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KLYSTRON INSTABILITY
IN THE COAXIAL AUTOACCEI-JERATOR
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The klystron instability has been examined for thin solid and thin hollow intense relativistic electron beams inside
accelerators composed of cylindrical pipes with periodically spaced accelerating gaps. A stability criterion has been
obtained which requires that the gain in velocity modulation from gap to gap be less than one. Application of the
stability criteria to preliminary experimental measurements indicates that: (a) if the beam plasma frequency is greater
than the fundamental resonant frequency of the coaxial cavities connected to the gaps, and (b) if the ratio of the charac
teristic impedance of the cavity to the effective local diode impedance of the beam is less than one, then the beam is stable
against the klystron instability.

I INTRODUCTION

The stability of electron and ion beams accelerated
to high energies by linear accelerators, such as the
linear-induction accelerator,1,2 the traveling-wave
accelerator,3 and the autoaccelerator,4-10 is a
very important design constraint particularly when
a high current is desired as well.2 The instabilities
that occur in the beam flow in these accelerating
structures have been traditionally divided into
two types of interactions: 11 resonant "interactions
and nonresonant interactions. The resonant inter
actions,2 such as the longitudinal bunching mode
and the transverse beam breakup mode, have
been reexamined in detail in a recen.t paper by
Siambis,12 with particular emphasis on the slow
wave properties and the spatial harmonics of the
accelerating structures. The nonresonant inter
actions com'prise the virtual cathode phenomena
and related instabilities,! 3 the klystron insta
bility,14 the resistive wall 15 and inductive wall
instabilities. 16

In this paper we shall examine the klystron
instability with particular emphasis on the
geometry of the coaxial autoaccelerator at the
Naval Research Laboratory.8 The geometry of the
coaxial autoaccelerator in general, Figure lc, as
well as the geometry of the linear-induction
accelerator, Figure lb, resemble the geometry of a
multicavity klystron. The multicavity klystron is an
amplifier where a signal impressed on the beam as a
velocity modulation, at the gap of the first cavity,
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is amplified many-fold through current bunching
and strong coupling to subsequent cavities. In this
work stability criteria are derived so that the
coaxial autoaccelerator can be designed to operate
in a parameter range where the klystron instability
is suppressed.

In Section II the analysis of the klystron insta
bility is carried out for the relativistic electron case
and for both the high-frequency and low-frequency
regimes. In Section III there is discussed a pre
liminary experiment, in a regime suitable for
observing the klystron instability. In Section IV
discussion and conclusions are presented.

II ANALYSIS

The geometrical configurations of interest are
illustrated in Figures 1band lc. The analysis to
follow will apply when the gap length, Ig , is much
less than the length of the uniform pipe drift region,
Ig ~ 10 - Ig ~ 10 • In addition, if the radius of the
pipe, ro, is much less than the length of one cavity
section, r0 ~ Ig ~ 10 , then any voltage drop across
the gap will be confined axially over an effective
distance less than twice the gap length. This has
been observed in self-consistent computer simu
lations of autoacceleration. 1

7 A strong uniform
magnetic field, B ;(: 7 kG, is assumed in the axial,
z, direction. An intense, relativistic electron beam
is assumed to flow in the z-direction, with current
much less than the critical current 13 Ie. The beam
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FI~URE 1 Comparative schematic diagrams of linear peri
?dIC accelerators; (a) the iris-loaded waveguide; (b) the linear
Induction accelerator ; (c) the coaxial autoaccelerator.

(6)

(3)

which reduces to

qVI
[ (WI )]u = Uo + 31 cos wto - cos wto + -----.fJ •

wmoY 9 Uo

Other one-dimensional spatial variations for the
electric field at the gap will also be considered after
the study of this example. The equation of motion
for a beam electron of charge q, velocity uo,
f3 = uo/c, mass ymo, y = (1 - /32)-1/2, is given by

d(ymou)
dt = qEg (2)

M = sin(!e) e= wig
!e ' Uo

which give the velocity modulation of the beam, bu,
as a function of the beam parameters, the gap
length and the gap voltage and frequency. The
quantity M is known as the coupling or modula
tion coefficient. The effective gap voltage is given
by M times VI. Finite transit time effects of electron
motion across the gap are included in M. The
assumed rectangular gap field Eg and the resulting
coupling coefficient M of Eqs. (1) and (6) constitute
a Fourier transform pair which permits finding the
coupling coefficient for the general case of gap
electric field, by means of its Fourier transform as
shown in Ref. 14. The quantity e is known as the
transit angle. Figure 2 shows a plot of M vs efrom
Eq. (6), which indicates that in this case the coupling
coefficient has an effective bandwidth of Q ~

nUollg. The fundamental resonant frequency, wo,
of the coaxial cavity, therefore, must satisfy the
condition, W o < Q. This condition is easily satisfied
for parameters of interest for the coaxial auto
accelerator. 8 High-frequency noise, w > Q, reduces
substantially in coupling in and out of the cavity.

du qVI sin wt

dt mo y3 lg

Integrating in time from to, the time the electron
enters the gap region, to tI' the time the electron
exits the gap region, we find:

(4)

Next,.the or~g~n of time is shifted, to = to + 19/2uo,
!o a tIme orIgIn at the center of the gap, the prime
IS dropped from the new time variable, and we
find:

u = Uo + bu = uo[1 + ( {VI 3)M sin wto]
Uo moy

(1)
1

Izi > i

(b)

(a) First gap interaction

A voltage of amplitude VI and frequency w is
assumed across the first gap. The beam electron
is acted by an electric field, E g , in the z-direction

(
VI) . 1 1E = - sIn wt - -!!. < z < -!!.

9 I
g

, 2 2

is either a. thin pencil beam on axis, rb ~ r0'

I ~ 10 kA ~ Ie; or a thin hollow beam near the
wall of the drift tube, I1rb ~ rb ;$ ro, I ;$ 80 kA ~

Ie. The motion of the beam electrons is assumed
one-dimensional in the z-direction and the beam is
assumed to have no energy transverse to the uni
form magnetic field. In proceeding with the analysis
we shall assume that the interaction of the electron
beam with any sources or sinks across the gap can
be considered separately from the free flow of the
electron beam in the uniform pipe between any
two successive gaps. In addition the quasistatic
change in the energy state of the beam at the gap
due to autodeceleration or autoacceleration will
also be neglected when carrying out the stability
analysis.
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multicavity klystrons. The relativistic case is
derived as follows. The velocity modulation, in the
drift region" 0 < Z < 10 , is given by

<5u(z, t) = Af expU(wt - kfz)]

+ As expU(wt - ksz)], (12)

FIGURE 2 The gap electric field Eg and modulation
coefficient M.

(13)

k
_ w w pr

"s - + .
Uo Uo

where Af and As are constants and are equal to the
amplitude of the fast and slow waves respectively.
These two constants are set equal, A f = As = A.
This implies that the current modulation in the
first gap is set equal to zero. This is a good assump
tion, because no bunching occurs within the first
gap. The wave numbers kf and ks are given by

where Ao is the charge per unit length of the
unperturbed beam. Next, we find

The modulation in the beam current <51, is obtained
as follows. From the steps leading to the derivation
of the dispersion relation we have that

Substitution of Eq. (13) into Eq. (12) yields

Ju(z, t) = 2A cos(ro::z)eX{j(rot - ::)J (14)

Application of the boundary condition at z = 0,
gives

. ( qV1 )<5u(z, t) = - JUo 2 3
uornoy

xM Sin(ro::z)eX{j(rot - ::)J (17)

Before discussing Eqs. (15) and (17), another
quantity, the beam kinetic voltage, bV(z, t), which

(7)

(8)

(9)

(10)

in kA, (11)

100:=--
f3y3Is

2n80 rno c2 8.5
Is = q In(ro/rh) = In(ro/rb)'

(k 2c2
- w 2)0:

1- =0
(w - kUO)2

for W < wpr , k ~ km = 2n/ro and

(w - UOk)2 = w~r

for W ~ w pr , k ~ km , where

2 W~ q2ne/ rnO 80
W pr = 7 = y3

(b) Unifornl pipe drift region

The velocity modulation impressed on the beam at
the first gap, (z = 0, t), then travels in a long
uniform drift section, (0 < Z < 10), before it reaches
the next gap, (z = 10 ). As a result of the velocity
modulation certain groups of particles travel
faster than the dc velocity of the beam and other
groups of particles travel slower tha.n the dc
velocity~ Uo. This leads to bunch formation in the
drift region. In order to follow this motion and
bunch formation, the modulation at the first gap
is decomposed into wave excitations on the beam.
The propagation of these wave excitations is then
followed along the drift region to the second gap.
The wave excitations on the beam are constrained
to the fast and slow electrostatic plasma waves of
the beam.

The dispersion relation for the plasma waves on
the beam is given by the following expressions 12

,18

for the respective regions of frequency and wave
number:

where w p is the beam plasma frequency, 10 is
the beam current, and 80 the vacuum permitivity.

The high-frequency regime, for the nonrelativis
tic case, has been extensively explored in connec
tion with the study and design of two-cavity and
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is simply related to the velocity modulation, is
introduced.

(23)

(21)

(25)

(24)

[1 + (1 - {3)/rJ.] 1/2
j1=-------

{3

. (w~z) .[ ( W~Z)lxM Sill -;;;; exp j wt - -;;;; ,

where

where

and

~ 1 + rJ.j12

l, = flO + a) < 1.

Equation (22) shows that -now the velocity or
voltage modulation has a new component 90
degrees out of phase in space and time from the
standard term. The presence of this term is due to
the asymmetry of the fast and slow wave branches
around the beam line for the low-frequency
regime. If the two branches of the low-frequency
dispersion relation are symmetrized, by fiat, around

lJ. ~ 1.

If we follow the procedure of Eqs. (12), (14)-(18),
and assume that A I = As, then the resulting
equation of <5I(z~ t) will have a nonzero compo
nent at the first gap, which is in phase, spatially
and temporally with the velocity modulation. This
is due to the fact that the low-frequency fast and
slow wave branches are asymmetric around the
beam line, W = kuo. This asymmetry comes from
the factor, 1 + rJ., in the right-hand side of Eq. (20).
In order to keep the current modulation equal to
zero in the first gap, because it takes time for the
velocity modulation to result in bunching and
current modulation, the level of excitation of the
fast wave AI' and the slow wave As will now be
assumed different, AI #- As, for the low-frequency
regime. Repeating the. procedure we find

c5V(z, t) = -jVIM[COS(:~z)

and

(19)

(20)

n = 1,3, ....

k =W~
I Uo 1 + rJ.j1

k=W~
's Uo 1 - rJ.j1'

SIN (wl-WZ/uo)

COS(wprz/uo)

81

For the low-frequency regime, W < w pn we
proceed as follows. From the dispersion relation of
Eq. (7), we obtain the fast- and slow-wave wave
numbers,

c5V(z, t) == (UO:
Oy3

}U(Z, t)

= - jV1M COS(w::z)exp[j(wt - ::)J-
(18)

Figure 3 shows the amplitude variation of bV(z, t)
and bI(z, t) along the drift region. It is seen that
the bunching in velocity or kinetic voltage is
spatially 90 degrees out of phase with the bunching
in the beam current. For klystron operation it is
required that the second gap be placed at a current
bunching location, i.e.,

wprlo _ nrc.
U;;-2'

av

SIN (wpr z/uo)

COS (wt-wz/UO)

FIGURE 3 Standing wave pattern of (a) kinetic voltage
bV and (b) current bunching bI in the drift region.
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where Zo is the characteristic impedance of the
beam perturbations in the drift tube. The gap and
its cavity will appear to the bunched beam current
as a shunt resistance, R sh' as shown in Figure 4.

the beam line, by dropping the a, a ~ 1, in the
1 + a term in Eq. (20), then the new term in the
kinetic voltage modulation is zero and the standard
terms have nearly the same amplitude as given in
Eqs. (22) and (23).

(c) Second gap interaction, highfrequency.

For proper klystron operation, that is maximum
amplification at the second gap of the input
signal VI from the first gap, the length 10 between
gaps is chosen according to Eq. (19). For stable
accelerator operation on the other hand, the
distance 10 must be such that

so that there is no current bunching at the second
and subsequent gaps. The length, 10 , however is not
a free parameter. Also the relativistic beam-plasma
frequency varies both with beam current and the y
of the beam. It is therefore necessary to assume that
some beam-current bunching occurs at the second
gap. Next we rewrite b1 and bV at the input of the
second gap, 10 _ ,leaving out the fast phase variation,
- j expU(wt - wlo/uo)J

M(lo-) = j(;~}in kplo (27)

bV(lo-) = VI cos kplo (28)

Zo = (:;r)[(u~m;oy3/q)] (29)

(39)G < 1.

The bunched beam current in going through the
gap will suffer a phase shift f), as well as induce a
voltage on the gap equal to V2 = MRsh bI(/o),
which in turn will produce a kinetic voltage
modulation on the beam, bV(/o+), given by

b1(1 0 +) = bI (10 _ )e - j8 (31 )

V2 = M R sh b1(/o_)e - j812 (32)

bV(/o +) Inew = - M 2R sh b1(/o_)e - j8 (33)

bV(/o +) lold = bV(/o _)e - j8 (34)

At the output of the second gap, leaving out the
phase variation, exp( -jf)), we now have

bV(lo+) = -jGVI sin kplo + VI cos kplo (35)

M(lo+) = j(;~}in kplo (36)

G = M
2

R sh = (~) M
2

R sh l o (37)
Zo w pr (u6 rno y3/q)'

The quantity G, is the well known gain in velocity
modulation from klystron theory. The first term in
bV is the cascade term, the second term is the
feedthrough term. The effective gain is defined by

Geff = Ic5V~;+) I= [1 + (G 2 - l)sin2 kp lo]l!2.

(38)

If G > 1, then the kinetic voltage has increased and
a klystron amplifier type of operation is obtained
leading to instability for the case of accelerator
operation. If G < 1, then we obtain a stable ac
celerator regime. A sufficient, therefore, condition
for stability is

(26)

(30)

n = 2,4, ...

k = ?Jpr
'p ,

Uo

nn

2'

Rsh
FIGURE 4 Equivalent circuit f~r the gap and the cavity.
C is the capacitive coupling across the gap in the drift tube.
Land Rsh are the inductance and shunt resistance or characteristic
impedance of the cavity.
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L,Rsh
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(d) Second gap interaction, low frequency

For the low-frequency regime the relevant quanti
ties at the output of the second gap are given by

bV(lo+) = -jG'VI sin k~lo

+ Vicosk~lo -jVl(sink~lo (40)

~
M(lo+) = j Z~ sin k~lo (41)

Z~ = [a,u(1 + a)][u6rnoy3/q] (42)
(1 - a2,u2) 10
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(e) Discussion ofgain

We have seen so far what happens at the output of
the second gap. This procedure must be repeated
for all subsequent gaps. In doing so the analysis
quickly gets out of hand. Instead we focus attention
on the expressions for the gain, given by Eqs. (37)

. 2 k' I . 2[n a/1 JsIn -p 0 = sIn "2 (1 _ a2/12)

~ [~(1 _a:2/12)J ~ 1. (49)

The above relation places. an upper limit on the
length, Is, of one section of the autoaccelerator,
when G~ff > 1,

k~ = (:)[(1 _a:2/12)J (43)

G' = M2R~h = [(1 - a
2p2)J[ M

2
Rsh/Io ] (44)

Z~ a/I(I + a) (u5 moy3/q) .

The effective kinetic voltage gain is then given by

G~ff = {I + [(G' + ()2 - l]sin2 k~/o}1/2. (45)

The condition for stability is

The presence of the feedthrough term, ( < 1, now
renders the stability condition a more difficult one
to satisfy, despite the fact that G' < G (minimum),
because Z~ > Zo (maximum). But even in cases
when the stability condition of Eq. (46) is not
satisfied the resulting effective gain, G~ff' can be
very small because of the sine squared term in Eq.
(45). The argument of this term is written in terms
of k~ = 2n/I~,

I~ = (~) (1 - a
2

/12) ~ 10, (47)
fo a/1

where the fundamental resonant frequency of the
cavity is -given in terms of the transit time To of the
cavity by

(53)(WO)(~)M2 ~ 1
w pr 2ZD

as in klystron operation.

and (44), and will investigate the conditions which
make the gain less than one. These two expressions
have a common factor, namely,

M 2Rsh I o

(u6 rnoy3/q)'

The value of M is always less than one, see Figure 2.
The value of the shunt resistance RSh is equal to the
characteristic impedance per unit length of the
coaxial cavity

Rsh = Zc = cLc = 60 In(;:} ohms, (51)

where L c is the inductance per unit length of the
coaxial cavity and rn ro are the outer and inner
radii of the coaxial cavity. A typical value for the
proposed autoaccelerator and the experiment of
Section III is Zc ~ 80 ohms. The remaining
quantity

(U6 rnoy3jq) = 2Z
D

(52)
1o

is twice the diode impedance for the nonrelativistic
regime, y ~ 1. For the relativistic case, y ~ 1, and
also when autodeceleration or autoacceleration
takes place in the gap regions as well, then this ratio
defines an equivalent local diode impedance, Z D'

In order to keep the gain less than one, in both
frequency regimes, the ratio of the cavity character
istic impedance to the beam equivalent local diode
impedance must be minimized. The remaining
factor in the expression for the high-frequency gain
is w/wpr = w,o/wpn for W o > wpr • Clearly the
minimum value of this factor is 1. However this
minimum value might not be attainable because the
corresponding factor in the expression for the low
frequency gain, (1 - a2/12)/a/1(1 + a), which is
independent of frequency, may have a higher value
which then automatically becomes the minimum
actual value for the high-frequency expression as
well. From this discussion it becomes evident that
in order to insure stability against the klystron
instability the ratio of the cavity characteristic
impedance to the equivalent local diode impedance
must be minimized and the ratio of the fundamental
resonant frequency of the cavity to the beam
plasma frequency must be minimized, so that the
product of these two ratios is less than one. Con
versely a regime of high gain is obtained when

(48)

(46)

(50)

G' + ( < 1.

1 c
10=-=-

4ro 4/0

~ < (1 - a
2

/1
2
).

10 a/1

so that
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III EXPERIMENT

A preliminary experiment that illuminates the
klystron instability and its relationship to the
stability criteria derived here has been performed
before the theoretical results were obtained.

The geometrical arrangement of the drift tube
and coaxial cavities is identical to that of Refs. 19
and 20. In this experiment the phenomenon of
automodulation was demonstrated. The drift tube
consisted of a 1.2 meter long, 4.7 cm i.d. stainless
steel tube. Four gaps, feeding four coaxial cavities
in sequence, were cut into the drift tube. The length
of each cavity was 15 cm and its outer diameter was
18 cm. The fundamental resonant frequency of
these cavities was fo = 500 MHz, which is much
higher than the resonant frequencY,fo = 75 MHz,
suitable for the autoacceleration interaction of
Refs. 6-10. The injected electron beam is a thin,
annular beam near the drift tube wall, rb ~ 1.9 cm,
~rb ~ 0.2 cm. The electron beam parameters are
indicated in Figure 5. Figure 5a shows the time
profile of the diode voltage. The voltage rises from
oto 250 kV in 0.7 J.1sec. Figure 5b shows the signal
picked up by a magnetic probe- inside the fourth

and last cavity. The average value of the signal is
proportional to the beam current at the location of
the fourth gap, which is seen to rise from 0 to 5 kA
in 0.7 J.1sec. Figure 5b also shows a large amplitude
signal of frequency f ~ 500 MHz, equal to the
fundamental resonant frequency of the cavities.
When the beam current reaches approximately
4 kA, then the beam plasma frequency fpr ~ fo ~

500 MHz and the klystron oscillation reduces
substantially to low-level noise amplitude and re
mains for the remainder of the beam pulse, where
fpr > fo· The ratio of the characteristic impedance
of the cavity, Zc ~ 80 ohms, to the effective local
diode impedance, ZD ~ 50 ohms, is

Zc
-2 ~ 0.8. (54)

ZD
The value of the coupling coefficient is M ~ 1.
Applying these values to Eq. (53) it is concluded
that for fo > .fpr' this experiment should show large
amplitude klystron oscUlations as it does, while for
fo ;5 fpr, the klystron oscillations should be sup
pressed as is apparent from Figure 5b.

IV CONCLUSIONS

(0)

I

I
I
~250kV

I.....·~-- 0.7 fLsec ----I·~I

In Section II there have been obtained stability
criteria for the klystron instability. For the high
frequency regime, the stability criterion of Eq. (39),
is an extension to relativistic energies of the
well-known result for amplification in klystron
tubes. For the low-frequency regime, the stability
criterion of Eq. (44) and adjoining discussion are a
new result covering a regime of operation of no
interest in klystron tubes, because of the low gain
G, due to high beam impedance and because of the
difficulty in satisfying the optimum spatial condi
tions for high effective gain with gap spacing of
reasonable length.

In Section III a preliminary experiment has
been presented. The stability criteria have been
applied to the experimental results and reasonable
agreement has been obtained for the onset of sup
pression of the klystron instability.

In order to suppress the klystron instability
attention must be given to the following param
eters. The fundamental resonant frequency of the
cavity must be less than the beam-plasma fre
quency. The characteristic cavity impedance must
be less than twice the effective local diode imped
ance. The a-parameter of the beam, Eqs. (10) and

UJ
C)
<t
!::i
o> t-----------..........."'--~~~---
UJ
o
o
o

~
Z
IJJ
0::
0::a t-----:l~'_t_';_'1_',-.;::-:......-:'--,..------======-_----

I \~l,-JJ iJ;
\ ,
'--"

( b)

FIGURE 5 (a) Diode voltage versus time and (b) magnetic
probe current in the last cavity.
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(11), must be as small as possible. This last con
straint implies thin hollow beams near the drift
tube wall when very intense currents are needed as
is the case with the charging beam for the auto
accelerator. The y of the charging beam must also
be held to as high a value of y as practical in order
to keep lI. as small as possible. The smallness
of the a-parameter also insures a small ratio ofbeam
current to critical current.
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