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D. López Mateos∗,1,2, E. W. Hughes1, A. Salzburger3,4

1 Columbia University, New York, NY 10027, USA
2 California Institute of Technology, Pasadena, CA 91125, USA

3 CERN, PH Department, CH-1211 Geneva 23, Switzerland
4 Leopold-Franzens Universität, A-6020 Innsbruck, Austria

∗ corresponding author (david.lopez@cern.ch)

Abstract

A parameterization of the muon energy loss in the ATLAS Calorimeters is presented.
This parameterization is based on a GEANT4 simulation of thecalorimeter absorber ma-
terials. The parameterization provides a calculation of the energy loss of muons in each
calorimeter volume. This calculation has been integrated into the ATLAS Tracking Geom-
etry to be used by tracking tools to improve the fit of candidate muon tracks traversing the
calorimeters. The validation of this parameterization hasbeen performed and compared to
the ATLAS GEANT4 full simulation. Finally, possible uses ofthis parameterization as part
of the tracking tools are discussed.
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1 Introduction

Muons traverse the Inner Detector and the Calorimeters in their journey through the ATLAS detector
before reaching the Muon Spectrometer. By the time they reach the entrance of the Muon Spectrometer,
muons have penetrated through over 100 radiation lengths (X0) of material. Relativistic muons going
through matter lose energy mostly through electromagneticprocesses: ionization,e+e− pair-production,
and bremsstrahlung. Ionization energy losses have been studied in detail, and an expression of the
mean energy loss per unit length as a function of muon momentum and material type exists in the form
of the Bethe-Bloch equation [1]. However, muons in ATLAS will also lose a significant amount of
energy throughe+e− pair-production and bremsstrahlung and no closed-form formula exists for the
mean energy loss from these processes. The cross-section for these processes is well understood, so
GEANT4 can be used reliably to parameterize the associated energy loss. Understanding the energy loss
is important for tracking algorithms, especially those performing combined fits that make use of Inner
Detector and Muon Spectrometer hits.

In ATLAS, tracking algorithms are converging towards the use of common tracking tools [2] which
provide all users with well-validated utilities for different tracking tasks such as track transport, track fit-
ting, bremsstrahlung recovery, et cetera. The geometricaldescription used by these tools is encapsulated
in a set of objects collectively known as the Tracking Geometry [3]. In this document a new parame-
terization of the energy loss of muons integrated in the Tracking Geometry is discussed and validated.
The integration of the new parameterization required the development of new tracking tools that are de-
scribed in Section 2. The rest of the document focuses on the new parameterization and the validation of
the energy loss of muons traversing the Tracking Geometry.

2 Material Effects in the Tracking Geometry

When a muon traverses detector material, it undergoes successive deflections and a loss of energy due
to mainly electromagnetic processes. In this document we are mostly interested in the energy loss and
will not refer any further to these deflections or multiple scattering. These material effects need to be
included in the transport of a track through the ATLAS detector by fitters and other applications using
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the parameterization of the track. Their effect on muon momentum reconstruction can be significant for
muons of energies up to a few hundred GeV.

Generally, material effects need to be applied to the track parameterization on one or several surfaces
along the trajectory of the track. The details of how materials affect the parameterization of the track
on each of these surfaces is described in [4]. In order to perform a correct energy loss correction on the
chosen surfaces, an understanding of the material around them is necessary. The common tracking tools
have a mechanism to map the material properties used in the GEANT4 full simulation to layers in the
Tracking Geometry. These material maps allow analytic calculations of the energy loss of tracks crossing
each layer using, for example, the Bethe-Bloch formula.

However, not all energy loss effects can be estimated from closed-form formulas that depend on the
properties of the traversed material. In particular, GEANT4 parameterizations are necessary to estimate
the energy loss of muons correctly (see Section 3). In order to allow more flexibility in the calculation
of energy loss (and multiple scattering) tools inheriting from the interfaceIMaterialEffectsOnTrack-
Provider can be added to the volumes of the Tracking Geometry. These tools provide a set ofMaterial-
EffectsOnTrack that encapsulate the material effects, otherwise providedby default by the static layers
of the Tracking Geometry. One implementation of this interface exists for calculating energy loss sur-
faces for muons traversing the calorimeters. This implementation is calledCalo::MaterialEffects-
OnTrackProvider. The main features of this implementation are:

• It calculates the surfaces where the energy loss should be applied dynamically, so that no matter
what the trajectory is inside the calorimeter, there is always an energy loss surface.

• It calculates the number of radiation lengths inside the calorimeter using information from the
detector design.

• The final calculation of the energy loss is performed using anIEnergyLossCalculator which
can be configured in the job steering.

• The measured energy deposit in the calorimeters can be passed to theIEnergyLossCalculator.
This measured energy deposit is calculated through anIEnergyDepositionTool that can also
be configured in the job steering.

TheCalo::MaterialEffectsOnTrackProvider is part of the calorimeter active volumes in the Track-
ing Geometry and it can be used by anExtrapolator when appropriately configured. Figure 1 shows
the Tracking Geometry volumes and the surfaces created by aCalo::MaterialEffectsOnTrackPro-
vider. In this document an implementation of theIEnergyLossCalculator that contains a parame-
terization of the energy loss in the calorimeter volumes is discussed. This implementation can be found
in the ATLAS CVS repository under the nameParamEnergyLossCalculator. This tool does not make
use of the measured energy deposit, so this feature is not relevant in that context. However, a method
that uses the measured energy deposit to estimate the energyloss which has been implemented as an
IEnergyLossCalculator [5].

3 A Parameterization of Energy Loss in each Tracking Volume

The modular nature of the Tracking Geometry requires that energy loss is calculated and added to the
track properly in each of its volumes. In this section, we discuss how this is done, considering the
different characteristics of each volume.
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Figure 1: 3-D Visualization of the ATLAS ID and Calorimetersas volumes in the Tracking Geometry.
Example material-update surfaces created by theCalo::MaterialEffectsOnTrackProvider when
extrapolating a muon candidate through the calorimeters.

3.1 Parameterization of Energy Loss in the Absorbers

As already mentioned, the estimation of the energy loss of muons traversing ATLAS requires the use
of parameterizations. In particular, obtaining a good estimate in the calorimeters is most important,
since most of the energy loss occurs there. For simplicity, in this note the energy loss of muons in the
calorimeters was estimated from the energy loss expected inthe absorbers. Since some of the energy is
also lost in the active media of the calorimeters, a correction for this is also performed (see Section 3.2).

In order to obtain a parameterization of the energy loss thatis valid for any extrapolation inside
ATLAS, it was necessary to provide this parameterization asa function of both the muon momentum and
the thickness of the material traversed. Muons of 19 different momenta in the range 5 to 1000 GeV were
simulated passing through blocks of material with 5 different thicknesses. The process was repeated
for three different materials: lead, copper and iron, corresponding to the absorber materials for the EM
calorimeters, the Hadronic Endcap calorimeter and the Tilecalorimeter, respectively. For each data
sample 2000 muons were simulated. The energy loss distributions were then fit to Landau distributions
and the defining parameters of these Landau distributions were parameterized:

• Most probable value= Empv
loss = Empv

loss(pµ ,x).

• Width parameter (see the Appendix for the precise definition) = Eσ
loss= Eσ

loss(pµ ,x),

where x is the material thickness in radiation lengths,X0. The parameters were fit first as a function of
x for fixed momenta. BothEmpv

loss (x) andEσ
loss(x) were well described by the functiona0x+a1xln(x/X0)

at fixed momenta. Figures 2 and 3 illustrate these fits for 5 GeVand 1 TeV muons, respectively, and the
three materials considered. In order to complete the parameterization as a function ofpµ andx, theai

parameters were fitted as a function ofpµ . The following function sufficed to obtain satisfactory fits:

ai = bi,0 +bi,1 lnBpµ +bi,2pµ , (1)
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Figure 2: Parameterization of the Landau distribution parameters as a function of thickness of material
traversed for 5 GeV muons in iron (left), lead (center) and copper (right). The fitting functions were
a0x+ a1xln(x/X0). The solid (empty) circles and solid (dashed) line correspond to the data and fitted
functions forEmpv

loss (Eσ
loss).
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Figure 3: Parameterization of the Landau distribution parameters as a function of thickness of material
traversed for 1 TeV muons in iron (left), lead (center) and copper (right). The fitting functions were
a0x+ a1xln(x/X0). The solid (empty) circles and solid (dashed) line correspond to the data and fitted
functions forEmpv

loss (Eσ
loss).

where the constant term corresponds to ionization, the logarithmic term to the relativistic rise (with
B=1 GeV−1) and the linear term to the radiative part [6]. These fits are shown in Figure 4. The values
of thebi, j parameters are shown in Table 1. Note that all theb0,2 parameters are less than 0. This implies
that the radiative contribution to the energy loss,(b0,2x+b1,2xlnx) pµ would become less than 0 for very
thin materials (. 10X0). This is of course not true when the parameterization is applied to the range of
momenta and material thicknesses relevant for muon tracking corrections studied in this note.

3.2 Scaling of Parameters for the Active Media

In the previous section we have shown parameterizations of the energy loss in the absorber materials of
the calorimeters. These parameterizations by themselves cannot model the true energy loss corrections
in the ATLAS Calorimeters, since there is also energy lost inthe active media. This effect can be as big
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Figure 4: Fit to theai parameters (a0, circles;a1 squares) forEmpv
loss as a function of muon momentum in

iron (left), lead (center) and copper (right).

b0,0 b0,1 b0,2 b1,0 b1,1 b1,2

C
u

Empv
loss 1.82×10−2 -1.1×10−4 -5.6×10−6 2.98×10−4 2.4×10−4 2.77×10−6

Eσ
loss 1.18×10−3 -5×10−5 -3.51×10−6 -2.2×10−4 7.4×10−5 1.98×10−6

F
e

Empv
loss 2.3×10−2 -5.6×10−4 -1.39×10−5 -5.3×10−4 3.9×10−4 5.3×10−6

Eσ
loss 1.2×10−3 2.1×10−4 -8.5×10−6 -2.8×10−4 2.4×10−5 3.6×10−6

P
b

Empv
loss 7.2×10−3 7×10−5 -1.28×10−5 2.2×10−4 8×10−5 4.5×10−6

Eσ
loss 6×10−4 -5×10−5 -8.2×10−6 -1.1×10−4 4×10−5 3.01×10−6

Table 1: Fit values of the different parameters for the two parameters of the Landau distribution of the
energy loss for the three materials chosen.bi,0 andbi,1 (bi,2) are expressed in GeVX−1

0 (X−1
0 ).

as 30% for the EM calorimeters. For this reason, the most probable value needs to be corrected:

Empv
loss,calo = Empv

loss,param

Empv
loss,absorb+Empv

loss,active

Empv
loss,absorb

= Empv
loss,param

(

1
1− fsampl

)

. (2)

In Equation 2,Empv
loss,param is the parameterized most probable energy loss (in the absorber material, from

Section 3.1),Empv
loss,absorbis the most probable energy lost in the absorber material of the calorimeter, and

Empv
loss,active is the most probable energy lost in the active material of thecalorimeters. Then,fsampl is

defined as:

fsampl=
Empv

loss,active

Empv
loss,absorb+Empv

loss,active

. (3)

The sampling fractions used for the EM barrel calorimeter and the TileCal were obtained from [7] and
[8], respectively. An extra factor was added to the EM calorimeter sampling fraction to account for
the e/µ factor (since the sampling fraction in [7] was calculated for electrons). The sampling fraction
for the HEC was estimated from the energy loss of minimum ionizing particles (mips) in the copper
absorber and the liquid argon active medium [1]. This estimate is valid for low to mid energy muons
(. 100 GeV) because they can be approximated as mips. For higherenergy muons such a calculation
would overestimate the most probable value of the energy loss by 0.1%, which is negligible for the
purpose of this parameterization. Finally, the sampling fraction in the EM Endcap Calorimeter requires
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a special treatment due to its complex geometry. A parameterization as a function ofη was used. This
parameterization is shown in Figure 5.

η
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Figure 5: Sampling fraction as a function ofη in the ATLAS Endcap EM Calorimeter.

The previous discussion tells how to correct the most probable value of the energy loss distribution,
but not the width parameter. There is no comparable well studied quantity like the sampling fraction that
can be used to help perform this correction. For this reason,the width parameter was corrected to match
the GEANT4 simulation during the validation process. However, this correction turned out to have a non-
negligible dependence on the momentum which is difficult to model1). Consequently, the uncertainty in
the estimate of the width is much larger than the uncertaintyin the estimate of most probable value. See
Section 4 for further discussion.

3.3 Energy Loss in Dead Material

Energy lost in dead material also needs to be taken into account. Fortunately, most of the dead material
is relatively thin, so only ionization energy loss contributes significantly. Ionization energy loss is well
described by a Landau distribution and an analytic calculation of its most probable value exists [9]:

Empv
loss = ξ

[

ln
2mc2

I
+ ln

ξ
I

+3.647

]

, (4)

whereξ = NA
Z
A

k
β2 x, wherex is the thicknesss of the traversed material in g cm−2, I is the ionization

potential of the material, andNA is Avogadro’s number. This approximation is satisfactory for describing
the effect for most of the dead material which will be shown inSection 4. However, the support structure
of the TileCal, the girder, is over 10X0 thick, and therefore the energy lost at this point does not obey
Equation 4.

3.4 Adding Energy Loss Incrementally to the Parameterization of the Track

The estimated energy loss is typically approximated by a gaussian and added to the parameterization of
the track. The gaussian approximation and the update of the track are discussed in [4]. The gaussian
approximation needs to be done in each volume and, ultimately, each surface. However, one must be

1)The width of the Landau distribution represents the magnitude of the fluctuations around the most probable value. This
magnitude depends on the characteristics of the active material and its response to muons more strongly than the mpv. This
response is different at different muon momenta. Thereforethis parameter in a complex material like the instrumented regions
of the calorimeter cannot be easily modeled starting from parameterizations of these distributions in the absorber materials only.
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careful of an assumption that can affect significantly the total energy loss estimation, namely that the
most probable value of a Landau distribution is linear underconvolution. In other words, if we assume a
gaussian in each volume, the total energy loss will be:

Empv
loss = ∑

volumes

Empv
loss,i (5)

Eσ
loss=

√

∑
volumes

(

Eσ
loss,i

)2
. (6)

However, in reality for two Landau distributions [10]:

Empv
loss,1+2 = Empv

loss,1 +Empv
loss,2 +Eσ

loss,1 ln

(

1+
Eσ

loss,2

Eσ
loss,1

)

+Eσ
loss,2 ln

(

1+
Eσ

loss,1

Eσ
loss,2

)

(7)

Eσ
loss,1+2 = Eσ

loss,1 +Eσ
loss,2. (8)

This implies that applying the gaussian assumption at each surface underestimates both totalEmpv
loss and

Eσ
loss. However, the track can be appropriately updated if the track propagation algorithm uses the energy

loss information along the trajectory before reaching eachsurface. This information has been made
available to theExtrapolator and can be configured in the job steering. Incidentally, thisimplies that
uncertainties in the parameterization of the width translate into uncertainties in the estimate of the most
probable energy loss. However, this effect is only noticeable whenEσ

loss is not small compared toEmpv
loss ,

namely for high momenta.

4 Validation of the New Parameterization

This section shows the validation of the new parameterization for 10 GeV, 100 GeV and 1 TeV muons.
The validation was performed through a direct comparison between the ATLAS GEANT4 full simulation
and the energy loss estimate in the Tracking Geometry. The validation algorithm is described and then
the results are shown and discussed.

4.1 Algorithm

In order to validate the parameterization for a representative set of extrapolations inside the detector, a
customG4UserAction was attached to the GEANT4 simulation. This type of class saves the kinematic
variables of the simulated muons in a root ntuple after each interaction with the material. An algorithm
was developed to read the root ntuple and create a track with the same kinematic variables as those of
the original muon in each event. The track is then extrapolated to different surfaces defined by the user
and the energy loss up to this point is saved. The estimated width parameter is also saved. The surfaces
used for the studies shown in the next section were chosen to delimit different interesting volumes of the
ATLAS detector:

1. Closed cylinder enclosing the volumes prior to reaching the EM calorimeters (Inner Detector and
gaps): radius 1447 mm and half-length 3250 mm.

2. Closed cylinder enclosing all volumes up to the end of the active region of the EM calorimeters:
radius 2003.5 mm and half-length 4309 mm.

3. Closed cylinder enclosing all volumes up to the end of the active region of the Hadronic calorime-
ters: radius 3860 mm and half-length 6120 mm.

8



4. Closed cylinder enclosing all volumes in the CalorimeterTracking Geometry (including support
structures such as the TileCal girder): radius 4250 mm and half-length 6500 mm.

The trajectory of the original muon is also followed to thesesurfaces, and the muon’s energy loss up
to each surface is saved. These energy losses are used to fill two distributions of energy loss, the true
distribution and the reconstructed distribution in differentη bins. The spread in the reconstructed distri-
bution is mostly due to theη binning. The true distributions are fitted to Landau distributions and their
most probable values and width parameters are compared to those provided by the reconstruction. The
algorithm is available in the ATLAS CVS repository as part oftheTrkDetDescrAlgs package under the
nameEnergyLossValidation and it was used to produce the results in the next section. Theamount
of material seen by the muon before reaching each of these four surfaces is shown in Figure 6 in units
of X0 and g cm−2. The amount of material in g cm−2 (X0) is proportional to the ionization (radiative)
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Figure 6: Amount of material traversed by a muon traveling from the interaction point to surface 1
(dotted line), surface 2 (short-dashed line) surface 3 (long-dashed line) and surface 4 (solid line). The
thickness is shown in radiation lengths (left) and g cm−2 (right).

energy loss. Radiative energy loss grows more rapidly than ionization energy loss in the calorimeters.

4.2 Results

The results obtained with the algorithm just described are summarized in Figures 7 and 8. The error bars
on the parameters fit to the simulation (histograms) are not shown. They are≈10% forEmpv

loss andEσ
loss

on average. For the cracks and regions of transition betweencalorimeters (|η | ≈ 1.2) these uncertainties
are larger, since the energy loss distributions are a superposition of several Landau distributions due to
the binning inη .

The top left plots correspond to muon trajectories from the beam-pipe to surface 1. The agreement
between the most probable energy loss calculated with the simulation and the reconstruction geometry is
remarkable; and, in addition, there are no significant differences in the energy loss parameters for 10 GeV
and 1 TeV muons. This agreement confirms our assumption that ionization processes describe accurately
the energy loss in thin materials.

The top right plots correspond to muon trajectories from thebeam-pipe to surface 2. Again in this
case, the agreement between simulation and reconstructionis remarkable, even though for specificη
regionsEσ

loss seems to be underestimated by as much as 30%. The estimation remains good to an overall
10% accuracy on average.

The bottom left plots correspond to muon trajectories from the beam-pipe to surface 3. The agree-
ment between simulation and reconstruction is also fine for the 10 GeV and the 100 GeV samples. A
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Figure 7: True (histograms) and estimated (points)Empv
loss for different muon momenta as a function of

pseudorapidity,η . The mpv is calculated for muons propagating from the beam-pipe to 4 different
cylinders around the beam pipe in the ATLAS geometry. From left to right and top to bottom: up to the
entrance of the EM calorimeters; up to the exit of the EM calorimeters; up to the exit of the hadronic
calorimeters; and up to the end of the Tracking Geometry. Thedouble-hatched histogram and solid
circles correspond to 10 GeV muons. The single-hatched histogram and solid squares correspond to
100 GeV muons. The empty histogram and empty circles correspond to 1 TeV muons.

small discrepancy of≈ 5% can be seen for the 1 TeV sample. The underestimation inEmpv
loss is believed to

be correlated to the underestimation inEσ
loss seen in Figure 8. A somewhat more important disagreement

in the energy loss is visible at|η | ≈ 1. This is due to the modeling of the ITC region of the Extended
Barrel TileCal in the Tracking Geometry. This region is essentially made of the same material as the
TileCal, but in the Tracking Geometry it is treated as dead material. Therefore, no radiative effects are
calculated at this location. This explains why this effect is most remarkable for the 1 TeV sample.

Finally, the bottom right plots present energy loss resultsfor muon trajectories from the beam-pipe
to surface 4. The same features as for the bottom left plots are observed with a larger underestimation
for Empv

loss in the 1 TeV sample and a similar effect onEσ
loss for all three samples. This is expected because

the energy loss in the support structures like the TileCal girder and the endcap cryostats are not correctly
modeled. The effect on the 10 GeV and 100 GeV sample appears only in Eσ

loss results, which indicates
that Empv

loss is well-modeled for low and mid-momentum muons and that the estimate forEσ
loss does not

have a large effect on the estimate forEmpv
loss in these samples. This is expected since theEσ

loss terms in
Equation 7 are negligible ifEσ

loss is very small compared toEmpv
loss .
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Figure 8: True (histograms) and estimated (points)Eσ
loss for different muon momenta as a function of

pseudorapidity,η . Eσ
loss is calculated for muons propagating from the beam-pipe to the same 4 different

cylinders around the beam pipe as those used for Figure 7.

5 Conclusion

A parameterization of the energy loss of muons in ATLAS has been developed to meet the requirements
of the Tracking Geometry. This parameterization is based onanalytic calculations of the energy loss and
parameterizations of the energy loss in the absorber materials of the calorimeters. The parameterization
has been validated in direct comparisons with the GEANT4 full simulation for the variety of extrapola-
tions inside the Tracking Geometry. These validation studies have shown that the parameterization can
estimate the most probable value of the Landau distributionof the energy loss accurate to better than 1%
on average in theη range from -3 to 3 for 10 GeV and 100 GeV muons. For high momentamuons the
parameterization is accurate to≈ 5% except for extrapolations through the whole Tracking Geometry.
For such extrapolations, the TileCal girder contribution to the energy loss is underestimated giving a
most probable energy loss of≈ 10%. The estimate for the width parameter in the Landau distribution
carries a larger uncertainty for extrapolations through the whole Tracking Geometry, but remains very
good for extrapolations inside the calorimeter volumes.

The integration of this parameterization as part of the track extrapolation package for ATLAS pro-
vides a reliable transport of muon tracks through the calorimeters. Reliable track transport minimizes
biases in the muon momentum estimate for algorithms that reconstruct muon tracks in the Muon Spec-
trometer. These algorithms are most sensitive to the correct estimate for the energy loss for muons in the
few GeV to≈ 100 GeV momentum range, for which the parameterization presented here has been shown
to perform well. The track transport tools expressing the parameterization of the track at the IP allow for
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comparisons between different Muon Spectrometer reconstruction algorithms with data, which will be
important for evaluating the performance of these algorithms when the first data are collected. Finally,
additional algorithms which may require muon energy loss estimates in the calorimeters can also use the
IEnergyLossCalculator implementing this parameterization.

Appendix: The Landau Distribution and Energy Loss

There is no analytical form for the Landau distribution. Thedistribution is defined through its Laplace
transform

ψ(s) = ss = exp(slns), (A-1)

wheres is a complex number. This yields the following form for the Landau distribution:

L(x) =
1

2π i

∫ c+i∞

c−i∞
esxψ(s)ds=

1
2π i

∫ c+i∞

c−i∞
exp(sx+slns)ds. (A-2)

The integral is independent ofc. This distribution has a well defined most probable value atx=−0.2228
and it is characterized by a long tail towards increasing values ofx. A generalized form of the Landau
distribution can be obtained by performing an affine transformation of Equation A-2. This leads to a
Landau distribution with a width parametera and a scale parameterb:

L(x) =
1

2π i

∫ c+i∞

c−i∞
esxψ(s)ds=

1
2π i

∫ c+i∞

c−i∞
exp[s(x−b)+asln(as)]ds. (A-3)

When describing energy loss processes by Landau distributions in this documentEmpv
loss = b−0.2228 and

Eσ
loss = a. Equations 7 and 8 follow directly [10], since the convolution of any two distributions is the

inverse Laplace transform of the product of their Laplace transforms.
The Landau distribution is typically approximated using the CERN library routines [11]. These

routines are precise to over 5 significant figures. Throughout this document, fits to Landau distributions
were actually fits to the functions defined in the CERN libraries, interfaced through the ROOT standard
fitter [12].

Figure A-1 shows the energy loss distributions for muons of different energies going through the AT-
LAS calorimeters. The distributions were obtained with theATLAS full simulation, based on GEANT4 [13].
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Figure A-1: Energy loss distributions for 10 GeV (left), 100GeV (center) and 1 TeV (right) muons with
|η | < 0.15 going through the ATLAS calorimeters. Fits to Landau distributions are also shown.

GEANT4 simulates the interactions of muons inside materials. This involves a stepping process,
in which the simulated particle is transported without interactions in the material, and an interaction
process driven by the cross sections for each type of interaction. The cross sections for electromagnetic
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interactions, which cause energy loss of muons, are understood up to∼ 1 TeV [14]. Therefore, the
simulation is expected to correctly describe data.

Figure A-1 also shows the Landau distribution fit to each of energy loss distribution. They describe
the simulated distributions well, but there are some features that are worth discussing:

• The energy loss distribution for 10 GeV muons is more symmetric than the fit to the Landau
distribution.

• The energy loss distribution for 100 GeV muons is well described by the Landau distribution.

• The energy loss distribution for 1 TeV muons deviates from a Landau distribution, having a larger
tail. This shifts the most probable value of the fit towards higher values to allow for a better
modeling of the tail.

To understand these deviations from the Landau theory, a deeper understanding of the energy loss is
needed. Energy loss distributions have been studied in detail [15,16]. The Landau distribution describes
well the fluctuations in ionization energy loss if:

1. The average energy loss is small compared to the maximum energy loss possible in a single muon-
electron collision (i.e.: the material is ‘thin’).

2. The average energy loss is large compared to the binding energy of the most tightly bound electron.

The second condition is always met in the context of this note. It only needs to be considered in gaseous
materials, where the average energy loss is very small. If the first condition is not met (in ‘thick’ mate-
rials), the energy loss distribution is described by the Vavilov distributions [16], which tend to be more
symmetric than the Landau distribution and approach it in the limit of infinitely thin material. The max-
imum energy loss possible in a single collision is

Tmax =
2mec2β 2γ2

1+2γme/mµ +(me/mµ)2 . (A-4)

For a 10 GeV muon,Tmax ∼ 3.5 GeV, which is comparable to the energy lost in calorimeters. For a
100 GeV muon,Tmax∼ 90 GeV, which is much larger than the average energy lost in calorimeters.Tmax

grows much faster than the mean ionization energy loss, so for high energy muons the Landau distribution
remains appropriate to describe the ionization energy lossdistribution. However, radiative energy losses
play a more important role as muon energy increases. This implies deviations from the Landau theory,
as observed in Figure A-1.
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