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Abstract

The CP asymmetry in B —B? mixing, denoted as a}, is sensitive to new weak phases
in the presence of physics beyond the Standard Model. This can be probed through a
measurement of the time-dependent charge asymmetry A%, (¢) in flavour-specific decays.
This note describes the LHCD strategy to measure aj, using a time-dependent method,
in flavour untagged decays of B! — D u*v, and B?— Dy nt. We also investigate a mea-
surement of the difference of a}, and aj{s in B — D7 putv, and B} — D~ ut v, decays which
allows to control the systematic uncertainty that arise from detection asymmetries.
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1 Introduction

The CP violation in the B?-B? mixing is expected to be tiny in the Standard Model,
but can be significantly enhanced in the presence of new CP-violating phases in general
physics models [1]. This can be probed through measurement of the charge asymmetry

in untagged flavour-specific decays such as (E)S — DEuFy, or (E)g — DErF [2]:
D(BY() — /) = D(BL) — /)
P(BYt) — )+ (BN — )

(1)

7s(t) =

with f = Do puty, or D77t and f = D=9, or Dfn~. In our notation A3, (t) refers
to the untagged time-dependent asymmetry which is different from the physical constant
a}s, which we aim to measure and will define later. If a}, is measured in the semileptonic
channel, it is sometimes also called af; or A%, asin [2].

The LHCD experiment is expected to collect about 1 million B? — D ,u*uﬂ events in
2fb~! of data with a background to signal ratio of 0.36 [3], and 140 k B — D_ 7" events
in 2fb~! of data with a background to signal ratio of 0.4 [4]. These huge event samples
will provide an opportunity to measure A3, with a high statistical precision.

The measured untagged time-dependent asymmetry A%, (¢) depends on three param-
eters, ay,, the production asymmetry and the charge detection asymmetry. Two of them
can be extracted simultaneously, while the third has to be taken from other measure-
ments. In section |5.1] we present the results of the Monte Carlo study of a simultaneous
measurement of aj, and the production asymmetry, assuming the detection asymmetry
can be obtained from elsewhere. Besides the important measurement of aj, itself, the
measurement of the production asymmetry provides valuable input to many other anal-
yses.

In section [6.3] we present a technique for measuring CP violation in B mixing that
removes the need for external input on the detection asymmetry, using a simultaneous
analysis of the time-dependent asymmetry in the BY system, A% (¢) and the equivalent
quantity in the BY system:

r(B°(t) — f) = T(B°(t) — )

r(Bo(t) — f)+T(Bo(t) — f)

Ad (1) = (2)

where both the B} and the B? decay to the same final state. This technique measures
the difference of the CP-violation parameter af}, in the BY system and the equivalent
parameter in the BY system, ajlcs. This combination of parameters, a}, —afcs, is interesting,
and sensitive to New Physics by itself. Using results for a‘;ﬁs from the BY factories [5, 6],
ajs can be extracted.

This note is organised as follows. Section [2| gives a brief description of the theory of B?
mixing, the methods to extract a}; in flavour specific decays, the prediction of a}, in the
Standard Model and the effect of new physics on a},. Section |4 summarises the current

IHere, and in the rest of this note, this notation always implies charged-conjugate modes with and with-
out oscillation, unless the context requires otherwise. So the combined expected yield of B? — DS phuy,
BY - Dfpu~w,, By —» Dy ptv,, Bs - Dfp~p, is IM in 2fb~ 1.



measurements of a%,. The fast Monte Carlo simulation method for assessing statistical
precision and results are presented in Section[5] Section [6]discusses an alternative strategy
to measure a},. We conclude in Section .

2 Theory

In the following we summarise the relevant parameters involved in neutral B® mixing and
in particular a time-dependent ay, measurement, where we first describe the theory and
then take into account detector effects. In our description of the B® mixing and decay
formalism we follow references [2,7,8]. This short summary applies generically to systems
of neutral B mesons. Where we refer to specific system, i.e. By or BY, we add a subscript
as in Al'y, AI'y or a superscript as in afcs, a}j,. The generic subscript /superscript ¢, such
as AI'y or a‘}s is used when we refer to both systems at the same time.

2.1 Mixing Parameters Al', Am, ay;

The Schrédinger Equation for a superposition of flavour eigenstates, a|B%) + b|§0), is:

HORID)

This is the Schrodinger Equation restricted to the |B%) — ]EO> subspace of state vectors.

The system is allowed to leave the |B%) — \EO) subspace by decaying to other particles,
hence H in equation [3| will not be Hermitian. A general matrix H can be expressed in
term of the Hermitian matrices M and I" as

H:M—%I‘ (4)

where the Hermitian part M represents the energy (mass) of the system, while the non-
Hermitian part 5T the decay to other states. CP7T invariance implies

(B’[H[B") = (B"|H[B"). (5)

Therefore the diagonal elements of H are the same and H can be written as:
hi1 hao : My My, Iy The

H = . th M= , I'= . . 6

( hor iy ) Wi ( My, My > ( rs, Ty ) (6)

The physical meson states with well-defined mass and decay width are the eigenvectors
of H:

[Bis) = plB°) ¥ qfB) (7)
The subscripts L and H stand for the “light” and the “heavy” physical B%-states, which
have masses My, and widths I'y7 . The mass- and width difference between those states
is:

M:MH—ML, AFIFL—FH (8)



The average BY lifetime is

It is useful to define the following quantity:
¢ = arg(—M2/T'12) (10)
The mass and width difference in the BY system are related to M;;, T';; by:
(&m)* = < (A)? = 4[Myp|* = [Tl
AmAU = 4Re(Miol'),) = 4| M1l 12| cos ¢ (11)
To a good approximation for the B? and BY system [8]:
Am =2|Ms| AL =2|I'13|cos¢ (12)
Equation (11| or [12]link two observables (AI'; Am) to three parameters, |Mis|, |12|, ¢. A
third observable, allowing to solve the system, is

afps =Ilm—— = —tan¢ (13)

The subscript fs stands for “flavour-specific”, since it is measured in flavour-specific
decays (see below). Usually these are semileptonic decays, and therefore it is often referred
to as ag. This parameter is related to p, ¢ by:

L

afs
_ 12 = 14
‘p‘ 2 (14)

Thus it measures a deviation of from unity and hence CP violation in the mixing of

q
p
the B and B mesons. In the Standard Model this is expected to be a very small effect.

2.2 ajﬁs in the Standard Model

M, and T'{, are predicted in the Standard Model (SM) and related to other CKM pa-
rameters [9]:

GEm2,nemp,Bs, 5 m? )
G%m%n};mBq BBq fé * * * m?; * mg
b b

where G'p is the Fermi constant, my the W boson mass, and m; the mass of quark i; mp,,
[B, and Bp,_ are the BS mass, decay constant and bag parameter, respectively. Sp(x;) is
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a known Inami-Lin function approximated very well by 0.784 227 V,; are the elements
of the CKM matrix, np and 1z are QCD corrections of order unity.
Within the SM af, is small [10], but non-zero, as (c.f. equation :

I, <m2>
L= )«1 17
ity ~ 9 o "
I, m2
_ oy 1 1
arg( Mi’z) © <m§> < (18)
V*Vcb)
al oc —Im | =L = 19
fs (Vt;vtb (19)

Including next-to-leading order QCD corrections, using an operator basis reducing as
and 1/my errors, [2] [11],

af, = —(4.8719) x 107* (20)

a%, = +(2.06 £0.57) x 107 (21)

Constraints on af, appear in the CKM unitarity triangle (UT) as circles of cer-

tainty /uncertainty touching the point (p,7) = (1,0) [10] [12], hence constraining the vertex
of the UT.

2.3 a?s with new physics

Precision flavour physics can illuminate/constrain wide avenues of possible new physics.
In many new models significant departures from the SM are predicted for a?s [13,14] with
up to two orders of magnitude enhancement in the B? system [1]. Much of the parameter
space of new physics models has already been explored, however it is difficult to constrain
models whose physics differs only slightly from the SM at LEP and LHC energies.

However, [15] and [10] find knowledge of the flavour-specific asymmetry can constrain
new physics (NP) models even if :

1. They have no new flavour structure

2. They maintain a unitary CKM matrix

3. Tree level NP processes are SM dominated

4. They have no new CPV from direct or interference terms

The most general model-independent form parameterising NP in Bg’s mixing is as
follows, adopting the notations used in [1], [11] and [15]:

(L) = (19,)° (22)
(M1qQ>NP =Ay- (MfQ)SM = Tﬁ@qu (Misz)SM = (1 + hqeziaq) (M{JQ)SM (23)

where 7"2 and h, are real parameters representing the magnitude of new physics, o, and
0, are real angles representing the phase of new physics and A, is a complex parameter

4



encompassing information on the real and imaginary new physics contribution. These
relations lead to:

(Am )N = (Amy)"™M 12 (24)

(AT)XE = (AT )N cos(26,) = (AT,)* cos?(26,) (25)

(a )Np m s, SM cos(265) Re rs, M gin(26,) (26)
/s M7, 7“3 M7, T?

where (Afs)gﬁ is the observable width difference between decays to CP-odd and
CP-even states. The other new physics parameters can be derived geometrically using
equation [23]

There are three necessary conditions in order that a measurement of the flavour specific
asymmetry a%, should constrain 26, [15]:

1. The experimental error on a}, should be at or below [I'}, /Mf2|SM

2. An upper bound on 72 should be available

3. An independent upper bound on a‘jcs should be available

Reference [15] uses the Ag’z from present data given in section , and the Amg value from
the CDF collaboration [16] to constrain 26,:

Amy, = (17.337057 £ 0.07) ps (27)
vz = AT 097+ 0.26 28
S AmSM
s A expt
sin(20,) = — SL B _(1.9+2.8) (29)

[Re(I'fy/ Myp) |94 Amg™

which is the limit assuming NP-dominance in A%;. Constraints on new physics are indi-
cated in Figures and [3 with the experimental values discussed in Section [4] Refer-
ence [11] concludes: “The current experimental situation shows a small deviation, which
may become significant, if the experimental uncertainties in Al'y, a3 and ¢5 will go down
in near future.”

3 Measuring ay,

In this section we develop the formalism measuring ay, in untagged, time-dependent decay
rate asymmetries in decays to flavour eigenstates, following closely [2,7,8]. An overview
of the notation used in this section is given in appendix [A]
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Figure 1: Constraints on NP from current data allowing for new physics in all loop
processes. Left, In the r2 — 26, plane. Right in the cos(26) — sin(26,) plane. The dark
green, light green and yellow regions correspond to probability higher than 0.32, 0.046,
and 0.0027, respectively. The SM point, 20, = 0, r? = 1, is marked with the solid red
dot. Both Figures have been taken from [15].
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Figure 2: Constraints on NP from current data. Left, In the hs, o5 plane. Right indicating
also the allowed A%, as a function of h,. The dark, medium, and light shaded areas have
CL > 0.90, 0.32, and 0.05, respectively. The SM region is hy, = 0, o, undefined. Both
Figures have been taken from [1].

3.1 Decay Rates
3.1.1 Decay Rates without Detector Effects

The time evolution of a B? that is a flavour eigenstate at ¢ = 0 is given by:

IB(t)) = Zi(e—(’iML+;FL)t|BL>_}_e—(iMH+;FH)t‘BH>)
D

5} 1 o o

Bt = - (eTOMETLIRy) — o T By ) (30)
q
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Figure 3: Constraints on NP from current data in the complex As-plane. The bound
from AM; is given by the red (dark-grey) annulus around the origin. The bound from
|AT4|/AM; is given by the yellow (light-grey) region and the bound from af, is given
by the light-blue (grey) region. The solid lines are an extraction of the angle ¢% from
|AT,| with a four—fold ambiguity and the dashed line ¢2 from the angular analysis in
Bs — J/W¢. The SM point, A; = 1, is marked with the solid dot. This Figure has been
taken from [11].

where |B%(¢)) is an oscillating B meson that was a B® at time ¢ = 0, and \Eo(t» a B-meson
that was a B_ at ¢ = 0. In terms of flavour eigenstates:

BY1) = g.(0BY + ¢ g-(1)[B)
+ B’

(31)
B (1)) = £ g-(1)B")

with

g+(t) = eimi—3Tt { cosh <1AF t> cos <1Am t) — isinh <1Ft> sin <1Am t)}
4 2 4 2
__—imt—3il't } . 1 1 ; 1 ; 1
g-(t) = e 2 sinh 4AFt cos 2Amt + ¢ cosh 4Ft sin 2Amt (32)

Denoting the decay amplitude of a B’-flavour eigenstate to a final state f with {f|H;|B®) =
Ay (Hj represents the interaction Hamiltonian) and of a B’ to f with A 7, etc, decays to



flavour eigenstates are characterised by Ay = Ay = 0. For such decays:

LB = f)(t) = NelAsl’lg+f (33)
T(B° = f)(t) = ’g (34)
P(B =) () = NylAgPlg. P (35)

( 2
r(B —r)w - ’S

(36)

where Ny is a normalisation factor which is identical for all 4 decay rates. For the next
step we use:

[\

Ars 2
- (1- L) =1—-ap+0(d})

- 0@ (37)

(1=

2
2l with the first-order expressions in ay,, and writing out |g4|?, we

Q" QIR

[\

find:
D(BY = f)(t) = NyAPeTtt {cosh GAFt) + cos (Amt)} (38)
P = /) () = Ny(1—ap)l|A; 26—“% {cosh GAH) ~ cos (Amt)} (39)
r (EO o f) ) = Ny \Affe—“% {cosh (%AH) + cos (Amt)} (40)
P(B~f) ) = Ny(1+ag) |Af|26-”% {cosh (%AFt) ~ cos (Amt)} (41)

3.1.2 Finite Time Resolution

To obtain the measured decay rates with finite time resolution we need to convolve the
expression - with an appropriate resolution function, here we choose a Gaussian
(more complicated models can be obtained easily from this by adding up Gaussians of
different width). The decay rates as a function of the measured time t are therefore
obtained by solving:

o0

v 1 1 (' —t)?
ars) [ e cosh [ =AT't' ) £ cos (Amt’ e 22 dt 42
= flaz) [t (o (GAT7) £ cos(am)) (12

0

where the index j labels the four decay rates given in Equations — , and f; is a time-
independent parameter that is different for each of the four decay modes. The details of

8



the calculations are given in Appendix [Bl The result is:
D)= filag)e e leéUQ(AF)Z{
e%AF(t_‘ﬂF)Freq (E —0 <F — 1AF)>
o 2

eféAF(tﬂﬂr)Freq (i -0 (F + %AI‘)) }
o

1 ; 2
+ e—EAmQUQ Re{ezAm(tFa )

11 Amo +i (L —ol)
(=) o

where Freq is the frequency function, defined by

N~ N~

_|_

Y
Freq(y) = /eéxQ dx (44)

and erfi is the imaginary error function defined by:
erfi(z) = —ierf(iz) (45)

Both functions can be calculated with standard algorithms, available for example in root
(see Appendix [B| for details). The expression simplifies significantly if we assume that
t > o, because then the Freq(y) terms tend towards 1 and erfi(z) terms towards 1.

0;(t) =
1 1 ]. 1
filags)e™ +3lto? [68"2(AF)2 cosh <§AF (t— 02f)> + 778 og (Am (t —To?))
fort > o (46)

While it is perfectly possible to calculate the full expression [43| using the software referred
to in Appendix [B], for the purpose of this note we use the simpler expression 46| throughout.
This is sufficiently accurate for decay times ¢t > 4o (then Freq ~ 1 and erfi ~ 7 to a very
good approximation). To ensure this assumption is valid we apply a minimum lifetime
cut of t > bo. Since the data selection in all channels considered uses impact parameter
cuts to select long-lived particles anyway, this additional cut has only a very small effect
except for the set of toy MC experiments with the worst lifetime resolution. In the final
data analysis one might have to use the full expression [43|to make best use of all available
data, but for the purpose this study we believe these simplifications are acceptable.



3.2 Measuring ay, with Untagged Decay Rates

Measuring ay, requires decays to flavour-specific states. This means that, if the observed

decays are BY — f and B’ = f, the direct decays B — f and B’ — f must be forbidden.
Additionally, we require that there is no direct CP violation in the decay, i.e.:

sl = |4y (47)

where A is the amplitude for B — f and A 7 the B o f amplitude. Suitable decays are
semileptonic B} or B? decays like B® — X{*u,, as well as, in the B? system, B? — D7~
[2]. For such decays, ass can be extracted from the untagged decay rate asymmetry:

I'(B° or B — f)—=T(B° or B — f)
Ap(t) = ° A 48
sl I(BYor B" — f) + (B or B’ — f) (48)

Note that acceptance effects (as long as they are charge-symmetric) cancel, which is of
particular importance for hadronic decays at LHCb where the impact-parameter based

trigger biases the lifetime distribution. If production rate for BY and B are the same,
and the detection efficiency of f is the same as that for f, this is

) = (B = 5 +1E = f) = (LB = )+ = )
T rw - @ - )+ (0 e )

(49)

where the rates I' are those given in Equations [3§) - 41} modified according to [46] to take
into account finite time resolutions, leading to

s 6_502 (Am)*+(3ar)?) [ags] COS (Am (t — o°T))
Ags(t) = 2 ( : ) [ 2 ] cosh (%AF (t — UQF)) (50)

for the case that there is no production or detection asymmetry.

3.2.1 Production and Detection Asymmetry

At a p—p collider, a production asymmetry between B® and B’ mesons is to be expected.
And any realistic detector is likely to have a detection asymmetry (charge asymmetry).
Defining

e N rate of B® production, N rate of B’ production
e ¢; detection efficiency for final state f, €; detection efficiency for final state f

the total, measured time-dependent asymmetry is given by

o (NefF(BO — )+ Ne, (B — f)) . (Ngfr(ﬁo — f) + NeT(B° — f))
fs =

)

(

<NefF(B0 — f)+ Ne;D(B° — f)) + (Ngfr(EO — f) + Ne;T(B° — f)
51)

10



It is useful make the following definitions:

N-N
Th ducti try: A, = —. 52
e production asymmetry P ENTN (52)
. _ € — Ef
The detection asymmetry: A, = - (53)
€+ €

Equivalently one can define the following parameters, as in [2]:

1 o= (54)
€f

=l=

oy =

which are the deviations of the production and detection efficiency ratios from unity.
These parameters are related to the production and detection asymmetries by

B —0, B —24,
Ap_2+5p’ 5p_1+Ap (55)
—0 —2A
A = ¢ = ¢
© 244, e 1+ A, (56)

In some cases it will be more convenient to use the “A” parameters and in others the “§”
parameters. Both are essentially equivalent, and to first order proportional to each other.
For simplicity, we will often refer to either of them as “asymmetry” - which one is meant
will be clear from the symbol used.

Further we define

1
A = _}dezgf{: — 1_;‘1; — which is O(9)
o A:C = _ 2C—;(_SE37—§(CS: — 1XPA;£‘CC Wh?ch ?S 0(0) (57)
A=A, - A, = B = S which is O(9)
D = TS T T which is O(6?)

where we also indicate which order in the parameter 0 = max(d,,d.) each expression is,
and we assume that J, and 6, are of similar magnitude. With these definitions we find
the following relation for the time-dependent flavour-specific asymmetry A(t):

ass ae —10? ((am)*+(3Ar)") cos(Am (t-07T))
) (t) % + A/c — [% — A;} e 2 ( (2 ) )COSh(;AF(tGQF)) (58)
fs\l) = 2 ’
14 D~ 6A%: 1 [D +64%2] ¢ 3o (a4 (o)) o (IAT )
2

Neglecting all terms O(a?s) and higher, as well as terms that contain at least one factor
ass and one factor of O(6?) and higher (e.g. O(ass6%), O(ayssd%,...)) we find:

afe afs _122((Am)2+(LAT 2\ cos(Am (t—o2T
Ags(t) 5 +A] = [ -4)e ((am?*+(3 )>cosh<(§A§(t_a2F)))) (59)
fs(t) = 1o 2. (1 2
—302((Am)*+(FAT)7) cos(Am (t—o2T))
L+ ACApe ’ < ’ ) COSh(%AF(tfa'QF))

11



If we also ignored terms O(6%) and higher, in which case A} ~ A, ~ —d,/2 and
Al ~ A, = —6./2, we would recover the expression given in [2]. However, since we expect
the production asymmetry to be O(%), it is unlikely that 6 < azs. For the case that
there is no detection asymmetry, the above expression simplifies considerably:

_[ags 1,2 Am)2+(lAr)2> afs cos (Am (t — o°T)) _
Ast_[f}— 2a( 2 [—— } for A, =0
s (t) 2 ‘ 2 "] cosh ($AT (t — 02T)) o

(60)
Similarly, for the case that there is no production asymmetry we get:

Apg(t) = [afs + Ac] — 67%02 <(Am)2+(%AF)2) [%] cos (Am (t — o°1)) for A, =0
2 2 1 cosh (AT (¢t — 02T))
(61)
So for a situation with no production asymmetry (e.g. an e*e™ or a pp collider), one can
in principle fit both at the same time the detection asymmetry and ay;.

However, the LHC is a proton-proton collider with six valence quarks and zero valence
antiquarks in the the initial state. Therefore different production rates of B® and B° are
expected. This leads to a non-zero production asymmetry, estimated to be of O(1%) [17].
For the purpose of the MC study presented in Section we assume A, = 1% and that
the detection asymmetry A, is well known, and present the statistical uncertainty for a
simultaneous fit to the production asymmetry and ass. For simplicity, we assume that
A. = 0. A strategy of extracting the detection asymmetry from simultaneous fits to A4,
and A3, is discussed in Section [0]

4 Current Measurements of A‘;’g

The term semileptonic asymmetry, Agy, is used to describe the measured charge asym-
metry (usually time-integrated) in semileptonic b-decays. We use the terms A%, as the
flavour-specific asymmetries which are extracted through measurement of Ag; and are
equivalent to ajﬁs. The semileptonic decay is flavour-specific due to the charged W-boson
emission, whose charge is determined by the flavour of the b-quark. The BABAR [5],
BELLE [6], CLEO [18], DO [19] and CDF [20] experiments studied the di-lepton asym-
metry, that is examining events where two b-mesons are produced of correlated flavour.
Where both these mesons decay semileptonically to leptons with the same charge, one of
the two mesons must have oscillated into its partner. For a B? meson it likely oscillated
several times.

At the T(4S) resonance, i.e. for the BABAR, BELLE and CLEO experiments, only
pairs of B}-BY and BT-B~ mesons are produced. Events with two leptons (electrons
or muons) of opposite or same charge are labelled Right-Sign (RS) and a Wrong-Sign
(WS), respectively. Examining the time-integrated decay rates in the di-lepton sample
(untagged), these experiments measure [5,18]:

TYSTAS _ TWSphS
Fg/Sf‘gS + f\}i/VSFé%S

T (45
A = Al = ~ Al (62)

12



where we neglected direct CP violation in BY decays, I'fS = 'S [15]. The detection
asymmetry is measured and corrected for. Calculating the naive average of BABAR,

BELLE, and CLEO values [15] find:
Al = 4+(1.14+£55) x 1073 (63)

At the Tevatron, which is a pp collider, D@ and CDF examine the di-muon sample
which contains a mixture of B? and BY decays and measure the time-integrated asymmetry
of the rate of same charge muon pairs I't" and '™~ [20,23,24]:

I =T(bb — putX)
= =T(bb — p = X)
r++ _ -

TeV __
ASL - F++ +F__ (64)
SZS
AR = (9.2 + 4.4(stat) £ 3.2(syst)) x 107% = {1 + JJ: 7 ] (65)
d4d
ASPT = 1+(8.0 £ 9.0(stat) & 6.8(syst)) x 1073 (66)

Note that in Equation [65(the definition of A?? differs by a scale factor from the standard
one . The Ag; measurements are related to aj;sd through:

TeV r7TeV . d TeV r7TeV s
fd Zd CLfs—i_fs Zs afs
TeV r7TeV TeV 7TeV
fde Zde +fse Zse

[ = (0.582 = 0.030)a%, + (0.418 £ 0.047)a5, | (68)

ALYV = ~ 0.6a%, + 0.4a}, (67)

These relations are a Standard Model prediction using the parameters f,, the fraction of
BS in the sample, and Z,, relating the mixing and decay times [15], which are determined
experimentally [21,22]. This makes use of an approximation taking the SU(3) limit—that
the semileptonic widths of the BY and B? meson are equal I'§; = I'4;. Equation 68| is
given by [11]. Using this approach to combine the measured Agy, values at the Tevatron
with the average of A%, from the B-factories allow to indirectly determine A%, [20,23] ﬂ

D@-indirect: A%, = —(6.4+10.1) x 107° (69)
CDF-indirect: A%, = —(20 + 21(stat) & 16(syst) + 9(inputs)) x 107° (70)

or from [15] using an earlier DO result with the naive B-factory average, Equation [63}
A%, = —(84+11) x 107? (71)
Alternatively using the SM value for af, (Equation one finds from [11]:

AGy, lag, = —(5.2£3.9) x 107° (72)

2We thank Guennadi Borissov for explaining this feature of the DO analysis.
3Different B-factory averages for Ajlcs have been used in Equations [69|to
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Recently DO has also presented a time-integrated direct measurement of A%, in the
channel BY — D¥ ¥y, [24]. They measure:

N(p'Dg) = N(p D)

S

N(u#D7) + N(u-Df) — P

DO-direct: oL = (73)

where N(p*DF) is the number of time-integrated B! — DFuFv, decays. Here the
detector asymmetry is again corrected.

This measurement has a relatively small systematic contributions, in comparison to
the dilepton sample, however the total error is dominated by the statistical error. For
27K events recorded in 1.3fb™!, with a B/S ~ 0.2, DO obtain [23]:

D@-direct: A%, = (2.45 4 1.93(stat) 4 0.35(syst)) x 1072 (74)

5 Time-dependent Analysis

5.1 Monte Carlo Study

The time-dependent decay rates defined in equation [46|are created using standard Monte
Carlo methods.

The detection efficiency vs lifetime at LHCb is biased against short lifetimes because
LHCDb’s trigger selects events which have tracks with large impact parameters in order to
select (long-lived) B mesons. To model this effect we use an acceptance function, e, which
takes the form:

e(t) =2l fort >ty
e(t) =0 for t <t (75)

Figures {4 to [7] show example decay rate and asymmetry distributions for various set-
tings. The distributions in figures [4] and [5| were created using a lifetime resolution of 36 fs.
Figures [6] and [7] show the same distributions created using a poorer resolution (120 fs).

It is worthwhile to note that increasing the lifetime resolution such that o ~ K—fn effec-

tively “washes out” the oscillations, thereby decreasing our sensitivity to any parameter
proportional to the cosine term in equation

5.2 Sensitivity to ay;

In our Monte Carlo studies we considered the following three scenarios:
e 815k BY? — D pfv, events with a lifetime resolution of 270 fs [3]
e 185k BY — D; u*v, events with a lifetime resolution of 120 fs [3] and

e 140k B? — D, events with a lifetime resolution of 36 fs [4].
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Figure 4: BY — Dy7 decay distribution
generated using the number of events ex-
pected in 2fb™! and a lifetime resolution

of 36fs.

! t/ps

Figure 6: B? — D_ p*v, decay distri-
bution generated using the number of
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Figure 5: Generated asymmetry dis-
tribution for the By — D¢m channel
with the theoretical prediction (smooth

curve) superimposed. The lifetime reso-
lution is 36 fs.
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Figure 7: Generated asymmetry distri-
bution for the B? — Dy utv, channel
with the theoretical prediction (smooth
curve) superimposed. The lifetime reso-

lution is 120 fs.

The differing lifetime resolutions in the two semi-leptonic scenarios is due to imposing a
cut on the reconstructed invariant mass of the D,y combination. The lifetime resolution
of events which pass the cut (m (Dsu) > 4.5GeV) is improved since less momentum is
lost to the neutrino.

We investigated several parameter settings for each scenario [see table . To test the
validity of our study, we performed pull studies with at least 100 toy experiments each
for each scenario and found the pull distributions to be consistent with a mean of zero
and a width of one. Examples are given in figures [10[ and [11| for scenario B — Dguv.

From table (3| it can be seen that the measurement of the production asymmetry is
highly dependent on the lifetime resolution. The precision on ay, has no dependence on
the time resolution, and for the case considered here, where A¢ = 0, the time-independent
part in the asymmetry (eqn. ensures that we can fit as, even if the oscillations cannot
be resolved at all. Both o,,,, and 04, are largely independent of the other input parameters

and scale with 1/v/N.
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Table [1] contains a summary of the obtained resolution per million events for each
scenario and the corresponding resolutions when scaled to LHCD yields.

Prob 0.0379
Constant 143+1.2
Mean -0.000879 + 0.001978

Sigma 0.0279 + 0.0014

0 i L
-0.1 -0.05

Figure 8: A, resolution for the B? —

Dspv (> 4.5 GeV) scenario.

Prob 0.6266

g of " Constant 17.22+1.49

Z nf Mean  -0.02401:+0.06556

18— Sigma 0.927 + 0.046
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Figure 10: A, pull distribution for the

A Vs
(AL-A,)sigma,

BY — Dyuv(> 4.5 GeV) scenario.
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Figure 9: ays resolution for the B! —
Dspv (> 4.5 GeV) scenario.
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Figure 11: a5 pull distribution for the

BY — Dyuv(> 4.5 GeV) scenario.

Scenario B? — . .. Resolution/ps | o4, /IM | 04, /2 fb™ | o4, /IM | 04, /2fb7"
D;puty, (< 4.5 GeV) 0.270 0.20% 0.22% None None
D;pty, (> 4.5 GeV) 0.120 0.20% 0.47% 1.29% 3.01%

Dy 0.036 0.20% 0.53% 0.20% 0.53%

Table 1: ass and A, resolution from selected scenarios after 1M events and 2 fb~! at

LHCD respectively.

5.3 Non-Zero Charge Detection Asymmetry

Ignoring terms of order a?s and higher as well as ays6* and higher, as in equation 59| and
used throughout this note, the time-independent part of the asymmetry is given by

Qfs

Atime—independent = 9

16

+ Ac

(76)



Scenario resolution/ps | Ap Fit Result || ags Fit Result
BY — Dyuv 0.270 no resolution || 0.46% =+ 0.22%
BY — Dyuv 0.120 0.86% =+ 3.01% || 0.54% £ 0.47%
BY — Dy 0.030 0.96% % 0.53% || 0.52% =+ 0.54%

Table 2: Effect of non-zero (but well-known) charge detection asymmetry on fit parameter
resolution for the three physics scenarios. Ac was set to 2%.

and the only effect of a precisely known charge-detection aysmmetry is to add a constant
to the measurement of ass. If we included higher order terms, we would also find that a
non-zero A¢ introduces a slight dependence of the time-independent part on Ap, but this
effect is O(ass0%), and can safely be ignored.

Table [2|shows results of fits of Ap and a}, assuming a precisely known charge detection
asymmetry of 2% for three Monte Carlo samples according to the three physics scenarios
considered. The samples with good time resolution (oy = 36 fs and oy = 120fs) were fit
without any constraint on Ap; in the fit to the sample with oy = 270 fs we constrained
Ap to 1% £ 3%. We find that the resolutions on as, and Ap for Ac = 2% are compatible
with those observed for Ac = 0.

5.4 Comparison to Tevatron Results

If systematic uncertainties can be controlled at a similar level, the LHCD result for 2 fb~*
of 04,, ~ 0.2% will be a considerable improvement over the result we expect from DQ’s
direct measurement of a}; by the end of Run II. Scaling their current statistical error to
6fb~!, we expect a3 (DO—direct) ™ 1%. Scaling the statistically more powerful indirect
measurements at the Tevatron, which currently achieve a precision of better than 0.5%
(see Sec , is more complicated because those measurements require outside input. Also,
their systematic and statistical error are at a similar level.

For LHCDb it is of course also the control of systematic uncertainties that is the main
challenge in such a measurement, and D@’s analysis takes a lot of care to keep them low,
including frequent switches of the magnetic field. How systematics could be controlled
at LHCD using a simultaneous analysis of B? and BY decays is discussed in the following
sections.

6 Measuring as; with B — DfuFr, and BY — D¥uy,
decays

In previous sections we have discussed time-dependent studies in the case where either
the detection asymmetry is negligible or can be measured precisely in control channels
elsewhere. In this section we consider the case where all the inherent asymmetries pol-
luting the measurement are non-zero and/or measured to low precision, and discuss our
strategies to limit or eliminate the resultant systematic errors.

These strategies are particularly important for the semileptonic channels, B? —
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Figure 12: LHCb DE ¥ selection results from recent Monte Carlo studies from [3], repro-
duced with permission. The invariant mass distribution of K*K~7* in opposite-charge
Dy combinations, with 34 million inclusive bb events is plotted, where all selection
cuts except the Dy mass cut have been applied. Left, with trigger requirement. Right,
without trigger requirement. The solid line sums all opposite-charge DT combinations.
The red shaded area covers the Monte Carlo true signals. The dotted green line shows
the background combinations with fake Dy . The dash-dotted blue line shows the back-
ground combinations with true Dg and here there is an obvious peak in the Dg mass
window. The lower mass peak around 1869 MeV corresponds to D™ — KTK~ 7~ decay
from B} — D*u¥v,.”

D¥uFy, and B} — D*puFu,. The recently reported LHCb selection for B — DEpuFu,
with Df — KTK~-7* [3] is reproduced in Figure . This shows that peaking back-
grounds are the main contribution to the background to signal ratio B/S of ~ 0.3.
We discuss performing a measurement of AA*? = A% — Af, by a subtraction of the
charge-specific asymmetry in B — DF(KTK™7%)uFr, and B — DF (KK~ 7%)uFv, de-
cays which have the same final states. In contrast to the B? decay, no dedicated yield
study for B} — D*(KTK~7%)uFv has been performed. To estimate the relative yields, we
reconstructed B? — DE(KTK~7%)uFr, and B} — D*(KTK~7%)uFv, in the same sample
of generic bb MC events, using equivalent cuts. For the B} mode, we found 228 signal and
28 background events; for the B? mode, we found 240 signal and 82 background events.
This indicates that we can expect a similar number of B§ — D*(KTK~7*)uFv, events
as B — D¥(K*K~7%)uFv,, with similar or better signal to background.

The measurement of AA*? can then be combined with B-factory results on a$,, or
SM calculations of ajfs such as [11], to allow a determination of a%,. We also briefly cover
the extra complications in a time-integrated analysis in Sec. [6.2]
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6.1 First-Order Contributions to Ay,

For a non-zero charge asymmetry, 67 # 0, and production asymmetry 6] # 0, and perfect
proper time resolution (although our arguments hold for an imperfect time resolution also)
we find that the measured untagged time- dependent asymmetry, A? fs0 glven in Equatlon.
can be simplified to first order in §¢ and a’ bsl

af, o9 afy 0\ cos(Amyt)
q ~ s Yc fs | 7p q
AR~ 5 =3 ( 2 T 2> cosh(AT,t/2) (77)

for a precise measurement of a , terms in higher than first order of J., should not be
ignored. The second-order case 1s dlscussed in Section

Now we allow for the case that background enters our sample With N(Bg in f) and
N(Bg in f) being the number of background events in the final state f and f, respectively,
we define the deviation of the background ratio from unity:

5 _ N(Bginf)
"~ N(Bgin f)
(1+6)=(1+38)(1+4)) (78)

where (52 and % represent the deviation from unity of the production and detection ratio
in the background, respectively, in analogy to the previously defined 4, and ¢, for signal.
Including the background effects in the the flavour-specific asymmetry, A 4(t) we find

0= (535) o (525§

where B/S is the background-to-signal ratio. From Equations [77] . and . we can see
that the major pollutants of the measurement of a} are the charge asymmetry ¢, the
production asymmetry o7 and the background asymmetry 0.

6.2 Measuring AA*? in Semileptonic Decays

Equations [77] and [79] show that the time-dependent part has a contribution from the
production asymmetry, 0], which can be separated from the time-independent contri-
butions of the charge asymmetry, 67, and background asymmetry, §/. In the B? —
DE(K*K-7n%)nT channel the charge asymmetry will be reduced due to the charge-
symmetric final state. The analysis presented in section will enable simultaneous
extraction of flavour-specific asymmetry, a},, and the production asymmetry, ;. On the
other hand, in the semileptonic channels the charge asymmetry is expected to be larger.
In addition, this channel has a background peaking in the DF mass (Figure . This
makes this measurement much more challenging. Here we propose a subtraction method
using a time-dependent analysis of B — DFfuFv, and B} — D*uFv,, where the DF and
D* decays are restricted to the same final state, D¥, D* — KT K~-n*. We show below
that this method removes the contribution from the charge asymmetry, é..

Let us examine the time-independent part of Ab’q( t) including the factor [(S)/(S +

B)]? which we will call Absg + (Equation . The term Aé%  has no contribution from
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the production asymmetry but is dependent on the charge asymmetry, the background
asymmetry, and the background to signal ratio B/S:

q q q
b o (%s 00\ 0 (B
Asiy ~ ( 2 2) 25 (80)

LHCb’s mass resolution, shown in Figure will enable a clean separation of the BY —
DEu*y, and BY — D* ¥, decays in the same final states DF, D* — KT K 7% [3]. Mea-
suring simultaneously the flavour-specific asymmetry for both B? — D¥(KTK~7%)u¥u,
and BY — D* (KK~ 7*)uFv, now provides a means of removing the primary error from
charge asymmetry. We propose to measure the quantity:

_Abvd :5_g_§_|_a_jcs_a_?s_|_§ E S_(S_g E ’
SLt 9 9 2 2 2\ S 2\ S

s d s s d d
ays a4y 0, (B op (B
s Qs LB (D) % (2 |
2 2+2<S o> \s (81)

The big advantage of using AA®? as an observable is that the the contribution from the
charge asymmetry will effectively be removed. Since the BY and BY meson decay into the
same final-state particles, §° and 62 will cancel.

We also have to take into account the time-dependent part of AA*¢. Over a large range
of proper time resolutions we may perform an integration of the fast B, oscillations with
negligible effect on AA*? but the slow By oscillations must be correctly taken into account.
We plan to verify the proposed analysis method with simulation. This subtraction of the
asymmetry in semileptonic B and BY decays will provide a complimentary method to
measuring the time-dependent asymmetry A% (t) in B} — DynT. We can combine AA%

37d _ b,S
AA> = ASL,;{

with results for a?s from the di-lepton asymmetries measured at the B-factories to extract
the flavour-specific asymmetry a$%, in BY mixing.

By examining Equation [81f one realises that both, the background asymmetries ; and
6¢ and the background to signal ratio B/S enter into the measurement of AA*¢ in the
semileptonic decays BY — Dy u¥v, and By — D*pFu,, and of A%(t) in the hadronic
decay B? — Dr¥ | respectively. However, when measuring Aj}s(t) in the hadronic decay
BY — DE(K+tK-7n%)nF we can remove the background by fitting to the mass spectrum
or by performing a sideband subtraction which is equivalent to measuring 6; and B/S in
the data.

For the semileptonic channels the situation is more challenging as there are back-
grounds which peak at the D} and DT mass for B — DfuFy, and B} — D*uFu,,
respectively. Fitting the mass spectrum will remove the combinatoric background but
not these peaking backgrounds. Thus possible asymmetries in these backgrounds and the
ratio B/S have to be very well understood so that these will not dominate the precision of
a measurement of a%, — af, from AA*?. In reference [3] we note that most of the peaking
background arises from decays of a B meson into a D and a D°/D*/D¥ where the latter
decays semileptonically to produce a muon. These events are not flavour-specific and can
be treated as background, but careful studies will be required to determine the fraction of
the different components in the background. Note also that there will be a small fraction
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of BY — D¥u~X in the peaking background of of BY — DFpuFy,. It will be important
to not only use the D™ — KK ~7" peak to subtract the asymmetry in B} — D*pFu,,
but also to fit the sidebands as control samples for cross checks.

In addition the D0 analysis shows that reversing the magnetic field will be imperative
for this analysis [19]. This will allow to separate the data sample into several categories.
For example dividing the selected events into eight samples, i.e. two magnetic field po-
larities, two charges of the muon and the sign of muon-momentum in the horizontal
(bending) plane (muons going left and right) will allow us to determine the detection
and background asymmetries for positive and negative muons simultaneously. The same-
charge combinations of D¥u* or D*¥pu® can also be used as control sample to study the
asymmetry in the background. Ways of measuring the charge asymmetry in muons, pions
and kaons are being investigated. One possibility is to use partially reconstructed decays,
where we ignore one of the final state particles in the reconstruction and triggering of the
decay chain. The reconstruction efficiency for each charge can be measured by counting
how often the particle ignored in the reconstruction of the decay is actually found by the
track reconstruction, while the total number of partially reconstructed decays provides
the normalisation. Channels being studied for this purpose include B? — .J/1¢ and
D*t — D% followed by D* — K7+,

6.3 Second-Order Contributions to AA*¢

We return to the consideration of all systematic effects, considering the second-order
corrections in terms of ¢ and J7. As the value of af, within the Standard Model is
around the 10~ level, second order terms in the inherent asymmetries are important to
the measurement.

Completing our derivation again, including terms of order a;is, §, 6%, and expanding
up to order 42, in both the numerator and the denominator of the measured asymmetry
we find:

q ! _
ASL_

2a%, — d. 2+ 4] B ( 2a%, + 031 [2 + 6] ) cos(Amyt) (82)

44200 + 0.2+ 6] 4+26.+ 0524 0. ) cosh(AT;t/2)
(c.f. Equation Here we assume that the detection asymmetry for B? and BY
decaying to the same final state are identical. We then investigate the time-independent

part of Equation[82] and perform the subtraction of charge asymmetry in the two channels
as before. The first and second order terms in the numerator vanish, producing:

2 (a3, — af,) (83)
(2+ 00)% + 205 + 200 + o564 ) VT T

The terms in the denominator introduce a small bias in the measurement of a}, — afcs

!/

s, d! __ gs d _
AAYT = SL,f/ —Agpy =

which can be corrected for. This measurement of AA*? " is a particularly useful result
as there are no contributions from differences in the production asymmetry which are
expected in these two channels. Now including background asymmetry terms, to second
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order, we find (from Equations [81] and [83)):

/ 2 5 (B\® & (B\*
s,d T __ s _ ,d 2N e _ (=
Ad ((2+5c)2+25;+26g+5;6;}) (@, =) +5 (S) 2 (S) (84)

Remaining systematic effects not included in Equation [84] will be of order ay; - d, 6* and
63 — 2. We will also inherit any uncertainty in our knowledge of the B/S ratios.

Here we summarise that the comparison of the asymmetry measurements in the two
channels, B — D¥*(KTK~n*)u¥v, and B} — D*(K*K~7*)uFuv,, possible at LHCD,
provides a systematically much cleaner measurement of a}, — a‘fcs in semileptonic decays

in the realistic environment of the Large Hadron Collider. The measurement of AA*<
can be combined with the measurements in the hadronic mode B? — Dfn¥F at LHCb
and from measurements of af, at the T(4S5) resonance (B-factories) and the Tevatron to

extract hard constraints on the Standard-Model parameters a;’j and hence constrain wide
avenues of new physics.

7 Conclusions

We investigated the ability of LHCb to perform a measurement of the parameter aj,
(equivalent to 2 - A%, ), which parameterises CP violation in B mixing. We extract a},
from time-dependent, untagged decay-rate asymmetries in decays to semileptonic and
hadronic flavour eigenstates, as proposed in [8]. In the expression for the time-dependent
asymmetry, acceptance effects due to the LHCD trigger cancel. The measured asymmetry
depends on a}, itself, the B-production asymmetry A, and the charge detection asymme-
try A.. Two of these three parameters can be extracted simultaneously, the third needs
to be measured externally.

In a Monte Carlo study we performed a simultaneous fit to a}, and A,. We performed
fits for zero charge detection asymmetry and a charge detection asymmetry of 2%. In
both cases, the value of A was kept constant in the fit. Background effects were ignored.
We find a statistical precision on a}, of ~ 0.2% for 1M events. For 2fb~" of LHCh
data, this corresponds to o4; ~ 0.2% in the BY — D u*v, channel, and Oay, ~ 0.5% for
B? — D, «". If systematic uncertainties can be controlled at a similar level, this will be a
considerable improvement over the expected precision of direct ass measurements at the
Tevatron by the end of Run II.

We found no significant dependence of Tas, ON the value of A,, and the result is in-
dependent of the time resolution. The precision on the production asymmetry, which is
extracted simultaneously, depends strongly on the time resolution. We found an uncer-
tainty on the production asymmetry of o4, ~ 0.5% in each mode for 2fb~".

Besides the important measurement of a}, itself, the measurement of the production
asymmetry provides valuable input to many other analyses. Interestingly, the measure-
ment of the production asymmetry with this technique remains possible even without
external constraints on the charge detection asymmetry as long as af, is small compared
to the required precision on the production asymmetry; then one can extract both Ap and
Ac under the assumption that ays = 0. Since a}, is expected to be tiny, this will provide
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sufficient precision for most measurements at LHCb, except of course the measurement
of ay, itself which is the main focus of this paper.

In the ay, sensitivity study presented here, the charge detection asymmetry is assumed
to be determined elsewhere. In reality, there will be an uncertainty on its value which is
likely to be the dominant systematic error for this analysis. To eliminate this systematic
error, we propose a measurement of the difference a}, — a‘}s using B? and BY decays to
the same final state, e.g. B?— D;u*v,(Ds — KKnr) and B} — D~ uty, (D — KKr). In
this measurement, the systematic effects due to the charge detection asymmetry cancel.
Since in the Standard Model a}, and a‘}s are expected to be of opposite sign, ]ajcs —
a},| is likely to be larger than either |ay| or |agp| - so, while the systematics cancel,
the physics contributions add up. In a real measurement, further systematics will have
to be considered, especially those coming from background. As discussed in this note,
the measurement of afj, — a‘}s can be expected to be more robust against systematic
uncertainties stemming from possible CP asymmetries in background, than separate af,

and a;fs measurements.
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A Notation

e |B%) is a BY or a BY flavour eigenstate.

o |§0> is a Bq or a By flavour eigenstate.

|By) and |By) are the heavy and light mass eigenstates.

|B°(¢)) is an evolving, oscillating B-meson that was a |B%) at ¢t = 0.

|§0(t)> is an evolving, oscillating B-meson that was a |EO> at t = 0.

f a final state the B meson decays to, f is its CP-conjugate.

Ay is the decay amplitude of a B flavour eigenstate to f, Ay = (f|H;|B®), where
Hj represents the interaction Hamiltonian

Ay is the decay amplitude of a B’ flavour eigenstate to f, Ay = <f|HI|§O).

Similarly, Af = (f|HI|BO>, Af = <f|HI|EO>

Ny is a normalisation factor which is the same for all decay rates.

B Finite Time resolution

To obtain the measured decay rates with finite time resolution we need to calculate:

1 (@

[e.9] l 1
Ui = filags et (cosh (—AFt’) + cos (Amt’ ) e 252 dt’ 85
filags) 0/ > (Amt') N (85)

This can be expressed as

[e.9]

1 ’ 1 ’ 1 ’ . , (tlft)2
Fi<t> — fi(afs)Re /ert <_ 1ATt +§€7%AI‘t :i:emmt>e 327 dt’

e
o2no 2
0

! L —(r-taryy 1 —(re3ar)v | ~@-iamye (G
= filags)Re ge v R et e 5

2o 2
0
(86)
Hence the problem reduces to calculating
1 [
/e‘Ate 202 dt’ (87)
2ro

0
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for different (sometimes complex) values of A. This can be re-written as:

[e.9]

1 et 2/ — 2 (=(t-02 4))
e 2479 e 202 dt 88
V2mo ) (88)
Changing the integration variable to x = -
] 00 (§_0A>
! /e 5oz (V= (t=0%4)) L /e 3 (2= *_UA) dr = L / e~ 3% dx
2o V2r V2T
0 0 7oo+(770A>
For real A:
. Jr(%faA) | (ﬁ*UA) ;
1,.2 1.2
— e 2 dr=—— e 2 dr=Freq| ——0cA 89
V2T / s / b ( ) (89)
—oo—l—(f—aA) -
where Freq is the frequency function, defined by
) y
1,2
Fre =—— [ e 2" dx 90
al)= o= (90)

—0o0

the Cernlib implementation of this function is available in root as TMath::Freq. The
frequency function is related to the more familiar error function by

F(y) = % + %erf (%) (91)

which can also be found in root.
For complex A =T — iAm we find

5*014)

1 ( 1 Amo+i(L—ol)) 1
i 1 mo+i(:—o 1
Nir / e dx = lzerﬁ ( 7 > + 5 (92)

oot (3-04)

where erfi is the imaginary error function defined by:
erfi(z) = —ierf(—iz) (93)
This is related to the complex error function:

w(z) = e (1 —ierfi(iz)) (94)
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which is implemented in root as TMath: :FastComplexErrFunc, which returns a com-
plex data type, or TMath: :FastComplexErrFuncRe and TMath: :FastComplexErrFuncIm
which return doubles. With this, Equation [85| becomes:

[ oy 1 1 @
/G_Ft (cosh (—AF t’) + cos (Amt’)) 6(202) dt’ =
2 2mo

0
1 1 1 1 2\ t 1
- —(r—zAr “o? (T = ZAT) | Freq (= —o (D= ZAT
2exp< ( 5 >t+20 ( )) req< 0( 5 ))
1 1 ) 1\’ t 1

+ —exp|— |+ =zATl') t+ -0 ([ + AT Freq| — —o | '+ AT

2 2 2 o 2

1
+ Re{exp( Ft+2a Ama)exp zAm t—Fa ))

1 1 Ama—i—z ——UF
X <§—z§erﬁ< ))} (95)

Taking out common factors:

[\

—
[\]

o0

, 1 1 (t'—1)?
—I't ! /
e cosh | =AT't" | & cos (Amt e 22 dt' =
/ ( (2 ) ( )) Voo

1 ; 2
+ e—iAmZUQ Re{ezAm(tI‘U )

1 1 Amo +i (L —ol)
(i)

The expression simplifies significantly if we assume that t > o, because then the Freq
terms tend towards 1 and erfi towards .

Y 1 1w
—I't ! /
e cosh | =AI't' | & cos (Amt e 22 dt' =
/ ( <2 ) ( )) V2o
0
2 2 2 2 1 2 2
eIt 3070 [eé” (AD)* cosh <§AI‘ (t — JQF)) 4 e~ 2Am*0? (og (Am (t — FO’2))}

(97)
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