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ABSTRACT

When appropriate conditions are present, nonlinear systems of
dynamics, such as water waves, exhibit coherently structured waveforms.
An example is the soliton. Under other conditions, these systems may behave
quite unpredictably, with great randomness. Connections between these
regimes were sought.

The isentropic dynamics of ideal gas was considered. Lagrangian
coordinates were used. It was argued that the integral of the appro-
priate Hamilton-Jacobi equation for the time dependent system over an
ensemble set of material elements be extremal. A’constra%gt was imposed
on variations of this integral. The Lagrangian velocity e and the
density p, were mapped to new dependent variables J and ¢§. A constraint
was imposed on the Jacobian relating present time coordinates to time t=0
coordinates. - Resultant Euler-Lagrange governing equations are a general-
ization of the one-dimensional nonlinear Schrodinger equation. A method
for solving these equations was not found.

Shallow water waves were considered. Much of what was introduced
for the ideal gas dynamics example was repeated and extended. ' Resultant
governing equations are quite similar to the Davey-Stewartson equations.

Inverse scattering techniques were applied to these latter equations.
Soliton solutions were derived. The simplest single solitons were found
to have sinusoidal lateral variations.

The Eulerian velocity field, convection, and free surface height
- coxresponding to the simplest single solitons were derived. These were
found to be waves of constant form.



Consideration was given to the stability of both the ideal gas
dynamics example and the shallow water waves example. Results are
analogous to those of Davey and Stewartson.

A general approach was not constructed for rotating systems. No
new rules for soliton interactions were obtained.

Thesis Supervisors: "Drs. Edward N. Lorenz, Erik L. Mollo-Christensen

Titles: "Professor of Meteorology, Professor of Oceanography
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1. Introduction

Under certain circumstances, nonlinear phenomena such as sea surface
waves, seem dominated by a few scales of motion and a few specific angles
and seem not characterized by either a continuum of scales of motion or
a continuum of angles. These phenomena seem to have a certain coherency,
order and symmetry inherent to their structure. Chaos is not evident.
The best analytical example of coherency is perhaps the soliton.

Admittedly, these same nonlinear systems can be chaotically random
in many of their other motions at other times. Governing eQuations are
the same for both regimes.

A similarly dichotomous situation exists between quantum and
classical mechanics, respectively. Jammer (1966)1 gives a history of the
development of the former from the latter. At its beginning, the
Schrddinger theory assumed the presence of a wave eigenvalue problem.

A substitution, 8= K.J&nyty, was made in Hamilton's equation for the

time independent systenm,
3S
H(g, 3q) - E =0 Y

where S is the action, E , the energy, K , a real constant, and
1' , the coordinates of the system in phase space. It was postulated
that \P be a finite, single-valued, twice differentiable function, such

that the integral of the functional,

H(C\; 0 5“%) -t =0



over all configuration space, be extremal. The resultant wave equation is
the time independent Schr8&dinger equation.
2
The potential energy for the hydrogen atom is = ’g’/r

The wave equation for \P is
A —»Zﬁ.\ﬁ\E +_ﬁ:}‘\’=0 . HY =g
K r

where yn and £ are constants and where Y is the radial spherical
polar coordinate. A symmetry transformation with respect to an operator
H K \vh u . . . .
= T im + ¢ 1s a linear coordinate transformation such
that H is of the same form in the new coordinates as in the old.

Examples of real symmetry transformations are,

t
1. translations, 'J_(_F- X, % Q 3. inversions’ )_(; =-%
. J X . '
2. rotations, % VX | Wl =1 4. reflections, X=rX
' iri=-1

The time dependent Schr&dinger equation was obtained by writing

?(‘l,'\'.) = q’(‘-p e:iEt/K and postulating,
kv ? U =KD, | 12
m

where \l may now be time dependent.
The passage of Equation 1.2 back to classical mechanics is
noteworthy. Perhaps this was the dominating concern allowing its'
S/,
postulate. The substitution ‘{f = A9 is made, where A

2
is assumed real. This follows Landau and Lifschitz (1958) . Equation



1.2 becomes,

a8 -k ALNSY - iKavS _iK9S.va _Kv'a L \Ua=0
ot % 2m 2.m m M

Real and imaginary parts are equated,

2 7m m

Of the former, the limit K —20 implies,
28 4 wdVS U =0 L3
* m

which is the classical Hamilton-Jacobi equation for a particle with

action § . The latter may be multiplied by 93. and written as,

2 .
’a..é' + V. &zqs =Q '4’
) m
The classical velocity of a particle is VS8 . The probability density
m
o . s : @Q" O
of finding the particle at some point in space is = a .

Equation 1.4 appends a classical velocity S%% ¢ to the probability
density at each point in space and makes it obey a classical equation of
continuity.

Chapter 2 begins with a consideration of the isentropic dynamics

of ideal gas. Lagrangian coordinates are adopted. It is arqued



that the integral of the appropriate Hamilton-Jacobi equation for the time
dependent system, over an ensemble set of material elements,

be extremal. A mapping of dependent variables is made,
#
F = L\)q) 2.2‘

ORI sc{ g—éﬂ‘ %‘MM\PH Jan a%,Qmé/kP*} + Feh) 2922

L J 20
where repeated indices are summed, X(Gg,“.) is the position of a
material element whose time {—.:0 position was & , K is a real
constant, e(b_L,L_) is the density and

Q

J = 0%, ¥, %,) Jj = d
2 (4, s, &) 63’—@3

The function f(c_é,b is related to \,_[Ve , the convection,
Coordinates are transformed from (¢ -space to X, -space. Appropriate
constraints are assumed. Resultant Euler-Lagrange equations are a
higher dimensional generalization of the usual one dimensional nonlinear
Schrddinger equation.

Shallow water waves are considered in Chapter 3. Much of what was
introduced in Chapter 2 is repeated and extended. The Euler-Lagrange

equations in new dependent variables are eventually found to be
*
. 2

3, -9y = -3, 3.4
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In Chapter 4, requisite transformations for the application of the
inverse scattering transform to Equations 3.23 and 3.24 are made. Soliton
solutions are presented.

Chapter 5 uses the solutions of Chapter 4 to determine the function

SF  the Eulerian velocity VU , and the free surface height Pl , for
the shallow water waves example.

The stability of Equations 3.23 and 3.24 is considered in Chapter 6,

3

following Hasimoto -and Ono (1972) . The interaction of instability and

recurrence, discovered by Yuen and Ferguson (1978) , is mentioned.
Chapter 7 tries to describe how transition among KAV solitons
might occur. An attempt is made to fashion a role for symmetry.
Equations 3.23 and 3.24, as well as the Euler-Lagrange equations of
Chapter 2 are higher dimensional generalizations of the one dimensional
nonlinear Schrddinger equation. This latter equation has an earlier use
in the approximate description of modulational processes of free surface
waves in deep water. Benjamin and Feir (1967)5 prove that a uniform
wavetrain of wavelength Qn/k_ , in water of depth h is unstable
only if kk\)\.Sb% . An analysis of gravity waves using the
method of multiple scales is done by Hasimoto and Ono (1972)3. They
let the free surface height above the undisturbed 1level be,

i ~usk N Alk-wh)
gﬁg:i&wﬁ\(‘{,t)&(k% ) ~ewN (%, TY e B + O

and obtain

IT

A (NZA _ vIAVA | 15
oy” |
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Concerning variables, 3 is the acceleration due to gravity, £ is a

small expansion parameter, ), and V are known real functions of 8

k. énd »\,and

4

T = ¢ (x-S UOL) =gt , m‘§ 3\50:«;1\5}\\&\

Equation 1.5 is the one-dimensional nonlinear Schr&dinger equation.
Freeman and Davey (1975)6 consider three-dimensional inviscid non-
linear surface waves on water of finite depth. They show that small
amplitude waves having an appropriately slow variation in the directidn
transverse to the propagation direction satisfy a two-dimensional general-
2
ization of the K4V equation. This is when A= a?ﬂ{ki is finite,
where &, is an amplitude parameter.
When A is small, governing equations become the twd—dimensional
generalization of the one-dimensional nonlinear Schrddinger equation

7
suggested by Davey and Stewartson (1974) ,

SN S - AE AR N | LG

@ﬁ + Q"ﬂ = —~3 (‘&‘9:),7 1.7

This is to a first approximation.
A variational principle is quite central to the analysis. Serrin
8 9

(1959) and Seliger and Whitham (1968) present many of the situations

where variational principles have been useful in continuum mechanics.

When the system is described in terms of Lagrangian coordinates a strong
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analogy to a.collection of discrete particles is ever present.
Specifically, the equations of motion are derivable from a Hamilton's
principle that the kinetic energy minus the potential energy be stationary,
given an arbitrary set of material elements.

Eulerian coordinates are more familiar and more widely used than
Lagrangian coordinates. When these are usea to describe the system,
this analogy to a collection of particles is lost. Variational principles
are quite difficult to find. There is no obvious set of rules reiating
the variational principle of one problem to another. A given set of
equations may not follow from a variational principle, whereas as Seliger
and Whitham (1968)9 point out, an equivalent set of equations, obtained
as a mapping of the original set, may. The extreme example is simply to
map Eulerian coordinates to Lagrangian coordinates and invoke Hamilton's
principle.

Consider an Eulerian fluid defined by

f’&"’-‘—“é«\%a—‘-“; - =D 18

* oy Yoq
20 4 2 (pyj) =0 19
2t A
ot IX§

P = P( Q,S) i
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where \i is the velocity, e the density, P the pressure and S
the entropy at position X in space and time + . The analogous thing

to Hamilton's principle when the coordinates are Lagrangian is,

0= Sf/ i LV - eE(e,sAE d.dt L12
R, |

The internal energy at ()_(_.,{) is E(Q'A’) and variations are with
respect to Q , V and S . Variations with respect to V imply

10
only V=0 . Herivel (1955) attained some nontriviality by intro-

ducing Lagrange multipliers 95 and "1 and replacing Equation 1.12 with

0=$ [R[ {4 pui%: - pECp,) + ¢{ % 4 g_xj(e\rp} «1{2.69 g_xj(exgs)}} dudt
113

Variations with respect to \ imply

= 2 ., 524 LA
aXL ax-»._
integrating by parts appropriately. Variations in V\ vanish on the
boundary 8K of R .
Equation 1.14 represents a subset of possible flows available to
Equations 1.8 to 1.11. Isentropic flow can be rotational, which this
can not be. The correction, by Lin (1963)1‘1 , was to introduce another
Lagrange multiplier €, , and to require that although the representa-

tion is in terms of Eulerian variables, initial coordinates Q(,(}_@,'b

of the material elements are conserved following the flow,



’OQ\ 3y V BO(L =0

Equation 1.13 is replaced by,

0= Sf/ TR ~eE(€,s)+¢{ aﬁgx \’\I *’\SL 35)4,%‘3(%5)“
seldlen+2 (e\f@}}éxd’c

Variations with respect to \I yield,
= 28 4 S/ _@ .
Sil a/;c\ X b

12 13
Bateman (1944) and Lamb (1932, Article 167) ~extend the results

due to Clebsch and show that the equations,

W 4 VoV = -4 2P = 0
ak*“zxj € i v P=pie)

are generally solved by

YT . f(i + 3\ EERT) 2B

2%k N g%; é; 24 3t gé

where ED}::O ’ IELX =0 . Thus all solutions to Eqﬁations 1.8
Dk Dk

to 1.11 are included in Equation 1.16, when & is conserved.

14
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2. Dynamics of Ideal Gas

2.1 Preface

The guiding element of this discussion is that a route is sought
by which the usual governing equations for a given nonlinear system may
be transformed to an alternate set of equations, consistent with the
existence of coherently structured waveforms within the system. As will
be seen, the alternate set of equations to the usual governing
equations is a higher dimensional generalization of the one-dimensional
nonlinear Schrddinger equation.

The dynamics of an ideal gas is described in terms of a Hamilton's
principle, using Lagrangian coordinates, following Landau and Lifshitz
(1969)P+ and Seliger and Whithkam (1968)9. A similarity between
material elements and particles is maintained and becomes the key to
motivating many of the steps leading from the usual governing equations

to an alternate set of equations. Constraints surrounding the formalism

and their relation to the dynamics of the system are considered.

2.2 Classical formulation

Given a material element in an inertial frame with Lagrangian
coordinates % =(%,0,,%) at time £=0 , and position 9(_(0_{,_,{)

at time't , the inviscid equations of motion are,

f’%%" - 9‘% =123 2
X

Coordinates (X“X¢2X5> are related to Cartesian coordinates (};y,z)

by



2
XJ: = x X), = X = 't + Z.
) Y ; 3 5 3
The acceleration due to gravity is 3 , the density e(ﬁ_(_ ,11.) , and
the pressure P(X',Jt) . In terms of the initial density e.(eg.)
13

the continuity relation is, following Lamb (1932, Article 14)

l = a—— ) J= a(x') x’-)x‘ﬁ) = é‘\)ka&‘ a.x.‘z %3 22
e & (e, &, Os) A I Ay

where é‘ijk.: -%(J—k)(k—l.)( L—J) and i,J,/(J =123
From Equation 2.2, Equation 2.1 may be rewritten in terms of derivatives

of X(O&J:) and P(Oﬁ){) with respect to ¢ and {I .

, 9% = - 24, W = - T 2 L,y = T = 3T
g o axfﬁ% J 5% J é}.{ ag—g-;:«
2.3

The entropy of material elements is assumed constant throughout the
motion. The set of equations is completed by writing the conservation

of entropy equation,
S= S () 24

the first law of thermodynamics,

JE - Td8-pd () 23

16
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and equations among state variables,

| . (s-S.R)(V =)
E = p/rne . T=plre  ppGe
2.6

The internal energy is € , the temperature T , the time {::O
pressure Pa , and the ideal gas constants R- , and \(.
In Eulerian coordinates, the first law of thermodynamics has the

form
TVS = CPVT *VP/@

where CP is the specific heat at constant pressure. Therefore, the

momentum equation in Eulerian coordinates may be written as,

2
2

=

l

+ VU; +(VXQ)XL_I_ = TVS—CPVT

r—+

and the vorticity equation,

W, + Vx(wxu) = VT x V9

This is Crocco's theorem. The assumption of an isentropic process
implies that if the flow was once irrotational, then it shall always

be irrotational.



A variational principle, Hamilton's principle, leads to Equation

2.1 in the usual manner,

b
s/ {12@,,93)4_._)% ..eEﬁdeuﬂ 27
f, R®W ‘

The domain R.o("é) is arbitrary. Variations in material element
trajectories SX,t ¢ are arbitrary but vanish on the boundary 2&
of Ro

Let X.-L(OQ,U be varied by 3XL in Equation 2.7. Recogniz-

ing the relationships e =€ (0(—) . E-= E(S,,e) and
e e 3(«-,0(; 0() from Equations 2.2 and 2.5, it follows that,
a(xUX'L,x})
t
o-f| Ledh s g (a2) mded 1= %
Y
¥ R J ‘ J

r

Both terms have been integrated by parts. As both the domain, .K,

and the variations in the trajectories of the material elements, §X: ’

are arbitrary, the integrand of Equation 2.8 must vanish. From Equations

2.2, 2.3 and 2.6,

®E - 9E 2P % -7 29
2

3)69 3@ )CH

- P
¢

e
X

and therefore Equation 2.8 implies,

18
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, DX =_a( T) = - F2
o3 P 7
which is Equation 2.3. The identity, a_FJB =0 , follows from
a:
dJ

writing Equation 2.2,

¥

i

€ % 9K 9K
I St oy o,

I

W € 3% W &, Xy s W € ANy X
7, dk 20 20, TS Ok o0 Ly, +‘ 20, aocz a(xi

and differentiating partially. For example,

2 2d = a Wo Wa = ¢ Ihe DX We s
32 ?c”t o o, f’"ao{ o, 90, T ik FTAETAT
2ty PO
= aXz 'BX; ) aXz aX'b
e 5 02, 3t e 24 9,21,
which vanishes, because JPL = - é

Let A be the Lagrange multiplier to accommodate the constraint
of mass conservation, Equation 2.2. The variational principle,

Equation 2.7, becomes
4,

f| ey

0B +Aa-pT) | dudt =0 210
L R.@)

”lw?e

: 15
A reference is Gelfand and Fomin (1963) . Variations with respect to

trajectories of the material elements, Z(@“{) , imply,



- ofai('i oa_E ~ 2 ?2 i =
oAk g-%ﬁ() a)Lg) 2 Q)T+ a%(xea;) :

Because ? U:) =0 and U~'3~J‘ ,—.UE}' , this leads to,
o
J

~0. 3% - dj 2p —( i+ (A =
o 2 5};6 )@)}T + )"6 0

Q_

which reduces to Equation 2.3.

For each material element, the Lagrangian is taken as
&g- _'.6) QX» 'ax. Sy E + A(e -0 T) . In other words, for this
system the Lagranglan density is 08 = z€ ax‘ 3)6 é- E + A(e GT)

The corresponding canonical momentum is

= 9
7[1. aolagxl € 21

and the Hamiltonian density

- Wi = - - :
H-x L £ ize"%)"i'aa”)%: +aE-Aa-p7T) 212

which represents the total energy of a material element, within the
context of an integral such as Equation 2.10.

Hamilton's equations of motion are sought. Consider an arbitrary
number of material elements at time 'lt.'=0 each having a Lagrangian

Wi e )

of the form éZ(XL, 3t > ad. . A Hamilton's principle, with

respect to variations in material element trajectories, may be posed as,

20
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5// ¥ dudt =0 | 23

R.(x)

The corresponding Euler-Lagrange equations follow from taking variations

in 'X_;_,

// ax Sx N TIRY Y 53’“}&@;4{

a L a_&‘l
2 0%

and integrating by parts,
t,
o=//sxi{%¥ ‘2-9-5)4 -2 a_%:’ }dqc_ou:
: QK : ¥i
2 % ot ) % 0%

As domain Ko , and variations in material element trajectories are

arbitrary, the integrand must vanish,

=9_¥_@_3;'§L-B_;~f 21
. Xy Y ) 4
TR 0% T a0k
Alternately, the substitution £ = ELaBX;EL - H in Equation 2.13
implies
L
o5/ | {1 - H] dudt
R

Varying T and X; independently,
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L

t. t,
o f [t [ - M et o] [onf-am 2 M _ o) dudt
ot or; 369 ' 55& B
bR aq |
where the first and second terms of the second integral have been

integrated by parts. As domain Je. , and variations JTQ' and 526;

are arbitrary,

- 2H a - 2 M _ oK 215
ot o ot ot 33};; IX;
J

which are Hamilton's equations.

The action ,S . and the action density 4 , are introduced by

writing
t
S=//&£dq¢_cl% =/,<1)do_z 20
‘l'.o Rq R‘,
where the first inteqgral is indefinite with respect to time. Assuming
) - .
(Y = &f (X,‘,, 3,22%: ) ga—oé) the variation of S with respect to

trajectories of the material elements is,

35:/7 {BM o+ W SH 4 SBX‘}quoH
£, o5 %

and integrating by parts,
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¢ 2
S- [f o[ B vy ]2 ) et
£ ot P é‘%‘ adj I
" Y. 42 ol | dedt Y sl
skl -8 L 29k 42 A =/3,__3i}
| // * { it ok ga +aegaé>_%} * S |
*"Rm o R, ot 4
Variations, SX-L , are assumed to vanish on the boundary 2;»0 ' .

The motion is assumed compliant with Equation 2.14. Using the defini-

tion of canonical momentum, Equation 2.11, this implies,

59 =/7E£ 5X;/(1¢_
t

R,

or in view of the definition of action density in Equation 2.16,
éS =]“;£X(1(19L_ =/ gzdlﬁlﬂ_ﬁ
R, R

and therefore,

SA) = 7{:,; SXL EL = a!_d/ at time '{: ; Q=4 (Z'@é)é):{)

g i

2.17

Equation 2.16 may be expressed in the differential form,

O\g':d/dl T—S_AJ-}-@_X"LM)

t ot ot IX;

which becomes, substituting = oL from Equation 2.17,
X
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L= 2 + T | 218
ot ot

The Hamiltonian density is defined as H = 7[,3)9_ o‘g

7] in Equation
2.12. Thus,
0 =W 4 H 219
ot

which is the Hamilton-Jacobi equation.

Notice that when the first integral of Equation 2.16 is definite

with respect to time

t | 1, |
0- 55 - s//xa@vc - 5//{ % 4 T %] dudt
£ {9
using Equation 2.18. Therefore, substituting Equation 2.12,

1, t, |
b= gE/Z {a—ﬁwt H] dodt  + E/ZXA%O&

which results that

t

o sf| [%+ Hdude

220
t 2,
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2.3 Mapping of dependent yariables

The usual governing equations describing the dynamics of ideal
gas have been presented. An alternate set of governing equations, whose
solutions are coherently structured waveforms, is sought, given that
certain constraints are present within the system. It is precisely
characteristics such as coherency and symmetry which occur strikingly
in certain aspects of modern quantum theory. Arguing after a fashion
that leads to a development of modern quantum theofy from classical
dynamics, as recounted by Jammer (196611, a transformation from
dependent variables e and %& to new dependent variables, %’ and

* at
q’ , 1is made,

e= PP | 2,9

_mﬂagﬂb}{ K%{_._n éa_aﬁngﬂp*} 4 Flt)
= K?Y{Jor};kb_v&ﬂay v+ Fext) 222

It is assumed that 5@@Q£) is a know function, K , a real constant.

S

QD
RS

]
oo,

?t

=

3
Y

The second motivation for this step is that under proper con-

ditions, nonlinear fluid mechanical systems may be represented by the

KAV  equation,

U + UUy + Uy, =0 2.23
16 17
As presented by Whitham (1974) and Ablowitz (1978) , this equation
is a member of the set of partial differential equations solvable by

the inverse scattering transform. Within this formalism, the linear
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scattering problem associated to Equation 2.23 is

\pxx + (%2 + U(X,O»LP:O ) (p=“p(7§,\£,) - , Egl is real

224
which is the time independent linear Schrddinger equation of quantum
mechanics.

Recall that TL_L = E), aalii from Equation 2.11 and 7[" = M’
X

from Equation 2.17. Equation 2.22 may be written as,

4G = 0K Vxﬂog;tb V,_‘ﬂrg)\li* + @ Flxt) | 225
Let ¢=R(X)%)6IQ(Z’D . Therefore, -QQ— L,EO‘?/([' ﬂog/ill

*
and Equation 2,21 implies that 6) k‘)lll . The condition
/(.z VQVMK = -3_ g()_ﬁ,é) is imposed. Sufficient conditions

for Equation 2.25 are,

VA = @Jc{ vhogh, + \7.0}

or equivalently,

A = gk { (i-i),&7¢ + (/+£)[og/¢*f 296

where €° is a real constant.
Let Equation 2.12, }{

fl 5& ,/.(DQE l(e ea.) be substituted

into Equation 2.20,

_ i/7(254€+ IL(} do dt 220

R
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implying

{1
3// n 2. Y )
LR { at ¥ ze 3Xl: a +€E ;{(E]" PU_)} CIQLGU: o]

Transform variables via Equations 2.21, 2.22 and 2.26. The system is

represented as,
0 = 5// eK(I—i)(J.D%)\p){ +e~g<'+i>(9w“’*)t +e,%2vlngt{/,ng9;l{f
t, R

+& Fah) + CEWY) - (e - 4 T) ] dedt

X 2.27
where E(‘p t.b*) FS‘((prq.).g from Equation 2.6. Let the coordinates
be transformed from {-space to ?_g—space. Equation 2.27 becomes,
t
o =5[] {0V vk 0s0W 4 2 rbad s Faahir
'h Ao Z 2 2 2
4
R AW ddt - 5[] dp dadt
&) ST 2.28
Variations with respect to 4) imply, . setting O =Po/ (7;{
t,
0- / / [-ich vy, 5 TW m(cﬁw*) (! A0} 50 dedt
1 RO &’
4 -
W[ it g0 s B XY 0] shdedt
2 92 ¥
%, Ro(X) 299

where S\P* é_.({ﬁz_‘g‘g)*-f- S‘P ng ‘/T'P (/_JZ(!U‘. is the variation of }}Q_U)

with respect to ¥ . Let @ = -iKJp K, vi¢ +qu)*$(£¢ + ,C‘( (W)") lp_,_ltp
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When 5"? is real, ./?C@ =0 . When 54‘ is imaginary,

J/m Q =0 . Therefore as SSO is arbitrary,

* * f“‘
ik - T 4§ FOU* . X (PO TP 4 Ab -0
spr 2 ¥-1 |
In obtaining Equation 2.29, integration by parts has been used
where appropriate. Endpoint conditions have not been written down
because they sum to zero independently of other terms and constitute

18
nothing other than boundary conditions. For details see Luke (1967)

When it is assumed that no variations leading to contributions

*
from 4? d)w are allowed the resultant set of equations is closer

to those equations solvable by the inverse scattering transform.

Let o = -iKﬂP -'S?Vz‘p +/(;_{(¢¢*)V-‘(P.+}‘P~ . ‘P=X+l/y/
-

and 8\’) = S% + 15/9) . Equation 2.29 implies,
// B & ] el 2
R(x)
where b= Q.;RJ + Lng . The condition that {K.V a/«atam)w} V('X- q})
frrUJ‘P* be invariant to allowed variations in Y is linearly

dependent in variables §¥ and 3/75/ to the integrand of Equation 2.30,

Q;&SX + 2;, S/y/ =0 2.3

£ $X#0 implies S/y,ﬁo or 5/9/#0 | implies §X.#0
then @;& = QI =0 . If S/Xa #0 implies 8/9/=0 and

Sﬂk #0 implies §0=0  then SLR, = ZZ:, = . Therefore

d=o
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—id{ -’%z_ v 4 %‘g’ (\Uq’*)x'-‘q) +Ad =0 232
2 :

The variation of Equation 2.28 with respect to Lb yields no

contribution from the last term,

8/7 Awe, da dt =5/7 )ﬁ%_é)(;adx_c& 233

f, R 1 R.(%)

X
which implies d= aY)‘) . No constraint is imposed on 5&5 by

the mapping defined by Equations 2.21 and 2.22 except by way of Equation

2-2'

o *

e = lbq) . J: é“ljka‘&l a’_(Z 2_53 22
€ A, K 3Xs oM A%y 2

e u; 2wy 20

The equations which follow become nearly solyable when a function §

is introduced, where

x d '
e _%,-[8,dx B S 3 23
This restricts the system in that U—(}\) must obey,

¢ _ _
EAIRpWEY

The resultant set of equations may be written as



R A - AP S X

235

b -9, = (V) 236
Using the 1nverée scattering transform, Anker and Freeman (1978)19 have
examined soliton solutions to the Davey-Stewartson equations,

. 2

2 - =

i9. }Lﬂ + i&,ﬁ %}M,‘g( + 338, Lo

*
@3‘}&"? ""'“3(:-’5:-!))'5 L7

where ¢ =§(¥, ’{.,’C) and :g = :g( 1 q,/c) . These resemble Equations

2.35 and 2.36 qualitatively and are a higher dimensional generalization

of the one-dimensional nonlinear Schrddinger equation.

Had the discussion proceeded from Equation 2.7

0- SU [4p%% - fdudt

27
1 R

rather than Equation 2.10,

0= 3” [aL %% _oF + ezr)}dai{

———

2.0
1, R,
the foregoing discussion would lead to,
¢ pp)*Y <o
~ik® - KKV + ox P o= 237
2 \(l

in place of Equation 2.32. Generically this equation has the form,

30
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0= —ibe + V¢ +g(W¥Y

17
The work of Ablowitz (1978) implies that there is a systematic method of

¥ *
solution in the one-dimensional case when S(djw ) = \Mb

At the center of this section is the mapping from dependent variables

P and 3)(, to new dependent variables q) and q)

—_— ’

ot

0= py* 29

g - [ T g Iyl < Ty M,M » Fed) e
LA L =l K VJ&:}N’. V,_J%%Ml’* + @ Fob) 2.95

The substitutions 1’P= R(Xa,'b EJ;O(X'{) and g()_(,‘é)= Q.K,z V.Q VWRI

. . SU*
are made. Allowed variations in \P are such that (7 (IJ does not

vary. Sufficient conditions for Equations 2.21 and 2.22 are written as,

w - ok { ViR + v0) , A=ax{byh+0]
2.20

Connective arguments to this last step follow.

2.4 Justification of the mapping

Necessary conditions for Equation 2.25, given that

) k(x,{)e;mxi) are,
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V= Tt pok { vlo? 2+ 0| 238

where r(l,{) is a tensor operator of rotation. The state of the system

defines 6) ' X—’- \ré‘ . VA , and, as will become evident,

?(?_C){) . The condition K2V(). VMR; =35 ? and Equation 2.25,

V4.4 = p,’;c{ VJ,O?RJ.V«?IT?)R: + VQ.VQ} +€3 S'r(x,fc)
2.95

determine the variable Q . The operator r(')_(;b is defined by
Equation 2.38. When ?‘.(Xi) =0 , the general status of the system

is envisaged as,
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The evolution of Y‘(X,{) in time reflects that of the system, which
in turn is specified by governing Equations 2.2 to 2.6.

The Hamilton-Jacobi equation,

0= 4 4 X 2.19

H - e 5% + ok - Ma-eT) 2.12

and the relation between canonical momentum and action density,

T=0% =% | 217
ot X

imply,

0= %, L VW +0E-Alp-07)
2t T 2,
It follows that Al_l: is independent of r'(y_(}) . The evolution of 4,
with respect to time, give-n an r‘(’)_(,wt_) operator of arbitrary form,

is the same as when Y‘()(,{:)= ] . It is consistent to choose

= ook | Clogl) + 0] 239

P g*
Thus dependent variables 6) and ?_)_é are mapped to and
ot

resulting in Equation 2.27. The coordinates of this last relation are

P~y

transformed from & -space to X,—-space. The functional finally



b

obtained, Equation 2.28, is taken to vanish when varied with respect to

Initially the system is defined in terms of Lagrangian coordinates.
A variation in a material element trajectory,

» corresponds
to a variation in density, , and in velocity %%—é = :f(@.,{)
¥
+Kl{ % 2 M¢H Jen 2 ,&9)40/ , of the system. If Equation 2.10
J Ny J dln
is extremal with respect to variations in

X« t)

should be extremal with respect to variations in qj .

X (e, t)
p= b

, Equation 2.28

The substitution KzVQ Vl&?/kl = -é_ g
assumed that ? (P ll’*

was made and it was

be invariant with respect to allowed variations
in LP . Alternately the mapping could be specified as,

VL.94 = pf/(f[ .V,gog/lb. Vﬂog/kj + VQ.VQ} +0 Flixt) 225
Ay = ok { (lag//&)t + Q{}

2.39
where 3: is arbitrary. In one-dimension these equations imply the
compatibility condition, ,(Lx+ = A"-L X ,

=1 g F1°
K,{(,Ko?/ﬂ)fxqu xé} E{’C[(W’Q((L?Qﬁﬂxoxl“‘}

i {2 oK [ (MR);(MR)X{ + QxQ,a) +Z}
240

2.5

Equilibrium ideal gas d_ynamics

Suppose that the total energy of an ensemble set of material
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elements is conserved following the flow. That is,

0= d[}(dm _/AH dy - /{}_{ aH X M_%%k%y?ﬂ?ﬂl}o@
! m) Lol % Mt gEAAGoLat

where}{ is the Hamiltonian density, and ]&@Q , an arbitrary

domain. Integrating the third term by parts and using Hamilton's

equations,

% = oM , M= 2 2 oM _ ol 2.15

ot I aJc 2y y% AU

oY
this becomes,
0= / M du
R 2t
Let the Hamiltonian density be H = %eo a.a%% +(’.E as in

Equation 2.7. Using the continuity relation, =pd , of
qu (% e

Equation 2.2 it follows that

QD
<

¢-fefsn

where € is time independent. When variables are transformed via

"~ l"?'{
=

I

Ly Eld - efyau s B

Vv
pret

Equations 2.21 and 2.22 this becomes,

R, (%)

c(dv*) /\w {K‘v&w Vio?q) +F )ocw*)“gd 04)
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where E(d’, [b*) = /O(lqu*) ! and A= P%)’lf from Equation 2.6.
There is no need for tz::constraint, K:vQ). VQ/D'%'RJ = 3[/2_
or the relation ’d'i: = P,K,{ (1,09/ R‘)£ —}-Q{} . The function ? is
arbitrary.

A Lagrange multiplier ;X‘ , is introduced to cope with the
continuity constraint, @,,=€)Cr . The system is postulated to rest
in the state for which € is extremal, presumably minimal, with respect

to variations in 4) . Equation 2.41 leads to,

o-5] { € uha' WO AWV« POV dx S Ap ds 20
R 1= R

The conditions surrounding variations in q) are those assumed in

Sections 2.3 and 2.4. The resultant set of equations is,
-1
Ko = X)L B b 243
2 ¥-\ ,

8, -, - (W), |  m

Notice the similarity between this last set of equations and the corre-

sponding set in the time dependent problem,

iy, + I_C;VZLP - OsP)T o ¥ 2.35

—_—————

¥-1

@xx ‘@ = (wq)*)x‘ 2.36

)
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3. Shallow Water Waves

3.1 Why this problem is of interest

Coherently structured waveforms are most readily observed among
surface waves on deep water. It does not seem possible to analytically
handle that system at this time. Chapter 2 considered an isentropic
process in an ideal gas. The internal energy depended on density to a
fractional power. Mapping of dependent variables eventually led to the

set of governing equations,
. 2 w2 ¥\¥-1
i, + V0 = YWD 48,y 235
Y-t
M ;
éxy_ "5}] = (q)lp )'x‘ .2.36

These are qualitatively similar to the Davey-Stewartson equations,

2ibhe - Bor ﬁgfﬁ = %i(‘ﬁ;\er 3%@{ | Lo
dq + 8 = - 38R 17

In contrast to this latter set of equations, Equations 2.35 and 2.36
seem neither to be solvable nor to be consistent with coherently
structured waveforms in any obvious way.

This discussion considers shallow water waves. The internal
energy does not depend on a density equivalent variable to a fractional
power. Equations for mapped dependent variables are eventually matched

to Equations 1.6 and 1.7 and solved by the inverse scattering transform.
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3.2 Classical formulation

Given a material element with Lagrangian coordinates (OC., o, ,ds)
at time t = 0, and position X (O_L,Jc) at time t, in an inertial

frame, the governing equations for shallow water waves are,

/\F\/\

Y. a3 | = '
35%: ] Sgéi i=1,2 KY
e L A% = J

h h 30 60 he 32

for momentum and mass respectively. The acceleration due to gravity
is g, the free surface height!’l, where initially }'\(2{.,‘{1=0) = h,
and the constant density of the system e - The flow is two-dimensional.

The vorticity equation in Eulerian coordinates is,

2
2

e

+ U.V‘Q + EéV.U =0

|

P ad

implying that if ) = O initially, then it remains so. Equation 3.1
may be rewritten so that partial derivatives with respect to dependent ’

variables X{ are expressed in terms of independent variables (0_( ,%) 3

9_1(a=-39_gtjakl =—3b_3§’o$l&‘ , dij=Jag -2 33
g

2 X4 20 —4 B -ﬁxi
3{ X J ho ax't 2 a«'j

The variational principle, Hamilton's principle for Equation 3.1 is,



4
o=2£@ h“%fax _3h} dedt

Domain R, is arbitrary, as are variations in material element trajec-

39

J4

tories 9X; except for the condition that they vanish on the boundary

9

a Lagrange multiplier, A . Equation 3.4 Dbecomes,

0= 5/7 { h,i ) ) _3"\] + Ak, - a—h)}&g&t

£ 2 % 2t
¥ ACY)

Varying 'X.;_, the resultant Euler-Lagrange equation is

._h, 3;_)% —3‘%"\%,&-—(}\"\)&3— + (}\\’\35) =0

3
%

where integration by parts has been used appropriately. Recall that

2 UZ‘ =0 from the discussion following Equation 2.9.

a1,
implies that Equation 3.6 is the same as Equation 3.1.

For each material element the Lagrangian is taken as

x-.—. k{lza‘a%‘a%i _Shg _\_l( l"\,-\\a_) . That is, the system is rep-

resented as having Lagrangian density,

R . The continuity constraint is accounted for by introducing
o

3.5

3.6

% = l’\° & li 3%;, 3;__&; _Skk + 9\("\, —"\’Zr) canonical momentum,
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2t

>
o

l

X +3h} _A(h,-hT) 33

t

ol
QU
o

The total energy density for the system is H r given the trajectories

implicit to Equation 3.5.

3.3 Mapping of dependent variables

The transformation from dependent variables h and 'c)u)_é to new
ot

*
dependent variables LP and kp is analogous to the mapping of

Equations 2.21 and 2.22 in the ideal gas example. Let

h = gy o 3

g% [k g Inyl{ K o aa_&nﬂﬂw}* + Fad
= szgﬁtrg/q). V!,ﬁﬁg/\f’* + Fat) | 3.10

where K 1is a real constant and ﬁx.{-) is a known function. Recall

that T; = h, )5 from Equation 3.7 and ;= a,_d.r from
at : ax;
Equation 2.17. Equation 3.10 may be rewritten as

40
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YA.VL = Kh, V,chll’.v,}ﬂmylb* v hF 3l

J)fx
Let Sb R( L) i) . Therefore -?.Q-uﬂ(l'g/\b"tbglw and
Equation 3.9 implies l’z = lP(P R . The condition K*¥V{). V,ﬂmyﬂ /2.

is imposed. Sufficient conditions for Equation 3.11 are

VA =h,f<.{ Vﬂa?R, + VQ}

or equivalently,

A = h,_K?: {(n-i)ﬁogﬂb + (l+i>ﬁag/‘l'*} | d.12

where h. is constant. This specifies initial conditions on ]2' .
Initial conditions on Q are unspecified.
Let the Hamiltonian density,

He by 22 o ghl - Alh-h7) 58

.?’-]-x

be substituted into

0= 8/7 {%_Aj_cw H} do dt 2.20

L R.(x)

This implies,
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/ e hfy %% gh) -Ah-h)] dudt

R.@) 2t ot

Transform dependent variables via Equations 3.9, 3.10 and 3.12. The

system becomes represented as

0= 8/7 {h"’% (1-i) (J?xng/tb)f + ’l.l_(?,_(wri)(fmyqf){

. R&)

+hie Qlogpbv, gV + b7 L gWWh, -ACh,-WWT) dudt

3.13

let coordinates be transformed from & -space to X -space. Egquation
3.13 becomes,
4,
gl . ¥ .
0= 5[/ { k(-)¥ lP{ ¥ '_(_(l+ L)‘M’ + _K_" VUR I ()\+,§)Lp(1)*

‘tl _R.,(”.L)

+qb* ¥ }dxd‘c - i/lw)\k du dt 3.n

Variations with respect to "p imply

o=/7 { -k -%"‘v’tb . gip* @)il_ﬁ* + 9_3‘92‘1’* +M’} sV dydt
¥ R
+f7 { vicd - %f AU g_q) Sf@zib* + 29 Ak’ +l‘b*g SV dx di

Ry
3.15
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which leads to,
Gkl K0T 4§ TOY, ag T4 AP =0
> Pt 2

as 5“) is arbitrary. In obtaining Equation 3.15 integration by
parts has been used where appropriate.
A solvable resultant set of equations is sought. Suppose that no
. *
variations in \Y leading to contributions from 5%‘.0 are allowed.

These latter terms appeared as 54’* 5_ 7_43(_1)* + S l[) _S___ ?KW)*
S¢* T2 ¢ "o
in Equation 3.15. Let @= _ini_ggszp *'23“)1‘9* AU ' ¢=X+L/g/

and b) LP = S’X, + 1 S/l;}/ . Equation 3.15 implies
t, ’
O={.[RZ&) {©R3%+O,S/%}dx.cﬁ 3lb

where O = OR. + i.@‘ . As in the ideal gas dynamics example, the
2 2
K}{ VW%}'V(X +ﬂ};') be invariant to

allowed variations in ‘¥ is linearly dependent in variables §X

condition that f d)\p*

and SA{;, to the integrand of Equation 3.16,

Ot + Q W; 0 air
which leads to (@ =0

-k - %‘V“‘J + ngzq’* + A <o 318

The variation of Equation 3.14 yields no contribution from the last term,



L t,
xj/ Ahdudt = s/ Aca_;grh,agdk

'&v R,o(%) {I 2.(')_(.)

This implies J = U—(A) . Equations 3.9 and 3.10 define the

mapping from old dependent variables to new dependent variables. No

X
constraint is placed on 568 except via Equation 3.2,

*

h, = b 32
X o _ X X,

o, 2%, 2y A,

M
Let 9“;5 be chosen so that,

A= Py , W*—:(U{@J—f@“dy} | 319

where _P and (D are real constants.

Assuming that this is valid, the resultant set of equations is,

iKY, + €V = 2g VR J%jq) 3.20

é)) - é‘* = (\p@w)) 3.21

Variables are scaled via



b= (35) ¥ '

G- () )

S

- —ofng Q-
© k{29

which leads to,
. 2,1,%
’).n\\)t +¢“+‘gj = _9?,_‘1“5’ ~3&j0:’
“éy) +@x.y. = —3(¢¢))

in place of Equations 3.20 and 3.21.

Had the discussion begun at Equation 3.4

4
o Z 4% % - gk del

rather than Equation 3.5,

0= S// {'_zh,agg_,'ag_c_ ~h.gh +}\(h,-h7)} dydt

A A

the resultant Euler-Lagrange equation would be

i R W
iy, %V¢+23‘P 0

Primes have been dropped.

45

, b= %@:g)s{ |

S EL(EN:

3.22

3.23

3.24

34

J25
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in place of Equation 3.18. This is a two-dimensional generalization
of the one-dimensional nonlinear Schri‘?dinger equation. Ablowitz (1978)
states that no method of solution is known. The corresponding one-

dimensional case is
) 2.0, #
iK\f’t + l%’kbu-zg‘l"l’ =0

to which no soliton solutions are known
The mapping from dependent variables h and ?_Z__C to new
. ot
dependent variables LP and \P was introduced via,

h = g9 35

[
I

k

2% - ;é@jagztp.@ﬁa?/\lf' + b 3.10

Q)
[and

TLAVA = kh, V,ng/‘l). V,SMLV +hFabh 3

I'Q(')_(,{‘)
The substitutions ‘)b =_/Q(')$,‘£) & and ?(’)_4,“ = QKZV.Q.Vjﬂ'g/R
are made. Allowed variations in \l) are such that flb(l)’ does not

vary. Sufficient conditions for Equations 3.9 to 3.11 are written as,

VA;,=K!’LV{/WR,+Q} , A=kh°{ﬂﬂ7£+ﬂ} 312

Conditions surrounding these relations are now considered.
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3.4 Justification of the mapping

Necessary conditions for Equation 3.1l are,

A = rixt) Kho{ VJ%?R + VQ} 3.2@

where V‘(X,‘D is a tensor operator of rotation. The state of the
system determines h ' R=/h , YU, and, as will be seen, F .

The condition K.IV_Q.V,QXTQ’R = 379_ and ZA. VA= K* l’:. { V,ﬁog&v,gogk +V.(2:sz+g})

Equation 3.11, determine .Q . Equation 3.26 defines the operator,

Y‘(’L,J:) . When F=0 , the general status of the system is

envisaged as,

— ———- e amane  a—
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The evolution of the system, as specified by Equations 3.2 and 3.3,
dictates the evolution of rx ) in time.

The Hamilton-Jacobi equation,

0= ?A, + H 218
ot

the definition of the Hamiltonian density,

H=hl

pol—

2.2 4 gh| -Ah.-hT)

ok

-

and the relation between canonical momentum and action density, via

Equation 3.7,

T = t’l, azl = @_A_J 217
ot X

imply

0= 2 4 L v4.94 + ghh - ACh.-hT)
ot 2h,

Therefore, ,(L* is P(?_(,I:) — independent. Given an Y‘(J_(,{) operator

of arbitrary form the evolution of A in time is the same as if

P(X,é) =1 . It is consistent to write,

Ay = Kho{ UZM}/ RL + QJ ‘ 3.27

Dependent variables /‘; and B_J:( have been mapped to new
3 ot
dependent variables \P and P yielding Equation 3.13. Coordinates.
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are transformed to X -space from & -space. The resultant is assumed
extremal with respect to variations in 'I) .

The system was defined in terms of Lagrangian coordinates initially.

A variation in a material element trajectory, Q_Q.(O_(,'L) corresponds to
¢¥
a variation in height of the free surface, ’1= [l' « and speed
x
WA = K, M¢l V,Lj;r?\b + ﬁlﬁi) . Given that Equation 3.5
ot &t )
is extremal with respect to variations in Z_(Gi,'&) , Equation 3.14

should be extremal with respect to variations in \‘) .

In Chapter 1, the passageway leading from quantum mechanics to
classical mechanics was described. It is of interest to cons‘?'.der the
0= &6"4’/&‘%

analogous transition regarding Equation 3.18. Let

where A is the action density and 4. is real. Equation 3.18 implies,

KB, - A 4+ IOV 4 iKYA.TA 4 L AKYY 4 VA.TL - 23a3+ a\
PRtz h 2 h, Zh

2 h,

0

Real and imaginary terms may be equated,

Ay KT 4 W +232L‘+}\.=o
he 2% 4 2h;

3‘% + V&V_A/ + ?_-_\__ VZAJ =0
R, 2 h

The limit K —0  implies, of the former,

Ay + WYL 9.88.%,—% Ah, =0 - 3.8
2h, |
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which is a classical Hamilton-Jacobi relation for a fluid with action
density 4 , and time 'f=0 height l’lo . The latter may be multiplied

by 24 and written as,

. .
(@) + vdW =o 3.29
he
. . Y/ '
The classical velocity is Tz- throughout the system. The free sur-

' *
2
face height is "1 = LM{) = & at any point in space. Eguation 3.29

%
h,

each point in space and compels it to obey a classical continuity

attaches a classical velocity to the free surface height at

relation.
*
Suppose that ‘P is normalized, I = / lM) O{X and the
R
coordinates « at time: {:=0 for some material element are

unknown. It is not inconsistent to regard ‘P as the probability
amplitude that the material element occupies coordinates ()_(,}{) .
¥
Notice that the result of multiplying Equation 3.18 by ‘IJ minus

the complex conjugate of Equation 3.18 multiplied by "!" is,
. lb*) 2 * 2 LlJ 2 %
ik (P t + % YV VY ‘P =0
¥
The identity ;’( = Q)(P implies,

h

AT R R T

.

This is the continuity relation in Eulerian variables when the substitu-

tion,
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. # '
he = i 4 - vif 230
2
or equivalently,
¢ = 90 | 331

is made. The Eulerian velocity field is \_I_' . The analogous situation

applies to

Xt
iud& + lg_: ¢ = ¥t) ¢ b 2.32
T\

concerning the ideal gas dynamics example, and to Schrddinger's linear

time dependent equation,

qu),c =-K vd o+ Y 12

: 20
in quantum mechanics. See Merzbacher (1970) , page 37.

Equation 3.31 implies that \ is irrotational regardless of the
introduction of }\ . The condition K? VQ_V,QO?R, = '/9.?

implies,
Fov* = wy.vh 331

in the shallow water waves example, and
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EQW* = KV.yp 3.33

in the ideal gas dynamics example. Allowed variations in ";b in Equations

*
2.30 and 3.16 are such that ?‘Mb does not vary.

3.5 Equilibrium shallow water waves

The total energy of an arbritary number of material elements is
assumed constant followlng the flow. The Hamiltonian density corre-

sponding to Equation 3.4,

2 ot

H-h{ %% +3k}

and the continuity relation, ,’lfl"(a— imply,

™
1]
—
&
e
[ X Eed
Q0
k=
o)
b=
+
Co
=5
g
Qo
IR
I

ot

h{ L 92&_9_5&¥+ 3h} dx 3.34

R. R.(0

where €& is time independent. Variables are transformed by
13
h- by 53

X - fév,_‘,fog/‘ff.%ﬁo?!f P 3.10

2
2

<

l

ot

Fa and
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Equation 3.34 becomes

e ¥) - | W e Uogbalogh s F o g9¥'] dy

Ro(%)

Equation 3.12, VA = h,K{Vﬁ(!’?RﬂFVQ} Equation 3.27,
Aq: = Kh,{ (QO‘%/R,){-#.Q{} and the condition K,ZVQ,VJ,O'I}/R, = 372
do not enter the consideration.
The system is postulated to rest in the state for which é is
extremal, presumably minimal, with respect to variations in “ﬁ -

A Lagrange multiplier, ?\' , is introduced to cope with the continuity

relation, ho = h U- . Thus,

o= 3 {vhud s gU Q00 S0y - 5[0k, de

R (x) 3.35

where conditions surrounding allowed variations in ‘P are those

assumed in sections 3.3 and 3.4. The resultant set of equations is,
2 9 J2u* _
b = S¢Vg - g 336

Ty +@xx = “3(\b¢*>j | 3.37

which differ from the corresponding relations of the time dependent

problem in a single term,

2, + g, + by =2 b7 - 3d P 323
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48, - - 3(*5241*)) 3.24

The one-dimensional nonlinear Schrddinger equation,

S -

i
2

»
ll)yy + 9Py 3.38
4
was reported to have solutions of the form

b =A™

3
by Hasimoto and Ono (1972) . These are the so-called equilibrium solu-
tions, balancing the effects of nonlinearity and dispersion. They
found that A(y) = A,, C\Yl { A,,%_y ,5} is a Jacobian elliptical function

and that A(y) = \{_;‘:_;5__?\;)~ uxﬁ(ﬁ:\?y) when S=1 . The

solution is a solitary modulational wave.
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4. The Presence of Solitons

4.1 Preliminary transformation

Shallow water waves were considered in Chapter 3. A mapping of
dependent variables was made which in due time led from the usual

governing Equations 3.2 and 3.3 to an alternate set of eguations,
. 2.2
g-|kpt+|‘bx*+ vy —9_2_4)\1’ —3@_,4' 3.23

@n _&)j = -3 (\1}‘4}‘)) 3.24-

which are noticeably similar to the Davey-Stewartson equations,

2, - ‘féﬁ + \fa,ﬁ = %_i\%lz +3t9>‘§‘ 1A

@157 - Q’ﬁ = ~3\\£(L‘ 1.7

19
Anker and Freeman (1978) make a transformation on this latter set of

equations, consistent with a search for Stokes-type waves,

4 p e Q-0-Q, , .- @ -s(e)

7 -

where f), F\o and QQO are constants. Using the inverse scattering

transform on the outcome,
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SE U NI S 1S S IE AR s A

Q.. +4

- i = 3Ai \‘i”.\ 13

they deduce solition solutions.

A transformation of the same sort

3w& : %
b=AVe R RE] BCECRE Ly

where A‘, m and l% are constants, is made on Equations 3.23 and

3.24.. The result is

2'\@,‘+‘QM+ ¥y =—2{(‘Qg®\0*~l\ “3‘9% 49

2

~Gyy + Qe = YR 43

upon which, the inverse scattering transform is applied. Solitary

waves with sinusoidal spanwise modulations are obtained.

4.2 The inverse scattering transform

Most of this section and the next repeat relevant parts of the
21 19
papers of Zakharov and Shabat (1974) and Anker and Freeman . The

essential concern is the slight modifications necessary to apply the

inverse scattering transform to Equations 4.2 and 4.3.
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»~
Suppose that F is a linear integral operator acting on a vector
valued function q)(—f».w,)ﬁ) , where d? = &\\), , \‘),_ ) ({"Ng

That is,

£ - j%F(z./y)W(fyH/y 4

A

where F( Z_"Y,W,\'.) is a NxN matrix. Let F  be represented

as

o= (k) Gk 45

) ~
where K+ and K_ are Volterra operators in the sense,

kb= / K*(L/Y)q’(”j)c\’y AE / K b dy

The contours of integration of these integrals are partitions of the
- contour of integration used in Equation 4.4. The alternate form for

Equation 4.5 is,

and therefore for any \IJ = q)(Z,W,{) ’

G+ k)b = V() +/olq/ Kz - Ok, +Fak B0

This may be expressed as,



A 0 )
V) + / dy K (2,9 W(3) = ¥(2) + /Ary Kz 4@ + /A/XF(Z,@)&PQ)
+ /an K*_(ZII?)]AS F(‘X,S)QJ(S)

(-]
(%)
The d/k» and / dS integrals may be broken, to imply
-0

/'I_K_(_t'../y)q)(q{)cl{g - [ 3 K, z)b@) +/ Zfrg Fz.9)0@) + /dy Hzabl)
oo : z A ‘ 7

+Jdgk g fds P99 +fig K, (b Fpab0
7 e Fs Z

Because \» is arbitrary and may be specified as nonzero in only a
single neighbourhood about some point within the contour of integration,

for example (f?o—éﬂ ’yu“' (:,) , it follows that

K_(z,/y) = F(z,/p + /Zs K.(z.3) F(s,ry) 44
Z
o= K,(z.9) +“F(z,/3) + /:{s K.(z.8) Fs, /y) 47
Z .

The latter of these is the Gelfand-Levitan equation.
21 '
Zakharov and Shabat (1974) state that a sufficient condition

for this discussion when the independent variables are real is

Sup /lF(X.z)\clz (o0 , Ke7 =00
X?X‘,X‘
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and that if Equation 4.7 is solvable then K+ and K_ also satisfy
this condition. The analogous statement applies when independent variables
are complex. It will be seen that for at least some circumstances, K+

has isolated singularities not on the real axis.
. N

~
Suppose there 1is some operator M which commutes with F T

0= [ }7\,?] = /:M’E 'ﬁ/{]\ . Therefore, for some operator }}’k ’
A - ORI ORI 04E) - R0 GBUA
ARk - R ) QR YRS

~
”~

- { RO+ - 0K G )

which implies

M R - Ga kDM =0 a3

In general let

ol

/M\ =(la-+-6;i + lin ) Iin -Q ) 45
ot W

Q)

i
|

)
sy

where & and @ are constants and ,Q, is a matrix of constants.
)

~

Therefore M has the form,
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b A A n -l n-k-—l
M=u2 .82 L, Lo=42 .7 u@2
% + égw + ; n -3-1“ + keo k. ) azﬂ_k_l
410

The proof is by applying the operators of Equation 4.8 to "P and
equating differential parts. The rationale is as before. Because ‘{J
is arbitrary, it may be specified as non-zero in only a single

neighbourhood about some point within the contour of integration, for

example (Z., z +€.> . The differential parts are order 1 in
comparison.
When n=| for example, /V\=0£3. J,@g_ +Q’i and,
XA W IL

e RAD =2 g8, + 14, + fgk, () fu gk, 1)
’X:ao
-ty s ob, 12, K ) | g

+ /;\o g LK Ep[ad v, - K,,ag(z,fy)lﬂ}
.y 4\

integrating by parts. The second term of Equation 4.8 is,

IO = ey g, 1Y, cu@b + DK, (2 g)b) ly-z

o e
AN

Contributions at Z=o are neglected. Differential parts of

Equations 4.11 and 4.12 are equated, implying
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u, = 4K, (22 - K, 220 = LK (z9)]

~

~>
The linearity of Equation 4.8 in /N\ and /“& implies the

generalization that if

M = 0(.3_ + é'a' + t b Lo— = in'ﬂ\‘\‘an. V 4‘.‘3
ot oW "
then
Azm%L+é§.W+L , L=ann 4)8

Substitution of these into Equation 4.8 and many partial inte-

grations imply
(RIRY= et L o fpepeok AL

1:«0
SEAR R A AL v S I wx?
n=\ =2

n=t m=0 anb g -3

c—) f&ng < K, fy) L.9) +/drgK 2.3 {a\ii +eb, \

and,
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=

(1 KO

"

{0(?%_)t v @%_w N Zj_,l {\b('l.) 4;];3/ K, (Z,’})‘p('y)}

i

euli 1o, + E;L,&b +jjﬂ°‘%*§}w*u K.zeq
z

+/§‘X K+(Z.’y) {OL %ﬁ-\- é%wk \l)(?) +
z

4+ some differential terms

Integrands may be equated,

> 2% Ki(z,3) Ly = {m%ﬁ gg_w . L} K. (2,9) 415

»

£
The extension of Equation 4.8 is to let [T be an arbitrary

linear integral operator, as before, such that

Y .\ Ao N V
CM=ao [T SIS N A
a*.’. n=\ aln
~ ~ o Nl n
LM, F] =0 CM=e2 U.=2 2 an
aw n=g 7"
{. Lo.‘ R i ] 418

where Equation 4.18 is the compatibility relation to Equations 4.16
and 4.17. Thence,

/:Vl\.(HRJ = (\+AK+)/\A/\\ : /7\,(\+R+)=(\+Y<JML 419
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A
-~ A »n

)N\ ; e} \.. =R \—z
, i W , =8 5\.“ 4 420

=

which means,

‘o
\

(w 2 +L> {‘X):ﬁirg K. @) \WM -(1 ' [‘I’X K. &9) {0(331 sl EQJ 42,
(2, L) o[y kepvg - (e [igk a2, )0 o

The difference of 2 applied to Eqguation 4.21 and ol applied
oW ot PP

to Equation 4.22 is

{ 8 ’%_WL _— %5..1 {\X) +J Zry KJ,(Z,IX) “(%’)S + L (33“\" {‘\’ J; j :iofz KAE,?)\}’('?)X

~

-, &%t {L\l EIZOI;K*(Z‘AX) Q’(’X)‘I

= {e,g_wl, _ ag}z} (v . j an K, gb@) ﬂ_‘&iz&\\» - ] Zn,K,,(Z.m(n,)}

+ (v kdﬁ\z\\)k - Y_z \-L N + ﬁryK*(z,fg) \‘)(Og)\s +(\+{(JN\}\’)S

- g'-a‘ (\+k+)ﬁk‘\\\) ~e(,'_3_(.\+k+)ﬁ\zk\’
w ot

where Equations 4.21 and 4.22 have been resubstituted into themselves.

A consequence of Equations 4.19 and 4.20 is
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A

o2 Lwp Ll iy - - L1 LY Qe )w & (R OMAG
(kDM MY

As {}An,Akzl =0 from Equations 4.16 to 4.18, it follows that

gL+ T | (e =0 o

This is a set of nonlinear evolution equations solvable by the inverse
scattering formalism.
A ~
Suppose that operators AA‘ and )Az define the associated
~

linear problem as in Equations 4.16 to 4.18. ILet F satisfy this

set of equations. The Gelfand-Levitan Equation 4.7,
o= K.(z,9) + Flz.9) +/cls Kilz9F(s,9) 47
z‘ .

defines the corresponding kernel, kl+(2u5,“R{) This generates

an exact solution to the nonlinear evolution Equation 4.23.

4.3 Soliton solutions to the shallow water wave example

The theory of Section 4.2 is now applied to Equations 4.2 and

4.3. Let

'S 'g'/ (3 O '2'_
L o Pz 4

3
0 ot Tag T,
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Ky ,0..'6 \-.&7_ o R -\
\_7_ = ‘s : A C &‘ - Q?) : 425
_ '-9.."'&2. 113/92 -Ta ¥\ G

and assume ‘33\ —>\ as Z— k%0 5o that the linear problem

is specified by

Mo ’az 2 0 ~o &"a/ -
L‘ - / 3 i : Lz - oz 9~\ &z 4%
0 Yzt Y, %

Substitute Equations 4.24 to 4.26 into equations 4.21 and 4.22

€ 4 Wt i s Ty 2e \\'ijdry Kzl -
ot o  U%F Ta, I, 2

7 N 0 > a:/z 0
e e a3 e
0 a/a.f 0 2‘6’?

£3
497

{@ [ +\&\%Z Ak \J, (Q.—L)Y Er\]k & by j dyK, @) L\)('fx)} -
o —j\* 9~2. ‘. Qz_a/az -t 0 7

. - , )
- @“\’w N &\3/32_ &\‘-Qz lL\J +‘[AI¥ K*’(Z’A{){@%‘w‘\‘{i&é% Q\-Q:. ) q)
“‘,Q\"\'Qq_ 521_3/ 2 "Ql"'&l «Qz%/x

z
4R

The last integral of these equations may be integrated by parts.

Differential parts may be equated,
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S(2) = K. (2,2 T\ = K. (7,2) T =K @2)

429

b

Integrand parts of Equation 4.27 may be equated,

2 2
0 Ky +2 Ki-2 i v2 T Ky =0 430

Similarly from Equation 4.28,

)'l { ?— l‘<\\ + a Kﬂk + 6 a._‘__(‘\ + (R\"ﬁ&) K’L\.{"L ‘\' (l\ _QZ)K\Z =0
9z ny W
2 K+ 12 K 62 K +(0-0) TKa - K (LB <o
0% arz oW
-'Q?. a. K’I-\ 4—&(&_ Ka.\ "'@ ,a—- K?.\ "(Ru ‘/Qz.) TZ\Kn - K.z')_(Qy_'—/Q\) =0
2 L m

L{a K +2 K,JS e Ko r (o l)K T + (LR Ko
LES onf oW

Evaluated on Z= (} this system of equations is

BN Y L-20)Ka T + (L -AD)K, =0



and analogously with 1 and 2 interchanged. Let /Q., = —B:g .

These may be cast as

0

It

/Q-t z“;c_ + @znw + LJQ\"/Q?.)( r{n_.ii\ ""‘)

J-?. Z?.?.z + @ in +- (Jz—&_‘)(‘flz-iz\ - \) =0

W

a.iﬂ)( + i@-&" -i-a.zw + Q._i!z@ '?N %_ Ziz - -Z‘u]x =0

Ay + ng—-—@ Togu M

* kA

3+ Q.ﬁmé@. &Z_‘h. Z‘gz} =0

Let ,Q,,=.L‘{ where § is real. A set of sufficient conditions that

%

Equations 4.31 and 4.32 are consistent, are Z.\ = ”Zm and
" .
?.1 = 37_\ . The same is true for Equations 4.33 and 4.34.

A complete set of equations is
192 Ta, + 2% [ 1.3 b =0
“Z. + 6 N 1z Le

0("{“-& —%’i"‘zw -+ 2’%@%‘\”&—1“'2“% =0

Let z.ﬁ@ + ({Ie where é and Q are real. Equating real and

imaginary parts of Equation 4.35,

67

43

432

433

434

435

436
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Yo . eb, x 2‘6{3‘1 ,14} =0

~K@1+@§w =0

68

The latter is satisfied when ‘L=@¢w and @ =‘€¢z . The former is

then,
*
’b’z¢zz + f32¢W'W + 2% { ~ix:_sn. _\§ =0
and from 4.36 one obtains
OLT\Q = _6{;‘ 7”’ZW - A‘ii} (g¢ =0

Transforming coordinates,

TW , aw
X= -2+ , Y= ARt /s

V12Xt |21

Equations 4.37 and 4.38 become respectively

b -ty + 280 [ Tl 1| =0

0(3\2& ~L_ { K\zxxi- szij —2L .sltzS(\ongXX%- .”k =0

1x\

where S(f\ = gign of ¥ , and X and y are real. Substitute

W-® o, 4, =28(x){7&’{—&} -2

9
3R

Whence, it follows that,

437

433

439
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Qs = Qpy = Y NCLAM | 440
2(l9£+\p“+\9” =—3¢%~%A2‘9{\9\?*-\} | 44
where Y= '9_l‘g and d,\‘fl\‘*‘" . This set of equations is of the

same form as Equations 4.2 and 4.3.

The associated linear problem is defined by,

t_..r/af ; T \ﬂ Lﬂ
i 7 2
0 5%2? 12+&z gi@%l
4.26

U\A/\. H =0 J‘A/\.=<><g;Jc + Tf_. 41l

) )

M, E]=0 M, -83 s [ 47

Thus, _
(3 O [x’ . f° ( %y o
2 dyFlz, 0 = [dy Flz,o)fed 4} 23 LYl
{&3{+ | 0 g/az“]}_w L [ 2o L 4 A 3/3/5} L

6%w+, 0% AL, / dy Fza)9G) = Awru,@{@%ﬁﬂf%y 8, %w@
':"Qf"&z -Qza/bl Zeo bt ] 'ﬂ{*Qz /Qza/ 3"3

which is equivalent to
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€2 by 4 J_&F_o

Fio = Fitzawl) &
2. Fy a L , Ry = Fyzyawt) e

2 v D2 oA = 22 s Fdad) 4
ow 22 2y

82 Far L2 R+ (L-D)F, - E.Uz.-&;)-aa.?\f.zﬁz 444

\

(32_. Fzz + Jza_ Fu + ('QzWQ‘) E'z
Jz ,

oW

- a_ El’l ,Qz -+ E“("jz “/Q\) 4‘.45
oy . :

i

@%—w E\ * Rz a-. Et + (J-z "/Q\) F\\ F‘ZQCJL-/QK) - -a* E.t /Q; . 446

2L on
Zmw4ny
A solution of the form F J = A (U 1 is sought, where
%,m and Y1 are real constants. Thus,
A“{ gm -\-«qu’ A —Q,ﬂk + (Q“Jzz) {Az\ + An.% =0 447
Acfom+ g lin] & -2 [ha- Al <o 448

{
Azz{§m+¢QCl+,Qﬂ§ n (,Q Q)\J-\q +Az\ = 449
Al

em + 4, CLJ”Q + (L«/Q\) { A“-AQJX =0 450
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Let Q|="«Qz_ =\ where X is real, as before. Compatibility
’ *
conditions between Equations 4.47 and 4.49 are An_"‘ 2 and
%
An = An . The same is true for Equations 4.48 and 4.50. A

complete set of equations is, including Equation 4.42,

« Ay (-r)Ay =0 45|

A, {@m + iX(r\+cpK + 2% { A + Ai} =0 | 4.52

Alz {@m + "‘{(c\’~n)]] + 2‘?({ A: - A“S =0 ' 453
Substitute (1—1 2.um6 n= 2Mﬂ¢ , and @m =-2Y i(‘,{)ﬂ,g +C0'<b¢} .

Real and imaginary parts of Equations 4.52 and 4.53 may be equated to

zero. Thus,

(0 +¢) v,@-9)
A= ide” ) A.=2e” 454
and from Equation 4.51,
-(q - b/ 2(w04.26 - cov24) t IR/
A=A, = a-ﬁ < 455

The Gelfand-Levitan equation,

0 =Ky (2g) + Fy(zg) + [ds Kz o) Fy(sg) \7

| n
must now be solved for K'_} (Z./y) . Assume K3 = K‘j (Z,W',)\.)Q Y .



E +MW 4N
As F3 = /\3 (‘L) Q‘} L it follows that,

Z MW S +mw

0= K“J +Aje +/o\s K';A(Z,W,U e A e
Z

H

Contributions at J=o0 are neglected. Therefore,

qz AW \ (n+@z+mw P ¥ (nu\)zxfmw
-Au & = K\\ { - AZ& E - K\z Aaz &
Y'l-i'% n-l'CL

qz-+mw (n«-cpz +MW
' e

| (n+Q)Z+mw t *
"Anze’ = “"K-n Aw_?____% 1 Ku_b - ;\u ~
n+q n+q,

This set of equations may be inverted, assuming the determinant does

- not vanish,

| %‘i‘.'ﬁ'mw
K\Q_ = -—A\Z e‘

L+ L2 anc b (a-g) e PR

which implies from Equation 4.29,

—(‘f-tf) Ly +@mz+mw  i,66-9)
e

e
T?l'z.“"" + K)Z(Z7z> =1 - &5
Aty TnEQ zemw
| e LA -g) e b PR

This is part of the solution to the set of eguations,

Tzsﬁu +8 B ¥ 2X { ’ﬁ.ﬁ; - \]S =0

M‘itz_k - %& 7”‘2\\! —_ A'-ix_:»: §¢ZN =0
v

}

72

456

431

438
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Equation 4.56 becomes a solution to Equations 4.2 and 4.3 when coordinates

are transformed,

N¢ ) ww
YX=—-Z= W/@ . y = 2+ /@_. 4’39
A \ﬂ_mc\
where T= —'c-){% and Od\qﬂ and the identification '?\?F-"P is

made. The resultant is

Vo t-e e 457

where

=
I
]
l

51 oo { £ 0o, 2(0 +%) i -2 4 (0+%) + ’%‘\m(@%}} 45,

2
@=%50+¢)
A= 3(e-9)

5= - Iy { 4 acuca] 4358

and using the substitutions %‘é 240m8 , N= QAUTWS v
gm= —?.X{CXN;G + C,O'Mi} and = —-9&/;{0 .

4.4 Multi-soliton solutions with a single propagation direction

The generalization to multi-soliton solutions begins by lettihg
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Qe T+ MW 1,y

n ij
-3, Al e 9
where Cl‘k ) mk and nk are real constants. Thus Equations 4.42 to
. 4.46 imply,
Vi ’

d %&Afg + (qp- ) A, =0 440

O\ w 2 » q
@Ak mk - /Q\ Ak%k + (&.'&—L‘)AL = —Q\ Ak nk “\‘ (—.Q\+9~L) A‘k

12 2 [} V2
6 A\c mk, + ‘&‘ Nkc\k\ + (&\"QL)A’Z.?‘- = (,Q"-,Q?_)Ak "‘zQz Ak hk
s Ky, + L KL O + Q- DK = LK+ CLAS

(SN;‘_mk + XLNqu + (an,"'Q\) Nk = (ﬂz—ﬂ.))&i “IQ\K;& n'k.
4.6

respectively. Repeated indices are not summed in this set of equations.

Let ,?‘=—4Q7_ =Y ;, where \6 is real. Compatibility conditions within
n¥® 22 W

the set of Equations 4.61 are Ak= Ak and Akf— Ak_ . The

set of Equations 4.61 may be cast as,
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/A\IL_ &gmk-» i‘(‘.%-&ndx 4+ Y { Art: + A‘zkk =0 442
A\l&gmk-\-nﬂ%‘-nk]]‘ X 'l'\‘(x “Z —A:‘k)g =0 463

Let Q= 20m8, |, nk=2m¢k and @mk-.-.-z*({mek», um,¢kg
Real and imaginary parts of Equations 4.62 and 4.63 may be equated,

implying

" i i/,_(gk.;. ¢y_) 'Alf- (8, - ¢k.)
A=idje k= 4o

and from Equation 4.60,

~ Q- )ty
&k_:' Zsoke’ % - -

The Gelfand-Levitan equation,

K (2.9 (5,9)

0= KH(Z'OB,) + F‘ﬂ(z,rp +1fcls ?:‘:

) Kj= = kKi@mbhe?
must be solved for KS(Z,'y . Assume iy = P ZW,t)e .

i p=i
Thus, as F» - {_: AJk exkh\mkw-mknx
- ) ij Qe +pW ] 2 n ib ki (urn IS 4mgw
0~KP+AP6 +2 ds%ﬂ’{:\ KkApe‘

which integrates to, neglecting contributions at S= v,
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il i N A MW 2 a b b (qe ¥n  JZ MW
o=KX + AN e ST N Y ) & eh
P F Y
Equation 4.64 is equivalent to,
s hls b r -
wo (e M) Z AW 2 (et M) EAMN X w OZ+mw
S~ P -A? e T ETI D ol | e
c\f+ “k %‘*“k
n (‘1? ‘*“QZ +me ‘ wX (‘E*“\JZ'\'m?W Y | v qeemw
-A; e S, - A‘,eJ K" [-Ae
+Nn “ +N
L % k {19 k IN o~ . P
465
. 24 W
where each of { k are nxN matrices, ¥ . Ku ' A“ 6% :
1Y) L‘:L-»Mw
and A e, are Y\ —-vectors.
A solution to Equations 4.37 and 4.38
2 % -
Y8, & how + X { Fate -1} =0 431
&TE!Z_E - _:@__ TVIZW —é—_'_—{\?. (3¢2W =0 4-,38
Y L
is, using Equation 4.29, §p = ! ¥ Kn. (Z,—Z)
N 0z n L
a=V+r LK e T =1+ 2 de
T > K, L4 46

dk is the determinant A , with the k-th column replaced by the

vector on the right side of Equation 4.65, by Cramer’s rule.
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4.5 Propagation and modulation at various angles

C‘Z-\- mw ~\-TV¥
Single soliton solutions of the form A (£> e

where (\: M and Y1 are real, were sought in Section 4.3 to the linear

set of equations

“%«ﬁ'& + g; Fy - g%/z Fj =0 , B =Fzywh) 441

82 %, + L2k, s+ (L-WF, =-2 Rl « B L+L) 443
W 2 oy

@b o+ 02 \:.g +(L-DE, = BA-D) -?; E 4, 444

@’b Y, o+ 2.2 Fu + (1, &‘)\‘n = -BlyFu,Q +E\( 1. -‘:Q) 443

@Q F;\ A+ -Qz. ’.0_. Fq_\ * (QL”Q\) F\\ = F;.'z(&z"/Q\) "3. E\Qx 44L
W 2z 2y

These equations eventually define the linear problem associated to the

nonlinear evolution equations of the shallow water waves example,

Q't\?£+\9x,‘+ = -2 N \QQ\N-\R —SLQC\ 49

2

G -Gy = ~3K10L, £3

Had Ct ,» M and N been assumed complex, the set of eqﬁation-s

subsequent to Equations 4.42 to 4.46 would be as in Section 4.3,
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respectively,

dg{Aﬂ + (c{—n‘) A; =o 45|
A, { em Q.q 4+ ,Q\n} v (0-8) % A, + l\a)\ =0 447
A. { prn + Jiq - ka + (L-1) U\ﬂ— A -o 448

An%’vém + &z(\' + ank + UL-X.){A“ + A,_\]X =

o

445

A Lem+ Lo+ Anb 4 (- A-ALL o 4.50

It is necessary that ,Q\"-‘-—,Qz-:-i\& where ¥ is real, if this discussion
is to be consistent with that concerning the nonlinear problem,
Equations 4.2 and 4.3 in Section 4.3. The compatibility conditions,

A’:\ = A,m and A:_ = Az\ , appropriate when OV m

and N were real are no longer evident. Equation 4.51 implies

- (q*-nt)t
_ A‘ e AWAY?

Ail = Ay, 4.67

Letting

A, = A | 463

Equations 4.47 to 4.50 imply
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4—\X am A,
(gm -\-\X(c\,-n))(@m ~Y(q)

4.3

AXamd,

il

Azz,': -3, (gm+1¥(q )

)

(e ((\;n})(@m- {CE) 8mM-iT(q+n)
470
The Gelfand-Levitan equation,
47

0=Ky(z.9) « Fy(z,9) +[As Kig(2,9) Fyj (s0y)
z

Koz . pesme Kj= KjGambe o
Fy = Ay ™™

must be solved for

recall that Whence,

) QE+mw \ (n-\—@& Yynw
0=Ky(z,wh) + l\-\j(k) e + [ds Ky (zwb) Agje
1
Contributions a£ S=o00 are neglected. Thus,

( (n+Q)Z +rwy e g) Z4mur | W T )
l-—A\.e» % ~AM€ % o o K‘“ ~ ‘éz%mw
niq N4, !

(W QZAmw (W QZ+mw '
- u.e!—. 1= 22@—- 0 Y K‘n. "szec}umw
neq, n¥q, _
(Rrq)zmw (rq)2mw Zemw
0 0 - A“g‘* "AZ\Q’ K\z\ - Aug
m—% n+q,
(n+q)zemw (A QIZHm \ 2HmwW
¢ 0 0 "A.g_@/__ "‘A'z?.@'__. “] Kn‘ ['An.é J
Mg nrq,
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which implies,

] C\‘z-»mw
K\l = “Nn® |
) ) W
= (A A) e P ™ LR LA ) €55
M% (nag) a7

Substitutions for A5 are made from Equations 4.67 to 4.70, and for
Z and W from Equation 4.39

w= —g( x-iy) z = % (X +iy) 43

?

where, as in Section 5.1, A'-f- /3 N Y=-1p and ‘{x_:-_- fn |
Unspecified parameters are (l n,m, 8 and 3, . Equation 4.29
requires -?\2 = | 4 K:z(l Z) . The relation P = (TS results

in solutions to Equations 4.2 and 4.3 of the form,

0-1-A, e:_H (n+q) 4

] - A.‘.ép u.e + (A“ ;\zz [\n,Ath

where

R A E AT G TRt

}>
)

.

-
-
o
fl

~-218md,

(am- 5 (pm + SLqam)
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Az\o = "2‘ 6m&°
(e +5(q-n) (am + 4 (g +n)

-2, (em- %(qn) AT3
gm 4, 9 +n)

o
o
I

Constants q} M\ and N may be complex. These dictate the direction of
propagation and the modulational traits of the soliton.

The multi-soliton situation may be considered analogously.
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5. Eulerian Variables

5.1 Single soliton solutions of the shallow water waves example

The mapping from dependent variables "\ and 9_& to dependent
* ot
variables \b and LXJ was

h=b¢* 39

L - KN, .v; 'y Fxt | 300
aag,aﬁ_.&v_ﬁaw JogV + T h)

Section 3.4 saw the identification of the Eulerian velocity field

as
UV = kVQ ~ 334

NICEY
where \\) = R(‘)_(. ,’() &\ . The function ?(X ,'t) was

seen to satisfy,

Fabh = wyvvh 332

where \[.VL\ is the convection. When the scalings of Equation 3.22, in

particular,

R R

are imposed, it follows that,
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h- (&) 0 - () 3t
Vo o Vo

0= )T E(g) o
s vl KA 1

hF = 2(Z) 0ok =205 F 53

Let primes on independent variables be dropped. A further transformation

is made in Chapter 4,
\ hn& |
V' = Ade 4.\

Single soliton solutions are found to be,

~N2a
Y = l-e & 457
| v+ e M

where,
, : . : T
= A%im&{ JtC(r(LQ(@ﬂ;E) Am A -%%Am(@-v%) 4 93% m(@q)& + &

Q=< L(o+g)

I

>
1

L (0-4)

5= - Jog [ 1 2. 00a) 458



For simplicity, let o= % 7 @ "“'-‘% = .% ’ 5\0‘—‘-\(:?? and
A = QE/.S . Therefore

O

S4
A+ {3’
| 4 ef THY
| \Q - m-t
whence, as \P ‘ A from Equation 4.1,
V_\‘g - vR . ivQ 55

v%‘ =J-)Lixéxk Z’tleﬁm(\rysf )+yF6 &He 1» WM@% ¥

ok -2x%
+9Go_e, E

S.b
| ST r = kX at-axy .
vQ = L lixe + x{2e X\+e ]A,un(\rs‘ng) +
D &
Y-ax
+>7\ygef""&_\+e§ ] et ((BY + T ) } 5.7
where
Ko X- :
D =]+ le x?.ﬂAuﬂ(Eyﬂ—}_) .\.e? o 2(\—\-%’1\{3‘9) +
-3 4% - 4%
¥ e?t * 207 Am((FYy+%) + e 5.3

Variables in Equations 5.4 to 5.8 are scaled. Equation 5.2 defines

v = V()

Equations 5.3 and 3.9,
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F - 2\!.'.?:%:3{({' = 29 Q. R /R

sL-ox

- & ' k- g
=%e &_\ 4 e% m\lm(ﬁyﬂ%){b +e? zx]m(ﬁ‘y +’I_(_)+\§'zefm
l)l 4

Furthermore, from Equations 5.1 and 4.1,

b= VU = R0 g g +2€:¥—xm\fé‘y +eft"“
NP = WOy + Sk

These variables, ¥ , the Eulerian velocity, 3{‘ /K’ the convection,

\]
and l’\ , the free surface height, are waves of constant form propagating
in the X direction with modulations along the y axis. The general

case of Equations 4.57 and 4.58 is of this form.

5.2 A meaning for F=e0

The equations of motion for the shallow water wave examples were

found to be,
Kb+ C Y = 2q VW LAY 318
h -%W' T =0 32

Section 3.4 presented a transition in analogy to the path leading from
quantum mechanics to classical mechanics. The assumed form of the

solution to Equations 3.18 and 3.2 was
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Ak,

where A is the action density and 3. is real. It follows from this

that

f= 2k VA, YA -
a

« U,%)"s VA. Y2 | 510

4
R\ 9

v
L&

o

where the scaling of Equation 3.22 has been imposed.

Viewed as a WKB approximation, Equation 5.2 and the limit K—0
imply a region of rapid oscillation for W . The region is characterized
by waves whose wavelength is K in order of magnitude. See Bender and
Orszag (1978)22. It is evident from Equation 5.10 that when the
approach of this section is taken, the limit K .0 implies ]‘w—}oo .
An alternate situation is Equation 5.3 where SC is independent of K, .

b
Suppose that Y = R.Q/ describes the dynamics of either situation.

The former equation assumes Q = O( ,/K.> , the latter, D = O(‘)

as K-—=0 .

5.3 Two soliton solutions

Suppose that both solitons have modulations along the )I axis
and propagate in the X direction. Equations 4.65 and 4.66 imply that

when n=2 ,
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\A;“ ) ibz—Mz lA:"N\"MZ
’i&z*“\—Q_KWA'QJ _\' mAz_eJ "f‘CMJA. }
D |
‘A\“f“\"‘N % \(B;\' z) B,
~2{mat& z +Ka—\“\+ ©. @,)ke”}
D
54
where
| ~ P ~-M. S"*“"“z
xZ) = |+ e + & + e
)
e = t" M’Al MAZ

ot 5(0,48,-0,+4,) v 5(0,+8,-O. +4)

=
!

- -0 coudy |57 in b cou 26 +) ~1.4in(8)S) siycon g1

A= ’2.\(_2’/3 . X=-% , o="% 5.12

The limit N‘ — 28  implies, concerning Equations 5.11,

'ZiAz-Pa.
Fe = - € S.13

|+ e:‘!*z
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and similarly, the limit pz~—9°° . This matches the single soliton
solutions, Equations 4.57 and 4.58. The limit fh—%-°° implies that

Equation 5.11 becomes

ubd, S+ 8z -H,
3& = - . 1+ & S.aa
$—
ye et

where

2, -2l (A=) ((85-8)  i(A-A)

e =6  toe wu(e-@,) 4 1+e -2 oou6,-6,)

1_ CMJA‘ mA?_
C.O’QJ(@. ’FA;‘ ®‘l +A2.) m%.(@,:"Asz +A)
-\

This is a soliton with center shift ) (Q{E cﬂﬂabz> and phase
shift A, LT relative to the sort represented by Equations 4.57
and 4.58. An analogous result corresponds to the limit My—> ~ -

When parameters are chosen appropriately, Equations 5.11 and 5.12
represent two solitons which come together, interact in a very complex
manner, and then separate. Center shifts and phase shifts are what
they carry with them as marks of the interaction. It seems clear that

V' , the Eulerian velocity, Srh4a, the convection; and h , the free
‘'surface height, are composed of two waves of constant form, propagating
in the 7 direction with modulations along the y axis. These waves
come together, interact, and separate, bearing with them center shifts
and phase shifts.

An attempt was made at finding 37 , V , and }\ for a simpli-
fying choice of parameters in the general situation specified by

Equations 5.11 and 5.12. The mathematics consortium symbol manipulation



program, MAXSYMA, was used. The deriyvation was not ran to completion.
As far as it went, there is one conclusion. The functions V , F

h are composed of two waves as described in the paragraph above.

and

89
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6. Stability and Recurrence

6.1 Stability of time independent states

The Euler-Lagrange governing equations to the shallow water waves

example were found to be

b 20, 2l = 2 P _aF Y 3.23
x 5y 3 9

3, -8, = -3(¥),

324

These reduce to become, in the one-dimensional X -independent problem,

[XCRYS

+ 5 . 6.1
4

“"\&’t = q’y

b

wi-

which is a special case of the one-dimensional nonlinear Schrddinger
3

equation of Hasimoto and Ono (1972) . This equation has nonlinear

plane wave solutions of the form,

§ - el g ot o2

where ‘k and O are constants.

Dependent variables were mapped in Chapter 3, via

b = u* 39

o - k% Ley W, ooV’ 4 Fxh) | 3o
PRTRITROES
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Qo
where ?1‘- 2k* VQ- VM R’ and q) = R(”S,‘E)C Qe ) . There-

2
fore, the free surface height corresponding to Equation 6.2 is ;1=N‘L[ ’

2
and the squared Lagrangian speed 3__3___6. 3_19. = K_ZG . Variables h
X 9% ot ot

and SE >t are time independent. Variable j‘ is zero.

Suppose that =&, , a constant, and ©=0 . The lineelr-)
aay w448
ization of Equation 6.1 is obtained by setting \L—-: (N)o\ +€‘~l‘) e
A

~

where € and W are assumed real. Thus,

2b 4 108y, <0 63
2118, = b, + olblD -3 b4

This is a set of linear differential equations with constant coefficients.
Let

(& ~wt)
e

-

S,

4+ complex conjugate

r—u—'-b“\
Oy £
i

<>

where s and eo are constants. Equations 6.3 and 6.4 imply

~2iwl - IR A =0
(- + Z 11D &+ oiwlbla =0

which have nontrivial solutions provided there is a dispersion relation

of the form,
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2 2 2
m‘=L{k~ﬁ%\\k\g 65
When Jk:( 35%;\@&\ W becomes imaginary and the distrubance grows.
2.
The maximum growth rate is Woax = QJ\Q&\L occurring at JE==3£§\4%\ .
. ""*“‘“'3' 2.

The resultant of assuming that Equations 3.23 and 3.24 are _y -
independent is

| \! iy

2
Y

which is, as before, a special case of the one-dimensional nonlinear

: 3
Schr8dinger equation considered by Hasimoto and Ono (1972) . The

corresponding linearized equations are,

Q'G')t + lq)o‘ éx* =0

~21.| 8, + B, - WEY =0
2
The substitution,

—
~

o

~

$) b (e ~wl) '
{ S Y e, 4+ complex conjugate
6,

yields the dispersion relation,

wt = ,Q%(Jef + '%_7, \‘\L\Qk 6.b
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The system is neutrally stable. Disturbances do not grow.
The Euler-Lagrange equations governing the dynamics of ideal gas

were found to be,

-\
TR S O { €1 A0 N AR A\ 235
¥ '

§xv. -@yj = (\L’q)*),c | - 2.36

!

These reduce to simply

—————— e e

A =y - x‘(((twj‘f"‘ ! 67
=1

in the X -independent problem. The nonlinear plane wave solutions of

this equation are

Wz
o=-x8 __cxl¥) .8

b (e

= X\

q)r_\ka(o&-eﬁ

where © and \\% are constants.

Dependent variables were mapped in Chapter 2, via
%
p=b¥ 2.2

2% - ¢V, Jog UV, bog V' + 292

LAY

Qe d)
where ; = 21KEV0).¥ /QATJ) R and Q’ = .Q(’& ,{) e . Therefore

2
the density corresponding to Equation 6.8 is E)—'— N%\ , the squared

T
Lagrangian speed, K 'b_)g = K'6 . Dependent variables e and
ot %
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are time independent. Variable Sr is zero.

l

NV
§4R<
QD
e

The analysis applied to the shallow water waves equations is

repeated analogously. The linearized equations are
§ 1L\B, =0
2{ -“‘ K [y )y -

~ g 8 A n
Kq),‘y - g.ég_x_(q)cd()o ) \'P (2‘\("0 - ?_ ‘ L\’.le.\_ = O
K Y-\

An assumed nontrivial substitution,

complex conjugate

-

- Ay kot
{\P - \‘)o e)(ky w ) N
3 8,

implies the dispersion relation

¥

W = Jf:i {\CJ@ + z,cm\‘\),\ﬁ“2 (2\@0\

The example is neutrally stable.
The one-dimensional y -independent version of Equations 2.35 and

2.36 is quite similar.

6.2 The interaction of Benjamin - Feir instability and recurrence

The one-dimensional nonlinear Schrddinger equation, as written in
Equation 6.1 is solvable by the inverse scattering transform when initial
conditions decay sufficiently rapidly as Lyt —>* ., The
characteristics of the solutions are less clear for other initial condi-
tions. As presented in Section 6.1, when boundary conditions are periodic,

ik

uniform wavetrain solutions of the form Q’==4ie' . are unstable
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with respect to perturbations of wavenumber )J&‘(SJ%;QL . The maximum
instability occurs at ,k,::3%§\ﬂ%\ . Historically, this is the Benjamin-
Feir (1967)5 instability. Given a weakly nonlinear uniform deep-water
wavetrain, a Stokes wavetrain, the instability is with respect to modula-
tional perturbations, specifically, a pair of side bands around the
primary component in the power spectrum.

Fermi-Pasta-Ulm recurrence is the situation in which the initial
condition of an unstable nonlinear system is periodically reconstructed,
or almost reconstructed, in time. Concerning the one-dimensional non-
linear Schrddinger equation, the recurrence begins with the growth of
unstable modulations to the uniform solution. The growtﬁ is at exponen-
tial rate as predicted by Benjamin and Feir (1967)5 and is followed by
the eventual demodulation and return of the system to almost uniform
state.

L

Yuen and Ferguson (1978) investigated the relationship between
initial instability and the long time evolution of the one-dimensional
nonlinear Schr&dinger equation. They found that the number of free modes
actively taking part in the energy sharing experience following the
onset of-instability is governed by the number of unstable modes
associated with the initial conditions. If the initial instability has
no higher harmonics that are unstable, that are below the critical
wavenumber for the occurrence of instability, then the instability is
simple. There is only one mode which grows unstably at exponential
rate when triggered by the forced oscillation. Otherwise, when higher

harmonics of the initial instability are also unstable, then each in

turn must dominate the evolution of the system. The recurrence is

complex.
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Subsequent evolution of the system, following initial instability
consists of growth and decay of‘these unstable modes. Between each
instance of maximum modulation, the initial conditions are at some point
reconstructed, or almost reconstructed. If there were no critical upper
bound on wavenumbers for the occurrence of instability, the system might
be expected to thermalize, a permanent leakage of energy to high wave-
numbers taking place.

23
In another study by Yuen and Ferguson {1978) , the nonlinear

evolution equation for a deep-water gravity wave train subject to two-

dimensional modulation, namely,

L A* ¥ \—A—P-AX N\-)-)—" AK)L + __\_’9_3_ A)y - L \Aalz, \A\QA =0 (Y
v 8K, 2\ z

is considered. The frequency and wavenumber of the carrier wave are

w, and km , respectively. Numerical work using simple initial
conditions such as sinusoidal perturbations in the X and .y directions
show recurrence. The existence of simple and complex recurrence is not
clear, nor is the relationship between initial instability and long time
evolution of the system.

Equation 6.9 is a two-dimensional nonlinear Schrddinger equation
similar to that written in the set of Equations 3.23 and 3.24. Both
reduce to the same one-dimensional nonlinear Schrddinger equations when
spatial variation is regimented to one direction. Therefore, in the
sense that stability was considered in Section 6.1, both have the same
stability characteristics. It seems reasonable to expect that both may
have a similar interaction of Benjamin-Feir instability and recurrence.

As yet, these relationships are unknown.
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7. Transition and Symmetry

7.1 Transition among solitons

What are the necessary conditions for a soliton to change signifi-
cantly or split into a multiple of other solitons? What are the necessary
conditions for the inverse to occur? BAre there rules which govern the
‘transition of a soliton into a modification of itself, or into a dis-
integration stage from which a new set of solitons arise? These phenomena
are observed in experiments on waves generated by wind over deep water
as executed by Mollo-Christensen and Ramamonjiarisoa (1979)24. It is
not possible to analytically approach the system these experiments

were done on at this time. Transition among solitons of the KAV

equation is considered.

7.2 Inverse scattering transform solution to the KdV equation " -

: 25
Ablowitz, Kaup, Newell and Segur (1974) discuss solutions to

the KdV equation
Ui’\' Uy, «+ Uxu =0 11

via the inverse scattering transform. Initial conditions require that
U(%,0) decay to zero sufficiently rapidly as X > .

The associated linear eigenvalue problem is,

B + (L + U@ =0 | 72



98

which appeared in Chapter 2, Equation 2.24. This is the one-dimensional
time independent linear Schr&dinger equation of quantum mechanics. For
real u(i}f.) » the spectrum of Equation 7.2 consists of a finite
number of discrete imaginary values .‘lg = \K.\ , where n=\, -, N
and a continuum set of real t’) . The corresponding eigenfﬁnctions

have the asymptotic behavior, when \'})::-‘\\(,n ,

0 () — &c,m o RV
D,\Q\'.) ?JK“% . X —» -ca

and when :gw =\<., k is real,

eh) — (€ L Rab ™ P

TN i X, —> -0

1

(]

?- .
There is a normalization constraint, [ \‘Q“\ &‘}(. = | . Gardiner,
) 26 kel

Greene, Kruskal and Muira (1967) found that when u(’)(,‘:) evolves
as in Equation 7.1, the spectrum of Equation 7.2 is time invariant, if

% ﬂ\! .\.c,\j“? . {4“3;«

=

W,. 73

&l

: 3
When ",g is real, C= 4 R, . When :‘,'5 is imaginary, C=0 .

The finding of \-P( ‘S;,X.,lf.) as a function of time requires a knowledge
of u(‘x,}r.) . In the limit X —> Loo , this is no longer

a constraint. The time evolution of the scattering data is

(K) =0 Lk =0



R,(kb) = 8ikk R , (), - kg
Define,
Bob) = 3 W Ta o [ RUH e di "
n=\ o

and solve the Gelfand-Levitan equation,

Kixyd) + Blxyt) + /dz K{x,zt) Blx+z,1) =0 75

for y>x . Boundary conditions are K(‘X,Z) —>0 as Z-a.

27
Thence, ux ,k) = \Zé_ K(')(..X,J('). Segur (1973) presents a computation
%

of U(“L,\.) when N =1\

uley) = 2 ¢ Aﬂdwi{ K\(%—x,‘—af\éjc)\j , K, =Jaq{1§<
16

and when N = 2

\,\('X.,ld = 43 K?% LI ( K"‘K;_ 9,_ 4 Q—%K%,_K‘L _\_(-—2’;&* {‘ 2
;1 K\'\’Y\l 5- K‘—\‘KL
Y K,—sz‘ il 77
{&&* A QK\JVK;
where
Ak -k ot - K%
'g\ = E’, N §2. = C;_ e,

99
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when K 7K,.70 and k) —> o . Equation 7.7 implies,

stk — 1 aach [, (- - wh)] nxngf [k s -4k )

18
where,
X7 =L L \K\+Kz\ x7 =1 Iy c?
2k, \(\M K. oo 2\<1ﬁ°? A
o= AT w L l K\-Hcl\ A -LM\K&K«\
K, K, -¥a Ko g T

Solitons survive interactions, retaining their identity, suffering only

28
phase shift, as observed by Lax (1968) .

7.3 Transition among Kdv solitons

Suppose that the spectrum of Equation 7.2 consists of a doubly
degenerate eigenvalue. This corresponds to a system having a single
soliton solution, as described by Equation 7.6. At some instant in time
let a perturbative influence be imposed upon the system. 1In all prior
time, as in all later time, the spectrum is time invariant, due to
eigenfunction evolution Equation 7.3. However, with the imposition of
the perturbative influence, Equation 7.2 has a spectrum of two discrete
eigenvalues, assuming the degeneracy splits. The corresponding solution

of the Kdav equation consists of two solitons, as described by
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Equations 7.7 and 7.8. 1Initially, as the perturbation is being applied
to the system, the solution of the KAV equation looks quite like
Equation 7.6 describing a single soliton. In due time, the two 2 solitons
order themselves according to size and speed, as in Equation 7.8. The
system has made a transition from 1 soliton to 2 solitons.

As it turns out, the author does not know of any uf&&)
which would have degenerate eigenvalues when used in’Equation 7.2.

There is an alternate mechanism to the above scenario. Suppose

that initially the system has a single soliton solution

ult) = 2Kt AM}C{ K, (X -%,- Mcflc)} ,K,%.Jﬁﬂg‘ 16

Suppose that at some instant a perturbative influence is imposed upon

the system so that Equation 7.6 is modified to

utt) = 2K ALCMMX X - A-Kllcﬂg + MU\ 73

where,

T P (TS,

%

K.gé A'SL *‘g + —gzﬂ“‘“zgﬁ ‘;

5, 5 (2K &+ )

§ = & ex {M(?Jt -K.x,}

Jax,

7&2 = C exp {4-@(& 1:.\,3% — (K&A)?L} %{« 1



The example is simply the limit of Equation 7.7 when K;_ =K, +0

and A approaches zero. For all time after the instant the perturbation

is imposed, the spectrum consists of two very close discrete eigenvalués,
K, , and KitD . The evolution equation ensures that K, , and
K, +4 remain invariant with respect to time. Initially, as the

perturbation is being applied to the system, it may seem as though only

one soliton is present. 1In due time, the two solitons will order

themselves according to size and speed, as in Equation 7.8. The system

has made a transition from 1 soliton to 2 solitons.

7.4 Symmetry and directional instability

The Euler-Lagrange governing equations for ideal gas were generally

found to be, in Chapter 2,

¥-1
b+ ¢ = () b 232
= X -\

0. UL kg g 22

and when the system is assumed at equilibrium,

Ceb = e LA | 2R

Q,-\VL\)*J‘ =0 2.2

Equations 2.32 and 2.43 may be linearized by setting V= V- + \&

where %—.« 1 . Thus,

102
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iy + \ngv“l!i —/%\(W*)T‘\ Sk@”r\f(f-h&% +\%‘*}} =29 710

¢ d - o () [Eve(2.E]) a2

T\ Vv
‘0\, V@
The representation, Q = \Pez and V = PC» , is
generally valid. Assume that q:=61 so that Equations 7.10 and 7.11

may be written as,
1l v evl b (WY e T A -0 -
-\
X-
s - (WY (XD T AT =0 713
> ¥~

These equations are of the same form as the three~dimensional time
dependent and time independent linear Schrddinger equations of quantum

1 3 .
mechanics respectively, Let VV dependent only on I , the spherical
polar radial coordinate. Equations 7.12 and 7.13 then represent a
system having central forces. The angular momentum associated with

*\7—-t \

the state- \I) is conserved. Suppose that (\IV ) =~ /Ir .
Equation 7.13 then has an infinite set of eigenvalues and eigenfunctions.

- 20
The Y " level eigenvalue is Y\-fold degenerate. Merzbacher (1970)

considers the situation in detail.

A perturbation of the system can be expected to cause loss of
symmetry, splitting of degenerate eigenfunctions, and transitions among
these eigenfunctions. Loss of all symmetry implies loss of all

degeneracy. This in turn implies that all transitions among
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29
eigenfunctions are allowed. This is discussed in Falicov (1966) and

30
Tinkham (1964) .
There is a weak generalization from this. Higher symmetry implies

fewer transitions which implies greater stability. Absolute chaos

implies minimal symmetry which implies ultimate instability.

7.5 The Rayleigh-Schrddinger perturbation formalism

The usual methods for computing the effect of a perturbation in
shifting eigenvalues and eigenfunctions and in splitting degenerate
eigenfunctions of a system described by Equation 7.2 are presented.

20

The reference is Merzbacher (1970) .

Write Equation 7.2 as

i

O + VY, = Y, K-, T4

2
2.4 ion F s i
where }{o = . A small perturbation is imposed on
\] . The system may be represented as having }L = 1{o‘+éf¥

where g lies between O and | ,

He, = E.4. 715

Eigenfunctions and eigenvalues of ;{ may be expanded in powers of é( ’

g2 0 d 00 . £ L

) 1 W :
En- Krdkd « K« 71t
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which implies, equating coefficients of equal powers of g y

Hc¢n = K:Qn : | 717
Mt s 59, = kP9 4 KDy, | 718

HA® 5 200 o g 4 k4D L1,

.
»

Equations 7.14 and 7.17 are the same. Equation 7.18 may be rewritten as,

(Ho-e)w = (k2 -0, 719

O]
which is an inhomogeneous linear equation for ‘?,\ » given Ki‘) -
In general given a vector V , and a Hermitian operator A with

a complete set of eigenvectors such that for some 4 ,

Au =v 720

\Y \
then either there are nontrivial solutions U such that AU =0 and

A has zero eigenvalues or there exists a unique inverse operator

-y -
A such that U= A ¥V . In the former case, given W such
that AwW=sV , then any U=w+U is also a solution to Equation
7.20.

Of course V can not have any component in the subspace spanned
by U . The argument for this is the following. Operator A may be

1
represented as the sum of projection operators Z ALP\_ . Thus,
L
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Au' =0 means that regardless of the spaces into which each of the
projection operators ‘PL , project vectors, these spaces are not the
same as the subspace of which u‘ is a member. Letting )?2 be the
projection operator of this latter space, then clearly f %A;£=O
In other words, E V= J? AUL =0 . There is no component of V in
the subspace spanned by W,

A specific W may be constructed. Assuming Aw=y , then

Aw =01 - Py | 72)

There is always some K such that A!g__ =1 - Q - Operator K
is simply what is needed so that KV- W belongs to the subspace
spanned by U\ . There are an infinite number of other operators K »
obtained one from the other by adding 2 ﬁ , Where £ is arbitrary.

To select K uniquely, the constraint _),DK_ =0 is imposed.

Symbolically, k., may be represented as,

Equation 7.21 implies AW’ = AK._V' , Or

W = L—.sz\f T2

This is a particular solution to AW’ =\ . By construction it

is orthogonal to the subspace spanned by U,
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P =0

Thus, if A\l'=0 has nontrivial solutions, then Au=\f has the

—

A

general solution |) = u‘%l-ﬁ} V  where Q\]’ =0 .
To approach Equation 7.19, match Ho" K?« to A . The

presence of nontrivial solutions, namely LQn » to the corresponding
homogeneous equation is evident. These are orthonormal since H° is a

Hermitian operator. The condition corresponding to J? v =0 is

P2 (ke -, <o

(o)
where .R is the projection vector for the direction q)r\ . This
24, - 9 i
follows from Equation 7.17. Because Jp LQ,\ = , this last

equation implies

K:) ‘Q,\ = -’D:)Tf L?n

(o)
The result of this is, as ,,Q is Hermitian,
(o)
K:\0 = (Qn)ﬂ 'F\'pny = (Lbn)'?\'pn> = -gnn

where the left inner product with LQ‘ has been taken. This is the
first order correction to the nﬂ\ level eigenvalue.
Eigenvalues are assumed nondegenerate. To each eigenvalue there

corresponds a single eigenfunction. Equation 7.22 implies that the
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general solution to Equation 7.19 is

“?:\)= " \\ P k(K:)-g)‘gn 723
ki -H. |

o
As Cn - is arbitrary, it may be set to zero. The symbol for KX is
(s)
1"21 } - This acts on any solution of the homogeneous equation

K:"Hh

to give zero, implying that Equation 7.23 may be simplified to,

QO . K\ - Pm } 724

)
The summation of projection operators is unity, \ = :Z-P )

(e)
where }(‘): §LD,‘ = ka (_LQk ,51 LQ“> = k‘Hkn - Thus, Equation 7.23 is simply,

L)

\Pr\ = 2 \pk. J}u\ 725
k _— .
KK

This is the first order correction to the H&h | level eigenfunction.
To first order in g/ ’ ‘9“-* g{(p,f'] is normalized to unity.

Suppose that the unperturbed eigenvalue Ki is doubly degenerate,
that to this eigenvalue there corresponds two linearly independent
eigenfunctions. The assumed expansion of Equation 7.16 is no longer
valid because the unperturbed eigenfunction to which q& collapses as

g approaches zero is unknown. The denominator of Equation 7.25
vanishes.

TImpose a perturbation on the system and assume that the eigenvalue

level splits,
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En\

"

gE(‘) N 2/2—-

E‘T\'}.

il

K‘\'éE(‘) +?EH1J‘

726
The unperturbed degenerate eigenfunctions Qm and an are assumed
orthonormal. = The perturbed eigenvectors corresponding respectively to
the eigenvalue expansions above are,
b= Cd + Ll + g’@
o)
¢n7. = C—xz\Qm + C'n\'Pm. * é‘gnz [ &4

These expansions are substituted into Equation 7.17

H¢n = En¢n

r
and powers of 2/ are equated. The results are,

LH-kel o, -
iHn 'K:.k \‘?m.:o

(M-8 = CE% D) ety +eati]

723

VH -0 - (828 [y v cull)

1.29
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The inhomogeneous terms, that is the right sides of Equations 7.28 and
7.29, have no component in the subspace spanned by solutions, \Qm and
"?m. , of the corresponding homogeneous equations. The operator appro-
) (o) @)
priate to this space is ]2. = .P . )Qn . Applying it to Equation

7.28 implies,

e {EQ 9, - PR wen L ED G, - PR =0 730

()
The operator Rd may be expanded,
to) (&) . )
P\ '§LQ(“ = \Pn\ g., + an_ -Y'M 7 2 'gt'pnz = &Qm'gu 4 \'Q\'\'L-g?l

Equation 7.30 is separable into the set of equations,

) W
Cy % 5\\ - Em ‘ + (‘.,"g,,_ =0 Qh.gz\ + Cz‘{gn" En\ § =0
.31
which has nontrivial solutions if the determinant vanishes. Equation

7.29 may be handled in the same way and leads to,

. &) \
Ci & g\\ - Enzk + Q""’-g\l =0 3 c“l{:l\ * C‘“{-&’& —E(n)’?} =0

1.32

This set of equations is of the same form as Equation 7.31. The secular
) Q)

equation gives En\ and En‘z as well as the correct relations

of ¢, to €y and  (,, to Cyy .
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8. Motivating Features and Concluding Remarks

The foregoing has sought clarification of an apparent duality in
the nature of certain nonlinear systems of dynamics. Observationally,
sea surface waves are often seen to be turbulent, chaotic and randomn.

On the other hand, there are circumstances in which these same systems
manifest coherently structured waveforms.

At the outset, an Euler-Lagrange equation similar in form to the
linear Schr&dinger equation, Equation 7.12, was sought. The operator of‘
this relation is Hermitian, something to which symmetry arguments may
be applied., It was not expected that nonlinear Schr&dinger equations
would arise.

It seems essential that a given nonlinear system be described in
terms of Lagrangian coordinates, that similarities between material
elements and classical particles be evident. The approach to systems
described by Eulerian coordinates is less clear. Seliger and Whitham
(1968)9 show that often these systems may be represented by a variational
principle where the Lagrangian is simply the pressure. However there is
no analogy between material elements and classical particles. When the
system was represeﬁted by Lagrangian coordinates, this analogy was the
key to motivating the path taken.

Consider the ideal gas dynamics example. A material element was
taken to have Lagrangian coordinates (GL.,OL;,OCQ at time t=0 .

The momentum equation is

%, = - . 1=123 2.1
C 5% 5%1
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where 7(.(“»,.,&&) is the material element trajectory, eLO_(,,lL) the

density, and P(Xnk) the pressure. The continuity relation is,
[— ;o d = (%, %, %) | 2.2
cl
S Ay, da L )
where eﬁQ%) is the initial density.

The dynamics of the system are described in terms of a Lagrangian

density

Y= Lp% % _gE + Ao 210

where E. is the internal energy and ). , @ Lagrange multiplier. The

canonical momentum is,

= o S agg,» 2.0
aQ&L
2%

31
the Hamiltonian density, following Goldstein (1950)

T e _
H - Lat £ = .‘iecaé ,gé QE )\(Q e'cﬂ 2.12

An action f? , and an action density L, are'introduced, where

T; = 354' 217
X

The Hamilton-Jacobi relation is
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w , M=o 219
ot
and a corresponding variational principle,
8// { “} dy dt 220
A mapping of dependent variables is made,
224

'b_%.ﬁliz {K Z%_m ’%&mvpﬂfyq)l]{ K.U%___r\ S LTQ/‘[’ E 4 Flat)

2.22

= < %Lyt g, /me ¢ Flah)

where /Jr(')_(;l’.) = ’)_K:L QQV w 9 and K  is a real constant.

It is important that the system have a continuity relation such as
Equation 2.2 or an equivalent, as in the shallow water waves example.
Otherwise an alternative to Equation 2.21 must be written.

A consistent choice for A${ is

Ly = e%{ (\-—Q(w\\’),‘ + (&) (QM}(@)&E

2.26

Coordinates of Equation 2.20 are transformed from O -space to X -space.

Variations are taken with respect to ¢’ . Resultant governing equations

are,
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T ‘%(Jz‘l? = 35_ (EWdT) £ 532
\_\)’k

er.Je =0 22

In varying the integral of Equation 2.20 with respect to \P , the
*
constraint . 5__ ’,:',Cd)\\) =0 is imposed, The Eulerian velocity is

S *
found to be Vv = kv . Therefore, fﬁtbkp = K\[.Q\'\ in the

*
shallow water waves example, and ?4"‘1') = K-\I-Ve "in the dynamics

of ideal gas example. In the former problem, a further transformation,

A\ = }D@j oy = 0 3 —/%m&y | an

leads to the resultant set of equations
. 2 . ¥ .
nW e b, w8y = oV —sd 323
*
B, -8, = -3lb¥Y), 324

Application of inverse scattering techniques implies the simplest waveform

solutions of constant form,

ik
b= Ae 4)
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where
-p 2ib
Ve { - & e 457
\ v et
and

= -ag'ma“m 2(@ +%) wimb - %Am(e%)
2 3

v2y wo( @) L+ g,
3N

® = L(o+9) A=%(e-$)

§, = —Jccyﬁt.*i&omls\ 453

Equation 3.19 amounts to the constraint,

\
{_@,k (] -Q X, 8.1
3 )

by P ?

Variations with respect to X in Equation 2.20, yield Euler-
Lagrange equations in which )\ does not appear. The transformation of
coordinates from QL -space to ?__(_, -space and the mapping of dependent

. * . .
variables from Qy and p to \-l—‘ and \P changes the situation so
2t
that }\ does appear. Were it not for the need to introduce X in

accounting for the continuity relation there would be no known method of

solving the resultant Euler-Lagrange equations.
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Suppose that the frame of reference is rotating uniformly at
angular velocity W . It is not clear how to apply the foregoing
formalism to the variables of the rotating frame. In place of Equation

2.1, the momentum equation is

g
P 2, 2lwxdt) o »gxhgxx)\s = -VUp -eg = B2
¢ ok
A time independent, equilibrium, version of the problem may be
considered. The Hamiltonian density integrated over.an ensemble of
material elements is assumed extremal with respect to variations in

material element trajectories. That is,

0= z] Hdy =5 (oot 4 800 + O Drew ] dy -5 2.
Ro@) R Ry
2.42
where the mapping of Equations 2.21 and 2.22 has beén subsfituted.
Coordinates are transformed from § -space to Y -space. Variations in
U are taken subject to %;zﬂﬂy*’ =0 . Resultant governing

§v

equations are

vt = 2 (W) 4 Ab 243
2 QY

*
. - W J ' 22
An attempt was made to discuss transition among XdV solitons. 1In

general, given a nonlinear evolution equation solvable by the inverse

scattering transform, there is an associated linear eigenvalue problem.
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An understanding of the degeneracies, the symmetry, and the manner in
which degeneracies may be eliminated within the linear eigenvalue problem
is sought. The hope is that this will determine how transitions among

solitons occur within the system. The KdV equation almost seems to work

this way.
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