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1. BEAM-PLASMA DISCHARGE: SYSTEM D

Microwave mode-shift electron density measurements have been made on System D
for a beam-plasma discharge occurring in a side-injected gas pulse.l Two mode-shift
techniques have been used: the shift of the TMOlO mode of the discharge cavity at
740 Mc, and the higher order mode-shift technique of Fessenden.23 Representative
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Fig. X-1. Fundamental mode-shift density decay measurement.
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density decays of the afterglow as measured by the shift of the fundamental mode are
shown in Fig. X-1 for various peak pressures. The frequency shift of the TMOIO mode
is related to the electron density by the following expression, if we assume that the
plasma density is n = n_ cos %/ 0 J, (2.405 r/Rp) with cavity walls at x = £1./2 and the
plasma radius, Rp, equal to half the discharge-tube radius (discharge tube radius =

13 cm).
n (in particles/cc) = 102Af,
A typical electron density decay as measured by the higher order mode-shift tech-

nique is shown in Fig. X-2. The number of modes, ¢, shifted past a given frequency

T1 ~ 35 msec
‘e
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Fig. X-2. Higher order mode-shift electron density decay measurement.

is related to the mode spacing, 6&f, and the density as follows: n (in particles/cc) =
1300 £5f, where the frequency of operation is 10 kMc/sec. We expect the mode spacing
at 10 kMc to be =200 kcps; however, the experimentally observed mode shift is 3 Mc/sec.
The difference is due to the overlap of adjacent modes of the cavity. Only the modes that
are strongly excited are detected as distinct modes.

No explanation has been found for the factor of 5 difference between the two density
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measurements. Data for each were taken on different runs, and the discharge with side
injection is not always reproducible from pulse to pulse.

If we assume that the decay rate is governed by electron-neutral mirror scat-
tering losses, then we may infer an electron energy for the hot-electron component of
the plasma of approximately 5 keV, using the relations given in Quarterly Progress

Report No. 80 (pages 128-132). Since
o, the plasma diamagnetism (Fig. X-3)
o e does not show an immediate drop after
the electron beam pulse, we assume
that the diamagnetism is caused by the
hot electrons (the low-energy electrons
| . will be lost from the system within a
700 psec ( END OF BEAM PULSE ) millisecond and we would expect the

. . diamagnetism to fall just after the beam
Fig. X-3. Transverse energy density from
the diamagnetic signal. pulse to the level resulting only from
the high-energy electrons).
The initial density of hot electrons is found to be =7 X lolo/cc by dividing the initial
diamagnetism by the energy per particle.
We can estimate the total electron density by assuming that cold electrons are pro-
duced and lost as follows: Ionizing collisions produce cold electrons at a rate given by

v.=n_o.,v_,
i o lie

where n, is the neutral (hydrogen) density, o5 is the 1omzatlon cross section(~10 -16 cmz/
(E/. 1 keV) 1/2 ), and Ve is the hot-electron ve1001ty Cold electrons are lost from the
system in the time that it takes a room-temperature ion to move half the length of the
system (~1 msec). We have the following equation for the production and loss of cold
electrons.

dn 3

"ai—*-i-lOn 6 X 10

-8
n a, (),

where n, is the density of cold electrons, n, the den51ty of hot electrons, and n the den-

sity of neutrals. If we assume that ng =3 X lO /cc and the hot-electron decay is

7 X 1010 at, where a_1 » 1 msec, we have the following (neglecting the initial build-up

transient) result:

n (1) = 1.3 X 101279 o3,

This analysis indicates that the density of cold electrons is approximately 20 times the

density of hot electrons.
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Further density measurements will be made with a Fabry-Perot interferometer and
with a phase-shift interferometer to determine the density during the initial, high-~density
portion of the decay.5 A Marshall valve is being constructed to give a faster, more
reproducible gas pulse.6

The use of the facilities of the National Magnet Laboratory for this experiment is

gratefully acknowledged. R. R. Bartsch
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2. BEAM-PLASMA DISCHARGE: SYSTEM C
a. Digital Data System

In the course of experiments concerned with ion-cyclotron wave generation in Sys-
tem C, a need arose for a means of obtaining time-resolved averages of signals having
relatively large variance. Standard methods of obtaining such averages (for example,
sample-and-hold circuits followed by electronic integration) proved to be of little use,
on account of the low repetition rate (1/sec). The difficulty was that the signal-to-noise
ratio of a collection of samples ("signal" defined as mean, and "noise" as variance)
improves as NN, where N is the number of samples. To obtain a reliable estimate of
the mean, a large number of samples, say, 100, was required. Because of the low
repetition rate, this involved a long real-time interval, and the long-term stability of
existing circuitry was not sufficient to produce reliable results.

The problem was solved by using the digital system shown in Fig. X-4. The input
signal is sampled at a given time with respect to the firing of the beam pulse. The sample
is then converted to digital form by the analog-to-digital converter (ADC) and the
digital form is counted and stored in a preselected channel of a 400-channel counter. The
process is repeated once per beam pulse and each subsequent count is added to the count

existing in the selected channel. When enough samples have been taken to insure
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Fig. X-4. Digital data system.

reliability, the count is read out on a cathode-ray tube presentation or x-y recorder.

In the usual application, we want to obtain a plot of the sampled signal as a function
of some variable such as magnetic field, distance into the discharge, and so forth. When
this is the case, the variable is slowly changed by mechanical means and the counting
channel is simultaneously advanced, again, only after a sufficient number of samples
have been accumulated. If the variable is time relative to the initiation of the beam pulse,
the time of the sampling gate may be slowly varied in the manner just described or,
more efficiently, the "sample gate" may be a burst of 400 sampling gates uniformly dis-
tributed over the time of interest. In this mode it is necessary that each gate also serve
as a channel advance, so that each sample is stored in a different channel, and that the
whole system be reset before the occurrence of each beam pulse.

An example of the use of the system in the ion-cyclotron wave experimentl is shown
in Fig. X-5. Here we have plotted the axial dependence of the azimuthal component of

wave magnetic field as a function of distance from the collector for two frequencies.
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Fig. X-5. Plots of Hy vs distance from collector: (a) f = 1.1 Mc;

(b) f=1.3 Mc with fCi = 1.4 Mec.
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Each point represents the average of approximately 50 pulses. Curves such as these
are found to be very reproducible and are yielding' valuable information on the propa-

gation of waves near the ion-cyclotron frequency.
b. Ion-Cyclotron Wave Generation

We have previously reported effects associated with wave propagation in the plasma
near “’ci‘l Further wave-field measurements, as well as measurement of the electrode

impedance, have failed to reveal the expected rapid shortening of the wavelength for

wS w0 This negative result must be a consequence of either damping processes that

INSULATING
FEED-THRU
\

N STAINLESS OUTER
\ ELECTRODE

e\ —

. : - =
APPUFD RF T I:

REC % \
/ GUN-ANODE ASSEMBLY

DRIFT TUBE

Fig. X-6. New wave-launching system.

are not contained within a theory based on cold plasma plus resis‘civi‘cy2 or a larger
resistivity than our experimental conditions predict.

To eliminate possible effects at the boundary of the plasma, we have installed the
wave -launching system shown in Fig. X-6. The purpose of this system is to better con-
fine the waves within the body of the plasma and thus minimize any effects associated
with the plasma boundary. The first experiment was to measure the radial dependence
of the azimuthal magnetic field at a point 45 cm from the beam collector and at a fre-
quency of 1.06 Mc, well below the ion-cyclotron frequency of 1.4 Mc. The result is
shown in Fig. X-7; thus our expectation that the wave fields are well contained within
the plasma column is confirmed.

The curve shown in Fig. X-7 has an implication that may be important.
From the cold-plasma plus resistivity theory one obtains a dispersion equation
which, for the branch of interest, yields an axial wave number which, for » < Weis
is essentially real and independent of radial wave number. (The last feature is
a consequence of the small impedance presented to electron current flow along
the field lines.) The implication, as far as the system of Fig. X-5 is con-
cerned, is that the RF fields should be confined to an annular region defined

by those field lines intersecting the outer surface of the inner electrode and the inner
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Fig. X-7. Radial dependence of wave field 45 cm from the collector, f = 1.06 Mec.

surface of the outer electrode. Hence, this theory predicts the radial dependence shown
(dashed) on Fig. X-6. As this is not the case experimentally, we conclude that the cold-
plasma plus resistivity theory does not adequately explain our results.

We are now considering the effects of viscosity on the cold-plasma theory, as well
as the possibility of an enhanced resistivity resulting from the unstable nature of our
beam-generated plasma. The last effect has apparently been observed in a hollow-
cathode arc by Boulassier and co-workers, and many of our results could be explained
simply as a result of an anomalously high resistivity.

R. R. Parker
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3. ELECTRON BEAM EXCITATION OF ION OSCILLATIONS IN AN ECRD PLASMA
a. Beam-Excited Low-Frequency Oscillations

Strong electron beam-excited low-frequency oscillations (6-25 Mc) have been observed
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Previous attemptsl-4 with the same apparatus to observe a low-frequency beam-

plasma interaction were unsuccessful. The electron beam was velocity-modulated at
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low frequencies (20-200 Mc) in an effort to detect even a weak beam-plasma interaction,
but no interaction was observed. The negative result of these experiments was traced
to a pair of Fabry-Perot microwave interferometer mirrors which were placed inside
the d1scharge tube to measure the plasma density. Each mirror was 3—1— inches in diam-
eter and-—lnch thick, and protruded approximately i inch into the dlscharge tube, as
shown in Flg. X-11. In the course of these experiments, a diamagnetic probe consisting
of 40 turns of wire was wound around the discharge tube. With the Fabry-Perot mirrors

in place, no diamagnetic signal could be observed. (Typical plasma densities of 109-

1010 electrons/cm3 were measured with the Fabry-Perot interferometer.) The mirrors
were then removed, and a strong diamagnetic signal was detected. Simultaneously, the
beam-excited low-frequency oscillations of Fig. X-9 made their appearance. If, with the
mirrore absent, a glass or grounded metal rod is inserted in the radial direction more
than % inch into the discharge tube, then the diamagnetic signal is extinguished. It is
unlikely that much plasma is present so close to the discharge tube wall. Wall sensors
show that the plasma is well confined in the radial direction. More probably, the effect of
the mirrors and radial rods is to modify the electric field in the discharge, so that the
hot electrons are not contained by the mirror magnetic field. In any case, the Fabry-

Perot mirrors were permanently removed from the system.

b. X-ray Bremsstrahlung Spectra

The ECRD generates a flux of x rays exceeding 5 roentgens/hr, for some values of

the pressure and magnetic field. The Bremsstrahlung spectra of these x rays were
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ECRD is electron-neutral collisions. For scattering of fast electrons by neutrals,
the scattering frequency6 is
1 p 7
— = — 3.1X10%(14.2751In T), (1)
Ts 3/2
T
where p is the neutral gas pressure in torr, and T is the electron energy in kilovolts.
The decay time T calculated from (1) can be compared with the decay of the

diamagnetic signal. Figure X-8 shows a typical diamagnetic signal during one power

Table X-1. Scattering times T and Td for various pressures. Aver-

age magnetic field: 420 gauss. Average incident power:
180 watts. Average absorbed power: 80 waitts.

Pressure T T
s D
(torr) (msec) (msec)
1.9 x 1074 1.4 1.8
2.6x107% 1.9 1.9
5.2 x 104 0.8 1.0

pulse of the ECRD. This signal is obtained by integrating the voltage developed across
a 40-turn coil wrapped around the outside of the discharge tube. After the RF power
pulse has ended, the diamagnetic signal decays exponentially with a time constant ™
In Table X-1, ™ and T, are compared for various pressures.

In calculating T the neutral-gas pressure was measured with a Bayard-Alpert
gauge, which was calibrated against a McLeod gauge to give a measurement of absolute
pressure. The hot-electron "temperature" was determined by the x-ray Bremsstrahlung
measurements.

M. A. Lieberman, A. Bers
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4. INSTABILITIES IN HOT-ELECTRON BEAM-PLASMA SYSTEMS

In a hot-electron, Maxwellian plasma, the dispersion function D(w, k,...) is tran-
scendental, and no analytical method for obtaining its roots exists. Therefore, computer
solutions are often necessary. A computer program to find the roots of D has been
written. This program uses the Newton-Raphson method to follow a root of D as some
parameter of the dispersion function D is varied. The user must provide an initial
guess that is '"close' to the root he wishes to follow. Using this program, the dispersion

diagrams of several beam-plasma systems have been studied.

a. Longitudinal Waves in a Cold-Ion Hot-Electron Plasma

In Quarterly Progress Report No. 79 (pages 126-130) the dispersion equation for

longitudinal waves in a cold-ion, hot-electron plasma was considered:

2
w w
pi pb
1 -— - sty (1 oz [ o (1)
W W-pvV_ )" BAp \ffﬁ)\D pe @BXD pe
The discussion of this dispersion equation given there must be corrected. The caption
2
: 1 n, Vr
on p. 129 of Q.P.R. No. 79 should read: (a) n =T (b) n =1 where n =5 o Thus
pV
o

Briggs' condi‘cion1 n > 1 for a strong ion interaction is not met for either of the dis-
persion diagrams in Quarterly Progress Report No. 79 (page 129). In fact, as Briggs
has pointed out,2 the condition n > 1 leads to an ion interaction in a Maxwellian plasma
in which the gain is infinite for frequencies just below wpi' Thus, one always has a
solution of Eq. 1 with IB{ - 0 as w = wpi' A stability analysis shows that this solution
is evanescent for n < 1 and convectively unstable for n > 1.

Figure X-13a shows the dispersion diagram of the convectively unstable solution of
Eq. ! for n < 1. The stability analysis for this solution is presented in Fig. X-13b. The
gain is finite and is peaked at a frequency slightly below (‘)pi' For w< wpi’ the gain is
large and represents reactive medium amplification of the slow beam wave by the
"inductive'" plasma ions. For w > wpi’ the gain is very small and represents resistive
medium amplification of the slow beam wave by the Landau damped plasma electrons.

Figure X-13¢ shows the transition occurring whenn > 1. The convectively unstable
solution of Eq. 1 now has an infinite growth rate for w slightly below wpi' The stability
analysis for this solution is shown in Fig. X-13d.

The gain mechanism is a reactive medium amplification for w < wpi and resistive
(Landau damping) medium amplification for w > wpi’ as before. Note that in the weak-

beam limit 0 « np, the condition 1 = 1 requires VT » Vo. Landau damping is small in
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Fig. X-13. Beam-plasma dispersion equation for longitudinal waves (Landau
damping and ion motions included). (a) n = 0.32. (b) Stability
criteria for n = 0.32. (c) n = 6.0. (d) Stability criteria for n =
6.0.

this limit, so the resistive medium amplification rates are very small.
It is clear from Eq. 1 that a finite ion temperature would lead to a finite growth rate

at wpi in all cases.

b. Onset of the Absolute Ion Instability in a Hot-Electron, Beam-Plasma Waveguide

Consider a waveguide of radius a whose axis is parallel to the static magnetic
field Eo' The waveguide is uniformly filled with a plasma consisting of cold ions and
Maxwellian electrons of thermal velocity VT. An electron beam uniformly filling the
waveguide drifts along the magnetic fluid with a constant velocity VO.

Under the assumption that as a boundary condition the tangential electric field

vanishes at the walls, the quasi-static dispersion equation is

K, +K; +K -2=0, (2)
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where
2 2 2 2
KWpr KL W
K.=1l-——F-—5——+ (3)
i 20?2 olool
ci
2 2 2 2
. k” wpb k wpb @
= 1 _——————————— — — 4
b 2 2 2 2 2
k (w—k”V ) k (w-—k"Vo) " W.e
2
Woe o N
K =1+ |1+ ) L0)e " ¢ Z(K) (5)
K"V n=-»
KV, )
\ = _ (_Larmor radius ) (6)
T 2 T \Waveguide radius
w
ce
W - nw
¢ = C€ (1)
k VN2

and the linearized potential is assumed to vary as
—i(wt- jmo ,
exp[—j(wt k“z)] Jm(k_]_r) e, (8)

The boundary condition at the waveguide wall requires that

emﬂ
k =—=, (9)

where €y 18 the ﬁth zero of Jm. Consider the limit of large magnetic fields, for
pb N but wpi
these assumptions are well satisfied. Physically, they state that the beam and plasma

which A « 1 and w » Wog- For many beam-plasma systems of interest,
electrons are constrained to move only along the field lines. The transverse motion of
the ions is allowed, however, because of their larger mass. Excluding cyclotron har-
monic frequencies . and wave numbers for which k = wce/Vo, the dispersion

equation (2) can be written

wz (.02 w2 (:.)2

9 pi pb pe w 9 pi

kyjt-—%- 5" o2 zz'< > TR 1= =0, (10)
0 ok V)T 2KV k“VTdE L =Wy

where Z' is the derivative of the plasma dispersion function, tabulated by Fried and

Conte.3
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Several authors have studied Eq. 10 under one approximation or another. B.‘r‘iggs1
considered the limit w/k”VT'\/g « 1 and showed that an absolute instability could exist
near the ion plasma frequency wpi’ even when the plasma in the absence of the beam
supports only a forward travelling wave. This result cannot be predicted by weak

coupling theory. Briggs' condition for the absolute ion instability can be written

>

Wop 2 provided VT/Vo » 1. (11)

wpi’
Puri4 and Wallace5 both considered a dispersion equation similar to (10), in which
the hot electrons were represented by a rectangular velocity distribution function instead

of a Maxwellian. Their condition for the absolute ion instability can be written

pbz wpi, VT 3VO. (12)

Both Puri and Wallace realized that their condition (12), obtained for a rectangular
distribution of electrons, could not be applied to a Maxwellian distribution in the region
of heavy Landau damping VT ~ VO. Therefore, their condition (12) does not correctly
describe the onset of the absolute ion instability in a Maxwellian plasma. This condition

can be obtained only by properly accounting for the Landau damping.

P-30
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ABSOLUTE INSTABILITY
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= f5=0l
R
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0.l | 10 100
wpb/wpi

Fig. X-14. Onset of absolute ion instability in a hot-electron
beam-plasma waveguide.
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In this report the condition for the onset of the absolute ion instability in a Maxwellian
plasma has been determined by numerically setting the £hs of (10) and its derivative with
respect to k” equal to zero. For a given set of system parameters, the frequency w and
wave number k” are determined from these two equations. The additional constraint
Im w = 0 then imposes a relation among the system parameters, which is the onset con-
dition. This condition is shown in Fig. X-14. The quantity V.,N2/V  is plotted along the
ordinate, and the quantity wpb/wpi is plotted along the abscissa. For a given value of
PO = k_LVo/wpi’
upper right-hand region, the absolute ion instability is obtained. In the lower left-hand

the onset condition Im w = 0 divides the graph into two regions. In the

region, only a convective instability exists. Alongside the line Im w = 0, and for each
value of Po’ the real part of the normalized frequency u)/(opi is specified. This

frequency is the oscillation frequency of the beam-plasma system at the onset of
absolute instability.

The onset condition has been computed for Wee = wpe a_s pertinent to our beam-
plasma experiment in an ECRD plasma. The magnetic field BO enters into the problem
only through the ion cyclotron frequency W.i» SO, for \wl » W the onset condition
Im w = 0 is essentially independent of the magnetic field.

M. A. Lieberman, A. Bers
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5. THEORY OF VHF OSCILLATIONS AND POSSIBLE INTERACTIONS WITH IONS
IN THE BEAM-PLASMA DISCHARGE

In the beam-plasma discharge, a pulsed electron beam of moderate perveance when
injected into a low-pressure gas produces a plasma to which it gives up a considerable
portion of its DC kinetic energy. In his study of the beam-plasma discharge, Getty1
observed strong RF oscillations and scattering of beam electrons across confining

magnetic fields of several hundred gauss. Hsieh2 studied the frequency spectrum and
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time dependence of the RF power radiated by the beam-plasma discharge in some detail.
He observed RF radiation principally in two bands of frequencies, the kMc band (7 kMc
to 27 kMc) and the VHF band (30 Mc to 600 Mc). Hsieh interpreted the kMc oscillations
as electron plasma oscillations. This interpretation was verified by Getty, who actually
measured the density of the plasma. In experiments with different gases, Hsieh
attempted to interpret the VHF oscillations as ion plasma oscillations; however, the
results of these experiments were inconclusive.

It is shown here that the gross features of the frequency spectrum of the VHF oscil-
lations observed in the beam-plasma discharge may possibly be understood in terms
of a model in which the VHF oscillations arise from the interaction of a filamentary
electron beam with a uniformly filled cold-plasma waveguide immersed in a uniform,
longitudinal magnetic field. This interaction causes a snaking or "firehose' motion of
the beam, corresponding to an azimuthal wave number n equal to plus or minus one.
Since the gain for this interaction is relatively small and the interaction is convective,
an efficient feedback mechanism is a necessary part of this model.

In the model, the kMc oscillations are electron plasma oscillations; that is, the
oscillations are characteristic of the electron plasma frequency wpe‘ The VHF oscil-
lations are not ''tied" to the ion plasma frequency wpi, but rather arise from the
coupling between a propagating plasma wave and a slow-beam cyclotron wave. The
frequency at which this coupling occurs may turn out to be in the vicinity of wpi.

a. Experimental Observations of the Beam-Plasma Discharge by Hsieh

Figure X-15 illustrates the time characteristics of the beam generated plasma
studied by Hsieh, in which a 200-usec pulse of electron beam current is injected into

3.107% torr in a magnetic mirror to produce

a volume of gas at pressures of 10~
a plasma. The idealized plasma geometry of the beam-plasma discharge is shown in
Fig. X-186.

At some time TB (=~ 50 psec) into the beam pulse, a burst of strong oscillations near
Wee (~ 800 Mc) appears. These oscillations are accompanied by scattering of beam
electrons across the confining magnetic field and by a rapid rise in the plasma density.
These oscillations near Woe usher in the regime of beam-plasma discharge proper.
This regime is characterized by steady light and diamagnetic signals, by energetic
plasma electrons (as evidenced by the X-ray signal) and by strong RF oscillations. The
frequency spectra of these RF oscillations were measured by Hsieh for three different
time intervals within the beam-plasma discharge and for three different gases. The
behavior of these frequency spectra can be summarized as follows:

(i) The RF radiation is concentrated in two bands of frequencies, the kMc band
(7-27 kMc) and the VHF band (30-600 Mc).

(ii) There is a missing band of frequencies, extending from 600 Mc to 7 kMc g_l;lg

QPR No. 81 86



Injected beam current
200 psec —

Collector current, Ic

L
>

T ! "

Regimes I TB—————IIhﬁ ITI
[ jﬁwv-\ _ Light signal

b
/ \7‘_ Diamagnetic signal
)
B il i x-ray sSignal
\
‘l Burst of oscillation
> at Boe

¢ It
! i VHF oscillations

— time — ==

Fig. X-15. Time characteristics of the beam-plasma discharge (after H. Hsieh,
Sc.D. Thesis, M.I.T., 1964, p. 37).

PLASMA

BEAM IOZCM Fig. X-16. Idealized plasma geometry of
TIIII TS @_ the beam-plasma discharge
A (after H. Hsieh, Sc.D. Thesis,
—— L:16 _q Nyacuum M.I.T., 1964).
[

WAVEGUIDE WALL

QPR No. 81 87



(X. PLASMAS AND CONTROLLED NUCLEAR FUSION)

including the electron cyclotron frequency Wee (890 Mc), in which no RF oscillations
are observed.

(iii) The kMc band shifts toward higher frequencies as the delay time, the beam
voltage or the gas pressure is increased.

(iv) The frequency spectrum of the VHF oscillations is relatively independent of

the delay time, type of gas, gas pressure, and (over a limited range) beam voltage.

b. Weak Coupling of a Filamentary Electron Beam with a Cold Plasma Waveguide

Physically, the VHF oscillations can be understood in terms of two dispersion dia-
grams, Figs. X-17 and X-18. These two dispersion diagrams show the coupling of
beam and plasma waves for the circularly symmetric (azimuthal wave number n = 0,
Fig. X-17) and noncircularly symmetric (n = 1, +2, etc., Fig. X-18) modes in the
filamentary beam approximation.

The model is a plasma-filled waveguide of radius a. An electron beam of radius
b «a flows down the center of the waveguide. The electrons and ions of the plasma have
zero temperature. Experimentally, the VHF oscillations are observed for frequencies
roughly one-half to one-third of the electron cyclotron frequency W For such frequen-
cies, the filamentary beam approximation can be made and proved to be valid. This
approximation stated that

pb « 1

(1)

gb« 1,
where p and g are the transverse wave numbers in the beam and plasma regions,
respectively. In this approximation, only two beam waves appear for the n = 0 mode
(n is the azimuthal wave number, n = 0 is the circularly symmetric mode). These
waves are the ""beam space-charge' waves. No "beam cyclotron' waves appear for the
n = 0 mode. This is to be expected, since the electric field is purely longitudinal at the
position of the beam (r = 0) for this mode.

1

A synchronism between the "'slow beam-space-charge'' wave and the propagating

plasma wave can only occur if the beam velocity Vo is equal to the phase velocity Vph
of a plasma wave somewhere in the VHF region.
In Fig. X-17 we show the situation generally occurring in the beam-plasma dis-

charge for the n = 0 mode. The phase velocity Vph of the forward propagating plasma

waves in the VHF region is less than or equal to Xce a, where X m is the nth zero of
nm

the mth—order Bessel function Jm' Since in the beam-plasma discharge

wcea wcea

V. >—>
(6] X X
00 no

> Vo (2)
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Fig. X-17. Beam waves and propagating plasma waves for then =0
(circularly symmetric) mode.
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Fig. X-18. Beam waves and propagating plasma waves for the n# 0
(noncircularly symmetric) modes.

no intersection occurs in the VHF region. The intersection in Fig. X-17 near the lower
hybrid frequency W, = 4% Wee is not within the VHF region.

In Fig. X-18, the situation generally occurring in the beam-plasma discharge is
shown for all modes other than the n = 0 mode. The n = 1 modes are the ''fire-hose'
modes, corresponding to a snaking motion of the beam. The n = £2 modes have a
double angular variation, and so on. For each pair (£1, +2, +3, etc.) of noncircularly
symmetric modes, four beam waves appear: two "synchronous' beam waves and two
"cyclotron' beam waves. The slow cyclotron wave intersects the plasma waves in the
VHF region, as shown by the circles in Fig. X-18. This intersection between a negative

and positive energy wave must lead to a convective instability.
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The dispersion equation for the interaction of a filamentary beam with a cold plasma

waveguide isS’4
wib 2K_L
= . (3)
w W ) N,(qa)
d'7d “ce 1+774T-q2b2 1
J1(qa)

Near synchronism between the slow-beam cyclotron wave and the propagating plasma

waves of Fig. X-18, Jl(qa) =~ 0. Expanding Jl in a Taylor series, one finds

2

(B-5,)- (4)
"BoNl (qnla)

Jl(qa) ~ -

Using (4), one can cast (3) into the form

(5)

Here, co(w) is to be evaluated at the synchronous frequency and is given by

1
1 2 \4
Tm’pbqnlel o )_2— wie “ob
) = ( +az—| - (6)
o av, 2K 1 TIK|

The maximum amplification rate occurs exactly at synchronism and is

(8,

i’max ~ Co<"‘))‘ (7)

c. Comparison Between Theory and Experiment

The theoretical growth rates have been calculated from Eq. 7. For the experimental
parameters shown in tabular form below, the first few interaction frequencies and their

growth rates are

w; =460 mc By = -0048/cm
Wy = 380 mc Byy = -0054/cm
Wy = 240 mc Big = .0052/cm

These growth rates are quite small. The effect of a finite temperature or collision

frequency on the magnitude of these gains has not been investigated.
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These amplification rates could not by themselves lead to the observed VHF oscil-
lations. For a 40-cm system, these rates correspond to a power amplification of only
1.6 db over the length of the discharge. Unless the power is fed back to the entering
beam, oscillations at these frequencies will not take place. Therefore, a feedback

mechanism is a necessary part of this theory if it is to be relevant for explaining the

observed VHF oscillations in the beam-plasma discharge. One possible feedback device
is the plasma wave propagating in the negative z direction. This wave has a negative
real § and a negative group velocity Vg. It is the mirror image (about the frequency
axis) of the forward propagating plasma wave shown in Fig. X-18. This negative z-
directed wave is only slightly perturbed by the filamentary beam. The feedback system
then consists of the positive z-directed wave having a gain = .005/cm and a group
velocity Vg coupled with the negative z-directed wave having a gain of unity and a group

velocity vg. Oscillations will build up in this feedback system at a rate Wy given by

vovg

Wi =BTV (8)
o g

For the parameters of Table X-1, the time constant 7 = 27r/u)i for the buildup of VHF

oscillations in the discharge is
T =1 psec. (9)

Thus this simple feedback mechanism might explain the observation of VHF oscillations
in the beam-plasma discharge.

A detailed study of the predictions of the filamentary beam theory shows:

1. In the frequency range 460 Mc < f < 2.7 kMc, which includes the cyclotron
frequency fce = 890 Mc, no RF oscillations should be present.

9. Below 460 Mc, VHF oscillations should be excited which display a mode
structure; that is, the frequency spectrum of these oscillations should consist of a
series of peaks which begin to blur together as the frequency f is decreased greatly
below 460 Mec.

3. The RF intensity of the VHF oscillations should be greater near the beginning
of the beam-plasma discharge since the amplification rate ﬁi given by (7) is a mono-
tonically decreasing function of plasma density.

4. The VHF oscillation frequencies should be only a function of wce’ Vs and a.
That is, the frequencies at which VHF oscillations occur should be independent of the

plasma density, type of gas, gas pressure, beam perveance, beam diameter, and beam
density. On the other hand, the oscillation amplitudes should be functions of all these
parameters.

These theoretical predictions are all borne out by Hsieh's data.
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Table X-1. Typical parameters for the beam-plasma discharge studied by Hsieh.

Beam pulse length = 170 psec
Beam breakup TB = 4 to 6 psec
Beam voltage Vb = 6 kev o
Beam velocity v_ = 4.6 X 10 cm/sec
Beam perveance K = 1.0 X 1076
Beam diameter 2b = 0.2 cm
Beam density n_ = 2.0 X 1010 em™3
Beam-plasma frequency wpb = 1.3 kMc = 8.0X 109/sec
Mirror ratio R = 3
Central magnetic field Bo = 280 gauss o
Electron cyclotron frequency Wee = 0.89 kMc = 5.6 X 107 /sec
Ion cyclotron frequency Wy = 0.48 Mc = 3.0 X 106/sec H,
Hybrid frequency /w__w_; =21.0 Mc = 1.3 X 108/sec H,
Plasma diameter 2a = 2.5 cm
Pressures: 1.1 X 107° torr H,
2.8 X 10_3 torr He
2.5X 107 torr A
Electron plasma frequency wpe = 15 to 25 kMc (94-156 X 109/sec)

Plasma density np =3.5t04.5X 1012 cm"3

d. Small-Signal Ion and Electron Energies

One can calculate the small signal electron and ion oscillation energies for the VHF
oscillations occurring in the beam-plasma discharge. This calculation is independent
of the particular mechanism which drives the oscillations. One assumes only that VHF
oscillations exist and that they are oscillations of a cold electron-ion plasma immersed
in a static magnetic field Eo'

Using the small-signal ion and electron force equations and assuming plane wave
propagation at an angle to the magnetic field, one finds that the ratio of the ion-to-

electron oscillation energy is given by

K w2+w2.
2 1] ci
Lrw g’ 3
L (wz_ 2 )
m Wei
Ei/Be = 2.2 (10)
w tw
21 ce
1+w K 2
L w22 )
Wee
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where K” and K_I_ are the parallel and perpendicular dielectric constants of the plasma.

w
For VHF frequencies (w ~%e), Ei/Ee = Z—II\%. Therefore the VHEF oscillations do not
represent ion motions. No significant amount of ion oscillation energy exists at VHF

frequencies.
e. Suggestions for Beam Interactions with Ions in a Cold Plasma

The ratio Ei/Ee is unity at the lower hybrid frequency w, = m The ratio
Ei/Ee continues to rise as the frequency is decreased, and has a resonance at the ion
cyclotron frequency Wi The detection of RF oscillations in this frequency range in the
beam-plasma discharge would indicate the presence of significant ion motions.

If energy is to be transferred from an electron beam directly to the ions of a
plasma, two conditions must be satisfied.

1. There must be an interaction frequency w for which unstable waves exist in the
beam-plasma system.

2. The ratio Ei/Ee of ion-to-electron oscillation energies must be reasonably large
at this interaction frequency.

There are two interaction frequencies that satisfy both of these conditions in a
cold-plasma waveguide: the ion cyclotron frequency Wog and the lower hybrid frequency
W, = m The growth rates for beam-plasma interactions near the ion cyclotron
frequency w,; are usually quite small. One is thus led to consider whether a beam-
plasma interaction at the lower hybrid frequency W, could significantly excite ion
motions.

Convective instability at the lower hybrid frequency W, arises from two mechanisms:

1. reactive medium amplification for frequencies slightly below W,

2. synchronous interaction between a slow beam space-charge wave and a propa-
gating plasma wave, for frequencies slightly above W,

The growth rates at the hybrid frequency w, can be quite large. For3ei<amp1e, in
the filamentary beam approximation, reactive medium amplification rates™ ~ of 0.06/cm
are obtained in the beam-plasma discharge. ''Ion heating' might thus be accomplished
by modulating the electron beam at the lower hybrid frequency W,

M. A. Lieberman, A. Bers
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6. QUASI-LINEAR THEORY OF NARROW-BANDWIDTH CONVECTIVE INSTABILITIES

Consider an electron beam that is injected into a semi-infinite electron-ion plasma,
plasma waveguide or other slow-wave structure. For many beam-plasma systems,
linearized theory predicts that the interaction between beam and plasma gives rise to a

narrow-bandwidth, convective ins’ca.bili’cy.1 By a convective instability, one means that

the linearized fields vary as

where the frequency w is taken to be purely real, and E is complex. The imaginary part
of § describes the growth or decay in space of the waves arising from the beam-plasma

interaction. In many systems, these spatially growing waves are narrow-bandwidth;

that is, the gain Ei(w) is sharply peaked within a small frequency region Aw « w, about
the frequency of maximum gain Wy The dispersion diagram for narrow-bandwidth, con-
vective instability is shown in Fig. X-19.

B (w) ——

B lw) ===
ﬂéw > ﬁil“éw Fig. X-19. Dispersion of a narrow-bandwidth,
_/::JQ J«’LO w convective instability.

In this report, we would like to investigate the onset of nonlinear effects and obtain
a description of the slowing down of the electron beam. The theory and computations

presented in a previous report2 were found to be largely erroneous.

a. Formulation of the Quasi-~Linear Theory

Each of the N species (beam electrons, plasma electrons, plasma ions, etc.) is

described by the collisionless Vlasov equation

2+7 L+ L@+yxB) L1 - 0. (1)
ar v
These N equations are coupled through a curl-free electric field E (we make the
electrostatic approximation):

2 xE=-0 (2)

or

€ 9 .E- e;n; f fi dv. (3)
or i
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A time average () can be defined

(4)
0
where
27 2T
S« Ty A (5)
Since the gain is narrow-bandwidth, the averaging time T always exists
Let us define two functions

£ (r,v, 1) =(f(r,v,1)

fA(r,v,t) = f(r,v,t) - f (r,V,t)

(6)
It follows immediately that

(7
(1) = 0.

function of time

(8)
Thus f has been decomposed into the sum of a slowly varying and a rapidly varying

We assume that no external electric field is applied, from which
(E) =0.

We then write

E(r,t) = 0+ E_(r,t)

(9)
(10)
Substituting (7) and (10) in the Vlasov equation (1) yields
2w 2 (E +vXB ) (f +f,) = 0. (11)
ot oF
T
Time averaging (11), we get
9 ,— O e —y 5 o] e 0 /=
S+ V- Z+=TVXB - —|f =-= —-(E ) (12)
(8t oF ™m o) 87) o m o= 171
Subtracting (12) from (11) yields
_of
(E?t 7%+%7XBO'—?-_>3?1+§—E o
or o]

(13)
Note that if E, and f, are first-order quantities in some small parameter, then the
right-hand sides of both (12) and (13) are second-order in this parameter. This suggests
an iterative scheme for solving (12) and (13), in which the right-hand sides of both

equations are initially set to zero. One then recovers the equations of linearized theory
QPR No. 81
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In the procedure of quasi-linear 1;heory,3 the right-hand side of (13) alone is set
equal to zero. The solutions fl and E1 of Eq. 13 are then explicitly obtained in terms
of the unknown function fo' When these solutions are substituted in the right-hand side
of (12), a nonlinear differential equation for fo is obtained. It is the fundamental
equation of quasi-linear theory:
£ IxB -%)f = - 2 (E (£ (1)), (14a)
m 0 5v/° m o= 10’71 o

One can show that if the wave vector B is independent of fo, then the product Elfl
appearing in (14a) would be a linear function of fO. In this case (14a) reduces to a dif-

fusion equation:

%+v-%+~?_-<5(?,§)~§>=0, (14b)
or ov ov
where 5(17, V) is the diffusion tensor.

In the interest of mathematical tractability, (14a) will be linearized by setting the
wave vector B equal to its initial value when the beam first enters the interaction region.
One expects this linearization to be valid, provided the diffusion of the beam does not
significantly alter the value of the gain Bi(w) from its initial value. Provided the gain is
limited by other factors (finite transverse boundaries, finite plasma temperature, etc.),
the effect of beam diffusion on the wave vector B(w) should be unimportant during the

initial stage of the interaction.

b. Diffusion Coefficient in One Dimension

We consider a one-dimensional problem and derive the diffusion coefficient D. Let

us assume that the electron beam can be described by the one-dimensional Vlasov

equation
0 0 ,e= 0 _
——8t+v—az+——mE-——av)f(z,v,t) = 0. (15)

The linearized solutions (El’ fl) are given by

_ 02, _
Ei=-% 4

o jwt=p_(w)z) (16)
(I)l = Z foo du @wn € ?

5 -

of w B (w) jlwt-B_(w)z)

e T T P amn
n = w - p (v
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In Egs. 16 and 17 we have written the linearized solutions (El’ fl) as a sum over ele-
mentary traveling waves. The sum over n is taken over the different branches of the
dispersion function Bn(w). Only one of these branches is taken to be convectively
unstable. The quantity ®  is the "Fourier coefficient' of the linearized solution at the
real frequency w. This coefficient describes the initial excitation of @ jatz= 0, when

the beam first enters the interaction region. Note that since & 1 must be a real function,

The diffusion coefficient D will now be evaluated. From (143a),

e afo>‘1
Using (16) and (17), and doing the time average, we have
2 ] =B, (W+p_,(w"))z ( Hwtw")T

D=+e—222fdwfdw'EnwEn,w, —_—e n n' NS S A 0—1)

m® w'-ﬁn.(w')v j(wW')TO

(19)

or

D= ) D_.,. (20)

n,n’

Here we have written

Enw = jﬁn(w) an' (21)

Physically, the double sum over n and n' represents a summation over all the waves
present in the one-dimensional system. Only one of these waves, say n =1, is assumed
to be convectively unstable, Let the maximum gain 'Im ﬁl(w)Imax of this unstable wave
be y. For vz < 1, the unstable wave has not greatly increased in amplitude over its
initial value at z = 0. Therefore, physically, we expect each term in the sum (20) to be
equally important; the contributions of the purely propagating or evanescent waves to
D for yz £ 1 cannot be neglected. On the other hand, for ¥z « 1, the amplitude of the
unstable wave has increased greatly over its initial value at z = 0. This should manifest
itself by an increase in the diffusion term Dll‘ For vz sufficiently large, we expect the
term D11 to be much larger than any of the other terms Dnn’ in the sum (20).

Note that there is an upper limit L. on the size of yz. If yz 2 L, then fl becomes
comparable in magnitude to fo, and the whole procedure of quasi-linear theory, in
which the right-hand sides of (12) and (13) are assumed small, is invalid. The upper
limit L is set by the magnitude of the initial excitation® . If& . 1is "small enough,"
then L » 1. We then assert that
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D(z,v) = D11 (22a)

within the range
1<vyz S L. (22b)

The diffusion term D11 is given by

2 : : Hwtw") T
D;,=%5 [do [dwEE j—i— ¢ IPWIHWzZ 1 (e 0—1>. (23)
m W - Blw')v j(w-i-w')TO

The gain Im B(w) of the unstable wave has a positive peak vy at w = W, and w = -w_, as

0,
shown in Fig. X-19. Let us expand the dispersion function B(w) in a Taylor series around

and —w
Yo Wo

1 . 1 2
B(wo+s) = q+v—s+...+3(7—2cos +)
g
(24)
- q-Lg_ ( 1.2 )
B(-wo—s)— qQ-5—s R L 2 5CoS +...
g
in which by definition,
1 (Re p) (25)
v_ o ow
g Yy
2%(1m p)
c =- (28)
o] 8w2 ;
o
The bandwidth Aw thus appears in a natural manner from these expansions:
aw= [2X (27)
o}

For vz » 1, the exponential space factor of the integrand in (23) is peaked near w =
+W0 and w' = :two. From the inequalities (5), one can thus write (23) in the form

2
€
Dy =—5yH,), (28)
m
where
_ ~ 1 -ji(Blw)+B(w"))z
I, = dw! WiEE , Y e (29)
1 f(wo) f(-wo) W' w' - Blwv
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and

L= @ [ BB, —— WLz, (30)

(—wo) (wo) w'w' - Blw)v

In (29) we let w' = Wy + s and w = W, - t, use the expansions (24), and do the s and t

integrations to obtain

2‘y - —1-§ Z
I1 =jn |E 2 (% e covg V4 E—g—z— (qv—wo+j'yv+j 1 s (31)
W, o covg
where Z(yo) is the plasma dispersion function, tabulated by Fried and Con’ce.4
Let us return to (30), the other half of Dyy- Setting w' = W, =S and w = wy tt in

this integral and using the expansions (24), we obtain

I, =1;. (32)
Thus
(Bw)?
el ) (B2
Dll('yz»l) = —giz—-é:"; ‘Ewolz e g Im Z % qv—wo+jyv+j pr (33)

The terms in (A.(,.))2 can usually be neglected, since Aw is assumed small. Furthermore,
for most systems, the argument of the Z function is much larger than unity, even at
resonance Vv = wo/q, unless the gain v is very small. Expanding the Z function in an

asymptotic series, one obtains a simplified form for the diffusion coefficient D:

2vz v

55 (34)

2 vz (wo-cw)2 + v

m ()

27re2
Dll('yz»l) = - IE .

.Z(Aw)z e

Note that (34) has a singularity in the limit as yz - 0; however, D11 is not correctly
given by (34) in this limit. In fact, we shall neglect the diffusion of the beam in the

region yz £ 1.

c. Beam Diffusion in the Steady State

Assume that at t = 0, an electron beam is injected into a semi-infinite interaction
region. After the initial transients have died out, the beam will reach a steady state,
in which the velocity diffusion of the beam will be a function of the distance z from the

beam entrance plane z = 0. Accordingly, we set Z?_t = 0 in the diffusion equation to obtain

of

0 0 ( afo)
VE+ v D(Z,V)a—v" =0, (35)
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where D(z,v) is given by (33) or (34). One can demonstrate the following properties con-
cerning all distribution functions fO that satisfy (35):

1. The number of beam electrons is conserved. Proof: Integrate (35) over all
velocity space.

2. The distribution function has a velocity derivative (Bfo/av)V:O which is zero for
any z. Proof: Expand (35) and take the limit v = 0, using (34) to evaluate the limiting
form of the diffusion coefficient D.

3. Beam electrons are never reflected or "turned around'" in velocity space.
Proof: Integrate (35) over negative velocities and use 2.

4. Assume that the entering beam is monoenergetic at yz € 1. Then initially, the

beam loses power provided Vo > w/q. Proof: The power flow p(z) is given by

plz) = foo dv v3f0(v, z).
0

Multiply (35) by v2 and integrate over positive velocities. The second term can be inte-

grated by parts twice to yield

(ap> 2 (vD(z, )
. = - —(vD(z,Vv))_ _
0z vz 1 ov V—VO

From (34), it then follows that

(&)
oz vz <1

convective instability. Q.E.D.

< 0, provided Vo > (wo/q) which is the condition for the existence of a

Computations on the diffusion of fo for a particular example are at present in

progress.
M. A. Lieberman, A. Bers
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7. WAVE-MIRROR HEATING

In our last report,l we looked at the heating of electrons reflecting off hard walls
(idealized magnetic mirrors) in the presence of a longitudinal traveling wave. We found
that this heating could be considerable, if the walls were perfectly reflecting or if the
electrons bounced back from the walls with a phase random to the entering phase.

Computer experiments were run to check the theory, since a number of approxi-
mations had been made. The heating arising from the hard walls and the random phase
of the re-entry model was even greater than expected (Fig. X-20).

Computer experiments were also run with a more realistic model of the mirrors.

For a wave varying as cos (wt-kz), distances were normalized to k—l, times to w—l.

0.026 —

® HARD WALLS (AVERAGE OF 70 ELECTRONS)

& RANDOM PHASE ( AVERAGE OF 40 ELECTRONS )

0.022 d

—~ 0.018

0.014

Y
RANDOM PHASE (ANALYT\C THEORY)

| ! ! 1 | ! | |
0 | 2 3 4 5 6 7 8 9 10
NUMBER OF COLLISIONS

Fig. X-20. Average energy gain vs number of wall collisions.
(Hard walls and random phase of re-entry.)

o MIRROR FORCE=0.02 &~ 1090 [ X“Xm| co5(T = x)-0.002 ( AVERAGE OF 4 ELECTRONS)

X MIRROR FORCE=0.02 e | *™m| cos (T-x) -0.001 ( AVERAGE OF 4 ELECTRONS )
0.022 |- I MIRROR FORCE=0.02¢™ | *m | cos (T-x) -0.001 (RANGE OF 4 ELECTRONS)

3[ =

— 0.018

o~

>

0.014
0.010
0 1 2 3 4 5 6 7 8 9 10

NUMBER OF COLLISIONS
Fig. X-21. Average energy gain vs number of mirror collisions.

(Constant decelerating force in mirrors, with expo-
nentially decaying waves.)
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The wave (normalized), varied as 0.02 cos (t-x) between the mirrors, and as
-a|x-x|
0.02 e

0.1 w/k. The results for a = 1000 and a = 1 are shown in Fig. X-21. For a = 1000, the

results are about the same as for the random phase theory. For a =1, however, the

M 0s(t-x) +£.001 in the mirrors. The initial velocity in all cases was

heating is practically nonexistent. Similar results occur for a = 0.1 and a = 0. For the
a =1 case, the maximum point of penetration into the mirrors is 5k-1, less than a
wavelength. The time involved in reflection was ~ 30 oscillation periods.

The results are physically plausible. For hard walls or a random-~-phase model, an
electron can be accelerated for a half-period, reflected, and accelerated for another
half-period, since both the velocity and field have changed sign. For more realistic
mirrors, the electron spends several periods in being reflected. Each half-period is
then almost exactly cancelled by the next half-period.

Since the wavelength in a beam-plasma system is normally small compared with
the mirror dimensions, it seems unlikely that this kind of heating is important.

J. A. Davis
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8. THEORY OF PLASMA EXCITATION BY A LINE-CHARGE SOURCE

As a first step in understanding the excitation of the beam-plasma discharge (BPD)
by a modulated beaml’2 we consider the following theoretical model: Assume a linear-
ized hydrodynamic representation of the fully ionized macroscopically neutral two-
component plasma, with a longitudinal DC magnetic field, Bo;z' The unbounded plasma
is excited by a sinusoidally varying line charge oriented parallel to the DC magnetic
field, p = poé(x)é(y), for exp(jwt) sinusoidal steady-state time dependence. The constant
Po has units of coulombs per meter. We are interested in quasi-static solutions that
have azimuthal symmetry and no longitudinal variation.

The linearized transport equations are
meeNoVe = —Noe(E+veXBolz) - m_ug Vne (1)
. - =, = - 2
meiNoVi = Noe(E+ViXBolz) - m,u; Vni, (2)

with the linearized equations of continuity
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(3)

(4)

(5)

€

v.E—i‘Ba( )6(y) + = (n.-n )
= . X)6ly < i)

Introduce a scalar potential &, where

=-Vo. (6)

We are interested in solutions for which EZ = 0, and Vey = Vig = 0, leaving seven

unknowns &, n , n., v v V. and v, .
> Te’ TV Tex’ ey IxX° iy

The set of seven equations is solved by using Fourier transform theory, and the

following transform pair:

1 o o —jkxx—jkyy
f(x,y) = —— f(k_, k dk_ dk
(x,5) (2m2 f_m f__w L y) € Xy o

o e ke etk oy
fk, k) = f_w f—w f(x,y) e dx dy.

The solutions for the transformed equations are

<k2 2-w2+w2

B = —?O e (@
“p D(k_,k_)
Xy
2 2 2,2
—p (kTue—w +wce)
o 2
%= e Ypi ©
P D(k_,k_)
XYy
(k . —W +w )(k u —w +w )
=€—° (10)
o) kTD(kX, ky)
- —
pye (wk +cheky)<k u; W +w )
Vex™ "m € (11)
e o i kTD(kx, ky) ]
I 2.2 2, 2]
p_e (wky‘chekx><kTui—w +wci)
Vey " m 0€ ‘ (12)
e o L kTD(kX, ky) 1
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. 2.2 2. 2]
p e kax_chiky)(kTue_w Tce
0
= = 5 (13)
io kTD(kX, ky)

p . 2 2 2. 2 \]
P (wkyﬂwcikx)(kTue—w —H")ce)

Viy “m.e 2 (14)
io| kTD(kX, ky) ]
Here, D(kx, ky) is the dispersion 1"elation3 given by
_ 22_222(22_22 2)_22

D(kx,ky) = (kTui W +wci+wpi) L +wce+wpe Wiy (15)
where

2 .2 2

kp = ki + ky. (16)

The quantities of Eqs. 8-14 are the spatial Fourier transforms of the first-order
densities, potential, and velocities caused by the sinusoidally varying line charge. The
responses as a function of x and y are obtained by taking the inverse Fourier trans-
forms as given in Eq. 7. This work is at present in progress.

G. D. Bernard, A. Bers
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9. EXPERIMENTAL INVESTIGATION OF INSTABILITIES IN AN ELECTRON BEAM
WITH TRANSVERSE ENERGY

Calculations of Bers and Gruber have predicted instabilities in an electron beam
confined by a magnetic field if the electrons have enough transverse energy.1 To find
the optimum conditions for the instabilities, it was necessary to plot the dispersion
relation for different values of the plasma frequency wp and of the parameter k‘LVOJ_/wC
(k.L= propagation constant perpendicular to che magnetic field, VoL© transverse velocity
of the electrons, w, = cyclotron frequency).” These resulting figures show that an
instability can be expected in a plasma at w = 0.6 w, or in a beam at v = 0.6 w, t kv

ol
(k“ and Vo are the propagation constant and electron velocity parallel to the magnetic
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field). The necessary condition for the plasma frequency is wp > 0.6 W If wp = 0.7 O
the ratio of the propagation constants parallel and perpendicular to the beam will be
k!l/k_l_ = 2. In a cylindrical beam surrounded by a metal cylinder the electric field of the
wave should have a transverse dependence proportional to the Bessel function Jo(k_]_r).
For a metal cylinder of radius 1.2 cm, it follows that k| = 2/cm and k|| > 4/cm. With a
magnetic field of 70 gauss (fcz 200 Mc/sec) and a velocity of the electrons corresponding
to 100 V, the instability should occur at a frequency of 600 Mc/sec or higher. This
value is only an estimation because the theory assumes infinite transverse dimensions
of the beam.

For the experiment two tubes were built (Fig. X-22). They are mounted inside a
solenoid producing a constant magnetic field, A gap of 1 cm in the solenoid is located
immediately before the phosphor-coated collector to allow the observation of the beam
striking the collector and the detection of any RF signal. Two grids are mounted in
front of the cathode so that the beam voltage and the beam current can be varied inde-

pendently.

/MAIN SOLENOID, 3LAYERS

42 WINDINGS (6 LAYERS) , 0.7 mm WIRE
CORKSCREW WINDINGS / /BRASS TUBE
,34mm /17 WINDINGS
30.6mm 3 -/ /|6 LAYERS (~138 WINDINGS)
/ 286mm \‘*L'mem s ;o
mM%!xux”,e! 4
_FIRST GRID
‘r L:E? f=——SECOND GRID
T ey
' / \ \»{tsomm - i
- CATAODE ‘ . BRASS TUBE
* llmm DIAMETER N
NHEATING = ~—5mm Smm-—- = . PHOSPHOR
ELEMENT ‘ ! | COATED
418 mM — — el COLLECTOR
/ .
IOmm “I7mm

Fig., X-22. Schematic diagram of the experimental tube,

A fraction of the total kinetic energy of the electrons is converted into transverse
energy by a corkscrew device.3 Two corkscrews were designed and built for a magnetic
field of 70 gauss and 100 gauss. The corkscrews decelerate electrons starting at a beam
voltage of 150 V, converting one-third of the electron energy into transverse energy.
The electrons leaving the corkscrew spiral around in orbits of 7-mm diameter at
70 gauss and 5-mm diameter at 100 gauss.

The first tube was built to check the corkscrew device. In this tube the second grid
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is replaced by a plate with three small holes at different radial distances from the axis
of symmetry. The three holes produce three thin beams and three points on the
collector. The corkscrew transforms the three points into three circles with a diameter
of 7 mm or 5 mm. The corkscrew device worked very well. Small deviations from
the correct values of the magnetic field, beam voltage, and corkscrew current were
admissible.

Under the assumption of a beam cross section equal to that of the cathode (1 cmz),
the necessary current at 70 gauss, 100 V, and w_ = 0.7 w_ is 23 mA. Thus the perveance
of the beam is 23 - 10-6 I/V3/2, which is close tg the higﬁest possible perveance. This
value could not be reached with the tube, however, since the beam becomes unstable at
15 mA and spreads out. Operating at lower magnetic field should permit lower current
density, but unfortunately the magnetic field is then too small for sufficient confinement
of the beam.

No oscillation was found at the expected frequencies, but the tube showed strong
oscillations at 250 Mc/sec when working without the corkscrew. In this case the tube
acts as a double-stream amplifier. The rate of back-scattered electrons from the
c:ollec‘tor4 with sufficient energy is high enough to form a second beam confined by the
magnetic field. This beam flows toward the cathode and is reflected again by the
cathode (or grid) potential.

To find the predicted instabilities, it appears that higher beam densities are neces-
sary. One possible way of achieving this is to use a neutralized beam. This work will
continue either at M.I. T. or at the Technical University of Berlin.

G. Bolz
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10. HIGH-FREQUENCY ELECTRON-PHONON INTERACTIONS IN A MAGNETIC
FIELD

Bers and Musha have previously reported1 the classical dispersion relation for
electrons interacting with acoustic waves in a solid. They considered parallel electric
and magnetic fields in the quasi-static approximation. Taking the deformation potential
as the coupling between the electron and phonon systems, they found the dispersion

relation
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K +K -1=0, (1)
P e

pe
Jz(p) nw 8f01 4 af01
o o n W, aw_L i Bw“
dw dw, w, 27
2 § I g SEE E i
Wp 7% 0 n (hiv=q W -nw.)
K =1-—% (3)

4 J i(p)
1+ iv dw” S dw w 27rf Z
(wtiv-q w —nwc)

il
Here, s is the sound velocity, wp is the electron plasma frequency, W, is the electron
cyclotron frequency, q“ is the wave-number component along BO’ q_L is the wave-number

component across B,, and p = q /w v is the electron-lattice collision frequency,

0)
and phonon decay is ignored in Eq 2

We have been analyzing the instabilities predicted by these equations for parameters
typical of InSb at 77°K with an effective deformation potential coupling constant taken to

be 30 ev.2 For these parameters Maxwell-Boltzmann statistics are appropriate and we

assume:
fO = -1 exp—(wiﬂvlzl) 2V’21‘ (4)
(277)3/2 v3
T
fOl = exp- (w +(w vD) )/ZVT, (5)
3/2 3
@m)™ v

where Vip is the thermal velocity, and b is the drift velocity.

The imaginary part of the frequency, w, for real wave vector, q, has been computed
as a function of the angle of propagation for various values of electric and magnetic
fields with the aid of Project MAC CTSS. The results are shown in Fig. X-23.

Taking the appropriate values of the parameters, we find thai w may be considered
to be purely real in Eq. 3, as W, » v. The computations were carried out with this
approximation.

Since the electron-phonon interaction has a relatively small effect on the unper-
turbed electron and phonon systems, W, €W, =q.s and Re Ke » 1. In this approximation

the dispersion relation may be solved explicitly for the growth rate of phonons:
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3
q
W, = 2L Im (K ) (6)
pe

The physics of the interaction and the results of our more exact computations may be

readily interpreted from this approximate description. For the high frequencies that

v =3><IO7 cm/sec
4- T
E=20v/cm F E=40v/cm

B=0kG

0 N RO S I S | | I — I N T N S A N |
o] 02 04 06 08 1O O 02 04 06 08 1O O 02 04 06 08 10
ces 8 cos 8 cos 8

(a) (b) (c)

Fig. X-23. Variation of amplification with direction of propagation. The vari-
ation for very small cos 6 has been included only for B = 0 kg and
B =6 kg. (a) vp much less than V- (b) vp slightly greater than

Vep- (c) VD rnuch greater than Vep-

we are considering, the mean-free path of the electrons is large compared with a phonon
wavelength (qu/v » 1). Thus the major contribution to Im (Ke) that gives rise to growth

comes from anti-Landau damping, and the effect of collisions is usually small.

a. Zero Magnetic Field

In the limit of zero magnetic field, the expression for Ke reduces to

8f01

w2 W, 219 8w|
2o
I ‘L (wHiv- q“w )

Ke =1+ (7)
w 27rfo

[>] [ o] J_
1+ iv gw dW“ S‘O de_ :

- (wHv=q w )

and the general behavior of w, versus angle can be explained on the basis of anti-Landau
damping. The most interesting feature of these curves is the sharp peak in the

QPR No. 81 108



(X. PLASMAS AND CONTROLLED NUCLEAR FUSION)

amplification that occurs for propagation almost across the field when Vp > V- This
peak occurs at just that angle where one would expect the largest Landau damping

effect, namely cos 6 = q_f;)_, as can be seen from Fig. X-24,
T

Fig. X-24. (a) Distribution function, f for Vp > (VT+S). Circles

of
01° 8W”
the dotted line (W|| =vp - VT). (b) Expected variation of

01°

represent loci of constant f is maximum along

the amplification with angle of propagation for the case
represented in (a). (c) Same as (a) except that v < Ve

(d) Expected variation in the amplification for the case
represented in (c). Note that there is no peak in the
amplification for propagation almost transverse to the
field as was the case in (b).

The maximum Landau damping effect is expected when the electrons along the line
(VD - VT) (maximum slope of the distribution function) are moving in the direction of
wave propagation with a velocity equal to the phase velocity of the wave. Also, damping
is expected whenever there are more electrons moving infinitesimally slower that the

wave than are moving infinitesimally faster than the wave; this condition is satisfied

for cos 6 < (—1(,3— Mathematically this is contained in the dispersion relation, in that

ot b

o must be evaluated at the pole of the denominator, i.e., cos 6 = qwy ? neglecting
Il Il

collisions. Thus as cos 8 varies from 0 to 1, W) varies from ® to s and the general

form of the growth as a function of cos 6 is shown in Fig. X-24.
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b. Finite Magnetic Field

When a magnetic field is applied the situation becomes more complicated. One
physical process that can be identified in these curves (Figs. X-23b and c¢) is that of
Doppler-shifted cyclotron resonance. This comes in through the resonant denominator
in the integrals of Eq. 3. According to Eq. 6, the amplification will be maximum when

the angle of propagation is such that

nw 8f01 8f01

2 ¢
Y, I2(p) -q
= n W_L BWL 1 aw“

is maximum at the pole of the denominator. For low magnetic fields (2 1 kgauss) none of
the terms of this expression dominate and hence a large number of terms in the series
must be taken into account and the position of the peak cannot be given by any simple
formula. For moderate magnetic fields (2 6 kgauss), the parameters are such that the

Bessel functions decrease rapidly with increasing order and hence the major effect is

w_ of of
given by the first term. Also, —< 0l is much larger than q ———. Hence the maxi-
W Bw” I Sw”
w+w
c

mum 18 given by w, = Vvp, or cos § = qvp  with collisions neglected.

For Ve >V, the amplification does not rise over the zero magnetic field value for
any magnetic field (Figs. X-23, X-25 and X-26). For high magnetic fields this can be
explained by noting that the condition given above for Doppler-shifted cyclotron resonance

cannot be met for 0 < cos < 1. We do not yet fully understand the situation for lower

5
F vT:3xI07cm/sec
41— | 6
3 8
© -
o B=0kG
x_
3
2 20
Va=V
/D T
0 | ! I 1 ! I | 1 | |
0 10 20 30 40 50 60 70 80 90 100
E (v/cm)

Fig. X-25. Maximum (with respect to angle) amplification vs electric
field, with the magnetic field as a parameter.
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Fig. X-26. Maximum (with respect to angle) amplification vs magnetic
field, with the electric field as a parameter.

magnetic fields. Note that vV > Vp is the usual situation in a solid; when the electric
field is increased in order to increase Vs Vep also increases because of the high col-
lision rate. As can be seen from Fig. X-25, for vp < Vo the growth rate is independent
of the applied magnetic field.

Work is now under way to determine the nature of these instabilities — whether they
are absolute or convective. Also, the quantum-mechanical formulation of the dispersion
relation, given by Bers and Musha,1 is being examined to determine the specifically
quantum-mechanical aspects of the interaction and when they may be important.

A. Bers, S. R. J. Brueck
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1. THERMONUCLEAR REACTOR: INTRODUCTORY SYSTEM ANALYSIS

Considerable work has been done on investigating various controlled thermonuclear
power devices. Plasma physics problems are still to be solved before fusion power will
be available, but it is evident already that the engineering aspects of the problem will be
very challenging. The results of an engineering analysis may alter the direction and
intensity of the controlled thermonuclear power program.

The present study concentrates first on general comparisons of steady-state and
pulsed devices. Following this, specific introductory engineering analyses involving the
magnitude of the leakage of the magnetic field into the coolant of a pulsed device, the
temperature distribution in the vacuum wall of a pulsed device of small radius, and
power-generating cost estimates are presented.

The study of the magnetic leakage was an extension of the work performed by Ribe
and co-wor‘kers.1 Ribe's device has a 10-cm vacuum wall radius and a maximum B field
of 200 kgauss. Ribe presents data for a given magnetic pulse, Bmax = 200 kgauss,
showing the diffusion of the magnetic field into a conductor as a function of time. With
these data, an approximate value of the average magnetic field within the conductor as
a function of time may be found. Thus, if the conductor is a liquid-metal coolant, we
shall have the value of the magnetic field through which the coolant will be pumped. The
results show that for a 50-cm coolant thickness, the average field is approximately 20%
of the maximum field (200 kgauss) initially, and drops to approximately 10% of the max-
imum after a typical heat time (500 msec) has elapsed. The power required to pump the
liquid-metal coolant through this field will be enormous. Thus, a fused salt still appears
to be the best coolant available.

Our small-radius vacuum-wall study continues Dean's work,2 to reach new conclu-

sions. Dean proposed to examine the Bremsstrahlung radiation absorption with a model

“This work was supported principally by the National Science Foundation (Grant
GK-614).
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that approximates the actual attenuation of the radiation. This model assumes that the
Bremsstrahlung is not a surface heat flux, but is instead absorbed within a small volume
just inside the wall.

By using this model and equations derived by Carslaw and Jaeger‘,3 temperature dis-
tributions can be obtained as functions of space and time. For a Copper inner wall of
l-cm thickness and 10-cm radius, we found that the temperature rise attributable to the
Bremsstrahlung from a single 0.04-sec pulse is approximately 105°C. Similarly, the
temperature rise caused by neutron heating is approximately 200°C at the inner face of
the wall. Next, the energy dissipation during the dead time is examined. By calculating
the temperature drop after the initial peak, we found that approximately 70% of the initial
energy input remains in the wall at the end of the dead time. Thus the following pulses
tend to build up on one another and approach a quasi-steady state. It is estimated that
for the wall under consideration, this average steady state at the inner face will be
approximately 1000°C above the initial level of 600°C, which melts Copper and seriously
damages any other material considered. The temperature distribution for a single pulse
will be superimposed over this average, as shown in Fig. X-28.

Returning to large-vacuum walls, of

- approximately 1-meter radius, the economic

1200 1. END OF BURNING
2. END OF DEAD TIME

considerations of thermonuclear devices are

1000 developed. The costs presented represent

the power plant up to the heat exchanger, but

800 not beyond. Under the assumption that

AT(°C)

0 Tritium has no value and, therefore, no

costs of separation accrue, injection is per-

400 formed by 5-amp ion guns valued at $40, 000
per gun, burn-up in a steady-state device

200
is 0.5, (while in a pulsed device burn-up

is 0.1), the final cost will be approximately
0.5 M/kWhe for either system. Steady-state

Fig. X-28. Vacuum-wall temperature device costs are approximately 25% lower,
distribution.

x(cm)

but at a value of 0.5 M/kWe the inaccuracies
in the data may become significant.

What is important to see from this study is that a fusion-fission machine may be
economically competitive with pure fission devices in the future. The results of this
study may be stated as follows: 1) liquid-metal coolants will be supremely difficult to
use, 2) prohibitive temperatures found in small-radius vacuum walls re-enforce our
opinion that large vacuum systems must be used, and 3) steady-state or pulsed devices
with large vacuum systems surrounded by a Uranium bearing salt will be competitive in

the future if the assumptions are valid.
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Further studies of all energy losses and gains must be made. Especially important
in large devices are the coolant pumping requirements. Schemes for efficiently utilizing
the exhaust energy in pulsed devices must be brought to mind in the development of any
pulsed systems. Finally, schemes to incorporate a fusion "core" with a "fission breeder
blanket" must be advanced. Inclusion of solid-fuel elements in the blanket may be the
next step in advancing the blanket design.

N. D. Woodson
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2. ANALYSIS OF THE OPERATION OF A LONG ARC COLUMN

A long arc column generated by a hollow-cathode discharge has been operated over
a broad range of parameters. In the study of various oscillation phenomena associated
with the plasma having the arc as a source, it is important tho have a quantitative under-
standing of the conditions in the arc. For the analysis, we consider the geometry shown

in Fig. X-29. We shall be concerned with the arc in the region between the baffle and

INSULATION
D
CATHODE—l [ BAFFLE UNIFORM MAGNETIC FIELD SLIDING ANODE

i

PLASMA ARC 2z nmrrraanr =

o L
e .
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Fig. X-29. Geometry of the experiment.

the movable anode. Because of the differential pumping scheme, the plasma in this
region is fully ionized, and a strong uniform magnetic field is applied along the axis of
the column so that Wy > 1 and W, Te > 1. In this case we need only be concerned with
transport along the magnetic field lines. The transport equations for a steady-state fully

ionized plasma may be written

d _
Hl"e_o (1)
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d _
EFI— 0 (2)
d 1-‘e d me dTe
mre E—n- +EI’1Te = —-enE - .51 T—e (Fe—r‘l) -.7ln dz (3)
ali 4 m, dT,
miria;—;+EnTi:enE+.51—;:(1"63—1"1)+.71n 1z (4)
r m m
3r dqp ypopr de. g e(r -Ty2 -3¢ (7 _) (5)
2 "edz "e edz n n-re e i miTe e i
I, m
3 d d _i_,"emn . _
Zrldz T1+nT1d—i n—3 m; T, (Te Ti)’ (6)
where
(32)(2")1/2 62ml/2T3/2
- o e e (7)
Te 4

e nlnA

is the electron collision time. We have ignored the thermal conductivity in Eqs. 5 and 6,
since the temperature gradient is generally small.
It is convenient to discuss this set of equations with variables expressed in dimen-

sionless form. Hence we define

r m 1/2 I' /m 1/2 T T.
r -—=S{=%) , r ===, T, =5 T, =+

e n T i n T T 7 i
[¢] €0 eo eo io
2 2
m, T €
n=-21 m = —= p=—%20 z =%
b 3 - ’ - ’
e me e4 noL In A L

where n, and Teo are the density and electron temperature at some convenient reference
point in the system, and L is the length of the plasma column.

From the momentum equations we obtain

24 mr2 [dT dT.:,
e i |dn e 1 =0

Te+Ti_ n2 E-l-n dz * dz (8)
which integrates to express the conservation of energy of the system:
Fz + mf‘iz
——eq———— +n(T +T,) = P = constant. (9)
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Making use of the energy equations, we obtain

S5Im(I" =-T') I,
e "i'7i

+1
dn (I-‘e"r‘i)r14 3n2T
5= (-015) y £ (10)
1/2 2 2
PGmFeFiTe 8<Fe+mri>
-1

"

5Pn
2
dTe:_Z_ _T_e_d_n+ . 025 .51m(1"e-1"i) -1 n? (11)
dz 3 n dz  p g 3n’T 1/2
e e T
e
dT. T. 2
___1_:2_1_@_*_'025___1_1___. (12)
dz 3 n dz 1/2
FimeTe

Equations 10, 11, and 12 are the equations of interest. From these equations it is
clear that the electron temperature may be adjusted by the balance of three processes:
expansion cooling, Joule heating, and energy transfer caused by collision between elec-
trons and ions. For the ions, since Joule heating from collision with electrons is of
order 1/m, only the first and third processes are effective. In the geometry under con-
sideration, I"e is always positive. The sign of Fi is determined by whether or not an
ion source is supplied at the anode, and this also determines the sense of the density
gradient.

If we divide Eqgs. 11 and 12 by (10), we obtain

2 2
. 8<re+mri) .51m(re_ri)2
5P |———— -1 -1
4T T i 5Pn 3n2T
" e =%_e+ , € (13)
n n ,[-51m(I _-T) T,
3(I' =T')n ,f L 149
e 1 3n°T
e
2 2
8<I‘e+mI‘i> }
dTi__Z_Ti SPFe—T——l
~In " 3—+ . (14)
> 51m(T —I‘i) I"i
3(T -T)n e +1

3n2T
e
The behavior of Eqs. 13 and 14 can be grouped naturally into three regimes:

2
m(l"e—l"i) m(l"e-l"i) Fi

2 (15)

(1) 6nTe »

n n
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m(I' -T)? m(T -T) T,

(I1) € 1 5 6nT _ > —%——— (16)
m(I' -T )2 m( -T')T,

(I11) b €= » 6nT_ (17)

which express the various possible partitions of energy of the system.

In each case, Egs. 13 and 14 reduce to a form that can be integrated exactly.

Case I

For the condition expressed by inequality (15), we obtain

Te = (l+¢z)r12/3 —%, (18)

where

The behavior of (18) is shown in Fig. X-30, with the lower bounds for which (15) is valid

shown in dotted lines. Since, in general lI‘i] < {I‘el , therefore ~1 < a <€ -0.5 and for
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Fig. X-30. Regimes for Case I.
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n > 1, we can express Eq. 18 by

T =n (19)

Case 11

In case that inequality (16) is valid, we obtain from Eq. 13

2
(FZJ'mri) n4/3

T? =<1 -.13mI (T _-T)|1-1.3
e itte i p
5 2
m[ (T _-T)) (r2smr))
t3 | = - 13—, (20)
n pn
For n > 1, the plasma behaves very closely to the ideal law
T, = n2/3, 1)
Case 1II

When the drift energy is very large compared with the electron thermal energy,

inequality (17) is valid, and the Joule heating effect is all-important. In this case

2 2
I'" +mT;
_.2/3 e i o1
Te =n + p ——Pnz _K . (22')

Here P » 1 and the second term is always dominant. If the temperature is not to rise
rapidly down stream, the density must remain approximately constant for all practical
purposes.

Having obtained the relationship between Te and n, we can obtain the spatial varia-
tions of n, Te’ and Ti by integrating Eqs. 10, 11, and 12 in each case. The results are
summarized in Table X-1.

From the results it is seen that the conditions of the arc are determined by the parti-
tion of the total energy that can be controlled by proper adjustment of the boundary con-
ditions. In each case the behavior of the arc column along its length is characterized

by the dimensionless parameter
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2 2
eoo
6=
en LilnA
o
which, together with the electron and ion fluxes Fe and Fi’ completely specifies the
system.

J. C. Woo

3. TRANSVERSE DIFFUSION OF A LONG PLASMA COLUMN

The diffusion of a magnetically confined plasma across the field lines has been con-
sidered by many authors. Simon1 has pointed out that for an open system the transverse
diffusion is coupled to the longitudinal electron mobility; consequently, the diffusion rate
is considerably greater than the unidirectional ambipolar rate. In his analysis, Simon
assumes that ER/EL ~ L/R, and for a stubby apparatus such as the experiment of
Neidigh, to which Simon's analysis was directed, the radial electric field may be
neglected. In a long plasma column, for example, in many recent arc experiments,
L/R > 10, and the radial electric field is significantly larger than the longitudinal field.
The fact that a large radial electric field can exist suggests that the Simon short-
circuiting effect is not fully effective. The longitudinal mobility is, however, much
greater than any transverse loss mechanism for the electrons; consequently, the radial
electric field will seek for itself a value that is consistent with the longitudinal mobility
of the electrons and limits the transverse diffusion of the ions. The resulting loss rate
will lie between the ambipolar and the Simon short-circuit process rates.

We shall evaluate the effect of the presence of a radial electric field, using a simple
diffusion model. As is typical of arc plasmas, both the density and the electron temper-
ature have approximately the same radial profile; consequently, the assumption that the
diffusion and mobility coefficients are constant in space is not too bad an approximation.

Writing the continuity equation for the electrons and single charged ions, we have

ane ane 5 3¢ ane 5 9¢

at =De 2 _beg e Bx +De 2 —beg nea_z— (1)
0x 9z

an, a%n, o [ 89 82ni 5 96

Bt Pz Thiex \Miax /TP 2 TPiez \Piez ) (2)
90X 0z

Here we have used a rectangular coordinate system with the magnetic field in the
z-direction. Even though we are specifically interested in the space charge that would
exist across the field lines, the net imbalance between the electron and ion, nevertheless,

is small, and we can still set n, = n, = n.
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Eliminating the transverse mobility between the two equations, we obtain

2
2 2 9 0%
on _ 9™’ n d n_.|on_"
Bt Pl 2tP T b(az az T 1 2>’ 3)
9x 9z oz
where
b oPelit*Piber Py @)
1L~ b.  +Db “ b, el el
il el i
D = Debi_L+ DibeJ_: D (5)
biJ_+ be.L e
_Pebi tbibey
b S = be' (6)
il el

Since the longitudinal electron mobility is high, space charge cannot exist in the axial
direction. For a long column, we can assume 82q>/8z2 =~ 0, and 8¢/0z = -E_ = constant.
Assuming that a plasma source exists only along the axis x = 0, away from the

source, Eq. 3 is homogenous:

where

q:bE . (10)

The axial density distribution is plotted in Fig. X-31 for a range of values of q.
Making use of the Einstein relation yields
T L
e
q¢

(0]

qz
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In the external plasma of the hollow cathode arc

L L
ZRI12%

and this profile
Fig. X-31. The

is in good agreement with the experimental observation as shown in

slight disagreement at the ends is due to the existence of a sheath, and
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Fig. X-31. Axial density distribution for a range of values of q.

therefore the density of the interior plasma does not vanish at the boundary.

The radial e-folding distance is now given by

D i 1 \L/2
2p = 2 L ) S
p D T e '

where ¢ = w 7T _.
e e
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This result differs from Simon's in that the e-folding distance is inversely propor-
tional to ER rather than a and, for the condition of the arc, leads to a value of the order
of centimeters which is also consistent with observation (rather than a fraction of a
meter as expected from the Simon result).

The question arises as to the effect of the large-scale fluctuations arising from
drift-wave instabilities that could lead to turbulent diffusion. These oscillations gener-
ally appear in the kilocycle range. Since the electron mobility determines the over-all
diffusion rate of the system, and the electrons traverse the system in microseconds,
these oscillations cannot significantly affect the loss rate of the plasma in an open system

of moderate length.
J. C. Woo
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