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ABSTHACT

The direct interpretation of electricsl reaistivity
moasurements ln applied geophysice raquires the solution of
an inveree boundary valus problsm, Although an e#xast solutlon
for‘&hs vertical variation of eprecific reslistivity with depth
nas bsen known for some time, no exast motaod existe for the
cases of two and three dimensional variation of rasistivity,

The eartn can be considered ap subdivided into a number
of small nomogensous regions, A first approxination to the
exact Torward sclution allows tne ecmponliiing of & number of
these reglions snd the superposition of their affects, The
direct interuretation of resistivity data 12 then accomplished
by a least z2quuares fitting of tue effects of the reglone to
the cbaserved flield data, 8y a groper ciwiecs of tiwse sub -
surface regione, two and three dimensional variatlons of
resistivity euan be reprzsented and the [leld date interpreted

on thls basis,



It has Been necessary to =modify the first approximation
cf Stevemson (1934) in erdsr tihst syumetry of source and
rascaelver be maintained. lThe medified Lltran array, essentially
& dipole-dipcle elestrode sonfiguration, forms tho basis for
an appliocation of the interpretaticn scheme desveloped.
liowever, there iz nco fundamental rosson why any cther array
cannct be used in &an}aﬁ@ti@n witih this mépra&ch.

A number of practical dirsct intsrpretation opsrators
have been developed and tested on modsl, theoretical and fleld
rezulte of apparent resistivity surveys,., Tho metiiod is quite
successful in the majority of the osser, It is capable of
resclution of rosistivity data on sporoximately th@ zame scale

thet the measurements reprisent,
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1.0 Introduction and (bjectives

Geophysical prospecting reprecsents the attempt of man
to make intel! igent decisions about the physical character of
his environment. The envircnment 1s subjected to certain .3 &
cltations, its response measured and predictions made on the
basls of how it has responded,

In quantizing this process nian uses nis knowledge of
many different pnysical forces and fields and interprets the
response in terms of tne physlcal laws whicn his envircnment
must obey. This theasis is concernsd witn the aprarent resis-
tivity metnod of prospecting which measures the response of
tiie eartnh to a source of electrical current,

Otner investigators have conaidered this problem but
nave 1n£arprated tne reaponse on the basis thnat the only
variation of electrical parasmeters influencing the current
flow occurs in the vertieal dirsction., The work discussed
represents the extension to interpret electrical responses
in terms of two and three dimenslional variations of para-
maters.

The metnad of “tevenson in wnieh the potentlial is
expanded in a series is the basis for the research carriled
out in this thesis. The werik nas only besn possible bescaure
of tne a§iating slectronic cosputers now avellable for
scientific calculation. In anplicaticn the interpretation

scneme developed ls most efllecient when used in eonjunection



with such computers although it is not necessary in order to

achieve an application of the method developed,

1.1 Definition of Apparent Hesistivity Prospecting

The resistivity method of geophysical exploration 1s
based upon the measurement of elsctrical fields which are
conductively generated within the earth by meaﬁa of grounded
eleetrodes, By assuming tne earth tc be homogeneous and iso-
tropie in its electrical eharacteristics it is possible to
determlne tne resistivity necessary to produce the observed
fields from the known soureces. It is this effective physical
parameter whicech is referred to as the apparent resistivity of
the earth. Passing eurrent through two electrodes into the
- earth and observing the voltage between two others leads to
the ecalculation of the mutual resistance of these two circulits
{ source and receiver ). Thne geometrical value whiech is re-
quired to transform this resistanece to the apparent resis-
tivity of the earth can be computed from a knowledge of the
relative diataneces of the four electrodes.

There is no unique arrangement of sleectrodes in pros-
pecting apnlications and indeed the current may be introduced
into the earth by means of long cables grounded their entire
lengthh rather than with point elsctrodes, It is also possible

to qualitatively investigate the resistivity by observing the



equipotential surfaces as:sociated with the current flow., In
each modification of the method a systematlic distribution of
source and receiver e¢irculits within an area can lead tc an
evaluation of the subsurface variation of electrical resis-
tivity and the possible geoclogical struecture and material in-
ferred. It is only through a combined use of geological and
geophyaical data that an intelligent prediction about the

detalls of the subsurfasce can be made,.

l.2 Geologliecal Considerations

The specifiec resistance or resistivity of matter on a
microscople scale is defined from the equation Fw Q L/A where
R is the ressistance measured across a sanple of cross-
sectional area a;, length L and 14 is the resistivity in
units of ohms-lengtn, Many samples of minerals and roeks show
anisotropic properties in their electrical parameters and in
scre of the more refined methods of electrical well surveying
in regions with parallel boundaries between formations it is
necessary tc eonsider this possibility. In general the small
scale of the Inhomegeneities and the random prientations of
anisetropicvminerals combine tc yleld an approximate isotropie
resistivity,

The range of resistivities measured in geological
materials is tremendous, being over many orders of magnitude-

S ee———— samples of minerals with metallic luster such as the



sulphide of lead will have a value as low as 10‘6 ohti=
meters while some igneous and sedimentary rocks may present
values as high as 108 chm-meters, Hdowever, for material in
situ the influence of the electrolytic solutions and fluids
filling the always present pore spaces, fractures and shears
tends to dominate the resistivity pattern and it may be
stated that for very low frequency electrical current flow
tns main transport of current is by ionie solutiéna. The
range of resistivities observed in the field is thus much less
tnan might be antieipated from laboratory measurements but
8till 1s over a wide enough range, several orders of magnitude
-= 1 to IOu ohm-meters, to be useful in prospecting applica-
ticns, |

It is possible to infer the structural relationships
existing in the subsurface from the variations in the apparent
resistivity measured in an areal survey, on the assumption
that the ﬁatarial causing tihe variations of electrical fields
is direetly as:oclated with the structure. In the majority of
cases this will certainly be true but it must not always be
deduced that electrical veriations are only asscclated with
structural variations. Since the measurements are quantitative
at each geometricecal configuration not only the structure may
be inferred from the variations but also the possible material
from the absolute values of the apparent resistivity and any

deduced specific resistivities, This last remark points out



the basic aim of all geophysical prospecting systems: the
detection of regions of anomalous physical paramsters and the
interpretation of the field data in terms of location, size
and possible composition of sueh regicns. Since current flow
is strongly influenced by ionie sclutions the resistivity of
different geological materials depdnds largely upon the re-
lative amount of void space present in each sg&ple.HWith
particular reference tc mining geophysical applications,
mineralization often occurs in regions where the fracturing
or shear is muech greater than in the surrounding material and
thus the detection of the zone in these cases is direect in
electrical parameters but indirect with regards the mineral-

ization.

1.3 Field Procedures for Hesistivity keasurerments

A8 previocusly indicated, the aprarent resistivity
metnod requires the measurenent of a voltage existing aeross
twe electreodes wnich are in contact with tne eartn. Because
of the electrochemical reactions winich take place between an
ionie folution and an electronic conductor a resulting
potential difference is measured between tnem. Therefore if
two metallic electrodes are inserted into the ground they
will not correetly measure the eleetrical filelds within the
eartn, This difficulty may be overcoms by the use of non-

polarizable electrodes made of porous clay pots into which



is placed a saturated solution of a metallic salt in
equilibrium with a metallic electrode of the same element,
commonly copper culphate and a copper rod., This reduces most
of the ectraneous contact potential although there may be a
small potential difference between the solution within the
pot and the electrolyte within the ground. Another source of
error in resistivity measurements is due to naturally occuring
earth currents which arise from chemical potential gradients
within the earth., There currents are at times used as in-
dications of the electrical and geological character of the
subsurface in the seélf-potential or spontaneous potential
method of prospecting,

In any event, these influences must either be determined
by measurement and their effects subtracted from the artifi-
clally induced fields observing the correct pelarity or elim-
inated frdm the actual measurement, This can be done by in-
serting an opposing voltage of the same magnitude in series
with the measured voltage. In addition the impedance of the
voltage sensing device must be high enough so as not to alter
the current flow within the earth or the characteristics of
the device be modified by the contact resistance of the porous
pots,

Methods have also been developed to utilize the naturally
occuring fields of alternating currents in the telluric

methods and the recently applied magnetotelluric techniques,



These require respectively the simultaneous observation of
the horizontal electriec field at two different lceaticns or
the horizontal magnetie and electrical fislds at one station.
Inese fields may well be due to extraterrestrial causes but
tneir oripgin 1is only now being investigatsd,

It is not necessary to take similar precautions with the
sourece slectrodes although it may be necessary to add more
ground eontacts in the immediate vicinity of tne souree points
and te 'salt' the area with a solution of NaCl or other
similarly nighly dissoclatsd slectrolyte. Tnis is required in
order that suffielently low contact resistanes for the power
source allow adequate current flow to be established. The
calculation of apparent resiastivity, eh , Will not be serious-
ly in errcor if the distances betwessn the electrodes is muech
larger than the distances between the multivle ground econtacts

at each scurece position.

1.4 iHistorical Summary of Resistivity Measurements

iilstorically, thes electrical methods of prospaeiing in
one form or another are amongst the cldest of applled geo-
physical techniques. However, a lack of adequate quantitative
treatment of the basiec phenomena involved in the sarly work
. and even up to the present has nindered the proper developnent
of =ome of these methods and may in some cases nave had nege-

ative offects on thelr acceptance and utility In the professio,



In the electrical resistivity wmethods the first dew
finitive work was performed by Frederick wWenner in 1915 in
winich he expliecltly showed that the apparent resistivity of
tne subsoll could be measured by a four electrode aystem
placed on the surfaee, His analytical trsatment derived the
necessary geomstrical factor to transform the observed mutual
resistance to QA. and he indicated the scale of the sample of
earth material mesasured by such a system., The electrode
arrangement proposed used squally spaced intervals bstween the
four co-linear electrodes with the current being applied to
the extrems pground contacts wnile the voltage was observed
between the interior two., By varying the spacing Interval the
8ize of the sampled earth region varied and it is thls electrode
configuration, the Wenner array, which has been widely used in
its original form since then, There have been attempta made to
utilize and introduce other arrangements or to permute the
electrode connections but no other system has received as mueh
¢consideration nor achleved as simllar a suecess until quite
recently.

It was not until 1923 that actual fiald tests were
beagun to test the theory and system proposed by Wennsr and
in 1925 tnesa results were publlished by Gish and Rocney in
connection with the growing interest of the Carnegie
Institution's Department of Terrestrial Magnetlism in earth

current phencmena. These two investigators made a series of



meagsurements at various localities tnroughout the world and
compared the results with geological informationkta ascertain
he value of the method in estimating the resistivity strucﬁure
of large masses of the subsoil. The problems cf polarization
of receiver electrodes and naturalliy occurring sarth currents
were overcome by simultaneously reversing the voltage leads
and the source leads with a hand operated ﬁouble'commutator
" which onrerated at approximately 30 eps. ihus the voltage
observed wuas indspendent of the self-potentials within the
earth and the polarization potentials‘were never allowed to
build up due to the rapid reversal of current flow,

The field resulis of (lsh and Rooney showed the use-
fulness of apparent resistivity as an exploration technique
and since then many investigators have used this system of
resistivity prospecting with a good degree of success. As
might well be anticipated the evaluation of the method depends
moet hesavily on the interpretation of the data obtalned and
its subsequent eonfirmation by geologlcal examination., a4 great
deal of effort on tne part of many investigators during the
10 years follewing this original field work lLisproved on tine
initial system and advances were made in the interpretational
teehniques used to prudict the subsurface structure, Since
1935 artieles have appeared from time to tlme regarding the

resistivity metnod but the basiec steps were well defined
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during tnis first 10 year psriod. Applications of this

method have not besn limited to geoclopieal axploratién for
sconomic minerals or pstroleum and extensive work in civil
enginesring problems of bullding foundatione and highway
eonstruetion has been done. The objective there is eszentlially
tiiz same as that of georhysical expleration: the determination
of the subsurface structure from surface measurements of the

slectrical fisld,

1.5 The Indirect ietiicd of Interpretation

axisting methods cof Interpretation of apparent resie-
tivity field data tr yield subsurface vuriatlions hsve had one
point in common: all assumed that tne conly variastion of resis-
tivity was vertical, and that the 'ield data represented the
response of sueh an earth to whatever array was used. 5ince
this assumption was very limiting in its valldity, modiflcations
were made which allowed for norlzontal variations by eorrslating
the vertical interpretations at different locaticns within an
arsa and forming a composite model of the subsurface, However
this ié an appreximation usaful only when vertical varlations
are rather simllar at all the locations or in other words when
the actual variation departa little from being truly vertical
over the sntire arsa,

The initial attempt at interpretation of resistivity date
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was made by Gish and Rooney in the series of field 8Xpor-
iments already mentioned, Without analytically Justifying
their mathed it was applied to their field data with a great
degres of suceess, although it is impossible toc reeconstruct
the detailed steps involved in reaéhing their final results.
Graphieally plotting the apparent resistivity measured as a
function of the spacing interval and qualitatively observing
tnat interval at whieh the character of the resulting curve
changed, tihe depth to a horizontal interface separating two
different media was obtained. Thus an exact correlation of
electrode spacing to deptn variation was inferred and this
idea has been widely used in field operations since then.

This 'break point' method of interpretation is strictly
an smpirically motivatod and derived approaeh that is in
reality a very qualitative approximation to an interpretive
scheme sines it places & great deal of responsibility on the
part of the individual doing the interpretation, However, there
have been recsnt extensions and modifications to this method by
mnoore (19h5), wnese use of ‘'ecumulative resistivity' as an
interpretational basis has been subject to mueh eritieal review.
an integration of ths curve is effected by summing the apparent
resistivity of all the preceeding intervals as the electrode
spacing is inereased in squal intervals. although Ruedy (1945)
nes attempted to analytically Justify the interpretaticn by

'break pointd! of this Integrated data when graphically pre-
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sented it is not e¢lear from his work tnat any improvement over
the original Gish-nooney concept is made, Published field
results have not been capable of duplicate intermretations by
other investigators.

In 1930 Tagg and Lancaster-Jones critiecized the inter-
pretation method of Gish-Rooney and Tagg made a contribution
to a more quantitative approcaeh in presenting theoretiecal
curves of a wenner array for the response of an ;artn of two
horizontal layers, or two vertical laysrs. These theoretical
curves were emplcoyed to deduce from field data the depth to an
interface separating two media; whose speeifie resistivities
were also determ . ned, This was accomplished by graphically

plotting the theoretical variation of deptn versus electrical
& — 0=

e +Q2
value could represent, since any value for a given spacing

resistivity contrast factor (k= ) whien each data

interval could be due to an infinite number of diffsrent two
layer earth models. The upper layer's rasistivitye‘was found
from the limiting valus of anparent resistivity for small
electrode spacing. Combining the plots for tas different field
stations an intersection of all sueh curves at a certain depth
and k value, hence Qz , 1sd to the solution,

While tnis method is as accurate as the field data for
a real twé layer earth, any departurss from a perfect single
intersection of curves would yield a range of twe layer models

which would approximately satisfy the obssrved fileld data, It
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would remain for the interpretor to deduce whether the data
was in error or tne earth was not an ideal two layer config-
uration., However, this method is a rapid technique for deter-
mining a two layer equivalent to field data and represents the
first analytically correet intsrpretation scheme within the
limiting assumptions outlined. Tagg has since this original
work modifled it slightly in order to eliminate the need for
g¥nowing Q' with the use of dimensionless puarameters and has
also attempted to apply it to more tnan two layers. Other
autnors have published articles essentially using scme further
nodification of Tagg's method as well as the theoretical
solution of problems invclving more than two layers,

The next original approach to interpretation was made by
irwin koman 1n 1931 witn a teehnique for graphically comparing
tneorstically derived curves representing apparent resistivity
versus the spacing interval with fleld eurves. The plots for
two horizontal layers were made on log-log scales and the
theoretical curves were plotted in dimensionlsess variabies 80
that by properly superposing the field curve with a theoretical
curve the correct depth and contrast factor could be obtained
directly. iiils apnroach is not only rapid but accurate, and
required little training on the part of the interpretor. There
1s nowever, the nroblem that tihe real geometry may nnt be that
assuned in the derivaticn of the theoretical curves, and in
tnese cases tue slight mis-match existing bastween the two

curves might be attributable to data errors and/or variation
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in the horizontal formations rather than as the number of
layers involved, Bxperience on the part of the interpretor in
these situations would again be relied upon to resolve the
difficulty. Since this work was done families of theoretical
responses and curves for two, three or four layers have been
added but the basic principle of coincidence of curves 1is
still utilized,

In 1940 Rosengweig proposed a method of parametric curve
interpretaticn in which a master plot would be made for all
solutions of a specified geometry. lile used dimensionless
parameters in the form QA(Y\Q)/tA(Q) evaluated from the
fleld data at predetermined relative locations, Using two of
these parameters for different values of 'Y\ as coordinates,
the master plot would allow a direct reading to be made of the
corresponding depth and contrast values from the family of
intersecting curves representing the theoretical solutions
for these particular parameters, The success of this method,
which is ideally simple in its applications, has not been
great since the resolving power of the master plots is poor.
Since the field data slways 1s in error, a range of solutions
would be possible and for the difficulty alluded to above
these would vary over a wide limit. Moreover unless this
process were repeated for a number of values of the interpretor
could never be certain th&t the real geometry was simply a two

layer, and that the best solution had been obtained,
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Ihese represent thg main methods of indireet inter-
A §retation in resistivity prospecting sines they require the
knawladge of theoretical solutions to assumed geometries, as
indieated other worksars have modified these basie approaches
but, the principles remained thne same. The method of super-
position introduced by Homan appears to be the niost useful
developed although 1t requires the possision of a set of
theoretical- eurves for many geomstries and contrasté; thece
retically an infinite number., dowever, by judlicious choice of
these values it is possible to retain only a small number of
solutlions and interrolate between these wnen the fleld curvé
deoes not ecineide exactly. Agaln the sxperlence of the ob-
seprver is requlired to deeide upon tie correct solution in

such czses,

l.6 The Direect kethods of Interpretation

The direct methods of interprstation would not
require the use of extensive tables or curves of thecorstical
sclutions, instead by opersting in scme specific manner on the
field data the exact solution to the resistivity variation
witih depth would be obtained. The use of direct methods
nowever impllies a knowledge of the theoretical sclutions for
the anparent resistivity as a functlon of all tne parameters
involved, and then an in&ersion of tiis solutlion to obtain

tnese parameters as a function of the apparent resistivity
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measured, {he functional obtalned from tuis inverse operation
however, 1s not simnly relasted to the depth and resistivity
parameters and scme metiicd must be ﬁtilizad to abstract these
values from the functiocnal,

Tnere are two msthiods to solve tue physical preblem of
predieting apparent resistivity for a given vertical or hori-
zontal variation of speecifie resiativity.uéne iz limited to
direct current flow 1n sithsr norlzontal or vertical homoge-
neocus, isotropic laysers and corresponds tc the familiar image
tasory &f slectrostaties, ihe other is wore general and is
useful for eitner a discrete number of layers of a continuous
variation of resistivity which may bs aniscotropic and is the
integral formulation using eigen-functicns convenlent for the
geometry ., During the sarly work in resistivity prospecting
muechh effort was devoted to obtalning numerical solutions by
these two methods. It is possible to snow that If an lmage
tusory soluticn exists it can always bs obtsined formally
from the integral derivation and vice versa,

Ths potential measured on tne surface of an infinite
nalfspace {or a peint sourece with only vertical variations

of speecific resistivity can be repressnted generally as:

kp("):cf\({)\,x;) 3—0( kr),})\ _ 1.6.1
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where lp is the potential

£ the kernal function

Jo tﬁe ordinary bes:el funetion of zeroth order

r distance between socurce and receiver

c conﬁtant

x4 the physical parameters
a8 alrsady indicated tue"potential linsarly determines the
apparsnt resistivity, The kernal function K is related to the
resistivity variation in different manners, dapendsnt upon
whether the vafiaticn is discrete or continuous, Utilizing
tnis integral formulation and the requisite inversion foruulas,
aing (1933) and Slichter (1933) indspsndently presented a
method for intsrpretation wnich was semimdifect since although
it rigorously derived the kernal function from the field data
the final seneme was comparison of known kernal functions for
certain geometries, Langer (1933) treated the problem alse and
solved the Sturm-Licuville diffsesrential squation whieh related
tie resistivity variatlion to the kernal funeticn and Slienter
applied this development to sc}ve tie problem of direct inter-
pretation,

King recogniiod the necessity of me&éﬁring tiie electriecal

field in all practical aprlications and nenee ussd a forward
gsclutlen whicn presdieted the surface potential gradient due

to & point socurce:
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whiere Jl is the HBessel function of order 1,
Use of tne Hankel Fourisr-Bersel inversion formuls for this
equastion led te the kernal functicn wiich he referred to as

J
& =
the characteristiec function of the sprsten.

K(A:xi): ':El," r %"\g I.()tr) de 1.6.3

(o

By assuming different variaticne of resistivity, ne suggested

obtaining a family of forward solutions with which ecmparison

-

of field derived data ecould be nade,.

The work of Slichter was based upon the point potential
receiver and Eg., l.6.1 reprssents the forward sclution which
was alzc inverted by Hankel Inversion tuecry to yleld the

kernal funetion as:

KA k)= A 96 T(ax)de o,

0
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sxpansions of the logarithmic derivative of the conductivity
in a Taylor's series and substitution in the diffsrential
equation following Langsr rosultsd In an alpgsbraic expression
relating the‘variatian of conductivity with depth as a function
ol tue derived wsrnal, 3lichter presented various forward
solutione and their assocliated kernal functinons for graphical
comparison witih field derived sornals., Intll the very rascont
development of aigh spesd slsctronic com@uters,lﬁna amounﬂ of
numerical computations involved in anvlying this rigorosusly
developed interpratation schneme nrecluded its frequent
application. There are problems regarding the ragoelving power
of the actual fi=ld data for certaln geometries and con-
ductivities but a nore fundamental difflculty i{s that uss of
the Taylor series sxpansion is valid only for continuous
variations of reslstivity and hence discrete laysring could
cnly be asnroximated., Langer extended his oripinal work so
as to includes one vertical discontinuity in tos rssisztivity
Gut the awount of comrputation involved was even greater,
“Vozoff (1959} used a algh speed computer te overcome the
nuwierical nardskips in soplying Slienter's method of ksrnal
comparison’fop disecrete layering. ide eriployed a triasl solution
whiecii wag obtained by comparing the derived kernal function
withi certaln thaoretical solutions and fixing tae number of
layers involved. Variocus measures of tine fit of the derived

Kernal and the theoreticul kernal were ussd in medifying the



valusa of denths and resistivities until the variations in
these parameters were less than the sccuracy of the fisld
data would indicate., It is to be noted thagt since fisld data
is taken in a four elsctrode arrangement only for a discrete
number of data points, approximations regarding the beshavior
of tne apparsnt resistivity, and the derived ?oint potential
and peint souree must be made. The resolution probi&m in the
case of thin eonducting or resistive layers was demonstrated
in his work and the analytical treatment showed clearly why
this would be anticipated.

3hortly after 3licnter and Langer's work otevenson (1934)
published a paper presenting a rather different apprcaeh to
the problem of interpretation which was sufficiently general
to consider both two and three dimensional variations of
resistivity. It was based upon an expanslon »f the potential
in a series of higher order terms whose physical significance
was pointed out by Madden (1953)., He indicated that it
correspondsad to seeandaﬁy socurces created by tihe primary source
in regions of conductivity variaticon and the interacticns of
these secondary sources representing tne nigher order terms
in the series, itevenson presented an example of tne Inter-
pretation possible with this metnod whieh used only the first
term in the series expansion for a one dimensiocnal variation

of resistivity with depth and eompared his results witn those



obtained by using the Slichter-Langer method. The sxample
chogen was for discrete layering, and Stevenson's method gave
muecn. better results than the other, Recently Belluigi and
Maaz (19%6) have critically reviewsd these twc methods and
employed a continuous variation of rasistivity to 1llustrate
the relative failure of Stavenson's methag in this eass. In
addition they have nointed out that basic proofé of uniqueness
and existencs wiich are lacking in nhis origihal mathematlical

formulation; and which 3tevenscon himsslf readily acknowledged.

1.7 Indueed rolarization Pnenomens

A recent development clossly associated wita the
measurement of apparent reclstivity cof the ssrth provides a
more direct evaluaticn of ths metallie content of the sub-
surfaes rocks. This method of geonhysical prospectlng has been
referred to as the over-voltage or induced-polarization method
and is based upon the measurement of thé értificial eleetrical
field within the earth, It differs radically from the ordinary
resistivity nmethiods in that seither the variation wit5 fraquency
of the resistivity is measured for an 2ltsrnating current
scuree or the chargesbillity of the earth is determined by the
decay of voltage from lts steady value at the receiver
slectrodes after the primary source is turned off. Schlumberger
in 1920 referred to this second form of the same phenomena

as provoked polarization but nis attempt to utilize it or to
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complotely.undefstand it wers not suecesszful, It 1s only
recently (sinece 19149) that practical results have been
obtained and these mainly in mining geophysieal appliecations,

As mentioned previocusly, when an ionie sclution is in
contaect with a metallic e¢onductor a potentisl will ariso
because of the eleectrocherical reactions occuring at the in-
terface of the two medis, In addition tc this-will be added a
voltage drop aerocose the cirenit thus formed when eurrent is
pass=d through it, This voltage, snd in reality the impedance
of the cireuit, will vary dependent upon thie frequency of the
current scurce,

another metnod of observing this electro-chemieal phenom-
éna and even perhaps a better manner in winich tc visuallize this
process is to pass a direect current tnru such s system for a
eertain time interval., If tne source is then removed the
voltage acrose tae circuit wil)l not instantaneously decay to
zerc but rather will take a finite amount of time and it is
this whiech is referred tc as an over-voltage, This may be
thought of as an internal storage of electrical charge at the
interface of the two different media somewhat as & capacitor
stores cnarge,

1f the only process within the matérial commoenly found
in the earth tnat could store charge was alwsys asuoclated with
an ioniec sclution in contaet with a metallie conductor then

truly a direct metnod of prospecting for such mineralization
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would exist. However, sines the phenomena as cutlined depends
apon ths diffesrance in slectrieal current transport any

other mineral or rock walch is a good electronic conductor

such as granhite will yield a similar electriecal response,

mven more critical than this is the very rsesntly experimsntally
observed and theoretically investipated phenomenon of membrane
volarization of eurrent flow which arises in many geoloriec
material, In this physical process the flawhof ions 1s highly
selective with regards to ths sign of charpe carried, yield-
ing a result for electrical nmeasurements that is identical with
tns electrode polarization, Wnile thers i1s some ovarlap in the
magnitude of tas membrane and lonie-salsctroni-s nolarization
efTects, usually the lattar is the most significant in hard-

POCK areas,

1.8 rrequency-Time Aelationships in IP

The results of observing tiils polarization of geo-
lopical material, regardless of its origin, are identleal for
clectrical measurements and either the time or fraquency
metnods may be employed with equal success in field operations,
Measuroments on the vhenomenon indicate that it i1s linear for
the current densities commonly applied to peoloplc materisls
and tinls allows the use of szophisticated mathematicel trans-
form theory to relate time and frequency behavior to each

other,Tne usual method of observing overvoltage phenomena 1ie
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to establish a current in the ground fer a fixed time interval
and then to okserve the decay after tane current is withdrswn,
The value of tﬁe decay voltage immedlately after the current
ie turned off divided by the normai voltage appearing when

the sourecs 1s active 1s taken to be a mesasure c¢f the amocunt of
charge and hence of the metallic mineralizetion within the
eartn, rodifications to this are meesurement of decay voltagéa
at cther time intervels or tue Integration of the decay
voltage for a certalin tims interval.,

In the frasquency domaln, measursments are made upcn the
apparent resistivity for twoe different frequencles and the
change in thsir reciprccalsglths conductivity, 1is used to
evaluate tne subsurface geologle composition. ¥leld wmeasure-
ments in an arss procesd Jjust as a normal rsaistivity survey,
with variation of source-rsceiver position and distances in-
volved with the objeetlive tc evaluate the variation of polar-
izablility of subsurface materlisl, Il tie tlme domain metiod
usss the fractional decay voltage appea}iﬁg as a quantitative
estimate of the sleectrical character of the ground 1t can be

-

shown from the limit thecrems of Laplace Transfori theory tnat
this is identically squal teo the fractional decrease Iin apparent
resistivity from very low to very high frequencles,

Succassful applications of this rmost recently dsvelcped

geopnysical prospecting metnod have obtained by investigators
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Wwith the most significant results in areas of disseminated
mineralization such as the porphyry copnnsr denoaits taroughe
out tne world wnich nave not heen amenable to any of the other
pecphyelical metnods of prosnecting in general. The anomalies
obtained from these areaé ars al times outstanding in the
sharpness cof the rssclution of minera Iizad zones as comvared
with normal resistivity results in th& sSame areas, .lowever,

as indicated the merbrane phenomencn 1s importsnt and as mere
Fleld wor« is done in areas with loss geolopical control great-
er sxperience will be recguired tc Interprst the data rsgarding

the presence of metallie wmineralization,

1.9 lectromagnetic Counling

attractive as tnis new method apnears, Lhere are
eeritaln eamplicetions waich ar&&e because of the necessity to
observe either the response to an alternating current source
or the decaying voltage from an interrurnted steady eurrent
flow, Asscclated with every electrical current flow 2
magnetic field ealculable from smpere's law, If the currant
flow varies witn time however, and herce its magnstic fisld,
then by Paraday's law of irduction eédy currents will be set
up. rnese will act in tie same way as tne oripginal socurce

currents and in ordsr to properly dascribe ths current Pflow it

i3 necessary Lo consider tne problew as ons of slsctrouagnetism,



rhat is, starting from haxwell's equations deseribing the
differential behavior of electric and mayretie fields, the
complete deseription cof the relative position of =ource and
receiver circults, tre connectione te them ard the distribution
of conducting meterial must pe made Iin order tc predict the

correct response of the system to any exeltation, Insre wi

e

1
pe differences in the slectrics] fields observed as compzred
withh direect current and two phenomenon are resnonsibls for
tinis: in addition to tie neormal resistive ecoupling of thz two
circuits there will be inductive eocupling through the condve-
tive medis and the cavpacitive eounling bdetween the wires
forming the two ecircults, Formally it 1is necesssary to refer to
the eoupling as the mutual impedance rather than tne mutual
resistence in any of the existing resicetivity metnoas.

The use of 8 o mmutator in the Glsh-Fooney equipment
actually creates a square wave source of current, lnere have
besn reports of veriations of recistivity messured at & given
location depsndent upon the rete of turning of the cormutsator
in tne G-K syctems ant thls is po doubt atiributable te an
inguced polarizaticn effect sltnough the pos<ibility of an zZM
coupling pheromenon must walsc be considered,

Since the distribution of conducting material in the
subsurfece is not known belore a survey Is made wlithin un ares

the electromapretic counliing effects can not be predicted and
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their influence eliminated from the measurement to yield the
eerfoat value of the frequency dependent resistivity,

Theoretieal investigations on a uniform region however can be
used as indicationa of when EM eoupling effects became important.
As antieipated, the more rapid the change in current flow the
larger will be the effect but the scale of the eleetrode eon-
figuration and the eonductivity of the material must also be
eonsidered., Fortunately there ars few arsas where the BM
coupling effects are large enough to be troublesome and the
polarization effects occur well bérore this eritical point is
resehed, The solution to the problem when it arises is relatively
straight forward in either the time or frequency method:

measure the deocsy voltage a short time after the current flow

is interrupted rather than immadiatelj or use two riequeneios
whieh sre.low enough not to yleld EM effects but still
sufficlently far apart to show polarization effects in the
resistivities measured. '

In the Bltran and Sawtran methoda of geophysical prospecte-
ing introduced wome years ago, the basic phenomenon measured
was the EM eoupling of the two cirauits through the ground, and
the polariration effest was not known to be important, Obser-
vations of the deeaying field wers made for a four-slectrode
array similar to the Wenner but the connections to the elee-

trodes wers modified sc that the current source was applied to
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the two electrodes at one end of the spread while the voltage
was measured at the other twc. The rate of decay or :iwﬁ con=-
stant of the voltage was taken as the parameter indicative of
subsurface conditions but both instrumental and analytical
problems caused the method to suffer adversely in its appli-

cations,

1.10 lodified Zlectrode Array

There have been.two main groups working on the applie
eation of polarization phenomena as a geophysicel prospeetinﬁ
mtehod and each has developed their respective system about
ei’ther the time or frequency basis of measurement., The group
usingﬂthovtima domain has utilized the Wenner array and
prospected areas by profiling along grid lines often using
several spaoling lntervals yislding both a lateral and vertieal
probing of the subsolil. Those using the frequency domain have
utilized a modified Eltran array by fixing\ths spacing be-
tween the pair of slectrodes forming thg sonrce c¢ircuit and
similarly for the raceiver circuilt while vérying the distanee
between the two circuits in integral multiples of thse slectrode
interval.

The use of the modified Eltran array aross from the
necessity to minimize as mueh of the capacitive coupling effects
&8s posaible by geometrical arrangement of the soures and

recsiver circuits, Experience has also indicated the advantagos
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of separating the source and reeeiver circulits as eontrasted
to the wWenner array with respeet to sensing the subsurface
structurael variations, COperationally this method has proven
very successful in both efficlient use of fileld personnel and
equipnent without saerifiecing the quality of the results in
the details of the resistivity variation.

Indeed there has been a substantial improvement in the
method of obtasining data, and 1ts presentation and interpre-
taticn regarding the 1ateré1 and vertical variations of
resistivity by using the meodified Eltran erray, The normsl
field procedure has been tc fix the position of the source
eircuit whille successively moving the receiver cireuit farther
away, then moving the source along the line in the same
direction and repeating the rsceiver mcvement but for a
slightly different set of peritions., The diagram below 11ll-
ustrates the details of this system along one grid line with
the nost noteworthy aspect being the two-dimensionasl charseter
of the duta measured., The data is plotted at a noint midway
betwesn the two éircuits with its distanee below the surface

line proportional to the spaelng between the two sircuilts.
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Because of the symmetry principle r@g&rding surrent
flow in any media, there is 'no difference as to which eircuit
is the souree and henge there is nc variation of results
depsndent upon the direstion in which the profile was made,
Very charactsristic patterns have been obtained from two:
dimensional model experiments using thls array as well as for
_certuln theoretical subsurface goamatrias: Thd‘applied,inter-
pretation system wnlch this thesis will develop ia based upon
this eloetrode‘grray althcugh its basiec principlea ecan be

applied to any array.

2.1 The Forwerd Problem in Resistivity Prospscting

The foruard‘problam in resistivity prospecting isa
defined as the prediction of the electrical potential within
a given region for s specified distribution of scurces and -
variation of conductivity. This can be accomplished by obtainimg
the solutlion to the differential equation governing the flow
of eurrent within the media which satisfles the conditions of
eontinuity of potantial andﬁcurfant flow at any interlior point
in addition to certain boundary conditions lamposed by the type
of source and gecmetry asmployed,

Revnresenting the vector ecurrent density by'ﬁpand the
souree distribution by g, apélication of Gauss's theorem

equating the nst out flow of charge from within a small
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elemsnt of volume to the snelosed souree strength ylelds:

v . T = ﬂ. 2.1.1

where \/-is the divergenes operator. This oquatidn i8

aetually a statement of the eonaorvation of electrical charge
at all:points witbin the rsgion. The generalized form of Ohm's
law for eontinuous media states that the e&rronﬁwdonaity is
linearly proportional to the eleetrical field strength &,

tne constant being tine conduetivity; that 1s

- r— 2.1.2
T-sE

Thié;rarm of Ohm's law is not strictly general since it
implies that tha ecurrent flow parallels the electrical fileld
in all cases, For anisotropiec media this is not tne case and
either a modifled form of Zq. 2.1.2 for eaeh component must
be stated or squivalent use made of the tensor concept and
notation. however, this will not be done here and it is
possible to sclve certain physically important anisotropie
problems by ehoosing the eoordinate directions to eoineide
with the'direetions of anisotropy, whieh are assumed to be
constant throughout the media, |

For steady current flow the total work done on moving an
electrieal charge in & closed cirecuit musi be zereo ainee the
conservation of energy must be upheld, fhis implies that the .

veetor & field is ceconservative and thus derivabkle as the
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gredient of a scalar slestrical potential LP . Thus it is

posaible to write

——— —— ‘
J=0ckE = -V 2+1.3
whers is the gradisnt opsrator. Substitution of this

equation into 2.,1.1 yields the gensral squation relatling the
slectrical potential to the snurce distribution and conductivity

variation as:
A ARCAVLLEt I

Thers are two types of problems in rasistivity
prospecting for yhich solutions to this eguation have been
obtained, lne fifst represents the physicul system in whieh
the conduetivity is constant within ecertain subregions of the
entire region of interest and in tnis case the differentisl
equation reduces So the familiar Polsson's Kquation vz(p=-c‘[c-
if sources are present and Laplace's equation vzq)so ir
there are none, Both of these equations have been ctudied in
other fields of physics and soluticns for different eocordinate
systems are well known whieh also satlefy tne necessary
boundary conditions for the agtual sources used, This forward
problem of resistivity prosveeting is generally refsrred to as
& boundary value problem in mathematlieal physies and with a
eomplete set of solutions for different coerdinste systems

many specific problems of Iinterest can be solved by satisfy-

e
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ing ths fequisito boundary c¢onditions,

For those probklems with eintinucus varistions of
resistivity only a limited numbsr have been eapable of
solution, and these in partieular for a one-dimensional var-
iation, kven for this latter group completely arbitrary var-
iations of conductivity cannot be sblved in elosed analytie
form beeause of formidable mathesmatieal aperationa required,

A4 sesond method of solution utiliszes the eoncept of
an influenee funetion whieh eorresponds to that solution for
the physical system in whieh the source 15 a mathematical
point. By superpesition of theas 1nriuenee funetions, whieh
satisfy the necessary boundary eonditions, sc as to form a
source idéntical with the actual source the net response of
the system will be obtalned, This is the Gresen's function
formulation which at present has been only fully developed for
homogeneous regicns in whieh the governing differential
equation reduces to Foisson's squation. In the general forward
problem of resistivity p;espocting it will be necessary to
develop a sorresnonding Gresn's funetion for squation 2.1l.4

when q is a point souree but this has yst to be done.‘

2.2 The Inverse Problem in Resistivity frospecting

As sontrasted with the problem of predieting the
system response to a known exeitation with a knowledge of the

parameters is the inverss problem of determining the dis-
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tribution of paraumtnrs‘freu & known response, This ia the
inverse boundary value ﬁrablam of mathematieal physies whiech
forms the core of this theeis investigation, and i= essen-
tially a formalism of the interpretation procedure associated
with sll geophysicsl prospecting methods. Certain advantages
in the theorstical aspscts of the general prospecting problem
are associated with the use of artificial sourees as is done
hers although 1t 12 not possibls te measurs every physical
parameter of intersst by their use., As indicated previously
thers are two apwproaches teo interprstation: the direct msathods
use the ferward soluticne of Jeetison 2.1 while the indireet
methcd 43 sxactly the inverse problsm,

3y surface measuremente of apparent resiastivity ths
inverse problem sclution weuld prediet the subsurfaee varistion
of elsetrical conductivity., This extremely diffiocult problem
has bsen approached only for a one disensional conductivity
varistion {in the work of slienhter and lLanger, A completaly
rigorous treastment necessitates the formulation of basie proofa
of axistenge gnd uniquaness wihich for the one dimsneionsl -
problex have applisd only to the eharacteristlie function
derived from the field data by the use of the Fourler-Bessel
inversion theorem, Ip additi-n there ars additional require-
ments that the surface potential, which is derivable from the
apparent resistivity, be known for all distences of the

receiver from the source, “ueh a reguiremsnt for data is une
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realistlic in practical field cperations znd Voroff was only
able to apply the formal inversion techniques developed by
assuning a form for the continuous interpolation of the field
data between the measured points. This limits the aceuraey
which may be expected but by proper chciecs of spaecing inter-
v;is for the number of discrete data points obtained the un-
certainity for many eases may be minimized;\hlso“of useful
asslistance in tne interpolation are the ﬁheoretieal results
of known geometries so that the potentiasl's interpclated

behavior eorrespond somewhat to a real systeam,

2.3 Stevenson's 3eries %oluticn'

In the work of Stevenson whieh has alrsady besn
mentioned, a series expansion of the sclution was made for the
forward problem for an arbitrary 3 dlmsnsionai variation of
conductivity., In addition he suggested tnat this approach be
used 1n the solution of the inverse problem although certain
points of mathematical rigor were not clarified, By trans-

pesing equation Z.1.l} into the following form:

—,vaw:__%:h-*_vw. VlP] asa

and reecognizing the close analogy bstween this equation end

folsson's equation he formglly sclved both the forward and
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inverse problems with a %oon'_u function development as:

0(F) = f.g_.h + Ve G| 6(RE) Wel, 22

It 1s not péasiblo to astually solve this integral equation
for either préblaa a8 it stands becsuse of the lack of
adequate analytical methods for generalized integral equa-
tions and Stevenson obtained a solution in his series ex-
pansion,

He assumed that ths final potential ocould be expreased

as the sum of an infinite sequence of potentials as:
()

L? = Wo + z LQL 2.3.3

A =\
Hers “kpo was the solutiocn to the differential equation

210 _ _ 2.3.4
V LP, =-q/[¢
obtained by the Green's funetion development as
/ - 2.3.5

The remaining (‘Pi wers obtained by succesive solution of
the differsntial form:

vzm‘:::%vq_.vw 2.3.6

&8 before using the Green's function to ylsld
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Stevenscn did not show that tals series developmsnt would
converpe to the proner soluticn and the racent paper of
sdelluiyl and Mesz navs pointed up tids lack ofﬂfundamental
mathematical rlgor, Assuming the convsrpence 1t can be

" shown that the series 2,3.3, whose terms satisfy 2,3.0 and
2e306, also satisfies the gensral differantial ecuation

2elelis

2.4 Ureen's Function for nalf Space

The geometry used in all theoretical work tous far
has bean that of an infinite half spaecs whose upper surface
corresponds witn tiis sarth's surface within the ares of
intsrest. Wnile t:la assumption would nnt be valld for
resistivity measurewments on an extremely large scale,
comparable with tns earth's radius, it 1s valid for the
problems of specific intsrest in geophysieal prospecting,
The maximum distances invelvesd In thess cases are less than
a xilometer, witieh is negliglble when eompared with the
6370 km radius of tue sarti, sssentially tis earti's sur-
frece may be econsidered as perfactly flat for all of the
prasent day peophyslical prospecting systems ana tols is

exactly what t.e previous assumptlion does,
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The Green's function solution to Poisson's equation
for a point source in such a geometry must satisfy the
following boundary conditions:

as "i" -‘i;‘l--o

G(FTF) Dot 2.3.8
17 -7 as |7 - Bl

where T represents the position of the socurce point &nd-i}
the peint at whioch the potential is measured, iAlso there

can be no flow of current across the upper surface so that:

%‘% = O ' 2.3.9

where B represents the normsl to the surface., There are
two methods of constructing & proper Green's function for
the region considered. The first is to consider the exsct
problem as stated: conducting msterisl below the upper
surface. In this case for a rectangular coordinate system
with the origin on the aurfaca and the 3 direction vertical
the Green's function is given by:

G(EpH = L [ 1 :
b1y [(rl-pl)a‘l'(1‘2-92)2*(2‘3-;:3)2] /R

2.3.10

1
+ [ (ry-p; )% (ra-pz')aé-(r_gq-p:;)z ]'/2 ]

The second method and the one which Stevenson used is
to refleoﬁ the conducting media about the upper surface so
that: .
T {P1,p,P3) = & (py,pp,-p3)



G(F, D) = -2t 1 y 2.3.11
l"’“ [(1‘1"'?1)2 ¥ (1'2"1)2)2 + (1‘3"?3)2] 2

but the integrations must now be performed over al)l space
rather than as previcusly onl:y the half space, Bither method
is anglytically correct, but ing seccond allowse a physical
interpretation which is helpful in qualitatively studying
the responses of various gsometries, It 1s to be ndtedvthat
the UGreen's functiones developed are symmetrical in the
source and recelver points. That 1s, an interchange of them
will not yleld any change in the velue of the (Green's funce
tions nor the boundary conditions which they satisafy,

Tuis principle of symmetry allows the position of
scurce and receiver to be reversed without ylelding a
different result for the apparent resistivity. In fleld
operations this principle can lead to savings in expenses
and time while rmaintaining the same quality and even in-
cregsing on tone quantity of results obtained, 4 specific
exanpls occurs when using the mnditiod sltran array 1if the
source and recelver circulits are located respectively in
nigh resiativity material and low resistivity material. The
voltage developad at the receiver electrodes might then be
toc small for the Instrument employed tc accurstely measurs

but by exchanging the two circuits the amount of ourrent
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employed could be made larger and thus so also would be

tha voltage measured,

2.5 Pirst Approximation Inversion of Stevenson

As already noted Stevenson suggested that the series
expansion be used also in determining the selution tc the
inverse problem., He was not sble to obtain sueh a églution
except in a specific geometry and this included only the
fi;st term beyond the homogeneous solution. That is,

Stevenson used the general form:

Px \0°+f -}r-[ vc.vt().] G dV.l 2.5.1

He considered the case for only vertical variations of
conductivity and performed the integrations in the horizon-
‘tal direetions without a knowledge of the conduectivity
variation, The ono;éimnnaioﬁal integral in the vertical
direction was finally inverted by the use of the Hankel
inversion theorem. Becsuse of the finite series expansion
ﬁsed in thie approach and the linearization in the condue-
tivity whieh it effected, the results of tnis inversion
yielded the ecnductivity directly. This 1s quite different
than the exaet proeedure of Sliehter- Langer whieh yielded
the kernal funetion whieh was then related.to the condue-

tivity variation,
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2.6 Physical Interpretation of Series Expansion and Inversion

It is ussful to consider a physical intsrpretation of
the series expansion developed by Stevenson and the signifi-
cance of the inversion resulting when only including the
first term. The Greent's function develiopment indicates %that
the term in Eq., 2,3,2 essentially represents another source
term whose strength énd distribution 1ig d&psnéent upon the
gradients of the electrical potential and the conductivity
and the cosine of their included angle. However, the poten-
tial referred to is the final potential and thus in both
the forward and inverse problems the correct distribution
is not known.

In the series development the potential which is
used to create the additional higher order sources is
dependent upon & known potential of lower order and by
lteration of thess sources the finsl potential is derived,
It 1s possible to consider the ereation of secondary souraces
yielding Lp‘ as being an interaction between the field of
the primary source and the conductivity variations to a
first approximation., The potential Lpa'is then capable of
Interpretation as the result of the interaction of these
secondary sources upon eéach other, agaln to a first approx-
imation. Continuing this interaction process finally approaches
the real system in which the existing sources, both primary

and secondary, and their flelds satlisfy equation
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2.1.4. For those problems in which the changes in conduc-
tivity are limited to discrete jumps betwesen regions cof
uniform but different values tne soucrces induced will be
distributed over the surfaces of the boundaries separating
then,

In eitner situation the interactions of the secondary
sources will be governed by the Green's function which for
a half-space is given by Bag. 2.3.10, Because of the two
distances invelved in this formulation it 1s seen that what
is happening is not only an interaction of the sources with
themselves witnin the half space but an 1ntera6tian with
image scources located above,tne plane boundary. Sy using
Stevenson's form of the Green's function fq. 2.3.11 and
reflecting the nalf space about the plane boundary these
added interactions are seen to correspond to the inter-
action of the actual conduetivity variaticn with its image
conductivity region above the plane, This method of inter-
pretation of the series expansion as induced sources and
tinelr interactions was originaslly propcsed by liadden (1953).

r'or plane surfaces of discontinuity the interacticns of
the soureces on themselves ars zero since the angle between
the conductivity gradients and potential gradients of the
secondary soureces is 90°, Here the intsractions of the

secondary sources with their images produce all the higher
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order terms, For norizontal layering there ars interactions
of sources on plane disccntinuities witi: one another but
the flirst arproximation sclution corresponds to the induction
of sources only by the primary source and no interacticns
with tinemselves or their 1lmages. The sources induced on
these planes are equivalent to placing an image gsource at
the point mirrored about tne nlane by the primary source.
For three horizontal laysrs these images will be 1c§at@d at
different depths in the media wilth strengths dspendsent upon
the conductivity contrasts. The diagram bslow illustrates
this interprstation with two planes of, discontinuity and

the equivalent ilmage sources,

# Reflected Image Source of B

Image of Plane 2
# Heflected Image &

Source of A

Image of Plane 1

imery Point Source
- Fr ry so-n Surfsce of Half-Space

Layer I

Plane 1

Leyer II # Primery Image Source A
- Plane 2

# FPrimary Image Source B

Image Source Distribution for three horizontal layers



The electrical potential lp obssrved on tne surface

is tnen readily internrstated as being dus to tune total
effect of tne 5 sources; 1 primary, two secondary images
and their reflected lmages, inis Iinterpretation can be
extended to any number of plane discontinuities and is
recognized as paralleling the image theory solutlions of
electrostaties, for the image theory solutioné in resis-
tivity problems witi: horizontal layers there is a decided
difference bestween the mannsr in which the strength of thel
sources 1s calculsted and the following,ésction discusses

the problems of tue first approximation in this connection,

2.7 Scurce “trength and Saturatlon

From a consideration of the principles of energy
conservation it is known that the secondary electrical
fields asscocliated with non-homogeneous reglons are boundad <
in magnitude, regardless of the conductivity variations. The
maxirmum values for these flelds are reached asymptotically
as the contrasts bstween different regions increase. lhis
phencmenon wnen viewed from thne ceconcept of equivalent induos
induces sources implies that the strength of such sources
reaches a finite saturation value when the contrasts become
infinite,

in the first approximation of “tevenson tiie strength

of the sources induced in his series development depends
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upon _VQ'/Q‘ . This can be rewritten as \/ln € =0
that across a discontinuity in conduetivity ( ¢ to T )
the value is given as \v\(W;/G}) . This term however,
doss not exhibit any saturation behavior and although 1its
singularity for both large and small eontrasts 1s of low .
order, it does reaeh infinity for the limiting values of
9/ T, = 0 or 00. This is a serious failure of the first
approximation and has not been eapable of a direst expla-
nation other than that there must be Iinteractions of the
indueed sourees on themselves in the neighborhood of eaech
surfaee point, and this leads to saturation,

Stevenson's series dxpnnsien does represent inter-
actions between induced sourees but does not refer to any
which may take place between one aﬁfface point and its
- immediate neighborhood. !iat inioiﬁagions of this nrature
occur in real problems 1s ovidgpggd ig the exact solutions
for two geometries in which the 1§£0§aotiona among surfaces
are zero. Ifhus any saturation which oecurs must be aue to
an interaction of thes surfaee on itself,

The first example is that of a point souree in a
whole spaece eontaining two different media separated by an
infinite plane. In this case the strengtih of the sources
induaedvon the surface of the disecontinuity 1s dependent

upon the two eonductivities as:



- 46 -

2[5&.‘.’3&.] 2.7.1

and this does show saturation. According tc Stevenson's

series howsver, there would never be any interactlions since
the gradient of the conductivity is perendicular to the
gradient of the induced sources'potential. The first aporox-
imation does yield the corrsct current flow lines, but the
wrong magnitude,

The second examples 1s that of an infinite eylinder in

& plane fleld with the axls of the c¢ylinder perpendicular
to the field. For a given infinltesimal surface area inter=
acting with another there is always a third area diametri=-
cally opposite the second whose effect exactly cancels that

of the second on the first, The dlagram below illustrates

thias:
— 0} areas 2
> Area 1
Plane Plsld Cylinder
»
=

Aresa 3

Hence the net effect of all the interactions will be zero
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but the exact solutian prediets that the induced soureces

depend upon the sonductivities ai:r

2 Q" - Q-a

0] +* (ﬂz
and again ihis'exhibita the phenomenon of saturation,

2.7.2

The conelusion reached is that saturation must occur
in the first appréximaﬁion sven if the quantity VQ'/ q
does not appear to explicitly indleate this. Hallof (1957)
has shown that for a eontinuous variation of eonductivity
across a thin region separating two different but homo-
geneous media the intsraetions of the surfaee on itself do
not go to zero as the thiekness approaeches zero, Thus in
th9 forward problems and also the interpretationa based
upén the use of the first approximation, consideration must
be given to the strength of the induced asocurces depending
upon the conduetivity contrasts in some manner whieh will
demonstrate saturation. That is a form sueh as 2.7.1 or
'2.7.2 should very possibly be considered as the correct
expressicn of sourece strength es. a funetion of the eon-

ductivities,

2.8 Modified First Approximation

A more serious fallure of the first approximation as

it now stands than the laek of a saturation phenomenon 1s
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its non-symmetrical charastsr, That is, because the real
problem must show symmetry in the ;ouree and reeeiver points
it would be expected that so shouldd the 1st, approximation,
This trouble does not arise in tha application of the 1st.
approximation to only depth variations of eonduetivity but
does arise when 2 or 3 dimensional variatianshara eoﬁaidortd.
The fgilowing explieit exprésaion of the first appébximation
solution of the potential for the general case illustrates
this faet,

‘ 2.801’

Qe = gy + f Y. V0, (x) Gla-t,F) 4%

/%
{3
3

Here (¢, represents one position on the surfase and ? the
-other, with the vertiecal line separating the source and
the reeeiver positions respeectively. This problem has been
resolved by the introduetion in this thesis of a modified )
first approximation solution, whieh will always demonstrate o
-thp required symmetry of source and receiver, N

In order to presserve the linearity in the ﬁqnduetivity
variation afforded by the first approximastion aklinear op~ -

eration on the existing approximaetion of Stevenson has

been made, The modified forst approximation potential is
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defined as the average of the potentials observed when the
original first approximation is used for both eombinatlions
of soures anc raceivér noint, Tnat is, using tre game
notation as Hg., 2.,8.1, the modifisd potential is defined

FP(dlﬂ=-‘2-[LP(«\‘§)+LQ(Q\.“)] s

it is tinis modified first an roximation wiilcn has been
utiliged to solve woth the forward probler and the inverse
problem. ine solutions obtalned are only apsroximations but
tiuey represent tns first quantitative attempt to predict
and interpret apparent resistivity data for more than a one

dimensional variation of conductivity,

3.1 PFormulation in Discrete Regions

As previcusly indicated, Steveﬁson was unable to
obtain an analytic inversion of his approximate solution for
more than a one-dimensional variation of conductivity. The
fact that point sources and receiver®s are utilized in the
field operatiéns leads to a singularity cof the Integrand for
the forward problem walch can only be treated properly in the
onc-cimensional problem. In this case 1t 1s possible to in-
tegraﬁa out the other two dimenslons in the forward solution

witiout a knowledge of the conductivity and iInvert the
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remaining Integral by the Fourier-Zessel transform. The
author has attempted to ecbtain an asnalytic inversion of the
modified first approximation when considering two or three
dimensional conductivity varlations without success., lhe
main problem has been the singularity of tue integrsand
associated with point sources and receivers,

Backus (1959) has eliminated the problem of the singular
integrand by using a source and receiver wnlenh are distributed
over ths entire helf-space plane boundary. The voltage wource
varies in magnitude sinusoidelly in bothh surface dimensions
and the current outflow is messured over tis entire plane.
Thus he is effectively considering the two-dimensicnal rourilsr
transform of the noint response of tne eartn. It is possible
to determine the response of the earth to such an extendsd
source and receiver by superposing the responses for polnt
gources and receivers which are distributed continucusly
over the plane surface, Howevar the number of mathematical
inversions necescary to yield the conductivity variation will
be inceeased by two if thls metnod of obtaining date is
employed in this approach. It is doubtful whether this analytic
- modification of the baslc resistivity problem of interpretation
will be nelpful in establishing a useful procedurs because of
tihie numericzl computations involved and also because field
operations may never yield the required data, Phe use of point
sources and receivers dictates that the mutual resistance be

known for zll combinaticons of points on tne surface and this
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leads to field operations whicn nieasure the resconse for a
glven point scurce over tue entire surface. At present there
appears good reason to restrict the collection of data to
profile lines and tihls field procedure eliminates tlie oppor-
tunity to apply the approach of Backus,

Since there has not been effected an analytic soluticn to
the interpretation of resistivity data snother &pproach has
been taken which is based upon tine concept of finite slzed
regions in the subsurface. The gecmetry of these regions is
pre-determined and then their effects calculated from the
modified flrst approximation, Combining a number of these
regions allowé the representation of tiie subsurface geologlc
structure as well as the fitting of tihe measured fleld data
to tnat predicted from the known effects of eacin region. The
unknowns involved once the geom@try has been determined are
the conductivity contrasts for each region.

Vozoff (1956) originally sugpested for tue subsurface
"..o.that the region be considered as being made of homo-
geneous blocks of given geometry but unknown conductivity..."
and it 1s this concept which has been fundamental 1In the
interprétation scheme developed. de proposed tnat the reglon
be divided into a three dimensional ari;ay of cubes and tnat
by applying the first approximaticn solution of Stevenson a
completely linear problem would be formulated., The effect of

each cube was linearly combined witihh all tne e@thers and if

'
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the number of obgervations equaled the number of cubes then
a linear set of equations in the unknown conductivities
would allow a solution to be obtained, ide pointed out that
the lateral resolving power of such an approach would
approximately be equal to the minimum spacing interval which
tre set of observations repre’séntade

ilowever, Vozoff's efforts along this line of apnroach did
not reachn the actual numerical computation and certain
problems have arlssn in its application which have necessitated
a rmedification of his approach. In addition certain consider-
ations regarding the cholce of the shape and distribution of
tne regions have led to a rather different subsurface geometry
but tne original sugrestion of using finite reglons is due to
Vozoff's work,

The first approximation has been modified in ordsr that

it demonstrate symmetry in source and receiver point,
tiowever, the linearity of tne solution in the conductivity
contrasts has been pressrved so that a compositing of a
number ol regions yields a net resnonse identical with the en-
tire region, Thile is not the case when a ccntrast factor such
as 2.7.1 is used. Here the sum of induced scurces at adjacent

interfaces will not be ecgual to thie scurce induced when the

two regions are considered as being presenﬁ simultaneously,

unless the adjacent regions have the same conductivity value
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or one of tinem has a value equal to ths background, lience any
modlficaticn to the strength factor Vq'/q‘ to allow that
saturation phenonenon be adequately treated must also
consider the ramifications when a linear superposition is

attempted wlth the finite =ized regions.

3.2 General Problem of Data Mitting for the Inverse Problem

In order to determine the values of the conductivities
of the different reglions witnin the earth when applying the
discrste region concept, it is necessary to fit the data to
the effects of all the regions, By fitting the data is meant
essentially that the results of the forward problem.ﬁith the
determined conductivities yield a response ldentical, or
approximately so, to the response measured in the field,

There are many problems wnlch arise in sclentific
research which require the fitting of data to an assumed
physical system. If the data fltting 1s satisfactory, accord-
ing to some pre%iously defined criterion, then the system is
considered to be a possible model of the phenorienon studied,
Howevér, simply because the data 1s well aprroximated by the
model proposed is no guarantee that it is a true represen-
tation of tre actual physical system, Cften a model will
explain phenoriena other tnan the orlginal one investigated
and as the number of indepsndent sets of data explained by

the model increases so does ths confidence of the investil-
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gators that they have tne correct model, it may well be
that tney have not yet‘§xhausted the number of experiments
pcssible or that there are cértain cnes they cannot at
present undertaks, Wwhatever tie situation, the basic fact
that a riodel proposed and tested is Jjust that and nothing
more must always be considered. These remarks applv to the
use of models in both economic and scientific research,

A set of data is associated with a certéin numﬁar of
variables and may be linearly or non-linearly dependent uponv
tneir values, also thiere may be the same number of data points
as variablés, or more or les: data tinan variables. In general,
scientific disciplines have only been concerned witn the first
two cases but tnere are possibilities for considering the
last case of less data than variables. Certain very recent
developments in opsrations research concerned with the
efficiency of business and military logistics as well as tne
optimization of freturn' have led to the an-lysis of such
problems, They are referred to as linear !programuing’
problems when the relations between the data and‘the variables
are linear as well as tihne functlion wnlcn 1s to be optimized,
Correspondingly when the dependence of tne data and/or the
function is not linear then it is called non-linear
'vrogramuing'. It is to be noted that tnls use of tae word
'programming! nhas a very different connotation than when
assoclated witin the directions and commands used to progream

a computer.
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#hen the number of variables is ecual to the number of
data points then unless there are non-linear relatlons to be
considered the problem 1s usually capable of solution. There
is no freedom in akccmpletaly linear problem and either a
solution exists or it does not. That is, a formal solution
may be stated although numerically it may require the use
of an electronic computer and highly developed computer codes
to solve the resulting equatlons, Few formal statsements can
be made for ths non-linear case other than that in general
the difficultlies are much greater than the llnear probleums,

For those cases with more data than variables some
tecanique to utilize sowme or all of tne data must be employed
walch will f1t the data in some 'best'! sense. The most hipghly
developed measure of 'best' is the familiar least squares
approach wihleh minimizes the aggregate squared error of the
data fit, A4 great deal of computational effort 1s elimlinated
by the use of orthogonal functions and a better fit can be
obteined by uslng additional variables witnout recalculating
those already considered. But most important of the properties
of a l1lsast squarss analyslsz 1s that 1t may require only linear
cperations to yileld a solution. This allows the use of many
different linear techniques to cbtaln the 'best' fit and it 1s
tnis method wuleii has besn widely applied since its original

discovery independently by Gauss and Legendre in the ssarly
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1800%s, No other method of dealing with the problem of sur-
plus data nas bsen as successful and modern statistical
metnods are based fundamentally upon its soncept and utiliza-
tion,

Ine 'programming? problems previously referred to have
érisen to create an entirely new field of applied mathematics
aithough the tneoretical sspects of linear inequalities upon
which they are based had besen etudied some time before. &s a
result of ths deéire of the military and Business Interests
to make their opsrations more efficient by tne use of
decisions made on a quantitative and sclentific basis, t: se
metnods of analysis have been very rapidly developed since
1946, In order to compensate for the additional variables,
certain restraints are placed upon them, commonly that taey
be positive, or integers or be bounded in range. Finite
algorithms for solving certain of these linear problems have
been derived and ﬁrenared for computer use and a wide variety
of problems have been solved. 4 typical example is that of
supplying a number of different stores from a group of ware-
houses so that transportation costs are minimized while
never allowing return shipmehts from the stores nor the
capacity of any wurepouse to be exceeded.

In gecphysics there ars possibllities of applying this
metnod of analysis to data fitting in a variety of interpre-

tation problems. In gravity prospecting it would be poseible



- 57 -

to assums a background density value sufficientl; low so
that al]l density contrasts would be positive and bounded in
magnitude, The limits and background values would be based
unon independent geological information about tie area of
interest and 2n asgssumption made regarding the geometry within
the area, in any anplication adequate consideration must
alwéys be glven to the basic physlcal principles underlying
tiie nhenomenon., ‘he fact that the total mass of th@ disturbing
bc@y can be computed from thie anomaly without knowledge of the
gecretry and the fundamental non-uniqueness of gravity inter-
pretation must be realized. The decrease in the resolving
powar of gravity anomalies as the depth to tie socurce bedy is
increased must be included by increassing the scale for deep
anomalies,

ditn regards to resistivity Interpretation, the conduc-
tivity contrasts for a glven geometry ol subsurface regicns
could all be bounded in magnitude and & soiution obtained,
Bounding the contrasts would simulate the saturatlion phenom-
encn wirica must occur and wiilea 2t pressent is not evidenced
in either first approximations,

Both of these interrretation nroblems have beon linsar
in treir dependence unon tne variables of density and con-
ductivity contrast but there certainly sare alsc non-linear
problems, nere is however a nmore basic consideration to be

gilven geophysical datae fitting by any 'programuing't technlgue,
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Usually there is & surplus of data relative to the amount

of information that is desired, Seldom is there ever a lack

of enough data, more often it 1s a lack of suffieiently good
data that hinders the interpretation problems in most of
geophysics, However, the fact that theoretical and numerical
work on these 'programming' approaches has made them available
as useful methods may lead to their utilization in certain
problems of geophysica where the scarcity of data is the
major difficulty.

3.3 Least Squares Formulation and Inclusion of Background

There has nct been any numerical attempt in this thesis
at using a 'programming’' sppro&&h to the data fitting for the
interpretation cof apparent resistivity prospecting. The main
effort has been tc use & fitting bj least squsres to determine
the conductivity ccontrasts and the background resistivity. It
is negessary to determine the contrasts since the induced
sources are dependent upon the relative conductivity of the
regions and not their absolute value, The following prnﬁan-
tation will be valid for a finite number of regions in the
subsurfaoce of any geometrical shape and for any electrode
array. It will indicate explieitly the particular procedure
used in this research to determine an effective resistivity
interpretation scheme, Moreover, this formulation will also

be valid for the case in which the number of data points is
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is exactly equal tc the number of variables.
Vozoff suggested that in the finite-region forward
problem the secondary potential due to the various regions

be calculated and employed in the data fitting,

Y, = J‘[Zg_.vwo]c dVelp | 3.3
This form of the data variable reguires that the rield data
as measured in apparent resistivities be transformed into
potential data before initial computation B@gins. Any such
operation on the initial fleld data should be avoided and
in this particular case an integration of the data muet be
made twice to yield the desired form for the analysis. The
amount of error involved in such a procedure may be great
‘unless data observations are made at small spacing intervals
and extended to large distances relative to tha scale of the
anomalous region, | |

Since the apparent resistivity measurements depend
linearly upon the poténtinlg, it is possible tc utilize the
resistivity data directly as a form for the data variable.
Let \/ (0) be the secondary potential at the jtB receiver
pcsition due to the 1tR region when the source polnt is at
a and let V (b) be defined in a similar manner for the
source point at b. any four electrode measurement of apparent
resistivity will depend upon the primary field plus the sum
of the secondary fields dus to the disturbing regions. Let
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tsvo represent the voltage measured across tne jJ, j+15t
recelver electrodes due to tne primary field and let Avs
be the secondary voltage difference across the same set

80 that ths apparent resistivity is derived from:

INFOAR } 3.3.2

e’*:g[ I

Here g 1s a geometrical factor necessary to transform the

mutual resistance to the resistivity and I is the magnitude
of the current, The AVe is equal to the sum of the secondary
potentials due to the different regions, Considering the
source at (a) to be positive and that at (b) negative it can

be written for N regions as:
N

8V, = ) e + vig(a)- via) - vl 0] 3.3.3
=l
Now the V% are linearly dependent upon the strength factors

of the induced sources on the surfaces of the regions, Let
K1 be this value and let Aij represent the normalized

1th

secondery potential at J due to the region so that:

i -
VJ(a) - KiAij 3.30&
1f there were no conductivity contrasts then the
apparent resistivity would be equal to the specific
resistivity of the entire region, Let p, be this value

and hence QV, must be given by the expression:

av = fI 3.3.5
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Substituting Hquations 3.3.5 and 3.3.4 into 3,3.2 yilelda:

Ky
Pa=fe * Z”’i""’ [“‘ifm - A5 - A+ M?)a]

The term In brackets is dependent only upon the geometry of
the reglone and relative electrode positions, Hence it may
be determined once a cholice of these parsmeters is made,
Redefine 4,4 by the following ecuation so that it
now repreasents the normalized fractional effect on the
apperent resistivity measursment at the j%B® source-

receiver combination due to the ith ragion per unit current:

- a a b b
443 F -i.-g’-;-... (A3 541 - Ayy = Ag g4 Fagg ) 2e3.7
Finally the explicit expression of the appurent resistivity

as 8 linear function of the K is glven as:

N
WA 3.3.8
faj =R £

The transformation of the data variable from potential
to apparent resistivity eliuinates the necessity of integrating
the fleld data and the errors introducad by such as operation,
This procedure 1s valid roagardless of the particular Kqy used
85 long as the potentials are linearly dependent upon them,
Thseusare tne predicted values of apparent resistivity and

ars to bes fitted by a lemst squares analysis to the
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observed apparent resistivities ei .

Assume that there are M data values and N regions and

that ¥ = N +1. The error in the prediction of the j°2

apparent resistivity is:

€= Pay-0y = fL1 T 2 A g

so that the aggregate squared error of the fitting is defined

(4= %4 = Rlenra]

The variables are the xi and the’ backgrouhd resistivity Pb

as:

although it is preferable to use the background conductivity
Cqs_so that a completely linear set of equations will
result from the least squares analysis. In order that a

minimum of 3.3,9 be obtained 1t is necessary that:

2 (.21 _ - for kz 1 to N
d &ezg _ 3.3.10
a Co - O '

The solution to these egquations is best obtéined by re-
writing the form 3.3.9 as follows:

2. s BRI T g A o e A R s e e b
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N
€ = ol %o ?s"(‘*' A“K )]

t:

{ea? = 2 i [q-,qr (1+ z A~Kaﬂ

Since whatever value of Po is determined will only scale
the aggregate squared error, it ies possible to cancel the
" term e:' and minimize the following fnrm:‘

M

z [q.o 0 "'(l t+ i:‘ Aii Ki.“a 3.3.11

lzl

Aoeording to 3 3.10, & minimum occurs when:

Z( A g [Agl =0 e s e
< : 3e3.12
jZ( Z A K +]- T,gs][ed 0

These N 4 1 equations in the N <4 1 unknowns are best
solved through the use of matrix notation and oporationé as
follows:
~Let  [A] ve the M-row, N-column matrix of the Ajy
[x] be the N-row, 1-column matrix of tne K4
[Q] be the Merow, l-column matrix of the
[‘] be the M-row, l-solumn matrix with all

elementsz 1,0
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Also indicate the transpose of a matrix by the supersoript T
and an augmented matrix by a vertical or horizontal 1line
séparating the original two matrices. It will be necesasary to
consider [v°] as a l-row, l-column matrix in the equations.

Bquations 3,3.12 can now be compactly rewritten as:

(AT ALK - wAm](e] = (A1
T NALKY +oTemie] = [ev1is]

Combining these two matrix equations by ths uss of augmented
matrices yields:

T ;

T \
w -

..(T | ° (

The solution is obtained by premultiplying botn sides 6f this

equation by the inverss of [ ]{A\ c] as:

T () L)

Each time a new get of data is obtained this entire set of

3‘3.1,'"

operations must be repeated, and this is only sensibly

possible with the use of a high speed computer, However, many
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of the operations involved in the limited interpretation
problem of assuming the background resistivity and only
determining the N values of the K4 can be done without
knowledge of the data,

| Indeed, in this case it is poesible to reduce the entire
interpretation procedure to a single matrix m}.tiplication.

In this case 1t is necessary to introduce tha parameter BJ

defined as: e '
‘_ 3 ] 3.3.15

and also the M-row, l-colusmn matrix (B 1t forms. The
analysis by least squares leads to a lilnear set of equations

WIMM Mlel

The solution is obtained as:

K1+ ([XI0AD [aILe]

and here it is seen that the matrix ([AT][A])"[AT.X ean
be considered as an operator which when post-multiplied by
the matrix {B] derived from the field data will yileld the
Ky. 3ince this operator is independent of the fleld data it
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need be computed only cnce after the geometry and array ars
chosen and this can be Z2one on a hign espeed machine,

Inle limited interpretation problem actually is very
ugseful since an experienced geophyslcist can often wmake &
reasonable estimate of the bgckgroundyresistivity and a
simple matrix multiplication will yield tne entire Interpre=-
tation of the Ky values, It is tnis limitedrgrablém approach
walcn i8 te be used by tins Tleld peracnnel when doing
prellminary intarprétations, The cowplete preblem of actuelly
detormining the backgrcﬁné is only attempted when the final
results of an araa'a-survey are available and need to be

interpreted in a more sophisticated manner,

3ol Formuletion of Rectungular Slcockes and Hesolving Power

The prospecting of an area in many geophysical nethods

is done with the aid of a grid-work of lines covering the

arsa of interest. Tnls grid is either rectangular or squars
| in tne snapes of the individual smaller areas wnlcn It forums
and ie utilized soc that a systematic investigation of the
area may be made, lhe four-elgctrode resistivity methods often
uge such a grid and measurements are made along one of tne
series of parallel lines thus formed. That is, both tne scurce
and receiver clrcuits are moved along one line at a time,

varying both tneir exact position withiln the grid and also
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their relative distances to one another. This procedure
allows a profile of the subsurface conditions to be con-
structed from the interpretation of the measurements,

There are two properties of any geophysical prospecting
method other than the physical parameter measured which
are of prime importance in determining its specific
applications. It is not really possible to completely
separate these two properties but there is a difference in
what each may accomplish, One is the ability to detect an
anomalous subsurface region and the other is the ability to
resolve the anomaly inﬁc a set of values describing its
position, size and physical parameter, The success of much
geophysical prospecting 1s often based only on its ability
to detect anomalous regions, There are certain minimum
gecmetries and contrasts which may be detected with any
method and hence there is some overlap in these two pro-
perties, In general, present day prospecting techniques have
no problem detecting anomolous regions since the instrumen -
tation of basic physical concepts tc measure different
parameters is highly developed. The greatest fallure is in
the interpretation or resclution of these anomalies, and it
is this resolution of resistivity measurements with which
this thesis 1s concerned.

Profiling for the modified Eltran array is operationally

quite rapid as the vertical variations of resistivity are
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measured as the distance between the two circuits is in-
ocreased while the lateral variations parallel to the l1line
ars determined as the entire array is moved along the line,
A similer procedure is used for the Wenner array , movement
along the line for a given spacling interval senslng the
lateral variations to a certain depth., Then by golng back
over the same line additional times for largef spacing
intervals the vertical variations of resistivity are de-
tected.

Although the profiling is in a sense only two-dimenslonal,
it does detect changes in conductivity which occur perpen-
dicular to the profile line, However, it 1s not possible feor
the measurements to determine on which side of the profile
line these changes occur, The effect of‘cnanges either at
depth or to one side or another cannot be separated and both
possibilities are only capable of interpretation as being
associated with a change in conducﬁivity an approximate
distance away, Nothing can be sald about the distance being
to the side or vertical from the single profile line., By pro-
filing over a series cof parallel 1lines however the possibility
of the changes occuring laterally can actually be lnvestigated
and final interpretations about the subsurface based on this

added information.
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The ability of surface resistivity measurements to
detect changes in subsurface resistivity is dependent upon
the actual oconductivity contrasts but most strongly upon the
geometry of the anomalous region. As the distance of the
region from the profile line incresses so must the size in
order that 1ts effect for measurements along the profile
line remaiu the same, If the scale of the measurements is
not large enough they miy never detect certaln very large
anomalous regions which are effectively too far away.

Rcotangular blocks which are symmetric about the pro-
file plane have been choser to form the finite-sized sub-
surface regions, The cholce of regions which are symmetric
about the profile plane eliminates the problem associated
with the fallure of the line measurements to resolve certain
geometries as indicated, It forces the variations to be
essentiaily two dimensional for each profile line but by
using a serles of parallel profile lines the three-di-
mensional character of the subsurface resistivity may be
determined, The ability to predict the vertical and lateral
varlations along the line of measurements in a quantitative
method is an improvement of the empirical method of com-
parison with known rTesponses for a few geometries and con-
trasts. While the approximation used to determine the Ayj
introduced in Section 3.2 i=s limited in its validity, this
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approach does represent & direct method of interpretating
resistivity data on the basis of two and three dimensional

variations of the subasurface conductivity,

3.5 Pinal Bloecks and their Resolution

Model results have indlcated that the limits to whiech
the modifled Eltran array can detect anomalous regions 1is
approximately 3 units, when using a maximum sbparation of §
units betwesen source and recelver. A highly conducting
horizontal block ( 4 units parallel to the line, 1 unit in
thickness and 4 units extent on either side of the line )
centered at & depth of 3% units was not detectable in an
otherwise homogeneous half-space, That the body was not
detected is due to the rapid decreass in the strength of the
secondary sources created as the vyegion recedes from the
source, proportional to the inverse distance squared. The
effect of the block at this depth is masked in the experi-
mental error of approximately 10%. A similar error is antiei-
pated in fleld operations and thus this block represents the
limit of the detection power of the array.

Because of the fixed separation of each set of
electrodes in the rmodified Eltran array the primary field is
essentially dipolar and its strength falls off as the 1inverse
distance squared. Also the receiver makes essentially a dipole

measurement, hence measures the rate of change of the po.

tential. The primary field is then measured as depending upon



- 71 -

the inverse cube of the distance separating source and
receiver, The very rapid decrease of response to a subsurface
- region which is observed in model experiments for finite
regions is of great help in resistivity prospecting for near
surface features such as usually occurs Iin mining geophysics,
It indicates that only those regions immsdiately next to the
profile line need to be considered as the cause or the ob-
served secondary electrical fields,

Although explicit model results for bodies displaced to
elither side of the profile line have not been obtained it
seems quite reasonable to assume that their maximum detection
range is also the 3 units 1limit, Hence any regions which lie
outside these limits need not be considered as being the
cause of the secondary fields and in the application of the
modified first approximation this will in genefal be true,

It 1is important to realize that the presence of conducting
regions within this limited volume around the profile line
will yield a much larger fleld than similar or even larger
regions outside, In a sense this is a shielding phenomenon
in which the near surface variaticns completely dominate the
creation and behavior of the secondary flelds,

The cholce of the dimensions for the final blocks to be
used in a finite region interpretation schemé has been
strongly influenced by the previocus considerations and also
various trial sizes, The modified first approximation fore

ward problem response for blocks that extend 3 units on
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either side of the l1line are almost identical with blocks
that extend /4 units on either side, Thus it appears that the
optimum length of the blocks perpendicular to the profile
plane 1s three units since any greater lengths will yleld
the same effect. Parallel to the 1line it has been found that
the dimensions must not be less than a unit ér the resolution
of these endividual regions will fail, Finally the vertical
dimensions must not be less than a unit unless the regions
are close to the szurface, in whioh oase they may be approxi-
mately § unit and still be resclved individually.

The dimensions of each region must be chosen sc that
the magnitude affects are approximately equal in order that
8 stable interpretatlion opsrator will be developed. That 1is,
the regions must inocrease their lateral and/or vertical
dimensions as their depth is incressed., The type of stability
referred to 18 that slight changes of the resistivity measure-
ments, such as arise in the errors present in the field data
will not greatly alter the resistivity interpretation.

There 1s a difference in the accuracy of the first
approximation forward solution when compared to the model
results for rectangular blocks of certaln geometries, It
appearsa tihat if the vertical surfaeces wi:icnhh bound the block
lie directly under a source and/or receiver position along

the profile line, the comparisons are less valid for certain



- 73 -

gsource-receiver positions. This no doubt is due to the fact
that the interaetions between surfaces are important in
effecting the finsl distribution of Induced socurces in the
real system and the first approximation ylelds zero induced
sources on such surfaces for those positions directly above
them, Thus, bodies with surfaces whicii when projected to the
profile line intersect it at statlion positiéns should be
avoided, Basically the ldea ls to use those blocks for which
the first approximation presents a falrly accurate repre-
sentation of thes true response.

it has already been noted that the modified Eltran array
presents a system that is symmetric with respect to an
interchange of source and receiver circuits, This is
extremely useful not only in field operatiocns but also in
the interpretation of resistivity measurements since it
allowe any exlsting subsurface symmetrles to be accurately
displayed. For those regions not symmetrical it permits
good estimates of the existing orisentation to be made since
the symmetric maa;;rementa will not distort the relative
geometry of these regions,

In order to preserve this very useful property of
syrmmetry in the interpretation the blocks as well as the
resistivity data measurewments should be chosen symmetrlcally

about the center of tne composite configuration, Thus if any
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symmetries in the data actually or approximately occur the
subsurface is capable of modelling this geoumetry satisfacto-
rily. The forced symmetry of the modified first approximation
as well as the symmetry in the blooks and data points lead to
a consistent develepmeint in which the very useful and
necessary property of symmetry is preserved.

The diagram on the following page illustrates the final
clioice of blocks used in developing the interpretation
operators, It will be appropriate to conaider the group of
blocks, their respcnses and the least squares fitting as be-
ing an operator on the resistivity data which directly
determnines the conductivity varlations once the geometry is
chiosen, Only three blocks have been utilized in fcrmipg the
different cperators and their dimensions and relative po-
sitions have bsen chosen 80 as to approximately model elther
mainly horizontal or vertical oriented structures, wach
block extends three units on each side of the profile plene
consistent with the rssolution possible using the modifled
el tran array. The forward problem solutions for these blocks
as determined by tne modified first aprroximation are presented,
for which the general format amploysd in thie tabulsticn of the
results i1s explained on page 75 « The values given are
the Aij parameters multiplied by 100 sc that they rapresent
the % changes from the background resistivity.
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Format Description

The results of the computef have been programméd to
be presented in final semi-graphical form, The results for
the dipole-dipole array are plctted in conformance with the
format on page 29, The pole-dipole results represent the
‘r&sponse of the array for which the scurce is a point and
the receiver s pair of electrodes one unit aﬁart.

Cn page 77 are presented the results for bloeck (1)
centered at x= 10,0, z= 0,70, All the blocks are symmetrical
about the procfile plane so that the coordinate of the center
ls always y= 0, The =mpatial 1ncpements define the numbsr of
Ax, Ay and O z increments used in the numerical in-
tegration discussed in Appendix I, The dimensions of the
bloock are in the order ( 4,B,C ).

For the dirole-dipole array on page 77, with the
source slectrodes at stations 6-7 and the receiver
electrodes at 10-11, there 1s an 18% decrease from the
background value in apparent resistivity measured. For the
pole-dipole array, the effect for a source at station 8
and reeceiving at 12-13 1s a 4% increase in apparent

resistivity,



CENTER AT 1040090470

PROBLEM M—-487 NESS  SPATIAL INCREMENTS ( 4»12s 3) DIMENSIONS (1400+640050460)
NUMBER OF TERMS= 1 SCALE FACTOR=10040 CONTRAST= 1400
1 2 3 4 5 6 7 8 9 10 11 12 13 14 16 17 18 19
% #* * Hom e e Fe e e e e m e e e e %o — * * ———— 3 ¥ —% *
0 0 0 0 0 0 1 -2 =21 =-16 =3 =0 =0 -0 -0 -0
0 0 0 0 2 -5 =18 =2 =9 =4 =1 =0 =0 =0 =0
0 0 0 1 2 -6 ~-16 2 2 -5 =4 =1 -0 =0
0 1 3 -8 =15 4 4 3 =3 =3 =1 =0 =0 _L
0 1 3 -9 -14 4 4 3 3 -2 -3 -0 v
POLE-DIPOLE 1 3 =10 ~-13 5 4 3 3 3 =1 =2 =1
: S S SR SR S S A SR L. S S, + e i 18 1
0 0 0 0 1 -1 =23 =23 -1 1 0 0 0 0 0
0 0 0 0 2 =3 =21 =7 =21 =3 2 0 0 0
0 0 2 =4 =18 0 0 =18 =4 2 0 0 0
0 0 2 -6 =17 2 2 =17 -6 2 0
DIPOLE-DIPOLE 1 3 =7 =16 3 4 4 3 =16 =7 3 1
THE DATE IS MAY 1151959, THE TIME IS 211649



PROBLEM M=487 NESS SPATIAL INCREMENTS ( 2512s 4) DIMENSIONS (14009640092400) CENTER AT 1040052400

NUMBER OF TERMS= 1 SCALE FACTOR=10040 CONTRAST= 1400
1 2 3 4 5 6 7 8 s 10 11 12 13 14 15 16 17 18 19
* * * »* ¥* ¥* k-3 P + * * F 3 -3 * o v e e v o P e - * -3
0 0 0 0 0 0 0 -0 -7 =7 =2 =0 =0 =0 =0 =0 =0
0 0 0 0 0 1 =1 =12 -11 =8 =4 =1 =0 =0 =0 =0
0 0 0 1 1 -2 =15 =10 =7 =7 =4 =1 =0 =0 =0 :
0 0 1 1] =3 =16 =8 =4 -4 =6 =4 =2 =0 =0 >
]
1 1 1 =3 =16 =6 =1 =1 =2 =5 =3 =2 =1
POLE~DIPOLE 1 1 =3 =17 =5 =0 0 0 =1 =4 =3 =2
1 2 3 4 5 6 7 8 s 10 11 12 13 .14 15 16 17 18 19
3* * #* * +* ¥* —3 * ¥* B .2 * [ e —— * ¥* * ¥ # - 3%
0 0 0 0 0 0 0 -4 =4 0 0 0 0 0 0 0
0 0 0 0 1 =0 =10 =12 =10 =0 1 0 0 0 0
0 0 0 1 -1 =13 =12 =12 =13 =1 1 0 0 0
0 1 1 =2 ~16 =11 =8 =11 =14 =2 1 1 0
DIPOLE~DIPOLE 1 1 -3 =15 -9 =5 =5 =9 =15 =3 1 1

THE DATE IS MAY 1191959, THE TIME IS 211847



PROBLEM M=487 NESS SPATIAL INCREMENTS ( 4512 2) DIMENSIONS (240096¢0091400) CENTER AT 100509150

NUMBER OF TERMS= 1 SCALE FACTOR=100.0 CONTRAST= 1400
1 2 4 6 7 8 9 10 11 12 13 14 15 16 17 18 19
3* %* * * * H - - * —_— *— * - — ——f +# * * *
0 0 0 0 0 0 1 0 -6 =12 -8 -2 -0 -0 -0 -0 -0
0 0 0 0 1 1 0 =11 =19 =16 =10 A -1 -0 -0 -0
0 0 0 1 2 -0 =13 =19 =11 =10 -8 -4 -1 -0 -0
0 0 1 2 -1 =15 =17 -6 -3 -6 -7 -4 -1 -0 '
~
1 1 2 -1 =15 =16 -3 0 -0 -4 -6 -3 -1 0
]
POLE~DIPOLE 2 2 -1 =15 =16 -1 2 3 1 -2 -5 -3
1 2 3 4 5 6 7 8 9 10 11 12 13 . 14 15 16 17 18 19
* * #— * S Fmmm e * * * * * * - e 3 o ot B i i eme B * * *
0 0 0 0 0 0 0 -4 -9 -4 0 0 0 0 0 0
0 0 0 0 1 0 -9 =20 =20 -9 0 1 0 0 0
0 0 0 1 0 =12 =21 =19 =21 ~-12 0 1 0 0
0 1 2 -0 =13 =19 =12 =12 =19 =13 -0 2 1
DIPOLE~DIPOLE 1 2 -0 -14 -18 -7 -4 -7 =18 =14 -0 2

THE DATE IS MAY 11,1959, THE TIME IS 2117.8
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3¢6 Compositing of blocks and Shifting of the Operators

In order to treat genefal problens of resistivity
interpretation, it is necessary to combine blocks of small
homogeneous reglons so as to form a larger subsurface region
of effectively variable conductivity. It is riore convenient
to discuss the large regions as being mainlyhhorizontal or
vertical in the orlientation of the blocks and also their
assoclated operators, Different configurations of blocks and
the associated resistivity measurements can be constructed
and lead to a large wet of combinatlions, Moreover the actual
number of regions and measurements uasd to form an operator
can vary so that a great deal of fresdom appears to be
available in forming such operators,

Those operators vresented here have utilized the blocks
of Section 3.l and have been chosen both with consideration
given to the desired resclution power and symmetry property
of this interpretation scheme and also the fleld procedures
commionly employed to prospect an area, Previous empnirical
methods of interpretation heve been capable of ylelding 3
pleces of information regarding the subsurface conductivity
variations:

1) Determining whether features near the surface or

deep are causing the anomaly,

2) Approximate lateral extent of the region and

3) Significance of the conductivity contrast

These also represent the basic values which the finite region
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concept will predict, but with greater detail possible
because of the large number of regions uaed to model the
subsurface., Also the relative conductivity contrasts of these
regions will be determined on a quantitative basiz,

In general, a profile line of measurements using the modi-
fled eltran array is made long enough to cofer the entire
anomaly measured so that its lateral extent may be accurately
determined, and also a valus assigned to %iie background
resistivity. It is possible to construct operators that use
exactly as many resistivity measurements as the fleld profiles
do, but since the length is variable every new line might
necessitate construction of a new operator., A solution to
this problem of reformulating an entirely new set of regions
and data pointe is to form an operator of a length corres
gponding to the minimum length line usually employed, and to
shift this operator along any longer linea so that there will
be some overlap in the regions modelled snd the data values
used, This shifting of basic operators along lines when come
bined witn the determination of background resistivity
provides a hignhly flexible scheme of interpretaticn which
allows for the examination of different sections of & profile
for slightly different geometries, For those operators which
overlap in both their data noints and blocks modelled, a
comparison of those matching blocks and also the background .

resistivity can be made to determine the ccrrelation of both



- 82 -

ths geology of the subsurface and the interpretation derived
from the field data,

When using the limited interprstation procedure and
assuming the background resistivity, the success of shifting
the operator along the line may poaaibiy be less. There must
be an sassumption made regarding the -background reasistivity
and while the complete intarpratation problen determines this
only from the data, the limited proulem must ¥oly upon the -
experience and ability of the individual doing the inter-
pretation,

Pages 83-87 present the cross-sectional views of the
different operators which have been constructed from the
basic blocks, and the convention for numbering the blocks
and the resistivity measurements., The code used to identify
the operators is: 1% digit® number of blocks, 289z Hori-
zontal or Vertical structure, L Ssleast squares and the

final digits the number of data points utillized.

L.l Comparison of Forward Problem Results with Models

A completely quantitative analysis of the error in the
modified first spproximation forward solution is not possible
for all subsurface geometries and oconductivity variationa, In
order to determine the error it is necessary that the exact
.solution be known 8o that a& comparison can be made and the

relative error determined. Belluligl and Masz (1956) have
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critically examined the first approximation of Stevenson for
an exponentlal variation of conductivity with depth. They
have shown that only the first term in the series expansion
of the exponential is exactly prdeicted in the Stevenson
method. This particular example might seem to indicate that
any first approximation solution and derived interpretation
procedure would not be very accurate, However, this turns out
not tec be true when considering finite regions of conductivi-
ty variation,

It should be noted that when only vertical variations of
conductivity occur, the modified first approximation reduces
exactly to the approximation of Stevenson. For rectangular
regions exact solutions are nct possible and recourse must
be made to the results of model experiments, The use of model
results will allow a comparison of not only the forward
problem solutions but also the interpretations obtained
based upon the modified first approximation. In this section
a comparison of the forward problem solutions and model
results for a number of different geometries will be made,

P£evious methods of interpretation of the apparent
resistivity data obtained from the modified eltran array
have utilized contours of the data on a logarithmic scale.
The shape of the contours has been found to be very

characteristic of the subsurface structure and a fair degree
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of accuracy has been possible 1in predictins the lateral
extent of anomaelous regions, However, the depth determination
was rather qualitative and unless the anomaly was rather
‘sharp' so that interpretation was straightforward little
could definitely be sald about it,., The Interpretation was
accomplished by personnel familiar witih the method of ob-
taining and contour plotting the prafilé datd and model
results were often used as a guide and reference for the
final interpretation.

The forward problem solutions are based upon the assumption
that the lnduced sources are bounded in.magnitudé and that

for a finite jump in the conductivity they are determined

Po-0c
K 2 eo*e‘_ ] Lelosl

which 1s exactly the factor inferred to be correct in section

from:

2.7+ The solutions for the rectangular homogeneous blocks
used in the modelling and also for those blocks used in forme
ing the composite interpretation operators of this thesis

were obtained by numerical integration of :

-l_—p(dlg) ) 'la"fya“—'--[VO.(d)’rV%(ﬂlG GNJP h.1,2

Thie was done on an electronic digital computer by consider-
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ing the surface of the block to be divided into a number of
small areas and an equivalent induced point source placed at
the center of each area. That only the surfaces of the
regions nesd be considered is due to the fact that the con-
ductivity gradient is zero elsewhere, The complete mathemati-
cal formulation of this phase of the forward problem is pre-
sented in Appendix I. - |

The exact comparison of the apparent résistivity‘profilas
obtained from the modelling with that predicted by the first
approximation is not possible because of experimental srrors
in the actual model data, The most striking feature being
that the experimental results were seldom symmetrical even
though the geometry of the bloeck and array was such thet:they
should be, This is interpretated to indicate that the posi-
tioning of the block relative to the surface electrodes was
incorrect, The use of thsdipoia-dipole array which measures
a second derivative of the primary and secondary dipole.fields
makes .the results very sensitive to relative location of
surface electrodes and bloecks, Any error in ths positioning
of the electrodes would then be greatly magnified by the use
of this array, However, if the results are averaged sc as to
empirically determine a set of symmetrical values a numerical
comparison can be effected.

Good agreement of the contoured modsel results and the
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modified first approximation sojutions have been obtained.
The general character of the predicted solutions and the
relative positioning of the contour levels in both horizontal
and vertical blocks has been satisfactory. Moreover, the
actual magnitude values of apparent resistivity predicted are
in approximate agreement with the model results altered as
indicated above. Four particular geometries hﬁve been dhoaen
to be presented in this section as representative of the
results of the modified approximation solutions, The format
for their presentation closely parallels that of page 76

but the values given are apparant resistivity values assuming
a background value of ASO; which is the value assigned to the
background in the modeling. The conductivity contrast of the
model blocks to backgpound has been very high or close to
being ‘saturated! so that the source strengths Kj; have been
set equal to 2,0, The presentation of pole-dipole rasuléa is
made since extremely little computational effort is required
to obtain them beyond that requirodvto produce the dipole-
\dipole results and some investigators have used this
electrode array in field operaticns. It 1s not necessary to
glve the dimensions of the resistivity values since it 1is
poasibie to assign the values proportional to the desired
units of measurement. This 1s also to be done with the linear

dimensions of the array and subsurface region, Effectively the
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results are presented in a set of dimensionless varlables
which are only defined when the dimensions of both the
resistivity and the elesctrode epacing are given,

In order that a comparison be made of the actual numerical
values a profile for each geometry has been derived from the
model data but only for the dipole-dipole measurements which
are the immediate concern of this thesis, Az already indicated
the numerical values of the actual model data are obtained by
foreing symmetry in the model values, The disgram on the
following page indicates the geometry of the four blocks whose
results are presented in thils secticon and a label that is
indicative of the orientation and size of the block. The first
character in the label ( H or V ) indicates whether the block
is vertical or horizontal, the second digit the thickness of
the block in units of electrode spacing and the tiird digit
the depth to the top surface of thc block in the units
previously defined, This convenient manner of identifying the
blocks has been in all the model work of Adler (1958). All the
model blocks were l units long on elither side of the profile
plane, The conductivity contrasts between background and the
block are indicated in the parenthesized ratio ie (1/200),

The following pages present the forward problem solutions
and the model resuits for comparison of numerical values,
These blcoks represent rather different geometries and hence

allow an evaluation of the modified first approximation over
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rather wide limits, In general the results are gocd, the best
cbtained for the deepest block with the least interactions

of 1nducéd ;burces, the H-2-2 model, The poorest are for the
V-1-1 modsl, whidh shows that the approximation 1s not good
when the vertical surfaces of the rectangular regions project
to the profile line at an electrode position. This failure 1is
assocliated with the relative importance of the interactions of
induced sources for the particular geometry. This 1s the reason
diséussed in section 3,5 why blocks whose surfaces do not
prcject toc an electrode pcsition have been chosen for the
interpretation operators,

The lest page of this sat of fesults 1s the predicted for-
ward solution for a block corresponding to one of those used
in the oversators of section 3.5, However, the length of the
block perpendicular to the profile plane was [ units on either
side rather than 3, The results are hardly diffsrent and
certainly within the experimental accuracy of the 5-10% of
field operations. Thils points out the reason for using blocks
in the interpretation operators.which extended 3 units on
each side., It is essentially a numerical demonstration of the
resolution limits of both the pole-dipole and dipole-dipole

spparent resistivity measurements,

4.2 Prediction of IP Effects from lModel and lst Approximation

Hesults

It has been possible to obtaln a reasonable estimate of the



- 102 -

apparent reslstivity profile using the modified first
approximation, As mentioned belng closely assoclated with the
resistivity prospecting method 1s the recsntly developed
mathod of induced polarization., The IP effesct dépends upon

the change in conductivity of earth material for a changs 1n
the frequency of the source current, Thus 1t should be possible
to predict the induced polarization effects by calcuiating the
apparent resistivity profile for two different valupa of the
conductivities of the regions causing the polarization
phenomena, The normalized difference in apparent resistivity
Aﬂﬂj/eti will then be a measure of the polardzation properties
of' the subsurface region, It 18 not the intent of this thesis
to discuss the rslative merits of the frequency or time methods
of prospecting and interpreting the IP effects,

As pointed out in section 1.8 the IP effect in the frequency
domalin can be measured as a decrease in FA as the frequency is
increased, However, the % change in FA from low to high fre-
quencies whsn normalized by the background value may be very
small and within the experimental error so that accurate
determinaticns of AfA are not possible, For example, with
a2 background resistivity of 100 and a measured ﬂA of 5, a
25% decrease in PA.IT“m 5 to 4 would only correspond to a 1%
changs when normalized by the background, This 1% is what any
model experiment would have to measure in order to determine

the IP effects. Thus the 5°-10% errors of model experiments
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may often be much too large to use for the accurate prediction
of APAj/PAj .

This section will indicate how model results can be com-
bined’with the approximate results to predict the magnitude of
the 1P effects. The non-linear behavior of the final current
flow ney be important’because of strong interactions of induced
gources, in these cases the linear approximation prediction of

Fh would be less accurate than the model results even cone
sidering the experimental error, The approach will be to use
the model results to indicate the low fraquéncy aprarent
resistivity profile and then to utilize the apﬁroximatekreaults
for the same geometry tc calculate the éhange 1ntapparent
reslistivity as the frequency and effectively the conductivity
6f the regions is increased. It may be necessary to syrmmetrize
the riocdel recults when the geometry dictates that this should
be the case,

The assumption is made that the low frequency values have
been obtained for the fh. profile for a certain geometry and
conductivity contrast, It is shown in appendix III that the
apparent resistivity is a homogenecus function of the degree
1 in the specific resistivities, This means thaﬁ if all the
specific resistivities are multiplied by the scalar value
t then the apparent resistivities will be multiplied by ¢
also, ,That is, letting ﬁ represént the specific resistivity

of the 1%B region

f’AU‘(") =t f'n(?i) TR
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As a result of this homogeneity of PK the following
equation can be written for N 4 1 regions, assuming eb

the background:

Caj = Z € be Ie2.2

This relates ths specific reﬂistivitisa to thﬁ apparent
resistivities by their effect on each ?‘ﬁ megsursment. This
equation is exact but relates the apparent resistivity to
the specific resistivities,

It is desired to obtain an exact relation between the
change in ?A& to the change in, ?i o« This can be derived
as follows: take the total differentiel of 4.2.2 and obtain:

N
dpny = z:zo{d& 3;;3 “'?Ld(%‘é'})] le243

thus
N

4 -—E[A )
tai = Q|30 ok +aZ(a¢ae, 3t
L-
Differentiating the exact expression L.2.2 with respact'to

?R and holding the remsaining e‘: constant then

N
dpai _ 9 . 32%3) L2
Yo =) e



Tnis implies however that:

N
Z ﬁ( af‘; 3(’&:) =0 4e2.5

i=0
and thus interchanging the summations in [ ,2.3 and using

a2,5 the sxact ralaticn desired is derived:

9P
A?"S z _L.\_Aet , lhe2.6

i:0
This equation will be ussful for small changes in the

", Z im Aei 1402-7

In ordar to utilize this squation 1t 18 necessary to datermins
( %%gﬁ;€> from the modified firat approximation forward
problem solutions,

Instead of using the logerithym of the conductivity
contrast between the region and background for Ky, the
definition of K4 in Eq. 4.l.,1 is assumed to be correct for
the induced source strength, Thus it is possible to write:

_;Lf_&. aec)(%ga—t") 42,8

and using Hq. h.l.l this is equal to:

:3 - | o AL ol
—B% [ej*g?;] (Be ) o
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How the values Aij introduced in Section 3,3 represented the
normalized effects on the jth apperent resistivity measurement

due to the 1th region and thue can be Interpreted as

...‘..( E_eﬁ_s_j ~ AL 4.2.10

Fa 3V §

Thie will determine the values of A3y for ic 1 to N but an

interpretation and evaluation of Ao& ~muet He nade,
Recalling that the linear approximation affectively

ignores the presence of other regions when computing the

effact for a particular region, consider the case of a

hemogeneous region with no conductivity contrasts so that

N= O, Then in this case from [.2.2

but this must also be given by:
.-_.(_Big_
Pag IK;

‘and these two equatlons lead to:

‘ (Efas_)=-\=A

2 o241l
fo\ 9K,

°§

Notice that this last result is valld only\for the first

approximation in which the linearity of the solution in the
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regions is correct.

Thus with a knowledge of the modified first approximation
factora 4;j the change in PA& can be computed from a
change in the fl: ass

N

-Y¢° a2

This result 1s vzlid only when the change in specifiec
resistivity 1s small as indicated in equaticn 4.2.7. Finally

R
the high frequency ﬂAS is determinsd from:

\0:3: f)ks-,(- A(’Ai i le2413

L
whiare ?Ai represents the model spparent resistivity
measurement,
It is very important to note that in 4.2.,12 when P.>>(£

then ths equation approaches:
N

A-(’A;‘?" ‘Zo ["*Atk Af«:—&

i3
ahd this indicates that even when the conductivity contrasts
between Po ) PL' for low frequency measurewsnts are very
large, the high frequency measurements can still detect the
changes in the ﬁ_- . This is true provided that the 4jj
parameters are sufficlently large, which implies that the

region to be sampled for polarizability must be capable of
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detection in & normal reslstivity survey even if its contrast

or strength factor is not great., Eq. 4.2.1l explains what has
always been one of the very powsrful but previowsly inexplicable
properties of IP prospecting: regardless of the exiating low
frequency conductivity contrasts, the high frequency mesasure-
ments always have been capable of detecting end resolving a
pelarized subsurface region, This pronerty ha; proven to be

one of the rwst fortunate attributes that hss been essentially

built right intc the IP proepacting»méthod.

4«3 Interpretation Results for Model Data

The initial attemnt at interpretation of resistivity
profiles was made on model data for rectangular blocks, in-
cluding those models used in mection li,1 for compsrison of the
forward problem solution, This section presents some of the
results ¢f the interpretation operators using appsarent
resistivity data from model experiments, The method of pre-
sentation of the results has been to graphically represent
the profile plane and ths outlines of the rectangular blocks
and to insert within each block the numerlical value of the
determined Ki value, In addition the actual data used in the
interpretation have been reproduced in the Tfamiliar two-
dimensional plot introduced in sectlion 1,10,

The labels are for the most part self~-explanatory, but

one important point is that the staticns indicated on the
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profile lines go from 1 to 10 for the data utilized, Thus 1irf
the label states that the stations used were 7/16 then 7 in
the mndel corresponds to 1 in the plot and 8 to 2 ete,. In
211 the model experiments the blocks were centered about
station 12.5 so that data for stations 8/17 are symmetrical
ag are tne’interpreted results while those sets of data for
stations 7/1¢ represent a shifting by one unit to the left of
the mcdel data, The RMS ERROR represents the fractional root

riean square error of the aprarent resistivity fit: that is

/ i Z (enit .

where ‘PA& is predicted and Qs measured,

RIS BRRORZ

A plot of the factor K; in Equation L.1l.1 1s presented on
the following page as a function of (U‘;_/(r&) and (e,-,[?o e
Ki 1s positive for a conducting reglon relative tc background
and negative for a resistive region. The following pages
present the results of the operators 6HLS16, 9HLS1lé and 8VLS1é.
The model results treated by these operstors have all had
background values of 50 and the operators have had to de-
termine a background value from the 16 data points given, The
results for the mest part are strikingly gocod for example the
GHLS16 result for the He2-1la (1/13) model on page 121 and the
8VLS16 result for the V-2-1a (1/3.8) model, it anticipated

the best results occur for blocks with small conductivity



w4

=== = == = E=E== = 3
SEERRESEERt SEsaEsass
= = 3 = = = = «Ll“u.t .‘.u.w v‘
=== E e e e e S S e ESs
SEEE ESSSSS=sSSSsSsSSss=Sss=csss=ss
SSSSSSsScSS=SS SSssEsSsssssss
SSES S e e S e e e e e
E _ | EESEE=c==c==c R = EeSEs=c=Sc=ce==
P SESC S e e seeasseses
| e e s e i e e T o i e e e e e e e
SESSESSEsasSissss=-SSEseESSeSSe=s-SSsessscece=sss
S S SsEeees
B e e e e e e
TL”.WMT_ mm: TJT; S SSEs == ,LT%TH‘
D L S S 1 5 A 0 e ﬁ # ] % 1= 1 e [ ]
e et EEeE ! SaEsH
5 5 A e 0 O 6 o m o L = 0 e
Vﬁ% “mi”:ri.wiﬂ 1 ;f;,:;r#f i; T
S 1 0 A A
et b e e e
S ESEasSENE IEENNNESEsasuEssssss sEsssssssssmass
e L e N R
=1t 111 Tt _.4;M‘;44~,*+.T»*ﬂ; _Ml;.;_ﬂq_..r .4.#..,|_.,,,,i
bt 1 et I + M;f' 4+r+47_ +4,4 4 .;+I+_1_. { i ra_T_.,At’ 44
A f { 14 a.,,.;ﬁ,4 F*H_ e T I o L e 1 +..,_m1r¢,_,E»\, ‘Aﬂiﬁ,%.ﬂAy
e e o e s e g 2 . B e e e e e B 2 e 15/ e e e e
I N O 1 ) 57 15 ) 50 0 ﬂ.__-H..”“,l.H“.T .-”“f,;:r“,ﬁf“p-mnh.ﬁ 5 o e 257 S =
FEEE I S s EEmmSs Smme . —————— = I e
=4 t t - | : ,‘Hk,, +#.H« 1+ ;W_ﬂ +—t——1 +—1—+ + .#.;ﬁ%lw E= Wﬁnlﬂ ——
0 A I N D I w:%f,,ﬂ I f-ff.i.w.-f i i s e w
- SEEEs am I 0 HJ.LVT “_:l._ﬁ;ﬂﬁ -
| .- By S 81 | S O | S - |- | | R e ._.+| ++4——+ ﬁ+ 4 AL!# 4
-4+ ! e fe—fealesl i } [ e .,.ﬂ.%k.4,,'. Pt _M-J ﬁ_ﬁ_ : .,.N%Hy%ﬁ
+4 Y P - S 4 -4 1 S I | | S 41— 1+ — +—+——+ —t——1t +—] 4 —+— -+~ -
i . B! 1 oS - ﬂi * ] : H 1+ I i | H‘.‘ ] *4 %‘f. : .f.“ T
N R B T:;.M:.a;-i;.ﬂ.i
1 T +—+ + . ‘H4< | ._h.lw.mqrA...._ . 4++‘ W; 4 H‘,,.ﬁ-‘ HE.A
I'] ] ANSAAENNEE EENEENNERENEY NEEN “fw.ﬁ: IBENENEEENE NS
JSEESSESSESSEISE Sacas. ool e aEEEs
=== s===c=c===== S====cs===c=-= = S=S=Sc=c—===
: ES===5c == ESESS=E=a==a=: = ESSE===
SEESNaESEERERsEE ESass
: =SSSS SSSSSSessss= SES=E=S
=2 ESSE EE=csSss = SEESSE
= SR e e e e e
i EESs Ce e e S S==s = i EEESEE
} ESEEE Bt b e
.. . .h_ - —I—F 1 - 1 .
3

Bt
il

T

—HH
+ T
Il
10
8
|

T

INRESIHEEY bt
t

S
-t

RERRETINTE
T

;
T

INSEENSNEEE Ny
I
A

+ 4

S

B s S

G IS
S I

e B e

B

s L

e~ b

] 1 I
} ! { S
] ] 1 I I
+ + - + T .ﬁ-
+ : ! 1 i 4 . - + +
4 i 1 4. } } 1]
+1 + + | . .| + 1 . b . + 4 T S .
i i 1 - T + u B T
B G A L4t o =t I - 44 I | 211 R 1L
¢~+,ﬁ.»;+ 4+t 1 e S S | + + A | 1 H*
+——+ 1 i | — ) S ] L=yt |55 =3 ES ] ot 1 ' +
S O o 1+ .AT”.. Lo ) B e S § . | {41 4 | |-
Tt -t I 1 N L 1 4+ 4 4t —t + 4+ A t +—1—+ *
5 5 A O i 9 O T e 50 B |
=1 } P T {1 1 by ) 1 U S 1 B B S 4+ 1 i} | .“rﬁb |
O O i 1 i A T O O o e e S0 U S _‘;# -
IO G 44 | .| {1 . { \ﬁ 1 - I " {
NEEESESSIENNNEES SHRREN - 1 . i




2 3 4 5 6 7 8 9
#* * #* 3* 3* * * ®
J6 3636 I3 36 6 W3 I3 I 3636 I 636 I 096 3 I I3 I I 36 I 36 I T N2 KX N R
* * * * *
* * #* * 3*
¥ =047 * 007 % 0e07 * ~0447 *
3* * * ¥* 3
F 3 03630336363 6 3 9 030 5 W I IF T6 36 3 FE 366 96 36 I 38 636 3636 636343
* * *
* * *
* * *
* 231 * 2431 * 0
* * *
=
* * * [
36 3 3 I JE 300 I3 T 33T I R 36 93 33636 I3 T 36363 6 H6 I I =
!
2 3 4 5 6 7 8 9
* ¥* 3 * LT * * *
445 360 350 330 350 360 445
290 186 210 210 186 290
130 120 130
LINE NO= H=1-1A (1/200) BACKGROUND= 388
STATIONS= 8/17 OPERATOR= 6HLS16
LOCATION= MODEL RMS ERROR= 0Os11 DATE= 3/23/59



2 3 4 5 6 7 8 9
* % * * et . »® * . 1
P T2 2T ST IR LTI LELTIIL LTS E LSS LSS ST T EES L L EEL S FER S
¥* #* * #* ¥* 3t *

* ¥#* * * * * *

# =0402 * =0,046 *» De47 * Oed7T * <0404 * =0402 *

* 3% * ¥* * * *

366 JE I 36 I3 30 3 I 3 33 T 3 96 3 350 I I I IEIE 360 2 396 36 I 36 I I 36 W I 6 I I I I 36 I H I P %

* * * ¥*

* %* * *

* * *® ¥*

* 2416 * 1427 * 2416 *

* * 3% 3
* »* % *

33636 2636 96 36 I I FE 3 36 36 9 36 36 6 *’********* 69 36 3 56 I 5 3 363 I I6 W6 IE 3636 -5 - R HR
2 3 4 5 (] 7 8 9
* * * P s . ] %* * 3# %
445 360 350 330 350 360 445
290 186 210 210 186 290
130 120 130
LINE NO= H=1=-1A (1/200) BACKGROUND= 471
STATIONS= B8/17 OPERATOR= 9HLS1®

LOCATION= MODEL RMS ERROR= 0404 DATE= 3/23/59

= cI1T -



2 3 4 5 6 7 8 9
* * * # * #* * *
6 I I 3 JEI I IEIE I 3636 969 20606 96 600 90 30 9606206 4909696 20 2696
* #* * * *
* * * * »*
# =0e53 % 067 » Oeb67 * =0¢53 *
# * * * *
FW I H I I 36 HEI6 9905 36 360096 260000 3063 9L IO
* * * * *
* * * * *
* * * * *
* * * * *
* * * * *
% 3496 * 0401 % 0s0l * 3496 *
* * * * * ‘
* * * * *
* * * * * =
* * * * * W
* * ) * * '
36 I A6 6T 030 3303 6 096 0696 200690 9690 9000 260 JE636 I 9606 06 6 3696
2 3 4 5 6 7 8 9
* * * * ¥ % - *
445 360 350 330 350 360 445
290 186 210 210 186 290
130 120 130
LINE NO= H=-1-1A (1/200) BACKGROUND= 418
STATIONS= 8/17 OPERATOR= 8VLS1#6
LOCATION= MODEL RMS ERROR= 007 DATE= 3/23/59



2 3 4 5 6 7 9
% * * ¥#* * £ 3 ¥*
F6 2 36 36 336 T I I6 96 T I 62696 3 36 W3 2 I JEIESE I I 26 I W IR R I NI
* * * ¥* #*
%* * 3 ¥* 3*
# =0452 * =0418 % Oell #* <«=0s05 #
* * * ¥* *
336 36 36 3636 LI I 6 369 3 3353 36 36 3969 I SE I 663 I -3
* * *
* * *
* * ¥*
* 1068 * 2487 * .
3* * 3*
~
#* * * |
3636 3 338 6 I 636336 I 3 36 26 263636 38 36 36 3 96 309 I W 3 I I3 I 6N +
]
2 3 4 5 7 9
* * - - 3% %* * % 3
450 445 360 350 330 3580
447 290 186 210 210
255 75 75
LINE NO= H=-1=1A (1/200) BACKGROUND= 408
STATIONS= 7/16 OPERATOR= &HLS16
LOCATION= MODEL RMS ERROR= 0a12 DATE= 3/723/59



2 3 4 5 6 7 8 9

» % 3 * * ¥* * *

ey 2 I e T

* * » * * * *

* * * * * * *

* «0e18 * =002 * 0400 = Oell * =0,01 * =0412

* # * * * * *

L R P T L T RS R R S S e

* * * *

* * * *

* * * *

* 0s75 » 2415 * 2¢46 * ,

* * * *

* * * * o

L T 2 2 T T T S T T r 5
!

2 3 4 5 7 8 9
P * * # o * * * *
450 445 360 350 330 350 360
447 290 186 210 210 186
255 75 75
LINE NO= Hel=1lA (1/200) BACKGROUND= 440
STATIONS= 7/16 OPERATOR= 9HLS16

LOCATION= MODEL RMS ERROR= 0408 DATE= 3/23/59



2 3 4 5 ) 7 8 9
* * * % * * * *
38 30396369696 3L I3 36369 936 36 96 0 9096 J M-I A6 3606 JE96 9690 26 J000 06 95 9606 2446
* * * * *
* * * * *
* 0e25 * =0g¢77 * 1833 * =Q487 #*
»* »* * * *
26963006 6 36 JEIE AT F6-36 36 3 6 309696 I8 AIEIIE A0 96 6 JEAE AN I I 06
* * * * *
* * » * *
* * * * *
* * » * *
* * * * *
* =087 * S5e24 ¥ =3420 * 6e55 %
* * » * »
* * * * * !
* * * * * -
* * * ™ * o~
* * * * * '
A FACIEANE I35 2396 69036 JPIETE 36 TEAE 6460636 03090 J-96- 363036 90 4030 96260 03¢
2 3 4 5 6 7 8 9
* »* * » * * . *
450 445 360 350 330 350 360
&&7 290 186 210 210 186
255 75 T8
LINE NO= H-1-1A {(1/200) BACKGROUND= 416
STATIONS= 7/16 OPERATOR= 8VLS1é
LOCATION= MODEL RMS ERROR= 0409 DATE= 3/23/59



2 3 4 5 6 7 8 9
* #* * * - * Y S )
F 3 AT X I3 06 I 3630 I I 262 3 I 36 I I M I N T HHH W N R NR
»* * »* * #
* * * * *
* =031 = 0s05 % 0s08 # =0Dg31 *
% * * #* *
Fe 263636 96 36 66 43 36 3 I 3 3 JE 36 3 3038 36 36 03 36 3 96 B 363 6 I I W I
* * *
* # *
* * *
* 2¢13 * 2413 *
* * #* !
* #* * -
3636 3 36 330 U0 3636 3636 336 38 b 3 336 36 96 FE 0 30 36 I K A I SR X -~
]
2 3 4 5 6 7 8 9
¥* ¥* k.3 #* % * * %
450 375 363 360 363 375 450
320 21% 195 195 215 320
180 135 180
LINE NO= H=2-1A (1/13) BACKGROUND= 406
STATIONS= 8717 OPERATOR= 6HLS1S6
LOCATION=_ MODEL RMS ERROR= 0408 DATE= 3/23/59



2 3 4 5 6 7 8

¥* ¥* * W * * 3¢
T 36 I 3 36 363 369 T I 363 H I I3 9 36 330 I I I 36 35 56 36366 3 6 636 3 T8 I 96 I I K WL R R IHHR
»* * * * ¥* * *
* * * * * * *
* 0,08 = 0,08 * 0«35 * 0e35 % 0,08 # 0e08
* »* » * ¥ * *
I I B I I TE 36 I W e S F I I KN IER NN NN RN BRI RN R RN
* * #* *
»* * * *
* * * *
* 1e68 * 1459 * 1468 *
»* ¥* * *
¥* * * *
FE 636 I I 39 I3 W I 636 I I 36 I 36 3630 M I I 3 3 W36 I 3630 3 36 36 3 J 0 6 366 M 36 36 96 36 36 6 3E 36 I MWW N

2 3 4 5 6 7 8

* * * - o * *

450 375 363 360 363 375 450
320 215 195 195 215 320
180 135 180
LINE NO= H=2«1A (1/13) BACKGROUND=
STATIONS= 8/17 ' OPERATOR= O9HLS1S6

LOCATION= MODEL RMS ERROR= 0403 DATE= 3/23/59

'QII'



2 3 4 5 6 7
* * * * * *
2 SEEAE I 6 3363 3696 3 303 6 FE AT AT I IEIE I 693
* * * * *
* * * * *
*# =0e28 * Osh7 * 0sh7 % =Qe28 #
* * »* * *
JEAIEIIE 6 306 IE I W6 2606 I IE W6 2696 I I I I 06 AL I A6 I8 9696 I 3
* * * * *
» * * * *
* * * * %*
* * * * *
* * * * *
* 2096 = Oesb62 * 0e62 * 2096 *
* * » * »*»
» * * * »
* * * * *
* * »* * *
»* * * #* *
FE I I I I T I IE e JEI6-I6 I 96 I 3 0T A I I JeFEIE I I 8 I I 96 e
2 3 4 8 6 7
* * * * 3% 3.
480 375 363 360 363 375
320 215 195 195 215
180 135 180
LINE NO= H=-2-1A (1/13) BACKGROUND=
STATIONS= 8/17 OPERATOR=
LOCATION= MODEL RMS ERROR= 0406 DATE= 3/23/59

- 611 -



2 3 4 5 6 7 8 9
¥* #* * % ¥* % * *
63696 36 3 30 36 36 2696 96 36 J096 3 3696 I 3036 36 30 HE 30 2 W6 J R KX WA
¥* * * ¥* *
* * ¥* * *
* =0e45 * 0s02 * 0e01 # =0,03 =
#* * * ¥* *
FHERHHEEREREHI R R RE R RN IR FHIN N RN
* * *
3# * ¥*
* * *
* 1617 * 271 *
* +* * !
* * * =
36 36396 36 36 36 3E I3 36 H B0 3036 36 26 30 36 26 I I I M IR R W 8
]
2 3 4 5 6 7 8 9
* - * * * * * ¥*
450 460 375 363 360 363 375
459 320 219 195 195 215
300 140 140
LINE NO= H=2=1A (1/13) BACKGROUND= 414
STATIONS= 7/16 OPERATOR= 6&HLS16
LOCATION= MODEL RMS ERROR= 0,610 DATE= 3/23/59



2 3 4 5 6 7 8 9
% 3¢ * W - ¥* % * »*

P22 ILTTTILSTE LIS SIS TI SIS RSSESLLEL S L LTSS LS XE L S

»* * % * * 3 *

»* * * * +* * *

% =0406 % =0es01 * 0412 * 0s04 * =0e01 * 0e04 *

+* * * * ¥* * *

T Y EFRELXLLTFEZLTLEEILFETLEFEZLI LRSI ST LS EE LIS LI L X LR S L3

* #* * %

* % #* *

* * * %*

* 0431 * 2403 * 2014 * :

* * * *

H
* * * #* o
I L EE LT LRSS SIS E SR L PR LS LS LTSS LRSS LRSS 2L E LS E L +
]
2 3 4 5 6 8 9
¥ ¥* H 3 e # +* 4 %*
450 450 375 363 360 363 375
459 320 215 195 195 215
300 140 140

LINE NO= H=2=1A (1/13) BACKGROUND= 445
STATIONS= 7/16 OPERATOR= 9HLS16

LOCATION= MODEL RMS ERROR= 0405 DATE= 3/23/59



2 3 4 5 6 7
%*- #* ¥#*- ¥* ¥ A
636 36 36 I3 3 3 36336336 3 I8 3 436 3036 96K 36 3306 A 3696 I 66 W2 I 3 WA
* * * * *
* * * * *
* Qe31 * =065 = 1e09 * =0479 *
»* * * #* *
633696 69696 JE I T 36 9626 336 I T6 A I3 096 36 36 N 36306060696 26 P %
* * * #* *
* * * * *
* * * » *
¥* * * * %*
* * * * *
* =le62 * 5005 ® =277 % 5e86 %
* * * %* %*
% * * * *
%* * * * %*
* * »* * *
* * * * *
9636 A0 63T 3 00 I 96 36 9696 36 96 9696 90 30 6-IJ6 3 6 IS I 0606 069 1696 3¢
2 3 4 5 6 7
#* * 2 - ¥* *
450 450 375 363 360 363
459 320 215 195 195
300 140 140
LINE NO= H-2-1A (1/13) BACKGROUND=
STATIONS= 7/16 OPERATOR=
LOCATION= MODEL RMS ERROR= 0407 DATE= 3/23/59

- cZcl =



2 3 4 5 (] 7
* H #* ¥* ¥* 3%
63636 3 6 3630 36 3636 3630 3 6 38 96 6 35 3 336 30 36 3036 36 I 96 96 9 36 3 W I I %
* * % * *
* * % #* *
* «0e46 *# 0604 % 004 * ~=0g46 #
* * * * *
363636 9 638 3636 I 90 336 I 96 363636 3 36 3 36 I T I 6 6 W 996 I SN RN
* * *
#* * *
* * *
* 2049 * 2449 %
¥* #* ¥*
¥* * *
6303 3630963 36 JE 36 3636 3 3 3636 36 36 26 36 3 I3 I F I AT I WIE MW B
2 3 4 5 ] 7
#* * * * ® %*
447 370 360 350 360 370
285 175 173 173 175
130 110 130
LINE NO= H=2-1B (1/190) BACKGROUND=
STATIONS= 8/17 OPERATOR=
LOCATION= MODEL RMS ERROR= (a1l DATE= 3/723/759

- €1 -



2 3 4 5 6 7 8 9
* * : T - ¥* * * *

ES 22T TTL LSS LITLTESL LIS ST RLI TS LSS ST ELEL ST LS SRS SR D R XY

* * * * * * *

* * * * #* * *

* 0e03 # 0,02 = Del2 % Def42 #* =0o02 * 0e03

* * * 3 * * *

ti 22 LS TRAI TS ST LT LLILT XSS LTI LLIS S SL LTSS EL 22 SX L FE SRS

* * * *

* * * *

* * * *

* 2413 * 1459 * 2413 *

»* * #* * \

#* * ¥* *

W I I BE 36 I I 6 I 36 3 I I I I3 I W I eI I 363 I 3 HE 36 I I 36 I 3 3 I8 I IE W W I H XN HR S

=
]
2 3 4 5 6 7 8 9
* * L s 1 #* * * *
447 370 360 " 380 360 370 447
285 175 173 173 175 285
130 110 130

LINE NO= H=2-1B (1/190) BACKGROUND= 483
STATIONS= 8/17 OPERATOR= 9HLS16
LOCATION= MODEL RMS ERROR= 0403 DATE= 3/23/59



2 3 4 5 6 7 8
* % ¥* : 3 3 %* *

FE 366 36 W I 36 I 66 16696 36 3 9030 F-I6 636 360 I A I 36 9669 96 ML %

* * 3* * *

* * * * *

% =0e47 % 0e6l % - 0461l * =004T *

* * * * *

6 963 336636 3363630 6336 3 P I 3636 I 96 0 JEIEAE - 3096 6 36 36963 9000 26 I

»* * * * *

* * * * *

* * » * *

* * * * *

* * * * *

% 3484 * 0436 * 0436 * 3,84 *

* * * * *

* * * * *

* %* * %* *

* * * * »

* * * * *

6309 3 96 36 I I 36 036963 3 I 9636 I A6 I AEJ6 I J66 63 I 6 96 W96 I %
2 3 4 5 6 7 8
%* . * * * % %

447 370 360 350 360 370
285 175 173 173 175 285
130 110 130

LINE NO= H-2-1B (1/190) BACKGROUND=
STATIONS= 8/17 OPERATOR=
LOCATION= MODEL RMS ERROR= 0408 DATE= 3/23/59

"SZI"‘



2 3 4 5 é 7 9
* 1€ - * s s e F * * *
353 S 33 36 I I 36 363636 3 36 W 363636 W 6 363596 366 IE 366 I 36T I I K R
* »* * #* »*

* * * ¥* #*

# ~0e63 ¥ =0403 De06 # =~0g04 *

* * * * *

3636 369636 I 36 W I IE 26 36 36 W3 36 3 33 363636 WA W36 IEIE I MWW I X%

#* * *
¥* * *

* * *

* 1067 * 2695 *

* ¥* *

#* * *

636 I 36 FE 3 T 36 636 3 T 3 33036 I 36 54 36 36 3 6 36 6 36 JEFE 2 I 3 IR I I WX
2 3 4 5 6 7 9
* #* —e— * * * %

450 447 370 360 350 360
465 285 175 173 173
245 100 100
LINE NO= H=2-1B (1/7190) BACKGROUND= 412
STATIONS= 7T/16 OPERATOR= 6HLS16
LOCATION= MODEL : RMS ERROR= 0412 DATE= 3/23/59

= 9eT -



2 3 4 5 6 7 8

#* * # - * # %
Er I 2222 TR L L XTI LRI EL RS LR 2R LI EREL LTSRS TR RTE L T L RTT FUETR A
* * * L3 * * *
* * * 3 #* ¥* *
* «=0e01 #* 0408 * Oel8 * Oell * 0s02 * De08 *
* %* * * * %* *
P3N H I R R NSRRI T IR R H RN IR NN RER
* * ¥* #*
* * * *
»* * * *
* 0468 * 2420 * 2643 *
¥* * * *
* * * *
33 I HE 00 I M 96 3036 363 363636 I 36 3 36 36 3036 096 I H 3 I T FEIE I 3 I 30 303 30 96 J06 IS I 360 55 I IR 4 3

2 3 4 5 6 7 8

%* * # * * * *

480 447 370 360 350 360 370
465 285 175 173 173 178
245 100 100

LINE NO= H=2=1B (1/190) BACKGROUND=

STATIONS= 7/16 OPERATOR= 9HLS16

LOCATION= MODEL RMS ERROR= 0407 DATE= 3/23/59

- /2T -



2 3 4 5 6 7 8 9
* % * ¥* * & % *
FE A IIEI I 36366 26 36363636 309696 I 3 96 F 060636 3696 3696 636 JE I 963 I 9656
* * * * *
* * * * *
* Qo34 % =091 = ledd % =1407 *
* »* * * *
A I J 3T I 636966 T 96 996 36063630 I 9696 J 3696 23096 36 MK 3¢
»* * * * *
»* * * * *
* * »* * %*
* * * * *
* * » * *
* =191 * 6063 % =412 * 7022 %
* * * * * '
* * * * * =~
* * * * * N
#* * * * * .
* * * ¥* *
6396 96 9636 35 3696 96636 6 969696 I 636 J96 96 369636 96 36 36 953636 96 3 JI 699696 96 %
2 3 4 5 6 7 8 9
* * * % % * * *
450 447 370 360 350 360
465 285 175 173 173 178
245 100 100
LINE NO= H=2-~1B (1/190) BACKGROUND= 414
STATIONS= 7/16 OPERATOR= 8VLSl6
LOCATION= MODEL RMS ERROR= 008 DATE= 3/23/59



2 3 4 5 6 7 8 9
* * * * * * * *
363696 36 35 IEIE 3690 3636 3 I-36 39 36 I I 356 I 303 36 3636369696 3 3 I 36 NI R X
# * #* ¥* *

* * * * *

* 0e30 * Oed0 # 040 % 0s30 =
* * * * *

T 2590 3 2 36 I X336 96 36 36 3606 6 36 96 3030 T 03 36 36 36 I 36 3 3 JE W IR WK
#* »* *

* * *
¥* #* *

#* 1429 * 1e29 *

#* * *

* * *

959636 JE 6 96369696 36 I 33 I 36635 36 2 E 36 2 M0 363836 36 3 I 636 2336 X
2 3 4 5 ] 7 8 9
¥* * * * 3% * * ¥*

443 451 400 308 400 451
483 369 204 204 369 483
363 142 363
LINE NO= V=1-1 (1/150) BACKGROUND= 522
STATIONS= 8/17 OPERATOR= 6HLS16
LOCATION= MODEL RMS ERROR= 0408 DATE= 3/30/59

- 6CT -



LOCATION= MODEL RMS ERROR= 0404 DATE= 3/30/59

2 3 4 5 6 7 8
* * * * * * *
rpugrgepppppep v T TR P TS S X 2 S R R L e I Y S s S S s Rl L
* * * * * * *
* * * #* * 3* *
* 0e23 * 0¢28 * =004 * =004 * 0e28 * 0623 *
* * * #* * * *
PR ST RS ST S S PR S TR LT T TR E L LSS L8 S LS S s
* * * #*
* * * ¥
* * * *
* -0450 * 3403 * =0e50 *
»* #* #* *
* * * *
3636 36 3696 96 26 36 3 969 36 36 3160036 36 366 3 363 306 6 36 3096 3696 3 30966 3036 96 30 0 K KX H NN XA
2 3 4 L 6 7 8 9
* #* * * Fo— # % *
443 451 400 308 400 451 4543
483 369 204 204 369 483
363 142 363
LINE NO= V=1=1 ({1/150) ' BACKGROUND=
STATIONS= 8/17 OPERATOR= 9HLS16

- 0¢T =



2 3 4 5 6 7
* % * * e 3.
3636 3636 9606 36 36 3696 36 359645 3E 060 36 36 363696 96 36 3696 2361646 MR AEIE 98 3536
* * * * *
* * * * *
* Q0e39 = 003 % Qe03 * 0e39 %
* * * * *
J 306 3690136 36 96 36 JIE 96 9606 96 690 9696 99646 36 3696 9696 96 9696 969096 96969606 96 36
* I 3 * * *
» * * * *
* * * * *
* » * * *
* »* #* %* *
* =063 * 2058 * 2058 % =Q463 *
* * * * *
* * * * *
* * * * *
* * » * *
»* * * * *
06 JEIE I 36 AL TN 963 A6 I IE I I 000 9636 96 3636 36 26 I IE N6 96 NN
2 3 4 5 6 7
* * #* * * *
443 451 400 308 400 451
483 369 204 204 369
363 142 363
LINE NO= V-1-1 (1/150) BACKGROUND=
STATIONS= 8/17 OPERATOR=
LOCATION= MODEL RMS ERROR= 0405 DATE= 3/30/59

- T€T -



2 3 4 5 6 8 9
* * #* * #* * %
2T ELE LTSS S SIS SRS B LTSS T T
* * * * *
* * * * *
* 0el9 2604 * 2004 * *
* * 3* * *
36 36 963636 96 I 3L I 36 b 36 I638 36 36 36 46 36 36 38 343 J I 36 HE 36 I 396 W KN
#* * 3*
3* % *
»* * *
#* 1486 * 1,86 *
* * * '
3#* * ¥* Lt
J6 96 3636 6056 T 3 3 36 9696 36 363 3638 56 I I I 6 3 I 30T I %3 K;
'
2 3 4 5 6 7 8 S
¥* * ¥* 3* I * #* *
49% 400 52 55 52 400 495
365 6 24 24 365
13 80 13
LINE NO= V=2-0 (1/160) BACKGROUND= 469
STATIONS= 8/17 OPERATOR= 6HLS16
LOCATION= MODEL RMS ERROR= 0413 DATE= 3/30/59



2 3 4 5 6 7 8 9
[ S p—" k3 * * * * +*
9% W36 33696963636 36309 36 36 3636 36 3696 JE 3636 M6 364 36 6 306 3 3636 FEIIE I 2 I 6 I I 26 IE I3 I K NN
* * ¥* * #* * ¥*
* #* %* * 3* * *
% 0447 * 0460 * 2413 % 2413 % 0460 * 0647 *
* #* %* * * * *
339 IE I I I 46 36296 3 3 636 36 96 36 36 30 36 35 30036 I I 3036 3 W 36363 3636 3 I B3 W RN
* * * *
* * #® 3*
* * ¥* *
* 1s77 * 0e68 * 1477 * '
* * * *
[
* * * * w
T I I 330 3396 3 96 I 3 I 363636 36 T 9635 36 363 3436 30 36 36 3636 3 6 30 I 3 I HIE I3 3 36 3 I3 366 I I M6 36 R W
'

2 3 4 6 7 8 9
* * 3# 3 * * 3 e P
498 400 52 55 52 400 495
365 6 24 24 6 365
13 80 13
LINE NO= V=-2-0 (1/160) BACKGROUND= 650
STATIONS= 8/17 OPERATOR= 9HLS1é

LOCATION= MODEL RMS ERROR= 0410 DATE= 3/30/59



2 3 4 5 6 7 8 9
* * ¥* 3% 3. »* 3. *
3636 3636 36 3638 36 HAEI6 A6 506 369696 96 36 33 96 9636 36 369696 696 IE36-96 309638 36 96 2662
* * * * *
» * * * *
* 0el0 * 247 % 2647 % 0elD %
* * * * *
I I 363600 696 JE 969 969696 6 309696 369696 96 3E 96 3L 3635 900536 362636
* * ™ * *
* * * * *
* * »* * »*
* * * * *
* * * * *
* 3654 % =032 * =0e32 * 3454 *
* * » * #* '
* * +* »* #*
* * * * * o
* #* »* * * +
% » * * * 1
33636 FAEIE A6 9636 3696 3696 36 963696 26 369696 9 636 S IE46 339696 96 0 I-0608 966 2636
2 3 &4 5 6 7 8 9
* - 3* Koo %* *. * *
495 400 52 55 52 400 495
365 6 2% 24 6 365
13 80 13
LINE NO= V=2«0 {1/160) BACKGROUND= 508
STATIONS= 8/17 OPERATOR= 8VLS1lé
LOCATION= MODEL RMS ERROR= 0el0 DATE= 3/30/59



2 3 4 5 6 7 8 9

6396 36 3 96 3636 36 3 36 35 I 096 36 3 IR 26 F 98 I 36 W I 336 96 3363

%* ¥* * * *

* ¥* * * *

% =0405 * 0418 % 0418 * ~0405 *

* * #* 3* *

3369696 96 636 2 3 96 3696 3638 3 696 36 36 36 3 I 36 3536 36 36 36 IEI I K JIH I 3

* * 3*

* * *

* * *

* lel1 # 1411 *

¥* * * !

* * * [l

336 3 3 36 H I S0 W36 3 W2 36 I 36 36 I I I 2 3036 E I T N H NN H \\Jt,l
]

2 3 4 5 6 7 8 9
* % —t * * * * %*
426 432 391 366 391 432 426
436 348 273 273 348 436
331 241 331
LINE NO= V=2=1A (1/348) BACKGROUND= 449
STATIONS= 8/17 OPERATOR= 6HLS16

LOCATION= MODEL RMS ERROR= 0,403 DATE= 3/30/59



2 3 4 5 é 7 8 9
* * P e * * * *
363696 36 3 36 3636 3 3 % A T T 9636 36636 30 H 3636 3 50 I 9 36 36 96 330 30 A6 36 NI I I RN RR
* * * * * * *

* * * * * * *

* 0,08 % 0s02 * =001 * =001 * 0s02 * 0.08 *

* * * * * * *

3696 3 36 63 36 36 3536 56 3636 2 36 3030 336 3 363 3 36 2636 36 36 3 363 36 3 30330 I 303036 I3 I KR KWW N

0406 1697 0606

* ok K ok ok K
* k Kk ¥ ¥ ¥
A ok ok ok o K
* %k ok ok Ok

FE NI 630 36 23690 36 3 I 36 -3 6303636 38 36 336 36 3630 3030 36 3030 36 30 I3 20 IR R AR

- 9¢T -

2 3 4 5 6 7 8 9
* H* #* 3* ¥ 3* * *
426 432 391 366 391 432 426
436 348 273 273 348 436
331 241 331
LINE NO= V=2=1A (1/3.8) BACKGROUND= 438
STATIONS= 8/17 OPERATOR= 9HLS16

LOCATION= MODEL RMS ERROR= 0402 DATE= 3/30/59



2 3 4 5 6 7 9
* B ¥ * 3 %, %
F U I6 3 369 666 3636963096 3630 96 I 36 9635 353696 9096 9696 2696 6 JE- 996 36 0H 959
* * * * #*

* * * * *

#* 0e01 * 0s04 * Qe04 * Q0e0l %

* * * * *

F6 36 IE36 3636 36 T 6 60T 266 I 9096 T0J6I6 I 3600 696 26 JEIIE I 6 AN
* * * * *

* * * * *

* * * * *

* * * * *

* * %* * *

* Qsl4 » 1e58 * le58 = Osléd *

* * ) * *

* * * * *

* * * * *

* * * * *

* * * * *

FE WA T NI IEIEIE 36 3 36 36600 I U696 I 0696 359696 26 I 696 3 08 9696 26
2 3 4 5 6 7 9
* * -+ 3% 2% e *

426 432 391 366 391 432
436 348 273 273 348
331 241 331
LINE NO= V~2=1A (1/348) BACKGROUND= 431
STATIONS= 8/17 OPERATOR= 8VLS$16
LOCATION= MODEL RMS ERROR= 0401 DATE= 3/30/59

= LET -



2 3 4 5 6 7 8
3* +* * - * ¥* £ TN
636 3690 36 3636 2 3626 36 I 96 3 36 3 396 I 6 6 363636 36 3616 W36 I I 3 N R W HH
* * * * *
#* * * * *
* 0400 % O3 % 0e43 * 0s00 %
* * * 3% *
T FETESELETT LIS LTSS L LRSS AR S XS L % L
%* * *
3* 3* #*
#* ¥* *
* 1e67 #* 1667 *
* %* »*
* * *
PEFHEX eI ST E e IR EEL L LS L2 L2828 2 8 8 5 8
2 3 4 5 6 7 8
* * * * +* ¥* +*
445 435 363 313 363 435
474 298 176 176 298 474
275 125 275
LINE NO= V=2=-1B (1/215) BACKGROUND=
STATIONS= 8/17 OPERATOR=
LOCATION= MODEL RMS ERROR= 0406 DATE= 3/30/59

= geT -



2 3 4 5 6 7 8 9
* ¥* 3* * * * % 3%
FTEFLTEI LTI ELS RIS SIS EL LTS LS L LT E LR L L L LSS E TS n
¥* * * #* * * *

* * * : ¥* ¥* * 3
¥ 0427 * 0412 * 0418 #* 0418 * 0412 * 0427 =
* % L 3 * * * ¥#*
XTI ST LTI TLL S SIS LSS LIS LSS LT LSS EELELLE L LSS E 2T ooE
* ¥* 3* *

* %* #* ¥*

#* * * *

* 0403 * 3401 * 003 *

* * * *

* * * ¥*

FEW 3 663 3 6 3696 36 3 35 35 35 96 % 36 35 35 36 36 036 3536 I 36 JEIE 3 36 HI0 I 2036 36 J635 34 I I 36 3K H I 6 I I W XN
2 3 4 5 6 7 8 9
¥* * ¥* 3#* * % * *
445 435 363 313 363 435 445
474 298 176 176 298 474
275 125 275
LINE NO= V~2-18 (1/215) BACKGROUND= 479
STATIONS= 8/17 OPERATOR= 9HLS16

LOCATION= MODEL RMS ERROR= 0403 DATE= 3/30/59

- 6¢T -



2 3 4 5 6 7 8 9
¥* 3* * +# % 3% % %
3896 936 3635 363636 36 36 3 J6 965 3 36 969633 9696 9630 96 96 363 36 AN IR
¥* * * * *
* * * * »
* 0e09 % 0sl9 = Del9 = 0e09 =
* »* * * *
9636 30090 963696 696967 3696 JH 696 36 269636 JE 98 9090 096 F6-I6-96 36 96 M AN
* * * * *
* * * * *
» * * * *
»* * * * *
* * * * *
* Oel0 = 2455 ¥ 2455 *® 0el0 *
* * * * * ]
* * * * * -
* * * * » 45
* * * * *
* » * * * !
236 2606069696 26 96 99696 36 369696 20006 6 3096 0969696 96 3696960696 36 I 96 06 36 959696
2 3 4 5 6 7 8 9
¥* * * ¥* - L ¢ %
445 435 363 313 363 435 445
4 T4 298 176 176 298 474
275 125 218
LINE NO= V=2-=1B (1/215) BACKGROUND= 452
STATIONS= 8/17 OPERATOR= 8VLS1é6
LOCATION= MODEL RMS ERRODR= 0403 DATE= 3/730/5%9



- 141 -

contrasts when the linear approximstion neglécting inter-
actions is valid, The background values are close to 450 or
witnin 10% for the majority of them, A relativsly large
number of model results has been included so that a fairly
complete evaluation of the interpretation operators can be
made for known geometries., As indicated the strength factor
which has been suggested is that of Eq. 4.1.1 and that there
are very few interpretations wihiech yileld strength ractors
much greater than this, See pagel28 for an interpretation by
8VLS16 which demonstrates thls. There are analytic solutions
such as the sphere in a plane field for which the Ki 1is
bounded by 3.0, In general it sappears that the interpretation
of the Ki must be made on the basis of an equaticn showing
saturation,

Certaln patterns of behavior of the cperators is readily
svidenced from the results. If there is a deep reglon which
in reality extends over or into 3 or more of the lower blocks
such as Hel-1lA, stations 8/17 for operators GHLS1é or BVLS16
then the interior block's Ky 1s always depressed in value
while the exterior Ky which contein the actual boundary of
the block are inecreased. See pages 112,113 ,119,124 §nd also
125 for exemples of this bshavior., This property of the
Interpretation scheme 1is evidenced in all those pertinent

examples and is probably representative of the final dis-
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tribution of sources after interaction nas taken place, The
modified first aporoximation appears to be able to fit the
datsa best when it over-and under-compensates certain blocks
such as on page 116, The amount of such ccmpensaticn depends
Girectly upon the actual strength of the regicn., Since the
operators appear to always operate in this vary predictable
manner, due acccunt can be taken in utilizing their inter-
pretstlions on field data.

The interpretation results for the ¥4 when considered from
the point of view of a bounded strength factor are extremely
go0G 1ln picking out the conducting regiocns even when the
model and operator blocks dld not have correspondance of
boundaries. Pages 11l and 120 represent such cases, Moreover,
the use of vertical and horlzontal operators on regicns that
were the exact oppesite in structure did nct yleld necessarily
peor resultas although the mognitude of the Ki in this case
greatly exceeded the assumed bound of 2,0. Refer tc pages 113
and 130 for examples of this type cf interpretation result,

Ihe MKS error doss not appear to be as useful an indiecation
of appropriate fit and operator as does thne insmectinn of the
magnitude of the Ky, For these results which represented
shifting of tne operator along the line so that results were
not symmetrical but the blockes corresponded better & signifi-
cant improvement in the Iinterpratation was made., Pages 115

and 121 1llustrate this improvement of the interpretations,



agsalin the KMS error did not prove to ve & good flgure of
merit to evaluate tine operator, Altihwough the S arror is not
& unique factor that will allow an evaluation of the vallidity
cf the intsroretation to be made, a c¢srtaia fdea of the
magnitude of fitting error ls obtained from these results
weich will be useful as a reflersnce in the interpretatiocns on

actusl field datsa.

el Interpretation Results for theoretical solutions to

vertical layers

Additlional ccmpariscns of tas interpratation results
ueing tirs 8VLS16 operator have been made on theorstical
solutions for vertical laysrs., The profile line was orlented
perpendlcular to the verticsl surfaces ssparating the homo-
gerecus reglons and a conducting widdle layer in 2 uniferm
background e°=\0C) has been tie target. The actual location
of the middle layer 1s well detected for thicknesses greater
than or equal to one unit of the electrode spacing interval,
See pages 145 and 143 fer such interprotaticns, When the
middle layer is thiner than cne unit there is & problem of
resclutlion that the blocks and mezsurements cannct heope to
correctly delinesate, but the interprstation dees plek cut
the apprepriate bleocks, 4 very thin vertical layer is ine
terpreted properly on page 149 . in these cases the middle

layer extended from station 5.5 to the right C.l, 0.2 or 0.4



units ag the individual geometry specified. The remaining
cases all represent vertical layers wlth bounding surfaces at
points midway between stations, That is, the layer L units
thick on page 153 extended from stations 3.5 to 7.5
As in section L.3 the interpretation results are good,

although the magnitude of the K1 often exceeds the proposed
limit of 2.0, This 1is no doubt associsted with the fact that
the theoretical PA. results are for infinite regions rather
than finite regions and the first approximation forward
foluticns for vertical layers are very poor because of the
particular geometry, It 1s not to be expected thet the vertical
operators for vertical regions will be as good as the horizontal
operators for horlzontal regions. 4 comparison of tie inter-
pretation results for the model V-2-0 on page 134 and the
vertical layer two units thick on page 151 is remarkably
similar, This fact is an example of the limits of the
resolution power of the dipole-~dipole array regarding reglons
that extend outside ths immedlate volume of tns profile line,
Morsover the over-undsr compensation result for thne deeper
blocks is again well evidenced ( sse page 152 ) in all those
cases for which a conducting region actually extended over or
into 3 or more blocks,

The following pages present tihe results for & few of the
vertical lavers which were tested by the BVLS16é operater and
easentially display the range of results obtaiﬁed.‘lncluded is

a set of results for the same geometry ( 1 unit thick middle
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layer ) with different conductivity contrasts, The operstor
has modifled the intsrpreted Ky values in a censistent manner
as ths conductivity contrast increases although the magnitude
of the Ki are greater than 2,0, It appears that the vertieal
operator leo capable of resolving the geometiry of the subsurface
with annroximately the same success as the horizontal operator
but that the K, values are less susceptible to interpretation
Ly Eg. L.l.l. There is however a strong indication that the
results should sti1l be interpretated on the‘baais of a
bounded scurce strength so that the reletive significance of
tne Ky is nct linearly dependsnt upon their values,

In coneluding this section 1t is useful te point out that
there are certaln propertles which the operators posseas which
require s familiarity with their results for known geometries,
This is necessary in order that results obtained for field
data be oroperly interpreted with regards the' tendency of the
linesr aspnroximation to compensate for the nen-linsear data
with which 1t must work by medifylng adjacent blocke!' Ky
values so a2z to best fit the data. Alsc there 13 a noasibility
that the apparent resistivity values which are predicted from
the final interopretaticn Ki and ?O. may bs negative. This
implies an over-shoot in the fivst.kpproximation which ls a
result of the compensation neceszary to best fit the data by
the linear tneory. A negative apparent reéistivity implies

that there would also be a certaln configuration of source
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and receiver which would laad to a zero valus of ?’ﬁ . This
property cf the linear theory isrppresentative of the
importanc§ of non-linear interactions of induced sources whieh

determine the final current flew.

4.5 Intérpretation of Field Data with Harisontal Operators

Thi success of the interpretation scheme developed on
the basis of finite sized homogeneous rugiena in the subsurface
and tested on both medel snd theoretiecal solutions has lead tb
gpplication on actual field data, The evaluation of the results
of such an interpretation depend eritically upon the amount of
‘gealogical control which is available and also the experience
of the personnel doingitho empirical interpretation in similar
gealogical areas, This aaotion presents the results of a
rosistivity survey in one area using the 6HLS16 and 9HL816
operators. The plan view on the following page indicates the
relative location of the profile lines and stations so that
corr&lation of the oparatorEraaulta oan be made. There are
esaantially two smaller areas within the large area of
1ntoroat and these have been prospected somewhat diffarently.
F;old Data 1 represents the area which was surveyed with the
aid ﬁf a systematic grid of lines and stations while Field
Dnt@ 3 refers to the area with no grid but simply three
related lines, These were profiled in the sequence A then B
fundéc as it became evident as the results were obtalned that

larger spacing intervals would be required to detesct the deep
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anonalous region, For the grid linss ( 88, 72, 56, LO, 24 and
-8 ) and line A the spacing interwvals were the‘same while for
B and € the interval was doubled,

Both overators were apnlied to the entire set of
resistivity data in order to test their relative merits, All
of the lines but -8 were longer than the length of the basic
onerators and thus required a =ixifting along the lines to
cover them completely. The 6HL316 and 9HLS&16 interpretation
results are very satisfactory and are in close agreement with
eachh cther and the known geological information available,
The anomalous regicn is somewhat cval shaped and in general is
approximately cne unlt deep or more but rises to the surface
in the vieinity of lines 24, 8 and -8.

The complete set of results for the 9HLS16 operator are
presented and a summary of the shifting'of the operator slceng
each line has also been vrepared. Those blocks which overlap
are seen to correlate fairly well with each other and ths
shifting of the operator reproduces consistently the
resiastivity structure of the subsurface, An example of this
for QHLS1é is seen on page 175 , A summary of the results for
the 6HLS16 operator over the same lines has also been preparesd
and a comparison with those of the 9HLS16 results are in
complete aseccord, Compare pages 175 and178 ., The manner of

presenting the summary results has been tc usse separate
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horlzontal lines within the blocks for the results along
different segments of each line,

Yhe overall results of the interpretaticn operatcrs are
excellant and certain addltional detalls of the resistivity
structure sre obbtained which were not capabls of resolution
by empirical interpretation by skilled persennsl, The =harp

ut-oft in tns ancmaly to the right on line 40 summarized
cn page 175 was not pr@dicted in the coriginal interpretation,
Tnere appears to be no doubt that tne interpretaticns by either
operator are consistent with the wiown geology &nd that the
interpretaticn operators have ylelded valid results, It should
be noted that in general the area is a rather stralght ferward
problem for e skilled interpretor and that tae evaluation of
the operator resulis has been made partially on the basis cf

tnis empirical interpretation.

.6 Interpretaticn of Fisld Dats with Vertical Operator

The great success of any interpretstiocn scheme is not
to simply yleld correct results for those areas in which the
skilled interpretor is suffieclently good but to be abls to
properly interpret those areas in wnien ne woula fail, For-
tunately field rssults were readily avallable for such an area
whieh had geological control. It was known that the regional
structure consisted of a rnumber of parallel layers dipning
almost vertically so that it indicated a vertical operator

should be employed. Attempts to empirically interpret the field
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data were rather indefinite and an interpretation with the
- 8VLS16 operator was made.

The following page presents the plan view of the profile
lines and stations employed in the set of data referred to as
Fleld Data 4. Only two lines were available for study in this
immediate area but they were sufficiently long so that a ‘totsl
of 7 applications of the operator could be made, A sumnary of
the results of both lines is also presented on pages 200-1"mrd
the results are extremely good, As seen on boﬁh lines there
are two thin highly conducting zones dipping to the Northwest
at approxrmataly'hsp. The first intersects the surface around
station 1E while the second intersects ﬁhs surface around YR.
The correlation of the raeults along each line and the
consistency from one line to the other clearly shows the exact
location #nd'orientation of the two regions,

The geological information available states that a scne
approximately 1 unit thick dips to the Northwert at 35° and
intersects the lines 2t station 1E, In addition there is
‘possibly a aocehd zone parallel to this first one but to the
Bast, Certainly the agreement between the geology and predicted
resistivity structure is very gocd, It is seen that there may
- wWell be an indlcation of & third or fourth zone intersecting
‘the 1lines at stations 6E and 8% but thers is insufficient data
hé definitely interpret the sastern extremity of the lines,
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There is 1ittle doubt that the interpretation operator has
proven to be very holpful in 1nterbrtting a rather compliecated
structurdé,

3

447 Final Conolusions Regarding Resistivity Interpretation

The success of the interpretaticn operators developed
in this research has been tested for a wide variety of sub-
surface strustures, In all cases the results have been con-
sistent with ﬁha information avaii&ble regarding the actual
roaiativiﬁy structure, The linear approximation requires that
some ‘over~shooting! of the apparent resistivities predicted
occur to best }i‘it the ?A data by least squares analysis, -
This is due to the non-linear interactions of the induced
sources which the real data represents and which the approxie
mation muest fit as best ii can, It nas been observed that if
~ the real structure at dnpth extends horizontally into 3 or
more blocks then a depression of the K; values for the deep
fnterior blceks occurs while the K; 8 of the desp exterior
"bloeka are increased, This 1= a predictable behavier which
can be partially eliminaeed.by’the use of either a shorter
operator and/érra‘ shifting of the operator being used, The
_1dea of a ahorter operator wculd be to use the 6HLS1é rather
than the GHLS16é for the same data.

The abllity to properly interpret complicated apparent
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reslstivity profiles is of great help in the possible
applicsationsg of theresistivity prospecting methed for it
allows not only a detection but also a resolution of the
structure to be made, The results presented have all bean
cbtalined for the complete interpretation operator which
determineg the background Po in addition to the K, Work
has aldo been done on applying the limited operators which
necessitate that the background be estimated by the individual
responsible for the final interovretation. The operators
([A"]&A})“[A"] for 6HLS16, 9HLS16, 9HLS20, BVLS16 and 8VLS20
are presented in Appendix II, Thelr results are in gond
agreement with the ones hereln presented and the final c¢one
clusicn reached regarding this method of interpretation ie
that it is o wvalld guantitative approach to the direct inter-
pretation problem, The results obtained still require the
evaluaticn by adequately trained personnel but much grester
detall 1s possible in delineating tiie subsurface structure,
There 1s no question that this procedure 1s an approximate
one but the results are sufficiently good so that practical
apolications can be made, The results have been obtained only
for the dipole-dipole array but the concept can be applled to
any other eclectrode array, Because of the success of this
interpretation rrocedure it is anticinated that resistivity
methods will be of much greater help in geophysical prospecting

in the future. This is basically a direct methcd of interpre=
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tation after the operator has onos been chosen, The choice of
operator should be based on the available geological eontrol
about the general structural relations in the area, However,
the use of an operator that =does not correspond to the general
trends of the subsurface will not lesd to errcnecus conclusions,
It will however be readily eapperent from the magnitudes of the ‘
‘,xi that a different operator should posskbly be smployed,
Becauses of the speed and ecconomy with'gyxnh'an electronic
computer ean process field data there 1;ﬁﬁo‘ro§ann why s
number of different operators cannot be used for the same
data, This will lead to a set of interpretations whiech can be
compared with each other and the best subsurface representation
determined. The RMS Error does not appear to be as good a
figure of merit to judge the applicsbility of an operator as
the overall range of the Ki' It is suggested that the Ki
determined be interpreted on‘tyq baeie of a bounded source
strength sueh as 4,1.1 and thet more than one op@rator be
employed Iin areas of little geclogical control, ?ina;ly it
must be realired that the results obtained refer to the sub-
nuvfaoo resistivity structure and this may depart from the
cbnvﬁn;ﬁonal geological structure. In all interpretations
obtained with these operators due account must be made of the
geclogical information available as an independent check on

the tentative stvuetnras.inferrod.'
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4.8 Applicebility of Interpretation for if Data

An attempt has besn made to extend the linsar
approximation aporoach of resistivity interpretation to da=-
termiﬁing the subsurface polarizable regions from induced
polarization measurementa, The results however have not been
succes=ful and it 1s concluded that the interpretation of ine
duced polarization aurveys may not be made by any direct
metnod of interpretation based cn linear aprroximation theory,
As already pointed ocut although ek may change by 25% at a
glven station configuration this may only represent a 1%
cnange wnen referred to the background Po . Thus any
method whichi uses effectively the high frequency f:g profile
to determine the corresponding K, or AK; would only 111-
ustrate the ecability of the operator to slight changes in
the ?“S from ths low frequency value.

It i3 necessary to develop a method which works directly
with the change in ?Ai and relates this to the l)f; for each
of the subsurface reglons., Bq. }}.2.,12 is one form of such an
equation but as might be expected it requires the knowledge
cf the Individual Pi . Since the strength factor in l,1.1
used to form i1,2.12 1s bounded by 2.0 there 1= no way of
preperly interpreting the PC from those Ki greater than 2,0
and some manner of scaling them must be intreduced so that

an actual finite fk may be abstracted from each Ky determined‘



- 206 -

Then a loast aguares fitting of the Afhi knowing the Aij end
Fi would yield the A(" « However, thies entire procedure
has required the introduction of a non-linear strsngth factor
which 18 bounded and shows saturaticn. At present the linear
internretation vrocedura doas nnt adequately trsat this non-
linear strenpgth factor and this difficulty must be vroperly
resclved before any advance on the IP Internretation by

direct metheods car be made,

4.9 Suggestions for further work end Summary of assumptions

The interpretation systen developed has been based upon
the concept of a subsurface region consisting of a number eof
finite sized horiopeneocus volumes, The georetry and relative
location of thess regione has bvesn fixed prior to the inter-
pretation by least squares fitting of the modified first
approximation forward solutiona, The compositing of the
volumes by linear supernosition has bean possible becauss the
approximation used is linear in tho effect of each volume on
the measured data., A transformation of the variable to be
fitted from potential to apparent resistivity has eliminated
the need tc integrate field data and any errcrs introduced by
such operstione,

The mcdified first approximation has »recerved the very
essential oroperty of symmetry which must be present in the

measurements and utilization of symmetric sets of data points
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and subsurface regions has maintained this symmetry. It is
very important that this property be consistently contained
within the interpretation procedure so that correct inter-
pretations of subsurface geometrical relations can be made,
There is good reason to interpret the'resistivity measurements
and interpreted Ky on the basis of the bounded strength
factor and especially on such as l.1.,1, However, if such a
factor is used then due account must be made of the error
introduced at adjacent surfaces of the hopogensous regions if
simple linear compositing of the rsgions is done. Finally the
induced polarization direct interpretation must await the
development of thLe satisfactory treatment of the strength
factors so that the Pi may be properly determined for each
region in order that Equations 4.2.7 and b.2.8 be utilized,
Certainly additional work must be done on applylng this
method of resistivity interpretation to more field data and
preferable some with greater geological control. The author
feels that the method is sufficiently well developed to apply
practically to resistivity interpretation and that a good
place to begin would.be the already available field data.
There is nothing unique about the array nor data point dis-
tribution that has been utilized but it has been consistent
with past field operational procedures. The array, block con-
figuration, data points and their number can be varied to

specifically satisfy & particular geometry. The resolution
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limits must always be kept in mind and too much detailed
information must not be the goal of the interpretation.

The saturation phenomenon for induced sources which is
- evidenced in the bounded strength factor for the regions can
only adequately be treated in the interpretation operators by
the solution of a non-linear set of equations, The procgdure
would be to calculate the effect of each surface bounding the
homogeneous subsurface regions rather than the effect of the
region, Then by fitting the data to these effects 1t would be
possible to include the correct strength factor between adjacent
surfaces of neighboring regions, That 1s, if simple linear
superposition of the regions! effects are made then an error
in the equivalent induced source at such an interface arises,
Let QR represent the conductivity of region 1 and U, that
of the neighboring region. The strength factor to utilize if

assuming L.,1.,1 to be correct would be:
K = EK- - 'X

However linear superposition places the sum of the two sources

computed when each region is considered independently:

K. = ‘*(\q\"ql) 4.9.2
A - (T‘f?'c\(?,_-kﬁ‘o\ e

Thus the error is equal to the difference between L.9.1 and

4.9.2 and is given by:



- 209 -

AK-K = | TelorTe)-ad st |y

(T + T) (T + %)

It is seen that this error is zero only when o =Ty

Le9e3

or either @, or Uy 1s equal to the background.

In this treatment of the saturation phenomenon the
variables become the actual conductivities once an assumption
regarding the corrsct form of K; has been made, The set of
equations relating the apparent rezistivity effects to the
&ij will not be linear in these variables and it may prove teo
be & difficult task to solve such a set of equations, Posmibly
an iterative procedure which utilized the linear solution for
the Ki considering the regions as a unit would lead to a
method of so lving the set er~aqu§tions. Starting from this
initial solution for the ?i modifications would be made so
that a better fit of the data would result. The effects of
each surface would be used as the influence parameters
taking into account the strength factor, Eq. 4.9.1, for
adjacent reglons. As yet this approach has not been tried.

Some effort has been made on investigating numerically the
convergence of the Stevenson series expsnsion sclution for
the forward problem, A complete developuient is not available
but preliminary results indicate that the convergence of the
solution may be rsthepr 8low, The higher order terms in the

expansion Eq. 2.3.3 were calculated from the interactions of
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the induced proimary sources on the conducting region, The
amount of computation necessary to effect such a solution is
an order of magnitude greater than that required for the
iritial linear sclution. The results have been evaluated on
tne basis of whether or not symmetry of the solution is
improved by including the higher order terms. Symmetry does
not appear to be improved for the one gecmetry considered to
second order, but this question has not been completely
resolved, The question of convergence of the forward solution
. of Sﬁevanson has not been capable of analytical treatment and
any numerigal work along this line wlll prove very helpful in
Justifying the method implied. It appears on the basis of
intuitive arguments that the convergence of the series must
occur and how rapidly this convergence takes place and when

does symmetry appear may be treated in thils numerical approach,



Appendix I Numerical Kvaluation of Forward Problem

The numerical solution of Eq. 4.1.2 is obtained by an
approximate integration over the surface of the homogeneous
subsurface region, The surface is ponsidered to be sub-
divided into a large number of small areas and the induced
surface source due to the primary point sourece calculated,
An equivalent point source is then placed at the center of
. the area and the secondary potential resulting from these
induced point sources determined. The surface integral 1is
thus replaced by a dcuble summation which is developed in
the following paragraphs,

Reference to the gensral diagram of rectangular blocks
on page T5 will be made. Cartesian coordinates are chosen
with the x axis coincliding with the profile line, the y
axis horizontal and symmetrical about the profile plane and
the positive 2z axis directed vertically down-wards with
z= O the surface of the half-space. The center of the body
is assumed to be at depth H below the surface of the half-
space and at xz D , yz O, Also for simplicity in the form-
ulation jet the half-lengths of the body be defined as:

a- A/2 , b=B/2 and ¢s /2. Thus the surface integral has to
be comnuted over the 6 surfaces x= D¥a, y=fb and z= HYc and
it proves economical in both the expressions and actual
computation of the surface integral to consider these sur-

faces two at a time in the sequence 1,2, --6,
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Let ? represent the source position and O the point at
which the potential 1s measured, both pcints on the profile
line so that the coordinates ys%=0, Now the surface is con-
slidered to be subdivided into a number of small rectangular
surface areas with L,M and N representing respectively the
number in the x,y and z directions, Thus O x= A/L, A y= B/M
and Qzs /N , K represents the magnitude of V“’/Q" , or
any other expression assuméd to be correct for the sztrength
of the induced sources,

Normallize the primary potential 'Do so that Q, = 1/R
where R represents the distance from the source point to the
point (x,y,2z). Finally 1,m and n will represent the positions
of the small areas in a sequential numbering in the x,y,2
directions. Thus the secondary potential due to surfaces 1

en xz Dia 1s given by the double summation:

tk(Ca + D -F)0yAs
[(*a + D -‘)2 + (mBy-38y)2 + (H-canbz- %53)2]”2

n= l n= |

I.1
‘ ]
~ \
'“'l @3a-0)2 « (mAy -2 Ay)% 4 (H-—cmbz-%Az)z] I |
The'seegndaxfy _potential due to surfaces 3 and L ars given by:

+ K(b) BxDs .
[(-u%lkx—%&x-?)z + b2 4 (H-ci-nu-‘%bz)‘?]% 1.2

\

|
v l@+a-D-10x+28x)2 4 b2 ¢ (H—cm&z--ﬁ-bz)zl'la]
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and those of surfaces 5 and 6 bys

Y x(HXe)AyAXx
[(-4D+18x-30x-$)2 + (mby-3Dy)2 + (HEc)

2772
1.3

.L[ l -“
“. [((ara-D-le*%Ax)a + (mby-3Dy)2 ¢ (Htc):a]‘lz

'The net affect is the suw of these 6 summations and represents
the normalized secondary potential due to the subsurface
rectangular block,

The errors involved in approximating the surface integral
by the discrete sumuation cannntibe. determined accurately,
Bxact solutions cannot be found analytically for the error

terms, They are nroportiocnal to the product of second

spacing intervals chosen as:

derlvatives of ths functional being integrated and the
¥
z hk m\\‘———\
£ = hie|mhe 3

-\-‘\\'La)i}?.‘ \} o
' 2‘)“‘ 3*1 g‘\"

where h and k represent the spacing intervals and m and n the
number of the intervals respectively 1n the x; and xp directions,
Numerical computation of the secondary potentials for a range

of L,M and N however led to certain conclusions regarding the
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relative size of the intervals which would lead tc the proper
answer, As the spacing decreased to half the electrode in-
terval spacing the results asymptotically approached a con-
stant value. Although the dimensions of the amall areas have
been half the alactraéa intervals it iz necessary to refine
the spacsing when blocks are near the surface.

The computer program utilized carried approximately 8
digit acouracy in floating ﬁminb form. The effects of the
individual contributions range only over a few orders of
magnitude sc that roundoff srrors ars not important and the
results ares accurate within the truncation error of the dis-
srete surmmation., As previously indilcated this possibility has
been numerically investipated and results indicate that this
error will be less than %% as long as the epatial dimanaio?a
of the small arcas® are on the on the order of hall the
electrode intervals.

The computation of the higher order terms in the seriss
expansion of Stevenson are calculated by considering each
induced point smource as a ‘primary source', The effects of
these 'primary sourcez' are to modify the existing induced
scurces, This 1ntéracticn can be continued tc as high an
order desired, |

The Avsror any electrode arrsy using point sourcees i¢ then
readily calculated by appropriately combining the primary plus
eecondary potentials, Fultiplication by the necessary gec-
metrical factor leads to the fA for the subsurface region

under consideration.



Appendix II Numerical Bvaluation of the Inverse Problem

The numerical solution to the interpretation problem in
resistivity prosgecting which utilizes the concept of finite
sized homogeneous subregions is most easily effected with
the use of matrix notation and manipulations, The following
pages pressesnt the results of machine calculation of the

matrix cperator for the interpretation operators 6HLS16,

9HLS16, 9HLS20, 8VLS16 and 8VLS20. The operator matrix is

(1aA]) TR

The convention to be followed in determining the final

given by:

results.of the K; from the Bj hes already been defined in
the block and data point definitions on pages 83-87. The
nscegsary axplanatqry material for the use of these matrices
is presented in the text, In order tc present ths result in
a convenient form, the matrices have been compressed in the
horizontal direction so that data points 1-8 then 9416 for
block 2, etc, for the 16 data point operators. The 20 datsa

point onerators have been compresced as 1-7, 8-1l, and 15-20,



JPERATOR

~74681F=02
66309E=01

94206E=02
=54,325F=01

-4 e4]12E=02
le432E=0Q1

Te211E=03
2e813FE=02

-be268E=03
-1e¢333E 00

1la656E=02
4e401E=C1

b

MATRIX

“1.604E 00
~54358E=01

49333E=02
14274E 0O

-4 486BE=02
-1s604E 00

44T726E=02
2e344E=01

- 94533FE=01
~1s390E 0O

2417TTE=0Q2
8s129E=01

~14385E 00
2e344E-01

w1645 00

~14604E 00

5e356E-01
le274E 00

44580E-03
~54358E-01

1e652E 00
B84129E~01

«14187E-01
-1e390CE 00

~-30491E-02
24813E~-02

~1s117E 00
14432E-01

~1¢117E. 00
~543256-01

-3e491E~02
66309FE~01

Te560E-01
Le401E-01

Te560E-01
-1e333E 00

44580E=03

=34 T49E=02

"58356E=01
-2857T4E=02

-1le645E 0O
14870E=01

~14385E 00
-1,117E 0O

~1e187E=01
20694E=01

le652E 00

le412E~01

by T26E=02
14273E 00

~44865E=~02
~1,039g-01

4e333E=02
—5,582E=02

-14604E 00
1,962E~02

20177E“02
-2+ 179E 00

94533E~01
60160E=01

7¢211E-03
-84141E-02

~4e412E-02
94133E~-01

94206E~02
94133E-01

~Te681E-02
~84141E-02

1e656E-02
-16420E 00

=4 4268E-03

~1e420E 0O

~1e4117E 0O

14962E=02

1e870E~01
~54582E=~02

-2e574E=02
~1e039E=01

~3e749E~02
14273E 00

1e412E~01
6e¢160E~01

2eb694FE=01
-2e¢179E 00

JTEI9 03

- 912 ~



OPERATOR

=2+301E 00

=-14203E 00

6¢819E=01
14015E 00

1e631E=01
=84¢181E~01

Te688E=02
20164E=01

=14168E=01
2+828E=02

20431E=03
~34330E=~02

8e021E=01
=94281E=01

~64291E=C1
2e¢806E~02

2e733FE=01
=]1e730E=02

MATRIX

~14398E 00
28429E=01

~-1eC61E 00
“9s413E=01

14093E=01
le245E 00

=14173E=01
=1,073E 0O

36349E=02
3e438E=01

74 086E=03

~44041E=01

8e4T6E~0QL
2¢641E=01

4L eB5LBEE=O]
~1s741E 00

-1leg&2bE=01
1e480E 00

5¢773E~-01
-44041E-01

=14 734E 00
34438E-01

=14786E 00

=1s073E 00

34962E-01
ls245E 00

24152E-01
=944 13E-01

264124E-02
20429E-01

14173E 00
1.480E 00

14380E 00
~le741E 00

~T74912E-01
2¢641E-01

-le446E~02
-3,330E-02

le136E-02
2¢828E=-02

-1le113E 0O
28164E-01

~14113E 00
~84181F-01

14 136E-02
14015E 00

~lebbbE-Q2
=1+203E 00

44824E=-01
~1s4730E~02

Te204E~01
26806E=02

44824F=01
-94281E-01

2¢124E=02
24238E-01

24152E=01
~4eT24E=02

3¢962E~01
-54012E=01

-1s786E 00
2¢313E~01

~14734E 00
—8.377E'01

5¢773E=01
1.087E 00

~Te¢912E=01
~64662E=01

14380E 00
14897E 00

1,1732E 00
-24336E €O

74086E=03
84856E=01

- 34349E-02
le164E 00

~14173E=01
~24978E=01

14093E=01
54627E-02

~14061E 00

14582E=-01

~1,398E 00
-14189E~01

~1e425E=01
~24533E 00

44545E=01
-1+885E=01

8e4THE~OL
14052E~01

20431E-03
le441E-01

-14168E~01
~34663E-01

- Te688E-02

14023E 00

1s631E-01
14023E 0O

64819E-01
~34663E-01

=~24301E 00
lel441E-01

26733E-01
-1¢554E-01

~64291E~01
-24194E 00

84021E~01
=1e554E~01

14087E 00
-14189E~01

-84377E=-01
14582E~01

2¢313E=01
5¢627E=02

-54012E=01
-2¢978E-01

—lo T24E=02
1e164E 00

2e238E~01
8e856E~01

~24336E 00
1e052E=-01

14897E 00
-1.8855‘01

~60662E=01
~2e533E 00

GIETHE 10394

- Llt2 -



OPERATOR

=2+035E 00
14055E 00
~7¢750E=01

44304E=01
~7e821E=01
6e4T4E=01

~54418E=02
94619E=02
5¢828E=01

1e804E=01
=1e763E=~01
~1e637E=01

=14229E=01
20432E=01
794035-02

34223E=02
1e506E=01
~34158E=02

14031 00
=24125€E 00
=4 g b4 B5E=01

=3, 45]1F=01
1e¢405E 00
-907375“01

8e392E~02
=94779E=01
Let55E=01

MATRIX

~14299E .00
~94133E=01
24850E=01

~9,4866E=01
74670E=01
“64863E=01

24535E=01
-1s059E 00
Te670E=01

~94843E=02
2e031E=01
766 70E=01

94373E=02
~647T1E=02
-64863E=01

-4 4870E=02
4e6T2E=C2
2¢850E=01

8sl42E=01
~84665E=01
~14889E~01

636805-02
6a240E~01
~94821E=01

~44201E=02
«14703E=-01
~1s889E=01

34916E-01
34097E-01
~-94158E-02

~14094F 00
-14384F 00
7+ 403E~02

-84 741E-01
Te017E-01
~14637E-01

=2+183E-01
-84227E-01
5.828E-01

2¢517E-03
34368E-01
6e4T4HE-0]

-44733E~02
~34657E-01
~-T4750E-01

24195E-01
8s123E-01
4e455E-01

64561E-01
~1+003E 00
=94737E-01

1e730E-01
14027E 00
—44445E=-01

~34809E-02

~34657E=-01
~1e8T74E-02

54998E-=02
34368F=-01
8s312E~02

=14093E 00
-84227E-01
14638E~01

~1.093E 00

Te017E=01
~T74769E~01

54998E=02
~1.384E 00
748T4E=-01

-3¢ 809E~02
36097E~01
94710E-01

4¢577TE-01
14027 00
~2e241E-01

64138F-01
~14003E 00
6¢2545f01

44577TE~01
8e123E-01
~2s134F 00

-4 ¢ T33E~02
4.672E‘02
54896E=01

24517E=03
~69 7T1E=02
34317E=01

-2e¢183E-01
24031E~01
64715E~01

-84 741E~-01
-14059E 00
-28342E=01

-14094E 00
Te6T0E=01
-2s060E=02

34916E=01.

-94133E=01

~1s034E=~01

14 730E=01
~14703E=01
~64704E=01

64561E-01
6¢240E=0Q1

=9 ¢829E=01

24195E=01
-8;665E‘01
6s033E=01

“4.870E“02
1¢506E=01
~14034E=01

94373E=02
24432E-01
~24060E=02

~94843E~-02
~1le763E=~01L
~24342E=-01

24535E=01
G4619E=02
68 T1BE=01

=9 4866E=01
~7¢821E-01
34317E=01

~1+299E 00
14055E 00

54896E~01

~44201E=02

~9,779E=-01
6+033E=01

14058 00
~94829E=~01

8+142E=-01
-724125E 00
-64 TOLE~QL

3e223E-02
9.710E“01

-14229E-01
74874E-01

14804E-01
~Ts4769E-01

~54418E-02
14638E-01

44304E-01
8e312E~-02

=24035E 00
~14874E~-02

84392E-02
-24134E 00

~34451E-01
68254E-01

1l4031E OO
-24¢241E~-01

00T

028IR



OPERATOR

«34125E=01
14202E 00

34517E=01
=14305E 00

—~24725E=01
2¢785E=01

2¢091E=01
=84¢290E=02

9e532E=C1l
-44258E 00

=1le364E 00
2¢650E 00

1+208E 00
-4 4e006E=01

~Te421E=01
2¢516E=01

MATRIX

-24061E 00
~-1le664E 00

6.8975"01
24289E 00

~64505E=01
~14874E 00

5¢673E=01
4 4926E=-01

2¢755E 00
34837E 00

-2e308E 00
=64824E 00

34180E 00
2¢158E 00

~24072E 00
Tel&T7E=01

-24039E 00
4Le926E-01

F
~84177E~-01
~14874F 00

~2s918E-01
2¢289E 00

T74767E-01
~14664E 00

4o114E 0O
Teal47E-01

=2¢723E 00
2¢158E 00

4e393E 00
-6e824E 00

~34280E 00

- 34837E 00

34665E-02
‘802905“02

~14057E 00
20 785E-01

-1e057E 00

~14305E 00

3e665E=02
1,202E 00

5134E~01
2¢516E-01

6e045E=01
=44006E~01

64045E=01

264650E 00

5¢134E~01
~44258E 00

Te76TE=01
~1«505E 0O

-24918E=01
14681lE 00

-84177E~01
-28212E 00

~2e4039E 00
1e151E 00

~-34280E 0O
5¢224E 00

44393E 00
~8e¢64TE 00

=24723E 00
14285E 01

4e114E 0O
~94528E 00

5:.673E~01
7.937E~01

~64505E=01
34105E~01

64897E-01
-84 152E~01

-2s061E 00
74877E=01

- =24072E 00

-5,992E=-01

34180E 0O
-44299E 00

~24308E 00
44499E 00

24755E 00

~24602E 00

24091E-01
~14319E-01

~24725E-01
84571E~01

3¢517E-01
8e¢571E=-01

~34125E-01
~14319E-01

~T74421E-01
=-14126E 0O

14208E 00
=14248E 0O

=1s364E 00
~14248E 00

94532E-01
=-1s126E 00

l¢151E 0O
Te87TE=01

-2¢212E 00
~8s152E=-01

14681lE 00
34105E~01

~1e505E 00
Te¢937E=01

-94528E 00

-24602E 00

1¢285E 01
4e499E 00

-8e647E 00
-44299E 00

50224E 0O
~50992E-01

9

Ag d03%d

- 612 -



PERATOR

=1e844E=01
~1e¢803E=02
Te226E=01

2¢712E=01
-14258E 00
=1e884E=01

~-1e965E=~01
14095E 00
44413E=01

Te997E=02
=1les449E=01
~34071E=01

4Le496E=01
«-44214E 00
=2e¢332E 00

=74231E-01
5¢707E 0O
1s4951E 00

5¢893E~01
=34382E 00
=3e373E 00

-2¢511E=~01
7e¢005E=01
2¢179E QO

MATRIX

~14495E 00
94192E-01
~24790E~01

44814E-01
~14150E 00
64264E=01

~2e441E-D1
14134E=01
68 264E~01

.1e¢233E=01
16¢605E=01
=2e790E=01

14004E 00
~34186E 00
~1le554E 00

~34522E~01
1s383E 00
«54 09 TE=~Q2

28 06T7E=01
94315E=01
~6409TE=02

5e765E=02
=7¢574E=01
~1s554E 00

~-T7e955E-01
~14986E 00
-34071E-01

-14420E 00
2¢163E 00
44413E-01

5¢381E-01
~24229E 00
~-14884E-01

-34327E-01
5e464E-01
74226E~01

~23033E-01
44099E 00
2¢179E 00

20447E 00
=64530E 00
=~34373E 00

~14943E 00
4e324E 00
14951E 00

1s487E 0O
=-54337E-01
-2¢332E 00

5¢148E~02
Se464E~01
5¢416E=01

~14027E 00
~24229E 00
~-84511E-01

~14027E 00
24163E 00
84669E~02

5¢148E=~02
~1+4986E 00
84567E-01

56799E-01
~54337E~01
-2e244F Q0

44517E=01
44324E 00
Lel26E 00

44517E=01
~54530F 00
~24881E 00

54 799E-01
44099E 00
~14396E 00

-3e327E~01

- 14605E=01
6¢225E-01

54381E-01
1e134E=01
-14035E-01

~1¢420E 00

-14150E 00
64136E=01

—T74955E=01

9¢192E~01
~50604E=-01

le487E 00
~Te5T4E=01
~14207E 0O

~1s943E 00
94315E=Q1
14490E 0O

24447E 00
14383E 00
~34992E 00

~24033E=01
~-34¢186E 00
2¢798E 00

14233E~01
-le449E-01
~54604E=01

-24¢441E-01
1.095E 00
6e136E~01

44814E~01
~-14258E 00
-14035E~01

—-14495E 00
~16¢803E=02
6¢225E=01

5¢765E~02
74 005E~01

24 798E 00.

2¢067E-01
-34382E 00
-34992E 00

~-34522E=-01
5707E 0O
14490E 00

14004E 00
~44214E 0O
-14207E 00

- Te997E-02

8e567E~01

~14965E-01
Beb669E-02

24 7T12E-01
~84¢511E-01

-1e844E-01
5¢416E-01

~2¢511E-~01
~14396E 00

54893E~01
~24881E 00

-Ts231E~=01
44426E 00

44496E-01
-20244E 00

O02EIAQ J03ede

- 022 -
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Appendix III Homogeneity of Apparent Resistivity in the

'gpeciric resistivities

The fact that the apparent éesiativiby‘ia 2 homogeneous
function of degree one in the specific resistivities was first
brought to the attention of the suthor in an oral presentation
(1958) of Dr. Harold Seigel. A modified proof of that given by
him is presented in the following, |

The apparent resistivity measurement is defined as:
Pa = -\-’i-F, | III.1

‘where P 18 & geometrical factor depending only upon the
electrode array emplojod and I i1s the current inserted into
the ground with V the voltage measured., The voltage can be
written as the line integral of the electric field between

the two points of measurements:
——d r
- II.
V=[E-d& 1.2
Now equetion [.1.2 governs the flow of current within the

region and is reproduced here as:
cV-E + E-Ve=9q

_ - -
A scalar multiplication of the E field by t and a corresponding
diviasion of thes conductivity by‘t retains the anﬁo form of this



as:

(/)V-(tB) + 4&)-V(¢/e)=q

Thus the current flow lines will be akactly the same

I11,3

but the effective conductivity will be QDCE and the effective
electric fleld t€ « Hence any multiplication of the
specific resistivities will be accompanied by a multiplication
of the electric field by the same value, Finally, considering
the case of apparent resistivity for a given resistivity dis-

tribution and that for a resistivity t times as great leads it

fa{ (’«.) = Ef g'é‘.gg | IIL.h
‘ - L1 tE.a2 |
Ralte)® T 115

Combining equations III.4 and III.5 the final result 1s

symbollically represent2d as:

P Ltec) = paler) e



Appendix IV, Remarks concerning the use of computers

Througﬁout this entire thesis the use of a Lhigh-speed
digital electronic computer, the IBM 704, has been made, It
1s only recently that such maechines have been produced for
general use by industrial organizations. Ths speed of these
machines 1s phenomenal and the costs have rapidly spiralled
downwards, This thesis investigation would not have been
| possible wlithout the use of these machines, not because they
are capable of orerations that humans with desk calculators
oannot'perform but because of their speed and accuracy in
verforming the immense number of very routine computaeticns
necessary, |

It is to be noted that the machines of today serve in
a great variety of ways, Frimarily they are computatlional
devices but certain operaticns allew them to be inétructed to
tranzlate from cne language to another, Thus a sequence of
cormiands can be written in a rather symboliec form and the
machines used to translate tnem inte the vary baslic instruc-
tions which any machine must eventually use. In addition to
this added phase of applicatlion the manner of pressenting the
results may alsc be automated. Some machines have cathode ray
tubes as a part of the output aquipment and graphical or
numerical data and results may be displayed and photographed,

In this particular thesis the actual printing of the

results has been controlled by a speclal format which requires



]
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no further drafting or tabulation to use as a final form for
presentation, The output devices and translation ability form
extremely flexible and useful additions to the basic hard-
ware of the computers,

For specific examples of the tirme and costs involved in
the use of the 704 on certain phases of this thesis the

foliowing tabulation is made:

Phase Time to Compute Cost (& $360/ hr,)
Forward Problem 2.5 minutes $15. 00

Complete Interpretation 0.2 " $1.20

Limited Interpretation 0,2 " $1,00

These costs are extremely low and represent somewhat conser-
vative sstimates of the actual time required,

There has been a tremendous growth of the computer in-
dustry and also the apprlisations of them to a wlde variety of
problems, For problems of Interprstation and alse forward
problema in Geophysics the computers will allow treatments
and approaches to be trisd that heretofore have been pro-
hibitlive because of the man-hours reguired. There is no doubt
that the areas of possible applicetion 1= geophysics are as
great, if not greater;, than 1n any other discipline, A word
of warning for forward problem solutiona: an extremely large
collection of exact solutions will not be of assistance in
interpretation but only a hinderance in their uss simply

because of the quantity. The fact that machines can solve



preblems is not suffielent Justification for obtaining a
large set of such results,

In ccnelusion 1t should be noted thsat throughout the
country many organizations unable to finance such computers
are readily able to rent e varying amount of time from those
larger firms able to carry such a large iInvestment in these
machines, This essentially providasya éupply of computer time
Tfor all those parties interested in using these machines in

their particular problems,
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