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SOME LIMITATIONS IN RELATIVISTIC CHARGED PARTICLE
BEAMS

J. D. LAWSON
Rutherford Laboratory, Chilton, Berkshire, England

Some of the basic characteristics of linear and ring-shaped particle beams are reviewed, with the aid of a simple
model and suitable dimensionless parameters. The limiting behaviour as the parameter v/y approaches unity
(where v = Ne2Jrnoc2) is discussed in detail. Both static and dynamic systems are considered, and a simple derivation
is given of the equilibrium conditions of Budker's self-constricted ring beam.

Emphasis is placed on the essential physical characteristics of the beams rather than accurate mathematical
description; many of the results represent order of magnitude calculations to show the relation between parameters
rather than precise formulae on which to base design. In this respect the paper forms a sequel to a previous one.(I)

1. INTRODUCTION

The limitation to the beam currents which can
be held in particle accelerators and storage rings is
set either by instabilities which arise from collec
tive interactions, or by modifications to the
external focusing field which arise because of
static space-charge forces. (2) In the present review
the ultimate limits of this second type are considered,
even though in practice the beams considered might
well be unstable. Although the treatment may for
this reason appear at times to be academic, it shows
clearly what the limiting physical features are, and
leads naturally to a discussion of what is meant by
a 'beam' and a 'plasma'.

A complete description of a typical beam in a
particle accelerator is complicated; the beam is in
general bunched, it contains particles of different
energies, distributed in radius, which move at
various angles to some mean equilibrium orbit.
Different models are used to describe the beam
according to what needs to be calculated; in the
present paper an extremely simple though some
what unrealistic model suffices. By 'unrealistic'
it is meant that such a beam is unlikely to be
produced in practice, not that the model is not
properly self-consistent. Lack of realism is com
pensated for by the clarity with which essential
features relevant to the present study are exhibited;
similar features apply of course to actual beams,
but form factors of order perhaps 2 may be needed
in the equations, and single valued qualities need in
some cases to be replaced by distributions.

2. DESCRIPTION OF MODEL TO BE
STUDIED

Although the arguments in this paper may be
applied to beams of any type of charged particle,
attention will be directed towards electron beams
partly neutralized with positive ions. To begin
with, a beam with the following properties is
postulated:

1. All the electrons have the same momentum
f3ymc.

2. The current density is uniform for r < a, and
zero for r> a.

3. The beam is partially neutralized by positive
ions, which are uniformly distributed over its
cross section.

4. The ion motion is transverse, giving zero
contribution to the current.

5. Collisions between electrons and ions may be
neglected.

6. The transverse velocity of the electrons is
small compared with their velocity along the
beam.

7. Any external focusing force is a linear function
of radius measured from the beam axis.

The conditions under which a beam can possess
these properties (with or without external focusing)
will become apparent as the analysis proceeds.

The essential properties of such a beam in the
absence of external focusing may be found quite
simply. It is more convenient to work with the
basic dimensionless quantities {3, y, v, f (defined in
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(5)

(1)

essence very similar, despite the fact that his choice
of a Maxwellian transverse velocity distribution and
subsequent use of the 'temperature' concept gives
it a superficial appearance of being different. Since,
as in the uniform model, collisions are neglected, the
choice of a Maxwellian distribution is somewhat
arbitrary, though, as he explains, it is not altered
if a few collisions do in fact occur. Bennett also
assumes that the drift velocity greatly exceeds the
tranverse velocity, though he does not explicitly
state that this implies the constraint - K < 1. His
well-known Pinch Relation

4. LIMITATION TO THE IDEA OF A BEAM

It was suggested in Sec. 2 that - K = 1 marks
the division between self-constricted beams and
plasmas. With this definition there is no limit to
the current obtainable in a beam provided that
f = y-2. In other respects, however, the parameter
v/y which equals -K/2 for the special case off = 1,
marks a more significant transition point. This
will be seen in Sec. 5, but it is also apparent from
the following argument.

It is possible to consider an electron beam as a
special case of a collisionless plasma, in which the
beam radius is less than the skin depth. This
implies that when an external accelerating field is
applied, the inner electrons are not shielded by
those on the outside, a condition clearly necessary

(6)]2 = 2Nk(Te + Ii)

relates the transverse velocities to the drift velocities
and N through the relations lmo<f3i> = kT and
] = Nef3L; Eq. (6) is in fact completely equivalent
to Eq. (5) (and the corresponding relation for ions)
as is explained in Ref. 3.

It is a remarkable fact tha Eq. (6), though
derived originally for a collision free system with
drift velocity greatly exceeding the transverse ther
mal velocity, is also true when collisions are
present and the thermal velocity greatly exceeds the
drift velocity. (5)

The radial density function has a more natural
shape in Bennett's model, being proportional to
(a2+ r 2)-2; this is fairly sharply defined distribu
tion, but does not have the discontinuity at r = a
exhibited by the uniform model. The value of .:ts
is not the same for all electrons in the beam, but
depends on the oscillation amplitude. For small
amplitudes it has the same value as the uniform
model with the same perveance.

K= l~ (:2-1)
the following properties may readily be estab
lished(3):

the list of symbols, Sec. 10), than the more usual
current, energy, number density, etc. In terms of
these, and the 'generalized perveance' defined as

A. Since Be and Er are proportional to r, the
projections of the electron trajectories on a
plane through the beam axis are sinusoidal
with wavelength

.:ts = a( - K)-1/2, for ( - K)-1/2 > 1 and real. (2)

B. The ions move in a transverse parabolic
potential well of depth

W = (1 -f) vnzof32 c2• (3)

c. The ratio of transverse oscillation fre
quencies of electrons and ions is

We
2/Wi2 = M(f -y-2)/ymo(1 -f) (4)

where M is the ion mass per unit charge.

From Eq. (2) it is evident that for a beam to
exist - K must be positive; this implies, as may be
seen from Eq. (1), that f> y-2. Furthermore,
property 6 attributed to the beam (drift velocity
much greater than transverse velocity) can only
be satisfied if ~ > a, or - K < 1. Indeed, by
suitable averaging, it is not difficult to show(3) that

<f32T> ~ IK
-<f3L2>~ -"2

where f3T and f3L are the normalized transverse and
longitudinal velocities. Thus in a sense K = - 1
denotes the demarcation between a beam, where the
particle motion is predominantly longitudinal, and
a plasma in which the transverse velocity exceeds
the drift velocity. (1) For the special case of a
completely neutralized beam, K = - 2v/y.

3. RELATION TO BENNETT'S MODEL

It is interesting to see the relationship between
the uniform model and Bennett's original model of
the self-constricted electron beam. (4) Bennett's
model refers only to completely neutralized beams,
but it is slightly more general than the model
described above in that he assumes also a drift
velocity for the ions. Otherwise however it is in
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~ -!KA

they can no longer be neglected in comparison with
the kinetic energy, which increases linearly. For a
straight beam the stored energy is logarithmically
infinite; for a ring on the other hand the divergence
is removed, and the stored energy is proportional
to !(LI2 + Q2jC), where the symbols have their usual
meaning.

Denoting the inductance per unit length by I and
the reciprocal of the capacity per unit length by k,
the various components contributing to the energy
may readily be seen to be in the following pro
portions:

The energy of trapped positive ions is not in
cluded, since this is in general small. For a ring
beam the dimensionless quantities k and I are of
order 2In Ria; this quantity, which will be de
noted by A, might typically be 5-10. Very roughly
therefore the ratio of stored energy U to kinetic
energy Tmay be written

Ujr = 2{(1 - f)jf32 + I}Av ~ tKA
(Non Relativistic).

~ (2 -f)Avly
(Extreme Relativistic).

(Extreme Relativistic and! = 1).

It is interesting to see again the role of the factor
vIy in the extreme relativistic case.

As might be expected, the equilibrium configura
tion of a ring beam in a betatron type magnetic
field is affected when the parameter Ujr becomes
significant. The radius of such a ring at low currents
is determined by the balance between the centrifugal
and Lorentz forces; as the charge and current
increase, however, the mutual interaction of the
different elements of the ring produces additional
outward forces which increase the radius. In the
absence of vacuum chamber walls it is not difficult
to show that the radius of the ring is increased, for
the same field at the orbit, by the factor(7)

RjRo = 1 + !{1 + (1 - f)jf32}Avjy. (12)

1.
y-l,(~!,82fory-l< 1).
f32/V•

(1-f)kv.

Rest energy:
Kinetic energy:
Magnetic energy:
Electrostatic energy:

If n is not equal to !, the radial and vertical forces
are not equal, and the beam assumes an elliptical
shape. In practice the walls of the vacuum
chamber need to be taken into account, but in an
idealized system in which they are absent, the
radial and axial Q-values, where Q = Rj:A:, can
quite simply be shown to be(6)

6. STORED MAGNETIC AND ELECTRIC
ENERGY

2R2K
QA

2
=n- b(a+b)

where a and b are the radial and axial semi-axes.

(11)

2R2K
QR2 = I-n- --

a(a+b)

in an accelerator. The collisionless skin depth is
given by

S = cjwp = (ymac2j41Tne2)1/2 = a(yJ4v)1/2. (7)

Setting this much greater than a gives

4vjy ~ 1. (8)

For a neutral beam it is evident that S = ~sjJ2.

5. EFFECT OF EXTERNAL FOCUSING
FIELD

The simplest type of external focusing field is a
betatron field with n = - d(ln B)jd(In r) = 1. In
a low current beam (K ~ 0) this produces an
oscillation wavelength ~e = RjJn =J2R, where R
is the radius of the equilibrium orbit. The wave
length ~ in the presence of self and external fields is
given by

1 11K 1
I2 = :As2 + ~e2 = - a2 + 2R2 · (9)

:A: is real even for positive values of K provided that
K < a2j2R2. Setting these two quantities equal for
the case of f = 0 yields the standard formula for
the maximum current which can be held in a beta
tron (neglecting image effects):

a2
2 3

V = 4R2f3 y · (10)

The stored magnetic and electric energy associated
with an electron beam increase as the square of the
beam current and charge respectively. As N
increases therefore there comes a point at which

The energy of such a ring can be increased by
raising the field as in a betatron; the behaviour in
a varying guide field will be treated in the next
section.
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7. BEHAVIOUR IN A TIME VARYING
GUIDE FIELD

For a normal betatron a oc ({3y)-1/2, for contraction
of a low current beam in a scaling field, however, it
is evident from Eq. (13) that a oc R.

If ions are present in the beam the dynamic
behaviour is in general complicated. Changing the
flux through the orbit accelerates ions in the opposite
direction to the electrons, and since their radius of
curvature is different they tend to leave the beam;
in some cases, however, they are retained by electro
static attraction, though the adiabatic damping
rates will be different from that of the electrons if
the latter are relativistic. (9) Some simplification
can be introduced by assuming that the ions have
zero transverse inertia and infinite longitudinal
inertia. Though this is a reasonable approximation
in some circumstances, it is by no means always so,
and its validity must be checked in individual cases.

As indicated before, the betatron 2:1 condition
does not in general hold, nor do Eqs. (13) if the field
does not scale. In such a field however, the radius of
the ring still decreases and v increases as the field is
raised. For a ring containing some ions the stored

In a normal betatron, in which viI' is negligible,
the orbit radius remains constant if the '2: 1 condi
tion' Ao = BR is maintained. If on the other hand
the field obeys a scaling law, B(r, t) = F(t)r-n , the
equilibrium orbit and momentum of a particle
vary in such a way that

f3ymoc oc Bl/2, R oc B-l/2 (13)

where the value of B is that at the equilibrium
orbit. (8) The change in R for a fractional change of
B at the original orbit radius depends on n.

When viI' is not negligible the value of Ao at the
orbit is increased by just ANef3. A detailed
analysis (7) shows that in the relativistic limit
(f3 ~ 1) an un-neutralized beam (f = 0) behaves as
though the electrons are independent, but possess
an inertial mass (I' +vA)mo . The 2: 1 condition
still holds provided that the small change in A,
which arises from the shrinkage of the minor
radius a due to adiabatic damping, is neglected.
This damping is not the same as in a conventional
betatron, since Q varies; it can be found, however,
by writing down the usual condition that the ratio
of the energy to the frequency of the transverse
oscillations is constant. This yields (for the general
case of R varying also)

f3yQa2JR = const. (14)

electric and magnetic energy would equal the total
energy of the electrons when v reached about yJA.
Although instabilities would amost certainly pre
vent such a high value ofv from being attained, it is in
principle possible since if A is large, vII' is much less
than unity. In such a ring the electric and magnetic
fields would thus contribute a mass equal to the
relativistic mass 271'RNy. Further, the 'classical
radius' of such a ring is of order

'R = 271'vRI(y +vA). (15)

As v increases, RJrR decreases. It will be seen,
however, that the ratio cannot decrease to unity
without violating the criterion that vII' should be
much less than unity. If, however, f = 1'-2 so that
K = 0, and also A < 271' it is possible to visualize a
self-consistent ring structure with RlrR less than
unity. Such a ring would have some curious
properties. Unfortunately however, the pros
pects of ever forming one are very remote
rndeed.

8. BUDKER'S RADIATION LIMITED BEAM
AND THE PEASE-BRAGINSKY PLASMA

So far, scattering of the electrons by the ions in a
neutralized beam has been ignored, and energy
loss arising from radiation from the electrons has
been neglected. Under extreme conditions both of
these must be taken into account. (10) The effect
of ions is essentially to produce gas scattering
which increases the betatron oscillation amplitude
and hence the cross section of the beam. In a very
dense neutralized relativistic beam this expansion is
opposed by damping of the oscillations which
arises from synchrotron radiation of the electrons
in the self-field of the beam.

In his original analysis of the problem Budker
considered a steady-state system in which a longi
tudinal electric field along the beam is maintained
constant by betatron acceleration, but acceleration
of the ions in the contrary direction is neglected.
A Bennett distribution of charge density was
assumed and the steady state calculated with the
aid Qf a Lorentz transformation to a frame of
reference with zero mean electron velocity. Here
an order of magnitude estimate is made using the
uniform model for the beam and working entirely
in the laboratory reference frame.

The beam is specified by four parameters, E, v,
')' and a (with v ~ 1'), and relations between them
are determined by writing down equations for
energy and momentum and balance. Extreme
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Replacing B by an average value Neja yields
(ignoring the -I)

relativistic conditions are assumed, so that f3 ~ 1.
The power loss per electron Eec is given by the
standard formula

The momentum transfer per electron per unit time
Ee can be equated to the sum of the momentum
transferred to the ions by scattering (Ps) and that
carried away by the radiation (Pr). The first term
can easily be found with the aid of the Rutherford
scattering formula

of such beams to provide the guide field for particle
accelerators.

The numerical factors in Eq. (20) are somewhat
different from those given by Budker. Some con
fusion exists in the literature due to failure to dis
tinguish between the values of I' associated with
individual electrons, and the value associated with
the frame of reference with respect to which the
mean longitudinal velocity of the electrons is zero.
Although for v/y small the values of ~ in both cases
are near to unity, the values of 1 - f32 and hence y
can be very different. (See Appendix to Ref. 1.)

The sketchy calculation above illustrates the
essential physics of the steady-state relativistic
beam; it is greatly oversimplified however, and,
even if such beams did not suffer from instabilities,
they would be very difficult to set up. Their
transient behaviour has been discussed briefly by
Lawson(11) and more carefully by Capps. (12)

It is implicit in the above analysis that v/y < 1.
Toroidal self-constricted ring currents in non
relativistic plasma in which v/y:> 1 have been
studied in connection with fusion research. In
such plasmas collisions are important, and the
electron velocity distribution is essentially isotropic
and Maxwellian but with a small drift component.
For a typical value v = 104, f3L is of order 1%of f3T
Energy and momentum balance calculations analo
gous to those for the Budker beam have been
carried out independently by Pease(13) and
Braginsky. (14) There is a difference, however, in
that the energy loss occurs mainly by brems
strahlung, and the momentum carried by it is
negligible since it is no longer peaked in the
forward direction but is emitted more or less
isotropically. A detailed analysis is complicated, as
reference to the above papers shows, nevertheless
it is again possible to simplify very considerably
to obtain an order of magnitude result. The only
additional physical fact required is the nonrelati
vistic cross section for bremsstrahlung(15)

(20)

(19)

(17)

(16)

} (21)

From Eqs. (17) and (20) it follows that

yv = (8Lc)I/2
a = (8Lc e)I/2jEI/2.

P· _ 2 N (ro)2 J21T sin 0 (I-cos O)dfJ (18)
s - ymo c · -2· -2 (. 10)41Ta I' sin "2

= 4vLc e2/ya2

where Lc denotes the 'coulomb logarithm'

JBmaxL c = dOjO = In (Omax/fJmin);
Bmin

() is sman over the range which contributes most to
the integral. The radiation term can be written
down immediately from Eq. (17), remembering
(from Sec. 2) that the electrons make an average
angle of order (v/y)I/2 to the axis, and setting
cos fJ ~ 1 -lfJ2yields

Pr = 1'2 v2e2(1 - v/2y)

so that, for the total momentum balance,

y2 v2 e2 ( v ) 4vL e2
Ee = -- 1 __ + __c_

a2 21' a2y·

It is remarkable that each equation contains only
two of the four variables, so that in the equilibrium
state the energy of the electrons depends only on
the line density N, and the beam radius depends
only on the applied field.

Taking L c = 20, a typical set of parameters
for an equilibrium beam is, in practical units:
energy = 20 MeV, current = 5000 A, E = 1 V/cm,
a = 5 x 10-3cm. The self magnetic field of such a
beam would be 200 kG, a very high value. It is
this property which led Budker to propose the use

(22)

where ex is the fine structure constant. Proceeding
as before and making use of this result the equations
corresponding to (21) become

vfJ = e: ~cY/2
(23)

(
16(X e)I/2a == - - v3/ 4
31T E .
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The variables do not separate out into pairs as
before, the second equation contains a, E and v.
The first of these equations is the more interesting,
in practical units it is simply I ~ 106 A. It must
be emphasized again that this is a highly idealized
result, and such plasmas are in practice limited by
many types of instability. Some further comments
are given in Ref. 1.

9. CONCLUSION

The limitations both of linear and ring beams
with zero, partial, or complete space-charge
neutralization have been discussed in terms of
dimensionless parameters. The ratio vir is found
to be important in several respects; not only, as
explained in Ref. 1, does it form a transition region
between a beam and a plasma, but it also indicates
when the self-fields substantially affect the equili
brium conditions in an external field.

It is interesting to note that the vir = 1 limit to a
neutralized electron beam appears first to have been
realized by Alfven when studying streams of cosmic
particles. (18) The parameter v was introduced
by Budker, (10) and in his papers many of the
concepts discussed in the present paper are implied.
Kapitza (17) has recently also discussed the para
meter v, and shown that it belongs to a wider class
of 'natural' parameters significant in classical
electrodynamics.

10. LIST OF SYMBOLS

Only symbols used in more than one place are
included; those which occur only once are defined
locally. Gaussian mixed units are used.

a = radius of beam.
B = magnetic field.
c = velocity oflight.
E = electric field.
e = electronic charge.
f = ratio of ion charge to electron charge per

unit length of beam.

I = current.
K = generalized perveance [Eq. (1)].
k = reciprocal ofcapacity per unit length of ring

beam (Sec. 5).
I = inductance per unit length of beam.
L c = coulomb logarithm [defined after Eq. (18)].
mo = electron rest mass.
N = number ofelectrons per unit length ofbeam.
r = radial co-ordinate.
R = equilibrium orbit radius of ring beam.
f3 = velocity of electron normalized to that of

light; subscripts T and L denote transverse
and longitudinal components.

r = (1 - [32)-1/2.
{} = angle to beam axis.
A = 2InR/a.
);: = wavelength/27T. Subscripts sand e are

explained before Eq. (9).
v = Budker'sparameter = Ne2/moc2•

REFERENCES

1. J. D. Lawson, J.N.E., Pt. C. (Plasma Physics) 1,31 (1959).
2. E. D. Courant, Ann. Rev. Nucl. Sci., 18, 435 (1968).
3. J. D. Lawson, J. Elect. and Control, 5, 146 (1958).
4. W. H. Bennett Phys. Rev., 45, 890 (1934).
5. L. Spitzer, Physics ofFully Ionized Gases (Interscience,

New York), Chap. 3.
6. J. D. Lawson, Rutherford Laboratory Memorandum

RHEL/M 152 (1968).
7. J. D. Lawson, Phys. Letters, 29A, 344 (1969).
8. L. J. Laslett, Lawrence Radiation Laboratory Report

18103, p. 263 (1968).
9. L. J Laslett, ibid., p. 270.

10. G. I. Budker, Proc. CERN Symposium on High Energy
Accelerators (CERN, Geneva, 1956), and Atom
naya Energiya No.1, p. 9 (1956).

11. J. D. Lawson, Atomic Energy Research Establish-
ment Memoranda GIM 196 and 200, 1957.

12. R. H. Capps, Phys. Rev., 114, 1203 (1959).
13. R. S. Pease, Proc. Phys. Soc. (London) B70, 11 (1957)
14. S. I. Braginsky, Sov. Phys.-JETP, 6 (33),494 (1958).
15. W. A. Heitler, The Quantum Theory of Radiation, 3rd

ed. (Oxford University Press, 1954), p. 252.
16. H. Alfven, Phys. Rev., 55, 425 (1939).
17. S. P. Kapitza, Sov. Phys.-Uspekhi, 9, 184 (1966).

Received 24 July 1969




