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We present formulas for the coefficients of 2-, 3-, 4-, and 5-point master integrals for one-loop massive

amplitudes. The coefficients are derived from unitarity cuts in D dimensions. The input parameters can be

read off from any unitarity-cut integrand, as assembled from tree-level expressions, after simple algebraic

manipulations. The formulas presented here are suitable for analytical as well as numerical evaluation.

Their validity is confirmed in two known cases of helicity amplitudes contributing to gg ! gg and gg !
gH, where the masses of the Higgs and the fermion circulating in the loop are kept as free parameters.
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I. INTRODUCTION

With the approaching kick-off of the CERN Large
Hadron Collider, the calculation of one-loop multileg am-
plitudes has been under intense consideration [1], follow-
ing a program of improvement of established techniques
[2] and development of new methods (see [3] for an
extensive review).

The unitarity method introduced in [4,5] is designed to
compute any scattering amplitude by matching its unitarity
cuts onto the corresponding cuts of its expansion in a basis
of master integrals [6] with rational coefficients. Each of
these coefficients can be determined quantitatively from
prior knowledge of the master integrals and the singularity
structure of the amplitude.

As the master integrals form a basis for amplitudes, so
the unitarity cuts of master integrals have uniquely identi-
fiable analytic properties, and can be used as a basis for the
cuts of any amplitude. Therefore, the coefficients of the
linear combination can be extracted systematically through
the phase-space integration (instead of complete loop
integration).

Recently, unitarity-based methods for one-loop ampli-
tudes have been the subject of an intense investigation,
through different implementations of the cut-constraints
[7–25].

The holomorphic anomaly of unitarity cuts [7,26] sim-
plifies the phase-space integration dramatically: cut-
integrals can be done analytically by evaluating residues
of a complex function in spinor variables [27], reducing the
problem of so-called tensor reduction to one of algebraic
manipulation.

Accordingly, in [12,14], a systematic method was intro-
duced to evaluate any finite four-dimensional unitarity cut,
yielding compact expressions for the coefficients of the
master integrals. This method was successfully applied to
the final parts of the cut-constructible part of the six-gluon
amplitude in QCD. The same method, based on the spinor
integration of the phase space, was later extended for the

evaluation of generalized cuts in D dimensions [15–18],
which is essential for the complete determination of any
amplitude in dimensional regularization [28–30].
In this paper, we carry out the extension to the massive

case of the analytic results presented in [19], stemming
from an original study of compact formulas for the coef-
ficients of the master integrals [17]. Following the same
logic as in [19], we now present general formulas for the
coefficients of the master integrals which can be evaluated
without performing any integration. These formulas de-
pend on input variables (indices, momenta, and associated
spinors) that are specific to the initial cut-integrand, which
is assembled from tree-level amplitudes. The value of a
given coefficient is thus obtained simply by pattern match-
ing, that is by specializing the value of the input variables
to be inserted in the general formulas. The implementation
of the general formulas into automatic tools is straightfor-
ward, as done for the current investigation with the pro-
gram S@M [31].
In this paper, since the formulas for the coefficients are

obtained via massive double cuts in D dimension, we do
not present results for the coefficients of cut-free functions
like tadpoles and bubbles with massless external momen-
tum (which can be expressed in terms of tadpoles as well).
The coefficients of such functions could be fixed either by
imposing the expected UV- behavior of the amplitude, as
described in [29], or computed with other techniques ap-
plicable in massive calculations [20–22,24,25].
The paper is organized as follows. In Sec. II, we describe

the structure of the decomposition of one-loop amplitude
in terms of master integrals. In Sec. III we explain the
double-cut integration with spinor variables, which leads to
the formulas of the coefficients of the master integrals,
presented in Sec. IV. In Secs. V and VI, we apply our
formulas to two examples of one-loop scattering ampli-
tudes, respectively gH ! gg and gg ! gg, where the
Higgs mass and the mass of the internal fermion (in both
cases) are kept as free parameters. In Sec. VII, we present
both analytical and numerical methods to obtain, finally,
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the explicit coefficients of the dimensionally shifted master
integrals. In Appendix A, we record the translation be-
tween our basis of integrals and the ones used in the
literature for the examples discussed in Secs. V and VI.
In Appendix B, we present a proof of the decomposition
into the dimensionally shifted basis, with rational coeffi-
cients independent of �. In other words, we prove that the
coefficients given by our algebraic expressions will be
polynomial in our extra-dimensional variable u. As a by-

product, we have produced equivalent and simpler alge-
braic functions for the evaluation of coefficients.

II. DECOMPOSITION IN TERMS OF MASTER
INTEGRALS

We define the n-point scalar function with nonuniform
masses as follows:1

InðM1;M2; m1; . . . ; mn�2Þ �
Z d4�2�p

ð2�Þ4�2�

1

ðp2 �M2
1Þððp� KÞ2 �M2

2Þ
Q

n�2
j¼1 ððp� PjÞ2 �m2

j Þ
: (2.1)

Giele, Kunszt, and Melnikov [25] have given the decom-
position of any one-loop amplitude in D dimensions in
terms of master integrals, represented pictorially in Fig. 1.

Here, with reference to [25]: (i) we have absorbed the
residual D-dependence of the coefficients in the definition
of the master integrals; (ii) for ease of notation, we have
given as understood the sums on the partition of the
n-points of the amplitude in the number of points corre-
sponding to each master integral. Thus, the coefficients e,
d, c, b, a in Fig. 1 are independent of D.

If, on both sides of the equation in Fig. 1, we apply the
standard decomposition of the D ¼ 4� 2� dimensional

loop variable L, in a four-dimensional component ~‘, and
its ð�2�Þ-dimensional orthogonal complement �,

L ¼ ~‘1þ�; (2.2)

then the integration measure becomes

Z
d4�2�L ¼

Z
d�2��

Z
d4 ~‘; (2.3)

namely the composition of a four-dimensional integration
and an integration over a ð�2�Þ-dimensional masslike
parameter. By taking the �-integral to be understood, the
four-dimensional integration on both sides of the equation
in Fig. 1 can be represented as in Fig. 2, where dnð�2Þ,
cnð�2Þ, and bnð�2Þ are polynomials of degree n in �2, as
discussed in Appendix B,

d2ð�2Þ ¼ dð0Þ þ dð2Þ�2 þ dð4Þð�2Þ2; (2.4)

c1ð�2Þ ¼ cð0Þ þ cð2Þ�2; (2.5)

b1ð�2Þ ¼ bð0Þ þ bð2Þ�2; (2.6)

whereas �ð�2Þ is nonpolynomial in �2 and corresponds to
the coefficients of the reduction of the pentagon to boxes,
which occurs in D ¼ 4.
The polynomial structure of dnð�2Þ, cnð�2Þ, and bnð�2Þ

is responsible for the dimensionally shifted integrals ap-
pearing in Fig. 1, because the �-integration can be per-
formed trivially by absorbing the extra powers of �2 into
the integration measure, according to [29]:

FIG. 1. Decomposition of a one-loop amplitude in D dimensions in terms of master integrals.

1For ease of presentation, we are omitting the prefactor
ið�1Þnþ1ð4�ÞD=2 (which was included, for example, in [29]).
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Z d�2��

ð2�Þ�2�
ð�2Þrfð�2Þ

¼ ��ð1� �Þð2� �Þ � � � ðr� 1� �Þð4�Þr

�
Z d2r�2��

ð2�Þ2r�2�
fð�2Þ: (2.7)

The presence of �ð�2Þ in the coefficient of the four-
dimensional box is a unique signature of the pentagon.
We conclude that the reconstruction of the four-
dimensional kernel of any one-loop amplitude, given in
Fig. 2, contains all the information for the complete recon-
struction of the amplitude inD dimensions, given in Fig. 1.

In the following pages, we present the general formulas

of the coefficients of the box, Ið4Þ4 , triangle, Ið4Þ3 , and bubble,

Ið4Þ2 , obtained from the double cut of the equation in Fig. 2,

and represented in Fig. 3. Since the formulas for the
coefficients are obtained via double cuts, we do not present
the results for the coefficients of cut-free functions like
tadpoles and bubbles with massless external momentum
(which can be expressed in terms of tadpoles as well).
Their coefficients could be fixed either by imposing the
expected UV- behavior of the amplitude, as described in
[29], or computed with alternative techniques [20–
22,24,25].

III. THE DOUBLE-CUT PHASE-SPACE
INTEGRATION

In this section, we review the D-dimensional unitarity
method [15,18] as applied in cases with arbitrary masses
[17]. Our goal is to describe the structure of the cut
integrand, from which we will directly read off the coef-
ficients from the formulas in the following section. The
formulas will be the massive analogs of the ones in [19].

Recall the phase-space integration of a standard (double)
cut in D ¼ 4� 2� dimensions. We use the usual
decomposition of the D-dimensional loop variable L, in a

four-dimensional component ~‘, and a transverse
ð�2�Þ-dimensional remnant �,

L ¼ ~‘þ�: (3.1)

The integration measure becomesZ
d4�2�L ¼

Z
d�2��

Z
d4 ~‘

¼ ð4�Þ�
�ð��Þ

Z
d�2ð�2Þ�1��

Z
d4 ~‘; (3.2)

namely the composition of a four-dimensional integration
and an integration over a ð�2�Þ-dimensional masslike
parameter. In order to write the four-dimensional part in
terms of spinor variables associated to massless momen-
tum, we proceed with the following change of variables:

~‘ ¼ ‘þ zK; ‘2 ¼ 0; (3.3)

where ‘ is a massless momentum and K is the momentum
across the cut, fixed by the kinematics. Accordingly, the
four-dimensional integral measure becomesZ

d4 ~‘ ¼
Z

dzd4‘�þð‘2Þð2‘ � KÞ: (3.4)

The Lorentz-invariant phase space (LIPS) of a double cut
in the K2-channel is defined by the presence of two
�-functions imposing the cut conditions:Z

d4�2�� ¼
Z

d4�2�L�ðL2 �M2
1Þ�ððL� KÞ �M2

2Þ:
(3.5)

Here M1 and M2 are the masses of the cut lines. By using
the decomposition of the loop variable in Eq. (2.2), the
four-dimensional integral can be separated, so that

Z
d4�2�� ¼ ð4�Þ�

�ð��Þ
Z

d�2ð�2Þ�1��
Z

d4�; (3.6)

where the four-dimensional LIPS isZ
d4�¼

Z
d4 ~‘�ð~‘2 �M2

1 ��2Þ�ðð~‘�KÞ2 �M2
2 ��2Þ:

(3.7)

The change of variables in Eq. (3.3), and the z-integration
(trivialized by the presence of �’s), yield the four-
dimensional LIPS to appear as

FIG. 3. Double cut of a one-loop amplitude in 4 dimensions in terms of the double-cut of master integrals.

FIG. 2. Decomposition of a one-loop amplitude in 4 dimensions in terms of master integrals.
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Z
d4� ¼

Z
d4‘�þð‘2Þ�ðð1� 2zÞK2 � 2‘ � K

þM2
1 �M2

2Þ; (3.8)

where

z ¼ ðK2 þM2
1 �M2

2Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�½K;M1;M2� � 4K2�2

p
2K2

;

(3.9)

with

�½K;M1;M2� � ðK2Þ2 þ ðM2
1Þ2 þ ðM2

2Þ2 � 2K2M2
1

� 2K2M2
2 � 2M2

1M
2
2: (3.10)

We remark that the value of z in Eq. (3.9) is frozen to be the
proper root (K > 0) of the quadratic argument of �ðzð1�
zÞK2 þ zðM2

1 �M2
2Þ �M2

1 ��2Þ, coming from �ð~‘2 �
M2

1 ��2Þ. For later convenience, one can redefine the
�2-integral measure as

Z
d�2ð�2Þ�1�� ¼

�
�½K;M1;M2�

4K2

��� Z 1

0
du u�1��;

where the relation between u and �2 is given by

u � 4K2�2

�½K;M1;M2� ; �2 ¼
�
u�½K;M1;M2�

4K2

�
: (3.11)

We observe that the domain of u, i.e., u 2 ½0; 1�, follows
from the kinematical constraints, as discussed in [17].

Finally, after the above rearrangement, the
D-dimensional Lorentz-invariant phase space of a double
cut in the K2-channel can be written in a suitable form,

Z
d4�2�� ¼ �ð�; K;M1;M2Þ

Z 1

0
duu�1��

Z
d4�;

(3.12)

where

�ð�; K;M1;M2Þ ¼ ð4�Þ�
�ð��Þ

�
�½K;M1;M2�

4K2

���
; (3.13)

and where d4� was given in Eq. (3.8). By using the
definition of u given in Eq. (3.11), we can write

z ¼ �� �
ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p
2

; (3.14)

where

� ¼ K2 þM2
1 �M2

2

K2
; � ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�½K;M1;M2�

p
K2

: (3.15)

Notice that whenM1 ¼ M2 ¼ 0 we have � ¼ � ¼ 1, thus
reproducing the massless case. A useful relation between z
and u is the following:

ð1� 2zÞ þM2
1 �M2

2

K2
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p
: (3.16)

This relation will be used in Appendix B to prove that the
coefficients given in this paper are polynomials in u, or
equivalently �2. As discussed in the previous section, this
feature is essential for the straightforward reconstruction of
dimensionally shifted master integrals.
The main feature of a double-cut LIPS parametrized as

in Eqs. (3.8) and (3.12), is that the kernel of the integration
is represented by the four-dimensional integral. In fact, the
u-integration (or equivalently, the �2-integration), is sim-
ply responsible for the rise of shifted-dimension master
integrals. Thus, our interest in the extraction of the coef-
ficients of the master integrals from a four-dimensional
massive double cut, see Fig. 3, translates in focusing the
discussion only on the

R
d4�.

The D-dimensional double cut of any one-loop ampli-
tude is, in general form,

Z
d4�2��Atree

L � Atree
R

¼ �ð�; K;M1;M2Þ
Z 1

0
duu�1��

Z
d4�Atree

L � Atree
R ;

(3.17)

where Atree
L and Atree

R are the two tree-level amplitudes on
the left and right side of the cut. As discussed above, the
kernel of the integration is represented by the four-
dimensional part,

Z
d4�Atree

L � Atree
R : (3.18)

We proceed from the formula (3.8) by introducing spinor
variables according to [26],

Z
d4‘�ð‘2Þ ¼

Z
h‘d‘i½‘d‘�

Z
tdt (3.19)

and performing the integral over t trivially, with the second
delta function. The general expression of the double-cut
integral will then be
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Z
d4�Atree

L � Atree
R ¼

Z
d4‘�þð‘2Þ�ðð1� 2zÞK2 � 2‘ � K þM2

1 �M2
2Þ

Q
j
hajj~‘jbj�Q

i
ðð~‘� KiÞ2 �m2

i ��2Þ

¼
Z

d4‘�þð‘2Þ�ðð1� 2zÞK2 � 2‘ � K þM2
1 �M2

2Þ
Q
j
hajj‘þ zKjbj�Q

i
ðK2

i þM2
1 �m2

i � 2ð‘þ zKÞ � KiÞ

¼
Z
h‘d‘i½‘d‘�

Z
tdt�ðð1� 2zÞK2 þ th‘jKj‘� þM2

1 �M2
2Þ

�
Q
j
ðzhajjKjbj� þ th‘jPjj‘�ÞQ

i
ðK2

i þM2
1 �m2

i � 2zK � Ki þ th‘jKij‘�Þ
: (3.20)

Here we have used ~‘2 ¼ M2
1 þ�2. Notice that haj~‘jb� ¼

�2~‘ � P, with P ¼ jai½bj.
After using the remaining delta function to perform the

integral over t, we have

Z
h‘d‘i½‘d‘�

�
ð1� 2zÞ þM2

1 �M2
2

K2

� ðK2Þnþ1

h‘jKj‘�nþ2

�
Q

nþk
j¼1 h‘jRjj‘�Q
k
i¼1h‘jQij‘�

; (3.21)

where

Pj ¼ jaji½bjj; (3.22)

Rj ¼ �
�
ð1� 2zÞ þM2

1 �M2
2

K2

�
Pj �

zð2Pj � KÞ
K2

K;

(3.23)

Qj ¼ �
�
ð1� 2zÞ þM2

1 �M2
2

K2

�
Kj

þ K2
j þM2

1 �m2
j � 2zK � Kj

K2
K: (3.24)

The vectors Pj, Rj,Qj do not depend on the loop variables,

but rather only on the external kinematics, and especially
on the momentum across the cut, K. Applying (3.21) to the
master integrals, we find the following results.

(1) Bubble: k ¼ 0, nþ k ¼ 0.

Z
h‘d‘i½‘d‘�

�
ð1� 2zÞ þM2

1 �M2
2

K2

� ðK2Þ
h‘jKj‘�2

(3.25)

(2) Triangle: k ¼ 1, nþ k ¼ 0.

Z
h‘d‘i½‘d‘�

�
ð1� 2zÞ þM2

1 �M2
2

K2

�

� 1

h‘jKj‘�h‘jQj‘� (3.26)

(3) Box: k ¼ 2, nþ k ¼ 0.

Z
h‘d‘i½‘d‘�

�
ð1� 2zÞ þM2

1 �M2
2

K2

�

� ðK2Þ�1

h‘jQ1j‘�h‘jQ2j‘� (3.27)

These formulas are the extension to the massive case of
the corresponding ones given in [19]. We notice that the
presence of the masses enters only the definitions of Pj, Rj,

and Qj. Therefore the spinor integration performed in the

massless case [19] is valid as well in this case.
The expression of the cut-integrand in Eq. (3.21), with

its indices, n and k, and its vectors Pj, Rj, andQj is the key

to constructing the coefficients. In the next section we
present general formulas for the coefficients of the master
integrals (boxes, triangles, and bubbles), which depend on
exactly these input parameters. Accordingly, given a spe-
cific amplitude (or integral), one can obtain its decompo-
sition in terms of master integrals without any integration.
Every coefficient is obtained from the general formulas
simply by substituting the input parameters characterizing
the specific amplitude. These parameters are obtained by
pattern-matching onto the reference form in Eq. (3.21).

IV. FORMULAS FOR THE COEFFICIENTS OF
MASTER INTEGRALS

The coefficients of master integrals are obtained by the
procedure described in the previous section, which is a
straightforward generalization of the massless case [19].
We list the results in this section. In fact, the expressions
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take the same form as in the massless case; the mass
dependence enters directly through the definitions (3.23)
and (3.24), and through these formulas into the definitions
(4.2) and (4.4).

A. Box coefficient

The formula for the coefficient of either of the box
functions with external kinematics as shown in Fig. 4 is

C½Qr;Qs; K� ¼ ðK2Þ2þn

2

� Q
kþn
j¼1 hPsr;1jRjjPsr;2�

hPsr;1jKjPsr;2�nþ2
Q

k
t¼1;t�i;jhPsr;1jQtjPsr;2�

þ fPsr;1 $ Psr;2g
�
; (4.1)

where

�sr ¼ ð2Qs �QrÞ2 � 4Q2
sQ

2
r ; Psr;1 ¼ Qs þ

��2Qs �Qr þ
ffiffiffiffiffiffiffiffi
�sr

p
2Q2

r

�
Qr; Psr;2 ¼ Qs þ

��2Qs �Qr �
ffiffiffiffiffiffiffiffi
�sr

p
2Q2

r

�
Qr:

(4.2)

B. Triangle coefficient

The formula for the coefficient of the triangle function with external kinematics as shown in Fig. 5 is

C½Qs;K�¼ ðK2Þ1þn

2

1

ð ffiffiffiffiffiffi
�s

p Þnþ1

1

ðnþ1Þ!hPs;1Ps;2inþ1

dnþ1

d	nþ1

� Q
kþn
j¼1 hPs;1�	Ps;2jRjQsjPs;1�	Ps;2iQ

k
t¼1;t�shPs;1�	Ps;2jQtQsjPs;1�	Ps;2i

þfPs;1 $Ps;2g
���������	¼0

;

(4.3)

where

�s ¼ ð2Qs � KÞ2 � 4Q2
sK

2; Ps;1 ¼ Qs þ
��2Qs � K þ ffiffiffiffiffiffi

�s

p
2K2

�
K; Ps;2 ¼ Qs þ

��2Qs � K � ffiffiffiffiffiffi
�s

p
2K2

�
K: (4.4)

Note that the triangle coefficient is present only when n � �1.

C. Bubble coefficient

The formula for the coefficient of the bubble function with the external momentum K, shown in Fig. 6, is

C½K� ¼ ðK2Þ1þn
Xn
q¼0

ð�1Þq
q!

dq

dsq

�
Bð0Þ

n;n�qðsÞ þ
Xk
r¼1

Xn
a¼q

ðBðr;a�q;1Þ
n;n�a ðsÞ �Bðr;a�q;2Þ

n;n�a ðsÞÞ
���������s¼0

; (4.5)

where

FIG. 5. Double cut of a triangle integral.

FIG. 6. Double cut of a bubble integral.

FIG. 4. Double cuts of box integrals.
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B ð0Þ
n;tðsÞ � dn

d	n

�
1

n!½
j~
Kj
�n
ð2
 � KÞtþ1

ðtþ 1ÞðK2Þtþ1

Q
nþk
j¼1 h‘jRjðK þ s
Þj‘i

h‘
inþ1
Q

k
p¼1h‘jQpðK þ s
Þj‘i jj‘i!jK�	~
j
�

���������	¼0
; (4.6)

B ðr;b;1Þ
n;t ðsÞ � ð�1Þbþ1

b!
ffiffiffiffiffiffi
�r

p bþ1hPr;1Pr;2ib
db

d	b

�
1

ðtþ 1Þ
hPr;1 � 	Pr;2j
jPr;1�tþ1

hPr;1 � 	Pr;2jKjPr;1�tþ1

� hPr;1 � 	Pr;2jQr
jPr;1 � 	Pr;2ib Qnþk
j¼1 hPr;1 � 	Pr;2jRjðK þ s
ÞjPr;1 � 	Pr;2i

hPr;1 � 	Pr;2j
KjPr;1 � 	Pr;2inþ1
Q

k
p¼1;p�rhPr;1 � 	Pr;2jQpðK þ s
ÞjPr;1 � 	Pr;2i

���������	¼0
; (4.7)

B ðr;b;2Þ
n;t ðsÞ � ð�1Þbþ1

b!
ffiffiffiffiffiffi
�r

p bþ1hPr;1Pr;2ib
db

d	b

�
1

ðtþ 1Þ
hPr;2 � 	Pr;1j
jPr;2�tþ1

hPr;2 � 	Pr;1jKjPr;2�tþ1

� hPr;2 � 	Pr;1jQr
jPr;2 � 	Pr;1ib
Q

nþk
j¼1 hPr;2 � 	Pr;1jRjðK þ s
ÞjPr;2 � 	Pr;1i

hPr;2 � 	Pr;1j
KjPr;2 � 	Pr;1inþ1
Q

k
p¼1;p�rhPr;2 � 	Pr;1jQpðK þ s
ÞjPr;2 � 	Pr;1i

���������	¼0
; (4.8)

where �r, Pr;1, Pr;2 are given by (4.4), and 
, ~
 are
arbitrary, generically chosen null vectors. Note that the
bubble coefficient exists only when n � 0.

V. EXAMPLE I: s12-CHANNEL CUT OF
Að1þ; 2þ; 3þ;HÞ

In this section as well as the next, we check our formulas
by reconstructing some helicity amplitudes contributing to
gH ! gg and gg ! gg at next-to-leading order (NLO) in
QCD, both known in the literature [29,32]. We present our
calculations in detail.

Our first example is the s12-channel cut of
Að1þ; 2þ; 3þ; HÞ. This amplitude was first computed in
[32]. Here, to facilitate comparison, we follow the setup
of [30], where the amplitude was rederived using unitarity
cuts. At one loop, every Feynman diagram has a massive
quark circulating in the loop. The quark mass is denoted by
m.
The s-channel cut of Að1þ; 2þ; 3þ; HÞ admits a decom-

position in terms of cuts of master integrals as shown in
Fig. 7. Its expression, given in Eq. (4.20) of [30], reads

Að1þ; 2þ; 3þ; HÞjs�channel ¼ � i

ð4�Þ2��

m2

v2

st

h1 2ih2 3ih3 1i
� ðt� uÞ
2tðs�m2

HÞ
Ið4Þ3 ½4ðm2 þ�2Þ � s�

� ðs�m2
HÞ

2st
Ið2Þ3 ½4ðm2 þ�2Þ � s� � 1

2
I4½4ðm2 þ�2Þ � s�

�
; (5.1)

where s ¼ s12, t ¼ s23, u ¼ m2
H � s� t. One can thus

read the following values for the coefficients:

c1m4 ¼ �c0
1
2ð4ðm2 þ�2Þ � sÞ; (5.2)

c½12j3jH� ¼ �c0
ðs�m2

HÞ
2st

ð4ðm2 þ�2Þ � sÞ; (5.3)

c½1j2j3H� ¼ c0
ðt� uÞ

2tðs�m2
HÞ

ð4ðm2 þ�2Þ � sÞ; (5.4)

c½12j3H� ¼ 0 (5.5)

with

c0 ¼ � i

ð4�Þ2��

m2

v2

st

h1 2ih2 3ih3 1i : (5.6)

A. The reconstruction of the coefficients

We now show how to reconstruct the coefficients given
above with our formulas from Sec. IV. We follow the

FIG. 7. Double cut in the s12-channel for Að1þ; 2þ; 3þ; HÞ.
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definition of the integrand given by [30]. By sewing the
tree-level amplitude Atree

4 ð�L1; 1
þ; 2þ;�L2Þ and

Atree
4 ð�L1; 3

þ; H;�L2Þ given in Eqs. (4.1–4.2) of [30],
and using the Dirac equation for massive fermion, it is
shown that the four-dimensional integrand of the s-cut,
C12, can be written as2:

C12 ¼ c0;1
N1

D2

þ c0;2
N2

D2D4

; (5.7)

where

c0;1 ¼ � mK2s23
vðK2 �m2

HÞh1 2ih2 3ih3 1i
;

c0;2 ¼ m½1 2�ffiffiffi
2

p
vh1 2i ;

(5.8)

N1 ¼ m½4ðm2 þ�2Þ � s12�; (5.9)

N2 ¼ 8mðm2 þ�2Þð‘1 � �þ3 þ k4 � �þ3 Þ

þ ffiffiffi
2

p
m
h1j4j‘1j4j3�

h1 3i ; (5.10)

D2 ¼ ð‘1 � k1Þ2 ��2 �m2;

D4 ¼ ð‘1 þ k4Þ2 ��2 �m2:
(5.11)

We need to classify the contribution of N1 and N2 to each
coefficient. Observe that N1 is independent of the loop
momentum variable, so we consider it as a single term,

N1 ¼ m½4ðm2 þ�2Þ � s12�; (5.12)

while N2 is treated as three separate terms,

N2 ¼ N2;1 þ N2;2 þ N2;3; (5.13)

where

N2;1 ¼ 8mðm2 þ�2Þðk4 � �þ3 Þ ¼ 8mðm2 þ�2Þ h1j2j3�ffiffiffi
2

p h1 3i ;
(5.14)

N2;2 ¼ 8mðm2 þ�2Þð‘1 � �þ3 Þ

¼ �8mðm2 þ�2Þ h1j‘1j3�ffiffiffi
2

p h1 3i ; (5.15)

N2;3 ¼
ffiffiffi
2

p
m
h1j4j‘1j4j3�

h1 3i : (5.16)

By pattern-matching onto the reference form in Eq. (3.21),
each integrand can be characterized by the parameters
given in the following table.

These data are the input values that we need in evaluating
the formulas of the coefficients of the master integrals.
From this table we draw the following conclusions.

Since N1=D2 has k ¼ 1 and n ¼ �1, it contributes only
to a triangle coefficient; whereas N2;iði ¼ 1; 2; 3Þ, having
n � �1, contributes to both box and triangle coefficients.
There are no bubble contributions at all. Thus we have
already reproduced the absence of bubbles, Eq. (5.5), with-
out any calculation.
To apply our formulas, we need to identify the defini-

tions of K, K1, and K2. By inspection of D2 and D4, along
with the fact of working in the s-channel cut, we choose the
following consistent definitions:

K ¼ k1 þ k2; K1 ¼ k1; K2 ¼ �k4: (5.18)

Since there is a single massive quark circulating in the
loop, we have

M1 ¼ M2 ¼ mj ¼ m; (5.19)

and

z ¼
1� ffiffiffiffiffiffiffiffiffiffiffiffi

1� u
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4m2

s12

q
2

: (5.20)

From (5.18), we use the definition (3.24) to construct

Q1 ¼ �ð1� zÞk1 � zk2; (5.21)

Q2 ¼ ð1� 2zÞk4 þ
�
ð1� zÞm

2
H

K2
� z

�
K: (5.22)

Using (4.4), we also set up the following quantities useful
for triangle coefficients:

�1 ¼ ð1� 2zÞ2ðK2Þ2; (5.23)

P1;1 ¼ ð1� 2zÞk2; P1;2 ¼ �ð1� 2zÞk1; (5.24)

�2 ¼ ð1� 2zÞ2ðK2 �m2
HÞ2; (5.25)

P2;1 ¼ �ð1� 2zÞk3;

P2;2 ¼ �ð1� 2zÞm
2
H

K2
k3 þ ð1� 2zÞ

�
1�m2

H

K2

�
k4:

(5.26)2Note that here we use ‘‘twistor’’ sign convention for the
antiholomorphic spinor product, which is the opposite of the
‘‘QCD’’ convention followed by [30] ½xy�Rozowsky ¼ �½xy�BFM.

RUTH BRITTO, BO FENG, AND PIERPAOLO MASTROLIA PHYSICAL REVIEW D 78, 025031 (2008)

025031-8



B. The box coefficient c1m4

The box coefficient c1m4 takes contributions from N2;1, N2;2, N2;3:

c1m4 ¼ c0;28mðm2 þ�2Þk4 � �þ3 C½Q1; Q2; K�ð2;1Þ � c0;2
8mðm2 þ�2Þffiffiffi

2
p h1 3i C½Q1; Q2; K�ð2;2Þ þ c0;2

ffiffiffi
2

p
m

h13i C½Q1; Q2; K�ð2;3Þ;
(5.27)

where C½Qr;Qs; K�, defined in Eq. (4.1), is

C½Qr;Qs; K� ¼ ðK2Þ2þn

2

� Q
kþn
j¼1 hPsr;1jRjjPsr;2�

hPsr;1jKjPsr;2�nþ2
Q

k
t¼1;t�r;shPsr;1jQtjPsr;2�

þ fPsr;1 $ Psr;2g
�
: (5.28)

(i) C½Q1; Q2; K�ð2;1Þ
This term, corresponding to n ¼ �2 is trivial, since
k ¼ 2 and N2;1 has no dependence on the loop vari-

able,

C½Q1; Q2; K�ð2;1Þ ¼ 1: (5.29)

(ii) C½Q1; Q2; K�ð2;2Þ and C½Q1; Q2; K�ð2;3Þ
C½Q1; Q2; K�ð2;2Þ and C½Q1; Q2; K�ð2;3Þ both corre-
spond to n ¼ �1, k ¼ 2. They differ only in the
definition of P1. Therefore we can compute them in
parallel, and specialize later to the corresponding
P1. With n ¼ �1, k ¼ 2, the expression is

C½Q1; Q2; K� ¼ ðK2Þ
2

�hP21;1jR1jP21;2�
hP21;1jKjP21;2� þ fP21;1 $ P21;2g

�

¼ �ð1� 2zÞK
2

2

�hP21;1jP1jP21;2�
hP21;1jKjP21;2� þ

hP21;2jP1jP21;1�
hP21;2jKjP21;1�

�
þ zð�2K � P1Þ

¼ �ð1� 2zÞK
2

2

�hP21;1jP1jP21;2�hP21;2jKjP21;1� þ hP21;2jP1jP21;1�hP21;1jKjP21;2�
hP21;1jKjP21;2�hP21;2jKjP21;1�

�
þ zð�2K � P1Þ:

(5.30)

For jP1i ¼ j1i, jP1� ¼ j3�, (so that, for any S, one has 2P1 � S ¼ �h1jSj3�), one obtains

C½Q1; Q2; K�ð2;2Þ ¼ �ð1� 2zÞK
2

2

�
�ð1� 2zÞ4

zð1� zÞ
s23ðs23 þ K2 �m2

HÞh1j2j3�
K2

��ð1� 2zÞ4
zð1� zÞ s23ðs23 þ K2 �m2

HÞ
��1

þ zh1j2j3� ¼ h1j2j3�
2

: (5.31)

For jP1i ¼ 6k 4j3�, jP1� ¼ 6k 4j1i, (so that, 2P1 � S ¼ �h1jk4Sk4j3�), one gets

C½Q1; Q2; K�ð2;3Þ ¼ �ð1� 2zÞK
2

2

�hP21;1jP1jP21;2�hP21;2jKjP21;1� þ hP21;2jP1jP21;1�hP21;1jKjP21;2�
hP21;1jKjP21;2�hP21;2jKjP21;1�

�

þ zð�2K � P1Þ ¼ � h1j2j3�
2

m2
H: (5.32)

(iii) The result for c1m4
The total coefficient of our box is

c1m4 ¼ c0;28mðm2 þ�2Þk4 � �þ3 � c0;2
8mðm2 þ�2Þffiffiffi

2
p h1 3i

�h1j2j3�
2

�
þ c0;2

ffiffiffi
2

p
m

h1 3i
�
�m2

H

h1j2j3�
2

�

¼ � m2K2s23
2vh1 2ih2 3ih3 1i ½4ðm

2 þ�2Þ �m2
H�: (5.33)
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Multiplying by �i=ð4�Þ2��, to account for the difference in the definitions of master integrals, we confirm the result of
[30].

C. The triangle coefficient c½1j2j3H�
The coefficient c½1j2j3H� gets contributions from N1, N2;2, and N2;3:

c½1j2j3H� ¼ c0;1N1C½Q1; K�ð1Þ � c0;2
8mðm2 þ�2Þffiffiffi

2
p h13i C½Q1; K�ð2;2Þ þ c0;2

ffiffiffi
2

p
m

h13i C½Q1; K�ð2;3Þ; (5.34)

where the general triangle coefficient, given in Eq. (4.3), reads

C½Qs;K�¼ ðK2Þ1þn

2

1

ð ffiffiffiffiffiffi
�s

p Þnþ1

1

ðnþ1Þ!hPs;1Ps;2inþ1

dnþ1

d	nþ1

� Q
kþn
j¼1 hPs;1�	Ps;2jRjQsjPs;1�	Ps;2iQ

k
t¼1;t�shPs;1�	Ps;2jQtQsjPs;1�	Ps;2i

þfPs;1 $Ps;2g
���������	¼0

:

(5.35)

(i) C½Q1; K�ð1Þ
We have already observed that the N1 term is trivial.
Here is how that shows up in our formulas.
Read C½Qs; K� for s ¼ 1 and k ¼ 1, n ¼ �1, and no
Rj.

The term inside the parentheses degenerates to 1.

C½Q1; K�ð1Þ ¼ 1
2ð1þ 1Þj	¼0 ¼ 1: (5.36)

(ii) C½Q1; K�ð2;2Þ and C½Q1; K�ð2;3Þ
As we said already, N2;2 and N2;3 differ in the

definition of P1. Therefore we start by manipulating
the general formula, and only at the very end we
specialize each contribution using the correspond-
ing P1.
Since n ¼ �1, k ¼ 2, there is no derivative at all, so
we can set 	 ¼ 0 from the beginning:

C½Qs; K� ¼ 1

2

� hPs;1jR1QsjPs;1iQ
k
t¼1;t�shPs;1jQtQsjPs;1i

þ hPs;2jR1QsjPs;2iQ
k
t¼1;t�shPs;2jQtQsjPs;2i

�
: (5.37)

The one-mass triangle ð1j2j3HÞ corresponds to the
value s ¼ 1,

C½Q1; K� ¼ � 1

2

�h2jP1j1�
h2j4j1� þ h1jP1j2�

h1j4j2�
�
: (5.38)

For jP1i ¼ j1i, jP1� ¼ j3�, one gets

C½Q1; K�ð2;2Þ ¼ � 1

2

h1j2j3�
s23

: (5.39)

For jP1i ¼ 6k4j3�, jP1� ¼ 6k4j1i, one obtains

C½Q1; K�ð2;3Þ ¼ � 1

2

�h2j4j3�h1j4j1�
h2j4j1�

þ h1j4j3�h1j4j2�
h1j4j2�

�

¼ h1j2j3�
�
1� m2

H

2s23

�
: (5.40)

(iii) The result for c½1j2j3H�
The total coefficient of triangle ð1j2j3HÞ is

c½1j2j3H� ¼ � mK2s23
ðK2 �m2

HÞh1 2ih2 3ih3 1i
m½4ðm2 þ�2Þ � s12� � m½1 2�ffiffiffi

2
p

vh1 2i
8mðm2 þ�2Þffiffiffi

2
p h1 3i

�
�h1j2j3�

2s23

�

þ m½12�ffiffiffi
2

p
vh1 2i

ffiffiffi
2

p
m

h1 3i h1j2j3�
�
1� m2

H

2s23

�

¼ � m2K2ð2s23 þ K2 �m2
HÞ

2vðK2 �m2
HÞh1 2ih2 3ih3 1i

½4ðm2 þ�2Þ �m2
H�: (5.41)

Multiplying by i=ð4�Þ2��, to account for the difference in the definitions of master integrals, we again confirm the
result of [30].
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D. The coefficient c½12j3jH�
The coefficient c½12j3jH� gets contributions from N2;2 and

N2;3, therefore it can be written as

c½12j3jH� ¼ �c0;2
8mðm2 þ�2Þffiffiffi

2
p h13i C½Q2; K�ð2;2Þ

þ c0;2

ffiffiffi
2

p
m

h1 3i C½Q2; K�ð2;3Þ: (5.42)

(i) C½Q2; K�ð2;2Þ and C½Q2; K�ð2;3Þ
The two-mass triangle ð12j3jHÞ corresponds to the
value s ¼ 2, and its coefficient can be obtained from
Eq. (4.3),

C½Q2; K� ¼ 1

2

�h3jP1Kj3i
h3j1j2j3i � ½3jKP1j3�

½3j1j2j3�
�
: (5.43)

By using jP1i ¼ j1i, jP1� ¼ j3�, one gets

C½Q2; K�ð2;2Þ ¼
�
1�m2

H

K2

� h1j2j3�
2s23

: (5.44)

By using jP1i ¼ 6k 4j3�, jP1� ¼ 6k 4j1i, one obtains

C½Q2; K�ð2;3Þ ¼ 1

2

�h3j4j3�h1j4Kj3i
h3j1j2j3i

� ½3jK4j3�h1j4j3�
½3j1j2j3�

�

¼
�
1�m2

H

K2

�
m2

H

h1j2j3�
2s23

: (5.45)

(ii) The result of c½12j3jH�
The total coefficient of triangle ð12j3jHÞ is

c½12j3jH� ¼ �c0;2
8mðm2 þ�2Þffiffiffi

2
p h1 3i

�
1�m2

H

K2

� h1j2j3�
2s23

þ c0;2

ffiffiffi
2

p
m

h13i
�
1�m2

H

K2

�
m2

H

h1j2j3�
2s23

¼ m2ðK2 �m2
HÞ

2vh12ih23ih31i ½4ðm
2 þ�2Þ �m2

H�:
(5.46)

Multiplying by i=ð4�Þ2��, to account for the differ-
ence in the definitions of master integrals, we again
confirm the result of [30].

VI. EXAMPLE II: s23-CHANNEL CUT OF
Að1�; 2�; 3þ; 4þÞ

Our second example features a nonvanishing bubble
coefficient. We study the t-channel cut of the gluon ampli-
tude Að1�; 2�; 3þ; 4þÞ, with a massive quark circulating in
the loop. (As usual, t ¼ s23.)
The t-channel cut of Að1�; 2�; 3þ; 4þÞ admits a decom-

position in terms of cuts of master integrals as shown in
Fig. 8, and its expression was given in Eq. (5.33) of [29].
After converting that expression into our basis of
D-dimensional master integrals, as done in Appendix A,
it reads

Afermion
4 ð1�; 2�; 3þ; 4þÞ

��������t�cut

¼ h1 2i2½3 4�2
st

�
2

3
I2½1� þ 4

3t
I2½m2 þ�2� � 2

s
I2½m2 þ�2�

þ 2t

s
I4½ðm2 þ�2Þ2� � tI4½m2 þ�2�

���������t�cut
: (6.1)

One reads the following values for the coefficients:

c0m4 ¼ c0

�
2t

s
ðm2 þ�2Þ � t

�
ðm2 þ�2Þ; (6.2)

c½23j4j1� ¼ 0; (6.3)

c½2j3j41� ¼ 0; (6.4)

c½23j41� ¼ c0

�
2

3
þ 4

3t
ðm2 þ�2Þ � 2

s
ðm2 þ�2Þ

�
(6.5)

with

c0 ¼ h1 2i2½3 4�2
st

: (6.6)

A. The reconstruction of the coefficients

We now apply our formulas of Sec. IV to construct the
coefficients given above. We follow the definition of the
integrand given by [29]. By sewing the tree-level ampli-
tude Atree

4 ð�L1; 2
�; 3þ; L2Þ and Atree

4 ð�L2; 4
þ; 1�; L1Þ

FIG. 8. Double cut in the s23-channel for Að1�; 2�; 3þ; 4þÞ.
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given in Eq. (2.3) of [29], and using the Dirac equation for a
massive fermion, it is shown that the four-dimensional
integrand of the t-cut, C23, can be written as3:

C23 ¼ � 2N1 þ N2

D1D2

; (6.7)

with

N1 ¼ 1

s223
h1j‘1j4�2h2j‘1j3�2; (6.8)

N2 ¼ � 1

s23
h1 2i½3 4�h1j‘1j4�h2j‘1j3�; (6.9)

D1 ¼ ð‘1 þ k1Þ2 ��2 �m2; (6.10)

D2 ¼ ð‘1 � k2Þ2 ��2 �m2: (6.11)

By pattern matching onto the reference form in
Eq. (3.21), each integrand is characterized by the parame-
ters given in the following table.

We define

K ¼ k2 þ k3; K1 ¼ �k1; K2 ¼ k2; (6.13)

P1 ¼ P3 ¼ �1
~�4; P2 ¼ P4 ¼ �2

~�3: (6.14)

Moreover, since we have a quark of mass m circulating in
the loop, we take

M1 ¼ M2 ¼ mj ¼ m: (6.15)

Then, by applying (3.9), we find

zð1� zÞ ¼ m2 þ�2

K2
: (6.16)

For theN1 term, n ¼ 2. For theN2 term, n ¼ 0. Both terms
give boxes, triangles and bubbles.
From the definitions (3.23) and (3.24), we have

Q1 ¼ ð1� zÞk1 þ zk4; Q2 ¼ �ð1� zÞk2 � zk3;

(6.17)

R1 ¼ R3 ¼ �ð1� 2zÞ�1
~�4;

R2 ¼ R4 ¼ �ð1� 2zÞ�2
~�3:

(6.18)

Further, the quantities defined in (4.2) and (4.4), become

�12 ¼ ð1� 2zÞ4s12ðK2 þ s12Þ � ð1� 2zÞ2K2s12; (6.19)

�1 ¼ ð1� 2zÞ2ðK2Þ2; (6.20)

P1;1 ¼ �ð1� 2zÞk4; P1;2 ¼ ð1� 2zÞk1; (6.21)

�2 ¼ ð1� 2zÞ2ðK2Þ2; (6.22)

P2;1 ¼ ð1� 2zÞk3; P2;2 ¼ �ð1� 2zÞk2: (6.23)

B. The box coefficient c0m4

The box coefficient c0m4 receives contributions from both

N1 and N2, and can be correspondingly decomposed as

c0m4 ¼ � 2

ðK2Þ2 C½Q1; Q2; K�ð1Þ

þ h1 2i½3 4�
K2

C½Q1; Q2; K�ð2Þ: (6.24)

We discuss the computation of C½Q1; Q2; K�ð1Þ and

C½Q1; Q2; K�ð2Þ in detail, starting from the expression given
in Eq. (4.1).

(i) C½Q1; Q2; K�ð1Þ
For the N1 term, with n ¼ 2, the expression is given
by

C½Q1; Q2; K�ð1Þ ¼ ðK2Þ4
2

�hP21;1jR1jP21;2�2hP21;1jR2jP21;2�2
hP21;1jKjP21;2�4

þ hP21;2jR1jP21;1�2hP21;2jR2jP21;1�2
hP21;2jKjP21;1�4

�
: (6.25)

For analytic simplification, the following trace identity is helpful.

hP1jRjP2�hP2jSjP1� ¼ Tr

�
1� �5

2
6P 1 6R 6P 2S6

�
� tr�ðP1RP2SÞ:

3Recall that here we use twistor sign convention for the antiholomorphic spinor product, which is the opposite of the QCD
convention followed by [29] ½xy�Bern-Morgan ¼ �½xy�BFM.
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In terms of vectors,

tr�ðV1V2V3V4Þ ¼ 1
2ðð2V1 � V2Þð2V3 � V4Þ þ ð2V1 � V4Þð2V2 � V3Þ � ð2V1 � V3Þð2V2 � V4Þ � 4i����V

�
1 V


2V

�
3 V

�
4 Þ:

The coefficient can then be expressed in terms of traces, and evaluated as follows:

C½Q1; Q2; K�ð1Þ ¼ ðK2Þ4ððtr�ðP21;2KP21;1R1Þtr�2ðP21;2KP21;1R2ÞÞ2 þ ðtr�ðP21;1KP21;2R1Þtr�2ðP21;1KP21;2R2ÞÞ2Þ
2ðtr�ðP21;1KP21;2KÞÞ4

¼ ðK2Þ4z2ð1� zÞ2½3 4�2h1 2i2
s212

: (6.26)

(ii) C½Q1; Q2; K�ð2Þ
For the N2 term with n ¼ 0 the expression is given by

C½Q1; Q2; K�ð2Þ ¼ ðK2Þ2
2

�hP21;1jR1jP21;2�hP21;1jR2jP21;2�
hP21;1jKjP21;2�2

þ fP21;1 $ P21;2g
�
: (6.27)

Combining the two terms over a common denominator, we have

C½Q1; Q2; K�ð2Þ ¼ ðK2Þ2ðtr�ðP21;2KP21;1R1Þtr�ðP21;2KP21;1R2Þ þ tr�ðP21;1KP21;2R1Þtr�ðP21;1KP21;2R2ÞÞ
2ðtr�ðP21;1KP21;2KÞÞ2

¼ ðK2Þ2zð1� zÞ½3 4�h1 2i
s12

: (6.28)

(iii) The result of c0m4
We add our two contributions together and replace z using (6.16). The total box coefficient is thus

c0m4 ¼ � 2

ðK2Þ2
ðK2Þ4z2ð1� zÞ2½3 4�2h1 2i2

s212
þ h1 2i½3 4�

K2

ðK2Þ2zð1� zÞ½3 4�h1 2i
s12

(6.29)

¼ ðm2 þ�2Þ½3 4�2h1 2i2
s12

�
1� 2ðm2 þ�2Þ

s12

�
: (6.30)

C. The triangle coefficients c½23j4j1� and c½2j3j41�
Both terms exhibit the symmetry of the amplitude, so our two triangles are not independent.
The triangle coefficients c½23j4j1� and c½2j3j41� receive contributions from bothN1 andN2, and they can be correspondingly

decomposed as

c½23j4j1� ¼ � 2

ðK2Þ2 C½Q1; K�ð1Þ þ h1 2i½3 4�
K2

C½Q1; K�ð2Þ; (6.31)

c½2j3j41� ¼ � 2

ðK2Þ2 C½Q2; K�ð1Þ þ h1 2i½3 4�
K2

C½Q2; K�ð2Þ: (6.32)

We discuss in parallel, first the contribution due to N1 to both coefficients, namely C½Q1; K�ð1Þ and C½Q2; K�ð1Þ, and later
the one due to N2, namely C½Q1; K�ð2Þ and C½Q2; K�ð2Þ, where the triangle coefficient was given in Eq. (4.3).

(i) C½Q1; K�ð1Þ and C½Q2; K�ð1Þ
Since the N1 term with n ¼ 2, the triangle coefficient expression is given by
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C½Q1; K�ð1Þ ¼ ðK2Þ3
2

1

ð ffiffiffiffiffiffi
�1

p Þ3
1

3!h4 1i3
d3

d	3

�Q4
j¼1h4� 	1jRjQ1j4� 	1i
h4� 	1jQ2Q1j4� 	1i þ

Q
4
j¼1h1� 	4jRjQ1j1� 	4i
h1� 	4jQ2Q1j1� 	4i

���������	¼0

¼ ð1� 2zÞ
2

1

3!h4 1i
d3

d	3

�½4jQ1j4i2h4� 	1; 2i2½3jQ1j4� 	1i2
h4� 	1jQ2Q1j4� 	1i þ 	4½4jQ1j4i2h1� 	4; 2i2½3jQ1j1� 	4i2

h1� 	4jQ2Q1j1� 	4i
���������	¼0

¼ ð1� 2zÞð1� zÞ2ðK2Þ2
12h4 1i

d3

d	3

�h4� 	1; 2i2½3jQ1j4� 	1i2
h4� 	1jQ2Q1j4� 	1i

���������	¼0

¼ ð1� zÞ2ðK2Þ2
12

d3

d	3

�ðh4 2i � 	h1 2iÞ2ðð1� zÞ½3 1� þ 	z½3 4�Þ2
�ð1� zÞh4j3j1� þ 	s34 þ 	2zh1j3j4�

���������	¼0
¼ 0: (6.33)

A similar calculation shows that

C½Q2; K�ð1Þ ¼ ðK2Þ3
2

1

ð ffiffiffiffiffiffi
�2

p Þ3
1

3!h3 2i3
d3

d	3

�Q4
j¼1h3� 	2jRjQ2j3� 	2i
h3� 	2jQ1Q2j3� 	2i þ

Q
4
j¼1h2� 	3jRjQ2j2� 	3i
h2� 	3jQ1Q2j2� 	3i

���������	¼0
¼ 0;

(6.34)

which can also be seen by the symmetry of the amplitude and the cut.

(ii) C½Q1; K�ð2Þ and C½Q2; K�ð2Þ
For the N2 term with n ¼ 0, the expression is simpler as

C½Q1; K�ð2Þ ¼ � ð1� 2zÞð1� zÞK2

2

d

d	

�h4� 	12i½3jQ1j4� 	1i
h4� 	1jQ2Q1j4� 	1i þ 	2h1� 	4 2i½3jQ1j1� 	4i

h1� 	4jQ2Q1j1� 	4i
���������	¼0

¼ �ð1� 2zÞð1� zÞK2

2

d

d	

�ðh4 2i � 	h1 2iÞð½3jQ1j4i � 	½3jQ1j1iÞ
h4� 	1jQ2Q1j4� 	1i

���������	¼0
¼ 0: (6.35)

A similar calculation shows

C½Q2; K�ð2Þ ¼ ð1� 2zÞ
2

d

d	

�h3� 	2 1i½4jQ2j3� 	2i½3jQ2j3i
h3� 	2jQ1Q2j3� 	2i þ 	2h2� 	3 1i½4jQ2j2� 	3i½3jQ2j3i

h2� 	3jQ1Q2j2� 	3i
���������	¼0

¼ 0;

(6.36)

which can also be seen by symmetry.
(iii) The results of c½23j4j1� and c½2j3j41�

Every term vanishes separately, so

c½23j4j1� ¼ 0; c½2j3j41� ¼ 0: (6.37)

The vanishing results for triangle coefficients is not
obvious from the beginning. We suspect that there
should be a more directly physical argument to see
this point.

D. The bubble coefficient c½23j41�
The bubble coefficient c½23j41� receives contributions

from both N1 and N2, and can be correspondingly decom-
posed as

c½23j41� ¼ � 2

ðK2Þ2 C½K�ð1Þ þ h1 2i½3 4�
K2

C½K�ð2Þ: (6.38)

There is one subtlety regarding the calculation of the
bubble coefficient. The formulas involve an arbitrarily
chosen, generic auxiliary null vector 
. If 
 coincides
with one of the Ki, we need to use a modified formula,
given in Appendix B.3.1 of [19]. In this example, we
illustrate both options. First, we show the result with a
generic choice of 
; second, we use the formulas for the
case 
 ¼ K1. Both are suitable for numerical evaluation,
while the special choice of 
 may simplify the analytic
expression. We will find that the two results agree with
each other, as well as with [29].

1. Generic reference momentum 


Let us start with the formulas for generic 
, given in
Eq. (4.5). There are two terms we need to calculate.

(i) C½K�ð1Þ
For the first term, with N1 in the numerator, and n ¼
2, the coefficient is

C½K�ð1Þ ¼ ðK2Þ3 X2
q¼0

ð�1Þq
q!

dq

dsq

�
Bð0Þ

2;2�qðsÞ þ
X2
r¼1

X2
a¼q

ðBðr;a�q;1Þ
2;2�a ðsÞ �Bðr;a�q;2Þ

2;2�a ðsÞÞ
���������s¼0

; (6.39)
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where

B ð0Þ
2;2�qðsÞ ¼

d2

d	2

�
1

2½
j~
Kj
�2
ð2
 � KÞ3�q

ð3� qÞðK2Þ3�q

Q
4
j¼1h‘jRjðK þ s
Þj‘i

h‘
i3 Q2
p¼1h‘jQpðK þ s
Þj‘i jj‘i!jK�	~
j
�

���������	¼0
; (6.40)

B ðr;a�q;1Þ
2;2�a ðsÞ ¼ ð�1Þa�qþ1

ða� qÞ! ffiffiffiffiffiffi
�r

p a�qþ1hPr;1Pr;2ia�q

da�q

d	a�q

�
1

ð3� aÞ
hPr;1 � 	Pr;2j
jPr;1�3�a

hPr;1 � 	Pr;2jKjPr;1�3�a

� hPr;1 � 	Pr;2jQr
jPr;1 � 	Pr;2ia�q
Q

4
j¼1hPr;1 � 	Pr;2jRjðK þ s
ÞjPr;1 � 	Pr;2i

hPr;1 � 	Pr;2j
KjPr;1 � 	Pr;2i3 Q2
p¼1;p�rhPr;1 � 	Pr;2jQpðK þ s
ÞjPr;1 � 	Pr;2i

���������	¼0
;

(6.41)

B ðr;a�q;2Þ
2;2�a ðsÞ ¼ ð�1Þa�qþ1

ða� qÞ! ffiffiffiffiffiffi
�r

p a�qþ1hPr;1Pr;2ia�q

da�q

d	a�q

�
1

ð3� aÞ
hPr;2 � 	Pr;1j
jPr;2�3�a

hPr;2 � 	Pr;1jKjPr;2�3�a

� hPr;2 � 	Pr;1jQr
jPr;2 � 	Pr;1ia�q
Q

4
j¼1hPr;2 � 	Pr;1jRjðK þ s
ÞjPr;2 � 	Pr;1i

hPr;2 � 	Pr;1j
KjPr;2 � 	Pr;1i3 Q2
p¼1;p�rhPr;2 � 	Pr;1jQpðK þ s
ÞjPr;2 � 	Pr;1i

���������	¼0
:

(6.42)

After making some substitutions, and considering the summation ranges of a and q, we get

B ð1;a�q;1Þ
2;2�a ðsÞ ¼ 0; (6.43)

B ð1;a�q;2Þ
2;2�a ðsÞ ¼ ð�1Þa�qþ1

ða� qÞ! ffiffiffiffiffiffi
�1

p a�qþ1h4 1ia�q

da�q

d	a�q

�
1

ð3� aÞ
h1� 	4j
j1�3�a

h1� 	4jKj1�3�a

� h1� 	4jQ1
j1� 	4ia�qh�	4jR1ðK þ s
Þj1� 	4i2h1� 	4jR2ðK þ s
Þj1� 	4i2
h1� 	4j
Kj1� 	4i3h1� 	4jQ2ðK þ s
Þj1� 	4i

���������	¼0
:

(6.44)

B ð2;a�q;1Þ
2;2�a ðsÞ ¼ ð�1Þa�qþ1

ða� qÞ! ffiffiffiffiffiffi
�2

p a�qþ1h3 2ia�q

da�q

d	a�q

�
1

ð3� aÞ
h3� 	2j
j3�3�a

h3� 	2jKj3�3�a

� h3� 	2jQ2
j3� 	2ia�qh3� 	2jR1ðK þ s
Þj3� 	2i2h3jR2ðK þ s
Þj3� 	2i2
h3� 	2j
Kj3� 	2i3h3� 	2jQ1ðK þ s
Þj3� 	2i

���������	¼0
; (6.45)

B ð2;a�q;2Þ
2;2�a ðsÞ ¼ 0: (6.46)

(ii) C½K�ð2Þ
For the second term N2 with n ¼ 0, the expression is much simpler:

C½K�ð2Þ ¼ K2

�
Bð0Þ

0;0ðsÞ þ
X2
r¼1

ðBðr;0;1Þ
0;0 ðsÞ �Bðr;0;2Þ

0;0 ðsÞÞ
���������s¼0

; (6.47)

where

B ð0Þ
0;0ðs ¼ 0Þ ¼

�ð2
 � KÞ
K2

h‘jR1Kj‘ih‘jR2Kj‘i
h‘
iQ2

p¼1h‘jQpKj‘i
���������j‘i!jKj
�

¼ 1

K2

½
jKR1j
�½
jKR2j
�
½
jKQ1j
�½
jKQ2j
� ¼ � 1

K2

½
 4�½
 3�
½
 1�½
 2� ;

(6.48)

B ð1;0;1Þ
0;0 ðs ¼ 0Þ ¼ � 1ffiffiffiffiffiffi

�1

p h4j
j4�
h4jKj4�

h4jR1Kj4ih4jR2Kj4i
h4j
Kj4ih4jQ2Kj4i ¼ � 1

K2

½
 4�h4 2i
½
 1�h4 3i ; (6.49)
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B ð1;0;2Þ
0;0 ðs ¼ 0Þ ¼ 0: (6.50)

B ð2;0;1Þ
0;0 ðs ¼ 0Þ ¼ � 1ffiffiffiffiffiffi

�2

p h3j
j3�
h3jKj3�

h3jR1Kj3ih3jR2Kj3i
h3j
Kj3ih3jQ1Kj3i ¼

1

K2

½
 3�½4 2�
½
 2�½1 2� ; (6.51)

B ð2;0;2Þ
0;0 ðs ¼ 0Þ ¼ 0: (6.52)

(iii) Results:
We have used the numerical routines of S@M [31] to show that while each single term B entering Eq. (6.39) is

-dependent, their combination is indeed independent of the choice of 
. The choice 
 ¼ k3 is found to be
convenient. (Note that k3 is not proportional to either of K1, K2.) Therefore we set 
 ¼ k3, and we obtain the
following analytic result:

c½12j34� ¼ � 2

ðK2Þ2
�h1 3i½1 3�ðK2Þ3

½1 2�2h4 3i2
�
1

2
� 4zð1� zÞ

�
� 5ðK2Þ4

3½1 2�2h4 3i2 zð1� zÞ þ ðK2Þ4
6½1 2�2h4 3i2

þ K2½1 3�h1 3i
h4 3i2½1 2�2

��
1

6
� 2

3
zð1� zÞ

�
h1 3i2½1 3�2 þ

�
1

2
� 3zð1� zÞ

�
K2h1 3i½1 3�

��
þ h1 2i½3 4�

K2

½4 3�
½12�

¼ h1 2i2½3 4�2
3s2t2

ð�4ðm2 þ�2Þsþ 6ðm2 þ�2Þt� 2stÞ: (6.53)

We have used the relations K2 ¼ t; h1 3i½1 3� ¼ �s� t.

2. Special choice of 


Alternatively, we discuss the calculation of the bubble coefficient by using the special choice of
 ¼ K1 ¼ �k1 from the
beginning. With this choice, we need to use formulas for the B which are slightly different from the ones used in the
previous section. They are given in Appendix B.3.1 of [19].

Our convention for the spinors is

j
i ¼ j1i; j
� ¼ �j1�: (6.54)

C½K�n ¼ ðK2Þ1þn
Xn
q¼0

ð�1Þq
q!

dq

dsq

�
Bð0Þ

n;n�qðsÞ þ
Xk
r¼2

Xn
a¼q

ðBðr;a�q;1Þ
n;n�a ðsÞ �Bðr;a�q;2Þ

n;n�a ðsÞÞ
���������s¼0

: (6.55)

B ð0Þ
n;tðsÞ ¼ � dnþ1

d	nþ1

�
1

ð1� 2zÞ � sz

½
j~
Kj
��n�1

ðtþ 1Þðnþ 1Þ!
Q

nþk
j¼1 h‘jRjðK þ s
Þj‘i

h‘
inþ2
Q

k
p¼2h‘jQpðK þ s
Þj‘i jj‘i!jK�	~
j
�

���������	!0
: (6.56)

Since k ¼ 2, we can directly set r ¼ 2:

B ð2;a;1Þ
n;t ðsÞ ¼ 1

ð1� 2zÞ � sz

ð�1Þa
ð1� 2zÞaþ1ðK2Þaþtþ2a!h3 2ia

da

d	a

�½1 3�tþ1

ðtþ 1Þ
h‘jQ2j1�a

Q
nþ2
j¼1 h‘jRjðK þ s
Þj‘i

h‘ 1inþ1�t�a½1 4�nþ2h4 ‘inþ2

���������j‘i¼j3i�	j2i
;

(6.57)

B ð2;a;2Þ
n;t ðsÞ ¼ 1

ð1� 2zÞ � sz

ð�1Þa
ð1� 2zÞaþ1ðK2Þaþtþ2a!h3 2ia

da

d	a

�½1 2�tþ1

ðtþ 1Þ
h‘jQ2j1�a

Q
nþ2
j¼1 h‘jRjðK þ s
Þj‘i

h‘ 1inþ1�t�a½1 4�nþ2h4 ‘inþ2

���������j‘i¼j2i�	j3i
:

(6.58)
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Now we proceed to evaluate.

(i) C½K�ð2Þ
For the N2 term with n ¼ 0, the evaluation is simple.
In particular, there are no derivatives in s, so we can
set s ¼ 0 directly.

C½K�ð2Þ ¼ K2ðBð0Þ
0;0ðsÞ þBð2;0;1Þ

0;0 ðsÞ
�Bð2;0;2Þ

0;0 ðsÞÞjs¼0: (6.59)

Choosing ~
 ¼ 3, we have

Bð0Þ
0;0ðs ¼ 0Þ ¼ 1

½1 2�h3 4i ;

Bð2;0;1Þ
0;0 ðs ¼ 0Þ ¼ 1

K2

½1 3�½4 2�
½1 2�2 ;

Bð2;0;2Þ
0;0 ðs ¼ 0Þ ¼ 0

(6.60)

so the total contribution comes to

C½K�ð2Þ ¼ ½4 3�
½1 2� : (6.61)

(ii) C½K�ð1Þ
For the N1 term with n ¼ 2, the calculation is a bit
more involved.

C½K�ð1Þ ¼ ðK2Þ3 X2
q¼0

ð�1Þq
q!

dq

dsq

�
Bð0Þ

2;2�qðsÞ

þ X2
a¼q

ðBð2;a�q;1Þ
2;2�a ðsÞ�Bð2;a�q;2Þ

2;2�a ðsÞÞ
���������s¼0

:

(6.62)

For the various terms, we have

B ð0Þ
2;2�qðsÞ ¼

1

ð3� qÞ3!h3 4i2½1 2�2
d3

d	3

�ð1� 2zÞ4ð1þ sÞ2
ð1� 2zÞ � sz

� ð1� 	Þ2ðK2ð1þ sÞ � 	ðK2 þ s½3 1�h1 3iÞÞ2
ðð1þ sÞð1� 2zÞK2 þ 	ððzsþ 2z� s� 1ÞK2 � sð1� 2zÞ½3 1�h1 3iÞ þ 	2sð1� zÞ½3 1�h1 3iÞ

���������	!0
;

(6.63)

B ð2;a�q;1Þ
2;2�a ðsÞ ¼ ð1þ sÞ2ð1� 2zÞ3�aþq

ð1� 2zÞ � sz

ð�1Þa�1h3 2i2½1 3�3�a

ðK2Þ4�qða� qÞ!
da�q

d	a�q

�
�ðð1� zÞ½1 2� þ 	z½1 3�Þa�qðh1 3i � 	h1 2iÞ3�qðK2 þ s½3 1�h1 3i � s	½3 1�h1 2iÞ2

ð3� aÞ½1 4�2ðh4 3i � 	h4 2iÞ4
�
: (6.64)

The termBð2;a�q;2Þ
2;2�a ðsÞ vanishes after taking the derivatives with respect to s. The reason is the following. Notice that

Bð2;a�q;2Þ
n;t ðsÞ ¼ ð1þ sÞ2ð1� 2zÞ3�aþq

ð1� 2zÞ � sz

ð�1Þa�qh3 2i2½1 2�tþ1

ðK2Þa�qþtþ2ða� qÞ!h3 2ia�q

da�q

d	a�q

�
�

	2

ðtþ 1Þ
h‘jQ2j1�a�q½3jK þ s
j‘i2
h‘ 1i�1�t�aþq½1 4�2h4 ‘i4

���������j‘i¼j2i�	j3i
: (6.65)

We can see that the 	-derivative vanishes unless a� q ¼ 2, in which case we get

B ð2;2;2Þ
n;t ðsÞ ¼ ð1þ sÞ2ð1� 2zÞ

ð1� 2zÞ � sz

h3 2i2½1 2�tþ1

ðK2Þ4þth3 2i2
�

1

ðtþ 1Þ
ð�zÞ2h2j3j1�2s2½3j1j2i2
h2 1i�3�t½1 4�2h4 2i4

�
: (6.66)

However, the condition a� q ¼ 2 implies a ¼ 2, q ¼ 0. Therefore we can set s ¼ 0, and the expression vanishes:

B ð2;2;2Þ
n;t ðsÞ ¼ 0: (6.67)

Now we collect the results of (6.63), (6.64), and (6.67). We take ~
 ¼ k3. Define

C1 � ½1 3�h1 3i
ðK2Þ2½1 2�2h4 3i2 : (6.68)

Let us begin with the terms with q ¼ 0:
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Bð0Þ
2;2ðs ¼ 0Þ ¼ �K2ð1� 2zÞ2

3h3 4i2½2 1�2 ;

Bð2;0;1Þ
2;2 ðs ¼ 0Þ ¼ C1ð�1

3Þð1� 2zÞ2½1 3�2h1 3i2;
Bð2;1;1Þ

2;1 ðs ¼ 0Þ ¼ C1ð�1
2ð1� 2zÞ2½1 3�2h1 3i2 þ ð32 � 9

2zþ 3z2ÞK2½1 3�h1 3iÞ;
Bð2;2;1Þ

2;0 ðs ¼ 0Þ ¼ C1ðð�3þ 6z� 3z2ÞðK2Þ2 � ð1� 2zÞ2h1 3i2½1 3�2 þ ð6� 18zþ 12z2ÞK2½1 3�h1 3iÞ:

(6.69)

For q ¼ 1:

� d

ds
Bð0Þ

2;1ðsÞ
��������s¼0

¼ � ð1� 2zÞ2
2h3 4i2½1 2�2

½3 1�h1 3i � ð1� 2zÞK2

ð1� 2zÞ ;

� d

ds
Bð2;0;1Þ

2;1 ðsÞ
��������s¼0

¼ C1

�
ð1� 2zÞ2½1 3�2h1 3i2 þ

�
�1þ 7

2
z� 3z2

�
K2h1 3i½1 3�

�
;

� d

ds
Bð2;1;1Þ

2;0 ðsÞ
��������s¼0

¼ C1ðð4� 10zþ 6z2ÞðK2Þ2 þ 2ð1� 2zÞ2½1 3�2h1 3i2 þ ð�10þ 30z� 21z2ÞK2½1 3�h1 3iÞ;

(6.70)

For q ¼ 2:

1

2

d2

ds2
Bð0Þ

2;0ðsÞ
��������s¼0

¼ 1

h3 4i2½1 2�2 zðð1� 2zÞ½3 1�h1 3i � ð1� zÞK2Þ;
1

2

d2

ds2
Bð2;0;1Þ

2;0 ðsÞ
��������s¼0

¼ C1ðð�1þ 2z� z2ÞðK2Þ2 � ð1� 2zÞ2h1 3i2½1 3�2 þ ð4� 14zþ 12z2ÞK2h1 3i½1 3�Þ:
(6.71)

All together, we get the following result for the N1 term:

C½K�ð1Þ ¼ h1 3i½1 3�ðK2Þ3
½1 2�2h4 3i2

�
1

2
� 4zð1� zÞ

�
� 5ðK2Þ4

3½1 2�2h4 3i2 zð1� zÞ þ ðK2Þ4
6½1 2�2h4 3i2

þ K2½1 3�h1 3i
h4 3i2½1 2�2

��
1

6
� 2

3
zð1� zÞ

�
h1 3i2½1 3�2 þ

�
1

2
� 3zð1� zÞ

�
K2h1 3i½1 3�

�
: (6.72)

(iii) The result of c½12j34�
Final bubble coefficient:

c½12j34� ¼ � 2

ðK2Þ2
�h1 3i½1 3�ðK2Þ3

½1 2�2h4 3i2
�
1

2
� 4zð1� zÞ

�
� 5ðK2Þ4

3½1 2�2h4 3i2 zð1� zÞ þ ðK2Þ4
6½1 2�2h4 3i2

þ K2½1 3�h1 3i
h4 3i2½1 2�2

��
1

6
� 2

3
zð1� zÞ

�
h1 3i2½1 3�2 þ

�
1

2
� 3zð1� zÞ

�
K2h1 3i½1 3�

��
þ h1 2i½3 4�

K2

½4 3�
½1 2�

¼ h1 2i2½3 4�2
3s2t2

ð�4ðm2 þ�2Þsþ 6ðm2 þ�2Þt� 2stÞ; (6.73)

where we used the definitions K2 ¼ t; h1 3i½1 3� ¼ �s� t.

E. Comparison with the literature

The t-channel cut of Að1�; 2�; 3þ; 4þÞ admits a decomposition in terms of cuts of master integrals as shown in Fig. 8. Its
expression was given in Eq. (5.33) of [29], and reads

Afermion
4 ð1�; 2�; 3þ; 4þÞjt�cut ¼ �2Ascalar

4 ð1�; 2�; 3þ; 4þÞjt�cut � 1

ð4�Þ2��
Atree
4 ðtJ4 � I2ðtÞÞjt�cut (6.74)

with
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Ascalar
4 ð1�; 2�; 3þ; 4þÞ

��������t�cut
¼ 1

ð4�Þ2��
Atree
4

�
1

t
Ið1;3Þ;D¼6�2�
2 þ 1

s
Jð1;3Þ2 � t

s
K4

���������t�cut
(6.75)

and

Atree
4 ¼ i

h1 2i4
h1 2ih2 3ih3 4ih4 1i ¼ �i

h1 2i2½3 4�2
K2s12

; (6.76)

where we neglected the cut-free term, I1 and I2ð0Þ. In standard notation we have s ¼ s12, t ¼ s23, u ¼ �s� t ¼ s13.
Now we translate the expression of [29] into our canonical basis, using the identities of Appendix A.

Afermion
4 ð1�; 2�; 3þ; 4þÞ

��������t�cut
¼ �2Ascalar

4 ð1�; 2�; 3þ; 4þÞ
��������t�cut

� 1

ð4�Þ2��
Atree
4 ðtJ4 � I2ðtÞÞ

��������t�cut
(6.77)

¼ � 1

ð4�Þ2��
Atree
4

�
2

t
Ið1;3Þ;D¼6�2�
2 þ 2

s
Jð1;3Þ2 � 2t

s
K4 þ tJ4 � I2ðtÞ

���������t�cut
(6.78)

¼ �iAtree
4

�
2

t

�
t

6
IBFM2 ½1� þ 1

3
I1 � 2

3
IBFM2 ½m2 þ�2�

�
þ 2

s
IBFM2 ½m2 þ�2� � 2t

s
IBFM4 ½ðm2 þ�2Þ2�

þ tIBFM4 ½m2 þ�2� � IBFM2 ½1�
���������t�cut

(6.79)

¼ h1 2i2½3 4�2
st

�
2

3
IBFM2 ½1� þ 4

3t
IBFM2 ½m2 þ�2� � 2

s
IBFM2 ½m2 þ�2� þ 2t

s
IBFM4 ½ðm2 þ�2Þ2� � tIBFM4 ½m2 þ�2�

���������t�cut
:

(6.80)

We have reproduced every one of these coefficients, up to
an overall minus sign in the amplitude.

VII. FROM POLYNOMIALS IN u TO FINAL
COEFFICIENTS

As proven in Appendix B, the coefficients of 2-, 3-, and
4-point functions in four dimensions are polynomials in u
(or equivalently �2), of known degree d: for boxes, d ¼
½ðnþ 2Þ=2�; for triangles, d ¼ ½ðnþ 1Þ=2�; for bubbles,
d ¼ ½n=2�; where ½x� denotes the greatest integer less
than or equal to x. Using this fact, we can generally
represent any coefficient of the master integral as

PdðuÞ ¼
Xd
r¼0

cru
r: (7.1)

The coefficients cr are in one-to-one correspondence to the
coefficients of the shifted-dimension master integrals (see
Sec. II).

To compute the cr analytically, one can proceed with the
standard differentiations with respect to u, at u ¼ 0:

cr ¼ 1

k!

dr

dur
PdðuÞ

��������u¼0
: (7.2)

When the differentiations are time consuming, or the ana-
lytic expression is not needed, one can switch to the
following numerical procedure, and extract the cr algebrai-
cally, by projections.

(1) Generate the values Pd;k; ðk ¼ 0; . . . ; d� 1Þ,
Pd;k ¼ PdðukÞ; (7.3)

by evaluating PdðuÞ at particular points:
uk ¼ e�2�ik=d: (7.4)

(2) Using the orthogonality relations for plane waves,
one can obtain the coefficient cr simply by the
following formula:

cr ¼ 1

d

Xd�1

k¼0

Pd;ke
2�irk=d: (7.5)
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APPENDIX A: CHANGE OF BASIS

To compare our results to the literature, we need to
convert the master integrals used in [29,30] to our canoni-
cal ð4� 2�Þ-dimensional basis, (2.1). For clarity, we now
denote the basis used in this paper by IBFMn , while the other
integrals in this appendix are defined according to [29,30].
The first point is then that
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In ¼ ið�1Þnð4�Þ2��IBFMn : (A1)

We use the identities from Appendix A.4 of [29] to perform
the conversion.

J4 ¼ I4½m2 þ�2� ¼ ið4�Þ2��IBFM4 ½m2 þ�2�; (A2)

I2ðtÞ ¼ ið4�Þ2��IBFM2 ½1�; (A3)

Ið1;3Þ;D¼6�2�
2 ¼ t

6
I2ðtÞ þ 1

3
I1 � 2

3
Jð1;3Þ2

¼ ið4�Þ2��

�
t

6
IBFM2 ½1� þ 1

3
I1

� 2

3
IBFM2 ½m2 þ�2�

�
; (A4)

Jð1;3Þ2 ¼ Jð1;3Þ2 ½m2 þ�2� ¼ ið4�Þ2��IBFM2 ½m2 þ�2�;
(A5)

K4 ¼ I4½ðm2 þ�2Þ2� ¼ ið4�Þ2��IBFM4 ½ðm2 þ�2Þ2�:
(A6)

APPENDIX B: THE u-DEPENDENCE OF THE
COEFFICIENTS

Here we analyze the u-dependence of the integral co-
efficients given by our formulas. First, we prove that they
are polynomials in u. Then, we present some alternate
formulas where this polynomial dependence is more ex-
plicit. This material is a straightforward generalization of
the analysis in the massless case [33], so we omit many of
the details here.

To begin, we rewrite our vectors Rj, Qj from (3.23) and

(3.24) in the following way:

Rj ¼ �
�
ð1� 2zÞ þM2

1 �M2
2

K2

�
pj þ �jK;

pj �
�
Pj �

Pj � K
K2

K

�
;

(B1)

�j � �ðPj � KÞ
K2

�
1þM2

1 �M2
2

K2

�
; (B2)

Qj ¼ �
�
ð1� 2zÞ þM2

1 �M2
2

K2

�
qj þ �jK; (B3)

qj �
�
Kj �

Kj � K
K2

K

�
; (B4)

�j � �ðKj � KÞ
K2

�
1þM2

1 �M2
2

K2

�
þ K2

j þM2
1 �m2

j

K2
:

(B5)

Notice that

pj � K ¼ 0; qj � K ¼ 0: (B6)

Using (3.16), we have

RjðuÞ ¼ ��ð ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p Þpj þ �jK;

QjðuÞ ¼ ��ð ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p Þqj þ �jK:
(B7)

This is the same expression as in the massless case, except
for the factor �. The point is that now all u-dependence is

in the factor
ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p
, just as in the massless case. In fact,

we should now consider the factor �
ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p
as our basic

quantity. The proof that the integral coefficients are poly-
nomials in u was performed by considering the (demon-

strably finite) series expansion in
ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p
, and showing that

the odd powers drop out. Therefore, the same arguments

now carry over to the series expansion in �
ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p
.

1. Triangle coefficients

Let us begin with triangle coefficients. The null vectors
Ps;i exhibit a simple dependence on u. Specifically,

Ps;iðuÞ ¼ ��ð ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p ÞPqs;i;

where

Pqs;i � qs �
� ffiffiffiffiffiffiffiffiffiffi

�q2s
K2

s �
K; (B8)

which is manifestly independent of u. In defining the
spinor components of Ps;i, we can place the u-dependent
factor inside the antiholomorphic spinor, i.e.,

jPs;ii ¼ jPqs;ii; jPsi� ¼ ��ð ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p ÞjPqs;i�: (B9)

Then, for the triangle coefficients, we have

C½Qs; K� ¼ ðK2Þ1þn

2

1

ð��
ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p Þnþ1ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�4q2sK
2

p Þnþ1

1

ðnþ 1Þ!hPqs;1Pqs;2inþ1

dnþ1

d	nþ1

�
� Q

kþn
j¼1 hPqs;1 � 	Pqs;2jRjðuÞQsðuÞjPqs;1 � 	Pqs;2iQ

k
t¼1;t�shPqs;1 � 	Pqs;2jQtðuÞQsðuÞjPqs;1 � 	Pqs;2i

þ fPqs;1 $ Pqs;2g
���������	¼0

: (B10)

Further, we make use of some identities,
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h‘jQtðuÞQsðuÞj‘i ¼
�
‘jðQtðuÞ � �t

�s

QsðuÞÞQsðuÞj‘
�
¼ ��

ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p �
‘j
�
qt � �t

�s

qs

�
QsðuÞj‘

�
h‘jRtðuÞQsðuÞj‘i

¼ ��
ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p �
‘j
�
pt � �t

�s

qs

�
QsðuÞj‘

�

along with the definitions

~q t �
�
qt � �t

�s

qs

�
; ~pt �

�
pt � �t

�s

qs

�
: (B11)

Our final form for the triangle coefficient is

C½Qs;K� ¼ 1

2

� ffiffiffiffiffiffiffiffiffiffiffiffi
K2

�4q2s

s �
nþ1 1

ðnþ 1Þ!hPs;1Ps;2inþ1

dnþ1

d	nþ1

� Q
kþn
j¼1 hPs;1� 	Ps;2j~pjQsðuÞjPs;1�	Ps;2iQ

k
t¼1;t�shPs;1�	Ps;2j~qtQsðuÞjPs;1�	Ps;2i

þ fPs;1 $Ps;2g
���������	¼0

:

(B12)

Here, the u-dependence is concentrated entirely within the
vectorQsðuÞ, since we have made sure to choose the spinor
components wisely in (B9), so that the holomorphic spin-
ors are u-independent.

2. Bubble coefficients

We follow the same procedure as with triangles, and
make use of the same definitions (B8) and (B9). The
u-dependence can be concentrated within the vectors
RjðuÞ and QrðuÞ, QpðuÞ, along with the explicit factor of

ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p
, in the following formulas:

C½K� ¼ ðK2Þ1þn
Xn
q¼0

1

q!

dq

dsq

�
Bð0Þ

n;n�qðsÞ

þ Xk
r¼1

Xn
a¼q

ðBðr;a�q;1Þ
n;n�a ðsÞ �Bðr;a�q;2Þ

n;n�a ðsÞÞ
���������s¼0

;

(B13)

where

B ð0Þ
n;tðsÞ � dn

d	n

�
1

n!½
j~
Kj
�n
ð2
 � KÞtþ1

ðtþ 1ÞðK2Þtþ1

Q
nþk
j¼1 h‘jRjðuÞðK � s
Þj‘i

h‘
inþ1
Q

k
p¼1h‘jQpðuÞðK � s
Þj‘i

��������j‘i!jK�	~
j
�

���������	¼0
; (B14)

B ðr;b;1Þ
n;t ðsÞ � ð�1Þbþ1

b!ð��
ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p Þbþ1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�4q2rK

2
p hPr;1Pr;2ibbþ 1

db

d	b

�
1

ðtþ 1Þ
hPr;1 � 	Pr;2j
jPqr;1�tþ1

hPr;1 � 	Pr;2jKjPqr;1�tþ1

� hPr;1 � 	Pr;2jQrðuÞ
jPr;1 � 	Pr;2ib
Q

nþk
j¼1 hPr;1 � 	Pr;2jRjðuÞðK � s
ÞjPr;1 � 	Pr;2i

hPr;1 � 	Pr;2j
KjPr;1 � 	Pr;2inþ1
Q

k
p¼1;p�rhPr;1 � 	Pr;2jQpðuÞðK � s
ÞjPr;1 � 	Pr;2i

���������	¼0
; (B15)

B ðr;b;2Þ
n;t ðsÞ � ð�1Þbþ1

b!ð��
ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p Þbþ1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�4q2rK

2
p bþ1hPr;1Pr;2ib

db

d	b

�
1

ðtþ 1Þ
hPr;2 � 	Pr;1j
jPqr;2�tþ1

hPr;2 � 	Pr;1jKjPqr;2�tþ1

� hPr;2 � 	Pr;1jQrðuÞ
jPr;2 � 	Pr;1ib
Q

nþk
j¼1 hPr;2 � 	Pr;1jRjðuÞðK � s
ÞjPr;2 � 	Pr;1i

hPr;2 � 	Pr;1j
KjPr;2 � 	Pr;1inþ1
Q

k
p¼1;p�rhPr;2 � 	Pr;1jQpðuÞðK � s
ÞjPr;2 � 	Pr;1i

���������	¼0
: (B16)

3. Box and pentagon coefficients

Although the formula (4.1) for box and pentagon coef-
ficients looks simple, the u-dependence now gets compli-
cated. We consider the separate cases k ¼ 2, k ¼ 3, and
k � 4.

a. The case k ¼ 2

In this case, there is only one box, and no pentagons. The
box coefficient is given by

ðK2Þ2þn

2

�Qnþ2
j¼1 hPðQjðuÞ;QiðuÞÞ;1ðuÞjRjðuÞjPðQjðuÞ;QiðuÞÞ;2ðuÞ�
hPðQjðuÞ;QiðuÞÞ;1ðuÞjKjPðQjðuÞ;QiðuÞÞ;2ðuÞ�nþ2

þ fPðQjðuÞ;QiðuÞÞ;1ðuÞ $ PðQjðuÞ;QiðuÞÞ;2ðuÞg
�
: (B17)

Given the vectors Qi, Qj, K that select a particular box,

it is useful to construct a vector q
ðqi;qj;KÞ
0 that is orthogonal

to all three, and independent of u:
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ðq0Þðqi;qj;KÞ� � 1

K2
����q


i q

�
j K

� (B18)

¼ 1

K2
����K


i K

�
j K

�: (B19)

As in the massless case, the u-dependence can be concen-

trated in a single factor,�ðqi;qjÞðuÞ. If all input quantities are
set to their values with u ¼ 0, except for adjusting the
definition of RsðuÞ as follows:

RsðuÞ ! ~RsðuÞ � ps � qðqi;qj;KÞ0

ðqðqi;qj;KÞ0 Þ2
ð�ðqi;qjÞðuÞ � 1Þ

� ð��q
ðqi;qj;KÞ
0 Þ þ Rsðu ¼ 0Þ; (B20)

�ðqi;qjÞðuÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ð1� uÞ þ 4K2½�i�jð2qi�qjÞ��2

i q
2
j��2

j q
2
i �

ð2qi�qjÞ2�4q2i q
2
j

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 þ 4K2½�i�jð2qi�qjÞ��2

i q
2
j��2

j q
2
i �

ð2qi�qjÞ2�4q2i q
2
j

r ;

(B21)

then the value of the box coefficient remains the same.
In summary, the box coefficient for k ¼ 2 is given by

C½Ki; Kj�k¼2 ¼ ðK2Þ2þn

2

�Qnþ2
s¼1 hPji;1j ~RsðuÞjPji;2�
hPji;1jKjPji;2�nþ2

þ fPji;1 $ Pji;2g
�
; (B22)

where

~RsðuÞ ¼ ps � qðqi;qj;KÞ0

ðqðqi;qj;KÞ0 Þ2
ð�ðqi;qjÞðuÞ � 1Þð��q

ðqi;qj;KÞ
0 Þ

þ Rsðu ¼ 0Þ (B23)

and

Pji;a ¼ PðQj;QiÞ;aðu ¼ 0Þ: (B24)

In evaluating (B23), it is useful to observe the following:

ðps � qðqi;qj;KÞ0 Þ ¼ �ðps; qi; qj; KÞ
K2

¼ �ðPs; Ki; Kj; KÞ
K2

:

(B25)

This formula (B22) looks the same as in the massless case;
the difference is the appearance of � in (B23), both ex-

plicitly and through the definition (B21) of �ðqi;qjÞ.

b. The case k ¼ 3

Here there is a pentagon, as well as three boxes. The
differences from the massless case are all based in the
definitions of RjðuÞ, QjðuÞ: there is always a factor of �

accompanying
ffiffiffiffiffiffiffiffiffiffiffiffi
1� u

p
, and mass parameters enter into the

definitions (B2) and (B5) of �j, �j.

When we make these adjustments, we find that the
pentagon coefficient takes the same form as in the massless
case,

C½Qi;Qj; Qt� ¼ ðK2Þ3þn
Ynþ3

s¼1

�
ðqi;qj;qt;psÞ
s (B26)

but the definition of�
ðqi;qj;qt;psÞ
s now includes mass parame-

ters:

�
ðqi;qj;qt;psÞ
s � �

ðKi;Kj;Kt;PsÞ
s

¼ �ðK2
i þM2

1 �m2
i Þ�ðPs; Kj; K; KtÞ þ ðK2

j þM2
1 �m2

j Þ�ðKi; Ps; K; KtÞ
K2�ðKi; Kj; K;KtÞ

� ðK2 þM2
1 �M2

2Þ�ðKi; Kj; Ps; KtÞ þ ðK2
t þM2

1 �m2
t Þ�ðKi; Kj; K; PsÞ

K2�ðKi; Kj; K; KtÞ
: (B27)

The expression (B27) is symmetric in Ki, Kj, Kt, K(recall that M2 is the mass associated with K in this context).
The box coefficients are given by

C½Qi;Qj�k¼3 ¼ ðK2Þ2þn

2

� Qnþ3
s¼1 hPji;1j ~RsðuÞjPji;2�

hPji;1jKjPji;2�nþ2hPji;1j ~QtðuÞjPji;2�
�<

Ynþ3

s¼1

�
ðqi;qj;qt;psÞ
s

hPji;1jKjPji;2�
hPji;1j ~QtðuÞjPji;2�

þ fPji;1 $ Pji;2g
�
:

(B28)

The derivation of (B28) involved the result from the case k ¼ 2. All mass dependence is already included in the definitions
(B21) and (B23), along with the similarly defined vector QtðuÞ:
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~R sðuÞ ¼ ps � qðqi;qj;KÞ0

ðqðqi;qj;KÞ0 Þ2
ð�ðqi;qjÞðuÞ � 1Þð��q

ðqi;qj;KÞ
0 Þ þ Rsðu ¼ 0Þ; (B29)

~Q tðuÞ ¼ qt � qðqi;qj;KÞ0

ðqðqi;qj;KÞ0 Þ2
ð�ðqi;qjÞðuÞ � 1Þð��q

ðqi;qj;KÞ
0 Þ þQtðu ¼ 0Þ: (B30)

c. The case k � 4

In the derivation of the formulas, we introduce the following functions:

�
ðKi;Kj;Ks;KtÞ
s ¼ ðK2

i þM2
1 �m2

i Þ�ðK;Kj; Ks; KtÞ þ ðK2
j þM2

1 �m2
j Þ�ðKi; K; Ks; KtÞ

K2�ðKi; Kj; K; KtÞ

þ ðK2
s þM2

1 �m2
sÞ�ðKi; Kj; K; KtÞ þ ðK2

t þM2
1 �m2

t Þ�ðKi; Kj; Ks; KÞ
K2�ðKi; Kj; K;KtÞ

� �ðKi; Kj; Ks; KtÞ
�ðKi; Kj; K; KtÞ : (B31)

The numerator of �
ðKi;Kj;Ks;KtÞ
s is symmetric in Ki, Kj, Ks, Kt; the denominator breaks this symmetry by singling out Ks.

We find the following results:
The pentagon coefficients are given by

C½Qi;Qj; Qt� ¼ ðK2Þ3þn

Q
nþk
s¼1 �

ðqi;qj;qt;psÞ
sQ

k
w¼1;w�i;j;t �

ðKi;Kj;Kw;KtÞ
w

: (B32)

The box coefficients are given by

C½Qi;Qj�k�4 ¼ ðK2Þ2þn

2

� Q
kþn
s¼1 hPji;1j ~RsðuÞjPji;2�

hPji;1jKjPji;2�nþ2
Q

k
t¼1;t�i;jhPji;1j ~QtðuÞjPji;2�

� Xk
t¼1;t�i;j

Q
nþk
s¼1 �

ðqi;qj;qt;psÞ
sQ

k
w¼1;w�i;j;t �

ðKi;Kj;Kw;KtÞ
w

hPji;1jKjPji;2�
hPji;1j ~QtðuÞjPji;2�

�
þ fPji;1 $ Pji;2g: (B33)

Again, all the u-dependence is concentrated in ~RðuÞ and ~QðuÞ. The definitions of Pji;a, ~RsðuÞ, ~QtðuÞ, �ðqi;qj;qt;psÞ
s , and

�
ðKi;Kj;Kw;KtÞ
w are given in (B24), (B29), (B30), (B27), and (B31), respectively.
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