 might be applied to screen a population
for MCI, since it requires only an EEG recording system. The latter is a relatively simple

and low-cost technology, at present available in most hospitals. Moreover, the iterative
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algorithms developed to perform inference are simple and have very efficient running time,
so that no additional equipment would be needed to analyze the EEG data.

6.6 Conclusions

In this chapter, we introduced an alternative method to quantify the similarity of time se-
ries, referred to as stochastic event synchrony (SES). As a first step, the algorithm extracts
events from the time series, resulting in point processes. These events are then optimally
aligned. The better the alignment, the more similar the original time series are considered
to be.

Obviously, it is important to extract meaningful events from the given time series. In
the case of spike trains, individual spikes can naturally be considered as events. Note that
for certain neurons, however, it may actually be more appropriate to define a burst of
spikes as a single event. As we have shown, for spontaneous EEG signals, it is natural to
consider oscillatory events from the time-frequency representation. However, even in this
case there might be interesting alternatives, depending on the nature of the EEG.

Since the proposed similarity measure does not take the entire time series into account
but focuses exclusively on certain events, it provides complementary information about
synchronicity. Therefore, we believe that it may prove to be useful to blend our similar-
ity measure with classical measures such as the Pearson correlation coefficient, Granger
causality, or phase synchronicity indices.

We have applied the proposed approach to the problem of diagnosing Alzheimer’s dis-
ease (AD) at an early stage based on electroencephalograms (EEG). We demonstrated that
the SES measures are sensitive to AD-induced perturbations in EEG synchronicity; they
allow an improvement of early diagnosis of AD, by combining those novel measures with
classical measures.

The SES model is very modular and can be extended in several different ways. For
instance, in the present study, the SES parameters are assumed to be constant in time.
By considering time-varying parameters, we are able to study neural response to timed

stimuli.
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Figure 6-6: Combining bivariate-SES parameter p with ffDTF; red circles: CTR, blue
crosses: MCI.
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Figure 6-8: Combination of three features; multivariate-SES parameters combined with
fIDTF and bump parameter AT; red circles: CTR, blue crosses: MCI.
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Appendix A

Glossary

Chapter 1

G=(V,E.®,x) Decision network

o Set of interaction and potential functions

X Decision set: {0,1,...,7 —1}

T Number of actions

Jg Value function of network G

Jov(x) Value function when nodes in v are constrained to take decisions x

Bg () Bonus of node v when taking action x

Bgy Bonus of node v when taking action 1, when x = {0,1} (Bg» € R
in this case)

My (2, B) partial cavity function sent v to w : maxy(®y.(z,y) + B(y)) —

maxy (®u(0,y) + B(y))

Chapter 2

G\ {u} Subnetwork induced by removal of node u

G(u, J, x) 4t modified subnetwork of G with action x, see section 2.2.2, Equa-
tion (2.1)

B(G,u,r) Approximation of the cavity function Bg, with depth r, see section
2.3

C Boundary condition for the Cavity Expansion algorithm

CE[G.u,r,z,C| Cavity Expansion for network G, node u, depth r, action z, see

section 2.3.1
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Chapter 3

p(r)
KC) ac

g;

(’Ujl, .. ,anj)
nj

c.c

B(r)

B'(r)

Bj(r - 1)
Bi(r—1)
B(r—1)
B'(r—1)
Bijr(r —2)
B;‘k(r - 2)
Bj(r —2)
Bi(r —2)
Hue—v; (2)
,u'vj%vj)c (Z)
Dy,

L5

o7,

Xuw

Yu,v

0P,

Ef o(z,2)
Eyo(z,2)
Eycy(z, )

Correlation decay rate

Exponential correlation decay parameters

Bound on the density of the cavities

argmax,CE[G, v, T, z]

node of interest

neighbors of u

number of neighbors of u

g(u’ j? 1)

neighbors of v; in G; (i.e., neighbors of v; in G, except for u)
number of neighbors of v; in G

Two different boundary conditions

CE[G,u,r,1,C]

CE[G,u,r,1,(’]

CE[Gj,v;,r — 1,1,C]

CE[QJ’ Uy, T — L1, Cl]

(Bj(r = D)igj<d

(Bj(r — )i<j<a

CE[QJ (’l)j, ’C, 1), vj,'r - 2, 1,6]

CE[QJ (’Uj, IC, 1), ’Uj, r— 2, ]., CI]

(Bjk(r = 2))1<k<n;

(Bji(r = 2))1<k<n;

Hue—v; (1,2)

Nvﬂ—vjk (1’ Z)

@, ,(1,0) — ®,,(1,1), for any (u,v)

®, ,(0,0) — ©,,(0,1), for any (u,v)

®,0(1,1) — ©,4(0,1), for any (u,v)

Oy, + 0%,

@%w - @}L,v =0y 4(1,1) = Py »(1,0) — Dy ,(0,1) + &, ,(0,0)
®,(0) — @u(1)

{z > 0%, + ma'x(q)%u—w (I)zzu—v)} N{z' > 0%, + max(q)%u—w (I:'%u—v)}
{z < 9%y + min(®yy, Phy)} N {2 < 0Py + min(Sfy, D7)}
E; (z,2)UE], (z,2')
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Chapter 4

W (U) Weight of set U: Y-, ., W

M(G) Size |G| of graph G

a(G) Independence number of G

Is Maximum Independent set of G

I Maximum Weighted Independent Set of G

A Independent set output by the PTAS

Cg(i) Censored cavity of node ¢ in graph G = max(Bg;), 0)

Cg (i,7) Lower bound and approximation of Cg(¢) resulting from the CE of
depth r

CE; (z,7) Upper bound and approxnnatlon of Cg(i) resulting from the CE of
depth r

€ €2/2

Z(r,e) {i] C’g(e,)(i,r) > 0}

G(e) Graph obtained from the original graph G after removing each node
with probability €

H Subgraph of G(e)

I MWIS of G(e)

Mg (i) Elexp(—Cqg(i))]

J\Ig"(i t) Elexp(— Cg (i,t))]

]\Ig (i,t) Elexp(—C{ (i, t))]

M3, (4) Elexp(—a; Cy(2))]

M, I (i, t) Elexp(—a; Cy(i,1))]

M;J (i,t) Elexp(—a; Cf (4, 1))]
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Chapter 5

by
Sy

S
S(x)
BR

¢u<—v

Zgw

N R

Qy (d)

Payoff function of player u

Strategy of player u

Strategy profile

strategies over the set x

Best-response function

contribution of agent v to the payoff of agent u, in a decomposable
game

Nash cavity function

Graphical model derived from graphical game G

In a directed tree game, optimal decision of agent v

branching rate

Dobrushin coefficient for correlation decay in graphical games of
degree d
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Chapter 6

To

fmin
fmax
Y)Y’
A
Ndels Ndel

double
el

Pd
3

Fraction of orphan bumps

Average time offset

Average frequency offset

Variance of the time offset

Variance of the frequency offset
Number of bumps in the mother process
Exponential parameter for {
Measurement time

Minimum frequency sampled

Maximum frequency sampled

Observed bump processes

Processes obtained after bumps deletion
Number of deletions in Z, Z’

Number of double deletions

Probability of deletion

(1— ) (L)

Indicator variable of assignment of bump & to bump &’
Indicator variable of orphan bump
average width of bumps

average height of bumps

average frequency of bumps
Variance in time domain

Fraction of clusters with ¢ bumps
average number of bumps per cluster
Best linear combination of n.’s
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Appendix B

Notions in complexity theory and

approximation algorithms

In this appendix, we will give a very brief primer on the main notions of complexity
theory used in the rest of the thesis. The first section deals with the P and NP classes
in optimization and the notion of approximation algorithm, and the second deals with the
PPAD class used in game theory.

We refer the reader to Sipser’s book [Sip96] on complexity theory and computation for

more details on these topics.

B.1 The P and NP classes, approximation algorithms

A decision problem is defined as a set P = (I,v), where I is a set of instances, and v a
function from I to {0,1}. The objective is to compute the function v(i) for any ¢ € I. An
algorithm A for the decision problem P is a sequence of non-ambiguous instructions which
can be simulated on a Turing machine, takes as input an instance ¢ and outputs the value
v(i). The running time of the algorithm is the number of steps the Turing machine takes
in order to produce an answer.

Optimization problems are similary defined. An optimization problem is a set P £
(I, f,v), where I is a set of instances, f is a feasibility function, and v a value function.
For any 4, f(7) is the set of feasible solution, and v(3,.) is a function from f(i) to R. The
objective is to find for any ¢ a solution z € f(¢) which maximizes the function v(3,.), or

in other words, finding = € f(i) N argmax,(v(i,y)). Such a solution z is called optimal.
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An algorithm A for problem P is a sequence of non-ambiguous operations which can be
simulated on a Turing machine, which takes as input an instance 7 and outputs a candidate
solution = € f(i). A is said to be optimal if it always outputs an optimal solution.

In many optimization problem, we can define a natural size of the instance M (7). We
will often be interested in upper bounding the running time of an algorithm A as a function

of the size of the instance it is running on.

P and NP

An algorithm A is said to be running in polynomial time if its computation takes a number
of steps at most polynomial in the size of the input.

The set of all decision problems for which there exists a polynomial time algorithm is
called P. Similarly, we will also call P the set of all optimization problems for which there
exists a polynomial time running algorithm. P is, in essence, the set of all problems for
which there exists “fast” or “efficient” algorithms.

Because it proved hard to rigorously show that problems do not belong to P, researchers
introduced new complexity classes of problems which are believed to be strict supersets of
P.

Perhaps the most famous such class is NP. A decision problem is said to be in NP if
for all problems which have answer ‘yes’, the answer can be verified in polynomial time.
In other words, a decision problem is in NP if for all its positive instances, there exists a
polynomial checkable certificate of positivity (i.e., a “short proof’ that the answer is, in
fact, ‘yes’). Formally, a problem is in NP if it can be simulated on a non-deterministic
Turing machine).

For any optimization problem P = (I, f,v), define a corresponding decision problem
P’ = (I',v'), where I’ = (I,R), and where for any i € I and o € R, v’ is the answer to the
question “does there exist a solution x such that f(z) > a?”. Then, we say that P is in
NP if and only if P’ is.

A reduction from a problem P = (I,v) to P’ = (I’,v') is a function g from I to I’ such
that for any ¢ € I, g(i) € I’, and v(i) = v'(9(¢)). A reduction is said to be polynomial if
the size of g(i) is always polynomial in the size of ¢, and g € P. If there exists a polynomial
reduction from P to P’, this means that problem P’ is in some sense harder than P, since
we can always solve the decision problem P through its reduction g.

A reduction from an optimization problem P = (I, f,v) to P’ = (I, f’,') is a pair of
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functions (g, h), where g is a function from P to P’ and a h a function from {¢, f(¢')} to
{i, f(i)}, such that for any i € I, an optimal solution x of g(i) can be converted through h
into an optimal solution h(z) of 7.

Finally, a decision or optimization problem P is said to be NP-hard if for any problem
P’ in NP, there exists a polynomial reduction from P’ to P. In other words, NP-hard
problems are harder than all problems in NP, since if we can solve an NP-hard problem,
we can solve any NP problem. A problem is NP-complete if it is both NP-hard and in
NP. Most computer scientists believe that P#NP, implying that there exists no polynomial
time algorithms for NP-hard problems.

Randomized algorithms

Intuitively, a randomized algorithm A is a sequence of non-ambiguous instructions which
can be simulated on a Turing machine, with the additional assumption that the Turing
machine can read from an infinitely long tape which contains a sequence of random bernoulli

numbers drawn independently with probability 1/2.

Approximation algorithm

An approximation algorithm A for a problem P with additive error € is an algorithm which
for any i € I, outputs a solution A(¢) such that for all ¢, |maxy, v(,y) — v(i, A(3))| < e

For a problem P such that for all ¢, v(¢) is a positive function, an approximation
algorithm A for a problem P with approximation ratio p is an algorithm which for any
i € I, outputs a solution .A(¢) such that for all ¢, mv—aga%%)y—) < p. We also say that A is a
p-factor approximation algorithm for P.

A polynomial-time approximation scheme (PTAS) is a parametrized algorithm A(e),
such that for for every ¢ > 0, A(e) is an (1 + €)-factor approximation algorithm which
runs in polynomial time. A similar notion can be defined for the additive error, where an
algorithm A(e) is called a PTAS if for any € > 0 it is an AS with additive error e.

An efficient polynomial-time approximation scheme (EPTAS) is a PTAS whose running
time is upper bounded by some h(e) n®1),| where n is the size of the input.

Finally, a fully-polynomial-time approximation scheme (FPTAS) is a PTAS whose run-
ning time is a polynomial in n and €, where n is the size of the input.

Approximation schemes which use randomized algorithms can also be defined, in which

case they are respectively called randomized approximation scheme, polynomial-time, ran-
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domized approximation scheme (PRAS), efficient polynomial-time, randomized approxi-
mation scheme (EPRAS), and fully polynomial-time, randomized approximation scheme
(FPRAS).

Specific notions for approximation algorithms in decision networks

We give here give a specific definition of approximation algorithm in the context used by
the main body of this thesis. Note that since our problem is non-standard (random input),
our definition slightly differ from classical ones.

For any network G, we call M(G) = max(|V|,|E|,|x|) the size of the network. Since
we will exclusively consider graphs with degree bounded by a constant, for all practical
purposes we can think of |V| as the size of the instance. We will say that an algorithm is an
additive (resp. multiplicative) PTAS with high probability if for all € > 0 it outputs in time
polynomial in |V'| a solution Z such that P(|Jg — F(£)| > €) < € (resp. ]P’(F—J(% > 1+4¢€) <e).
EPTAS and FPTAS with high probability are similarly defined, as are their randomized

counterparts.

B.2 The PPAD class

We closely follow the exposition of Daskalakis et al. [DGP09])

A search problem is defined as P = (I,S), where I is a set of instances, and S is a
function from I to a set of candidate solutions (for simplicity, the set of all finite binary
strings). The objective is, for all 7 € I, to find an element x € S(7). A total search problem
is a search problem for which S(¢) is nonempty for all i.

As an example, finding a pure Nash equilibrium is a search problem, where the set of
solutions is the set of all decisions vectors which are in best response to the complement
decision vectors (see Chapter 5, Equation 5.2); it is not necessarily total.

In contrast, finding an approximate Nash equilibrium is, by Nash’s Theorem, a total
search problem.

PPAD can intuitively be defined as the set of all total search problems whose totality
can be established by the following argument: in any directed graph, if there exists an
imbalanced node (a node whose outdegree is different from its indegree), then there exists

another imbalanced node.
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Formally, a problem in PPAD is defined by two functions P, S from {0,1}" to {0,1}"
(n is the size of the input), such that P(0,) = 0, # S(0,); the search problem consists in
finding z € {0,1}" such that P(S(z)) # z or S(P(z)) # z # Op.

195



196



Appendix C

Preprocessing of brain data:

Wavelet Transform and Bump
Modeling of EEG data

This appendix is based on work by F. Vialatte

We successively apply the following transformations to the EEG signals:
1. wavelet transform,

2. normalization of the wavelet coefficients,

3. bump modeling of the normalized wavelet representation,

4. aggregation of the resulting bump models in several regions.

As previously explained, as soon as the EEG is transformed through an appropriate
wavelet, discrete patterns of activity become apparent. However, before extracting bump
models from the time-frequency maps, it is necessary to normalize the latter. EEG signals
have a very non-flat spectrum with an overall 1/f shape, disrupted by state-dependent
peaks at specific frequencies [NS06]. Therefore, most energy of the time-frequency maps is
located at low frequencies f. If we directly apply bump modeling to the (unnormalized)
time-frequency maps, most bumps will be located in the low-frequency range; in other
words, the high-frequency range will be under-represented. Since relevant information

might be contained at high frequency, we normalize the map S(t, f) before extracting the
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bump models. As a result, the bumps are more or less uniformly distributed on the time-
frequency maps. (In the statistical model underlying SES, we use a uniform prior for the
bump position (see Appendix 6.3)).

After normalization, we extract a bump model from each EEG channel; since there
are typically many EEG channels (usually at least 20), we aggregate the models in several
regions (see, e.g., Fig. C-2), resulting in one bump model per region. In principle, one may
apply SES to the original bump models, but it is computationally attractive to first reduce
the number of models. This aggregation procedure is the last pre-processing step. Next,
SES is applied to the bump models of each region.

Eventually, we compute the SES parameters for each pair of aggregated bump models.
In the following, we detail each of those five operations.

Wavelet Transform

In order to extract the oscillatory patterns in the EEG, we apply a wavelet transform.
More specifically, we use the complex Morlet wavelets [GGM84, DEGT92]:

P(t) = Aexp (— t2/203) exp(2i7 fot), (C.1)

where t is time, fy is frequency, op is a (positive) real parameter, and A is a (positive)
normalization factor. The Morlet wavelet (C.1) has proven to be well suited for the time-
frequency analysis of EEG (see [TBBDP96]). The product wg = 27 fo - 09 determines the
number of periods in the wavelet (“wavenumber”). This number should be sufficiently

large (> 5), otherwise the wavelet () will not fulfill the admissibility condition:
t 2
JLC 2

and as a result, the temporal localization of the wavelet becomes unsatisfactory [GGM84,
DEG'92]. In the present study, we choose a wavenumber wy = 7, as in the earlier stud-
ies [TBBDP96, VMD™07]; this choice yields good temporal resolution in the frequency

range we consider in this study.

The wavelet transform X (¢, s) of an EEG signal X(t) is obtained as:

K

X(t,s) 2 Y X(t) zp*(tl — t), (C.3)

8
t'=1
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where ¢(t) is the Morlet “mother” wavelet (C.1), s is a scaling factor, and K = f,T', with
fs the sampling frequency and T the length of the signal. For the EEG data at hand, we
have T' = 20s and f; = 200Hz and hence K = 4000. The scaled and shifted “daughter”
wavelet in (C.3) has center frequency f = fo/s. In the following, we will use the notation
X(t, f) instead of X(¢,s).

Next we compute the squared magnitude S(¢, f) of the coefficients X (¢, f):
A
S(t, f) = |1X(t, NI (C4)

Intuitively speaking, the time-frequency coefficients S(¢, f) represents the energy of os-
cillatory components with frequency f at time instances ¢t. It is noteworthy that S(t, f)

contains no information about the phase of that component.

It is well known that EEG signals have very non-flat spectrum with an overall 1/f shape
(besides state-dependent peaks at specific frequencies). Therefore, the map S(¢, f) contains
most energy at low frequencies f. If we directly apply bump modeling to the map S(t, f),
most bumps will be located in the low-frequency range, in other words, the high-frequency
range would be under-represented. Since relevant information might be contained at high

frequency, we normalize the map S(t, f) before extracting the bump models.

Normalization

The coefficients S(t, f) are centered and normalized, resulting in the coefficients Z(t, f):

2t 1) & D) = ms(d) (C.5)

os(f)

where mg(f) is obtained by averaging S(¢, f) over the whole length of the EEG signal:

| X
ms(f) = 2> _ St ). (C.6)
t=1
Likewise, o%(f) is the variance of S(t, f):
9 1 & 2
oB(f) = 7 D_ (S(t. )~ ms(£))" (1)
t=1
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In other words: the coefficients Z(t, f) encode fluctuations from the baseline EEG power
at time ¢t and frequency f. The normalization (C.5) is known as z-score [BC02]. The
coefficients Z (t, f) are positive when the activity at t and f is stronger than the baseline
ms(f) and negative otherwise. In the application of diagnosing AD (see Section 6.5),
we concentrate on regions in Z (t, f) with large activity, so-called oscillatory events. For
convenience, we shift the coefficients (C.5) in the positive direction before bump modeling

by adding a constant «, the remaining negative coefficients are set to zero:

+
Z(t,f) 2 [Z(t,f) + a-‘+ = [S(t’ fa)s_(fTS(f) + a“ , (C.8)

where [2]* =z if z > 0 and [z]T = 0 otherwise. In our experiments (see Section 6.5), we
set a = 3.5, and as a consequence, virtually all values of Z(t, f) + « are then positive. The

top row of Fig. 6-2 shows the normalized wavelet map Z (C.8) of two EEG signals.

Bump Modeling

Next, bump models are extracted from the coefficient maps Z (see Fig. 6-2 and [VMD*07]).
We approximate the map Z(t, f) as a sum Zpump(t, f,6) of a “small” number of smooth
basis functions or “bumps” (denoted by foump):

Ny
A
Z(t, ) % Zoump(t; £,0) 2D foump(t: f0k), (C.9)
k=1
where 6 are vectors of bump parameters and 6 2 (61,02,...,0n,). The sparse bump

approximation Znump(t, f, @) represents regions in the time-frequency plane where the EEG
contains more power than the baseline; in other words, it captures the most significant
oscillatory activities in the EEG signal.

We choose half-ellipsoid bumps since they are well-suited for our purposes [Via05,
VMD*07] (see Fig. C-1). Since we wish to keep the number of bump parameters as
low as possible, the principal axes of the half ellipsoid bumps are constrained to be parallel
to the time-frequency axes. As a result, each bump is described by five parameters (see
Fig. C-1(a)): the coordinates of its center (i.e., time x; and frequency fi), its amplitude

wyg > 0, and the extension Az and A f;, in time and frequency respectively, in other words,
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(a) Parameters

TF window

TF window

Bump
Bump

Adaptation ‘
e il 3

After adaptation

Initialisation
(b) Learning the parameters

Figure C-1: Half ellipsoid bump.

Or = (T, fr, Wk, Ak, Afi). More precisely, the ellipsoid bump function foump(t, f,8k) is

defined as:
w1 — &(t, f,0 for0<k<1
.fbump(t:fa ek) = g ( k) (0-10)
0 for k > 1,
where
(=) | (F-f)?
K(t, f,0k) = Az, T AZf (C.11)
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For the EEG data described in Section 6.5.1, the number of bumps N, (cf. (C.9)) is typi-
cally between 50 and 100, and therefore, Zyump(t, f,0) is fully specified by a few hundred
parameters. On the other hand, the time-frequency map Z(t, f) consists of between 10*
and 10° coefficients; the bump model Zuyump(t, f,6) is thus a sparse (but approximate)
representation of Z(t, f).

The bump model Zy,ymp(t, f, 8) is extracted from Z(t, f) by the following algorithm [Via05,
VMD*07]:

1. Define appropriate boundaries for the map Z(t, f) in order to avoid finite-size effects.

2. Partition the map Z(t, f) into small zones. The size of these zones depends on the
time-frequency ratio of the wavelets, and is optimized to model oscillatory activities
lasting 4 to 5 oscillation periods. Larger oscillatory patterns are modeled by multiple

bumps.
3. Find the zone Z that contains the most energy.

4. Adapt a bump to that zone; the bump parameters are determined by minimizing the
quadratic cost function (see Fig. C-1(b)):

EO)E Y (Z(t ) ~ Foump(t, £,60))%. (C12)

t,fez

Next withdraw the bump from the original map.

5. The fraction of total intensity contained in that bump is computed:

_ Zt,fez fbump (t, f, Ok)

A S 5

(C.13)

If F is smaller than a threshold G € R for three consecutive bumps, and hence those
bumps contain only a small fraction of the energy of map Z(¢, f), stop modeling and

proceed to (6), otherwise iterate (3).

6. After all signals have been modeled, define a threshold T' > G, and remove the bumps
with least energy until F' < T'. This allows us to trade off the information loss and

modeling of background noise.
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In the present application, we used a threshold G = 0.05. With this threshold, each bump
model contains many bumps. Some of those bumps may actually model background noise.
Therefore, we further pruned the bump models (cf. Step 6). We tested various values of
the threshold T' € [0.05,0.4]; the results presented did not depend much on the specific
choice of T. We refer to [Via05, VMD'07] for more information on bump modeling. In
particular, we used the same choice of boundaries (Step 1) and partitions (Step 2) as in
those references.

Eventually, we obtain 21 bump models, i.e., one per EEG channel. In the following, we

describe how those models are further processed.

Aggregation

As a next step, we group the 21 electrodes into 5 regions, as illustrated in Fig. C-2. From
the 21 bump models obtained by sparsification (cf. Section C), we extract a single bump
model for each of the 5 zones by means of the aggregation algorithm described in [VMD™07].
This vastly reduces the computational complexity: instead of computing the bivariate-SES
parameters between all possible pairs of 21 electrodes (210 in total), we compute those
parameters for all pairs of 5 regions (10 in total). Next, we average the SES parameters
over those 10 pairs, resulting in a triplet (p, &, s;) for each subject. On the other hand,
we apply multivariate SES to all 5 bump models simultaneously.
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Figure C-2: The 21 electrodes used for EEG recording, distributed according to the 10-20
international placement system [NS06]. The clustering into 5 zones is indicated by the
colors and dashed lines (1 = frontal, 2 = left temporal, 3 = central, 4 = right temporal
and 5 = occipital).
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Appendix D

Complements on multivariate SES

and additional graphs

D.1 Computational hardness of multivariate SES

The combinatorial problem (6.43) is very similar to solving a mazimum weighted N-
dimensional matching. For the purpose of understanding the combinatorial hardness of
the problem, we show that for N > 5, the mazimum 3-dimensional matching problem
can be reduced to (6.43) when forgoing the euclidean costs assumptions. Since mazi-
mum 3-dimensional matching is NP-hard, it results that (6.43) (with general costs) is also
NP-hard. Therefore, the extension of SES from 2 time series to more than 2 is far from

trivial.
Proposition 22. The combinatorial problem (15) is NP-hard if N > 5.

We include a sketch of the proof; it is based on a reduction from mazimum weighted 3-
dimensional matching optimization, which is known to be NP-hard and APX-hard [Kan91] [GJB™].

Proof. Let T € X xY x Z, where X,Y, Z are disjoint sets. Let us construct an instance
of problem (6.43) which can be used to reconstruct the optimal 3-dimensional matching of
T. Since finding maximum cardinality 3-dimensional matching is NP-hard, so is problem
(XXX). As a first set, let us create empty sets X', Y’ Z' T' U’, which will serve as con-
tainers for carefully chosen “bumps” (points). In the rest of the proof denote s, the cost
of assigning bump a to exemplar bump b (i.e., the cost of the variable b, ).
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For every x € X (resp. y € Y, z € Z), create two corresponding bumps z € X’ and z € U’
(resp.y €Y', z€ Z', €U, ze€ U and for every t = (z,y,2) € T, create two bumps
teT andt e U’

Then, let us choose the cost function as follows:
e p; =1 — €, where € is an extremely small positive constant (practically equal to 0)
e A= Nexp(l)

o Foranyt = (z,y,2) €T, let s;y = sy; = 5,4 = 0. For any bump b € X'UY'UZ'UT’,
let Sph = B. For any other two bumps by, by, let s, 5, be equal to M, where M is a
very large positive constant (practically, +00).

The first two assumptions effectively set & to —1 and [ to a very large constant. Since
for any bump u € U’, and for any other bump b, s, is infinite, bumps in U’ can never
be assigned to any other bump, and all have to be exemplars.The total cost of bumps in
U’ being exemplars is therefore an additive constant which does not change the solution.
Moreover, for any bump u € U’, there exists a unique bump b € X' UY’' U Z’ UT’ that
can be assigned to it (i.e., it is the unique bump b such that s, < +00). Denote f(u) the
unique bump b of X' UY'U Z' UT’ such that sy, < +0o. Then, if f(u) is assigned to u,
the assignment cost sy, is equal to 3, and since it is the only bump which can be assigned
to u, three bumps will be missing, for an extra cost of 33. The total cost of the cluster is
therefore 43. On the other hand, if f(u) is not assigned to u, the cluster of exemplar u
does not contain any other bumps — 4 bumps are missing, for a total cluster cost again
equal to 483. Therefore, the cluster costs of bumps in U’ are additive constants, and bumps
in X’UY'UZ'"UT’ can be assigned to their corresponding exemplar in U’ for no extra
cost. For this reason, exemplars in U’ can be considered as “fake exemplars” (they serve
as bins for unmatched bumps in X', Y’, Z’ and T).

The next step consists in observing all other exemplars have to be in T”. Indeed, for any
bump b; € X' UY'U Z’, and any other bump by, s, 5, is infinite. It results that bumps in
X'UY' U Z’ can never be exemplars.

Since a = —1, the optimization effectively aims at maximizing the number of exemplars in
T'. Finally, because the cost of missing bumps 3 is very large, all clusters with exemplars
in 77 have to contain a bump from each time series X', Y’, Z’. Let t = (x,y,2) € T. Then
the only possible cluster for exemplar t € T/ consists of the corresponding bumps z, vy, 2 in

X', Y', Z' (all other assignments bring the cost up to infinity). Finally, since each bump in
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X',Y’, Z' can only be assigned to one exemplar in T”, the clusters differ in each coordinate.
It finally follows that the set of real clusters is the maximum 3-dimensional matching of
TCXxYxZ. O

D.2 Extension of multivariate SES to the multinomial prior

First we assume that the parameters 8, and v of the multinomial prior are constant. If
p(cm|0.) is a multinomial distribution Mult(y) with parameter v, and the prior for v is a
Dirichlet distribution Di(({), the expression (6.38) becomes:

—log p(X, X,Z,6) = —log Di(v; ¢) — log p(6z) — log(1 — Avol(S)) + ¢M

M

- Z 108 8(;(m) k(m) — Em) + g(cm)
m=1

- Z 10gpz(mi,j!§7m7 Oy). (D.1)
(i,5)€log T2

where ¢ = — log %, and the non-linear function g is defined as:
N -1
olem) = —tog 2 +10g (1), (D.2)
m

Next we consider a multinomial prior for C,,, which results in a non-linear objective
function. By introducing auxiliary variables, this objective function can be written as a lin-
ear function in the resulting augmented parameter space, and the associated combinatorial
optimization problem can be formulated as an integer program (see Section D.2).

By substituting (D.1) in (6.43), the conditional maximization (6.43) results in the
following combinatorial optimization problem:

min ¢ D bkt Y bow §TTV(N-1-3 biyw)

1,1<k<n; 1<k <ny ig!

- Z bi kit k108 Pa (i | Ts ks 0‘(1«-1)) +C, (D.3)

i,i",1<k<ng, 1 <k/<ny
subject to the constraints (6.46) (6.47), where C is an arbitrary constant and and the
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non-linear function g("=") is defined as:

N -1
3700 = ~togalr 10 (N 7). (D.4)

for ¢ = 0,1,..., N — 1. Note that the objective function (D.3) is non-linear in b since it
involves the non-linear function g. We will now introduce auxiliary variables such that the
objective function (D.3) is linear in those variables; we will then reformulate (D.3) as an

integer program in the augmented space of variables.

Let us first point out that for an arbitrary function f we can always write:
fl@)= ) f@)dle -, (D.5)
z'eX

with discrete (finite or infinite) set X. By introducing variables D,/, we can rewrite (D.5)

as:
f@)= 3 f(@)dw, (D.6)
z'eXx

with the constraint d,s = §[z — z]. The key observation here is that (D.6) is linear in D,.

In this vein, we introduce the binary variables d, ; ;v and rewrite the objective func-
tion (D.3) as:
mbin ¢ Z bi,k + . Z g,l()r—l) d’U,i/,k’
1,1<k<n; v,i", 1<k’ <nr
- Y bigik logpr(@ikles wi0) + C, (D.7)

0,1 1<k<ng;,1<k'<n;

where gq(f_l) =g(r-1 (N —1- v). This alternative formulation is equivalent to the original

expression (D.3) iff dy i equals one if both v = Zi#, bk and by i = 1, and is zero
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otherwise. We express those constraints on d, ; 3/ as follows:

v— Z bi itk < ayir ks (D.8)
i#i!
> bii = v < @y, (D.9)
i£i!
Ay, i k! < N (1 - dv,i’,k’)a (DlO)
> duir i = birg, (D.11)
v

where a, ;i are additional auxiliary binary variables. The first two constraints encode
that ay v > |v — Z#i, b;» k’|; note that as a consequence, a, i is non-negative. If
v # Z#i, bi i i/, the variable a,; js is strictly positive, and from the third inequality
it follows that d, ; ;- equals zero. On the other hand, if v = Z#i, bi ik, the first two
constraints no longer force a, 17 to be non-zero, and they do not impose any constraint
on d, ;s ;. However, from the fourth constraint it follows that if by »» = 1 and hence if (7', k')
is an exemplar, one of the d, 7 j» (with fixed ¢ and k') is equal to one. By setting d, i/ i’
equal to one if v = Zi#i, bi ik and zero otherwise, one fulfills then all four constraints. If
by j» = 0 and hence if (¢, k) is not an exemplar, all d, # » (with fixed ' and k") are equal
to zero. By setting all d,, 7 i equal to zero, all four constraints are then fulfilled.

In summary: the non-linear combinatorial optimization problem with objective (D.3)
and constraints (6.46) (6.47) is equivalent to the integer program with objective (D.7) and
constraints (6.46) (6.47) combined with (D.8)—(D.11).

D.3 Extra figures
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Figure D-1: Box plots for the most discriminant classical measures (wave-entropy wg and
full-frequency directed transfer function (fDTF)) and the bivariate-SES parameters s; and

p-
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