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A. ERROR BOUNDS FOR THE TURBULENT OPTICAL
CHANNEL (I)

Subject to some reasonable assumptions, the atmospheric optical channel can be
mocleled1 as shown in Fig. XV-1. We suppose that this channel is used to transmit one
of M orthogonal, equal-energy, equi-probable, (complex) waveforms Sj(t); j=1,...,M;
and that the receiver is to decide, with minimum error probability, which waveform was
transmitted. It is known2 that, in the notation of Fig. XV-1, the appropriate receiver

evaluates the quantities

D

L, = z In {S‘ du p(u) Io(ulyik’ /No) exp[—quk/No}} fork=1,...,M (1)

i=1

where p(u) is the lognormal density3

p(u) = (Zwozuz)—l/2 exp[—(cz-i-lnu)z/ZUZ] (2)
& sk .

yik:‘gdtyi(t)sk(t) i=1,...,D; k=1,...,M (3)

Ekz%c—glsk(t)lzdt k=1,...,M (4)

and IO( -} is the modified Bessel function. The transmitted waveform is then presumed

to be that one, say n, for which

LnZLk k=1,...,M (5)

£
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Path Quantities Are Independent And Iden-
tically Distributed.

ni(t) Are Complex Zero-Mean Gaussian
Random Processes Whose Real And Ima-
ginary Parts Are Independent And Have
Power Density NoAc‘

Y; o Xt
z;=e " =e , Where The Y4 Are Com-

plex Gaussian Random Variables.

Fig. XV-1. Diversity representation of the turbulent
optical channel.
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Our objective is to establish the following bound to the error probability Ple]

Ple] <€ 2 , (ba)
where
E l: P E (p) } (6b)
- Ozl;zl In2 of~°P
with
1+ P _ 2 1/(1+P)
E (p) = - In gdy eV §du p(uw) I (2uNya ) exp-u'a , (6c)
o ap o P P
where
K = log, M (7a)
E
__k
ap = No (7b)
Da
p
{3 = g - (7C)

As a first step in the derivation, we note the following statistical properties of the
Yik conditioned upon the knowledge that the nth waveform is transmitted. First, all of
the Yik are statistically independent of each other. Second, for k # n, the Yik are zero-

mean complex Gaussian random variables with

(yy)° = 0 (82)

and

!yiklz = 4E.N,. (8b)

Third, conditioned upon a knowledge of Z Yin is a complex Gaussian random variable

with

Y. = 2z.E (9a)

‘Ym‘?irﬁz =0 (9b)

and
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lym'ymiz = 4E. N . (9¢c)

The preceding properties imply that, conditioned upon the knowledge of the z; and of
the transmitted message, the Lk are statistically independent of each other. Moreover,
for k # n the Lk are identically distributed. Finally, the distribution for the Lk for k#n
and also the distribution of Ln are independent of n. Consequently, the error probabil-

ity conditioned upon the zZg is

M-1 |
X
Ple|z]=1 - j”dx Py lx|2) U dy pi(y):l : (10)

where po(x,;) is the probability density of the random variable of Eq. 1 when the Yik
are conditionally Gaussian with the moments of Eq. 9, and pi(x) is the density of that
variable when the Yk are conditionally Gaussian with the moments of Eq. 8.

To upper-bound Ple IZ], we first note that, for 0 € p < 1,

" (M-1) ] P
Ple|z] < §dxpo<x|z> 1 - [ - § dy Pl(y)} (11a)
X
< S\dx po(xlz) (M-1) g dy p,(y) dy| . (11b)
X
Or, upon introducing the Chernov bound,
o0
g dy p;(y) < exp -[tx—vl(t)] t=0 (12a)

X

with

v, (t) = 1n [5 dy p; (y) exp tyJ, (12Db)

we obtain
P[elZ] < MP gdx po(x|5) exp —[ptx—pyl(t)]. (13)

Averaging Eq. 13 over the random variables z and defining

Y, (s) = In {y p;(;) dz gdx po(x]E) exp sx} (14)

yields

Ple] < MP explpy) (t)+y, (-tp)], (15)
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To complete the derivation, we require more explicit expressions for yl(t) and yo(s).
These can be obtained from Eqgs. 1, 8, 9, 12, and 14 in conjunction with the properties

of the z,. The result is

t
o] ¢}

Y,(t) =Dln S‘ dy e ¥ {S du pu) I (2uNa_y) exp —uza:| (16a)

0 0 o p p

and
» o l1+s

y.(s)=D1n g dy e E du p(u) I (2uNa.y) exp -u’a . (16b)

° 0 0 © p p

We next set t = (1+p)_1 and combine Egs. 15 and 16 to obtain

1
P[G] < MP exp(l+p) Y1<‘ﬂ‘_;‘)

or, by virtue of Egs. l6a and éc,
Ple] < MP exp -KBE_(p).

Finally, we express M as ZK, change from base e to base 2, and maximize the neg-
ative of the exponent to obtain the upper bound of Eq. 6a.
R. S. Kennedy, E. V. Hoversten
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