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Using canonical perturbation theory with perturbed tunes (instead of the linear tunes used in ordinary
perturbation theory), we obtain results similar to those deduced from superconvergent perturbation
theory (of the same order) and illustrate the amplitude dependence of tune due to nonlinear elements.
We note that when the perturbed tunes are on resonance (e.g., 2vx - 2vz = 0 for the AGS Booster),
ordinary perturbation theory would not show the resonance conditions, whereas superconvergent
perturbation theory would. Our results indicate that Vx - Vz > 0.01 and that a chromaticity range of
-5.5 to -2.5 is needed for the operation of the booster, which seem to agree rather well with the
tracking results.

1. INTRODUCTION

In circular accelerators the presence of nonlinearities can greatly affect the beam
behavior. In many cases, this behavior can be examined using perturbation
theory. Using second-order perturbation theory, we have studied nonlinear
effects in accelerators. 1

-
4 We illustrate some of our analyses for the AGS Booster

at Brookhaven National Laboratory, with emphasis on the 2vx - 2vz = 0 re
sonance, since the 2vx - 2vz coupling becomes large when the chromaticity of the
machine is corrected to zero. We have studied the behavior of the beam with
respect to chromaticity and have calculated the perturbation to betatron tune,
resonance strengths, stop bandwidth,S fixed points, island width, and Chirikov6

criteria for various chromaticities. Our results seem to indicate a chromaticity
range of -5.5 to -2.5 for the operation of the booster with Vx - Vz > 0.01 (see
Figs 1-5 below), a range that agrees well with results obtained from tracking.7

Using canonical perturbation theory via our algorithm NONLIN with the
perturbed tunes (instead of the linear tune used in ordinary perturbation theory),
we obtain results similar to those deduced from the superconvergent perturbation
theory (of the same order, e.g., to second order). We note that when the
perturbed tunes are on resonance (e.g., 2vx - 2vz = 0 for the AGS Booster),
ordinary perturbation theory would not show the resonance conditions, whereas
superconvergent perturbation theory would. This effect illustrates the amplitude
dependence of the tune due to nonlinear elements (e.g., sextupoles in the
Booster). Superconvergent perturbation theory8 is a canonical perturbation
theory where one uses successive canonical transformations to reduce the
perturbing potential. Thus, in each successive transformation the perturbed tunes

t Work performed under the auspices of the United States Department of Energy.
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are used rather than the linear tunes, as with ordinary canonical perturbation
theory, which can lead to different results if either the linear or perturbed tunes
are on resonance. (There are other differences as well.)

In Section 2, we present a theoretical discussion, and in Section 3, we tabulate
some of our results for the AGS Booster lattice with eddy currents and
chromaticity sextupoles. Since the Booster is designed to accelerate protons as
well as heavy ions, we also have studied the Booster lattice with the chromaticity
sextupole, including the iron-saturation effect of the magnets.

2. THEORY

The Hamiltonian of a dynamical system can be expressed by

(1)

where (lx, epx) and (lz, epz) are the action-angle variables. We shall use v~ and v~

for the linear tunes, C for the circumference of the machine, and V for the
perturbing potential (periodic in epx, epz, and s).

To determine the perturbation on the tune and the variation of emittance due
to nonlinearities (e.g., sextupole, octupole, etc.), we make a canonical transfor
mation of the Hamiltonian [Eq. (1)] with a generating function of the following
form, in order to make the new Hamiltonian cyclic in the new action variables K x

and K z up to a given order in K [e.g., O(K;~;)]:

(2)

where gk(Kx , Kz , s) are the generating function resonance strengths whose
magnitudes show to what extent Ix and lz deviate from the invariants of motion.
The terms nXk and nZk are integers defining a given resonance, and Ok is the phase,
with Kx , K z , 'Px , and 'liz as the new action and angle variables, respectively (also
see the Appendix),

t/Jx = cfJx + ~[a~x gk(Kx, Kz, s) cos (nx.cfJx + nz.cfJz + Ok)

- gk(Kx, Kz> s) a~x Ok(Kx, Kz> s) sin (nx.cfJx + nz.cfJz + Ok)]

1
X ) , (3)

sin .7r(nXkVx + nZk Vz



and
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1/Jz = epz + L [aO
gk(Kx, Kz, s) cos (nx/px + nz/pz + Ok)

k K z

a . ]- gk(Kx , K z , s) aK (}k(Kx , Kz , s) SIn (nXkepx + nZkepz + (}k)
z

1
x . . (4)

SIn n(nXkVx + nZkvz )

Thus the perturbation on the tune due to the nonlinear elements (e.g., sextupoles
and octupoles) can be found as

and

or

where

d aH
ds 1/JAs) = oKx '

d 1
ds 1/Jx = PAs) + 2a(s)Kx + b(s)Kv

(5)

(6)

(7)

Similarly,

Cl'xx = 1/Jr LC

aCt) dt, 1 IeCl'xz =2Jr 0 bet) dt.

or

with

d aH
ds 1/Jz = aK

z
'

d 1
ds 1/Jz = PzCs) + 2e(s)Kz + b(s)KX)

Vz == 2~ LC[~ 1/Jz(s)] ds,

Cl'zz =1/Jr LC

e(t) dt,

(8)
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(9)

where the coefficients a(s), b(s), and c(s) are given in Ref. 1, and the machine
tunes Vx and Vz depend on the beam emittance. To use Eqs. (7) and (8), we
assume that Kx and K z are approximately invariants (i.e., ~ constants) of the
motion. The v~ and v~ terms are the unperturbed tunes, and the new actions
2Kx ,2Kz were taken to be equal to the average beam emittance divided by Jr,

(Ex) and (Ez ). Thus, Eqs. (7) and (8) lead to

dV = dVo + cxxx(Ex) + cxxz(Ez ) - cxzz(Ez ) - cxxz(Ex)

=dvo+ dv'

where dV = Vx - Vz and dVo = Vxo - Vzo (unperturbed), and dv' is the measure of
the nonlinear (perturbed) tune split. Additionally, the maximum the beam
emittance may grow to can be obtained from the generating function l (see
Appendix) as

(10)

(11)

Further, we can deduce the contribution of a single resonance to the emittance
growth:

(12)

(13)

with nx > 0 when nz < 0 for difference resonances. The emittance oscillates about
its average value (with oscillation amplitude proportional to g(Jx , Jz) =
a(Jx , Jz)/D), where D is the bandwidth (e.g., D == 0 near resonance), defined as

(14)

Equation (14) determines how far the tunes Vx and Vz are from the resonance
(defined by integers nx , nz , and p). The measure of the extent to which the
emittance deviates from an invariant of the motion (called "smear") is defined as

(15)

which is the measure of the oscillation amplitude. (For a detailed discussion of
smear, see Refs. 3 and 4.) As a simpler alternative, smear can be defined as:

(16)

(17)
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Equations (16) and (17) are useful for obtaining the resonance coupling strength
g(Jx, Jz) (e.g., from the tracking results).

Additionally, one can calculate the resonance strengths, fixed points, Chirikov
criteria, island width, stop bandwidths, etc. Finally, in our analysis of beam
behavior versus chromaticity from Eq. (1), using the methods given in Refs. 2
and 5,

(18)

with the quadrupole strength

1 dBz Ik(s)=--- ,
Bp dx X,z=O

and the sextupole strength (including the chromaticity-correcting sextupoles and
eddy-current sextupoles in one case, and sextupoles due to saturation in the
second case, respectively):

1 dZB I
S(s) =-B d ZZ ,

P x x,Z=O

where D(s) is the horizontal dispersion and f3(s) is the betatron function.
Thus, we first calculate the sextupole strengths in order to obtain the desired

chromaticity. Then, using second-order perturbation theory, we study the effect
of the sextupoles (e.g., due to eddy currents, chromatic correction, and
saturation) on the beam. In addition, we compare the ordinary perturbation
theory with the superconvergent perturbation theory,8 illustrating the amplitude
dependence of the tune due to nonlinear elements in an accelerator.

3. AGS BOOSTER

We have investigated the nonlinear effects, including the systematic resonances
(e.g., 2vx - 2vz = 0), for the AGS Booster, an intermediate synchrotron injector
for the AGS9 at Brookhaven National Laboratory. The Booster is designed to
increase the intensity of the protons and polarized protons by factors of 4 and
20-30, respectively, as well as to allow the acceleration of all species of heavy
ions in the AGS. We have studied the behavior of the beam with respect to the
chromaticity of the machine, because the 2vx - 2vz coupling becomes large when
the chromaticity of the machine is corrected to zero. We illustrate some of our
results in Table I for the Booster lattice with eddy currents and chromaticity
sextupoles. The inclusion of the iron-saturation effect of the magnet is important,
since the Booster is designed to accelerate heavy ions as well as protons. Thus,
our results for the Booster lattice with the saturation and chromaticity sextupoles
is given in Ref. 10. Next we present our analytic results for the AGS Booster in
Table I and Figs. 1-5.

Table I includes the bandwidth with perturbed tunes, as well as the maximum
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TABLE I

Analytical Results for The AGS Booster, Brookhaven National Laboratory

Generating-
Maximum Function Hamiltonian

Bandwidth Emittance Resonance Resonance
Chromaticity (2vx - 2vz ) (.n mm-mrad) Strength Strength

-6.0000000 -0.0156880 108.9210000 0.0370876 0.0215430
-5.5000000 -0.0172100 108.2140000 0.0370590 0.0212390
-5.0000000 -0.0186480 108.1590000 0.0383278 0.0221530
-2.0000000 -0.0254620 111.8600000 0.0984171 0.0762360

0.0 -0.0282800 118.8650000 0.1999800 0.1658900

Stop Fixed Island Chirikov
Chromaticity Bandwidth Points Width Criteria

-6.0000000 0.0017235 0.0010516 6.6580000 0.0004030
-5.5000000 0.0016991 0.0010728 8.0884000 0.0003271
-5.0000000 0.0017723 0.0010686 10.4350000 0.0002644
-2.0000000 0.0060989 0.0004842 15.4580000 0.0006143

0.0 0.0132710 0.0003068 11.7630000 0.0017565
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FIGURE 1 Strength of 2vx - 2vz ' Vx - 2vz ' and Vx resonances (generating-function resonance
strengths) as functions of machine chromaticity for the Booster lattice with eddy currents and
chromaticity sextupoles.
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FIGURE 2 Perturbation to tune versus machine chromaticity for operating tunes of 4.82 and 4.83
and average beam emittance of 50 :rr mm-mrad. This figure illustrates the amplitude dependence of the
tune due to sextupoles in the Booster.
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FIGURE 3 Strength of the 2vx - 2vz resonance versus machine chromaticity for the Booster lattice
with saturation and chromaticity sextupoles.
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FIGURE 4 Bandwidth versus machine chromaticity for the 2vx - 2vz resonance for the Booster
lattice with eddy currents and chromaticity sextupoles.
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total value of the emittance, generating-function resonance strengths, Hamil
tonian resonance strengths, stop bandwidth, fixed points, island width, and
Chirikov criteria for the Booster as functions of different chromaticities. (See
Ref. 1 for detailed analytic formulations.) Since the 2vx - 2vz , Vx - 2vz , and Vx

resonance contributions are of interest in Fig. 1, we show the strength of these
resonances (generating-function resonance strengths) as functions of the chroma
ticity of the machine for the Booster lattice with eddy currents and chromaticity
sextupoles.

Figure 2 shows perturbation to tune versus machine chromaticity for operating
tunes of 4.82 and 4.83 and an average beam emittance of 50 Jr mm-mrad. Figure 2
nicely illustrates the amplitude dependence of the tune due to· sextupoles in the
Booster. If, instead of the perturbed tune (used in our calculation), we had used
the linear tune (used in ordinary perturbation theory), we would not have seen
the resonance conditions when on resonance. Thus, with the perturbed tunes and
canonical perturbation theory, we obtain results similar to those deduced from
the superconvergent perturbation theory of the same order. Note that Vx - Vz > 0
for chromaticities < -10 or > +16 and Vx - Vz < 0 for chromaticities between
-10 and 16. Furthermore, at chromaticities of about -10 and 16, the two tunes
are equal, which excites the 2vx - 2vz resonance. Since this is a difference
resonance, the sum of the emittances remains conserved (coupling) and does not
lead to emittance growth, which is confirmed by tracking results obtained from
the programs ORBIT and PATRICIA. 7

Figure 3 shows the 2vx - 2vz resonance strength versus the machine chromati
city for the Booster lattice with saturation and chromaticity sextupoles. Figure 4
shows bandwidth versus the machine chromaticity for the 2vx - 2vz resonance for
the Booster lattice with eddy currents and chromaticity sextupoles. Figure 5
shows maximum total emittance for the Booster lattice with eddy currents and
chromaticity sextupoles versus the machine chromaticity, which agrees quite well
with the results obtained from tracking (as can be seen in Ref. 3).

These results depend on the initial conditions of the particles (e.g., we assumed
an initial condition such that the initial beam emittances equal the averaged beam
emittances, which must be considered in comparing our results with tracking.

4. CONCLUSION

We have illustrated the amplitude dependence of the tune due to nonlinear
elements (e.g., sextupoles in the Booster) and have shown that using the
perturbed tune with ordinary perturbation theory can produce results similar to
those obtained from superconvergent theory of the same order. Furthermore, in
order to find the optimum operating conditions (e.g., operating tune, chromati
city, etc.) for the AGS Booster, we have investigated the systematic resonances,
with emphasis on the 2vx - 2vz resonance as well as the Vx - 2vz and Vx

resonances. As seen from Table I, the 2vx - 2vz coupling becomes large when the
chromaticity of the machine is corrected to zero. Our results indicate that, for this
difference resonance, the sum of the emittances remains conserved (coupling) and
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(A-I)

does not lead to emittance growth, as confirmed by tracking results obtained from
the programs ORBIT and PATRICIA.

We have also studied the behavior of the beam with respect to chromaticity.
Our results indicate a chromaticity range of -5.5 to -2.5 for the operation of the
booster (and for a tune split >0.01), which agrees well with the results obtained
from tracking (that is, no coupling when chromaticity ranges from -5 to -2.5).
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APPENDIX

Second-Order Perturbation Theory

In this appendix we develop the second-order perturbation theory needed to
obtain the emittance growth and generating-function resonance strengths in
accelerators.

Consider the following Hamiltonian:

m

( )
Jx Jz

as' J == PAs) +Pz(s) ,

where (J, «p) are the action-angle variables, e is the perturbation strength used to
keep track of the order of the perturbation, and vm(J, s) are the Fourier
components of the perturbing potential. We choose the generating function

F=K·«p+ 2: [egl(K,s)+e2hl(K,s)]eiloep,
1

111*0

(A-2)

with K and 1/J the new action-angle variables. The vector I is a vector with integer
components (III is the sum of the absolute value of I's components), and gl(K, s)
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and h.(K, s) are the first- and second-order functions chosen to cancel the first
and second-order terms in the new Hamiltonian fl.

We can find the action-angle variables from the generating function F, Eq.
(A-2), as

and

J = V.F = K + L il[eg.(K, s) + e2h.(K, s) ]ei'.•
1

111*0

(A-3)

t1'=VK F=.p+ L [eVKh(K,s)+e2VKhl(K,s)]eil.•, (A-4)
•111*0

and the new Hamiltonian

- a
H=H+ asF,

or

fl = a(s) · K + L im· a(s)[egm(K, s) + e2hm (K, s)]eim
.•

m

(A-5)

+ I' ~ Vm(K + ~ il[eg[(K, s) + e2h.(K, s)]eilofj>, s)eimofj>

111*0 a a
+~ [I' asgm(K, s) + 1'2 as hm(K, s) ]eimofj>o (A-6)

Expanding V m in a Taylor series about e = 0 leads to

fl = K· a(s) + L {imoa(K)[egm(K, s) + e2hm(K, s)] +e~ gm + e2~ hm}eim
.•

m as as

+ I' ~ [Vm(K, s) + ~ ieg.(K, s)ei.ofj> * loVKvm(K, s) ]eimofj> + 0(1'3)0 (A-7)

111*0

Collecting the e) e2
, etc., terms gives

fI =a(s) 0 K ~ {e[m 0 a(s)gm(K, s) + ~gm(K, s) + vm(K, s)]

+ e2[a(s) 0 m * hm(K, s) +~ hm(K, s) + ~ igm-.(K, s) * (m -I) · VKv.(K, s)]}

111*m .
X e,m.• + 0(e3). (A-8)

To eliminate the phase variables, we consider the first-order perturbation
theory by setting the coefficient of the e term to zero for m =1= 0:

(A-9)
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Then solving for gm(K, s) results in

. f.s+C
gm(K, s) = . l vm(K, t) X exp {im· [;(t) - ;(s) - Jlv]} dt,

2 SIn Jlm· v s

(A-IO)

with m = (nXk ' nZk • • .).

Further, to eliminate the phase (angle) variables to second order in the
perturbing potential, we set the coefficients of the E

2 term equal to zero in Eq.
(A-8):

a
m· a(s)hm(K, s) + -a hm(K, s) + 2: igm-,(K, s)(m -I) · VKv,(K, s) = 0 (A-II)

s ,
1'1:#0

for Iml =1= O. Solving for hm(K, s) we obtain

hm(K, s) =2' i r+ C [2: igm-,(K, t)(m -I) · VKv,(K, t)]
SIn Jlm • v Js ,

X exp {im[;(t) - ;(s) - JlV]} dt, (A-12)

where

;(s) == f a(t) dt,

since a(s) is periodic in s, the unperturbed time VO defined as

o ;(s + C) - ;(s)
v =-----

2n

is independent of s.
Thus the new Hamiltonian fI can be expressed as

(A-13)

(A-14)

fI = a(s) · K + Ev,(K, s) 1,=0 - E2 2: ig_,(K, s)l· VKv,(K, s) + O(E3
), (A-IS),

1'1:#0

and the emittance becomes:

E = 2nJ =2n[K + ~ im[Egm(K, s) + E2hm(K, s)]eim.•J,
Iml:#O

where

(A-16)

IEgm(K, s) + E2hm(K, s) Isin nm· v

is the generating-function resonance strength, corresponding to gk(Kx , Kz , s) in
Eqs. (10) and (11).




