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ABSTRACT

The piecewise polynomial collocation method is discussed to solve second kind Fredholm
integral equations with weakly singular kernels K�t� s	 which may be discontinuous at
s � d� d � const� The main result is given in Theorem ���� Using special collocation
points� error estimates at the collocation points are derived showing a more rapid
convergence than the global uniform convergence in the interval of integration available by
piecewise polynomials�

�� INTEGRAL EQUATION

Consider the linear integral equation

u	t
 �

bZ
�

K	t� s
u	s
ds� f	t
� � � t � b� 	�


where b � IR and f � ��� b� � IR is a given continuous function� Throughout
this paper we shall suppose that the kernel K has the form

K	t� s
 � a	t� s
�	t� s
 	��


where

	A
 the function �	�
 is m� times 	m � 
 continuously di�erentiable with
respect to � for � � ��b� b� n f�g and such that the estimates

j��k�	�
j � bkj� j
���k � k � �� � � � � �m� � 	��
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hold with � � � �  and some positive constants b�� b�� � � � � bm���

	A�
 the function a	t� s
 is m times continuously di�erentiable on ��� b�� ��� d�
and ��� b� � �d� b� independently� where d is a �xed point in the interval
	�� b
�

Let Cm	X
� where X � IR� denote the space of m times continuously
di�erentiable functions x�X � IR� For � � � � � m � IN� � � d � b� de�ne

E��m �
n
u � C��� b� � Cm	�� d
 � Cm	d� b
 �

sup
��t�b
t��d

ju�m�	t
j

t����m��� � jt� dj����m��� � 	b� t
����m���
�	

o
�

E��m is a Banach space under the norm

jjujjE��m � max
��t�b

ju	t
j� sup
��t�b
t��d

ju�m�	t
j

t����m��� � jt� dj����m��� � 	b� t
����m���
�

It follows from u � E��m that u � C��� b� � Cm	�� d
 � Cm	d� b
 and for
� � t � d and d � t � b the following estimates hold�

ju�k�	t
j � ck
�
t����k��� � jt� dj����k��� � 	b� t
����k���

�
� k � � � � � �m�

	��

where c�� � � � � ck are some positive constants� Note also that Cm��� b� � E��m�
The following result 	see ��� �� ��
 states the regularity properties of solutions

of equation 	�
�

Lemma ���� Let the assumptions 	A
 and 	A�
 hold� and let f � E��m� If
integral equation ����� has a solution u � L�	�� b
 then u � E��m�

Remark ��If the function a	t� s
 is continuous on ��� b� � ��� b� then the es�
timates 	��
 for the derivatives of the solution u	t
 of equation 	�
 can be
speci�ed 	see ���
�

�� PIECEWISE POLYNOMIAL APPROXIMATION

Let N � IN� r � IR� r � � We introduce in the interval ��� d� the following
�N grid points

t
�N�
j �

�
j

N

�r
d

�
� j � �� � � � � � N � 	��


t
�N�
N�j � d� t

�N�
N�j � j � � � � � � N � �
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and in the interval �d� b� �N �  grid points

t
�N�
�N�j � d�

�
j

N

�r b�d
� � j � �� � � � � � N �

t
�N�
�N�j � b� t

�N�
�N�j � j � � � � � � N � � t

�N�
�N � b�

	���


Here r �  characterizes the degree of the nonuniformity of the grid� If r � 
then the grid points 	��
 and 	���
 are uniformly located in the intervals ��� d�
and �d� b� respectively 	and in ��� b� if d � b��
� If r �  then the grid points
f	��
� 	���
g are more densely located towards the end points of the intervals
��� d� and �d� b��
We dermine the collocation points in the following way� We choosem points

��� � � � � �m in the interval ��� ��

� � �� � �� � � � � � �m � � 	���


By a�ne transformations we transfer them into the interval �t
�N�
j��� t

�N�
j ��

	
�N�
j�q � t

�N�
j�� �

�q � 

�
	t

�N�
j � t

�N�
j��
� q � � � � � �m� j � � � � � � �N� 	���


Note that 	
�N�
j�m � 	

�N�
j���� � t

�N�
j � if �� � �� �m �  	j � � � � � � �N � 
�

For a continuous function u� ��� b�� IR we construct a piecewise polynomial

interpolation function PNu� ��� b�� IR as follows� on every interval �t
�N�
j��� t

�N�
j �

	j � � � � � � �N
� PNu is a polynomial of degree not exceeding m�  and

	PNu
		
�N�
j�q 
 � u		

�N�
j�q 
� q � � � � � �m� j � � � � � � �N�

Thus the interpolation function 	PNu
	t
 is uniquely de�ned in every in�

terval �t
�N�
j��� t

�N�
j � 	j � � � � � � �N
 separately and may have jumps if t � t

�N�
j �

j � � � � � � �N � � If �� � �� �m � � then PNu is a continuous function on
the interval ��� b�� We can de�ne 	PNu
	t
 by the formula

	PNu
	t
 �

mX
q��

u		
�N�
j�q 



�N�
j�q 	t
� t � �t

�N�
j��� t

�N�
j �� j � � � � � � �N� 	���


where 

�N�
j�q 	t
� t � �t

�N�
j��� t

�N�
j �� q � � � � � �m� are the polynomials of degree

m�  such that



�N�
j�q 		

�N�
j�p 
 �

�
� p � q
�� p 
� q

�
� p � � � � � �m� 	���


Let us denote by EN the range of the operator PN � P
�m�
N � This is the

space of piecewise polynomial functions uN on ��� b� which on every interval

�t
�N�
j��� t

�N�
j � 	j � � � � � � �N
 are polynomials of the degree not exceeding m��
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The approximation properties of PNu on grid f	��
� 	���
g are considered
in ��� 	cf� also ��� �� ��
� These results can be summarized as follows�

Lemma ���� Assume that u � E��m� Then

jju� PNujjL����b� � const

�
h
r�����
N for  � r � m

��� �

hmN for r � m
��� �

	���


where

hN � max

�
d

�N
�
b� d

�N

�
� 	���


�� COLLOCATION METHOD

We look for an approximate solution uN � EN to integral equation 	�
� We
require that uN should satisfy the equation 	�
 at the collocation points
	���
� 	

uN 	t
�
bR
�

K	t� s
uN	s
ds� f	t




t��

�N�
i�p

� ��

p � � � � � �m� i � � � � � � �N�

	��


By the representation 	���
� we can �nd uN � EN in the form

uN	t
 �
mX
q��

c
�N�
j�q 


�N�
j�q 	t
� t � �t

�N�
j��� t

�N�
j �� j � � � � � � �N�

where� as it follows from 	���
�

c
�N�
j�q � uN 		

�N�
j�q 
� q � � � � � �m� j � � � � � � �N�

Now the collocation conditions 	��
 will take the following form of a system

which determines the coe�cients c
�N�
i�p � uN 		

�N�
i�p 
�

c
�N�
i�p �

�NX
j��

mX
q��

a
�N�
i�p�j�qc

�N�
j�q � f		

�N�
i�p 
� p � � � � � �m� i � � � � � � �N� 	���


where

a
�N�
i�p�j�q �

bZ
�

K		
�N�
i�p � s



�N�
j�q 	s
ds�

If �� � � or �m � � then all collocation points 	
�N�
j�q 	q � � � � � �m�

j � � � � � �N
 are di�erent and there are �mN collocation points� In this
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case the system 	���
 	system 	��

 has �mN � dimEN equations and the
same number of unknows� If �� � � and �m � � then part of the col�
location points will coincide� The number of di�erent collocation points is
��N	m� 
 � � � dimEN and the system 	���
 	system 	��

 has the same
number of equations and unknows�

Theorem ���� 	cf� ���
� Assume that the following conditions are ful�lled� 

the kernel 	��
 satis�es the assumptions 	A
 it and 	A�
� �
 f � E��m� �

the homogeneous integral equation

u	t
 �

bZ
�

K	t� s
u	s
ds 	���


has only the trivial solution u � �� �
 the collocation points 	���
 are used�
Then the equation 	�
 has a unique solution u� and there exists N� such that�
for N � N�� the collocation conditions 	��
 de�ne a unique approximation
u�N � EN to u�� The following error estimates hold�

jju�N � u�jjL����b� � c

�
h
r�����
N for  � r � m

��� �

hmN for r � m
��� �

	���


where r is the scaling parameter of the grid f	��
� 	���
g� hN is de�ned in
	���
 and c is a positive constant independent of hN �

Proof� We write the integral equation 	�
 in the form u � Tu� f where

	Tu
	t
 �

bZ
�

K	t� s
u	s
ds� t � ��� b�� 	���


It follows from 	A
 and 	A�
 	see ��
 that T �L�	�� b
 � C��� b�� moreover�
T �L�	�� b
 � L�	�� b
� is compact� As the homogeneous equation u � Tu
has only the trivial solution u � �� then the equation u � Tu�f has a unique
solution u� � L�	�� b
� Due to Lemma �� u� � E��m� The collocation
conditions 	��
 can be written in the form

uN � PNTuN � PNf 	���


where PN is de�ned in Section �� If N � 	 then jjPNu � ujjL����b� � �
for every u � C��� b�� Therefore jjPNT � T jjL����b��L����b� � �� N � 	�
From this and from the boundedness of 	I � T 
�� in L�	�� b
 we obtain that
I �PNT is invertible for su�ciently large N � N� and uniformly bounded in
N �

jj	I � PNT 

��jjL����b��L����b� � c� 	���




Numerical solutions of weakly singular integral equations ��

Let N � N� and u
�
N � 	I�PNT 


��PNf be the solution of the equation 	���
�
Then u�N � u� � 	I � PNT 


��	PNu
� � u�
 and

jju�N � u�jjL����b� � cjjPNu
� � u�jjL����b��

Due to 	���
 we obtain the estimate 	���
� �

�� SUPERCONVERGENCE AT COLLOCATION POINTS

Now we assume that the points 	���
 are the nodes of a quadrature formula

�Z
��

g	s
ds �
mX
q��

Aqg	�q
 �Rm	g
� � � �� � � � � � �m � � 	��


which is exact for all polynomials of degree m�  	m � �
�

Theorem ���� Let m � IN� m � �� Assume that the following conditions are
ful�lled�

�i� the kernel K has the form 	��
 where

�� the function �	�
 is m times continuously di�erentiable with respect
to � for � � ��b� b� n f�g and such that the estimates

j��k�	�
j � bkj� j
���k� k � �� � � � � �m�

hold with � � � �  and some positive constants b�� b�� � � � � bm�

	� the function a	t� s
 is m� times continuously di�erentiable on ��� b��
��� d� and ��� b�� �d� b�� where � � d � b�

�ii� f � E��m���

�iii� homogeneous integral equation 	���
 has only the trivial solution
u � ��

�iv� the grid f	��
� 	���
g is used with r � 	m�
�	��
 and the collocation
points 	���
 are generated by the nodes 	���
 of a quadrature formula 	��

which is exact for all polynomials of degree m� �

Then there exists N� � IN such that for N � N�

max
q�������m	j��������N

ju�N 		
�N�
j�q 
� u�		

�N�
j�q 
j � chmNh

���
N � 	���


where u� is the solution of equation 	�
� u�N � EN is the solution of the
system 	��
� hN is de�ned in 	���
 and c is a positive constant independent
of hN � of N��
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Proof� Due to Lemma �� u� � E��m��� We have

ju�N 		
�N�
j�q 
� u�		

�N�
j�q 
j � jju�N � PNu

�jjL����b� 	q � � � � � �m� j � � � � � � �N
�
	���


As

u�N � PNu
� � 	I � PNT 


��PNT 	PNu
� � u�
 N � N��

then with help of 	���


jju�N � PNu
�jjL����b� � c jjT 	PNu

� � u�
jjL����b�� 	���


Let us estimate jjT 	PNu� � u�
jjL����b�� Fix t � ��� b� and let

�	t� hN 
 � 	t� hN � t� hN 
 � ��� b�� 	���


Then ����
bZ

�

K	t� s
�u�	s
� 	PNu
�
	s
�ds

���� � I�	t
 � I�	t
� 	���


where

I�	t
 �
X

j
�t
�N�
j���t

�N�
j

����t�hN � ���

t
�N�
jZ

t
�N�
j��

jK	t� s
�u�	s
� 	PNu
�
	s
�jds�

I�	t
 �
X

j
�t
�N�
j���t

�N�
j

����t�hN ���

t
�N�
jZ

t
�N�
j��

jK	t� s
�u�	s
� 	PNu
�
	s
�jds�

It follows from the assumption 	i
 that

I�	t
 � cjju� � PNu
�jjL����b�

X
j
�t

�N�
j���t

�N�
j

����t�hN����

t
�N�
jZ

t
�N�
j��

jt� sj��ds�

By the Lemma �� we obtain jju� � PNu
�jjL����b� � c�hmN � Due to 	���


X
j
�t

�N�
j���t

�N�
j

����t�hN � ���

t
�N�
jZ

t
�N�
j��

jt� sj��ds � c��
t��hNZ

t��hN

jt� sj��ds � c���hm����
N �
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Thus

I�	t
 � c�h
m
Nh

���
N � t � ��� b�� c� � const� 	���


Consider the term I�	t
� t � ��� b�� Let

t
�N�

j� ��
�

t
�N�
j�� � t

�N�
j

�
�

In addition to the points 	���
 we �x in ��� � a point �m�� 	�m�� 
� �i�
i � � � � � �m
� By an a�ne transformation we transfer �m�� into the point

	
�N�
j�m�� � �t

�N�
j��� t

�N�
j � so that 	

�N�
j�m�� 
� 	

�N�
j�i � i � � � � � �m 	j � � � � � �N
�

Similarly to the de�nition of PN 	see Section �
 we de�ne for a continuous

function u� ��� b�� IR a piecewise polynomial function P
�m���
N u� ��� b�� IR as

follows� Pm��
N u is on every interval �t

�N�
j��� t

�N�
j � 	j � � � � � � �N
 a polynomial

of degree not exceeding m and

P
�m���
N u		

�N�
j�q 
 � u		

�N�
j�q 
� q � � � � � �m� � j � � � � � � �N�

We have

I�	t
 � I��	t
 � I��	t
 � I��	t
� t � ��� b��

where

I��	t
 �
P

j
�t
�N�
j�� �t

�N�
j ����t�hN ���

t
�N�
jR

t
�N�
j��

���K	t� s
�K	t� t
�N�

j� ��


��� ju�	s
� 	PNu

�
	s
jds�

I��	t
 �
P

j
�t
�N�
j�� �t

�N�
j ����t�hN ���

���K	t� t
�N�

j� ��


��� t

�N�
jR

t
�N�
j��

ju�	s
� 	PNu
�
	s
jds�

I��	t
 �

���� P
j
�t

�N�
j���t

�N�
j ����t�hN���

t
�N�
jR

t
�N�
j��

K	t� t
�N�

j� ��

�	P

�m���
N u�
	s
� 	PNu

�
	s
�ds

�����

Let us consider I��	t
� t � ��� b�� It follows from Lemma �� that

I��	t
 � chmN
X

j
�t
�N�
j���t

�N�
j

����t�hN���

t
�N�
jZ

t
�N�
j��

�����K	t� s


�s

����
s��j

���s� t
�N�

j� ��

��� ds�

where �j � 	s� t
�N�

j� ��

� We have for s � �t

�N�
j��� t

�N�
j �

�����K	t� s


�s

����
s��j

js� t
�N�

j� ��
j � c�hN jt� �j j

�����
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Since �t
�N�
j��� t

�N�
j � � �	t� hN 
 � �� s � �t

�N�
j��� t

�N�
j � and �j � 	s� t

�N�

j� ��

� then

�c� �
jt� �j j

jt� sj
� �c��

where �c� and �c� are some positive constants� Therefore

I��	t
 � c��hm��
N

X
j
�t

�N�
j�� �t

�N�
j

����t�hN ���

t
�N�
jZ

t
�N�
j��

jt� sj����ds �

� c���hm��
N

Z
���b�n��t�hN �

jt� sj����ds�

Due to 	���

R

���b�n��t�hN �

jt� sj����ds � c����h��N � Thus

I��	t
 � c�h
m
Nh

���
N � t � ��� b�� c� � const�

Let us turn to I��	t
� t � ��� b�� It follows from �t
�N�
j��� t

�N�
j ��

�	t� hN 
 � � that jK	t� t
�N�

j� ��

j � cjt � t

�N�

j� ��
j�� � c�h��N � Due to Lemma ��

jju� � P
�m���
N u�jjL����b� � c��hm��

N � Therefore

I��	t
 � c�h
m
Nh

���
N � t � ��� b�� c� � const�

Consider I��	t
� t � ��� b�� Due to the assumption 	iv
 we obtain that the
quadrature formula

t
�N�
jZ

t
�N�
j��

g	s
ds �
t
�N�
j � t

�N�
j��

�

mX
q��

Aqg		
�N�
j�q 
 �

t
�N�
j � t

�N�
j��

�
Rm	g


remains to be exact for polynomials of degree m� � Using this we have

tjZ
tj��

�	P
�m���
N u�
	s
 � 	PNu

�
	s
�ds � ��

and therefore I��	t
 � �� t � ��� b�� Thus

I�	t
 � c�h
m
Nh

���
N � t � ��� b�� c� � const� 	���
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Now the estimate 	���
 follows from 	���
� 	���
� 	���
� 	���
 and 	���
� �

Remark �� For a � Cm��	��� b�� ��� b�
 the estimate 	���
 follows from the
corresponding results in ��� ���
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