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RESONANT INSTABILITIES
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The resonance and stability conditions of the traveling-wave type longitudinal bunching mode and transverse beam
breakup mode of thin solid and thin hollow intense relativistic electron beams inside several autoaccelerator systems
have been examined by means of a coupled-mode approach. For the case of the iris-loaded cylindrical waveguide system,
which behaves as a slow wave structure, we find that the beam slow waves couple to the autoaccelerator fundamental
modes and instability results in agreement with existing experimental results and other theoretical predictions. For the
case of the coaxial cavity autoaccelerator, which does not behave as a slow wave structure, we find that the beam slow
waves only couple to very high spatial harmonics of the autoaccelerator propagating modes, thereby leading to stability

againt the resonant instabilities in this case.

I. INTRODUCTION

Linear accelerators are most often long cylindrical
pipes with accelerating elements inserted or at-
tached periodically to the cylindrical pipe. When
the spacing and the geometry of the accelerating
elements remain invariant along the length of the
cylindrical pipe then a periodic structure is ob-
tained. Examples of linear periodic accelerators
are the following. The linear induction accelerator
as realized in the Astron Injector.!'? The traveling
wave (rf) accelerators as realized in the Stanford
Linear Accelerator (SLAC).> The autoaccelerator
as realized in the iris-loaded waveguide structures
at the Lebedev Institute* and the Lawrence
Livermore Laboratory® and the coaxial cavity
structure at the Naval Research Laboratory®—® and
elsewhere.®'1°

The stability of electron and ion beams acceler-
ated by these periodic structures to high energies
is a very important design constraint particularly
when a high current is desired as well.? The in-
stabilities that occur in the beam flow in these
periodic structures have been traditionally divided
into two types of interactions'’: the nonresonant
interactions, such as virtual cathode phenomena
and instabilities, klystron instability, resistive wall
and inductive wall instabilities and the resonant
interactions,> such as the traveling-wave type
longitudinal bunching mode (TM,; mode) and
transverse beam breakup mode (TM;; mode). In
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this work we have called the traveling-wave type
interactions resonant interactions, because a local
resonance condition, between the slow negative
energy waves on the beam and the waves supported
by the accelerator structure has to be satisfied
locally along the length of the system. To be sure,
some of the interactions referred to in this work as
nonresonant contain a global resonance condition,
which comes about in order to maximize the inter-
action, as is the case with the klystron instability.!”

In this paper we shall examine the resonant
instabilities of beam flow by means of a coupling
of modes method.!? That is the dispersion charac-
teristics of the linear periodic accelerating structure
are established in the absence of the beam (Section
IT). Next the beam dispersion characteristics are
established for a uniform cylindrical pipe in the
absence of the periodic accelerating elements
(Section III). Then the intersection of the two
uncoupled dispersion characteristics yields the
real frequency and wavelength for the resonant
interaction, Section I'V. The growth rate or e-folding
length of the instability can also be obtained by
reconsidering the coupled system in the neighbor-
hood of the coupling resonance.'®

This method permits an easy and graphical
representation of the resonant instability properties
of various accelerator configurations and facilitates
comparison of various geometries and beam
parameters. More specifically this method has
been used in this work to predict that the coaxial
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cavity autoaccelerator®’-® is stable against res-

onant instabilities. In addition this method has
also been used here to provide independent con-
firmation of the long wavelength resonant in-
stabilities that have been predicted and observed
experimentally in the iris-loaded waveguide auto-
accelerator.® This method also permits placing in
evidence the physical mechanisms that are re-
sponsible for a stable configuration in the former
case and an unstable configuration in the latter
case.

II DISPERSION CHARACTERISTICS OF
ACCELERATING STRUCTURES

In general there are two types of accelerating
elements for linear accelerators, those that are
placed inside the circular waveguide, that is like
an iris-loaded waveguide, Figure 1a, and those that
are placed outside the circular waveguide, that is
cavities connected through gaps to the accelerator,
Figures 1b and 1c.

The iris loaded waveguide, appropriate for
modeling one version of the autoaccelerator and
the rf linear accelerator, has been extensively
studied. Approximate dispersion relations for the
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FIGURE1 Comparativeschematicdiagrams of linear periodic
accelerators; (a): the iris-loaded waveguide; (b): the linear-
induction accelerator; (c) the coaxial autoaccelerator.

lowest passbands of the TM,; and TM,,; modes
are given® respectively by

W~ W + Qo (1 — coskl,) 1
o~ oy, + Q,(1 — coskl,), 2

where [, is the length of a section, ®,; and w,; are
the cutoff frequencies for the TM,; and TM,
modes respectively and Qg, and Q,; are the
respective half-bandwidths. The cutoff frequencies
are given by

(©))

Wy = > 4
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where c is the velocity of light and r, the radius of
the waveguide and (,, is the nth root of the mth
order Bessel function J,({,.,) = 0 appropriate for
the mode under consideration. The two values
needed here are {,; = 2n/2.6 and {,, = 27n/1.64.
The half bandwidth Q can be calculated through a
laborious analytical procedure’? or preferably by
relating it to experimentally measurable quantities.?

The dispersion relations for the geometries shown
in Figures 1b and lc are difficult to obtain and
in general are not available. What can be established
easily, however, is the cutoff frequency for the TM
and TM,; modes propagating in the waveguide
in the absence of the gaps. When the gap length is
much smaller than the gap spacing, I, < I,, then
the lowest passband dispersion relations for the
respective modes will be given by Egs. (1) and (2).
Inspection of Figures 1b and 1c shows that the
coupling from section to section in the axial
direction, in both of these cases, is capacitive,
because of the longer path that the current in the
waveguide walls has to follow due to the presence
of the gaps. This observation allows to conclude
that the dispersion relation for both cases will be
of the form given in Egs. (1) and (2). That is the
lowest passband will lie above the cutoff frequency,
as opposed to inductive coupling, from section to
section in the axial direction, where the lowest
passband lies below the cutoff frequency as shown
in Figures 1.7 and 1.8 of Ref. 14. The half-band-
widths Q,; and Q,,; will depend on the gap lengths
I/, and the geometrical and electromagnetic
details of the external cavities, and their exact
values are not needed in this work. The passbands
of Egs. (1) and (2) consist of spatial harmonics in
k-space with periodicity k, = 2n/l,, which is the



RESONANT INSTABILITIES 213

width of the fundamental period. When power is
fed in the periodic structure at a frequency w
within the passband many of the spatial harmonics
are excited in order to satisfy the boundary
conditions but the amplitude of the higher order
spatial harmonics decreases as 1/n, where n is the
order of the spatial harmonic.'® Also note that the
ratio of the lower cutoff frequencies for the two
passbands of interest here is

T Cj

— ~ 1.6. &)

®o1 Lo

III DISPERSION CHARACTERISTICS
OF BEAMS

For the applications of interest here we consider
thin intense relativistic electron beams situated on
the axis, r, < r,, or of thin annular shape Ar, <
r, S 1, situated near the wall of the drift tube.
For the case of the beam longitudinal bunching
mode we utilize well known asymptotic expressions
for the dispersion relation in the limits of small and
large k. For the case of the transverse beam breakup
mode we derive the corresponding asymptotic
forms of the dispersion relation.

For the beam longitudinal bunching mode and
for the limit kr, < 1, the dispersion relation as
given by Briggs,!® is

(k*c? — oo
T _kuy ©)

where U, is the velocity of the beam and « is given
by

1
*T @
where
U _

ﬂ=—cl’; =1 -p)"" 8
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8.5 .

= m, m kA, (9)

where I is the beam current, ¢, is the vacuum permit-
tivity, m, and g, are the electron rest mass and
charge respectively and r, is the radius of the beam,
both for thin solid beams on-axis and thin hollow

beams off-axis. The slow-wave branch of Eq. (6) is
given by

e

_ [ﬂ — ol + (1 = B2

T ]k. (10)

The high frequency-short wavelength limit of the
slow-wave dispersion relation is given by the well-
known expression

C

w w
— 4+ = Bk, 11
e T o B (1)

where w, is the beam rest-mass plasma frequency.
Comparison of Egs. (10) and (11) indicates that
Eq. (10) is valid for k < k,, = 27r, and Eq. (11) is
valid for k > k,. For the intermediate region,
k =~ k,,, approximate expressions for the dispersion
relation can also be constructed from Egs. (10)
and (11) but will not be needed here. Note that the
change in y due to the accelerating or decelerating
quasistatic potentials at the gaps has been neglected
in both Egs. (10) and (11).

For the case of the transverse beam breakup
mode (TM,;-type mode) we need consider only
the case of the thin solid beam on the axis of the
circular waveguide in the presence of a uniform
axial magnetic field B,. An infinitesimal dis-
placement of the beam in the x-direction is assumed
of the form

& = i.&,el@ ¢k, (12)

which generates an axial surface current on the
beam of the form

I, = 1.8, J,e @m0k, (13)

where J,, is the current density of the beam, assumed
uniform, and ¢ is the azimuthal coordinate of the
cylindrical coordinate system. The magnetic B
and electric E fields produced by this surface
current are obtained from the vector potential A

A = i,R(r)el@ =7k (14)
B=VxA (15)
J0A

By solving Laplace’s equation inside and outside
the surface current and by matching boundary
conditions at the surface current interface and at
the outer conducting pipe boundary the magnetic
field inside the beam is found to be

B = i,3u,8,J,6 ) fork <k, (17)
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and

B- Jke*>0 fork > k,. (18)

The equation of motion for the displacement & in
the ¢ = 0 plane is given by

0 d ok ok ¢.U, x B
G oG v g) |50 o

The dispersion relations in the limits of Egs. (17)
and (18) are next obtained neglecting the variation
of y due to accelerating or decelerating gap
potentials.

(0 — kUp)?* = (k,Up)?,  k<k, (20
o=kU, k> k,, @1

where k7 = w2,/2yc®. In the intermediate region
k ~ k, approximate values for the dispersion
relation will have to be assumed if needed. The
slow wave branch of Eq. (20) is given by

o= (k — k)U,. 22)

IV INSTABILITIES

In this section we shall consider the interaction and
resonant coupling of the modes obtained in Section
II for the accelerating structure and the modes
obtained in Section III for the beam. As numerical
examples we shall use the iris-loaded waveguide
autoaccelerator of Ref. 5 and the coaxial cavity
loaded waveguide autoaccelerator of Refs. 6 and
8. Comparison of these two systems will permit
some useful and general conclusions to emerge.
The iris structure has the following parameters:
r,=015m, I, = 0027 m, yielding wqy,/c = 16,
w;,/c = 25.6,k, = 232, k,, = 42. The coaxial struc-
ture has the parameters: r, = 0.025 m, [, = 1 m,
yielding wq,/c = 97, w,,/c = 155, k, = 6.28, %, =
251. The resulting cutoff frequencies are marked
with dashed horizontal lines in Figure 2 for the
TM,,; mode and in Figure 3 for the TM,; mode.
For the iris structure there is shown just one period,
the fundamental, with an assumed bandwidth of
0.6w,; and 0.6w,,, consistent with experimental
observations. For the coaxial structure there are
shown the first period and the tenth, twentieth
and thirtieth spatial harmonics, with an assumed
bandwidth of 0.3w,; and 0.3w,,, consistent with
experimental measurements on the structure. The
velocity of light line, marked by the number 1.0
and having slope one, shows that the iris structure,
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FIGURE 2 Dispersion diagrams and resonance intersections
for the longitudinal bunching mode.
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FIGURE 3 Dispersion diagrams and resonance intersections
for the transverse beam-breakup mode.

compared to the coaxial structure, is a much more
efficient slow-wave generator by virtue of the large
width, k,, of the fundamental period resulting from
the close spacing of the periodic accelerating ele-
ments and also by virtue of the low cutoff frequency
resulting from the larger radius of the pipe. By
comparison the coaxial structure produces slow
waves only at very high spatial harmonics, i.e.,
n > 16 for the TM,,; modeand n > 25for the TM,
mode, hence it does not qualify as a slow-wave
structure and has never been used as such.

The electron-beam quantities for the iris-struc-
ture experiment are as follows. Beam current:
6 kA, y =5, injected y =y, = 6.53, I, = 4 kA,
p =0.98. These parameters give the following
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values for the dispersion relations of Eqs. (10) and
(11) respectively:

© 095k, 23)
C
? +60 =098k (24)

The two dispersion curves of Egs. (23) and (24)
intersect at extremely high values of k, k > k,,,
hence the dispersion relation of Eq. (23) is an
accurate representation of the beam slow wave
dispersion relation in the neighborhood where it
intersects the iris structure dispersion relation,
Figure 2. This intersection occurs at w = @, =
5.1 x 10°, k, = 17 radians/m which is in excellent
agreement with the experimentally observed fre-
quency of, w, = 5.2 x 10°, for the longitudinal
bunching instability. In order to find the e-folding
length for this instability, which is convective, the
problem must be solved again near the resonance
condition, taking into account the coupling. This
has been done in Refs. 2 and 16. From Ref. 16 the
associated equivalent growth rate w, is given by
w;/w, = 0.2/y. The resonance condition for the
transverse beam breakup mode is next obtained
for the iris structure, from Eqgs. (22), (11) and (24)
and shown in Figure 3 with k, = 21.33. The low
frequency-small k portion of the curve is shown as
a solid line. The dashed curve shows the transition
to the high frequency-large k asymptotic form of
the dispersion relation given by Eq. (21). The
resonance condition is obtained at w,/c ~ 26
radians/m and k, ~ 50 radians/m, which is in
excellent agreement with the experimentally ob-
served value of w,/c ~ 25 radians/m. The growth
rate for this case has been given in Refs. 5 and 2.
For the case of the coaxial autoaccelerator of
Ref. 8 it is not really necessary to pursue the
resonant instability question because the slow
waves on the beam interact only with the very
high spatial harmonics of the periodic structure
as shown in Figures 2 and 3. The beam parameters
are assumed as follows: peak beam current
40 kA, y, =3, r, = 0023 m, Ar, =0.003 m, I, =
85 kA, y = 2.5, p = 0.92. Figure 2 shows the slow-
wave beam branch appropriate for the longitudinal
bunching instability intersecting the nineteenth,
twentieth, and higher spatial harmonics of the
periodic structure. These harmonics in order to
satisfy boundary conditions on the structure
must excite the fundamental and lower spatial
harmonics at much higher levels than their own,

hence they decay even when driven by the beam.
This resonant interaction thereforé can only lead
to some low-level noise on the beam and not to an
instability. A similar conclusion is obtained for
the transverse beam breakup mode in Figure 3.
For this case we consider only a thin beam on the
axis, because the thin hollow beam, far from the axis,
would not couple to the transverse beam breakup
mode which is operational near the axis of the
system. For the thin beam on axis we assume I =
10 kA, y = 5. r, = 0.005 m, and f = 0.98, which
give k, = 98 radians/m. An approximate transition
from the low-frequency to the high-frequency
limit is also indicated with a dashed curve.

V CONCLUSIONS

The resonant instabilities for the iris and coaxial
autoaccelerators have been considered by making
use of the periodicity of the accelerator structures.
For the iris structure agreement has been obtained
with existing experimental evidence and other
theoretical predictions. For the coaxial auto-
accelerator stability is predicted against the res-
onant instabilities because the coaxial structure
does not support slow waves that can interact
resonantly with the beam except at very high
spatial harmonics. The case of the Astron-type
accelerator, Figure 1b, can therefore be regarded
as an intermediate case between the clearly unstable
case of the iris structure,” Figure 1a, and the clearly
stable case of the coaxial autoaccelerator, Figure
Ic, and therefore capable of being tuned to a
marginally stable operating point, as has been
observed experimentally.?
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