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The instability discussed in this report is a special case of the resistive-wall instability. It occurs when the
beam current that propagates inside a resistive vacuum chamber along an external toroidal magnetic field
exceeds a critical value. The drag instability is characterized by uniform density in the direction of
propagation, i.e., the toroidal wave number is zero. We have studied the drag instability over a wide range of
parameters, including the limit 8 > (b - a), where 8 is the skin depth and (b - a) is the thickness of the
conducting wall. This limit is relevant to the proof-of-principle experiment on the modified betatron
accelerator presently under design at the Naval Research Laboratory.

I. INTRODUCTION

Currently there are studies at several laboratories1-13 to assess the feasibility of
developing ultra-high current electron accelerators. Such devices have potential
applications in several areas including high-energy physics, the fusion program and the
generation of coherent, short-wavelength electromagnetic radiation.

Prominent among the various contemplated devices that are suitable for the
generation of ultra-high current electron beams is the modified betatron.4

-
13 This

device consists of a conventional betatron magnetic-field configuration as well as a
strong toroidal magnetic field. In general, the toroidal field has a number of important
beneficial effects on the stability of the circulating electron ring. However, there are a
number of drawbacks associated with the addition of the toroidal magnetic field, one
among them is the instability analyzed and discussed in the present paper.

When an electron ring is confined in a modified betatron field configuration within
perfectly conducting walls, the centroid of the relativistic ring can experience, in
addition to magnetic forces that are related to the external fields, forces that are
associated with the induced charges and currents on the conducting wall as well as
hoop forces. The hoop forces have their origin in the finite radius of curvature of the
electron orbits and have been treated previously,S,17 In the present analysis, the hoop
forces are neglected, i.e., the torus is unwrapped into a straight infinite long cylinder.

When the resistivity of the circular cross-section wall surrounding the electron ring is
zero, the induced charge and current forces are directed transverse to the wall.
However, when the resistivity is finite, the decay of the wall currents produces an
additional magnetic-field component that is directed towards the wall. As shown in
Fig. 1, the force, Fd = - lei VeBp associated with the additional component of magnetic
field is always directed opposite to the velocity vector of the slow rotation of the
centoid (VB = proB = bounce velocity) and thus can be called a drag force. If both the
toroidal magnetic field (Boo) and the bounce frequency WB are positive, the drift velocity
VD = -(Fd xBoo)leIB5o is negative and thus the drag force results in a stable, inward
spiraling motion of the beam centroid. However, when Boo > 0 but WB < 0, the drift
velocity is positive, resulting in an instability and the beam centroid spirals outward.
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FIGURE 1 Minor cross section of modified betatron showing beam-center motion, image charge, image
current, induced magnetic field and drag force on the beam. The drag instability is stable if OlBBoo/IBool > 0
and unstable if OlBBoo/IBoo I < o.

The drag force has its origin in the decay of wall currents and more specifically in the
polarity change of the wall currents at the end of the beam pulse. This may be seen by
considering the simpler case of a straight beam propagating along and near the surface
of a plane conductor. The wall currents are driven by inductive electric fields Eo =
-l/c(oA%t), where Aois the magnetic vector potential. Integrating this equation and
using Ohm's law, we get S;Jodt = 0, provided Ao(t = 0) - Ao(t = (0) = O. Thus, as
the electron beam passes near a certain section of the conductor, the image current has
the opposite polarity of the beam current. However, the polarity of the image currents
on the section of the cylindrical conductor near which the rotating electron beam
passed earlier is the same as that of the beam. As a result, a drag force is developed that
is directed opposite to VB.

The drag instability discussed here is a special case of the resistive-wall insta
bility.17,18 This instability is characterized by uniform density in the direction of
propagation and is present even when the toroidal magnetic field is zero. 19 With a
magnetic field along the direction of propagation, the instability has been treated20 in
the limit 8 « b - a, where 8 is the skin depth and b - a is the thickness of the
conducting wall. In the present paper, we have studied the drag instability over a wide
range of parameters. Special attention was focused on the limit 8 > (b - a). This limit
is relevant to the proof-of-principle modified betatron accelerator presently under
design at the Naval Research Laboratory.

The drag instability in the modified betatron is distinct from the beam-orbit
instability, which may arise even for an infinite chamber-wall conductivity. The origin
of the beam-orbit instability8,lO is due to an imbalance in the various confining forces
resulting in a net transverse drift velocity of the beam's center, and occurs even in the
absence of dissipative forces. On the other hand, the drag instability arises from
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dissipative effects, i.e., finite conductivity. For a linear beam propagating through a
straight chamber of finite conductivity, the drag instability is always unstable. The
forces responsible for the stabilization of this instability arise from curvature effects.

II. THE MODEL

A cross-sectional view of the electron beam within the conducting cylinder is shown in
Fig. 2. The inner and outer radius of the thin cylinder is respectively a and b where
b - a « a. The finite conductivity of the cylinder is denoted by cr. The number density
no and current density Jo = -Ielnovoez of the beam are assumed to be spatially
uniform. In addition the electron beam is assumed to be in rigid transverse motion
within the cylinder. The position of the beam center with respect to the center of the
cylinder is

(1)

where ~r(t) = ~(t) cos cr(t) and ~z(t) = ~(t) sin cr(t). In what follows we assume that
the beam cross section remains circular with radius rb « a.
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FIGURE 2 Minor cross section of modified betatron showing polar coordinates (p, 4» and center of beam
orbit (Li(t), cx(t)). The cross section of the torus is partitioned into three regions, I, II and III.

III. INDUCED MAGNETIC FIELD

The induced magnetic field at the center of the beam is derivable from the vector
potential in region I of Fig. 2. Only the axial component of the vector potential will be
considered here, since it is assumed that the transverse beam velocity is much less than
c, while the toroidal velocity (in the a-direction) is close to c. The solution of the wave
equation for the total vector potential in region I, A T

I
, consists of a particular solution

as well as a homogeneous solution. The information concerning the boundary
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conditions along the inner surface, p = a, resides in the homogeneous solution only.
Furthermore, since the fields and therefore the forces associated with the particular
solution vanish at the beam center, i.e., p = d(t), we are only interested in the
homogeneous solution of the vector potential in region I. However, to obtain the ho
mogeneous solution in region I, the full solution is needed, together with the ap
propriate boundary conditions on AT

1 and aAT1jap at p = a. Since the particular
solution of the vector potential is needed only along the inner surface of the cylinder,
we may represent the electron beam by a line current. Neglecting the displacement
current, the particular solution becomes

where

I -2I(t) ~
Ap (p, 4>, t) = --lnlp - A(t)leo,

c
(2)

(3)

and I(t) = -lelnov0 1trb
2 is the beam current. The homogeneous solution in region I

has the general form

«)

AhI(P, 4>, t) = L a/(t)(pja)le il4>eo + c.c.,
1=0

(4)

where the time-dependent coefficients a/ are to be determined by applying the
appropriate boundary conditions at p = a. The induced magnetic field components,
derivable from Ah

l
, are

and

_ ~ it I 1-1 il4>Bp(p, 4>, t) - - i..J - al (t)(pja) e + c.c.,
1= 1 a

B ( ~ ) - ~ 1 I()( j )1- 1 il4>4> p, \jJ, t - + i..J - a1 t P a e + c.c..
1= 1 a

(5a)

(5b)

The induced magnetic field at the beam's center is obtained by setting p = d(t) and
<t> = cr(t) in Eq. (5). Adding Eqs. (2) and (4), we find that the total vector potential in
region I, for a z p > d(t), can be written as

I (I I(t) ) ~AT (p, 4>, t) = ao (t) - c In p eo

+ f {a/(t)(~)l + I(t) Z-1 (A(t))l e-ila}eil4>eo + c.c.. (6)
t=1 a c p

In obtaining Eq. (6), we made use of the expansion

1 1 00 (d)l.In (p2 + d 2 - 2pd cos (4) - cr»)1/2 = -In p - - L Z-1 - el1(</>-a) + c.c.,
2 2 1=1 P

which is valid for p > d.
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In region II the axial component of the vector potential satisfies the diffusion
equation

2AII _ 41tcr OAII
V - 2 ~ ,

C ut
(7)

where the displacement current has been neglected. Since we are considering a thin
cylinder, b - a « a, we can replace V2 with 02

/ 0p2 - a- 202/0<1>2; i.e., a Cartesian
representation is used within the cylinder. The vector potential AII may be represented
by the form

00

AII(p, rh, t) =" II(p t) il<jJ A. +'P f..J a, , e eo c.c..
1=0

(8)

Substituting Eq. (8) into Eq. (7) and denoting the temporal Laplace transform of
afI(p, t) by afI (p, s), we find that

-II( .) _ -II( ) sinh[J.ll(s)(b - p)/(b - a)]
a, p, s - a, a, s . h ()

SIn J.ll s

-II(b ). sinh [J.ll(S)(P - a)/(b - a)]
+ ai,s . h () ,SIn J.ll S

(9)

where J.ll(S) = (b - a)(41tas/c2 + [2/a2)1 /2 and Sis the Laplace Transform variable. In
obtaining Eq. (9), we used the Cartesian representation for \72 and the initial condition
afI(p, t = 0) = O. Using the same representation for the vector potential in region III
as was used in region II, i.e., Eq. (8) and solving the vacuum wave equation, in polar
coordinates, with the displacement-current term included we find that afII(p, s) is

afII(p, s) = afII(b, s)K,(sp/c)/K,(sb/c), (10)

where K , is the modified Bessel function. The continuity of a,(p, s) is satisfied by Eqs. (9)
and (10). From Eqs. (9) and (10), continuity of oa,(p, s)/op across p = a implies

(11)

where

j; - (b/(b - a))~I(S) sinh -1 ~l(S) (12)

I(S) = (I _s: K 1+ 1(sb/c)/K1(sb/c) - (b/(b - a))~l coth ~1(S))'

Substituting Eq. (11) into Eq. (9) gives

sinh(bb =P ~1(S)) + 1,(s) sinh(b
P =a ~1(S))

-II( ) a a -II()a, P, S = . h () a1 a, S , (13)
SIn J.ll s

where I = 0, 1, 2, .....
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We now impose the necessary boundary condition that A and GAlop be continuous
across the boundary at p = a. By applying the boundary condition across p = a to the
fields in regions I and II, the following relationships between the coefficients are
obtained

and

I 1(t) II
ao (t) - -In a = ao (a, t)

c

a/(t) + l~) 1-1(A~t)Ye-il<%(ll = a[I(a, t)

_ 1(t) = oa~I(p, t) I
ac op p=a'

i a/(t) _ l(t) (Ll(t))'e-i'<%(ll = oafI(p, t) I '
a ac a op p=a

(14a)

(14b)

(14c)

(14d)

where 1 = 1,2. Taking the Laplace transform of Eq. (14) and using Eq. (13), we find the
relationships

- I( ) 10 1- 1 (Llr(S) . LlZ(S))1 -II( )al S + - -- - l -- = al a, t
c a a

l - I ( ) 10 (Llr(S) . LlZ(S))1 _ F-( )-II( )al S - - -- - l -- - I S a l a, S
c a a

where 1 = 1, 2 and

- alll(s)-
F,(s) = (b ). h () (J;(s) - cosh IlI(S)).

- a sIn III S

In obtaining Eq. (15), we have taken the beam current to be of the form

1(t) = 10 8( t),

(15a)

(15b)

(15c)

(15d)

(16)

where 8 is the usual Heaviside unit step function and 10 is the current amplitude.
Solving Eq. (15) for the coefficients of the homogeneous part of the vector potential in
region I gives

- I( ) _ G- ( )(Llr(S) . LlZ(S))1al S - I S -- - l -- ,
a a

(17)
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where

- _ s-l(ln a - F,-l(S)) for 1 = 0
G,(s) - 1-1(F/(s) + l)/(F,(s) - I) forl = 1, 2.

and

b
_ a 1coth Jl, + b _ a Jl,(s)

F,(s) = - b _ a Jl,(s) tanh Jl,(s) b

1tanh Jl, + b _ a Jl,(s)

Using Eq. (17), the induced magnetic field given by Eq. (5) becomes

21

(18a)

(18b)

1000 il (p)'-l ., It (L\r(t) iL\Z(t))'Bp(p, <1>, t) = - - L - - e l
</J G,(t - t) -- - -- dt + C.C., (19a)

C ,= 1 a a 0 a a

10 00 1(p)l-l ., It (L\r(t) iL\Z(t))lB</J(p, <1>, t) = +- L - - e l
</J G1(t - t) - - -- dt + C.C., (19b)

C ,= 1 a a 0 a a

where G,(t) is the inverse Laplace transform of G1(s) and L\r(t), L\z(t) are the coord
inates of the beam's center. In order to study the beam dynamics, it is convenient to
express the induced fields in a coordinate system defined by the unit vectors er and ez • In
this system, Br = Bp cos <I> - BqJ sin <I> and Bz = Bp sin <I> + BqJ cos <I> and by using
Eq. (19), we find that

Br(r, z, t) = _/0 f ~ (~)'-lei(l-l)</J It G,(t - 't)(L\r(t) - iL\Z(t))' d't + C.C.,
C ,= 1 a a 0 a a

(20a)

and

Bz(r,z, t) = 10 f ~ (~)l-l ei(l-l)</J It G,(t - 't)(L\r(t) - iL\Z(t))' d't + c.c., (20b)
C 1= 1 a a 0 a a

where p = (r - ro)2 + Z2)1/2 and <I> = tan -l(z/(r - ro)). Since we are primarily
concerned with small displacements of the beam center, we consider only the 1 = 1
term in Eq. (20). Thus, the induced fields in Eq. (20) reduce to

(21)

where the transform of G1(t) is given by Eq. (18).
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IV. BEAM DYNAMICS

The externally applied fields associated with the modified betatron accelerator
expanded about the center of the toroidal chamber (ro, 0), are

(22a)

(22b)

and

(22b,c)

where Boz , Boo are constant and n is the external field index associated with the vertical
field. Besides the external fields in Eq. (22), there are the induced electric and magnetic
forces acting on the center of the beam, which is located at r = ro + L\r(t) and z =
L\z(t). The induced magnetic field is given by Eq. (21). The induced electric field is not
affected by a large but finite wall conductivity. Assuming an infinite wall conductivity,
the induced electric field at the beam center is given by

(23)

Using the fields in Eqs. (21), (22) and (23), it can be shown that the transverse evolution
of the beam center is governed by the equations

A·· Q6Z~(A A) QOOAO -lel~oBLlr + -- s Llr - Llr - - LlZ = z'
y02 z e Yo yomo

(24)

where a dot denotes the operation dldt, ~o = volc, Vo is the azimuthal velocity of the
unperturbed beam centered at r = ro and z = 0, Yo = (1 - ~02)-1/2, Qoz =
lelBozlmoc, Qoo = lelBoolmoc, ~z = 1 - n - 2(v/Yo)(rola)2/~02 and ~r = n 
2(v/Yo)(rola)2I~o 2

. The constant v is the Budker parameter and is given by

v = leI2NI(21tmoc2ro) = (ffibrbI2c)2,

where ffib
2 = 4nleI 2 no/mo. In Eq. (24), the term L\re is the equilibrium radial

displacement of the beam's center and is given by

where by = y - Yo is proportional to the mismatch in beam energy. For by = 0, the
beam center rotates about the center of the mirror cross section of the torus. Since we
are concerned here with the relatively slow drift motion of the beam, i.e., lL\rl «
lL\rlQoz/yo and lL\il « lL\zIQoz/yo, we may neglect the term L\r and L\z in Eq. (24).
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Taking the Laplace transform of Eq. (24) in the drift approximation, i.e., ~r = ~z = 0,
and rearranging terms, we find that

Boz Qoz j: --) -- I Js~r(s) - ~r(t = 0) = --- [""r~z(s - roBr(s) Boz ,
Boo Yo

where

Substituting Eq. (26) into Eq. (25) gives

-- [2Boz Qoz v (ro)2 -- J --s~r(s) - ~r(t = 0) = - OJBr +--- - (G 1(s) - 1) ~z(s),
Boo Yo Yo a

s~z(s) - ~z(t = 0) = [roBz + 2BozQoz~(ro)2(Gl(S) - l)J~fb(S)
Boo Yo Yo a

_ Boz Qoz ~ Are
Boo Yo z s '

where

and

BOz Qoz ( . V (ro)2 2)OJBz =-- I-n-2- - (~oyo)- .
Boo Yo Yo a

Solving Eq. (27) for ~r(s) and ~z(s) with n = 1/2 and 'by = 0, we obtain

~r(s) = [s~r(t = 0) - OJB(1 + €(s))~z(t = O)JID(s),

~z(s) = [s~z(t = 0) + OJB(1 + €(s))~r(t = O)JID(s),

where

(25a)

(25b)

(26)

(27)

(28)
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Boz Q oz (1 v (ro)2 -2)
ffiB = ffiBr = ffiBz =-- -2 - 2- - (~o'Yo) .

Boo 'Yo 'Yo a

v. DRAG INSTABILITY

The temporal evolution of the beam center is governed by the nature of the zeros of the
function 15(s). We first note that for a perfect conducting chamber wall, cr = 00, the
function €(s) vanishes since III (s) ~ 00 and hence G1 (s) ~ 1. In this case the zeros of
15(s) are s = ± iffiB, i.e., dr(t) and dz(t) are oscillatory with frequency roB. To analyze
the dynamics of the beam for finite conducting walls we assume that the frequency shift
and the growth rate are small in comparison with the bounce frequency roB' i.e., s ~
± iroB. This comparison implies that €(s) « 1. Expanding 15(s) = 0 about s = So =
± iroB gives

- I815(s) Is = So - D(so) -8- .
s s =so

Substituting the expression for 15(s) into the right-hand side of Eq. (29) gives

where

and [from Eq. (18)J,

- - 2(tanh III (So) + bill (so)j(b - a))
G1(so) - 1 = 2bfll (so)/(b - a) + [1 + (bfll (so)/(b - a))ZJ tanh fll (so)"

(29)

(30)

We now define the skin depth 8 associated with a beam gyrating in the transverse plane
with frequency ffiB as

In terms of 8, the function III (So) is

(
b - a)( So )1/2

Ill(SO) = J2 -8- IroBI .

The zeros of 15(s) are approximately

(31)
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The dispersion relation, given by Eq. (31) is readily evaluated in the limit where 8 <
b - a and 8 > b - a.

Case (i) Skin depth less than wall thickness (8 < b - a)

In this limit, Eq. (31) becomes

( 8) 8roBs= +i roB-'A- -'A--
- b b IroBI'

and the growth rate is

i.e., is inversely proportional to the conductivity.

Case (ii) Skin depth greater than wall thickness (8 > b - a)

For this limit, Eq. (31) becomes

(32)

(33)

s= (34)

and the growth rate is

r = -'A roB (b - a)b/8
2

IroBI (1 + (b - a)2b2/8 4
)'

For [(b ~ a)b]1 /2 > 8 > b - a, the growth rate is

r = -'A roB 8
2

IroBI (b - a)b'
(35)

and is inversely proportional to the conductivity, while for 8 > [(b - a)b] 1/2 it is

(36)
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and is proportional to the conductivity. In order for the beam to be unstable, the
bounce frequency must be negative, i.e., roB < O. From the definition of roB' we find that
the drag instability is stable if v/Yo < (a/ro)2 ~o 2 yo 2/4, which limits the beam current to

(37)

The general form of the growth rate as a function of the skin depth is depicted in
Fig. 3.

The various expressions for the growth rate associated with the drag instability given
by Eqs. (33), (35) and (36) can be conveniently expressed in terms of the parameter
x == 10 /1 eril' where lois the beam current and I erit is given in Eq. (37). For 8/(b - a) <
1, the normalized growth rate is

(
b - a) x

ror/c = Aocxo -b- F=1'

for [b/(b - a)]1/2 > 8/(b - a) > 1,

and for 8/(b - a) > [b/(b - a)] 1/2,

Ao ( b )ror/c == -2 -b-- x(x - 1),
CXo - a

where 8/(b - a)::;= Cio/(Ix - 11)1/2, Ao = 0.12(Boz/Boe)(ro/a)2yollerit[kA], Cio =
(1tcr(Boz/Boe)c/ro)-1/2c/(b - a) and x ~ 1.

r

I
I-
~
o
0::
<.9

b-a Jb(b-a)

SKIN DEPTH

FIGURE 3 General form for the growth rate of the drag instability as a function of the skin depth in the
modified betatron.
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The NRL modified betatron is designed to operate at a beam current less than the
critical current given in Eq. (37). This is necessary to avoid the drag instability, which
could be severely destructive, as becomes apparent from the following numeri
cal example. For x == 2, a/ro == 1/10, ro == 100 cm, Yo == 6, (b - a) == 0.05 cm,
Boz/B08 == 1/10 and (j == 2.5 X 1015 sec-l, the growth rate is approximately 8 x
106 sec - 1, i.e., the beam will strike the wall in less than a bounce period.

VI. SUMMARY AND CONCLUSIONS

The drag instability in the modified betatron is distinct from the beam-orbit instability,
which may arise even for an infinite chamber-wall conductivity. The origin of the
beam-orbit instability8.10 is due to an imbalance in the various confining forces,
resulting in a net transverse drift velocity of the beam center and occurs even in the
absence of dissipative forces. On the other hand, the drag instability arises from
dissipative effects, i.e., finite conductivity. The instability condition associated with the
beam orbit instability can be obtained from Eq. (27) by noting that for (j == 00, unstable
solutions occur for roBrroBz < O. However, if n == 1/2, roBrroBz is always equal to or
greater than zero and the mode is stable. On the other hand, if (j =1= 00 and n == 1/2 the
drag instability is stable only if roB < 0, i.e., v/yo < (a/ro)2 ~02yo 2/4. In a straight
chamber, i.e., ro == 00, this mode is always unstable.

In this paper, we have investigated the drag instability in a modified betatron
geometry over a wide range of the parameter 8/(b - a). The maximum growth rate of
the instability in high current accelerators could be much greater than the bounce
frequency and thus the beam could strike the wall of the vacuum chamber in a time
comparable to the bounce period. However, the drag instability is suppressed when the
bounce frequency is positive, i.e., when roB > O. Therefore, it is necessary that during
injection,21 the parameters of the experiment should be chosen in such a way that
roB > 0. It is important to point out that neither acceleration nor the diffusion of the
self magnetic field can change the polarity of roB. For roB > 0, the beam moves inward,
i.e., toward the center of the minor cross section of this torus. This property might be
used to drive the beam near the minor axis of the torus in a relatively short period of
time after injection.21
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