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Lie operator method for handling the spin motion equation in collider nonlinear fields is used. The matrix
presentation of spin Lie transformation in particle passage through collider elements is obtained. The
formulas for combined several spin turn transformations are calculated in vector, matrix and operator forms
for the zero, first and second powers component of dynamical variable vector. The expressions for frequency
precession vector components in the zero, first and second powers on orbit motion and first powers on spin
motion are obtained. The computer code algorithms for nonlinear spin motion calculation are discussed.
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1. INTRODUCTION

Calculation of spin motion in accelerators and colliders is of interest in connection
with different schemes of experiments with polarized beams (naturally, including the
longitudinal polarization). Various devices are used in modern accelerators to improve
beam parameters. These devices (sextupoles, octupoles etc.) strongly distort the linear
motion, making the linear methods for calculation of orbital and spin motion insuf-
ficient. The Lie method, which was developed by A.Dragt, E.Forest and others,*—3
allows to take into account nonlinear corrections for orbital motion. K. Yokoya* pro-
posed using this technique in spin calculations. Unfortunately, no practical results
have been obtained (the calculation formulas and algorithms, computer codes and
etc.). This is due to two circumstances. First, the method of Lie operators allows to
write a solution of the equation for spin motion in the form of a matrix operator, which
acts on initial spin vector S(0). But this matrix operator depends on the synchrobeta-
tron motion of the charged particle for each type of collider elements in rather compli-
cated manner. The second obstacle consists in finding the rules of adding Lie operators
to the two successive collider elements. These formulas are necessary for calculation
of one-turn map of the entire ring and, hence, the spin transformation operator for
practically any number of particle turns in the collider.
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18 Yu. EIDELMAN and V. YAKIMENKO

In this work an attempt has been made to solve these problems. Its plan is as follows:
the first part contdins a discussion of the method of Lie operators applied to the
equation of spin motion. After that, a matrix form of the spin transformation operator
is obtained. Further on, the rules of adding constant, linear and quadratic (in vector
Z = (z,pz, 2,02, 0,P5)) parts of the precession frequency vector W are calculated
in operator forms. The next part contains the formulas for W components which are
found by the use of the second (sextupole) order in orbital and the first order in spin
component vector of dynamic variables Y = (Z ; ,§) = (Z ;Sz,S2,57). In the last part,
the algorithm for the application of the results obtained for the development of a
computer code for nonlinear spin motion in colliders is discussed.

2. THE SPIN MOTION EQUATION

As is known,? the classical equation of spin motion in the collider is:

—

as =
Fre ws

B 1)
where S is a spin vector, s is an azimuth and the precession frequency vector W is
defined by BMT’s equation.” The Equation (7) is written in the frame (€, €,, 7), fixed
relative to the collider.

The usual “classical” approach to the solution of this equation is as follows: the
precession frequency vector W is written for each type of collider elements, after that
a system of differential equations for § is integrated by the method of sequential ap-
proximations. However, after taking into account synchrobetatron motion (SBM), the
vector W depends on parameters of this motion in rather complicated manner. That
is why, the analytical solution of the Equation (1) is possible in linear approximation
(in SBM) only.

Another approach is based on the application of Lie operators technique. Vectors
S and W in the equation (1) are considered as operators. Then, for a particle with the
orbital Hamiltonian H,,, and spin Hamiltonian H, = Wg, one can find the solution
of this equation (the colons emphasize the operator nature of the expression®):

—

S(s) = exp [- : /0 | (Horo + WS)ds' : }s*(()). 2)

Here, as usual, the exponential operator is understood as a series:

@ The solutions have this form if the commutator of the total Hamiltonian is equal to zero at any time.
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Each term of this series is the differential operator of n-th power, the action of which
on an arbitrary function f is defined with the help of Poisson brackets®:

OF 0f OF Of
Fof={Ffl=F77——-+—7.
f=5h 0q; Opi  Opi Oq;
The operator, which is introduced in this manner, is referred to as a Lie operator and
exponential series - Lie transformation.
For the total Hamiltonian Hiot = Horb + Hsp, which does not depend on azimuth
explicitly, instead of (2), one can find:

S(s) = em* M §(0) = MS(0), ®)

where M is a total exponential operator According to the Hamilton equations, this
operator satisfies the equation % = M : —Hy, :. Let us present this operator as a
product of three exponential operators3 M = My - My - M. To this let us expand
the total Hamiltonian in a sum of homogeneous polynomials in powers of Z:

Hye = H® + H® + O 1 WwOF 4+ WS+ W3S,

where subscripts show powers of polynomials. It is important, that operators : H(2) :
and : WS : do not change the power of dependence on Z for any operands, but
operators : H®) : increase it by one. Let us consider the operator : W 1S : acting on
spin operand, which can be always presented as S - f(Z). We have:

WO (§-f(2)) = WS, S f(D)}+SWW, 5. £(Z)} =

-

=W . 1(2):§:5+82:WY: f(2).

Since the spin vector value is proportional to Planck constant s, one can omit the
second term as compared to the first one, hence the operator : WS : increases the
power of operand dependence on Z by one as well. Similarly, the operators : H®) :
and : W® S : increase it by two. Therefore, it is convenient to introduce the following

b Asis known, Poisson brackets are: {qi, qk} = {pi,pk} =0, Qi,Pk} = —{pi, qk} = ik,
where @, p - are conjugate dynamical variable pairs (x, px), (z, D z), g, pg), and §;, — is the Kroneker
symbol. Since the spin motion equation can’t be linearized in spin canonical variables action-angle (J s d)),

it is useful to introduce the set of noncanonical variables®:

Sz =vV82%2—TJ2cos$,S, =152 —T?%sing, S, =T

here, $2 = 52 + S2 + S2. For this set, one can find: {8:,8;} = e”kSk, where € — is the
three-dlmenswnal completely antisymmetric tensor. Besides that, for any %, j the following expression

takes place: {Z;, S;} = {S;,Z;} = 0.
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operators: Hy =: H® + WG :and Hy = H® + W®S .. Let us divide the
operators : Hiqy : into operators Ho =: H @4+ WwOg . (which does not increase the
operand power) and H, = H; + Hs, and M into M, and M,.. Then on the one hand,

%A—;:M:—Htot I=MT’MO'(_HO_HT)=

=M, My (=Ho) + M- Mgy - (—H,) =

dMg
ds

= M'r + Mr : MO : (_HT‘),

and on the other hand,

M dM, . dM

o ~ Mg T g Mo
so that,
dM, _
s Mo =M, - Mo(—H,).
Hence,
dM, _
il\: =M, 'MO(_HT) .Mol’

or, using the Lie transformations property,

Mo :9(Z,8) : MGt =: g(MoZ, MoS) :, 4)
one obtains

iM,
ds — 7T

( — Hr(MoZ, MoS) |, )

Integrating both parts of this expression, one can find ( 7 is a unit operator) :

M, =7+ / 45/ Mo (1) ( = He(MoZ, MoS) | ).
0
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This integral equation solution is easily obtained in series form if one substitutes in
the integrand the right part step by step:

M, =

=J + /Os ds’ [j + /08/ dS”Mr(s//)( _ Hr(MoZ,Mog) |s” )] ‘
(= H(MoZ, MoB) | ) =

=J + /8 ds’( —H (MoZ, MoS) | )+
0

+ /0 S as'| /0 ’ ds" My (s") (= H(MoZ, MoS) | ) |-
(= He(MoZ, MoS) | ) =

=J + /0 ds’( — M, (MoZ, MoS) | )+
+[las{ [ T4+ / " 4o (- HolMoZ, Mo) [ )]

: ( ~ M (MoZ, MoS) | )}( — Ho(MoZ, MoS) | ) -

=J + /0 ds’( — H (MoZ, MoS) |s )+
+ /Os ds’[/:/ ds”( - Hr (Mo Z, Mog) |57 )} ( - H')"(MOZ,MOS;) |5/ )+

+ /0 ) as'{ /0 "’ as'"| /0 ds"" Mo (s") (= Hr(MoZ, MoS) | )|

(= He(MoZ, Mo) 1 ) (= e (MoZ, MoS) |1 ) = ..
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There ia a simple criterion for this series to break. It is associated with the order
of its terms in powers of Z. Indeed, the operator H,. - exp(— : W(%) S :) increases the

operand power by unit as a minimum. Restricting to the terms with a power not higher
than two, one can omit the terms which contain H2 and break the series:

M, ~T + / ds'( — H(MoZ, MoS) |s )+ 5)
0

/ds/ ds" F(MoZ, MoS) | o )(—HT(MOZ,Moﬁ) |)

Since M, is a product of two exponential operators M, and M3, let us choose their
powers as operators, which increase the operand power by one (— : f1 :) and two
(= : f2 :). Then, expand the exponents into series and omit the third and higher
power terms. In this way one obtains:

Mo =My - M;=exp(—: fo:) exp(—: f1:)=

( s fa f2 —...)-(J-—:flz-{—:f;: —.,.):

: f1 12
—2 .

~FJ—:fi:—:fo: 4+

Comparing this expression with (5), one can find:

D fy = _/OS ds'( —Hl(MoZ,Mog) |5 ) (6)
and,
 f ::# — /0 ds’( — Ha(MoZ, MoS) | )—
—/Osds’/os, "(= P (MoZ, MoS) Lo ) - (= Ha(MoZ, MoS) | ).
But,

-/ as / a5 (= (MoZ, MoS) 1) - (= Ha(MoZ, MoF) 1 ),
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hence separating the second integration over s in intervals from 0 to s’ and from s’
to s and changing the variable for the second interval this way, one can obtain

2 fi 2=
= /Os ds’ /OS, ds”( — H1(MoZ, MoS) |s > . (—Hl(MOZ7M0§) lsr )+

¥ /0 ds' /O ds”( — H1(MoZ, MoS) | ) - ( ~ H1(MoZ, MoS) |s )

Thus, for : fo : one finally finds:

D foi=— /OS db’/( — Ha(MoZ, MoS) | )— (7

1 S S/ N - - o
5 [ [ ds"[ - M MoS; o), < (MoZ, Mo )],
0 0

where H is an operator commutator.

So, the operator M, which determines the solution (3) of the spin motion Equation
(1), is equal to:

M=Ms - My -Mog=exp(—: fo:)-exp(—: f1:)-exp(—: fo:)=
®)

g p e th?
=|\J-:fi:—:fa:+ 5 - M.

In some cases it is convenient to separate the expression (8) in successive pure spin
and orbital operators. For this, f; and f, are substituted in (8) as hs + @™ S and
hy+wW® S respectively. The contribution of operators : hy :,: hg :2and : WS : : hg :
to (8) can be neglected: they act on an operand, which contains the first power of Z
as a minimum, and increase this power by two. But operators : w®§ :, : &1 §: and
: hg :: WS : can act on the operand with a zero power in Z and they must be
taken into account. Besides, let us take into account that one can omit the operator
: (DS :: hy : for the same reasons and hence, : hs : : WS :=: (: hg : ¥DS) .
Finally, one obtains:

o 2 o

oS n thg @M S :)
2

M=(j—:hg,:—:w“)ﬁz—:w(2>§;+: Mg =

= exp [— : (u')’(2) — %TW)S’* :] -exp(—: ’u‘f(l)s;:) -exp(— : hg :) - Mo.
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Let us note that : @(®)§ : (which is a part of the total operator M) commutes with
: hy :and : hg :, hence, one can finally write:

. h3 . 11_5(1)

3 )g] exp(—: @G )

M =exp [— : <1T)'(2) -
©)
cexp(—: WG ) exp(—: hs:)-exp(—:hy:).

Sometimes it is necessary to represent the spin part of the expression (9) as one
exponent with the precession frequency W* which determines spin rotation for each
element:

M=exp(—:W*S:)-exp(—: h3:)-exp(—: ha:). (10)

Let us obtain the “convolution” of three exponents’ operators:
e = exp (~ : sfy ) exp (— 1 sf1 ) exp(— : 8o ). (11)
Differentiating both parts with respect to s, one obtains:

e —f mexp(— i sfa )i —fo:exp(—:sfi:)-exp(—:sfo )+
t+exp(—:8f20) exp(=:sfro) s —f1:-exp(~:sfo )+
+exp(~:8fa2)-exp(—:sf1) - exp(—:sfo )i —fo =

=exp(~ :sfz:)-exp(—:sf1 )
(exp(sfii) i —farexp(—i5fi?)) -exp (= sfo )+
+exp(~:sfa ) exp(—:sf1) exp(—: sfo )
(exp (o i) —friexp (=i sfo )+

+exp(—:sfy:)-exp(—:5sf1:)-exp(—:sfo:):—fo: .

The factor e~*f* evidently arises in the second and third terms. Besides that, the
expressions in brackets can be grouped with the help of the rule (4). Then:

e —fi=exp(—:sfa:)-exp(—:sfi:):—exp(:sfi)fa:-
cexp(—:sfo:)+exp(—:sf:):—exp(:sfo:)fi:+

+exp(—:sf:)-:—fo: .
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Repeating similar action in the first terms with operator exp (— : sfo :), one can
obtain:
e~ —fi=exp(—:sfy) exp(—:sfi:) exp(—:sfor):

i —exp(: sfor) - exp(: sfy)fe: +
texp(—:sf:):—exp(:sfo:)fi:+
+exp(—:sf:):—foi=

=exp(—:sf:) i —exp(:sfo:) - exp(:sfi:)fa: +
+exp(—:sf )i —exp(:sfo ) fi:+
+exp(—:sf:):—fo:.

The required equation for f can be found after that:

f=/fo+exp(:sfo:)fi+exp(:sfo:)- exp(:sfi:)fa. (12)

The contribution of the operator exp (: sf; :) is not lower than the third power. Then,
for W*, one finally obtains:

- = 2 : hg : W)
W =@ +exp (- 708 )3 + exp (- 3OS 1) (@@ — —%L) (12)

The operator exp (— : wOF :), as shown below, can be represented in a matrix form.

Thus using the technique of Lie operators, it is necessary to substitute the expres-
sion for Hoy, and W from BMT-formula (for each type of collider elements) in (6)
and (7) and to find the transformed precession frequency @ components and Hamil-
tonian h,,. The obtained results should be substituted into (8) or (9). The operators
exp (— : hy :) and exp (— : @@ :)§ are calculated by expanding to series. The equa-
tion (1) is indeed solved®.

3. MATRIX FORM FOR OPERATOR OF SPIN TRANSFORMATION

The spm exponentlal operator, which was obtained in (9) and (13), has the form
- WS , where W is some precession frequency. If the expression for W is known,

¢ It is necessary to note that an important problem exists anyway. It is as follows: when the orbit imper-
fections are taken into account, then the orbital Hamiltonian starts with the first order, but not the second
order polynomial if canonical variables are defined so as to measure the distance from the design orbit.
This problem can be avoided by measuring the transverse coordinates from the distorted orbit. But in-this
case the Hamiltonian becomes explicitly time-dependent. This problem is solved in.8
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one can calculate the value of e=*W5: successively finding the low-order terms of this
series. For the zero order, by definition, it is:

(-: WS :)OSk = Sk, (14)

The first order (taking into account the independence of spin vector components
S), on orbital variables Z):

- = 1 - =
(— : WS :) Sk = —Wi{Si,Sk} = _eikijWi = [W,S]k,

where [, ] is the vector product. Thus,

(—: W8 ) S = W, 3, (15)

Then, for the second order, one has:

(= W3 ) Se=(—: W8 (= W5 ) S = (= : W) [W, 8 =
=—: WpSp : €ijsWiS; = —eijx WiW,{Sn, S;}—
— €ijkSjSn{Whn, Wi} — €ijk S;Wn{Sn, W;}—
— €k WiSn{Whn, S;} = W, W, Sllk — [Sn{Wn, W}, Sk .

The second term, which is proportional to the h? (h is the Planck constant), can be
omitted (it is rather small compared to the first one). Hence, one finally has:

(-: W8 :)25k =[W,[W, §]]k (16)
Further, for the third order (omitting the terms which are again proportional to h?):
(= : WS ) S = WS, : [W,[W, 5], =
= —W,Sp : (WkWiSi - SxWiW; —) =
= —WiWiWp{Sn, Si} + W;WiW,{ S, Sk} =
= —WiWiWpeni;Sj + WiW;Wnenk;S;,
that is, (W is an absolute value of the vector W):

(—: WS 8 = —W2W, 5, (17)
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Thus, we have the possibility to deduce any term of this series:

Dividing the exponential series into two - even and odd degrees - we can sum it
completely:

prd n!
fo) (_ ~§:)2n+1 (_ : I/f/§ )2n+2 B
+n§::0 ( @n+ 1) Gnton ) kT

3
Uy
=

Hence, the exponential operator e~ as a matrix form:

S; = (e—mt)ijsj = T,;;,
where,

sin W 1—cosW
']2]' = COoS W(Sij + Veijka + TWin, (]_8)

This representation for the solution of the spin motion equation is exact, but the
accuracy is determined by that of W calculation. Let us confine to the second order
over synchro-betatron motion in this work. Then,

Wi = W + W Z + W2 2,7, (19)

so, for the absolute value of the spin angle turn W we have (W, = Wi(O)Wi(O)):

0)

W
W =\/W2 =W, [1 + WW&’Zﬁ (20)

0 2 1 1 (0) y1/(0) v, (1) 15, (1)
W2 oW SWE mén|:
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Substituting (19) and (20) into (18) (one must decompose the sin and cos functions

in relation to Wj), for the zero order of Z after some simple transformations one
receives:

() sin Wy 0 1 —cosWo _(0)11,(0).
Tij" = cosWobiy + —- e Wi + —V‘Voz—Wi( W, (21)
for the first order:
1)y _
’Tijm - (22)
in W 1 — cos W,
S Al (%W,SE’) _ eijkW,ﬁi,Z) n ;?2 0 (Wi(O’W}if n Wj(o)Wi(;)) n
0
cos Wo — sin W, sin Wo 21—c052W0
+ T W W OWOWE + e W OOy Ow )
0 0

and at last, for the second order:

(2) _SinW(O) 0) 15 ,(2 1 (1)1 2
Tjmn = Wo ~85 (W} )W£$n+§Wz§73W1§n) +eEWi, | +

1-—
cos Wy (Wi(o)

@ L wOw® o O
i w2 4+ wOw, +Wiijn>+

jmn imn

cos Wy — sl 1
cosWo~ Twy [eijk (W;(’)W,SO)W,S,%QH S AWOWEWD

W02 pm " pn

+ W ngrzwzgrlz)> - 5z’sz§0)W§0)Wz§2W;§ﬂ + (23)

W T2 W [ 0w (@@ L Lo
+ W [Wi W, (W,c Wi + 5W,S,QW,S,}) +
+ (WOW) + wOWD wOw)] -

sin Wy + 3cos Wo—sinéwo)/W(?

Wi 1%%

- 0 W OWOWOWR WY +

oW

S—T—Ql_;‘[’,sw + cos Wy — 5o
8]

+ Wo
oW

WOWOWOWOWHWD
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4. FORMULAS OF “ADDITION”
To combine the successive spin transformations during the beam passage through the

magnetic system, let us deduce the formulas for addition of transformations in the
form (10), i.e., let us define operators which obey the equation:

exp(—: WS :) exp(—:h¥:) exp(—: hY :) =
—exp(—:US:) exp(—:hY:)-exp(—: hd:)- (24)
cexp(—:VS§:) exp(—:hY:)-exp(—:hy:).

In other words, let us find Lie operators, which transform spin vector from azimuth sg
to azimuth s” equivalent to sequential Lie operators, transforming the spin from s to
s’ (the operators exp (— : V.S :) -exp (— : h3 :) - exp (— : hY :)) and then from s’ to s”
(the operators exp (— : US :)-exp (— : hY :)-exp (— : h¥ :)). Acting in a way similar to
the calculation of formula (12) for “merging” of exponential operators product, one
can easily obtain the following result:

—

V*=exp(—:hY:)-exp(—:h¥:) -V, (25)
3 = hg +exp(—:hy:)-h3,
exp(—:hy ) =exp(—:hy:)-exp(—:h3:).

One has now the equation exp (— WS :) = exp (— U8 :) - exp (— VS :) (the

superscript “*” near V is omitted for simplicity). If one replaces the operators by
matrices of the form (18) this equation takes the form:

13 = 10 1. 26)
Since one is interested in a result in the series form in Z powers:

(%] ) ijm ijmn

Substitutions to (26) of the series for Ti(,f) and T,S;.’) are done in the same manner as
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in (27). After rewriting the result in powers of Z, one obtains:

0 0) 0)
T =T 1Y,

T(’”l) — Tz(lzt()) . T(v1> + T(UI) . TIS;’O) (28)

ijgm kjm ikm i

w2 u0 v2 ul) vl u2 (v0
e IRy O I )

ijmn jmn ikm ikmn

5. SPIN PRECESSION FREQUENCY

As is known, the vector W of the spin precession frequency of a charged particle
(e and m are its charge and mass and f3, «y are velocity vector and relativistic factor) in
electromagnetic fields H and E is determined by the BMT expression”:

o= (s ot - 2 (0) B (v + 12 ) [78]), @)

where a = 1.159... x 1073 is the dimensionless part of the electron anomalous
magnetic momentum. This precession frequency determines the known equation for
the particle spin .S precession:

s
dt
Let us pass from time ¢ to other independent variable - the azimuth s, which is cal-

culated along the equilibrium orbit. Then, in the frame (é,, €, 7), which is connected
with this orbit, the radius-vector of particle position is equal to:

[WOST] : (30)

r(x,2,8) =Ty + T€; + 2€,
) )
and,

d_did_ dsd _cBd

dt ~ dtdl Tdlds U ds’
where [ is the arc length along the orbit and prime means of differentiation over s.
Further on, one has:

ar

- - - Ny 7/
d—zré—i—x'ex—}—z'ez—i—xez—}—zez
s

and using the Frene formulae for plane orbit (!), one can obtain:
diy dF _ dil db

T:d—s,£:—K’n,ds :KT,£:O,
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and hence,

dr o

d—z = (1+ Ky + K,)7+ 28 + 2/&,. (31)
Let us assume here and further on, that the equilibrium orbit is bit-planar, since

either radial curvature K or vertical K, is equal to zero (K, - K, = 0). Let us retain

in the equation for I’ = | 4| the terms not higher than second order in deviation from
the equilibrium orbit z, 2/, 2, 2. Then, one obtains:
12 12
, x z
l:1+Kmx+Kzz+?+7, (32)

In this approximation it is easy to find the expression for velocity:

ﬁ_'—— 1@_ é,,:‘/,\,ﬁ (1+Km+Kz)7_"+$lé'm+Z/é.z
Cedt U T 14 K+ Kz 2?24 222
or
o $/2 2,2
F=p |0~ —5)T+1~ Koz - Ks2) - (& +2'&) | - (33)

Let us now express the relativistic factor « and velocity 8 in terms of relativistic
deviation p,, of particle energy £ from its equilibrium value &g:

i_go-*—(g—go)_ &o E—-&

T me? mc? " mc? (1+ 2 ) ="0(1+p) (34
and
1 1
=4/1-—=>~1-—.
8 2 1 52 (35)

Let us transform the equation (30). Substituting the expression for S in the intro-
duced frame (€, €,, 7) in the form
S = 8,8, + 5,8 + S, 7
one can obtain:
)

§ = w4 (36)

where the derivative in the left part refers to components of vector S only (but not to
vectors €y, €,, 71), and W:

- -
W=— - K.é; 2€z-
c,BWO €z + K€ 37



32 Yu. EIDELMAN and V. YAKIMENKO

The expression (29) for W, can be rewritten in another form (for E = 0, that means
that only the magnetic system of collider is considered, whereas the cavities and other
elements with electrical fields are not taken into account):

W __1+a'y£0_ecﬁ a’y Fi i~gc_fz
0= v me & 1+ \me2™ &
or
- 1+4+ay 5 ay ==z
Wo=— B- , 38
o= = |- (3] ()

where B = (e}_f ) /(&) and the ratio vy = &y/mc? are introduced. Let us express the

values % and 1—1; and velocity 3, which are included in (38), in terms of p,:

1 1 1-p,+p2
7 Y(l+ps) Y
Y 1= +por+% (39)
1+~ o0 ’
1—2p, + 3p2
ﬂ:l————p02+ p”.
275

Substituting the expressions (33) and (39) into (38) and the obtained result together
with (32) into (37), one can find the expressions for W components. It is necessary to
substitute there the decompositions of B components in the form of series in powers
of z, z (naturally not more than of the second order):

1 1
B, =By, + (q — §B{)S> T+ gz — §(mz + Kzq+ K,g + B(')’x)x2+

1 2
-+ imzz + mgyz2,

1 1
B, =By, — (q + EB(I)S> z+gxr — i(mgc - K,q+ K,g+ B(’)/z)22+ (40)
1 2
+ §mzx +m,rz,

1 1 1 1
Bs =Bys + B,z + B,z + 5 (q' = 6/s> 2 — > <q' + EBgs) 224+

+ (¢’ — K.B}, — K, Bj,) zz.
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The following values, which characterize the magnetic field, are introduced there:

_, eHozp:
Ko =& =2,
_cOH. eOH, ¢ (0H, OH. (41)
Y= e 0z & 0z 172, \ 6z oz )0

e 82Hz,z € asz,m

M,z = 28, 0z0z 2& 0z2, 022

and the values of all quantities on the right sides are taken on the equilibrium orbit.
Thus, one obtains the final expressions for components of W (including the zero,

first and second orderson z, 2, o, p, = 2’ —(eHgs)/(2&0) -2, 0, = 2’ +(eHos)/(2&0) -z,
Po):

a 1
Wy =~ (BOz + Kz) - <0,’70 + % + ﬁ) Bz +

1
+ (1 +av) (—2—B63 + q> z + a(yo — 1)Bospz+

|

+

N | =

a(yo —1)B2, — (1 + ay)(Boo K, + g)] 2z + Bogps+

(1+av0) (9K, — ¢K +m, + Bl )z* + avoB),zps— (42)

N =

1
—(1+av)(9K: + qK, + my)Tz — (5363 - q)zp,+

+ =(avo — 1)Boxp2 + a0 Bh,psz + a0 Bo:peps—

1

2
1

— (14 avo) (ng + §mz> 2%+ (Boz K, + 9)2ps—

1
- '2-(1 + a'YO)BOxPE - BOzp?;;
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a 1
W, = — (Bo: — Kz) — — + — | Bo,—
(Bo- = £ (“7°+2vo+2v§> '

1
- [ﬁa(fyo - l)Bgs + (1 + avo)(Bo. Ky + g)] T+

1
+ (1 + a’yo) (§B(/)s + Q> z+ a(’YO - 1)BOSpZ + BOsz_

1
= (L+ax) (ng + 5m1> 2+ (43)

+ (1+ av0)(¢Kz — 9K — m,)zz + a0 By, op.+
1 2
+ (Bo. Kz + 9)zps — 3 (14 av0)Bo.p; + av0Bozpap-+

+ (1 + a'YO)(gKa: +qK, +m, + B{)Iz)z2 + G’YOB(')zZPz—

A~ N | =

1 1
5363 + Q) Zps + §(a’70 — 1)Bozp? — Bo.p2;

1
W, =— (1 +a+ W) Bos — (1 +a)By,x — (1 +a)Bg,z + a(yo — 1) Bogps+
0

1 1
+ a(vo — 1)Bo.p, + (1 + a)Bosps — 3 [(Za'yo + 1)333 + (q' _ 53(/)!3)} o
1 1
+ avo (q - 5363) Tps — g T2 + [a'yog + 5(2(170 + 1)383} Tp,+ (44)
/ 1 2 1 2
+ By, Tps — 5(2a70 + 1) Bosp; — 5(2avo + 1)Bj, — av0g | Pzz—

11 1 L
-3 [Z(za% +1)B3, - (q' + 536’3)] 2% = axo (q + §Bés> 2Pz

1
- 5(20'70 + 1)B03p2z + Bé)zzpa - BOsp(zr
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6. THE ALGORITHM OF THE NONLINEAR SPIN MOTION CALCULATION

In the practical calculation of spin motion, different approaches are possible. In one
of them (A) the operators — matrices of spin transformation are calculated and then
the spin vector is successively “pulled” through each element of the collider magnetic
structure. In the other one (B), for calculation of one-turn transformation of the spin
vector, the addition of matrices of all elements is performed after determining each of
them. One can calculate the one-turn transformation only after that. Let us describe
the succession of actions for each of the approaches. It is necessary to note that in
both cases for each collider element one must:

- calculate the vector W in agreement with section 5;
- calculate the integrals (6) and (7) using the orbital Hamiltonian for this element.

Then the procedures are different.

(A)The operator M of spin transformation is calculated (formulas (8)) for a current
element and the spin vector at its entrance is “pulled” through this element. Then
the operator M of the next element is calculated and so on.

(B)The “total” frequency of spin precession in the current element is calculated
(formulae (13)). Then its orbital part is transformed and orbital transformations
are added (formulas (25)). After that, the matrices of spin transformation in this
element are calculated with the help of formulas (21) - (23). At last, the “total”
matrices to current collider azimuth are determined (formulas (28)).

7. CONCLUSIONS

Thus, the obtained results allow to create the computer code by the optimal method in
each specific case (one- and many turns spin dynamics, the dynamical and equilibrium
degree of polarization and so on).
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