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Abstract

We consider the behaviour of a one-dimensional chain of interacting Brownian
particles being slowly pulled apart. More precisely, the leftmost particle is fixed,
while the rightmost is pulled away at slow speed € > 0. The interaction between
particles is through a pairwise potential U of finite range. If we wait for a long
enough time, the distance between a pair of neighbouring particles will exceed the
range of U so that these two particles no longer interact. When this happens, we
consider the chain broken at this point. Our aim is to investigate how the speed of
pulling affects where the chain breaks, in the limit as ¢ — 0, where o > 0 is the
noise intensity.

In Chapter 3, we begin by treating the case that U is cut-off strictly convex.
In particular, it does not go smoothly to zero. We find, roughly, that if ¢ > o
then the chain breaks at the end where it is pulled, while if ¢ < ¢ it has an equal
probability to break at either end. Then in Chapter 4, we consider the case that U
goes smoothly to zero. After approximating the shape of the total energy function,
we find, roughly, that the threshold between pulling regimes is given by ¢ = o%/3.
Our approach is based on a careful analysis of sample path behaviour.

Although we mostly consider overdamped dynamics, we also show in Chap-
ter 4 that if the particles have mass £® with 8 > 2, then the behaviour of the chain

is well-approximated by that in the overdamped case.

vi



Chapter 1

Introduction

This thesis concerns the behaviour of a one-dimensional chain of interacting Brow-
nian particles being slowly pulled apart. Taking the interaction to be through a
pairwise potential U of finite range, it follows that by pulling for a long enough
time, the distances between neighbouring particles may exceed the range of U. In
this case, the chain will consist of independent pieces, no longer interacting with
each other, and we consider the chain to be broken. Our aim is to investigate how
the speed of pulling affects where the chain breaks, in the limit of small noise. As we
shall see, the answer depends on certain properties of U. In Chapter 3, we consider
the case that U is cut-off strictly convex. In Chapter 4, we allow U to go smoothly
to zero.

Such systems of Brownian particles are widely used to model (non-rigorously)
the mechanical failure of molecular bonds arising in dynamic force spectroscopy
(DFS) experiments (see Chapter 2 for more details). The main idea of these experi-
ments, loosely speaking, is to clamp a given molecule at one end and attach a spring
at the other, which is pulled at a constant speed until a break in the molecule occurs.
The spring is usually assumed to be harmonic so that the force increases linearly
with time. Upon repeating this several times and plotting the distribution of break
forces, it is hoped to understand better various properties of the molecule. One of
the main quantities of interest is an expression for the average break force and how
it scales with the pulling speed of the spring. As we discuss in Chapter 2, there are
two main pulling regimes: fast and slow. The scaling relation one obtains depends
on the pulling regime. Both cases are treated within a large deviation framework
with an adiabatic approximation that the system instantaneously adjusts itself to
the increasing force.

The models we consider in Chapters 3 and 4 are similar to the DFS models.



However, instead of attaching a harmonic spring at one end and pulling this, we pull
the end particle of the chain itself. This means that in our case, the external force
does not increase linearly with time, but rather depends on the pairwise potential.
Furthermore, we consider pulling speeds that are too fast for the large deviation
framework to be relevant. We again find there are two pulling regimes, the threshold
between which can be interpreted as that at which the adiabatic approximation
becomes valid.

This thesis is organised as follows:

e In Chapter 2, we consider the DFS models mentioned above in more detail,
as well as some other models of interacting Brownian particles arising in the

physical and biological sciences.

e In Chapter 3, we introduce our model in the case that U is cut-off strictly con-
vex. We treat chains with two and three breakable bonds (by which we mean
three and four particles, respectively), assuming that the dynamics are over-
damped, and discuss how the results obtained may be extended to arbitrarily

long chains.

e In Chapter 4, we consider the case that U goes smoothly to zero. Further-
more, we no longer assume the dynamics to be overdamped. After treating
two simplifications, including the overdamped equation, we show that for suit-
ably small particle mass, the dynamics are well-approximated by those in the

overdamped case.

Appendix A gives an overview of some of the main results concerning the exit
of a diffusion from a domain, with an emphasis on identifying the exit location, which
is most relevant in terms of the problems this thesis addresses. Furthermore, these
results are the basis of much of Chapter 2. Appendix B gives some basic concepts and
results from singular perturbation theory that are used in Chapter 3. Appendix C
gives a result allowing the comparison of solutions of stochastic differential equations
(SDEs). Appendix D gives a partial list of notation and acronyms used throughout

this thesis. Other notation is explained within the thesis itself.



Chapter 2
Background

In this chapter we look at some models of chains of interacting Brownian particles
arising in the physical and biological sciences. These models are typically considered
from a mathematically non-rigorous point of view, and we follow the terminology
commonly employed in these communities. In Appendix A, we review some of the

mathematical theory underpinning the concepts arising in the present chapter.

2.1 Dynamic Force Spectroscopy

Dynamic force spectroscopy (DFS) is an experimental technique to analyse proper-
ties of molecular bonds [Mer01, Eva0l]. The idea is to apply a slowly increasing,
external force to a single bond and see how much force is required for it to rupture.
This is commonly carried out using atomic force microscopes and optical tweezers.
Due to small fluctuations on the molecular level, no two experiments give the same
result and so the procedure is repeated many times to give a distribution of break
forces. In order to interpret the experimental data and infer properties of the bond,
a theoretical model of the experiment is required.

DFS experiments are typically modelled by an equation of the form

= —U/ qt —|—F + v 2kaT§t 5 (21)

where ¢ is a reaction coordinate for the experiment, e.g. length of bond, and U
represents the intrinsic potential energy of the bond in the absence of an external
force [LCSTO07, DFKUO03]. Initially, ¢ is assumed to be at the minimum of U so
that the molecule is in its most stable state. The term F'(¢) represents the external,
time-dependent force. It is usually assumed that this force is applied through a

harmonic spring linked to one end of the bond and so is taken of the form F(t) = rt,



where 7 > 0 represents the loading rate, or pulling speed. The constants kp and T
are the Boltzmann constant and temperature, respectively. Finally, & is a standard
Gaussian white noise process accounting for all other forces acting. Rigorously, this

equation can be written in the form

dg; = [~U'(q) + F(t)] dt + /2ksT dW; ,

where W, is a standard, one-dimensional Brownian motion. We shall use the formal
equation (2.1) throughout this section.

Letting H(q,t) = U(q) — F(t)q denote the effective, time-dependent potential
in which ¢ moves, rupture of the bond corresponds to the first time ¢ overcomes the
energy barrier keeping it within the potential well of H. The effect of the external

force F is to lower this energy barrier and make escape more likely.

2.1.1 Kramers’ Reaction Rate Theory

Let us first consider (2.1) with F' = 0. Then the equation is simply

q’t = —U’(qt) + 2kBT§t .

We shall think of ¢ as a particle sitting in the potential U. Suppose that U has a
minimum at g and a local maximum at ¢;. In the absence of any stochastic force,
the particle ¢, started from ¢_, would just stay there for all times. However, the
stochastic force changes this behaviour: ¢ moves rapidly, staying close to ¢_ most
of the time, but never still. The drift term —U’(q;) means it is very unlikely for
q to move far from g_. However, after a long enough time, the extremely unlikely
event of ¢ moving from a small neighbourhood of ¢_ to ¢+ occurs. This and re-
lated phenomena, often referred to as “the first-exit problem”, are the subject of
Appendix A.

An immediate question one may ask is how long we have to wait for this
unlikey event to happen. A first step was taken in 1889 by Arrhenius [Arr89], who
observed empirically that the rate constant kg for a chemical reaction behaves like
ko = Age Eo/ksT)  where E is the activation energy and Ag is some constant
exponential prefactor. In terms of our equation for ¢, a chemical reaction occurring
corresponds to ¢ overcoming the potential barrier between q_ and ¢. In that case,
we have Ey = U(q4+) — U(g—). The typical time needed would then be 1/kg. This
suggests that we need to wait for a time that is exponentially long in the energy
barrier height.

Eyring and Kramers determined theoretically the exponential prefactor in



Arrhenius’ equation, which depends on the geometry of the potential at the mini-

mum and local maximum [Eyr35, Kra40]. More precisely, they found

4y = VIU(@)IU"(-)

2 ’

so that

" "
b = VIU (q;)rlU (4=) —Bo/tkuT) (2.2)

We shall use the term “Kramers’ reaction rate theory” to indicate that kg is given
by (2.2).

2.1.2 Instantaneous Rates of Rupture

We return to (2.1) with F(t) = rt:

G =—U'(q) + 1t +/2kpT & .

As mentioned above, the drift term here has the form —0,H(q,t), with H(q,t) =
U(q) —rtq. As H is time-dependent, Kramers’ reaction rate theory does not imme-
diately apply. However, it is still used to model DFS experiments, as we shall now
see. Important steps in this direction were taken by Bell [Bel78] and later by Evans
and Ritchie [ER97]. The main assumption is that the relaxation time of atoms is
much faster than the rate of loading of the external force, in which case an adiabatic
approximation is assumed: the particle (in the absence of noise) is always at the
bottom of the potential well of H and instantaneously adjusts to the changing po-
tential. Then, at any given time ¢, we apply (2.2) to the potential H(qg,t) to derive
an instantaneous rate of escape k(t). As described above, the effect of the additional
force rt is to lower the energy barrier. Therefore, we expect k(t) to increase with
time. The probability that the bond has survived until time ¢, denoted P(t), decays

according to the equation

d
SP(t) =~k P(1)

which can be written in terms of force F' = rt as

d 1
TEP(F) = —K(F)P(F). (2.3)

Note that instead of H(q,t), we may equivalently consider H(q, F') = U(q) — Fq.

The next step in the analysis is to estimate k(F).



2.1.3 Estimating the Rate of Rupture

There are two main ways to estimate k(F'), depending on the loading rate r of the
external force.

The first is Bell’s phenomenological theory [Bel78], which says that the bar-
rier height changes linearly with the external force. For small F', this can be derived
using Taylor approximations for H, as is done in [LCST07, DHS06]. Recalling that
g+ denotes, respectively, the local maximum and minimum of U, we find that for ¢
near q1, H(q, F) = H%(q, F'), where

H(g,F) = Ulgs) + 50" (02)(a — 02)* = Fo.

Letting ¢} = ¢ (F) be the solutions to 0,H% (q, F') = 0 gives

R

- U"(q4)
These are the approximate local maximum and minimum of H(gq, F'). Let A =
A(F) = q} —¢*. The energy barrier E(F') between the maximum and minimum of

H is approximately H} (¢}, F) — H*(¢*, F), which gives

E(F)mEO—FA—i—FQ< L1 > ~ Fy— FA

2 \U(ar)  U"(q)

where we have used that F' is small. This shows the linear dependence of E(F') on
F'. To approximate the exponential prefactor A(F'), we use GgH:*t(q*i, F)=U"(qv),
so that A(F) ~ Ag. Putting this all together, we arrive at k(F) = koef»/(ksT)
commonly known as Bell’s formula.

The derivation of Bell’s formula suggests that it should only be valid if the
bond ruptures when the external force F' is small. This happens when the loading
rate r is low and the effective potential H changes so slowly that a transition has
enough time to occur before F' becomes large. For higher loading rates, H changes
significantly before rupture occurs and the energy barrier becomes shallow.

Garg considered the situation where at the time of rupture, the external
force F is close to the critical force F,. at which the energy barrier of H vanishes
[Gar95]. This means that F, := U’(q.), where ¢, € (¢—, ¢+) is an inflection point
U"(q.) = 0. This situation has subsequently been studied by many other authors
[LCST07, DFKUO03, Fri08]. Following the presentation given in [LCSTO07], we find



by a Taylor expansion that for ¢ near ¢., H(q, F') =~ H*(q, F'), where

1
*U///(QC)(Q - QC)B —Fq.

H*(Q7F) = U(QC)+FC(Q_QC) + 6

Then if ¢} = ¢ (F) solve 0, H*( =0, we find

[2(F, — F
= qc U/// \/‘U’” F/FC) :

The energy barrier E(F) of H is then given approximately by H*(q} , F)—H*(¢* , F'),
so that

1 N 1 "
“U"(qe) (g5 — q0)® — U (qe)(q* — q0)?

E(F) ~ (F.~ F)(a} — a°) + ¢ :

=c(1— F/F,)3?

where ¢; > 0 is a constant depending on F,. and U"(q.), which is given explicitly in
[LCSTO7]. Note that F' < F,. We also have

O2H*(q1, F) = Fv/2F|U" (q0)|(1 — F/F)Y/?

so that A(F) is given approximately by

V12 H L (L F)|02HE (¢, F)

~ co(1 — F/E)Y?
5 ca( JFe)

A(F) =~

where co > 0 is a constant also depending on F, and U"”(q.). Putting this all
together gives
k(F) = co(1 — F/F,)Y? =1 (0=F/Fe)*?/(ksT) (2.4)

Similar results were obtained by Dudko et. al [DHS06] using a slightly different
approach in which U is chosen explicitly and then certain integrals of the form
i e H(@F) dq around the well and barrier regions of H are analytically evaluated.

2.1.4 Average Rupture Force

One of the main quantities of interest is the mean rupture force (F'), which can be

calculated using (2.3). Solving this equation gives

P(F) = exp (-i /0 ’ k(F’)dF’) . (2.5)



The probability density function of rupture forces p(F') is then given by

) =P = Lo (-1 [ har)

r

and the mean rupture force is given by

<F>:/000Fp(F) dF:/OOOP(F)dF, (2.6)

where the second equality is obtained using integration by parts, noting that the
boundary terms vanish since P(F) — 0 exponentially fast as F' — oo.
Substituting Bell’s formula k(F") = ko e into (2.5), where 8 = A/(kpT),

gives
]{30 eﬁ B 1>

P(F) = exp <— S

so that

_ [~ = ol [T (R0 e a L (57")
<F>—/O P(F)dF = e /Oep< Br )dF~6ln )

which shows that (F') grows like Inr.

In the case that F' is near F, at the time of rupture, so that k(F') is given by
(2.4), we first note that

d _ 3/2
F) = cq— o1 (1=F/Fe)*/2/(kpT)
k(F) C3dFe

for some constant c¢3 > 0 depending on U and T'. Then
P(F) = exp (—6—3 o~ et (= F/Fe)?2 [ (kpT) ) :
r
Performing the integral in (2.6) with F' near F, then gives
EnT 2/3
<F>ch<1—[ L ln(r>] ,
C1 C3

so that now (F) scales like (In7)/3.

2.1.5 Random Rates of Rupture

In [REBT06], the authors propose an extension of the above theory in which the

instantaneous rate of rupture k(F') is random. Then any quantities calculated, such



as the average rupture force, should be further integrated against the distribution
of k(F'). The idea behind this is that upon repeating a DFS experiment on a given
bond, there are inevitably small changes in experimental conditions that mean the
rate of rupture changes too. However, they also conclude that when estimating cer-
tain quantities, such as kg, from experimental data, there is little difference between
using the above theory with randon or fixed k(F'), as both give approximately the

salme answer.

2.2 Multiple Bonds in Series

We now look at some models of multiple bonds in series in the presence of an external

force, which may be time-independent or -dependent.

2.2.1 Time-Independent Force

Lee considers a one-dimensional chain of N particles connected by springs with
identical spring constant s [Lee09]. Each end of the chain is attached to a fixed
wall. Initially they are equally spaced at unit distance in their minimal energy
configuration. Letting ¢(t) = (q1(¢),...,qn(t)) denote the deviation of the chain

from its initial configuration, the equations of motion are

2kpT
gl

t

q(t) = —§Aq<t> +

where v > 0 is the damping coefficient and A is the matrix given by

2 -1 0 0

-1 2 -1 0
A=

0 -1 2 -1

0 0 -1 2

Lee then introduces an orthogonal matrix P such that P~'AP = D, where D =

diag(A1, ..., An) is a diagonal matrix with entries

Iy
/\l:2 1_ ’
e (5]




and the orthogonal matrix P has entries

o 2 . mj
UU_”N—FISID i1

In the coordinates p = P~ 1q, the equations become

() === Dp(t) + ,/%BT .

where the noise term remains unchanged under the orthogonal transformation P~

Letting ¢;, 1 < i < N + 1, be the extension or contraction of the ith spring, Lee
considers
7 =1inf{t > 0:max{|e;(¢t)[} > b},
(2

where b < 1. He investigates the mean first breakage time (7) and the distribution
of exit locations e;(7). The exit is more likely to occur where the energy, denoted by
U, is minimal, which can be seen from (2.2). Lee finds that there are 2(/N 4 1) such
points, which all take the form of one spring undergoing breakage and all others
being of equal length. He uses results obtained by Matkowsky and Schuss [MS77]
using formal methods, although in the context of quadratic potentials they have

been made rigorous by Kamin [Kam79] (see Appendix A). Using these results, he

obtains N+ 1por?
() — YV271kgT exp( 2]@1 SreeT)
.
¢1/2 2N+2 _1/2|/<Dzk\
where N
o*U
do = det =N N
piop;j | ¢ E
and
92U
¢k_det8,a ) 1<17J<N_17
Pj p=z)

where the p/, 1 < ¢ < N —1, are coordinates on the boundary of the domain.

After some calculations, this is reduced to

(r) = nkgTN v ((N + 1)mb2>

SN +1) k32N + 1) P\ 2NkpT

Lee shows that this formula is in good agreement with numerical simulations for

large x, which corresponds to small kgT. Using further results from [MST77] (see

10



(A.5)), he finds that the probability to break at the ith spring, Pr(7), is given by

26, *|kDz| ) 1/(@N), i=1N+1,

iﬁﬁ ¢,;1/2|/@Dzk| 1/N, otherwise .

Pr(i) = (2.7)

This shows that the two end springs are half as likely to break as those in the middle.
This behaviour comes from the fact that the end springs, joined to fixed walls at
one end, are subject to half the thermal fluctuations.

Lee points out that it is possible to perform similar calculations when 7 is
defined using e;(t) instead of |e;(¢)|, which means that neighbouring particles cannot
be too far apart, but are allowed to be close. In that case, the end springs will again
have half the breaking probability as the middle ones. This is the type of stopping

time we consider in Chapter 3.

2.2.2 Time-Dependent Force

Fugmann and Sokolov [FS09a, FS09b] consider a chain of N particles interacting

via a Morse potential

C
Ulg) = —(1 — e729)2
(@) = (1= )2,
where C, @ > 0 are constants. The chain is fixed to a wall at one end and at the

other a linearly increasing force F'(t) = rt acts. The equations of motion are

vGi = =U'(qi — gi—1) + U'(qis1 — ¢i) + /2kpT~E + rtdi N

where gg = 0, representing the wall. They consider the chain to break as soon as the
distance between any neighbouring particles overcomes an energy barrier in the total
potential energy of the chain. Using numerical methods, the authors investigate the
most probable rupture force Fiax as a function of N and r, where pn'(Fax) = 0
for py the probability density function of break forces for the chain. For small NV,

the numerical results follow the relation

- (W)”f"] | (2.8)

w

Fmax:Fc

where w = C/(3akpT), v = Ca’kpT/(87v?) and F, is again the critical force at
which the energy barrier vanishes. This relation is obtained from the single bond
rupture model of the previous section by taking each bond to be independent, as
we shall now see. Let P(F;) be the probability that the ith bond is intact, where
F; is the force acting on the ith bond (at time t), with Fy = Fx(t) = F(t), and let

11



Py (F) be the probability that the whole chain is intact under force F'.

If the typical rupture time tyax = Finax?y/7 is larger than the relaxation time
of the chain, given by N2v/(Can?), as is the case for short chains or slow pulling, it
is assumed that each bond experiences the same force. Then by the independence
assumption, Py (F') = Hfil P(F;) = P(F)" so that the probability density function

of rupture forces is given by
pn(F) = —Py'(F) = NP(F)N"'p(F)

where p(F') is the density function of rupture forces for a single bond. Following the
single bond approach to estimate P(F') and p(F') leads to (2.8).

For faster pulling or longer chains, it is first noted that

N

N
Py(F) = [[ P(F) = exp (Z 1n[P<FZ->1> .
=1

=1

Upon passing to the continuum limit F(t) — F(z,t), the relation

N(Az) T
Pn(F(t)) = exp (/0 ln[P(F(x,t))]L) (2.9)

is obtained, where Az is the bond spacing and x the coordinate along the chain. The
authors use a harmonic approximation for the chain dynamics in order to obtain
an expression for F(z,t). Taking into account that one end of the chain is fixed
and linearising close to the pulled end, they insert the resulting approximation for
F into (2.9), obtaining rather complicated expressions for Py (F) and py(F'), which

agree well with numerical simulations.
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Chapter 3

Convex Potentials

In this chapter, we consider a model of interacting Brownian particles in which the
pairwise potential acting between particles is strictly convex on a certain subset of
its support. In Sections 3.1 and 3.3, we treat a chain with two and three breakable
bonds, respectively. Then in Section 3.5, we discuss how the results obtained in
these cases may be extended to arbitrarily long chains. Throughout this chapter,

we work on a probability space (2, F,P).

3.1 Two Breakable Bonds

3.1.1 The Model and Main Result

Three particles q;, < ¢ < g in R interact with each other via a potential U of finite
range given by

Gy = {UW W <D, .

0 otherwise ,

where U : R\ {0} — R has the following properties:

(U1) U € C3(0,00);

(U2) U(—y) =U(y) for all y € R\ {0};

(U3) There exists a unique a > 0 such that U(a) = inf, > o{U(y)} < 0;

(U4) There exist constants uy > u— > 0 such that uy > U”(y) > wu_ for all
Yy Zz

(U5) b < 2a, where b > a is uniquely defined by U(b) = 0.

13



An example of such a U is given by the quadratic function U(y) = (|y|—a)?— (b—a)?
for any b < 2a. Note that U is not differentiable at b. We have chosen to define U
in terms of U for later convenience, as will become clear. As long as |y| < b, U
and U coincide so that one may work with either.

The particle ¢z, is fixed at the origin and the position of ¢gg at time s > 0
is given by qr(s) = 2a + es, where € > 0 is a small parameter denoting the speed of
pulling. We study the behaviour of the middle particle, with position at time s given
by ¢s. Initially, it has position gg = a so that the distance between neighbouring
particles is a.

The potential energy H of the configuration (0, ¢, 2a + €s) is given by

H(g,es) =U(q) +U(2a+es—q) .

As long as the arguments of U above are smaller than b, we have H = H, where H
is given by
H(q,es) =U(q) +U(2a+es—q) .

Henceforth, we shall work only with U and H.
The middle particle ¢ moves according to the SDE

OH
dgs = —a—q(qs,ss) ds+odWs, Qg =a, (3.2)
where W is a standard Brownian motion and o > 0 is the noise intensity. Rescaling

time as t = ¢s, this is the same in law as solving

10H o
dqt = —*7<qt, t) dt + — th
e 9q Ve (3.3)
1 o '
=-[-U’ U'(2a +t — q)]dt + —=dW; ,
(V@) + U0+ =g dt T aw,
with the same initial condition. We consider the chain to break as soon as there is
no longer any interaction between g and one of its neighbours, i.e. when the distance

between them is greater than b. Let
T=inf{t > 0:¢4 ¢ (2a+t—10,0)}. (3.4)

This represents the breaking time of the chain. We say the left bond breaks if ¢, = b
and the right bond breaks if ¢, = 2a +7 —b. It is clear from the definition of 7 that
7 < 2(b—a). This time corresponds to qg = 2b, by which point at least one of the

bonds must have reached length b. It is also clear that for ¢ < 7, H = H and one
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(¢) t=1.2 (d)t=2

Figure 3.1: H(q,t) plotted against g at various times for U(q) = ¢ —4|q|+3. Hitting
one of the two cusps corresponds to the chain breaking.

may use either.
Letting ¢ = £(0), our aim is to investigate, asymptotically as o | 0, how the
speed of pulling affects the location of the breakpoint. The following theorem gives

our result.
Theorem 3.1.1. Let ¢4 solve (3.3) and define T as in (3.4).

1. (Fast pulling) There is a constant k > 0 such that if ko|Ino|'/? < e(o) < 1
then
lif(r)l P(Right bond breaks) =1 .

2. (Slow pulling) If

exp (—1;22) < e(0) < o|Ino|1/?

for some 0?/3 < r(0) < 1, then
lim P(Left bond breaks) = liﬁ} P(Right bond breaks) = 1/2 .

al0
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e The proof of part (1) of this theorem will actually yield that
P(Right bond breaks) > 1 — ¢;e ™! o—c2e?/0?

for constants ¢1,co > 0 and o sufficiently small.

e The lower bound on ¢ in (2) arises because our proof applies on timescales
shorter than that given by the Eyring-Kramers formula (see Chapter 2 and
Appendix A). An exponentially small & corresponds to an exponentially long

time on our original timescale.

o We expect the result to hold without this lower bound on €. Indeed, it can be

proved in the case that U is quadratic. See Remark 3.2.4.

e The proof can easily be extended to the case that the chain is stretched ac-
cording to some nonlinear function p(t), that is, qr(t) = 2a + p(t), where
0 <po <p(t) <pr

The theorem shows that when the pulling is fast, the chain will almost surely break
on the right-hand side as o | 0. This is the same behaviour as in the deterministic
case when o = 0 (see Section 3.2.1 below). However, when the pulling is sufficiently
slow, there is an equal probability to break on either side, as when there is no pulling
at all.

3.2 Proof of Theorem 3.1.1

In Section 3.2.1, we give an alternative formulation of Theorem 3.1.1 in terms of
another stochastic process, leading to the equivalent Theorem 3.2.1, which will sub-
sequently be proved. In Section 3.2.2, we isolate the linear part of our new process,
bounding the nonlinear part using Lemma 3.2.2. In Sections 3.2.3 and 3.2.4, we
prove Theorem 3.2.1 (1) and (2), respectively. Finally, in Section 3.2.5 we prove

some auxillary results.

3.2.1 An Alternative Formulation

Let qfet be the solution of the ordinary differential equation (ODE) obtained from
(3.3) by setting o = 0:

-det:_laﬂ

i = -5 @ .t =a. (35)
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This slow-fast system has a slow manifold (see Appendix B) given by ¢*(¢) = a+1t/2,
corresponding to the configuration of equally spaced particles. In other words, for
allt > 0, 0,H(q*(t),t) = 0. We know by Tihonov’s Theorem (see Theorem B.0.2)
that ¢ = ¢*(t) + O(e) for all t < 2(b— a), so that ¢§** stays close to the chain
midpoint. Furthermore, (¢*)(t) = 1/2 > 0 implies ¢t < ¢*(¢) for all ¢.

A more precise expression for ¢{° is also possible. Firstly, there exists an

adiabatic manifold ¢(t) given by

€

Wiati)2) O()

q(t) =a+1t/2—

forall0 < ¢t < 2(b—a), where we have used (B.3). Secondly, as ¢*(¢) is uniformly
asymptotically stable, g(t) is locally attractive and we can use (B.2) to find

e — 2(0)] e *
Ce e—lit/s

4 — a(t)] <
<

for some C, k > 0. It follows that for ¢|Ine| <t < 2(b— a),

€

q?et =a+t/2—
Using this expansion and (U4), we see that after a very short time, the middle
particle follows the chain midpoint at a distance of order €. Therefore, in the
deterministic case the right bond is always bigger than the left and the right bond
breaks. Note also that if (3.5) were written in terms of H, then ¢t would not be
defined for all ¢ € [0,2(b — a)]. Indeed, by (3.6) there is ¢ < 2(b — a) such that
2a +t — ¢** = b (the chain breaks), at which time H is undefined. This is the main
reason why we chose to work with H.
We can now define the deviation process y; := ¢ — q?et on the interval [0, 7],

since 7 < 2(b— a). By using a Taylor expansion, we see that y solves

dy; =

™ | =

[A(t)ye + blye, 1)] dt + %dwt . =0, (3.7)

where
A(t) _ _U//(qtdet) _ U”(2a S+t q?et)

and b(y,t) contains the remainder terms. Furthermore, by (Ul) there is a constant
M > 0 such that |b(y,t)| < My? for all pairs (y,t) € D, where D is given in (3.11).
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By (U4), we can also find constants Ay > A_ > 0 such that
—Ap < AQ) < A (3.8)

for all ¢ € [0,2(b—a)]. This decomposition into linear and nonlinear parts is standard
and also used in [BG06].

For the chain to be unbroken, y; must satisfy

2a—|—t—b—qfet<yt<b—q§let,

which we write as
d-(t) <y <di(t), (3.9)
where, using (3.6), we have for times ¢ > ¢|Ine| that

3

_ 73 det _ ¢ e 2
and
d(t)=2a+t—-b—ql =g —b+t 2+;+ 2y,
(t) a q; a / a1 1)2) O(e?)

The problem is then to study the first exit of the process (y,t) from the space-time
domain D = D(e), given by

D={(yt):d_(t) <y<di(t),0 <t < 20b—a)}. (3.11)

See Figure 3.2 below for an illustration of these two curves. The stopping time 7

given in (3.4) can be written
T=inf{t > 0: (y,t) ¢ D} . (3.12)

Then y, = d_(7) corresponds to ¢ = 2a + 7 — b, that is, the right bond breaking,
and y, = d4(7) corresponds to the left bond breaking.

Since ¢t < a+t/2, it follows that d, (t) > —d_(t) for all t € [0,2(b — a)]
and so the curve d_(t) crosses zero before d (t). This corresponds to the fact that
in the deterministic case, when y = 0, the curve d_(t) is hit before d(t) and the
right bond breaks.

We can then state Theorem 3.1.1 as follows.

Theorem 3.2.1 (Alternative version of Theorem 3.1.1). Let y; solve (3.7) and
define T as in (3.12).
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1. There exists a constant k > 0 such that if ko|Ino|/? < (o) < 1 then

lim P(yr = d_(r)) = 1.
2. If

exp (T(2(2> < e(0) < o] Ing| 712
o

for some 02/ < r(0) < 1, then

Liﬁ)lp(yﬂ' = d—&-(T)) = E%P(yT = d—(T)) = 1/2 :

3.2.2 Linearisation of y,

Solving (3.7), we find that the process y; is given by

t 1 t
Y = \2/0 (t)/% AW, + 5/0 B/ b(y,, s)ds =y + R(t) ,

where a(t,s) = fStA(u) du satisfies —A,(t —s) < a(t,s) < —A_(t—s) as a
consequence of (3.8). We will also write a(t) = «a(t,0).

As long as yf does not become too large, then R(t) can be bounded using
that |b(y,t)] < My?:

Lemma 3.2.2. If [y?| < D(1 - MD/JA_) for all0 < t < 2(b—a), then for all
0 <t <7,y <Dand|R(t)| < MD?/A_.

Proof. For all t < 7, we have

1 ¢ al\t,s)/e
el = 1RO < 2 [ by )] e/ ds

t
< sup ]yslz/ e A-t=s)/e g (3.13)
0

€ 0<s<t
M 9

< sup |3/5’ .

Afoését

Let 7(D) = inf{t > 0: |y] > D} and suppose that 7(D) < 7. Then, since
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7 < 2(b— a), we have

D=ly:pl <  sup |y|+MD?/A_
0<t<2(b—a)

<D(1—MDJ/A )+ MD?/A_
=D.
So |y¢| can never become D and 7(D) > 7. The bound on R(t) follows by (3.13). O

Motivated by this lemma, we introduce the event F given by

E:E(D):{ sup  |yP| = D(l—MD/A_)} .
0<t<2(b—a)

The following lemma will be used to show the values of D such that E(D) is unlikely.
It is proved in a similar way to Proposition 3.1.5 from [BG06].

Lemma 3.2.3. There exist constants ¢y, ca > 0, depending on U, such that for any
t€10,2(b—a)] and any H > 0,

t H?
IP’( sup [y9] > H) < (Cl+2>exp<—022 > :
0<s<t 3 o

Proof. We have

where
Pj:IP’< sup  |yg| = H)
85 < 8<Sj+1
and 0 = sp < s1 < ... < sy = t is a partition of [0,¢], chosen according to

a(sjq1,85) = —efor 0 < j < N—2and N = [|a(t)|/e] < Ait/e +1. Using
that for s; < s < sjy1,

|y2| — ‘jg/o ea(s,u)/s dw,| < ea(sj)/e

~X )

K / e—a@/e quy,

VE s
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we have forall0 < j < N —1,

P; < ]P’( sup

0< S<S]'+1

/ ® o—alw/e qu' S VE als)e H>
0 g

<5 € e 2 H?
S LXP | 753 5T R0l 0/ ds
A_e 2H? )

< 2exp (— 3
o

where the second line follows by the inequality

2
IP’( sup > 5> < 2exp ftéi , (3.14)
0<s<t 2 [yp(u)?du

which holds for all deterministic, Borel-measurable functions ¢ : [0,f] — R (see

/ () AW,

Lemma B.1.3 from [BG06]). Summing over the partition gives the result with ¢; =
2A, and cg = A_e72. O

Applying this lemma with H = D(1 — M D/A_) gives

PE(D)) < Cexp (2,

C _62D2
9

(1— MD/A_)2> : (3.15)

Remark 3.2.4. Requiring the right-hand side above to be small leads to the lower
bound on € in Theorem 3.2.1(2). In the case that U is quadratic, there is no non-

linear term and so such a bound is not required.

We are now ready to treat the fast and slow pulling regimes from Theorem
3.2.1.

3.2.3 Fast Pulling

From our expression for the curve d4 (t) given in (3.10), it follows that there exists
c1 > 0 such that dy(t) > cieforall 0 < t < 2(b— a) and ¢ sufficiently small.
Therefore, if we show that |y;| < cie for all 0 < ¢ < 7 then we will be done. By
Lemma 3.2.2, we just need to show that P(E(cie)) — 0. The bound (3.15) tells us
that if ¢ > ko|lno|'/? for large enough k > 0, the probability tends to zero as
ol0.
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3.2.4 Slow Pulling

In this section, we consider the slow pulling regime from Theorem 3.2.1. That is,
we suppose there is 0%/3 < r(¢) < 1 such that

exp <_7‘(2??))> < e(o) < ollno|~V2. (3.16)
o

We now outline the strategy. Writing y; = yY + R(t), we can express (3.9) as
40— R() < o < dit)— R@), (3.17)
where it is enough in this slow pulling case to know that for 0 < ¢ < 2(b—a),

do(t)=b—a—t/2+0(),

(3.18)
d_(t) = —(b—a—1t/2) + O(e) ,

The reason we do not need more information about the O(¢g) terms is that the noise
will dominate them and so their particular form is unimportant. We shall choose
D = D(o) such that P(E(D)) — 0 (see Proposition 3.2.6 below) and condition on
E¢ = E(D)°. Given such a D, combining (3.18) with Lemma 3.2.2 tells us that
there are constants C7, Co > 0 such that for all ¢ < T,

dp(t) = R(t) >b—a—1t/2 — C1D* — Che ,
d_(t) = R(t) < —(b—a—t/2) + C1D* 4 Cse .

Therefore, if we let
dt)=b—a—t/2 — C1D* — Cye (3.19)

and
v=inf{t > 0:]y)] > dt)},

then v < 7 when we condition on E¢. By choosing D small, we guarantee that y; is
well-approximated by the linear process Y and we expect v =~ 7. By symmetry,
has an equal chance to hit d(t) or —d(t). We shall use this to show that y; has an
equal chance to hit d4(t) or d_(t) in the limit as o | 0 (see Fig. 3.2 below).

Before proceeding further, we give a result about the distribution of d(v).
The following lemma, which we prove after Proposition 3.2.7 below, shows that
under suitable conditions, P(d(v) < 02/D) — 0.

Lemma 3.2.5. There exists a constant ¢ > 0 such that whenever D = D(o) satisfies
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Figure 3.2: In the slow pulling regime, we show that the process y; hits dy(t) or
d_(t) soon after the linear process 3¢ hits d(t) or —d(t), respectively.

0 < D <1 and o is sufficiently small,

P(d(v) < 02/D) < %.

This lemma shows that the event {d(v) < ¢2/D} is unlikely when o < D <
1, which we shall assume below. Therefore, instead of conditioning on just E¢, we

shall condition on the event £¢, given by
E=E°n{d(v) > ¢*/D},

and write Q(-) =P(-[&°). As lim, o Q(A) = lim,|oP(A) for all events A when the
limit exists, it is sufficient for our purposes to consider just Q.

We now explain our choice of D. The choice is made in such a way that the
right-hand side of (3.15) tends to zero and Lemma 3.2.5 above applies, as well as all

bounds used in the proof of Proposition 3.2.7 below.

Proposition 3.2.6. We may choose D(o) according to one of the following two

cases:

1) If e = ¢(o) satisfies

exp <_r(o)> < e < o3|ng|7/?
o
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for some 0%/3 < (o) < 1, then there exists D = D(c) such that
max{o, 2} < D <« ¢2/3

and P(E(D)) = 0 as o ] 0;

2) If 6*?|Ino|~Y? < e < o|Ilno|~1/? then there exists D = D(o) such that
0 < D < min{o?/e,e'/?}

and P(E(D)) — 0 as o | 0.

Proof. 1) By (3.15), we know that P(E(D)) — 0 if e¢P*/* « & for some constant
¢ > 0 and sufficiently small D. If ¢ > o2, we may choose D = ¢~ 1/2¢%/3|Ino|~ /4.

If £ < 02, we may take D = ¢~ '/262/3, /r(0).

1/2

2) We may choose D = ko|Ino|"/¢ with k£ > 0 large enough. O

The following proposition has two parts and will complete the proof of The-
orem 3.1.1. We know by symmetry that 3? has an equal chance to hit +d(t).

Conditioning on £¢ does not affect this symmetry, so that

Qyy = d(v)) = Qyy = —d(v)) = 1/2..

Both cases are similar, so we treat only the case 4 = d(v). The first part of the
proposition shows that, given y,) = d(v), there exists a small interval [v, v + A] such
that 7 € [v,v + A]. The second part shows that, in this interval, y; does not hit
d_ (). We write Q“40)(-) = Q(-| 42 = d(v)) and P40 () = P(- |40 = d(v)).

Proposition 3.2.7. Given ¢ = (o) satisfying (3.16), pick D = D(0) according to
Proposition 3.2.6. Then there exists A = A(o, D,e) > 0 such that

1.
E%Q(T> v+ A, ygzd(y)) =0,
11%@ (y¢ > d_(t) for allt € [v, (v + A) A T], Yy = d(v)) =1/2.

Proof. We begin by choosing A. When ¢ <« ¢%/3 |In a]fl/ 2 and D satisfies the

conditions in part (1) of Proposition 3.2.6, we may choose A so that
D/o < \/e/A < g/D?*. (3.20)

24



If £ > 0*3|Ino|~'/? and D satisfies the conditions in part (2) of Proposition 3.2.6,

we may choose A so that
Djoc < \e/ALa]e. (3.21)

Now we are ready to prove each part of the proposition. In doing so, we will use
Lemma 3.2.9, which is stated and proved in Section 3.2.5 below.

1) If 7> v+ A, then y; < dy(t) for all ¢t € [v,v + A], which can be written
as y) < dy(t) — R(t). On & and for t < 7, we have by Lemma 3.2.2 that
di(t) — R(t) < dy(t) + MD?/A_. Therefore, it is enough to show that

i Q) (4 < d(6) + MD*/A- for all £ € v+ A]) = 0.

Call the event on the left-hand side above A;[v, v+ A]. By definition of Q it follows
that

Q1) (Ai[v,v + A)) = QW (A[v,v + A), 0?/D < d(v) < D)
< sup QA (A (g, v + A))
v <vg < V4
where v_, v, are deterministic times such that d(v_) = D?, d(vy) = ¢%/D, and 1y
represents a non-random initial time. Furthermore, as P(£) — 0, we only need to
=

consider P*4"0) (A} 1y, vy + A]) when letting o | 0. For t > 1y,

t
y) = d(g) e to)/e 4 % / /e QW (s) . (3.22)
)

=: n(t,v0)

Letting Ay = As[vp, vp + A] be given by
Ay = {n(t,v0) < dy(t) + MD?/A_ — d(1g) e® /% for all t € [y, v + A]}
it follows that P*0:4(0) (A, vy, vy+A]) = P(Az). For vy € [v_,vi] and t € [, vo+4],

d(vo)(1 — e*t)/2) 4 O(e) + O(D?)
AL DA/Je+ O(e) + O(D?) .

Therefore,

sup  P(A2) < sup  P(4y),

v_ <1y < Vg v_ <1 < Vg
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where

Ay = sup  n(t,m) < AyDAJe + O(e) + O(D?) } .
tE[Vo,VQ+A]

By Lemma 3.2.9, the right-hand side tends to zero as ¢ | 0.

2) As we are conditioning on £¢, we have by definition of d(t) that for t < 7,
yr > d_(t) as long as yY > —d(t). Therefore, if we show that for all ¢ € [v,v + A],
both 49 > 0 and —d(t) < 0, then we will be done. Write

As[v, v+ A] = {te[yirll/iA] yp < o} :

Similarly to above, it follows by definition of QQ that

Qu,d(u)(A3 [v,v+ A]) < sup Qyo’d(yo)(A;; [vo,v0 + A]) .

v <vg < V4

It is again sufficient to consider just P*0%(*0)(As[vg, 19 + A]) when letting o | 0. As
the distribution of ¢, when started from zero, is symmetric about the origin, we

can apply a reflection principle (see Lemma B.4.1 from Appendix of [BG06]) to give

Pod0) (Ag g, vy + A]) = 2P0d0) (40 | < )
=2P (77(V0 + A, vp) < —d(vp) ea<vo+A,VO>/a) _

For 0?/D < d(vp) < D, the probability above is biggest when d(vy) = o%/D.
Using that Var(n(vg + A, 1)) < 02A/e and e®0tan0)/e <1 for v < 1y < vy,
it follows by evaluating the corresponding Gaussian integral that the probability
tends to zero as o | 0.

To see that —d(t) < 0 for all t € [v, v+ A], we have simply that for P-almost
all paths in £¢,

—d(t) < —d(v)+O(A) < —02/D+O(A) .

As A < ¢2/D, which is a consequence of (3.20) and (3.21), the result follows.

3.2.5 Auxillary Results and Proofs

We begin this section by proving Lemma 3.2.5, which is restated for convenience.

Lemma 3.2.8 (Lemma 3.2.5 restated). There exists a constant ¢ > 0 such that
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whenever D = D(o) satisfies 0 < D < 1 and o is sufficiently small,

P(d(v) < 02/D) < %.

Proof. Let vy be the deterministic time such that d(vy) = 02/D. Then
P (d(v) < 02/D) < P <|y2+| < 02/1))

o?/D
Var(yy, )

<1-20 | —

By (3.19), it follows that vy is bounded away from zero and so Var(y),) =< o>

The result follows using the simple inequality ®(—z) > 1/2 — x/(27), valid for all
x > 0. O

We also used the following lemma in the proof of Proposition 3.2.7.

Lemma 3.2.9. Forty > 0, let

o t
n(t, o) = —= [ b9/ qwy
g to

where a(t, s) = fStA(u) du for some continuous function A : [0, 00) — R with A(u) =<

—1 uniformly for all u > 0.
1. If L=L(c) >0,e =¢(0) >0 and A = A(o) > 0 satisfy
L<oyAle, A<e
then

lim P sup  n(t,tg) > L|=1. (3.23)
al0 te[to,to+A]

2. On the other hand, if L, € and A satisfy

L>o\/Ale, AKe
then

lim P sup  n(t,tg) = L|=0. (3.24)
a0 telto,to+A]
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Proof. 1) Let Ay be the event on the left-hand side of (3.23) and note that
A = {e*a(t)/s n(t,to) = Le M/ for some t € [to, to + A]} .

where a(t) = a(t,0). On this interval, e~*®/e < eallo+A)/e o that

A D Ay = sup efo‘(t)/6 ﬁ(t,to) > Lefa(toJrA)/s )
te[to,to+A]

The process

t
= /2 p(p 1) = % / aG)/e Qi

to

is a Gaussian martingale and so satisfies a reflection principle. Therefore,

P(AQ) — 9P (efa(toJrA)/E n(tO 4 A, tO) > Le*a(toJrA)/E)

L
- <_ v Var(n(to + A, to))) (3.25)
2L

2rVar(n(to + A f))

> 1

Since A(u) =< —1, it follows that there is ¢ > 0 such that

0'2 tO+A
Var(n(to + A, tg)) = e/ 20t +A8) /2 g
to

0.2 to+A
> / efc(toJrAfs)/s ds

€ Jto

2
o i . —cA/e
= (1—e ).

Therefore, Var(n(to+A,tp)) > 02A/(2¢) for A/e small enough and the right-hand
side of (3.25) tends to one as ¢ | 0.
2) For A; as above, we find that A; C A3, where

A3 = sup e*a(t)/s n(t’ to) > Lefa(to)/s .
tE[to,t0+A}
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We can again apply the reflection principle to obtain

P(A3) = 2P (e_o‘(t"‘km/‘E n(to+ A tg) > Le_a(to)/'f)

7, ealto+Ato)
=2 <_ v/ Var(n(to + A, to))> (3.26)
1.2 e2a(to+Ato)
S Coxp <_ 2Var(n(to + A, tg)))

Similarly to above, we find that Var(n(to + A, t9)) < o0?A/e for A/e small enough,
while e2(totdto)/e > e=cA/e > 1/9 for some constant ¢ > 0. Then the right-
hand side of (3.26) tends to zero. O

3.3 Three Breakable Bonds

3.3.1 The Model and Main Result

Having established the behaviour of a chain of three particles, we now wish to extend
this analysis to longer chains. As a first step in this direction, we now consider a
chain with four particles, q;, < ¢1 < g2 < qg, interacting with each other via the same
pairwise potential U as given in (3.1). As before, ¢, = 0, but now qr(s) = 3a + €s.
Initially, only nearest neighbours are interacting and the time-dependent potential

energy of the configuration (0, ¢1, g2, 3a + £s) is given by

H(qi,q2,¢5) =U(q1) +U(q2 —q1) + U(Ba + €5 — q2) .

Although it is possible for next-to-nearest neighbour interactions to occur, we shall
again assume a certain boundedness property of solutions (see (3.42) and Lemma
3.4.2), in which case H is always as given above. Similarly to the previous section,

we can equivalently work with the function
H(q17 q2758) = U(Ql) + U(Q? - lh) + U(3a +es— q2) )
as we shall only consider the behaviour of the chain for times such that H = H.

Then q(s) = (q1(s), g2(s)) evolves according to

OH

dgi(s) = — dq;

(q(s),es)ds +odW;(s), ¢(0)=1ia,
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where W7, W5 are independent, standard Brownian motions. We introduce the same

time change as before, t = es, to yield

igg(q(t),t) dt + % dw;(t), ¢(0)=1ia. (3:27)

As in the previous section, we consider the chain to break as soon as there is no

dg;(t) =

longer any interaction between two neighbouring particles. This breaking time is
bounded above by 3(b— a), which is when the total length of the chain becomes 3b.
Writing R? = {(q1,¢2) € R? : ¢1 < ¢2}, we define the space-time domain

Dy ={(q1,q2,1) € Rz x[0,3(b—a)] :q1 <b,qg2—q1 <b,3a+1t—q2 <b}. (3.28)
Then the breaking time of the chain is given by
T=inf{t > 0:(q(t),t) € Dy} . (3.29)

We say the left bond breaks if ¢1(7) = b, the middle if g2(7) — q1(7) = b, and the
right if 3a + 7 — g2(7) = b. The following theorem is analogous to Theorem 3.1.1.

Theorem 3.3.1. Let g, solve (3.27) and define T as in (3.29).

1. (Fast pulling) There is k > 0 such that if ko|Ino|/? < (o) < 1 then

lig)l P(Right bond breaks) =1 .

2. (Slow pulling) Suppose that

0< limiionf]P’(Mz'ddle bond breaks) < limsupP(Middle bond breaks) < 1 .
o al0
(3.30)
If
r(o)

exp (—02/3> < e(o) < o|lng|7Y?

for some 0*/3 < r(o) < 1, then

0< hfol P(Left bond breaks) = hfol P(Right bond breaks) < 1.

Remark 3.3.2. o Although we have made the assumption that (3.30) holds,
we do not expect this to be an assumption at all, i.e. we believe this can be

proved to hold. We will actually make a slightly different assumption from
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(3.30) when proving (2), but which turns out to be equivalent (see (3.52) and
Proposition 3.4.4).

e In the slow pulling regime, we do not know what the limit is equal to. However,
in the case of a harmonic potential and no pulling, we saw in Chapter 2 that
the limit is 1/4 for the left and right bonds and 1/2 for the middle bond (see

(2.7)).

e As in the case of two breakable bonds, we will see in the proof of (1) that there

are constants c1,ca > 0 such that for o sufficiently small,

P(Right bond breaks) > 1 — ¢! o—c2e’/0?

3.4 Proof of Theorem 3.3.1

We follow the same approach as in the case of two breakable bonds: in Section 3.4.1
we reformulate the theorem above in terms of a more convenient process z(t), giv-
ing us Theorem 3.4.1. Then in Section 3.4.2, we linearise z(¢) and show that the
nonlinear part stays small. In Sections 3.4.3 and 3.4.4 we prove Theorem 3.4.1 (1)

and (2). Finally, in Section 3.4.5 we prove some auxillary results.

3.4.1 An Alternative Formulation

Let q@%(t) = (¢f°'(t), ¢$¢*(t)) be the solution of the ODE obtained from (3.27) by
setting o = O:

i =15
Letting ¢*(t) = (a +1t/3,2a + 2t/3), we see that for all t > 0, V,H(¢*(t),t) =
0 and so ¢*(t) is a slow manifold, corresponding to the configuration of equally
spaced particles. By Tihonov’s Theorem (Theorem B.0.2), ||t (t) — ¢*(t)|| = O(e)
uniformly in time. In addition, it follows from (U4) that ¢'(t) < i(a + t/3):
(g7)'(t) > 0 and if at some time ¢f*(t) = i(a + t/3), then we can check that
G (t) < 0.

The system (3.31) has an adiabatic manifold ¢(¢) given by

(@ (6),1) ,  af*(0) = ia . (3.31)

qt) =q"(t) - mfrl (;) +0(?)

31



forall0 < t < 3(b—a), where

2 -1
(5. s

This expansion of g(t) was obtained using (B.3). By the uniform asymptotic stability

of ¢*(t), q(t) is locally attractive and we have

Ja(0) — ()]~
C efmf/a

llg!(t) = a@)l| <
<

for some C, k > 0. After calculating A~!, it follows that for times ¢t > ¢|In¢g],

qdet(t) = q*(t) — m (:) + 0(52) .

As in the previous section, we now introduce the deviation process

y(t) = (1), 12(t) = q(t) —¢*(1) .

Using Taylor expansions, we find that y solves

dy(t) = %[A(t)y(t) +b(y(t), )] dt + % aw, . (3.33)

a11(t) a12(t)) is given by
)

where W, = (Wi(t), Wa(t)), A(t) = <a21(t) ag(t

ai1(t) = ~U"(gi* () — U"(g5°!(t) — 4i"(1)) ,

az(t) = —U"(g3*(t) — i () — U"(Ba+t — g5*(¢)) ,

aia(t) = az(t) = U"(g5° (t) — 4i'(1)) ,
and b(y(t),t) € R? contains the remainder terms. By (U1), there is M; > 0 such
that ||b(y,t)|| < Mi|y||? for all pairs (y,t) such that (y + ¢%°(t),t) € D,, where
D, was given in (3.28). Since ¢9°t(t) is close to ¢*(t), we expect all the U”(-) terms

above to be almost equal. Indeed, by Taylor’s Theorem, there exists C' > 0 such
that for all j € {0,1,2} and all0 < ¢ < 3(b—a),

U"(q55(8) — 5 () = U"(a+1/3)| < Ce,
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where we take ¢4 = 0 and ¢§°(¢) = 3a + t. Therefore, we can decompose A(t) in

(3.33) as
A(t) = —u(t)A+ecAl(t)

where A is given in (3.32), u(t) := U”(a +t/3) and there exists Ma > 0 such that
|AY(@#)| < My forall0 < t < 3(b—a). Then

dy(t) = é[—u(t)Ay(t) + e A (t)y(t) + b(y(t), )] dt + \% dWy .

In terms of y(¢) and ¢(t), the conditions for the chain to be unbroken can be

written as follows:

e The left bond is unbroken if
yi(t) <b—qi*(t) ;
e The middle bond is unbroken if
y2(t) = y1(t) < b+ i () — g5 (2) ;
e The right bond is unbroken if
ya(t) > 3a 4+t — g8 (t) —b.

Now we introduce a more convenient set of coordinates. Letting

1 1
P:i =p!
V2 I\l -1
1 0
PlAP=D= )
0 3

If z = P71y, then 7 can be expressed as

gives

T =inf{t > 0:(Pz(t) + ¢ (t),t) ¢ D},
where the process z(t) = (z1(t), z2(t)) solves

dz(t) = é[—u(t)Dz(t) +eP AN ) P2(t) + P~ o(P2(t), )] dt + % dW; . (3.34)
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As P71 is orthogonal, P~!'W; is again a standard, two-dimensional Brownian mo-
tion, and so we have omitted P~! from the noise term.
The conditions for the chain to be unbroken can be written in terms of z (t)

and z9(t) as follows:

e The left bond is unbroken if
21(t) < V2(b— g () — z(t) =: du(t); (3.35)

e The middle bond is unbroken if

b

V2

2o(t) > (b+ g (t) — g5° (1)) = dn(t); (3.36)

e The right bond is unbroken if
21(8) > V2(3a 4+t — ¢8°°(t) — b) + 22(t) =: d_(t) . (3.37)
The curves dy(t) and d_(t) are analogous to those of the previous section. However,

they now involve the process z5(t), so are random. By the expression for q4¢¢(t), we
know that for e|Ine| <t < 3(b—a),

di(t)=V2(b—a—t/3)+ <;u\g> e+ O() — %(t),
1 1
dy(t) = —ﬁ(b—a—t/?)) — <9ﬂu(t)> £+ 0(?), (3.38)

5v2

d_(t) = —V2(b—a—1t/3) + <9u(t)

) e+ O(e?) + za(t) .
Define the space-time set D, by
D, = {(z1,20,t) ER? x [0,3(b—a)] : d_(t) < 21 < dy(t), z2 > dar(t)} .
Then 7 can be expressed as
T=inf{t > 0:(2(¢t),t) ¢ D,}. (3.39)

We can then state Theorem 3.3.1 as follows.

Theorem 3.4.1 (Alternative version of Theorem 3.3.1). Let z(t) solve (3.34) and
define T as in (3.59).
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1. (Fast pulling) There is k > 0 such that if ko|Ino|/? < (o) < 1 then

limP(21(r) = d(r)) = 1.

2. (Slow pulling) Suppose that

0 < liminfP(z2(7) = dp(7)) < limsupP(zo(7) =dup(7)) < 1.  (3.40)
cl0 al0

If
r(o)

exp (—02/3) < e(0) < o|Ino|71/?

for some 02/ < r(0) < 1, then

0 <UmP(=(r) = d_(7)) = ImP(a1(r) = du(7)) < 1.

3.4.2 Linearisation of z(t)

The solution of (3.34) is given by

t ¢
2(t) = 20(t) — / e?t9)D/e p=l AL($) P2 (s) ds — 1/ e?t9)D/e p=lp(Pa(s), s)ds
0

€ Jo

where a(t, s) = — ft

S

u(w) dw < —(t—s) uniformly by (U4), and 2°(t) = (29(¢), 29(¢))

is given by

t t
() = % /0 /e qy(s),  A(t) = % /0 3(t)/= gy (s) |

We will use later that 20 (¢) and 23(t) are independent. By the boundedness of A!(t),
P~1b(Pz,t), and 7, there are constants C1, Cy > 0 such that for all ¢t < T,

l2(t) = 2’ < Cie_sup [lz(s)[ +C2 sup |l=(s)|*. (3.41)

0<s<t 0<s<t
Similarly to the previous section, we can write z;(t) = 20 (t) + R;(t) and use (3.41) to
show that if 2{(¢) and 29(¢) do not become too large then they will be the dominant

terms. The following lemma is analogous to Lemma 3.2.2 from the previous section.

Lemma 3.4.2. Suppose that |29(t)] < D(1 — Cie — C2D)/V/2 for all 0 < t <
3(b —a) and each i € {1,2}, where Cy, Co > 0 are as in (3.41). Then for all
0 <t <zt <D and so |Ri(t)| < CieD + CyD?.
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Proof. Let 7(D) = inf{t > 0:|/2(¢)|| > D} and suppose that 7(D) < 7. Then,

since 7 < 3(b— a), we have

D=lzml <  sup [2°()] + CieD + C,D?
0<t<3(b—a)

< D(l — Chie — CQD) + CieD + C2D2
=D.

So ||z(t)|| can never become D and 7(D) > 7. The bound on R;(t) follows by
(3.41). O

Similarly to the case of two breakable bonds, we introduce the event F given

by
0 D
E=E(D,e) = [ sup  [20(t)] = —=(1—-Cie—CyD) s, (3.42)
1o l0<t<30-a) V2

where C7, Cy are as in (3.41). To obtain a bound for the probability of E, we can
apply Lemma 3.2.3 to each process z{(t) and 2J(t). We find constants c1, c; > 0
such that

D2
P(E) < Zexp (—02 .
g

. (1—Che — C2D)2> . (3.43)

We are now ready to prove parts (1) and (2) of Theorem 3.4.1. In each case,
we will choose a suitable D such that the right-hand side of (3.43) tends to zero and

consider events contained within E°.

3.4.3 Fast Pulling

By (3.38), there exists a constant ¢; > 0 such that for all 0 < ¢t < 7 and ¢

sufficiently small,

Let D = coe, where 0 < ¢a < ¢1/2. Then on the event E€, these inequalities tell
us 21(t) < di(t) and 22(t) > dp(t) for all ¢ < 7, in which case it follows that
z1(7) = d_(1). So we just need to show that when D = coe, P(E) — 0. By (3.43),
this holds by taking ¢ > ko|lno|'/? for k > 0 large enough.
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3.4.4 Slow Pulling

We now consider the case

exp (—7(;(2(2) < e < o|lno|7Y? (3.44)

for some 0%/3 < r(0) < 1. As we expect the noise to dominate the dynamics, it

will be enough for our purposes to know that for all 0 < ¢t < 7,

di(t) =V2(b—a—t/3) 4+ O(e) — z(t) ,
dns(t) = —\2@ Ca—t/3)+0() , (3.45)
d_(t) = —V2(b—a—t/3) + O(e) + z(t) .

Recalling the decomposition z;(t) = z9(t) + R;(t), we can express conditions (3.35),
(3.36) and (3.37), respectively, as:

e The left bond is unbroken if
D) <V2b—a—1t/3)+0() — (Ri(t) + Ra(t)) — 29(t) ; (3.46)
e The middle bond is unbroken if

20 > \}é(bat/?)) +O() - Ralt) ; (3.47)

e The right bond is unbroken if

A(t) > —V2(b—a—t/3) + O(e) + (Ra(t) — Ry (1)) + 29(t) . (3.48)

We will again choose D according to Proposition 3.2.6 so that P(E) — 0 and D > «.
Then it is sufficient to consider events conditioned on E° when taking the limit ¢ | 0.
In this case, we have for all t < 7 that |R;(t)] < CieD + CoD? = O(D?) for all

t < 7 and so there is a curve d(t) of the form
d(t) = V2(b—a —t/3) — 29(t) — O(D?) — O(e) , (3.49)

where the O(-) terms are positive and independent of time, such that if 20 (t) < d(¢)
then (3.46) holds and if 20(t) > —d(t) then (3.48) holds. Similarly, there is a curve
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dY(t) of the form

1
d(t) = ——=(b—a—1t/3) +O(c) + O(D?),
m(t) \/5( /3) +0(e) + O(D7)
again with the O(-) terms positive and time-independent, such that if 23(t) > d¥,(¢)
then (3.47) holds.

Define the stopping time v by

v=inf{t > 0:]20(t)] > d(t)}. (3.50)
Note that v only involves the Gaussian processes z{(t) and 29(¢). Note also that
v may be smaller or larger than 7, depending on the behaviour of z3(t). But if
29(t) > dpy(t) for all t < v A7 and E€ holds, then v < 7. This follows since
7 < 3(b—a)andif 7 < v, but 25(t) > dp(t) for allt < 7, then either 21 (7) = dy (1)
or z1(7) = d_(7) holds. But on E°, this means that 29(¢) hits +d(¢) for some t < T,
so that v < 7.

Let
By (v) = {z2(t) > dp(t) forall 0 < ¢ < v AT}

be the event that the chain does not break in the middle before time v A 7. By the
above discussion, Bys(v) N B¢ C {v < 7}. As we want to consider the breaking
properties of the left and right bonds, we would like to condition on the event
By (v) N E€. However, in order to use the fact that 29(t) and 29(t) are independent,

it is more convenient to instead condition on the set BY,(v) N E, where
B(v) = {28(t) > dy(t) forall 0 < t < v}. (3.51)

It is clear that any path in BY;(v) N E¢ must be in By(v) N E¢, by definition of
d¥(t). To see that B, (v) N E¢ C By(v) N E°, observe that z9(t) may hit dY,(t)
without zo(t) hitting das(t). However, we show later in Proposition 3.4.5 that

lim P((Bas (v) 1 B\ (Bfy() N E%) = 0.

Therefore, we may equivalently condition on either event when considering the limit
o | 0. Note that BY,(v) N E¢ C {v < 7}, which follows from BY,(v) N E¢ C
By (v) N E“.
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We make the following assumption, which we will see is equivalent to (3.40):

0< limiionf P(B(v)) < limsupP(By(v)) < 1. (3.52)
o al0

We expect this assumption to be true in all cases and so not an assumption at all.
This is because 20(¢) and 29(t) are roughly Ornstein-Uhlenbeck processes of the
same order, and the curves d(t) and dJ,(t) are also of the same order for ¢t < v, so
that both curves should have non-vanishing probability of being hit first.

Assumption (3.52) tells us that if P(E) — 0 then P(- | BY,(v)NE®) < poP(+)
for some pg > 0 and all o sufficiently small. We make use of this inequality later
and is the reason why this assumption is required.

Let Q(-) =P(-| BY;(v) N E°). We shall now show that Q(z1(7) = d4(1)) =
Q(z1(1) =d_(7)) = 1/2 as o | 0, which will complete the proof of Theorem 3.4.1.

First, we give a result about some properties of v. Consider the event F

given by
F = F(v,D) = {d(v) < 0*/D}yU{2(v) < d};(v) + ¢*/D} . (3.53)

The following lemma, which is proved in Section 3.4.5 below, shows that under
suitable hypotheses, Q(F) — 0.

Lemma 3.4.3. Given ¢ = €(0) satisfying (3.44), let D = D(o) be chosen according
to Proposition 3.2.6. Let v and B (v) be defined as in (3.50) and (3.51), respec-
tively, and assume (3.52). Then there exists ¢ > 0 such that for o sufficiently small,

co

Q(F) < o

For any event A, it is sufficient, as a consequence of this lemma, to consider
Q(A N F¢) when taking the limit o | 0.
By definition of the relevant quantities, conditioning on B (v) N E¢ does not

affect the symmetry of the distribution of z{(v), so that

QE(v) = d(v)) = QX (v) = —d(v)) = 1/2.
We will consider the case 2¥(v) = d(v). The case 2} (v) = —d(v) is similar. Let

@) = Q| H() = d(v) = B(-| Aw) = d(v), BYs(v) 0 E)
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and
P () =P(- |2 (v) = d(v)) .

Assuming (3.52) and using that Q(20(v) = d(v)) = P(2{(v) = d(v)) = 1/2, we find

there is a constant pg > 0 such that for o sufficiently small,
QM (-) < poP"™(-). (3.54)

We will make use of this inequality below. The following proposition is an analogue
of Proposition 3.2.7 and will complete the proof of Theorem 3.3.1. We show that
there is a small interval [v, v + A] such that 7 € [v,v + A], and in which z1(¢) does
not hit d_(t) and zo(t) does not hit dps(¢t). In the case that z)(v) = —d(v), the
same proposition holds with d; (t) and d_(t) switching places.

Proposition 3.4.4. Given ¢ = (o) satisfying (3.44), pick D = D(o) according to

Proposition 3.2.6, and assume that (3.52) holds. Then there ezists A = A(o, D, e) >
0 such that

' 101111@(7>V+A,z?():d(u)):o,
2.

13?01@ (21(t) > d_(t) for allt € [v,(v+ A) A 7], 2} (v) = d(v)) = 1/2;
3.

E%Q(Z’Q(t) > dpy(t) forallt € [v,(v+A)AT])=1.

Proof. We choose a similar A to that in the proof of Proposition 3.2.7, but with
the extra requirement that A|lno| < e. That is, when ¢ < ¢*3|Ino|~1/2 and D

satisfies the conditions in part (1) of Proposition 3.2.6, we may choose A so that
Djo < \/e/A<a/D*, Allho|<e¢.

If ¢ < 0*3|Ino|~1/2 and D satisfies the conditions in part (2) of Proposition 3.2.6,

we may choose A so that
D/jo < \/e/A <K g/e, Allno| < e .

1) If 7 > v+ A, then 21(t) < d4(t) for all ¢ € [v,v 4+ A], which is the same
as 20(t) < dy(t) — Ri(t). As we have conditioned on E°, there is a O(D?) term,
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independent of time, such that
di(t) — Ri(t) < V2(b—a—1/3)+ O(e) + O(D?) — 23(t) =: dY(1),

where we may also assume the O(g) term is independent of time. Therefore, it is
enough to show Q%) (A;) — 0, where

Ay = {2(t) < d(t) for all t € [v,v+ A]}.

On the event BY;(v) N E¢, we recall that v < 7 < 3(b—a). Therefore, we have by
the boundedness of 2{(¢) and 2J(¢) on [0,3(b — a)] that at time v, |29(v)| < D and
d(v) < D. Let Ay = {d(v) < D}, A3 = {29(v) < D}. It follows that Q*4(*)(A;) =
QY4 (A; N Ay N A3), and by (3.54),

Qy’d(y) (A1 NAsN Ag) < po Py’d(l/) (Al NAsN Ag) . (355)
Fort > v,
t
z1(t) = d(v) e™\™ + — e™\ Wil(s 3.56
O(t) = d(v) e*t)/e 4 2 / (b)/E AW (s) (3.56)
€ 14
— ()
and .
0(t) = D) etnfe | T / &3/ QT (s) (3.57)
Ve Ju
=: n2(t,v)

Then, given 29 (v) = d(v), we may rewrite A; as

Ay = {m(t,v) <dd(t) —d(v) e?tV/E forall t € [v,v+ A}
Note that for t > v, d2(t) < dl(v) — (3(t) — 28(v)), and for all t > O,

d?(t) = d(t)+O(D?)+O(e). Then using (3.57) and that d(v) < D and |28(v)| < D,

we have
dY(t) — d(v)e®®/E < ¢ DAJe+ O(D?) + O(e) — malt,v)
where ¢ > 0 is some constant. This tells us that

]P)V’d(y)(Al NAsN Ag) < ]P)(A4) s
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where

A= { s (m(t:0) +p(t0) < DAJe+O(D?) +0<e>} -

By Lemma 3.4.8, this has zero probability as o | 0.

2) The inequality z1(t) > d_(t) is the same as 29(t) > d_(t) — Ry(t). As we
have conditioned on B (v) N E¢, there is a O(D?) term, independent of time, such
that for all t € [v, (v + A) A 7],

d_(t) = Ri(t) < —V2(b—a—1t/3)+O(D? + O(e) + 25(t) = d°(t),

where we may also take the O(e) term independent of time. Therefore, if 29(¢) >
dO(t) for all t € [v,v + A], then 21 (t) > d_(t) for all t € [v, (v + A) A 7]. This first
inequality holds if, for all t € [v,v + A], d°(t) < 0 and 2(t) > 0, which we now
show to be the case.

Firstly, we show that lim,|o Q(A4s) = 0, where

As = {d°(t) > 0 for some t € [v,v + A]} .

By Lemma 3.4.3 and the discussion thereafter, it is sufficient to consider Q(As N F*)
when taking the limit o | 0. Clearly, d°(t) = —d(t) + O(D?) + O(g). We then have
forall t € [v,v+ A,

dO(t) =d°(v) + O(A) + 25(t) — 29(v)
= —d(v) + O(D?) + O(e) — 23(v)(1 — > M/E) 4 po(t,v)
= —d(v) + O(D*) 4+ O(e) + O(DA/e) + na(t, v)
< —0%/D+ O(D?) + O(e) + O(DA/e) + nat, v)
< —0%/(2D) +ma(t,v)

where the final inequality holds by taking o sufficiently small and the penultimate
inequality uses the definition of F°. Therefore, Q(A45) — 0 if

lim P sup m(t,v) = 02/(2D)p =0,
a0 | tevr+A]

which holds by Lemma 3.2.9.
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Now we will show that lim, o Q*4*)(Ag[v, v + A]) = 0, where

Aglv, v+ A] = {te[gl}/iA} 2(t) < 0} .

By Lemma 3.4.3 and (3.54), it is enough to show that P*4*) (Ag[v, v+ A]NF€) — 0.
Then

P (Aglv, v+ AINFY) < sup  PY(Aglwo, v+ Al) -

y202/D7V020

As the distribution of z{(¢), when started from zero, is symmetric about zero, we
have by the reflection principle (see Lemma B.4.1 from [BG06]) that

PYoY(Aglvo, vp + A]) = 2P0V (Z(l)(l/() +A)< 0)
(vo+A,w0)/e
EPY 3 — v .
v/ Var(ni(vo + A))

Then for y > ¢2/D and o sufficiently small,

2 2

a(wot+Aw)/e 5 9 (1 _ s 7

while Var(n (vo + A, 1)) < 02A /e uniformly for all vy > 0. Therefore,
—a(vo+A,p)/e
ye S o [e
v/ Var(n(vo + A, 1)) 2DV A
The right-hand side tends to infinity and, therefore, the probability tends to zero as
ol 0.

3) As we have conditioned on E¢, it follows by definition of dJ,(t) that if
23(t) = dY(t) for all t € [v,v + A], then z9(t) > dp(t) for all t € [v, (v + A) A T].
Clearly, dJ,(t) < d{;(v) + O(A) for all t € [v,v + A]. So letting

Ay = {25(t) < df;(v) + O(A) for some t € [v,v + A},

we would like to show that Q(A7) — 0. We again use Lemma 3.4.3 and consider
Q(A7 N F*). By definition of Q, it also follows that

Q(A7 N F°) = Q(A7 N F°, 23(v) < D) .

43



Again, it is enough by assumption (3.52) to consider just P. Let
ALY — L (8 1) < g1+ O(A) — o 34 E0)/E for some t € [vg, 1o + A},

where vg represents a fixed initial time, and yi, yo are constants representing the

values of d{;(v) and 23(v), respectively. Then we have

P(A7 N F€, zg(l/) < D) < sup P(Agmyl,yz) '
yi+0?/D < y2 < D,
vo =0

For any vg > 0, all t € [y, + A] and y; +0%/D < y2 < D, we have

Y1+ O(A) — g 32tl/e < _52/D + O(DAJe) < —0%/(2D) .

Therefore,
sup P(ALYY?) < sup P { inf  m(t,1y) < —02/(2D)} .
y1+02/D < y2 < D, v >0  (t€orota]
vo =0

By Lemma 3.2.9, the right-hand side tends to zero as ¢ | 0.

3.4.5 Auxillary Results and Proofs

In the previous section, we used the following proposition to show that conditioning

on BY,(v) N E¢ is equivalent to conditioning on Bj(v) N E° in the limit as o | 0.

Proposition 3.4.5. Given ¢ = (o) satisfying (3.44), let D = D(o) be chosen
according to Proposition 3.2.6 and assume that (3.52) holds. Then

ﬁﬁ} P(B ()N By(v)NES) =0. (3.58)

Proof. As we have seen, Byf(v) N E¢ C {v < 7}. On E€ and for ¢t < 7,
z9(t) > dp(t) implies that 29(t) > dp,(t) — O(e) — O(D?) for some positive O(-)
terms independent of time. Therefore, Bys(v) N E¢ C A1 N E°, where

Ay = {23(t) > di;(t) — O(e) — O(D?) for all 0 < t < v}.
So the probability in (3.58) is bounded above by P(BY,(v)¢ N A3 N E€). We now

show that P(A; N E¢| BY(v)¢) — 0, where liminf, o P(BY,(v)) > 0 by (3.52).
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Let

p=inf{t > 0:29(t) < d;(t)}, (3.59)
and note that
BY(wv)={p < v} ={{@®)] <d(t) forall 0 < t <D} . (3.60)
Define
vy = 3(b—a)—c*/D (3.61)
and let

£ =E°N{l:{(7)] < d(#)-co®/Dyn{p < vy},

where ¢ > 0 is a constant chosen small enough so that d(7) — é0?/D > 0 whenever
7 < 4. By Lemma 3.4.6 below, it is sufficient to consider just P(4;NEC| BY(v)¢)
when taking the limit as ¢ | 0.

In a similar way to Proposition 3.4.4, we now show there is a small interval
[0, + A] such that v ¢ [, 7+ A] and in which 29(¢) hits d,(t) — O(e) — O(D?).
Choose A = A(o) > 0 so that

D/o < \/e/A < min(y/D/e,1/V/D) .

For t > i, we have 20(t) = 20(9) e®t?)/e 4y (¢, 7)) and 29(t) = dY, () e3P/ 4
n2(t, ), where the processes 7; were introduced in (3.56) and (3.57). Let

Ay = {23(t) > dY;(t) — O(e) — O(D?) for all t € [, + A}
= {na(t,0) > d(t) — df(5) *ED/E — O(e) — O(D?) for all t € [, 7+ A]} .

Then
P(ANE, V+A <V B](\J/[(V)c) < P(AyNnéEC BJ\OJ(V)C) < poP(A2NE),

where we have used (3.52) for the final inequality. We will show that the right-hand
side tends to zero. Note that for t > 7, d{,(t) > d;(?), and on £¢, we have by
the boundedness of 29(¢) that d{;(7) > —D. Then for all t € [, + A,

dRy(t) = dfy () 2D/E > dfy (o) (1 — eP/%)
> —cDAJe,
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where ¢ > 0 is a constant. Letting

Az = {te[mf n2(t,v) > —cDA/Je — O(e) — O(D2)} ,

7,0+A]

we have P(A2 N E°) < P(A3). By Lemma 3.2.9, P(A43) — 0 as ¢ | 0.

Now we must show that P(£¢, 7+ A > v|BY(v)¢) — 0. In other words,
show that z{(t) does not hit +d(¢) in the interval [, 7 + A]. We will just show that
29 does not hit +d(t), the other case being similar. Let

Ay ={A() >

d(t) for some t € [v, v+ A}
= {n(t,0) = d(t) — 22(5) e*®")/e for some t € [0, 0+ A]} .
On &¢, we have for t € [p, v + A] that

d(t) = d(7) = O(A) + d (7)(1 = /%) — (2, )
> d(v) - O(DA/e) = ma(t,0) ,

while by the definition of £¢,
R(0) et/ < d() —éa?/D .
Combining these two inequalities gives
d(t) — () e*tN/e > 62 /D — O(DA/e) — ma(t, ) .

Then A4 NEC C A5 NEC C As, where

As :{ sup  (m(t,0) + n2(t, ) > EUQ/D—O(DA/e)} .
te(v,v+A]

The event As implies that either (¢, 7) or na(t, ) exceeds ¢a?/(2D) — O(DA/e).
For ¢ € {1, 2}, we have by Lemma 3.2.9 that

lim P sup  ni(t,0) > é0%/(2D) — O(DA/Je) p =0.
a0 te[p,i4+A]

The following lemma was used in the above proposition.
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Lemma 3.4.6. Let v and U4 be defined as in (3.59) and (3.61), respectively. Under
the conditions of Proposition 3.4.5, there exist constants c1, co > 0 such that for o

sufficiently small,

B(7 > iy, E°| BY(v)) < 55
and
B(|@)| > d7)—e0?/D, 7 < 7u, E°| Bf(v)) < 55

where & > 0 is any constant such that d(0) — éo?/D > 0 whenever v < .

Proof. For t < v, we have 23(t) < h(t) where
h(t) = V2(b—a —t/3) + O(D?) + O(e)

is the curve such that d(t) = 0 when 29(¢) = h(t). Then

for some constant ¢ > 0 and o sufficiently small.
Using that B (v)¢ C {|2%(7)] < d(#)}, we have
P (|00 > d(7) — c0*/D, 5 < by, E°| B (v)°)
< poP (I0(9)] > d(5) — 602/D, 5 < vy, B, |0(5)] < d(9))
where
2
d(7) = ?’\Qf

Note too that on E¢, we have by the boundedness of z9(t) that # > #_ for some

(b—a—1/3)—0O() —O(D?). (3.62)
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constant 7_ > 0. Then by the independence of 2 and 7, it follows that

(7))

d
d(n))

P(|20(7)| > d(#) —éo®/D, v < iy, E°, | (D)] <
| <

< sup P (d(w) - d0%/D < | ()

V- <o < Uy

where on the right-hand side, d(1) means (3.62) evaluated at 7 = 1 and 20(1g) is

the usual z? process evaluated at the fixed time 1. For v < 1y < 74, we have

2B (d(w) — 60?/D < }(w)] < d(w)

2

_ % d(vp) _ & d(vg) — éa?/D
Var (29 (1)) Var (29 (1))
é¢o?/D

2 Var (29 (vp))
e20
~X D )
where in the final line we used that Var(z{(vp)) < o for such vy. O

We now give the proof of Lemma 3.4.3, which is restated for convenience.

Lemma 3.4.7 (Lemma 3.4.3 restated). Given ¢ = (o) satisfying (3.44), let D =
D(o) be chosen according to Proposition 3.2.6. Let v and BY,(v) be defined as in
(3.50) and (3.51), respectively, and assume (3.52). Then there exists ¢ > 0 such

that for sufficiently small o,
co

Q(F) < D

Proof. Write F = Fy U Iy, where Fy = {d(v) < 0%/D} and F» = {23(v) < dY(v) +
0?/D}. We will deal with Q(F}) and Q(F3) separately.
Recall that B (v) N E¢ C {v < 7} and that 7 < 3(b — a). Therefore,

Q(F1) = Q(F1, v < 3(b—a))
< poP(F1, v < 3(b—a), EY) .

Denote the event on the right-hand side by Aj. Let v* = inf{t > 0:d(t) < o/D?},
which depends on 29 but is independent of 2. Since Fy C {|2%(v*)| < ¢%/D, v >

v*}, we have
Fin{v < 30b—a)} c{220") <o?/D,v* <3(b—a)}.
Furthermore, on E¢ we have for o sufficiently small that v* > v* > 0, where v* is
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a constant independent of o. Therefore,

P(A1) < P(]2{(v)| <o?/D,v* < v* < 3(b—a))

sup  P(|2](n)| < 0?/D)

v* <vp < 3(b—a)

2
sup 1-29 —i .
v* < 1o < 3(b—a) Var(2{ (1))

We know Var(z{(vg)) < o2 for such vy, and so using the simple estimate 1/2 —
O(—x) < =z, valid for all z > 0, tells us that P(A4;) < co/D for some constant
c>0.

<
<

N

Now we turn to Q(F). First note that given BY(v), we have for all t < v
that

d(t) = V2(b—a —t/3) — 25(t) — O(D?) — O(e)
<V2(b—a—1t/3) —dl(t) — O(D?) — Ofe)
< 3\/§

5 (b—a—1t/3).
Therefore, d(t) — 202/D < g(t), where

g(t) = ?’*f(b— a0 —1/3) —20%/D .

The lines d(t) and g(t) coincide when 2§(¢) = 2*(t), where

() = ——(b—a—t/3) +20%/D — O(D?) — O(e) .

Sl

It follows that if z)(t) < 2z*(t), then d(t) > g(t), while if 28(¢t) > 2*(¢) then
d(t) < g(t). Now let
p=imnf{t > 0:|(t)] > g(t)},

and note that ¥ is independent of 29. It is clear that # is bounded above by the
deterministic time 7, = inf{t > 0 : g(t) = 0} = 3(b — a) — 2v202/D. If
2(v) < 2*(v), then we must have 7 < v and 23(?) < 2*(?). We also know that
on E° v > p_ >0 for all o sufficiently small, where 7_ is a constant independent
of o.

For o sufficiently small, we have

2(t) = di(t) +o?/D .
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Therefore,

QUR) < QAW < W)
< QD) < M), 9 < v)
< pP(R0) < (). 0 < v, BYv), E°)

Therefore,

where in the second line, 28(1p) is the usual 23 process at a given time v, which

follows by the independence of 7 and 2J. We then have for all 7_ < vy < 74,

* Z*(VO) dO (VO)
B(dy(v0) < 2(n0) < 2"(0) =@ | —om g | — @ | e
(@) < Bn) < 2*(w) ( Var<20< >>> ( VaI"(ZS(“O”)

< 2 (vo) — dyr (o)
V/2mVar(28(vp))
(=" (v0) — dRr(0))

<

Qo

where in the final line we used that Var(z9(v)) =< o2 for such vg. The result now
follows from the definitions of 2*(vg) and d3;(10). O

The following lemma was used in the proof of Proposition 3.4.4(1).

Lemma 3.4.8. Forty > 0, define the processes n1(t,to), n2(t,to) as in (3.56) and
(8.57). Suppose that L = L(0), e = e(0) and A = A(o) satisfy

L<oy/Afe, Allno| < €.

Then

lim P < sup  (m(t, to) + m2(t,to)) > L) =1. (3.63)
b0 \to <t <tot+A
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Proof. Letting W;(s) = Wj(to + s) — Wi(to), for s € [0, A], we have

t
U(t tO) \/» t (ts)/s dW \/>/ a(t—to,s)/e dW( )
0

where t — tg € [0, A], so that we can consider just the case typ = 0 in (3.63). We will
write 7;(t) = n:(¢,0).
Let A be the event on the left-hand side of (3.63) with tg = 0. Using Ito’s

integration by parts formula, we have
o
m(t) +na(t) = \ﬁ(Wl(t) + Wa(t)) = C(1)

where
o

t
/ u(s) (/2 Ty (s) 4 363/ 7y (5)) ds
0

Let W = W(A) be the set

W(A) = U { sup |W;(t)] >A1/2|lna\} .

=12 \OStSA

It is straightforward to see that P(W(A)) — 0. Indeed, by the reflection principle,

]P’( sup  |[Wi(t)] > A1/2|1na\> — 2P (|Wi(A)| > A1/2|lna|)
0<t< A

=4 (—|Inog|) .

So we only need to consider AN W€, On the event W€,

Co

su ct)] < Z A2 Ing
s [C0)] < AT ng]
for some constant C' > 0 so that
(1) +1o(t) >~ (Wi (1) + Wa(t)) — C“A3/2y1na|
m 2 NG 1 2 372

Then ANW¢¢ D BN W€, where

B:{ sup Y5

T o Co 321
s W)+ W) > L AV @

and so

P(ANWE) > P(BNWS) > P(B) — P(W).
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We just need to check that P(B) — 1. We know that W;(t) + Wa(¢) has the same
law as v/2W (t), where W is a standard Brownian motion starting from zero, in

which case we can use the reflection principle. Indeed, we have

ov/?2 Co
P(B) =P YEW() > L+ =~ A3
12 o W0 > £+ 8 e

— 2P <W(A) > U@(L + $A3/Q| lna|)>

[ € C
| 2¢ C
> 1-— A<L/O"|‘€3/2A3/2|1HO’|>

and the right-hand side tends to one as ¢ | 0. O

3.5 N + 1 Breakable Bonds

We now discuss how the methods used so far in this chapter may be extended to
deal with chains of N 4+ 1 breakable bonds. In principle, the same strategy should
work and some parts of the argument generalise easily. The main difficulty is that
the domain of the process is much more complicated. We shall now outline these
points in more detail.

Consider a chain with N + 2 particles, g7, < g1 < ... < gy < ¢R, interacting
with each other via the same pairwise potential U as given in (3.1). As before,
qr. = 0, but now gr(s) = (N + 1)a + €s. Initially, only nearest neighbours are
interacting. Although it is possible for next-to-nearest neighbour interactions to
occur, we can again assume a certain boundedness property of solutions such that
we do not need to consider this situation. After making the time change ¢t = €s, the

process q(t) = (q1(t), ..., qn(t)) moves according to the SDE

_1oH
€ 0qi

(q(t),t)dt + % dWi(t), :(0) =ia

for1 < ¢ < N, where W(t) = (Wi(t),...,Wn(t)) is a standard N-dimensional

Brownian motion and H is the time-dependent potential energy of the chain con-

dqi (t) =

figuration (0,q1,...,qn, (N + 1)a +t), given by
H(g,t)=Ulq) +U(ez —q1) + ... + Ulay —an-1) + U((N + D)a +t —qn) -
Note that for our purposes we can again work in terms of U instead of U. Following
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the same steps as in the previous cases, we find the deterministic solution ¢4°t(t),

obtained when o = 0, is close to ¢*(t), given by
t)=(a+t/(N+1),2(a+t/(N+1)),...,N(a+t/(N +1))).

In fact, for times ¢|lne| <t < (N +1)(b— a), we have

1
R M G
' (N + Du(t) : ’
N
where u(t) = U"(a+t/(N + 1)) and
2 -1 0 0
-1 2 -1 0
A=
0 -1 2 -1
0 0o -1 2

We again introduce the deviation process y(t) = q(t) — ¢%¢*(¢), which solves

dy(t) =

™ | =

[A()y(t) + by (t), )] At + \i[ aw, ,

where A(t) = (ai; (t))fyjzl is given by

—U" (g (t) — gt (t)) — U (¢85 () — ¢i°*(t)) j =i
aij(t) = U” (g (t) — g (1)) j=i—1,i+1

0 otherwise

and b(y,t), containing the remainder terms, satisfies ||b(y,t)|| < M|yl for all
pairs (y,t) € D, where D is the space-time domain in which the chain is unbroken.

We can decompose A(t) as

A(t) = —u(t)A+cAl(t) ,
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with |AL(#)|| < My forall 0 < t < (N +1)(b—a) so that

dy(t) = é —u(t) Ay(t) + A (Dy(t) + bly(t), £)] dt + \% ;.

We again change coordinates using the orthogonal transformation P such that
P~YAP = D (see Section 2.2), where D = diag(\1, ..., \y) with

/\i—Q[l—cos<Nﬂj_1>] .

The matrix P has the vectors v; = (v;1,...,v;n) as columns, where

- 2 . i
Vij = N+1sm Nti)

Letting z = P~ 'y, the equation becomes

dz(t) = é [—u(t)Dz(t) + eP~ A (#) P2 (t) + P~ 'o(P12(t),1)] dt + % dw; .
(3.64)
As in the case of three breakable bonds, we have omitted P~!, which is an orthogonal
matrix, from the noise term. Then the left bond is unbroken if ¢;(¢) < b, which is

the same as
V1121 (t) + ...+ UlNZN(t) <b-— q(liEt(t) , (365)

while the right bond is unbroken if gr(t) — gn(t) < b, which means
on121(t) + ... Foynen(t) > (N + a4+t — ¢84t) —b. (3.66)

Letting

Ze(t) = > viz(t) s Zo(t) = D vijz(t)

J even j odd

and using that vy; = (—1)"luy;, we can write (3.65) and (3.66), respectively, as
Zo(t) < b— gUt) - Zu(t) = di(1)

and
Zo(t) > (N 4+ Da+t — g5 (t) — b+ Zo(t) =: d_(t) .

Therefore, the left and right bonds are unbroken as long as d_(t) < Z,(t) < dy(t).
This is analogous to the case of three breakable bonds considered in the previous
section (see (3.35) and (3.37)).
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Solving (3.64), we find

t t
2(t) = 20(t) — / ?t9)D/e p=1AL(5) P2 (s) ds— 1 / ?t9)D/e p=1B(P2(s),s)ds ,
0

€ Jo

t

where a(t,s) = — [, u(w)dw satisfies a(t,s) < —(t —s) forall0 < s < t <

N(b—a) and 2°(t) = (29(2), ..., 2% (¢)) is given by

t
20 = 7 /0 )/ quy(s) .

By the boundedness of A!(t), P~!b(Pz,t) and the breaking time 7, there are con-
stants C1, Co > 0, depending on NN, such that for all t < 7,

l2(t) = 2°@)| < Cie sup |lz(s)[[+C2 sup |[|z(s)]?. (3.67)
0<s<t 0<s<t

Then we obtain a result as in Lemma 3.4.2 and can work with just 2°(¢) thereafter.
We define a curve analogous to d(t) given in (3.49) and consider the first time v that
Z,(t) hits £d(t). This part of the argument follows along the same lines as the case
of three breakable bonds. The main difficulty extending the result is conditioning on
the other N —1 bonds not breaking before time v and estimating the distribution of
Zo(v). In the previous section, we just had to condition on one bond not breaking,
which just meant zo(¢) not hitting das(t) (see (3.36)). Now the analogue is (N — 1)-
dimensional. Although the general approach of the previous section should work, it
does not appear to generalise immediately and requires a careful inspection of the

domain.
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Chapter 4

Smooth Potentials and Full

Langevin Dynamics

In this chapter, we treat a similar model as in Chapter 3, but with the pairwise
potential going smoothly to zero. Furthermore, we do not assume the dynamics to
be overdamped from the outset. Indeed, we begin with the full Langevin equation.
We then consider two simplifications, including the overdamped equation, before
showing that for particle mass small enough, the overdamped approximation is
accurate. In Section 4.1, we introduce our model and deduce equation (4.2), which
is our main object of study. Our results are then stated in Theorems 4.1.1, 4.1.2,
4.1.3 and 4.1.4. In Sections 4.2, 4.3 and 4.4, we give the proofs.

4.1 The Model and Main Results

Three particles q;, < ¢ < ¢qr in R interact with each other via a pairwise potential
U. We assume that U is smooth with finite range b > 0 and a unique minimum at
0 < a < b, with U"(a) > 0. We also assume that there is a unique ¢y € (a,b) such
that U”(cg) = 0. The particle ¢, is fixed at the origin and the position of ¢r at time
s > 0is given by qr(s) = 2a(1 + €s), where € > 0 is a small parameter. We study
the behaviour of the middle particle, with position at time s given by ¢s. Initially,
it has position gy = a so that the distance between neighbouring particles is a. The

middle particle evolves according to
dgs = psds,

H
P ldpy = —psds — %(ps, qs,es)ds + o dWs ,
q
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Figure 4.1: U(q) + U(2a(1 +t) — q) plotted against g at various times for a smooth
potential U(q) = —¢° e~1/(=9) | The central well becomes unstable as ¢ increases.

where Wy is a standard one-dimensional Brownian motion with Wy = 0, 0 > 0 is

the noise intensity, 5 € R and H(p, ¢,es) is given by

2
H(p,q,es) = % +U(q) +U(2a(1 +¢es) —q) .

Rescaling time as ¢ = €s, this is the same in law as solving

1
dg; = P dt ,
4.1)
1 10H o (
B1dp, = —=ppdt — === t)Ydt + —= dW; .
€ Dt ept = 0q (e, qe, t) dt + NG t

We easily check that the configuration of equally spaced particles satisfies
OyH = 0, 92H > 0 until time ¢y, where a(l + to) = co. Until this time, it is a
stable configuration and so we expect g, ~ a(1 + tp). For ¢t > ¢, this configuration
becomes unstable and new minima emerge (see Fig. 4.1). Therefore, we expect
¢: to quickly move away from the chain midpoint and towards one of these newly
formed minima. Note that as a function of ¢, H is symmetric about ¢ = a(1 + t),
but its time-dependence introduces asymmetry, as we shall see below. Once ¢; has
approached one of these new minima, we expect it to stay there as the energy barrier
to escape becomes higher. The evolution of the chain, therefore, is determined by
its behaviour around the bifurcation of H at t = tg, which we shall now consider.

Letting z; = a(1 +t) — q¢, we express the term 0H/Jq appearing in (4.1) in
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terms of z. By a Taylor expansion in space, we find

OH
Tq(ptv q,t) =U'(q) —U'(2a(1 +t) — q1)

=U'(a(1+1t) —2z) = U'(a(l +1t) + 2)

1
~ —2U"(a(1 + )z — §U<4>(a(1 +1)2 .

Assuming that there is 0 < T' < tg such that for t € [tg — T, to + T], U (a(1 + 1))
is negative and bounded away from zero (see comment below), we have by a Taylor

expansion in time,
1
—2U" (a(1 +t))z — §U(4) (a(1+1))2} ~ 2a(t —tg)z — Cz} .

We remark that this assumption about U™ (a(1 + t)) should not have much effect.
At most, the right-hand side above would have a +C'z} term appearing, but in either
case this term is very small for z and ¢ — ¢y close to zero, which is where most of
our analysis will take place.

Making the space and time transformations ¢ = a(1+t) —¢, p = a—p/e and

t =1t —tg, as well as normalising constants to one, we arrive at the SDE

dgr = pedt
Pdp, = —py dt + é(tqt — @ +e)dt + \% dW; . (42)
This will be our main equation for the rest of this chapter. By the above discussion,
understanding how its solution behaves will be a good indication of the behaviour
of the original chain. Equation (4.2) represents the motion of the particle ¢ in the
potential (1/e)V(q,t) := (1/e)(—3tq®> + +¢*) with an additional +1 force giving
the particle a small bias towards the right. This force comes from pulling the chain
(qr,4,qr) and corresponds to the fact that in the absence of noise, ¢ does not just
stay at the chain midpoint a(1 4+ t), but lags behind by a small amount.
Rephrasing the discussion after (4.1), we see that the function V' represents
the energy of a given chain configuration. For negative times, the origin, corre-
sponding to equally spaced particles, minimises V. When ¢t = 0, V undergoes a
symmetric pitchfork bifurcation at the origin. For positive times, V' has two minima
located at +v/t. For t > 0 large enough these minima at 4+/¢ correspond to the
configurations where ¢ is a distance a from ¢y, or qg, respectively, and more than b

from the other. In terms of (4.2), the aim of this chapter can be roughly stated as
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to investigate how the speed of pulling determines whether ¢; moves towards ++/t
or —/t as t becomes positive.

In Chapter 3, we defined the chain to break as soon as the distance between
q and one of its neighbours exceeded the range of the pairwise potential U. Either
the left or right bond could break, depending on whether qg —q > b or ¢ — qr, > b,
respectively. Now that we are dealing with U smoothly going to zero, we may
consider the dynamics beyond this point and alternatively consider the chain to
break as soon as the chain configuration reaches a neighbourhood of one of the energy
minima that emerges after the bifurcation. In the above formalism, this means the
process ¢; reaching a neighbourhood of ++v/t. To avoid defining what it means for
the chain to break, we shall instead give a precise description of the behaviour of g;
that contains more information than either of these possible definitions.

Equation (4.2) in full is not something we can treat. But there are two
obvious simplifications: the first is to omit the ¢} term in the equation for p, leading
to a linear equation that can be solved explicitly; the second is to set e?dp = 0
and consider the resulting one-dimensional equation for ¢, the so-called overdamped
approximation in which inertial effects due to mass are neglected. We treat both of
these and obtain satisfactory results.

Taking o = /2 for o > —1/2, we firstly consider the linear SDE

dqg = pg dt ,
0 0 1.0 (4.3)
ePdp} = —pf dt + —(tg] + ) dt + & AW, .

Having removed o from this equation, we shall take the limit as € | 0. Denoting by
P? the law of the solution with vanishing initial condition at time s < 0, we have

the following two theorems:

Theorem 4.1.1. Let qf be the solution of (4.3) with any 8 € R. If a > 1/4 then

lim lim inf P* (lim q? = —|—oo> =1,
t—o0

el0 s——o0o0

while if o < 1/4 then
lim lim inf P* (lim ¢ = —|—oo) = lim lim inf P* (lim ¢ = —oo) =1/2.
t—o00 t—o0

el0 s——00 el0 s——o0

Theorem 4.1.2. Let ¢ be the solution of (4.3) with B > —1 and let s < 0 be the
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starting time. If a > (1 +min{f, 0})/4 then

lim P* <lim @ = +oo> —1,

el0 t—00

while if o < (1 4+ min{B, 0})/4 then
: S : 0 __ T S : 0 _ _
lalﬁ)lp (tlggo 4= +OO) N 16%1]? (tlggo @ = OO) 1/2.

Theorem 4.1.1 shows that the threshold between fast and slow pulling regimes,
when the starting time is sent to minus infinity, is given by o = 1/4 and is indepen-
dent of 3. However, Theorem 4.1.2 shows that if we start the processes at a finite
negative time s < 0, then neglecting mass does have an effect, but only for 5 < 0.
These results have some clear limitations: for ¢ > 0, ¢ shoots off quickly to +oco as
the drift becomes ever more repelling, while the solution of (4.2) is prevented from
doing this by the nonlinear term and so is more likely to return to the origin.

Secondly, we neglect the mass term e’dp in (4.2) and consider the one-

dimensional overdamped equation

1 o
dgy = —(tas — ¢ +e)dt + 7 dw; . (4.4)

Again letting P° denote the law of the solution with vanishing initial condition at

time s < 0, we have

Theorem 4.1.3. Let q; solve (4.4). There exist constants c1,y > 0 such that if
t1 = c1\/e|Ino| then

1. (Fast Pulling) for any o*/3|Ino|?/3 < (o) < 1,

T A 2 _
i (af, 7> 7) = 1.

2. (Slow Pulling) for any o?|Ino|® < e(o) < o*/3|Ino|~13/6,

R . a
lim lim sup P* f —> =1/2
010 sroon <t1m< t\/t 7) /

and
lim lim sup P? (Sup & - —7) =1/2.
ol s——oco t1 <t VU
Letting o = e®*1/2 above gives a = 1 /4 as the threshold between the different

regimes, as found in Theorem 4.1.1. We also remark that the threshold between fast
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and slow pulling regimes here differs from that in Chapter 3, where it was roughly
€ = 0. This difference can be attributed to the bifurcation of V: for ¢ near zero,
V is almost flat and so the additional +1 force requires slower pulling, or stronger
noise, to be counteracted than it did in Chapter 3, where the potential had positive
curvature bounded away from zero.

Having considered two simplifications of (4.2), we finally return to the full
solution itself. Intuitively, by taking /3 large, the effect of the mass term ° should
become small and the solution should behave like that of the overdamped equation
(4.4). So if we show that for suitably large 3, the difference between the two solutions
stays small, we can use Theorem 4.1.3 to tell us about (4.2). This leads us to the

following result.

Theorem 4.1.4. Let ¢ solve (4.2) with 3 > 2. There exist constants c1,y > 0,
independent of 5 and o, such that for t| = c1y/e|lno| and any to > t1,

1. (Fast Pulling) if 0*/3|Ino|?/® < (o) < 1 then

T A _
it e (, e, %5 >7) =1,

2. (Slow Pulling) if 0 < 6 < 3/2—1 and 0?/(42) < ¢(0) < 0*/3|Ino|~13/6 then

lim lim sup P* <t inf LS 'y) =1/2
1

o0 s——c0

and
lim lim sup P? < sup & —’y> =1/2.
ol0 s——oc0 t1 <t<ta VI
Note that we only consider finite time intervals here and that there is a slight
difference between the lower bound on ¢ in (2) above and in Theorem 4.1.3(2). This
second point is related to the fact that the mass is of the form ”. However, it does
not affect the threshold between the two regimes.
We finally note that (4.2) is not suitable for considering the chain ‘breaking’
due to a large deviation event. In that case, our expansion of the potential is not

valid.

4.2 The Linear Model

In this section, we prove Theorems 4.1.1 and 4.1.2. After solving (4.3) and per-

forming some preliminary calculations, we then complete the proofs separately in
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Figure 4.2: The Airy functions Ai and Bi.

Sections 4.2.1 and 4.2.2.

Equation (4.3) is simple enough to have an explicit solution in terms of
Airy functions Ai(z), Bi(z) (see Fig. 4.2 and [dlm07]): using that Ai(x) and Bi(x)
are linearly independent solutions of the equation w”(z) = xw(x), and that the
Wronskian Ai(z)Bi'(z) — Bi(z)Ai'(z) = 1/7, we find that the process

@ = ne1728)/3 <—Ai(t(£, ) /t e~ (t=s)e77/2 Bi(s(e, 8))(ds 4 e*dW5)
- (4.5)

+ Bi(t(e, B)) /_ tT e~ (=9)77/2 Aj(5(e, B))(ds + eadW5)>

is the (almost surely unique) solution of (4.3) with zero initial conditions and starting
time —7T" < 0, where we set s(e, ) = e~ (A3 (s 178 /4).

The functions Ai and Bi admit the asymptotic expansions

: 1 —1/4 —2s3/2/3 —2/3
Aifs) = 5=t (1+O(s )) . s>1 (4.6)
Bi(s) = s A (140(29)) . s> 1 (4.7)
s

Ai(s) |=1/% cos (2\3\3/2/3 - 7r/4) (1+0(]s|™?)) + O(|s|774y | s<—1

(4.8)

_ L,S

VT

Bi(s) = ;71?|s]_1/4 sin (2\s|3/2/3 - 7r/4) (L+0O(s|) +0(s|”", s<-1
(4.9)

The behaviour of ¢ as t — oo can be described in a straightforward way by
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considering the ‘renormalised process’

~ 1 ets_ﬂ/Q
U= 70298 Bi(t(=, ) "

Indeed, we have the following result.

Proposition 4.2.1. Almost surely, (oo := limy .o G exists and is a Gaussian

random variable with mean

mé(8,T) = ¢1+A)/3 e /B /OO s /2 Ai(s)ds (4.10)
T (e,B)

and variance

v (o, B,T) = g2a+(1+5)/3 6761_25/4 / 655(1_25)/3 AiZ(S) ds | (4.11)
T (e,8)

where T_(e, f) = e~ (AT 4 15 /4).

Proof. Let us first investigate the deterministic integrals in (4.5). Since Bi(s) < Bi(t)
for s <tandt > 0, we have that the deterministic integral in the first line of (4.5),
after renormalisation, is bounded by Ai(t(e, 3)) ffoo ess77/2 ds for large enough ¢,
and thus converges to zero as t — oo due to (4.6). The limit of the corresponding

renormalised integral in the second line of (4.5) is given by

| P il s = e [T R A 05 (a12)
-T T*(Evﬁ)

This is also the limit of E(g) as t — oc.

The stochastic integrals in ¢; are given by

t t
= coh t)/_Tfl(s)dWS, Jg(t):sa/_ng(s)dW

with
B = gy« () = Bils(ea) e L fals) = Ails(e,8) e
By the time change 7y (f) = €2 [*,. 2(s)ds, Ja() equals h(t) By, ) in distribution,

where By is a standard Brownian motion. By the law of the iterated logarithm,

lim sup 71(0) =1 (4.13)
t—oo  h(t \/27'1 ) Inln 7 (¢)
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almost surely. Again using Bi(s) < Bi(t) for s <t and ¢ > 0, we find

1/2
h(t)y/T(t) < Ai(t(e, B))e® ( / L ds) / ,
-T
which converges to zero superexponentially fast by (4.6). By (4.7) it is easy to see
that Inln 7 (¢) grows only proportionally to In¢, and thus the denominator on the
left-hand side of (4.13) converges to zero. It follows that Ji(t) — 0 as ¢ — oo,
almost surely. On the other hand, J» is a square-integrable martingale, and thus
converges almost surely. Each Jy(t) is Gaussian, and thus so is the limit. It has

mean zero and variance

oo o
(o, B, T) = 20 / f2(5) ds = e20 / =" A2(s(c, B)) ds .
-T -T
The same change of variable that was employed (4.12) yields (4.11). O

Since Bi(t) et diverges ast — oo, Proposition 4.2.1 tells us that lim;_, |¢¥| =
oo almost surely. Whether the divergence is to plus or minus infinity is determined

by the sign of oo. As §oo is a Gaussian random variable, it follows that if

€
lim lim m*(8,T)

e—=0T—+o00 , /’UE(CY, 5’ T)

:+OO,

then
lim lim P~7 (hm ¢ = —|—oo) =1.
t—r00

e—=0T—4o00

On the other hand, if
m*(3,T)

lim lim ————~—=0,

e=0T—+o00 4 /UE(Q, 57 T)

then
lim lim P~7 (hm ¢ = —i—oo) =1/2.
t—o0

e—=+0T—4+o00

The same idea applies if we only let ¢ — 0 and keep T fixed. We deal with each of

these cases in the following two sections.
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4.2.1 Starting Time Sent to Minus Infinity
The aim of this section is to prove Theorem 4.1.1. When we let T' — oo, m®(5,T) —

m* (), where

€ _ _(1+B)/3 ,—e'~28/8 > se(1=26)/3 /2 4 .
me(f) =¢ e e Ai(s)ds

—0o0

_ (45)/3 e P12

The final line follows by the standard result [dlm07] that [*°_ ePSAi(s)ds = P’ /3
for all p > 0. We also have v*(a, 8,T) — v*(«, 3), where

() = S [T g )

—0o0

To see how this behaves, we consider the function J(p), defined by

J(p) = / e Ai%(s) ds ,

which behaves as follows.

Lemma 4.2.2. There exist positive constants ci and co such that
(i) lim, 00 p'/? e 213 J(p) = ey,
(i) limy,_,o p'/? e~2°/3 J(p) = .

Proof. Consider first the case p — co. Then,

1
/ o205 A2(s)ds pY/2 e~ W13 < CemWF/3I 12 )

—0o0
as p — oo. For s > 1 we use (4.6) to find

1

= — o 4s%/?/3+2ps 371/2(1 + (’)(373/2)) ds
47T 1

/ e?P% Ai%(s) ds
1

p [T _ 3(4t3/2/3—-2t) ,—1/2 —3,-3/2
== e? 1+ O t)de
47 1/p2
where we used the substitution s = p?t. Decompose the final integral as fffpg =
1/ + flo/z. The first of these is bounded by C e”’/3 and can be ignored. For the

1/p?
second, we have O(p~3t=3/2) = O(p~3) and can take this outside the integral. Then
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by the Laplace method,
/°° 0P /2320 =12 3y _ 2%/3 /OO o Pl D2HO(-1)] 4172 g4
1/4 1/4
= 23323 (1 + O(1/pY)

Thus (i) holds with ¢; = 273/27=1/2, For (ii), we use that

/ e?% Ai%(s) ds — / Ai%(s) ds = const.
-1

-1

as p — 0. Using (4.8) and ignoring the O(|s|~7/*) term, which does not change the

resulting expression below, we then get

[ emareas =L [ e o (a2 na) (14 0051 7) as

—0o0 ™ o0

1 Y ot 1/2 2 (o ~3/2,3/2
W\/ﬁ/p e 't cos(p t°/</3 ﬂ/)dt—i-(’)(),

where in the last line we used the substitution ¢ = —ps. As p — 0, the integral in

the last line above converges to

1/Oot_1/2e_2t at = YT
2 Jo 2v/2’

which proves (i) with cg = 273/2771/2, O

When substituting p = ¢1726/3/2 into the last lemma, we find that as e

becomes small,

v¥(a, B) < c20+(148)/3 efsl—%/4 (1-28)/6 egl—%/m — g20+28/3+1/6 6751_25/6 '
Thus, m®(8)//v¢(a, B) =< e~*+t1/4 which completes the proof of Theorem 4.1.1.

4.2.2 Fixed Starting Time

The aim of this section is to prove Theorem 4.1.2. We begin by stating four lemmas

that will be proved in Section 4.5. These will enable us to analyse the behaviour of
me(8,T)//v(a,5,T) as € — 0.

Lemma 4.2.3. Suppose that for allp > 1, 1 < a(p) < p*. Then there is a
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constant C > 0 such that for all sufficiently large p,

CeP’/3 < / e Ai(s)ds < P /3

a

Lemma 4.2.4. Suppose that for allp > 1, 1 < a(p) < p®. Then there are

constants Cy, Ca > 0 such that for all sufficiently large p,

Clp71/262p3/3 < / e2psAi2(8) ds < 02p71/2e2p3/3 )

a

Lemma 4.2.5. There is a constant C' > 0 such that for alla > 0 and p > 0,

‘/ eP? Ai(s)ds — B < cplera

Lemma 4.2.6. There exist constants C1,Co > 0 such that for all sufficiently large
a>0,

Ai%(s)ds > Cra'/? — Cya™t.

—a
Proof of Theorem 4.1.2. We will split the analysis into four parts according to the
value of 8. The four lemmas above will be applied with p = £(1=20)/3 /2 and a =

T_(g,3), unless otherwise stated.
Case One: § > 1

We have T_(g,8) — oo and e1729/3 5 o0 as ¢ — 0. Applying Lemmas 4.2.3
and 4.2.4, we find that for sufficiently small ¢,

2—3/2e51*2ﬁ/24 < /OO esg(l—w)/:&/gAi(s)ds < 651—26/24
T (e,8)

and

016(25—1)/6 e51—25/12 < /OO esg<1—2ﬁ>/3 Ai2(s) ds < 025(25—1)/6 e51—25/12 )
T_(e.8)

It follows that

£
M= B, T)  _ _—a(148)/6,(1=28)/12 _ ~a+1/4
v (a, B, T)

Case Two: 1/2 < g < 1

We will show the steps for 1/2 < 8 < 1. In this case, T_ (g, 3) = —oc as € — 0. This
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also holds if f=1and T > 1/4. If f=1and 0 < T < 1/4, then we can follow
the steps in Case One. If § = 1/2, then p = £(!1=28)/3 /2 = 1/2 and the calculations
are much easier. Otherwise, p — oc.

Letting 1/2 < 8 < 1, we have by Lemma 4.2.5 that

/OO ese(1—25)/3/2 Ai(s)ds — esl—w/u < Ce(28-1)/3 675(1_25)/3|T_(5,,3)\/2 .
T (e,8)

The term on the right-hand side behaves like £(26-1)/3 =" 50.
Decompose the integral in (4.11) into the sum f;j(e,ﬁ) = fjl,_(sﬁ) + /7. By

the boundedness of Ai, we have

1
/ 655(1—25)/3 Ai2(5) ds < 06(25—1)/365(1_2ﬂ)/3 )
T_(e,8)

Lemma 4.2.4 gives
0 -2/ | o 1-28)/6 c1=28/12
/ e*® Ai%(s)ds < Cel=20)/6e5 012

1

For a lower bound, we use Lemma 4.2.4 to give

o (o]
/ o128 Ai?(s)ds > / o172 Ai?(s)ds
T_(e,p) 1

> 0e(26-1)/6 ealﬂﬁ/m )

Therefore,
m*(B,T) ~ oo (146)/6,(1-26)/12 _ _—a+1/4
ve¥(er, 8, T)

Case Three: 0 < < 1/2

Again T_ (e, 8) — —oo0, but now £(1=28)/3 5 0. For m¢(3,T), we can apply Lemma
4.2.5. The term e”’/3 tends to one as e — 0, and we find me(B,T) =< e1+P/3,
To obtain an upper bound for the integral in (4.11), we first decompose it

into the sum

- _.28-1)/3 _28-1)/12 1 -
/ :/ +/ +/ +/ . (4.14)
T_(g7ﬁ) T_(g7ﬁ) —e(268-1)/3 —e(28-1)/12 1

If B = 0 then instead of the first two integrals on the right-hand side we just write
fT_}(E gy- For s < 0 with |s| sufficiently large, it follows from (4.8) that Ai%(s) <

68



C|s|~%/2. Therefore,

_e(28-1)/3 _e(28-1)/3
/ esg(l—zﬂ)/fi AiQ(S) ds < C ‘8‘71/2655(1—2[3)/3 ds
T_(e,8) T_(e.8)
_(26-1)/3
< Ce(1-20)/6 / e g
T (e,8)

< Ce28-1)/6

and
—esvaz _o(2p-1)/12 o)
1-28)/3 , . _ 1-28)/3
/ e* Ai*(s)ds < C |s| 712 e ds
_e(28-1)/3 _e(2p-1)/3
—1
< C s| 72 ds
_e(28-1)/3

< Ce(26-1)/6
The third integral on the right-hand side of (4.14) can easily be bounded by C' s
using the boundedness of Ai. The final integral on the right-hand side of (4.14) con-
verges to flooAi2(s) ds, which is just a constant. Combining these estimates tells us
that the left-hand side of (4.14) is bounded above by Ce(28-1)/6,
To obtain a lower bound when 3 > 0, we use Lemma 4.2.6 with a = ¢(26-1)/3
to find

o] o
/ 5T £ 2 (s)ds > / e T Aiz(s) ds
T—(£,8) —(26-1)/3
C/ 2(s)ds
(28— 1)/3
> CE (26-1) /6

If 8 =0, we keep the lower integral limit as T (e, 3). This gives us

m*(3,T)
v¥(a, B,T)

Case Four: —1 < 3<0

< o (148)/6 (1-28)/12 _ _~a+1/4

The behaviour of m*(3,T) is treated as in Case Three. To obtain an upper bound

for the integral in (4.11), we decompose it as

00 _e—(14B)/6 -
o
T-(e,8) JT-(,) —e-(14B)/6
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The second term on the right-hand side can be bounded above by a constant as
in Case Three. For the first term, the difference with Case Three is that now
—e@-1/3 < (¢, 8) and so the exponential term in the integrand remains of order
one and we can treat it as a constant. Therefore,

_e—(14+8)/6 _e—(1+B)/6

/ s T Aiz(s) ds < C AiQ(s) ds
T_(e,8) T_(e,8)

-1
<of gt
T_(e,8)

< CemHB)6

To obtain a lower bound, we use Lemma 4.2.6 to find

/ AR (s)ds > © / AP(s)ds > Cem(1HA/0,
Ti(a"ﬁ) T*(&ﬂ)

In contrast to the first three cases, this now gives us

g
_mBT) e (4B)/6(14+8)/12 _ —at(14+8)/4
ve(a, B, T)

)

which completes the proof of Theorem 4.1.2. O

4.3 The Overdamped Model

The proof of Theorem 4.1.3 consists of two parts. Firstly, we show that given an
arbitrary compact set X’ containing a neighbourhood of the origin, e.g. X = [-1,1],
and given an arbitrary negative time —7T, the process ¢; starting at 0 at time —oo
will be in X with very high probability at time —7T. Secondly, we use the Markov
property to restart ¢; at time —7" and to show that the conclusion of Theorem 4.1.3
holds uniformly over initial conditions belonging to X at time —7". These two steps
are formulated as Proposition 4.3.1 and Proposition 4.3.2 below. Theorem 4.1.3 is
then an immediate consequence of these two results.

Recalling that P* denotes the law of ¢ with initial condition ¢; = 0, we have

Proposition 4.3.1. Let X = [-1,1], let T > 1 and let ¢; solve (4.4). Then we
have
lim liminfP*(q_r € X) =1.

o,e—0 s——00
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Proof. Applying It6’s formula to the function g — ¢ gives

2t 2 o2
it = (Zap - 2t w20+ T ) s o,

where M is some continuous martingale. Therefore,

d 2t 2 o2 1 o?
SR =F (22410 ) < —ZE(P g
i (@) (6% 4+ 20+ — 6 (q7) +e+ o

where we used the inequality 2¢ — ¢>/e < ¢ and that t < —1. It follows that
E(¢?) < o2+ 2. Applying Chebyshev’s inequality and letting e — 0 and o — 0
gives the result. O

The remainder of this section is devoted to the proof of the following state-

ment, where we denote by P~7* the law of (4.4) with initial condition ¢_7 = = € X.

Proposition 4.3.2. Let q; solve (4.4). There exist constants c1,y > 0 such that if

t1 = c1v/e|lno| then

1. (Fast Pulling) for any o*/3|Ino|?/3 < (o) < 1,

L. _ . qt
1 fpTe f —>~)=1.
10 2 <t}“<tﬁ 7)

2. (Slow Pulling) for any o?|Ino|® < e(0) < o*/3|Ino|~13/6,

lim sup ’PT’”“" ( inf 2L > 'y) - 1/2‘ =0

0l0 zex i1 ét\/i
and
lim sup [P~7* (sup & —7) — 1/2‘ =0.
ol0 zex t1 <t Vi

Our approach in this section is based on that developed by Berglund and
Gentz in [BG02, BG06]. They consider similar equations to (4.4), but with drift
terms (1/€)f(g,t) such that f(q,t) = —f(—¢,t) and f(0,0) = 9,f(0,0) = 0. A
simple example of such an f is f(q,t) = tq — ¢>. Our additional drift term arising
from pulling means that we cannot directly apply their results, except in a few cases

as will be made clear.

4.3.1 Fast Pulling

We begin by considering the fast pulling regime from Proposition 4.3.2. In this case,

the noise in the system is not strong enough to overcome the asymmetry caused by
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pulling and the qualitative behaviour of ¢; is the same as that of the deterministic
solution ¢f®* of the ODE

1
G = (g — ()Y +e), ofF=u. (4.15)

In particular, we will see that ¢ falls into the right-hand well by a time of order
Vellno| after the bifurcation and so too does g;. The strategy is as follows:

1. Show that ¢ is of order /¢ when ¢t = /.

2. Show that (g, t) then leaves the space-time set K(k) (see (4.23)), by a time of

order y/e|lnao|.

3. Show that ¢; approaches the right-hand well and stays in a small neighbour-
hood of it up until any time ¢5 > 0.

4. Show that by taking to large enough, ¢; stays in a neighbourhood of the right-
hand well of order t'/277 for any 0 < v < 1/2 and all t > to.
Step One:

We begin by describing how ¢{** behaves.

Lemma 4.3.3. Let ¢ be the solution of (4.15). Then we have, uniformly for all

initial conditions T € X,

e/lt] for =T +e¢|lne| < t < —\/e
Ve for —VE <t < Ve

det _
PPN

and there is a constant C > 0 such that for allx € X, |¢i°*| < C for all =T < t <
—T +¢|lneg|.
Proof. Consider the equation

tq(t) —q(t)  +e=0. (4.16)

By fixing ¢ and differentiating the left-hand side with respect to ¢%, we see that
for ¢ < 0 it has no turning points and so admits a unique real-valued solution.
Furthermore, we can check that ¢% (t) < € and (¢%)'(t) = ¢%.(t)/(3¢.(t)> —t) <  for

negative ¢t bounded away from zero.
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Suppose first that the initial condition satisfies + > ¢ (=T'). Define z =

g — ¢t (t). Aslong as z; > 0, we have % < tz/e so that

0 < ¢ — () < (z—qi(=T)) e T2

Let tg = —T +¢|Ing|. If z; < 0 for some —T < t < ty, which means that ¢t < ¢,
then the analysis below for ¢ > ¢y can be applied from that time. Otherwise, the
above inequality shows that ¢ < e.

If v < ¢ (—T) then we define z; = ¢ (t) —g°*. As (¢})'(t) > 0 for negative
t bounded away from zero, we have z; > 0 for such t. In this case, there is ¢; > 0,

independent of z € X, such that
. 1 * 2
2 < c1e+ g(tzt + 3¢ (t)2;)

for all =T < t < tg. Furthermore, as long as z; < —t/6q7%.(¢) (which is satisfied
by z(—T) for all z € X by taking ¢ sufficiently small) then 3¢} (t)z7 < —tz/2 and
S0

1
ét < e+ gtzt .

This tells us

t
0 < q* (t) qglet < (q*(—T)—m) e(tQ_T2)/4s +015/ e(t2_52)/4€ dS,
-T

which shows that z;, < —t/6q7 (t) for all —=T" < t < %y and we can use the above

inequality to again see that gt < e.
We now analyse the behaviour for ¢ > to. As gj; det > 0 and qdet = 1 whenever
gt = 0, it follows that ¢t > 0 for all t > to. Therefore, for t > tg we have
-det 1 det
G < E( +¢)

and so

gdet < qtdoete(tktg)/zg +/t oP=57)/25 g < coe/[t| for tg < t < —\/e
to co/e for —/e <t < /e

(4.17)

for some constant co > 0. To obtain the lower bound, we use that for t < 0,

tqg —¢® > 2tq as long as ¢° < |t|. By taking e sufficiently small, we have

0 < g, < +/|to] for all initial conditions » € X. Aslong as 0 < ¢ < +/|¢],
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then

-det

g = (thdet +€)

M| =

and .
et > g, ot/ +/ o2=s2)/e g

to

By (4.17), we certainly have ¢f®* < +/[t| for t < —+/¢ and so the above inequality
gives the corresponding lower bound for qdEt up until this time. For —y/e < ¢ <
V&, we then have tgiet — (¢e*)3 > —Ce for some constant C' > 0, so that gt

remains of order 1/ in this interval. This completes the proof.
O

We now show that the deviation process y; = ¢q; — ¢ satisfies |y(\/2)| <
he /4 for some h < &3/*, which will complete Step One. The process y; solves

dye = Zla(ty + o, ] dt+ Wi y(=T) =0, (4.18)

where a(t) = t — 3(g")? and b(y;,t) = —3¢**y? — y3. For all pairs (y,t) € B(h) for
a choice of h = O(e'/*) (see (4.21) and Lemma 4.3.4), we have |b(y,t)] < My?.
Solving (4.18) gives

t
e o [ i
\f -7

where a(t, s) = fst a(u) du.
We now define the space-time set B(h) mentioned above. If we write Var(yf) =
o?v(t), then we find that v(t) solves the ODE

ev=2a(t)v+1, ov(-T)=0.

Let £(t) be the particular solution of this ODE, with nonzero initial condition, given
by

£(t) = £(~T) /e L / " et ds,  E(-T)= . (4.20)
eJor 2|a(=T)|

Then we define

B(h) ={(y:t) : =T < t < Ve, |y| <hVE&(1)} (4.21)
and the stopping time 75, = inf{t > : (y,t) ¢ B(h)}. Note that 7
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depends on the choice of initial condition z. Before estimating 75(;), we must first
understand how a(t) and £(t) behave:

Lemma 4.3.4. Let ¢ solve (4.15), define a(t) =t —3(q€")? and let £(t) be given
by (4.20). Then, uniformly for x € X, a(t) < t for =T < t < —\/e and
la(t)] = O(Ve) for |t| < /e. We also have, uniformly for x € X,

1
S Ve

and |E(t)| = O(1/e) for all =T < t < /=

£(t)

Proof. The assertions about a(t) follow from Lemma 4.3.3. We can use this to tell us
how &(t) behaves, for which it is helpful to consider the case a(t) = ¢ as an example.
Furthermore, since £ solves e€ = 2a(t)¢ + 1, this tells us that |£(¢)| = O(1/e). O

Having established the behaviour of all relevant quantities, we can now prove
the following proposition telling us that sample paths are likely to remain in B(h)
for all times t < /e.

Proposition 4.3.5. There exists a constant C > 0 such that for all € sufficiently

small, all 0 < h < 3/, and all initial conditions © € X,

C h?
IP’(TB(h) <ﬁ) < E—Qexp —@(1—7“(}%5)) ,

where r(h, ) = O(y/€) + O(he™3/%) uniformly for x € X.

Remark 4.3.6. Choosing h = ko+/|Ino| with k > 0 large enough guarantees that
the right-hand side tends to zero as o | 0 and that h\/&(\/E) < /€, in which case
we may take q(\/€) < /e uniformly for all x € X.

Proof. Recall the decomposition y; = yY + y} from (4.19). We have for all ¢t <
TB(h) N VE,

’ytl| < 1 1 ! ea(t,u)/s|b(y u)|du
VEB T Ve e Jr "
Mh? 1/t
( sup £(u)> / etw)/e gy
E(t) \-T<u<t eJor
CthQ
£3/4
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for some constant ¢; > 0, where we obtain the final inequality by bounding

1/t ectw)/e gy < C/lt| fort < — /e
- C/\e for t| < Ve

3

and
1 C/\/|t| fort < —\/e
——( sup ¢&u)) <
£(t) \-r<u<t Ce V4 for |t| < /e

Therefore, if |y0|//€(t) < h(1 — et Mhe=3/4) for all =T < t < /e then we must
have 73 > /€. Letting H = h(1 — c1Mhe=3/%), we obtain exactly as in the proof
of Proposition 4.3 from [BG02] that for sufficiently small ¢,

2 C H?
P <_T ilipg VED > H) < 3 €XP (—M(l - O(ﬁ))) (4.22)

for some C' > 0. Note we cannot apply that proposition directly because our function

<u

a(t) behaves differently for |[¢| < /e than the corresponding function there. In
particular, here a(t) < 0 for t < ¢, whereas in [BG02], a(t) = t + O(t?). We now
outline the proof and show that it extends to our case.

For a partition =7 =ty < t1 < ... < tj = /e of the interval [T, \/¢], which

is chosen below, we have on each subinterval

0
P sup vt >H
t; <t <tjr1 \/&(t)
¢
<P sup / emo(u)/e qu’ > Ve
ty <t <tjyr -T ot

H? t
< 2exp —53 8204(tj+1,tj)/5 lnf 5( ,
20 ty <t <tjpn f(tj_H)

£ H\E®) e_a(t)/€>

in
i StStip

~—

where the final line follows by the inequality (3.14). Now we describe our choice of
partition. Let J = Jy + J; for

oe[FE] anf2].

and define the partition by

—Oz(tj+1,tj):€2, 0 < ] < J0_27
ti=—vVe+ (- Jo)e, Jo < j < Jo+Ji—1.
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Using Lemma 4.3.4, we can Taylor expand £(t) around &(t;41) to find constants
Cq, C3 > 0 such that for t; < t<tj;pandany 0 < 57 < Jop—1,
£(1) Citjv1 — i Cy &

>1- 2 > 1— 2ty —t)|tis] = 1+ 2
g(thrl) c 5(t3+1) E(]"r ])|]+‘ c

2 2
(51 —15) -

Since a(t,s) < t?2 —s2 for s < t < —y/€, we have |t?+1 - t3| = O(e?) uniformly

forall 0 < j < Jp— 1. This tells us there is a constant C > 0 such that for all
0 < j g JO - 17

0 HQ
P sup v >H | < 2exp (—2 e (1 - C€)>
t; <t <tjr1 \/E(1) 20

and we can further bound the right-hand side using the simple inequality e=2¢ >

1 —2e. We can also find constants C7, Co > 0 such that for t; < t <t;11 and any
Jo < j < Jo+J1—1,

£(t) Citjp1 —t; Cy
BRI T B e e O e N R O S .
€t P (ti1 = 15) Cave

NG

Note too that since |a(t)| = O(y/e) for |t| < +/e, it follows that for all Jy < j <
Jo+ 1 — 1, a(tjy1, tj)] = O(€3/?) uniformly. Therefore, for all such j we have

P sup 52| >H| < 2exp <—H22 e CVE (1-— C\/E))
tj <t <t \/&(t) 20

for constants ¢, C' > 0. The bound (4.22) then follows by summing over the parti-

tion, which completes the proof.
O

Step Two:

We define for k > 0 the space-time set
K(k)={(gt):t > Ve, < (1—-r)t} . (4.23)

The boundary of K(k) consists of the curves (£4/(1 — k)¢,t). For the present case,

we only need to consider ¢ > 0 (for the slow pulling regime in Section 4.3.2, we
will also consider ¢ < 0). Let ¢ty > +/¢ and suppose that 0 < ¢(tg) < /(1 — K)to.
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Then for t >ty and as long as 0 < ¢ < /(1 — K)t, we have ¢ > ¢, where

1 o
dgf = —ktq" dt + — dW, R(to) = q(to)/2 . 4.24
g = _rig; +\/g t, o q"(to) = q(to)/ (4.24)

Solving this SDE gives

t
it = galto) o8/ 4 2 [ gy,

We now state two lemmas that are analogues of Lemmas 3.2.10 and 3.2.11 from
[BGO6]. The proofs given here are essentially the same. For the present section, we
will only need to take tyg = /¢ and, by Step One, g9 = ¢(1/¢) < v/e. For the slow

pulling regime, other initial conditions will be considered. Let

Ty = nf{t > to: (@, t) € K(k)}

and
=inf{t > to:qf < 0}.

Note that if go < 0 then we define 70 = inf{t > tq:qf > 0}.

Lemma 4.3.7. Assume that q; starts at time ty > /e in qo > 0, where (qo,to) €
K(k). Then there is C > 0, independent of to and qo, such that for allt > to+e/to,

Pl > 6786 > 1) < O Vigvie <@/

Proof. We know ¢, > gqf for all t < 7,y Ainf{u > to : g, < 0}, so ¢; cannot

reach 0 before g; does. Therefore,

Pty = t, 70 = t) < P(0<q, <+ (1—r)u for all u € [to,t])
< PO<q <V(1—-k)t)
(1—k)t
27 Var(qy)

where the final inequality follows since ¢f has a Gaussian distribution. If t —¢g >

e/to, then we have
o [t 122 19 o2 2
Var(qf) = / en( s )/8 dS 2 e K 76,‘6( 0)/5
€ to t()

Therefore, the result holds with C' = (1 — k)/2(2m)~V/2 e +1/2, O
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Lemma 4.3.8. Let qf start at time to > /¢ in qo/2 > 0. Then there exist
constants Cq, Co > 0, independent of ty and qo, such that for all t > tg, the

probability of reaching zero before time t satisfies the bound

C’lo' o < ng(%t())
xXp | — .
q0V'to o?

Proof. We have by the reflection principle (see Lemma B.4.1 from [BG06]) that

0 en(t27t(2))/2s
24/ Var(gy)

4z

P(rf < t) <

P(ry <t) =2P(¢f <0) =2 (

< 20 (
where the final line follows by the inequality

2 gt 2
Var(qn) _ U/ en(t2—s2)/a ds < o en(tz—tg)/s )
t e Ju 2Kto
Using the bound ®(—z) < (27) Y2z e **/2 valid for z > 0, the result then
follows with C1 = 2/y/km and Cy = k/4. O

This second lemma shows that when go\/tp > o, the linear process ¢f° is
unlikely to return to zero for any time ¢ > %y, while the first lemma shows that
as t increases the probability of ¢; remaining in (k) decreases. Therefore, we have
@ > qf until time 7xc(,) and so ¢; must exit K(x) through the curve \/m
Indeed, there are constants C7, Co > 0 such that for initial time t; = 1/ and any
initial position gy < v/, we have for any t > 2,/ that

1/4 3/2
Py <t 1 > 1) > 1 D8 Jremnitze - 17 (- Coc ) . (4.25)
o

(o 53/4

In the present fast pulling regime, ¢ > ¢*/3 and so the third term on the right-hand
side tends to zero as o | 0. Picking t = \/W , we see the second term also
tends to zero as long as k > 1/k. By a time of order \/m, all paths will have
left /C(x) through its upper boundary.

Step Three:

Firstly, we will see how deterministic solutions behave when started from the bound-

ary of IC(k). For this, we let ¢7 () be the same solution of (4.16) that we considered
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in the proof of Lemma 4.3.3, i.e. the unique real-valued solution existing for all times
t > —T. For t > 0 and ¢ sufficiently small, we have vt < i (t) < Vit + e/t
which can easily be seen by the intermediate value theorem. For the sake of brevity,
we shall write 7 to mean 7 (,). The following proposition tells us how q? et behaves,

det
where ¢, °" solves

.det,T
q

1 T T
= (g — (VT + o), G = 1= R)T. (4.26)

T e
Proposition 4.3.9. Assume that k € (1/2,2/3) and let n =2 — 3k > 0. There is

a constant C > 0 such that the solution ;™" of (4.26) satisfies

* T 3 % ot.r _ - 5
0 < D) g™ < C(WJF(‘I (1) — 247 (1)) e =T/ )

for allt > 7 and e sufficiently small.

Remark 4.3.10. The condition k > 1/2 guarantees that paths do not re-enter K (k)

after leaving, while k < 2/3 ensures that the potential is convexr outside of K(k).

Proof. The inequality ¢/°“" < ¢%(t) follows since ¢%7 (1) < ¢* (1) and

@y =20 oy (427)

The proof of the other inequality follows along the same lines as that given in [BG02,
Proposition 4.11]. Note, however, that unlike there we only need to take ¢ sufficiently
small and not ¢. This is because in our case the value of ag, which is defined in
equation (4.99) of [BG02], is given by —2(1 + o-(1)), rather than —2(1 + o(1)).
Similarly, M* = 3(1 + 0.(1)). As ¢(t) < Vt+e/t < (3/2)Vtfort > /e and
e small, we can use (4.27) to show (¢%)'(t) < (3/4)t7'/2, giving K* = 3/4, where
K* is also defined in (4.99). In [BG02], K* = 1/2, but the proof just requires that
K* < 1. O

Now that we understand how q? etT behaves, the final step is to show that ¢,
starting at the same point, stays close. Having shown in Proposition 4.3.9 above that
the analogue of Proposition 4.11 from [BG02] holds, the proofs of the subsequent
bounds there can easily be extended to our case and we now show what these are.
Let

1 , 1 [P oo
T(t) = 2a7 (t,7)/e / 2a7 (t,s)/e d
0= g © o) 5
where a” (1) =t — 3(q;i “T)2 is the linearisation of the drift term around q? T and
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a’(t,s) = f:a(u) du. As is shown in Lemma 4.12 from [BG02], it follows from
Proposition 4.3.9 above that |a”(7)| < t, so that £7(¢) < 1/t.

Now we write

AT(h) = {(q.t) : t > 7,]q — ¢| < h/E (1)} (4.28)

and let 74r(py = inf{t > 7: (q:,t) ¢ A7(h)}. The following bound on 7 4- 3y follows
by the analogue of Theorem 2.12 in [BG02] applied to our situation. It tells us that
for k € (1/2,2/3) and any to > 0, there exist constants C, hg > 0 such that for
h < hot and e sufficiently small,

PTVIRT (1 < t2) < ¢ exp " 1-0@) -0 h (4.29)
(h) g2 202 T ’
where PV (1=%)7 denotes the law of ¢; when started from /(1 — )7 at time 7. The
right-hand side becomes small by choosing h = ko+/|Ino| for k large enough, for
which we note that 7 > /¢ by definition so that h < 7.

Step Four:

Let us suppose that t2 > 1. By Step Three, we may write ¢(t2) = /12 +
O(o+/|Ina]) + O(e) independently of Tic(r)- For a given g(t2), let ¢f®* be the cor-
responding deterministic solution starting at the same point. We can again ob-
tain a similar bound as in Proposition 4.3.9, but for simplicity let us just say that
(9/10)vt < gt < (11/10)v/t for all t > 1. Letting y; = ¢ — ¢**, we define
7(y) = inf{t > to: |y| > t'/277} for 0 < v < 1/2. We again decompose y; into a
linear part, 4, and nonlinear part, y;, as in (4.19). Then a(t) =t — 3(g***)? < —¢
uniformly for all ¢ > 1 and the function b(y, t) containing the nonlinear terms now
satisfies |b(y;,t)] < My/ty? for all t < 7(v) and some constant M > 0 independent

of t3. We will show that P(7(y) < co) = 0. For ¢t < 7(7v), we have

1

t
o] < 2 [ e by ] du
2

3/2—-2 t
< ]\ﬁ/,y/ eaf(tvs)/E du
9 to

< Ot/

where the final inequality holds uniformly in ¢ and the constant C' > 0 is independent
of ty. Therefore, if [y?| < H(t) for all t > ty, where H(t) = t'/277(1 — Ct~7), then
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we must have 7(y) = oo. Note that 1 — Ct~7 > 0 and H(t) > 0 for all t > t5 by
taking to large enough. We have

]P’(sup w2 >1> < iIP’ sup 2] >1
t>t, H(t) h = sj<t<sjy H(t) ’

where to = 59 < s1 < ... is chosen by —a(s;j11, s;) = 2. Note that, uniformly in j,

we have s?H — 83 < —a(sjt1,50) = —a(sjt1,85) — ... —a(s1,80) = (j + 1)e%, which
shows that s; — 0o as j — oo. Call the summand on the right-hand side above P;.
As H(t) is increasing, we can further bound P; by replacing H (t) with H(s;). We

can also use for s; < t < sj41 the inequality

o [t
10| = '/ ets)/e qu,| < e2(si)/e
NG

S0

o ['nea
VE Js

This gives for all j > 0,

Pj<P< sup

s0 ST < 8541

662&(8j+173j)/€ H(Sj)2
< 2exp T 552 f3j+1 e2a(sj+1,8)/e (g
S0

ClSjH(Sj)2>

t
/ o—als)/e dWs‘ o VE —als)/ H(Sj))
S0 g

< 2exp<— 552
o

where the constant ¢; > 0 in the final inequality is independent of j. Note that the
second inequality comes from (3.14) and the final inequality uses that a(sj;1,s) <
—(s?Jrl — s?) uniformly for all sp < s < sj4+1 and all j. Summing over j > 1 and

using that s; —sj_1 > 062/8j uniformly in j, we have

o [o.¢] s s
_ S et
D P=) Pt
X . 3] - 3]—1
J=1 J=1
C o0
< 3 E :PJSJ(SJ $j-1)
Jj=1

where
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and cz > 0 is a constant. We have used that sP(s) is decreasing when bounding the

series by the integral above. Then

oo CQtQ(l_’Y)
/ sP(s)ds < Co%exp —272

to

for some constant C' > 0 depending on t5 and =, so that

2(1—)
‘?J? ‘ Co? Caty

P >1) < P+ -2 _22
<“p H{(t) OF T P o2

and the right-hand side tends to zero as o | 0.

4.3.2 Slow Pulling

We now consider the slow pulling regime from Proposition 4.3.2. In this case, the
noise dominates the dynamics and cancels out the asymmetry caused by pulling.

The process gq; should, therefore, behave similarly to ¢;, where

™ | =

~ ~ ~ g ~
dgr = — (16 — ;) dt+ ——dW,,  §(-T)=0. (4.30)

NG

As we have chosen ¢(—T') = 0, the law of G is entirely symmetric about zero. The

strategy is as follows:

1. Recall from [BG02, BGO6] that ¢; stays close to the origin with high probabil-
ity. At time ¢t = \/z, its typical spreading is of order ce=/4/|Ino|.

2. Show that paths of ¢; stay close to those of ¢; until ¢; leaves the diffusion-
dominated strip S(h), defined in (4.31) below.

3. Show that ¢ then exits the slightly larger strip K(k), defined previously in
(4.23), without returning to the origin.

4. Show finally that ¢; then falls into the potential well on the same side as it

left /C(x) and remains there.

Step One:

This step is the same as Step One from the previous section, except now we are
analysing the behaviour of ¢. Unlike in the previous section, we can use directly

the results of [BG02, BG06], which we now summarise. We again define the function
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t) as in the last section and now a(t) := ¢ — 3(49*)2, where
é‘( ) qt 9

. 1
q =G = (@Y, =0
Clearly, ¢9°* = 0 and so now a(t) = t. Again, £(t) < 1/(Jt|AE) for =T < t < /e

We define the space-time domain

Bh) ={(G,t): -T < t < V& |d < h/E@D)}

and the stopping time 7(,) = inf{t > —T : (G,t) ¢ B(h)}. Applying Theorem 2.10
from [BGO02], we see that there exist constants C, hg > 0 such that for e sufficiently
small and h < hgv/e,

P(1p(n) < Ve) < 8%exp <—2f;22 [1 —0(/e) -0 (l”LZ)D .

3

Choosing h = ko+/|Ino| for k large enough, the right-hand side tends to zero. At
time /2, we may take |G(y/2)| = O(ce~/4y/|Ina]).

Step Two:

In the fast pulling section, we saw that at time /¢, ¢(1/2) < /¢, from which we could
then show its subsequent exit from (k). Now we are considering the exit of ¢; from
K(k), with values of G(/¢) as found in Step One. For this, we must first consider
the exit of ¢; from a smaller strip. We define for t > 4/ the diffusion-dominated
strip

st ={@0:t > valil< 2.} (431)

and the stopping time 75y = inf{t > /& : (G,t) ¢ S(h)}. See Figure 3 in
[BG02] and Figure 3.12 in [BGO6] for an illustration of S(h) and K(k) (note that
K(k) is denoted D(k) in [BG02]). Let h* := hgoy/|Inc|, where hy > 0 is a
constant sufficiently large so that (¢(v/),+/e) € S(h*). Applying Proposition 4.7
from [BG02] with the choices h = h* and pu = 2, we see that there exists C' > 0 such
that for all o sufficiently small and all initial conditions (qg, /¢) € S(h*),

P(rspey > t) < <f:)2eXp (_(ﬂ?; : {1_0 (hl(’ll"‘/ff)ﬂ) ’

as long as o|Ino[>/? = O(,/2), which we already assume in the present slow pulling
regime. We can check that by taking t = \/2keln(h*/o) with & > 0 sufficiently
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large, the right-hand side tends to zero. For such a choice of k, we define t* =
2ke In(h* /o), and henceforth only consider cases where 7g(;+) < t*.
The important point here is that, by symmetry, ¢; exits S(h*) through either
boundary with equal probability. Now that we understand the behaviour of ¢ up
until its exit from S(h*), we turn our attention to ¢;. The following lemma shows

that ¢ is close to ¢ at time 7).

Lemma 4.3.11. Let ¢ solve (4.4) with any initial condition q(—T) = x € X, and
suppose (o) < o*/3|Ina|~13/6. Then for almost all paths in the set

{(@(Ve).Ve) € S(W"), sy < 17},

3/4 13/8
1+(9<6 [Ino] )] .
g

The proof of this lemma is based on the following simple comparison of ¢

we have

(:ZTs(h*> = qT5<h*)

and §;.

Lemma 4.3.12. Let q; solve (4.4) with initial condition q(—=T) = x € X and let ¢
solve (4.30). We have, almost surely, for allt > -T,

t
(it—kate(tz*TQ)/QE < q¢ < c}}—i—/ e(t?=%)/2 g (4.32)
-T

ifx < 0, and
G < @ < G+ / el =5/2 g 4 g -T2 (4.33)
if x> 0.
Proof. Solving (4.4) gives
g = weB-T)/2 +/t o(2=s7)/2¢ 4
-T

1 t 2 5 o ¢ 2 2
4 (t?—s2)/2e 3d s (t2—s%)/2¢ dw. . 4.34
€ /Te e Ve /Te o )

By the comparison principle for SDEs, ¢¢ > ¢ almost surely, where §; solves

N U o .
dg; = g(t(h — qg’) dt + %th , g(-T)==x.
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Using this lower bound for ¢ in the second integral on the right-hand side of (4.34)

gives

¢
g < Qt+/ e(t*=%)/2e 45 |
-T

When z < 0, we have ¢ < ¢ almost surely, which gives the upper bound in
(4.32). For the lower bound, we have

t
th — xe(t2_T2)/26 — 1/ ( )/25 ~ d5+ / 2_s2 /26 dW
€J-r

t
> ze(t?=T7)/2¢ _1/ o(t?=s%)/2¢ 5 qs ds + — / o(t?—5%)/2¢ dw,
€J-rT \@ -T

The case z > 0 is easier and does not involve §;. It follows along similar lines. [

Proof of Lemma 4.3.11. For all \/e < t < t*,

t *
/ =2 (s < 0y JE (h ) Cov/z | mof? | (4.35)
-T g
and for all z € X,

*\ 4
|x’e(t2—T2)/2a < Cl <h> e—T2/2€ < CQ“DO”ze_TQ/zg _

o

Of these two estimates, (4.35) gives the larger upper bound. Next observe that
Tshey <t < Ce?|Ing|V4 .

Therefore,
1 TSk gl/4

R T T o|lnol3/8°

|675(h*)| B

Using (4.35) and the above inequality together with Lemma 4.3.12 gives the result.
O

Step Three:

Now we analyse the behaviour of g, rather than g, for t > 75(,+). As we saw in the
fast pulling case, if ¢; starts from gop > 0 at time t9 > +/e, where (go,%0) € K(k),
then ¢¢ > ¢f aslong as 0 < ¢ < /(1 — k)t, where g was defined in (4.24). Unlike

there, we now have to also consider negative initial conditions. We would like a
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bound of the form ¢ < ¢f in such cases, but now the bias of ¢; in the positive
direction makes this more difficult. In order to obtain a corresponding comparison
with ¢f, we need an additional assumption on tg and gg as set out in the following

lemma.

VE, qr starts at gy < 0, where (qo,to) €

Lemma 4.3.13. Suppose that at time tg >
K(k) and |qo| > €/tg. Then we have ¢¢ < qf as long as —/(1— k)t < ¢ < 0

and € is sufficiently small.

Proof. For —\/(1 — Kk)tg < qo < 0, it is certainly true by comparison of the drift

and initial conditions that ¢; is bounded above by solutions of

1
dzf:f(fitzf—l-a)dt—l—idwt, Z = qo
£ €

Ve

as long as —y/(1 — k)t < ¢ < 0. The result follows since

z = qo en(t*—19)/2e 4 /tt r(t?=s%)/22 qg % /tt (2 =5%)/2e qyy7,
0 0

o t

\ﬁ to
q[) t2 t2 2 (o2 t t2 2 2
< B0 (132 +/ oR(=5)/2 qu
to

< (QO + CE/to) em(tz—tf))/% + en(t2—52)/25 AW,

2 Ve

O

This lemma shows that, under suitable conditions, we may compare ¢; and
gi for both postive and negative initial conditions ¢y. For gy < 0 we get analogous
bounds to those in Lemmas 4.3.7 and 4.3.8. In the previous section, we applied those
lemmas with ty = /¢ and g9 < /. We now apply these lemmas with ¢ty = TS(h)
and |qo| < h*/,/Ts(~) (see Lemma 4.3.11). Note that if /e < 7504+ < t* then
£/to < |qo|, and so the conditions of Lemma 4.3.13 are satisfied. We obtain a bound
similar to (4.25) and again see that K(x) is left by a time of order \/¢|Inol|.

Step Four:

When ¢; exits (k) on the positive side, this part is exactly the same as Step Three
from the fast pulling section. The other case when ¢; exits (k) on the negative
side is similar. Firstly, we introduce ¢* (t), another real-valued solution of (4.16)
existing for ¢ > /2 and satisfying the bounds —vt < ¢*(t) < —+V/t+ ¢/t and
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(¢*)'(t) < 0 for all such ¢ and e small. Note there is also a third real-valued solution
of (4.16) between ¢* and ¢}, which is an unstable equilibrium branch. By taking e
small, we have ¢* (t) < —/(1— k)t for all t > \/c. Again writing 7 = Ti(k)> W
need to check that the deterministic solution qf YT of (4.26), with initial condition
¢t (1) = —m, satisfies a bound as in Proposition 4.3.9 of the form

et, 7 * E et T . _ - §
0 < q? " —¢-(1) < C<W+(qd & (1) —q*(7))e n(t*—72)/2 )

for all ¢ > 7. The main thing to ensure is that q? et’T, which has a bias in the

positive direction, does not re-enter the set (k) after having left. To see that this
is indeed the case, first note that the derivative with respect to ¢ of the boundary
curve —/(1 — k)t is given by —1¢t~%/2y/T — k. The derivative of ¢**™ when on the
boundary of I(k) is given by %t3/2(—/<a +¢e)v1— k. Using that t > /g, we see
that the inequality

1 1
B keI -k < —575—1/2\/1 — K
g

holds when k > 1/2 + ¢, which is true for all k > 1/2 by taking e sufficiently small.
Having established that ¢* (¢) < q? T < /(I —k)tforallt > 7 ande
sufficiently small, the rest of the proof follows like Proposition 4.11 from [BG02].
The subsequent estimate (4.29) above showing the concentration of ¢; in the set
AT (h) then follows, where A" (h) was defined in (4.28). Finally, we can show as in
Step Four from the fast pulling section that ¢ stays in a neighbourhood of —+/t for
all t > to.

4.4 The Full Solution

We now consider the full equation (4.2) and show that for sufficiently small mass
(large B), it behaves like the overdamped solution of the previous section. The
general strategy is as in Section 4.3, namely we first show that if we start the
system at the origin at time s < —1, then the solution at time —1 belongs to a
suitable set. This is done in the following two propositions. We then provide a
result that is uniform over all solutions starting from the set in question. The first

step is achieved by the following statement.

Proposition 4.4.1. Let X = [—£'/>78 /28] and V = [—e~(1430)/2 ~(14+30)/2],
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Let T > 1 be a constant and let ¢; solve (4.2) with > 1/2. Then we have

lim liminf P® (q_gT EX,p_or € l>) =1.

o,e—0 s——00

Proof. We fix some arbitrary starting time s < —27" and we consider the solution
to (4.2) with initial condition ¢s = ps = 0. We define the function ¥(p, q,t) by

B
€ t 1 1
v t —pt— —pq .
(pq,t) = 2p 5 +4 — 4+ 5P
Applying 1t6’s formula to W(p, ¢, t), we obtain
1

1
AW (ps, g1, t) < <_5_B\I’(ptaQt, )+ o 2em1P . —g? - 255%) dt +dM (1),

2e

where M is some continuous martingale. Using the inequality ¢®~1¢®> + ¢ >
—!=8 /4, we see that

d _ 1 _ 1
&E\Il(pt,qt, t) < —¢ ﬁE\Il(pt,qt, t) + 20’ e 178 4 85 —26

This tells us that EW(p, qi,t) < 02/(2e) +e'78/8. Fort < —2T < —2, we have

ef 1 1 1 &, 1 1
TP - g e > e e

U(p.q.t) > ,
(p.a:t) = 1z T4z 1 9% 16

where we used the inequality 2pg > —e’p? — eP¢?, which tells us that

2+ 28402 42 P4,

< 2
< 4P 4 173014 4 2027178 1 17280

The result then follows from Chebyshev’s inequality, noting that g > 1/2. O

Now we use the previous proposition to restart the process at time —27. We

denote by P*? the law of the solution of (4.2) starting at time —27" with ¢_o7 = %,

p—or = 0.

Proposition 4.4.2. Let X = [-1,1] andV = [~ P,e7P]. Let T > 1 be a constant
and let q; solve (4.2) with 5> 2. Then we have

lim  inf }P’x”(qTeXpTEV)—l
0-5_)0$EXUEV
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Proof. Let
1 P g2h gh-1
U(p,q) = -¢*+ —pqg+ —p>+ —q* .
(p,q) TR L e e

Applying 1t6’s formula to ¥(py, ¢¢), we obtain

1 €ﬁ+1 2 t 2 1 4 g B B+1 0'2
AV (pt, qt) = = | ——5—0; + 5% — 5% + 5@+’ tprgr + 7 pr + | dt+dM(2)
€ 2 2 2 2 2
where M is some continuous martingale. Using the inequality 2pq < 2p® + e 2¢2,
and that t € [-2T,—T] and 8 > 2, we have for sufficiently small &,
1/ 1 g2 o?
d¥(pt,qt) < - <—2‘I’(pta%) + 4P 4 ) + 2) dt +dM(t) .
It follows that EW(p,, q,) < e 2D/ 22 BW(p_gr, q_or) + 0% 4+ 8P 4 2. We
can then use the bounds ¥(p,q) > &2’p?/4 and ¥(p,q) > ¢2/8, along with
Chebyshev’s inequality, to obtain the result.
O

We would like to use a singular perturbation approach to show that for
t > —T and suitably large 3, sample paths of g; can be approximated by those
of an overdamped equation starting at —7'. For this, we need to first consider a
process that is similar to ¢; but has better regularity. To this end, we introduce the

processes () and P that solve

th:Ptdt7 Q*T:PfTZO)

4.36)
BAP, = —P,dt + —— dW, . (
) t t + \/E t
We find that .
pm e [t
-T
and

o ¢ -8
Q= —W,—P =0 —1/2—,3/ —(t=9)"" W (s) ds .
! \ﬁ LT c -7 ¢ (S) 5

For 9, to > 0, define the two events F; and Fy by

E, ={|Q¢ > oe 1279 for some t € (=Tt} ,
By = {|P| > 07 /278279 for some t € [T, 2]} .

The following lemma shows that these events are unlikely.
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Lemma 4.4.3. There exists C > 0 such that for all § > 0 and all t3 > 0,

=5/ (ta+T) " 675—25/2)

]P)(El U EQ) < Ctz(e
holds for o, € > 0 sufficiently small.

Proof. Since Q; = g~ 1/2=8 ffT e~ (t=s)e™? W (s) ds, it follows that

P(E) < P (]Wt| > 79 for some ¢ € [T, tQ])

_e—0/(ta+T)
< Ctge € .

where C' > 0 is independent of § and t2. We also find as in the proof of Lemma 3.2.3
that there exists C' > 0, independent of § and t9, such that for ¢ sufficiently small,

P(Es) < Ctoe 201 exp <—;€2‘5> .

The result follows by combining these two estimates. O

Now let yr = ¢ — Q. It solves, almost surely, the second-order ODE

=ittt Q) ~ Q)P e), y(-T) =z, i(-T)=v.

The following proposition shows that for almost all paths in (E; U E3)¢, y may be
approximated by the solution of a first-order ODE. Note that the condition on S is

a little stronger than necessary, but is required later on in this section.

Proposition 4.4.4. For all ta > 1, there exists C = C(t2) > 0 such that for all
B>2,all0<d<B/2—1, all 6?/(H2) <« ¢ <« 1 and almost all paths in (Ey U E;)°,

o1 o _ _
y_g(t(yt+Qt)_(yt+Qt)3+5) < Omax{e? 270 ge3/2158/2-20

for allt € [T + 2e%7° t5] and o sufficiently small.

Proof. If we write z = ¢, then almost surely the pair (y, z), which is differentiable,

solves

y=z,

. 1
Pr=—2+ gg(ta ye + Q1)
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where g(t,y: + Qt) = t(yt + Qt) — (y: + Q¢)3 + . For t > 0, we have g(t,v/t) ~ 0 so
that we do not expect y; + Qy, or indeed y;, to be much larger than v/t. Therefore,
we let 7 =inf{t > —T : |y > 2y/t2}. On (Ey U E3)¢, there is C' > 0 depending on
to such that for all =T < t < 7 Ato, |g(t,yr + Qr)] < C. We solve the equation

for z to give
t
2 = ve (™" | —(1+5) / e (t=s)e™? 9(s,ys + Qs) ds (4.37)
-7

almost surely, from which we deduce that |z| < &7 e~ (D2 C/e for all
t < 7 Aty. This immediately shows that for -7 < ¢t < (=T + 265*5) A 7 and
sufficiently small e,

lye —x] < 1+CeP071 (4.38)

and so 7 > —T + 2eP—9.
For —T+eP% < t < 7At (note we have written 8’8_6, not 25/3_5), we

have |z;| < C/e. Furthermore, for such ¢ we find

< Cmax{e™!, g™ V/278/2701

d
a? g(t,ye + Q1)

Now we apply the Laplace method to the integral in (4.37). For t > —T + 2e°79,

decompose the integral as
Ll

Then, by the boundedness of g, we have

t—eh—9

taﬁ‘5

'/ —(t=s)==7 9(s,ys + Qs)ds| < Ce™®

For the remaining integral, we use a Taylor expansion of g to give
9(s,9s + Qs) < gt, 9+ Qs) + C(t — s)max{e ™", g™ /270/270}

Then

t
_(t—s)e— B
/ P (= g(s,ys + Qs) ds < e7g(t,yr + Qo)+
t—eP—

10Pe=" 1O max{e?37179 ge1/2+38/2-20y
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which tells us that for =T + 2¢%79 < t < 7 Aty and o sufficiently small,
1
2 < =gty + Qi) + Cmax{eP 270 ge3/2+5/2-20 (4.39)
€
In a similar way, we can also show that

1
2 = gty + Q) — Cmax{eP =270 ge=3/245/2-20} (4.40)

€
We will now show that the assumption 7 < ¢, leads to a contradiction. For this, we
will show that if y, = +24/f2, then the right-hand side of (4.39) is strictly negative,
whereas we should have z; > 0 by continuity. The case y, = —24/t2 is similar.
First, we note that if y, = +2+/t2, then there are constants Cy, Cy > 0, depending
on to, such that

9(T,yr + Qz) < —Cy+ Cooe /270,

and for o sufficiently small the right-hand side is strictly negative and bounded away
from zero. Then the conditions on €, § and § guarantee that the right-hand side of
(4.39) is strictly negative. This means that we must have 7 > ¢3 and so (4.39) and
(4.40) hold for all —T" + 2689 < t < t9, from which the result follows. O

Now we will use Proposition 4.4.4 to tell us something about the SDE (4.2).

Proposition 4.4.5. For all to > 1, there exists C = C(t3) > 0 such that for all
B8>2,al0<d<B/2—1, all 02/(1420) « ¢ <« 1 and almost all paths in (E1UE)°,

G < a+ePP < qf
for all t € [T + 2e%7° t5] and o sufficiently small, where

1
dgt = - [tqF — (¢iF)® + (1 £ r(0))] dt + % AWy, ¢E(-T+2P 0 =2 +3,
(4.41)

with Wy the same Brownian motion appearing in (4.2) and
r(o) = C’max{s’g_2_5,05_3/2+6/2_25} )

Proof of Theorem 4.4.5. We will show the upper bound. The lower bound is similar.
Letting tg = —T + 2¢°9, we know by Proposition 4.4.4 that there exists C' > 0 and

a process y;~ solving

. 1 o _ _
9 = —g(tyf + Qi) + Cmax{e? 7270, 0e IR}yl =g 12,
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such that y; < ;" for all t € [tg, ta], where y; = ¢ — Q;. Note the initial condition
for y;~ is chosen using (4.38). Therefore, ¢ < y;7 + Q. In the same way as in
Proposition 4.4.4, we can show |y;| < 4v/f5 for all g < t < to by considering the
sign of ¢,

Now define ny = y;r + Q; + PP, and note that for all tg < t < to,
|| < C for some constant C' > 0 depending on 2. It solves

1
d = —[t(m —ePP) = (i —eP P + e+ C max{e? 170 g~ 1/2H8/2-20Y g 4- % dw; ,

with initial position 1, < x + 3.

Denote the drift term above by f(t,m, P;,e). We will now show that f is
bounded in such a way that allows us to use a comparison principle. As we are work-
ing on (E; U E»)¢, we know that [¢#Py| < oe=1/2+8/2-0 for all t € [to, t2] by defini-
tion. Note also that by the conditions on 6 and e, max{e?~179, ge=1/2+5/2-20} « ¢
We then have

L [tm - 77{?’ +e(1+4 r(a))] ,

f(tvntajjt,g) < g

B—2—6

where (o) = C'max{e ,0e~3/2+B/2=20% for some constant C' > 0 depending on

t2. Let ¢ be the solution of

1 o
dgf = [t = (6 + <+ (@) dt+ TaWi, g =x 3.

By Lemma C.0.4 below, n; q; for all t € [to, 2] and almost all paths in (E3UE»)C.
+

<
Therefore, ¢, + P, < n; < q; , which gives the upper bound. ]
This proposition allows us to complete the proof of Theorem 4.1.4.

Proof of Theorem 4.1.4. Firstly, let us consider the fast pulling case. That is,
04/3|1na\2/3 < ¢ < 1. In this case, when § > 2 the term 1 — (o) appearing
in (4.41) is strictly positive and bounded away from zero for all ¢ sufficiently small.
Then the analysis of Section 4.3.1 can be applied to ¢, (the slightly different drift
term does not matter). By Lemma 4.4.3, we can assume (E; U FE2)¢ to hold, in which
case |ePPy| < e V/2HB/270 for all t € [T + 2e87°% t5]. Therefore, we find that
q — Bp > v/t for all cl\/m < t < to, where ¢q, v > 0 are suitably chosen
constants.

For the slow pulling case, let 0 < 6§ < (/2 — 1 and o?/(+2) « ¢ «
o3| Ino|713/6. Again, 1 + r(o) is positive and bounded away from zero for o
small and the analysis in Section 4.3.2 applies to ¢;” and ¢, . Note that, in the

limit, ¢, and q;" must “go the same way” as t becomes positive, by comparison of
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their drift terms and initial positions, and we know by Proposition 4.3.2 that the
probabilities are 1/2 in either direction. As above, the term £®P; does not change
anything. Therefore, ¢; behaves in the same way as ¢, and q;r , which completes the

proof. O

4.5 Asymptotics of Airy Integrals

We give here the proofs of the four lemmas at the start of Section 4.2.2 that were

used to prove Theorem 4.1.2.

Proof of Lemma 4.2.3. We trivially have
oo oo
/ eP? Ai(s)ds < / e Ai(s)ds .
a 0

As we saw previously in Section 4.2.1, ffooo eP? Ai(s)ds = eP*/3 for p > 0. In
addition, from [dlm07] we see that ff’oo eP* Ai(s)ds > 0. The upper bound then
follows from these two inequalities.

For the lower bound, we have from [dlm07] that for s > 1,

. 1 _ 5.3/2 5 _ 1 6.3/2
A > 1/4=25%2/3 (1 _ 2 o=3/2) > 1/4 ,=25%/2/3
i(s) > gz e 18° IV

Then

1/2

00 P> +p
/ eP? Ai(s)ds > / eP? Ai(s) ds
a P

2
1/2

2
1 po+p 3/2
> / g~ 1/4 gps—2s /2/3 ds

4\/T p?
24 p1/2 ,

8/ 2
Using the inequality ps — 25%/2/3 > p3/3 — 1/4 for s € [p?,p?> + p'/?] gives the
result with ¢ = 7=1/2e=1/2 /8, O
Proof of Lemma 4.2.4. For the lower bound, we have

oo p24+pl/2

/ e Ai%(s)ds > / e?Ps Ai%(s) ds

a p?
1/2

p*+p 2
> p /2 / e  Ai(s)ds |
p2
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where the second inequality follows by the Cauchy-Schwarz inequality. This final
integral was bounded from below in the proof of Lemma 4.2.3 above, which gives
the required lower bound with C; = 7~ e~1/2 /64.

For the upper bound, we simply have

/ e?5 Ai%(s)ds < / eP% Ai?(s)ds .
a 1

and can then follow the proof of Lemma 4.2.2(i). O

Proof of Lemma 4.2.5. We have simply

eP® Ai(s)ds :/ eP® Ai(s)ds — . eP® Ai(s)ds

—a —00

= /3 eP? Ai(s)ds .

—00

Then by the boundedness of Ai,

‘/ eP® Ai(s)ds

< / el |Ai(s)| ds
< C/ eP? ds
=CplePe .

O]

—a

Proof of Lemma 4.2.6. We firstly bound the integral below by considering just f_a /2
By (4.8), there exists a constant C' > 0 such that for all s < 0 with |s| sufficiently

large,

1 2 s
A(s) > —|s| Y2cos2 [ Z|s32 — T ) = -2
i“(s) QW‘S‘ cos 3\s| 1 Cls|

We assume that a is large enough that this inequality applies for all s € [—a, —a/2].

For each n € N, the cosine term has a zero j, of the form

_(3nm om\

In = 5 3 .
Define the interval J, := [jn+1,7n] and let N = {neN:J, C[-a,—a/2]}.
By taking a large enough, we guarantee that N' # ) and that all n € N satisfy

a®?/10 < n < 2a%/?. Then writing D, := Uneanr In» we futher bound the integral
J7APAi2(s)ds > [, Ai%(s)ds.
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For all n > 2, the inequalities

, _ 3nm 9r\ V/? —1/3
Jn—Jnt1 S T T+§ < ™

and

WV

5 + 3 —Tn

3(n+ )7 97r>‘1/3 1 s
2

Jn — Jnt1 2 77(

hold. Therefore, ar~'n'/3/2 < |N| < ar~'n'/3 and so |N| =< ¢*? unifomly for

all sufficiently large a. Then, uniformly in n € A and a large, it follows that

2 2
/Jn|8|_1/2 cos? <3]s3/2 — Z) ds > Cn~1/3 /n cos? <3|s|3/2 - Z) ds

> Cn—2/3’
so that
2
[ st (B -5 as > on g > ca
De
Finally,
Is|72ds < Cn~*3|J,| < Cn~ 313
JIn
so that
/ Is|72ds < Cn~3n VBN < Cat . (4.43)
Combining (4.42) and (4.43) gives the result. O
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Appendix A

First-Exit Problems

Here we present some results about first-exit problems, the theory on which the
ideas of Chapter 2 were based. Throughout, we let D C R™ be an open, bounded

domain with smooth boundary and consider on D the SDE
dzf = -VU(2f)dt + ocdW;, zf ==, (A.1)

where U : R" — R is some smooth potential function and o > 0 is the noise intensity.
In addition, we assume that U has a unique minimum at 0 € D. Many of the results
below hold for more general drift terms not deriving from a potential and for more

general diffusion coefficients depending on z7. Let
T=7=inf{t > 0:27 ¢ D} .

One of the main aims in the study of first-exit problems is to investigate the dis-
tribution of 7 and the exit locations 7. Below, we give an overview of the various
methods that have been employed to tackle this and other questions related to

stopping times like 7°.

A.1 Large Deviations

The SDE (A.1) can be viewed as a random perturbation of the deterministic ODE
i3t = VU (z¢et), with the same initial condition. We assume that all deterministic

trajectories, including those starting on 9D, coverge to 0 as t — oco. For small noise

we expect that z¢ will stay close to z°t

3 as o | 0. The theory of large deviations tells us about the improbable event

and that xf will converge in some sense to

that they do not stay close and the rate at which this converges to zero. This can
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then be used to tell us something about 7.

The result stated in Theorem A.1.1 below was first obtained by Freidlin
and Wentzell (see their monograph [FW98]) and later extended by Day [Day92] to
deal with the characteristic boundary case, which means that the boundary consists
of trajectories of the deterministic system. In the above setting, this would mean
VU (z) = 0 for some z € 9D, which may occur if 9D is a separatrix between different
domains of attraction of U.

An important role is played by a function V' (0, z), called the quasi-potential.
This represents the “cost” of x going from 0 to the point z and can be defined for
diffusions with general drift terms. For gradient flows as above, it turns out that
V(0,z) =2[U(2)—U(0)]. As one would expect, the cost of reaching a point increases
with the value of U at that point. Letting V = inf.cgp V (0, z) and assuming V < oo,
we have the following theorem, which is Theorem 5.7.11 from [DZ98].

Theorem A.1.1. 1. Forallz € D and all § > 0,

lim P* (e(v_‘s)/"2 <7< e(VJ”S)/"Q) =1.
al0

Moreover, for all x € D,

limo?InE*(1) =V .
al0

2. If N C 9D is a closed set and inf,cn V(0,2) >V, then for any x € D,
ImP*(zf € N)=0.
al0

In particular, if there exists z* € 0D such that V(0,z*) < V(0,z) for all
z# 2%, 2 € 0D, then

V6> 0,Vx €D, liﬁ)l]P’x(\x;' -2 <d)=1.

We immediately see the same type of exponential behaviour of 7 that we
saw in the Eyring-Kramers formula (2.2) in Chapter 2. We also see that the exit
occurs at those points on the boundary with the least energy. The theorem does
not, however, tell us which of these are more likely to be reached. This question is

addressed below in Section A.4.
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A.2 Infinitesimal Generator
Associated to the diffusion (A.1) is the infinitesimal generator £7, defined by

02 <~ 9%
Lv(x,t) = — —2(33,75) —(VU(z),Vov(zx,t)),
2~ 0z
where V = V. The following theorem, which is Corollary 5.7.4 from [DZ98], relates
quantities of interest in the first-exit problem to solutions of partial differential
equations involving L£7.

Theorem A.2.1. Assume that for any z € 0D, there exists a ball B(z) such that

DN B(z) ={z}. Letui(x) =E*(r%). Then uy is the unique solution of
LOou;=-1 inD, uy=0 ondD. (A.2)

Let ug(x) = E*(f(x2)). Then for any f continuous, ug is the unique solution of
Luy =0 inD, ug=f ondD. (A.3)

If f is chosen to be 1 on a subset A C 0D, where A is disconnected from
the rest of the boundary, and 0 elsewhere, then the second part of the theorem
tells us the probability of exiting through A. As noted in [DZ98], if we formally set
f(2) = d.+(2), then the fundamental solution of (A.3), considered as a function of
z*, gives the exit density on dD.

In general, (A.2) and (A.3) cannot be solved explicitly and even a numerical

approach is not feasible due to the small values of o that are of interest.

A.3 Potential-Theoretic Approach

We saw in Theorem A.1.1 the exponential behaviour of 7 as seen in the classical
Eyring-Kramers formula (2.2). However, it is only recently in [BEGKO04] that this
formula, including the exponential prefactor, has been proved in the multidimen-
sional case. The approach is based on potential theory. We shall now assume that
the domain D contains multiple minima and saddle points of U, all of which are
non-degenerate, meaning that the Hessian of U at these points has only nonzero
eigenvalues. The case of degenerate saddles has also been considered [BG10].

We shall now state Theorem 3.2 from [BEGKO04]. Firstly, we need some
definitions. For any two sets A, B C D, the saddle height between A and B is
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defined by

A~

U(A B) = inf U(d(t
(4, B) d:d(0)EAA)EB 1ejo] -

where the infimum is over all continuous paths d € D. Let P(A, B) denote the set

of minimal paths from A to B,

P(A,B) = {d € C([0,1],D) : d(0) € A, d(1) € B, st} U(d(t)) =U(A,B)} .
te(0,1

A gate G(A, B) is a minimal subset of G(A,B) = {z € D : U(z) = U(A, B)} such
that all minimal paths intersect G(A, B). The set of saddle points S(A, B) is the
union over all gates G(A4, B).

Theorem A.3.1. Let x be a minimum of U and let E be any closed subset of D
such that:

(i) if M = {y1,...,yr} enumerates all those minima of U such that U(y;) <
U(x), then U;?:lBJ2/2(yj) C E;

(ii) dist(S(x, M),E) = § >0, where S(x, M) = {2},...,2}.
Then

o o210 (@, M)=U ()] /o2

A1 (z0)
4V () it ity

E*(1E) = (1+O(o[Inal)),

where T = inf{t > 0:x; € E} and M\(z]) denotes the unique negative eigenvalue
of the Hessian of U at z;.

A.4 Exit Measure

We saw in Theorem A.1.1 that paths typically exit those places on the boundary
that have the least energy. Now we look more closely at the exit measure, which
will enable us to identify what happens when several boundary points have the same

energy. A thorough review of this topic is given by Day in [Day87].

A.4.1 Asymptotic Expansions

Matkowsky and Schuss [MS77] used formal asymptotic expansions to construct a
solution of (A.3) and obtain an expression for the exit measure. We now outline
this approach in the context of our SDE (A.1), again assuming that all deterministic

trajectories starting on 0D converge to 0 as t increases.
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The aim is to determine the distribution of exit locations on 0D, whose

density is given by
po(x,2)dS, =P(2Z €dS, |zf =x), z€D,z€dD,

where dS; is a surface element on 0D at z. In this case, the solution of (A.3) can

be expressed as

ug(x) =E*(f(27)) = [ f(2)ps(z,2)dS,,
oD
which relates u,(z) and p,(z, z). Using an asymptotic expansion of u,(x), they find
that

lim f(Z)pg($, Z) ds, = o, <A4)
o0 Jop

where Cp is some given constant, which allows us to compute limy o po (2, 2). Fur-
thermore, it implies the limit is independent of x so that lim, o ps(z,2) = p(2) for
all z € D.

It is again necessary to consider those points on the boundary where U is
minimal. If this occurs on a set I' C D such that T # () and ' \ T'? has zero

measure in 0D, then

IVUEe)
P(5) = TI0(:) [ d5; °

where x is the characteristic function. If the minimum is attained at distinct points
Z1y -y 2m € 0D and if
0*U .
Hk:H(Zk)EdetW 750, Z,j:1,...,n—1,

(2 ]Zk

/ /

where (2],...,2],_;) are coordinates on 0D, then

DY H='2(2)IVU (20)]16(2 — ) '
Sohy H7V2(2) VU (2|

p(z) (A.5)
These results obtained by Matkowsky and Schuss using formal methods were proved
rigorously by Kamin [Kam79] in the case that VU(x) -z > A|z|? in a neighbour-
hood of the boundary, for some constant A > 0. This obviously includes the case
that U is quadratic, as considered by Lee in [Lee09] (see also Section 2.2.1 and (2.7)).
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A.4.2 Probabilistic Methods

Kifer [Kif74] obtained similar results using probabilistic considerations, in the case
—VU(x) = Bz for B a real-valued matrix with eigenvalues having negative real
parts. He was able to relate the exit measure on 0D to the invariant measure of the
diffusion zf. Day [Day84] demonstrates that these two approaches are related by
showing that the constant Cp in (A.4) can be expressed in terms of the density of

this invariant measure.

103



Appendix B

Singular Perturbation Theory

We here state Definition 2.1.1 and Theorems 2.1.7 and 2.1.8 from [BG06] concerning
singular pertubration theory.

Consider the slow-fast system
(B.1)

where f € C*(D,R"), g € C*(D,R™) and D C R™ x R™ is a connected, open set.

Definition B.0.1. Let Dy C R™ be a connected set of nonempty interior and as-
sume that there exists a continuous function z* : Dy — R™ such that (z*(y),y) € D
and f(z*(y),y) =0 for all y € Dy. Then the set M = {(z,y) : v = z*(y),y € Do}
is called a slow manifold of the system (B.1).

Let A*(y) = 0. f(z*(y),y) denote the stability matriz of the associated sys-
tem at x*(y). The slow manifold M is called uniformly asymptotically stable if all
eigenvalues of A*(y) have negative real parts that are uniformly bounded away from
zero for y € Dy.

In the case m = 1, the slow manifold is also called an equilibrium branch.

Theorem B.0.2. Let M = {(z,y) : © = 2*(y), y € Do} be a uniformly asymptoti-
cally stable slow manifold of the slow-fast system (B.1). Let f and g, as well as all
their derivatives up to order two, be uniformly bounded in norm in a neighbourhood
N of M. Then there exist positive constants €, co, c1, & = k(n), M such that, for
0 <e < eo and any initial condition (xo,y0) € N satisfying ||xo — x*(yo)|| < co,
the bound

—kKt/e

lze = 2" (ye)l| < Mllzo — 2" (yo)[| ™™= + cre

holds as long as y; € Dy.
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Theorem B.0.3. Let the slow manifold M = {(z,y) : * = z*(y), y € Do} of the
slow-fast system (B.1) be uniformly asymptotically stable. Then there exists, for

sufficiently small €, a locally invariant manifold (or adiabatic manifold)

ME = {(l‘,y) 1T = f(y,E), ye D0}7

where T(y,e) = z*(y) + O(e). In other words, if the initial condition is taken on

M., that is, o = Z(yo,€), then xy = Z(yi, €) as long as y; € Dy.

As explained in [BGO06], this final theorem can be proved using the centre-

manifold theorem. Furthermore, it is shown that

1. For each initial condition (zg,yo) sufficiently close to M., there exists a par-
ticular solution ¢ of the equation y = ¢g(Z(y,¢),y) (i.e. the equation satisfied
by paths on M.) such that

(e, ) = @ 9)ll < M|(x0,90) = (o0, o) e"/° (B.2)

for some M, k > 0, where &y = Z(J,¢€).

2. Z(y, ) can be approximated by a power series in € up to any order. In partic-

ular,

Z(y,e) = o*(y) + eA*(y) 1 0yx* (v)g(x*(y), y) + O(?). (B.3)

Note that Theorem B.0.3 also holds under slightly more general conditions
on A*(y).
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Appendix C

A Comparison Lemma

We present a lemma that is a slightly modified version of Theorems 5.1 and 5.2
appearing in [And72]. Our proof follows those given there.

Let (Q, F,P) be a probability space on which is defined a one-dimensional
Brownian motion W adapted to a filtration (F;); > 9. For ¢t > 0, let X(¢) and Y (¢)

be two real-valued processes evolving according to

X(t) = X(0) + /ta(s,X(s), Z(s))ds + CW,,
0 (C.1)

Y (t) = Y(0) —I—/ c(s,Y(s))ds + CWy,
0

where C' is a constant, a : [0,00) x R> — R, ¢ : [0,00) x R — R are continuous
functions, Z(t) is an Fi-adapted process with continuous sample paths almost surely
and Z(0) = zp, which is Fyp-adapted. We assume that X (0) < Y(0) almost surely,
where X (0) and Y (0) are Fyp-adapted.

Lemma C.0.4. Suppose there are constants C1, Ca > 0 such that whenever |x| < Ci
and |z| < Cq, a(t,x,z) < c(t,z) for allt > 0. If, almost surely, | X (t)| < Cy and
|Z(t)| < Cq for allt > 0 then

P(Y(t) > X(¢t) forallt = 0)=1.

Proof. Define 7 =inf{t > 0:Y(t) — X(t) < 0} and set 7 = +o0 if Y (¢t) > X(¢) for
allt > 0. This is a stopping time because if ¢ > 0 then

{r=t3= (] {(Y()-X(r) > 0}eF.
re[0,tNQ
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Put D = {7 < 400} and assume that P(D) > 0. Then we can define a probability
measure Q(-) = P(-|D) on F. By continuity, Q(X(7) = Y(r)) = 1. For any
t > 0, we can therefore write (almost surely with respect to Q)

t+1
Yit+7)—Xt+7)=Y(1)— X(7)+ / c(s,Y(s)) —a(s, X(s),Z(s))ds

T

:/0c(s+7’,Y(s+T))—a(s+7’,X(s+7’),Z(3+7’))ds.

The right-hand side is continuously differentiable in ¢ and so

0 (lim Y(it+7)—X({t+71)
t—0 t

=c(r, X (1)) — a(r, X (1), Z(T))) =1.

Therefore, Q(Y (¢t + 7) > X (t + 7) for all sufficiently small ¢ > 0) = 1. But due to
continuity of X and Y and the definition of 7, this probability should be zero. This
contradiction arises from the assumption that P(D) > 0. Therefore, P(1 = +00) =
1.

]
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Appendix D

Symbols and Acronyms

Below is a partial list of symbols and acronyms used throughout this thesis. Other

notation is explained within the thesis itself.

(z) = O(g(z)) [f(z)] < Mlg(z)[ for all 0 <z < 2o
() =0,(1)  limgo f(z) =0
f@) <g(z)  limgo f2)/g(z) =
f(@) < 9(0) f(z) < g(z) or f(x) = Og(x))
Var(X), E(X)  Variance, Expectation of a random variable X

[x] The smallest integer bigger than or equal to x

f(z) < g(x) cg(z) < f(z) < cog(x) forall 0 < z < 2o

d(x) Normal distribution function, ®(x) = (2x)~1/2 I . e /2 g
ODE Ordinary differential equation

SDE Stochastic differential equation

DFS Dynamic force spectroscopy
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