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A fourth-order Runge-Kutta (RK4) Spreadsheet Calculator For Solving A
System of Two First-Order Ordinary Differential Equations Using Visual
Basic (VBA) Programming

Abstract

Motivated by the work of a spreadsheet solution of a system of ordinary differential equations (ODEs) using
the fourth-order Runge-Kutta (RK4) method, a RK4 spreadsheet calculator for solving a system of two first-
order ODEs was developed using VBA programming. The main feature of this spreadsheet calculator is to
provide a user-friendly interface input form for users to insert the required information instead of the standard
cells in Excel. Users are prompted step by step to give relevant information beginning from providing
independent and dependent variables used in the system of ODEs. Secondly, they are required to give the
interval for the independent variable, initial values for the dependent variables, a step size h and desired
accuracy for computation. Thirdly, they have to enter the system of two first-order ODEs and the exact
functions if it exists. The ODES and the exact function can be typed in Mathematical form. After Solve button
is clicked, its calculation is automatically performed and can be recalculated for a new system once the needed
information is re-entered. The attached spreadsheet calculator together with this paper would be able to assist
educators in preparing their marking scheme easily and help students to verify their answers. A summative
evaluation of this RK4 Spreadsheet Calculator has been conducted by involving 34 students as sample. The
data was collected using questionnaire. The findings showed that majority of the students agreed that the RK4
Spreadsheet Calculator provides a learning environment that allows learners to be guided through the
solution which is presented step by step.
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Excel spreadsheet, system of ordinary differential equations, spreadsheet calculator, fourth-order Runge Kutta
method
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A fourth-order Runge-Kutta (RK4) Spreadsheet
Calculator For Solving A System of Two First-Order
Ordinary Differential Equations Using Visual Basic (VBA)
Programming

Abstract

Motivated by the work of a spreadsheet solution of a system of ordinary differential
equations (ODEs) using the fourth-order Runge-Kutta (RK4) method, a RK4
spreadsheet calculator for solving a system of two first-order ODEs was developed
using VBA programming. The main feature of this spreadsheet calculator is to
provide a user-friendly interface input form for users to insert the required
information instead of the standard cells in Excel. Users are prompted step by step
to give relevant information beginning from providing independent and dependent
variables used in the system of ODEs. Secondly, they are required to give the interval
for the independent variable, initial values for the dependent variables, a step size h
and desired accuracy for computation. Thirdly, they have to enter the system of two
first-order ODEs and the exact functions if it exists. The ODES and the exact function
can be typed in Mathematical form. After Solve button is clicked, its calculation is
automatically performed and can be recalculated for a new system once the needed
information is re-entered. The attached spreadsheet calculator together with this
paper would be able to assist educators in preparing their marking scheme easily
and help students to verify their answers. A summative evaluation of this RK4
Spreadsheet Calculator has been conducted by involving 34 students as sample. The
data was collected using questionnaire. The findings showed that majority of the
students agreed that the RK4 Spreadsheet Calculator provides a learning
environment that allows learners to be guided through the solution which is
presented step by step.

Keywords: Excel spreadsheet, system of ordinary differential equations,
spreadsheet calculator, fourth-order Runge-Kutta (RK4) method

1 Introduction

The system of ordinary differential equations (ODEs) is frequently used in the
modelling of real-world problems. This system of ODEs presents a mathematical
model and can be used to help engineers to understand the behaviour of real-world
problems. In fact, solving the system of ODEs is an interesting task since the accuracy
of the solution obtained could vary depending on different approaches used, and the
meaning of the solution obtained might increase the understanding of real-world
problems. Hence, it is necessary to design a tool to solve the system of ODEs easily.

Leaon et al [1] demonstrated teaching the numerical solutions of ODEs via the RK4
method using Excel 5.0. They used a macro function to solve a single first-order
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ODE and subroutine macro to solve a system of two first-order ODEs using the RK4
method. The drawback for their method is that it only solves the particular case of
single ODE or system of ODEs as given in their macro function or subroutine macro.
It is not written to handle any single ODE or system of ODEs. For a new ODE or
system of ODEs, users have to open macro function or subroutine macro to change to
their desired new ODEs.

Tay et. al [2] demonstrated how to solve a system of two first-order ODEs via the
RK4 method using Microsoft Excel features namely relative rows, relative columns,
fix rows and fix columns in a standard spreadsheet interface without using VBA
programming. Hence paper [2] is not a spreadsheet calculator. Therefore, each time
a new system of ODEs needs to be solved, users have to retype all commands in a
standard spreadsheet interface. Tips in [2] are suitable in a step-by step teaching and
learning environment, where users can experience the implementation of RK4
algorithm themselves from scratch in a standard spreadsheet interface.

In our definition, a spreadsheet calculator is easy to use where users only need to
input the required information to obtain an automatically calculated full solution.
The work of spreadsheet calculator on bivariate approximation, Richardson’s
extrapolation and numerical differentiation can be seen in [3-6].

Thus, the aim of this paper is to develop a system of two first-order ODEs
spreadsheet calculator by using the RK4 method via VBA programming in Microsoft
Excel spreadsheet environment.

This paper is organized as follows. Section 2 provides the background of RK4
method for solving system of ODEs. A numerical example is given in Section 3. The
spreadsheet calculator and its numerical solution are given in Section 4. Finally, a
conclusion sums up the final part of this paper in Section 5.

2 Systems of Differential Equations

Consider an initial-value problem of a system of two first-order differential equations

given below:
dx
— = f(t,x,
5 - SExy)
dy
—=g(t,x,
i 81, x,y)

subject to the initial conditions, x(f,) =x,, y(f,) =y, on the interval, f{, <t <t .
Here ¢ is an independent variable, x and y are dependent variables, f and g are a
system of the first-order DEs, f,, X, and ), are initial values of t, x and y, , is
ending value of f. The independent variable ¢ is discretized such that
ty, t,=t,+h,t,=t,+2h,....,t =t,+nh, where h is the step size of t, The
approximate solution of the above system that is obtained by the RK4 method will be
given by
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1
X =X +g(f1 +2f2 +2f3 +f4),

1
Yin = Vi +g(g1 +28,+285+8,)

where

fi=hf (. x, ),
S
fHh= hf(t+2x+ Y+ 2)

7

_ hoo b
f3—hf(t+2x+2 2)/

f4 :hf(tl+h’ xi+f3’ yi+g3)’
:hg(ti’ Xi, y,)

; j
g, =hg|t+—,x,+==—,y,+
g( > Vi )

g,=hg(t,+h,x. + f,, y,+8;).
3 Numerical Example
For illustration, a network circuit is considered in this section.
Question

The network circuit in Figure 1 below can be modelled by the following system of
first-order differential equations:

di,

ar |_(-5 2)(i), (100sin(2r)
di, | (-2 0)li,) | 40sin(2r)

dt

L=1H

100sin2y V.- ()

:3Q R3=3Q

Figure 1: network circuit
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Here, t is the time, i1 and iz are the currents in the left and right loops of the network
i i

circuit respectively, d—l and 72 are the rate of change of currents in the left and
t t

right loops of the network circuit respectively. At the initial situation, 1 =0, i, =0

and i, =0. Approximate the currents i, and i, by using the RK4 method with
h=0.01 until r=0.05. If the exact solution is

(l} j :E(zj ot _§(lje' J{zo) sin(2¢) —(SJCOS(ZI)
i) 31 312 8 0

find its absolute errors.

Solution
Step 1: The system of ODEs.

% = —5i, +2i, +100sin(2¢) = f(t,i,,i,)

b _ i 4 40sin(20) = g(t,i.i,)
dt
Step 2: Write the RK4 formula given below:

} i 1
b =l +g(fl 206,425+ 1)

. ) 1
by g1 =l +g(g1 +2g,+28,+8,)

)
)

where

f, ==5i, +2i, +100sin(27),

—5[1‘1 +%)+ 2[1'2 +%j+1003in[2(t+

£, —S(il+%J+2(i2+%)+1005in(2[t+

fo==5(i,+ f,)+2(i, + g;) +100sin (2(¢ + 1)),
g, =—2i, +40sin(2¢),

g8 = —2(1’1 +£J+40sin[2[t+ﬁj}
2 2
8= —2[1‘1 +£j+40sin[2(t+ﬁD,
2 2
84=7 (

2(i, + fy) +40sin(2(t +1)).

5

N |

o | =

Step 3: The numerical solution for the currents i, and i, and their absolute errors are

shown in Figure 6 in Section 4.
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4 An RK4 Spreadsheet Calculator For Solving A System of Two First-Order
ODEs

Figure 2 illustrates the RK4 System of ODEs spreadsheet calculator. Firstly, users can
select Input button to input the required information needed to solve a system of
ODEs or Clear button to clear previous output.

SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS ﬂ

<-Click Input to show the input dialog box

m <-Click Clear to clear the output

0 0 0 1 0 0 0.125 -0.0312 | 0.1543 | -0.0288 | 0.3199 | -0.1095
1 0.5 0.1464 | 0.9618 | 0.3136 | -0.1095 | 0.4517 | -0.2091 | 0.5176 | -0.1642 | 0.7308 | -0.1784
2 1 0.6569 0.7894

Figure 2: The initial layout of the RK4 System of ODEs spreadsheet calculator

Once the Input button is clicked, a user form will pop up, and users can start to enter
the independent variable, the first dependent variable and second dependent
variable as shown in Figure 3. In the first portion of the input form, users can click
Define Parameters button or Clear Variables button to delete the variables which have

been typed.
Input Form u1
Define Variables — Instructions
- 1. All the mathematics function should
Indem"dent Variable: I t Pa?aerilig?ers be written in capital letter.
1st depedent variable: | il - For example:
SIN(x), LN(x), EXP(x) and etc

- - Clear Variables
2nd dependent variable: | i2| 2. To use pi, please write it in number

form, for instance, 3.141592654

3. Leave blank for exact solution
textbox if do not have exact equation

Figure 3: The first portion of the input form

When the Define Parameters button is clicked, users can enter the interval for the
independent variable, the initial value of both dependent variables, the step size h
and select the desired accuracy of one decimal place, two decimal places, up to the
calculation of nine decimal places as seen in Figure 4. Again, users can select Define
Equations button or Clear Parameters button to clear the values of the parameters in
the second portion of the input form.
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Input Form

! Define Variables

Independent Variable: t Define
Parameters

1st depedent variable: il

Define Parameters
Interval: 0 < t <= p.os

Initial Value:

Step Size,h: | g.01

Accurracy: | 4D -

Clear Parameters

2nd dependent variable: | i2 Clear Variables

i i Define
i1 i2
0 0 Equations

Instructions

1. All the mathematics function should
be written in capital letter.

For example:
SIN(x), LN(x), EXP(x) and etc

2. To use pi, please write it in number
form, for instance, 3.141592654

3. Leave blank for exact solution
textbox if do not have exact equation

Figure 4: The second portion of the input form

After the Define Equations button is clicked, users can input the system of first-order

ODEs via programming syntax. If the exact solutions for the system of first-order

ODEs exist, then users can enter their exact solutions so that its absolute errors will

be calculated as displayed in Figure 5. In the third portion of the input form, users
can finally click Solve button to solve the system of ODEs up to the desired accuracy
or click Clear Equations button to clear the system of ODEs and exact functions.

http://epublications.bond.edu.au/ejsie/vols/iss1/5
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Input Form | PS |
— Define Variables — Instructions
- 1. All the mathematics function should
Independent Variable: I t paﬁmfers be written in capital letter.
1st depedent variable: | i1 T EEEE
a Variabl SIN(x), LN(x), EXP(x) and etc
= - ear Variables
2nd dependent variable: | i2 2. To use pi, please write it in number
form, for instance, 3.141592654
— Define Parameters 3. Leave blank for exact solution
textbox if do not have exact equation
Interval: I 0 = t 0.05

Initial Value:
it | i2) Define
0 0 Equations
Step Size,h: I 0.01
Accurracy: I 4D 'l

— Define Equations
Equation 1, f(t,i1,i2)=
| -5%i1+2*i2+100*sin(2*t)
Equation 2, g(t,i1,i2)=
| -2*i1+40*sin(2*t)
Exact Equations (leave blank if no exact equation)
Equation 1, f(t,i1,i2)=
| 32/3*EXP(-4*t)-8/3*EXP(-t)+20*SIN(2*t)-8*COS(2*t)
Equation 2, g(t,i1,i2)=
| 16/3*EXP(-4*t)-16/3*EXP(-t)+20*SIN(2*t)+8*SIN(2*t)

. Clear [

Figure 5: The third portion of the input form

Clear Parameters

Once the Solve button is clicked, the solution of the system of ODEs obtained via the
RK4 method will be calculated automatically based on the desired accuracy. Solve
button is associated with VBA programming that is written to compute the solution
of the system of ODEs using the RK4 method. The full solution is shown in Figure 6.

System has been solved

<-Click Clear to clear the output

m <-Click Input to show the input dialog box

Figure 6: The full solution of the system of ODEs using the RK4 method
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5 The Evaluation on RK4 Spreadsheet Calculator for Solving A System of Two
First-Order ODEs

We have tested this RK4 spreadsheet calculator for a system of two first-order ODEs
on 33 Master of Electrical Engineering students who took Advanced Engineering
Mathematics (AEM) course in Universiti Tun Hussein Onn Malaysia in semester 1
2014/2015. One of the subtopics in the AEM course is System of ODEs which will be
taught in week 8. Initially, the students have been taught how to solve a system of
two first-order ODEs traditionally using calculators. After that they were taught
how to solve the same system in standard Excel spreadsheet environment using the
excel tips by Tay[2]. Lastly, the RK4 Spreadsheet Calculator was given to them and
they were exposed on its usage and tested the same system for the third time. The
RK4 Spreadsheet Calculator and questionnaire were given to them. They were asked
to test the spreadsheet calculator for other systems of ODEs. The questionnaires
were collected in week 14.

There are four aspects of evaluation being conducted for this spreadsheet calculator,
namely content, design & presentation, teaching strategy design, and technical aspect
using a questionnaire that consisted of 24 items. A 5-point Likert scale was used to
rate the response of the participants towards the RK4 Spreadsheet Calculator. The
participants were asked to answer each question by rating each item using the
following scale: 1 = strongly disagree; 2 = disagree; 3 = neutral; 4 = agree and 5 =
strongly agree.

The findings of the RK4 Spreadsheet Calculator are shown in Table 1. Findings
indicated that the majority of the students agreed that the RK4 Spreadsheet
Calculator is useful in terms of content (M=3.82, SD=1.20), design & presentation
(M=3.79, SD=1.16), teaching strategy design (M=3.74, SD=1.11) and technical aspect
(M=3.81, SD=1.15). According to the results shown in mode, the majority of the
participants agreed that this RK4 Spreadsheet Calculator is good when it comes to
teaching strategy design, followed by content and technical aspect. This can be
proven by the statement given by the participants during the interview. One of the
participants mentioned that “the excel software is perfect program because everyone can
use it easily without any problem and the users can get the results during one minute.”
However, they are neutral with regards to the design and presentation of the RK4
Spreadsheet Calculator as stated by one of the participants “Add in sound system for
instruction to make it more user friendly.”

Table 1: Descriptive Analyses of RK4 Spreadsheet Calculator Evaluation

Descriptive Content Design & Teaching Technical
Statistics Presentation Strategy Aspect
Design
Mean 3.82 3.79 3.74 3.81
Std. Deviation 1.20 1.16 1.11 1.15
Mode 4.00 3.50 4.67 4.00
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6 Conclusion

In this paper, a spreadsheet calculator, which applies the RK4 method for solving the
system of two first-order ODEs was developed. We employed VBA programming to
simplify the use of the calculator. It is very user friendly as users only need to enter
relevant information to obtain the full solution of the system of ODEs which will
later be displayed to users. However, this spreadsheet calculator is designed for a
system of two first-order ODEs only. In future, we hope to increase its capacity to a
system of more than two first-order ODEs. It can serve as a numerical tool for
educators and students who require a full solution of the system of two first-order
ODEs using the RK4 method.
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