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Abstract: We consider the potentials of the LHC and a linear e+e− collider (LC) for

discovering supersymmetric particles in variants of the MSSM with soft supersymmetry-

breaking mass parameters constrained to be universal at the GUT scale (CMSSM) or at

some lower scale Min (GUT-less models), as may occur in some scenarios with mirage

unification. Whereas the LHC should be able to discover squarks and/or gluinos along

all the CMSSM coannihilation strip where the relic neutralino LSP density lies within the

range favoured for cold dark matter, many GUT-less models could escape LHC detection.

In particular, if Min < 1011 GeV, the LHC would not detect sparticles if the relic density lies

within the favoured range. For any given discovery of supersymmetry at the LHC, in such

GUT-less models the lightest neutralino mass and hence the threshold for sparticle pair

production at a LC increases as Min decreases, and the CMSSM offers the best prospects

for measuring sparticles at a LC. For example, if the LHC discovers sparticles with 1 fb−1

of data, within the CMSSM a centre-of-mass energy of 600 GeV would suffice for a LC

to to produce pairs of neutralinos, if they provide the cold dark matter, whereas over

1 TeV might be required in a general GUT-less model. These required energies increase to

800 GeV in the CMSSM and 1.4 TeV in GUT-less models if the LHC requires 10 fb−1 to

discover supersymmetry.
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1. Introduction

Many studies have showcased the great potential of the LHC for producing and discovering

supersymmetric particles [1 – 3], and the ability of experiments at a linear e+e− collider

(LC) to measure sparticle properties in detail, if their pair-production thresholds lie within

its kinematic reach [4]. Most of these studies have assumed that R parity is conserved,

in which case the lightest supersymmetric particle (LSP) may provide the cold dark mat-

ter postulated by astrophysicists and cosmologists [5]. Further, most studies have been

within the framework of the minimal supersymmetric extension of the Standard Model

(MSSM) [6], and assumed that the LSP is the lightest neutralino χ. We also adopt this

framework in this paper. In this case, the classic signature of sparticle pair production

is missing energy carried away by the dark matter particles χ. Studies have indicated

that experiments at the LHC should be able to detect gluinos and squarks weighing up

to ∼ 2.5 TeV [7], whereas any sparticles weighing less than the beam energy should be

detectable at a LC.

One specific supersymmetric version of this framework that has commonly been ex-

amined is the Constrained MSSM (CMSSM) [8 – 12], in which the soft supersymmetry-

breaking mass parameters are assumed to be universal at some high scale, generally taken

to be the supersymmetric GUT scale, MGUT ∼ 1016 GeV. Within the CMSSM, renormal-

ization group equations (RGEs) can be used to calculate the weak-scale observables in
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terms of four continuous and one discrete parameter; the scalar mass, m0, the gaugino

mass, m1/2, and the trilinear soft breaking parameter, A0 (each specified at the universal-

ity scale), as well as the ratio of the Higgs vevs, tan β, and the sign of the Higgs mixing

parameter, µ. The reaches of colliders such as the LHC or a LC are then often expressed

in the (m1/2,m0) plane for representative values of A0, tan β and the sign of µ.

However, the mechanism of supersymmetry breaking is not known, and alternative

scenarios should also be considered. Rather than postulate that the soft supersymmetry-

breaking parameters are universal at some GUT scale, one might consider theories in

which this universality assumption for the the soft supersymmetry-breaking parameters

is relaxed. One possibility, motivated to some extent by supersymmetric GUT scenarios

and the absence of flavour-changing interactions due to sparticle exchanges, would be

to relax (for example) the universality assumption for the soft supersymmetry-breaking

contributions to the Higgs scalar masses at the GUT scale (the NUHM) [13, 14], and more

radical abandonments of universality could also be considered.

We consider here a different generalization of the CMSSM, in which universality of

the soft supersymmetry-breaking mass parameters is maintained, but is imposed at some

lower input scale Min < MGUT [15, 16]. Such GUT-less (or sub-GUT) scenarios may arise

in models where the dynamics that breaks or communicates supersymmetry breaking to

the observable sector has an intrinsic scale below MGUT, and switches off at higher scales,

much as the effective dynamical quark mass in QCD switches off at scales > ΛQCD. Mirage

unification scenarios [17] offer one class of examples in which the low-energy evolution of the

gaugino masses is as if they unified at some scale < MGUT. In principle, one could consider

scenarios in which universality is imposed on the different MSSM soft supersymmetry

breaking parameters m1/2,m0 and A0 at different input scales Min. However, here we

follow [15, 16] in studying the simplest class of GUT-less scenarios with identical Min for

all the soft supersymmetry-breaking parameters.

As one would expect, the reduction in the universality scale has important consequences

for the low-energy sparticle mass spectrum. In particular, the hierarchy of gaugino masses

familiar in the GUT-scale CMSSM is reduced with, for example, a substantial reduction

in the ratio of gluino and bino masses. Likewise, squark and slepton masses also approach

each other as Min is reduced. These effects have important consequences for the (m1/2,m0)

planes in GUT-less scenarios: for example, the boundaries imposed by the absence of a

charged τ̃1 LSP and the generation of an electroweak symmetry breaking vacuum approach

each other as Min decreases.

A corollary of the ‘squeezing’ of the sparticle mass spectrum is the observation made

in [15] and [16] that, as the universality scale Min is decreased from the GUT scale, there

are dramatic changes in the cosmological constraint imposed on the parameter space by the

relic density of neutralinos inferred from WMAP and other observations [18]. In general,

as Min decreases, the regions where the relic neutralino LSP density falls within the range

preferred by WMAP and other measurements [18] tend to move to larger m1/2 and m0.

This implies that, whereas in the GUT-scale CMSSM the relic neutralino is overdense in

most of the region with m1/2,m0 < 1 TeV, as Min decreases to ∼ 1011 GeV most of this

region becomes underdense.
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In this paper, we consider the implications of these observations for the prospects for

sparticle detection at the LHC and a LC. ATLAS and CMS have estimated their reaches in

inclusive supersymmetry searches for multiple jets and missing transverse energy, as func-

tions of the accumulated and analyzed LHC luminosity, which may be expressed as reaches

for gluino and squark masses [2]. These may in turn be converted into the reaches in the

(m1/2,m0) planes for different values of Min. The masses of weakly-interacting sparticles

such as sleptons, charginos and neutralinos are determined across these (m1/2,m0) planes,

and hence the ATLAS/CMS reaches may be converted into the corresponding sparticle

pair-production thresholds at a generic LC. These converted reaches may be interpreted in

at least two ways. If the LHC does discover supersymmetry, then one may estimate, within

the CMSSM or any given GUT-less model, the maximum centre-of-mass energy that would

suffice for a LC to make detailed follow-up measurements of at least some sparticles. Con-

versely, if the LHC does not discover supersymmetry within a given physics reach, one can,

within the CMSSM or any given GUT-less model, estimate the minimum centre-of-mass

energy below which a LC would not provide access to any sparticles. In general, because of

the ‘squeezing’ of the sparticle mass spectrum as Min decreases, for any given LHC physics

reach the required LC centre-of-mass energy increases correspondingly.

This argument can be carried through whether one disregards the cosmological density

of dark matter entirely, or regards it solely as an upper limit on the relic LSP density,

or interprets it as a narrow preferred band. In the third case, the prospects for sparticle

detection at the LHC recede with the preferred dark matter regions in the (m1/2,m0) planes

as Min decreases. Within the specific preferred dark-matter regions, the relation between

the LHC and LC reaches can be made more precise. For example, if the LHC discovers

sparticles with 1 fb−1 of data, within the CMSSM a centre-of-mass energy of 600 GeV would

suffice for a LC to to produce pairs of neutralinos, if they provide the cold dark matter,

whereas over 1TeV might be required in a GUT-less model with Min > 1011.5 GeV. These

required energies increase to 800 GeV in the CMSSM and 1.4 TeV in GUT-less models with

Min > 1011.5 GeV if the LHC requires 10 fb−1 to discover supersymmetry.

2. Sparticle masses in GUT-less models

Before discussing in depth the physics reaches of different colliders, we first discuss the

behaviours of some relevant sparticle masses in GUT-less scenarios, starting with the gaug-

inos. Since the leading one-loop renormalization-group evolutions of the gaugino masses

Ma(Q) : a = 1, 2, 3 are identical with those of the gauge coupling strengths αa(Q),

Ma(Q) =
αa(Q)

αa(Min)
m1/2. (2.1)

At the one-loop level, the running gaugino masses therefore track the behaviours of the

gauge couplings, and αa(Q)/αa(Min) → 1 as Min → Q. Since the SU(3) gauge coupling is

asymptotically free whereas the SU(2) and U(1) couplings increase with the renormalization

scale, it is clear that the running gluino mass at the electroweak scale decreases towards

m1/2 as Min is decreased, whereas the running wino and bino masses increase towards
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Figure 1: Panel (a) shows the low-energy effective gaugino masses as functions of Min for the

point (m1/2, m0) = (800, 1000)GeV, with tanβ = 10, A0 = 0, and µ > 0. Panel (b) shows the

corresponding dependence on Min of the squark and slepton masses as indicated for the same value

of (m1/2, m0).

m1/2 as one approaches Min. At the two-loop level, the renormalizations of the gaugino

masses and the gauge couplings are different, but the one-loop effect (eq. 2.1) is clearly

dominant, as seen in panel (a) of figure 1 for the representative case m1/2 = 800 GeV.1 As

Min decreases, M3 decreases and M1,2 increase towards the input value m1/2 = 800 GeV.

The physical gaugino masses differ from the running masses by threshold corrections

at the electroweak scale, of which the most important is that for the gluino mass. At the

one-loop level, this correction takes the form

meg = M3(Q) − ReΣeg m2
eg, (2.2)

where Σegm
2
eg incorporates the effects due to gluon-gluino and quark-squark loops [19]. These

effects often amount to ∼ 10 %, as also shown in panel (a) of figure 1 for the representative

case m1/2 = 800 GeV, where the one-loop threshold corrections are calculated assuming

m0 = 1000 GeV, A0 = 0 and tan β = 10 at Min. These electroweak threshold corrections

are included in our subsequent analysis of the physics reaches of the LHC and an LC.

We also include the leading renormalizations of the sfermion masses. Neglecting

Yukawa couplings, analytic integration of the one-loop RGEs results in expressions for

the running squark masses [20],

m2
eq(Q) = m2

0(Min) + Ceq(Q,Min)m2
1/2 + C ′

eq, (2.3)

where Ceq is a coefficient that decreases with Min for any fixed Q < Min and vanishes as

Min → Q, and C ′

eq is a constant proportional to m2
Z . Thus, the squark and slepton masses

1All of the results presented here include two-loop effects in the RGEs.
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also tend to approach each other and m0 as Min decreases, modulo Yukawa corrections and

one-loop electroweak threshold effects, which we include for stop and sbottom squarks.

The dependences of some squark and slepton masses on Min is shown in panel (b) of

figure 1. Whereas the masses of the left- (q̃) and right-handed squarks (ũ, d̃) of the first

two generations do tend to unify with those of the sleptons (l̃, ν̃, ẽ) as Min decreases, there

are important Yukawa corrections for the lighter stop (t̃1) and sbottom (b̃1), and smaller

corrections for the lighter stau (τ̃1).

In preparation for the discussion in the next section, we display in figure 2 the

(m1/2,m0) planes for tan β = 10 and A0 = 0, for various different choices of Min: (a)

MGUT, (b) Min = 1014 GeV, (c) Min = 1013 GeV, and (d) Min = 1012.5 GeV, respec-

tively. Further (m1/2,m0) planes for tan β = 10, A0 = 0 and (a) Min = 1012 GeV, (b)

Min = 1011.5 GeV, (c) Min = 1011 GeV, and (d) Min = 1010 GeV, respectively, are shown

in figure 3. Shaded (brown) regions at small m0 and large m1/2 are excluded because the

τ̃1 is the LSP whereas shaded (dark pink) regions at large m0 and small m1/2 are excluded

because the electroweak vacuum conditions cannot be met. We note that these regions

approach each other as Min decreases in the successive panels of figures 2 and 3. Only

regions to the right of and below the black dashed lines are compatible with the LEP con-

straint on the lightest chargino mass, and only regions to the right of the red dot-dashed

line are compatible with the LEP Higgs mass constraint. The pale pink shaded bands at

small m1/2 and m0 are favoured by gµ − 2 at the one-σ level (dashed lines) and two-σ level

(solid lines) if e+e− data are used to evaluate the Standard Model contribution.

According to (2.3), squark mass contours may be represented as approximate quarter-

ellipses in the (m1/2,m0) planes, and we show in each panel as solid (green) lines the

contours for medR
= 0.5 - 3 TeV in 0.5 TeV increments. The semimajor axes of the quarter-

ellipses are approximately equal to meq, and the semiminor axes are approximately equal

to m2
eq/Ceq.

2 Since Ceq decreases as Min decreases, the semiminor axes of the squark mass

contours increase progressively between the panels of figure 2 and 3.

We also show as the nearly vertical (green) lines in figures 2 and 3 gluino mass contours

from 0.5 - 3 TeV in 0.5 TeV increments.

3. LHC reach for sparticle discovery

The discovery potential of ATLAS was examined in [21], and more recently a CMS anal-

ysis [2] has provided reach contours in the (m0,m1/2) plane within the CMSSM for

tan β = 10. Both studies found that the greatest discovery potential is achieved by an

inclusive analysis of the channel with missing transverse energy, Emiss
T , and three or more

jets, so we focus on this channel in the following. To a good approximation (see the discus-

sion below), the reach contours depend in general only on meq and meg, although processes

involving other gauginos and sleptons may become important near the focus-point and

coannihilation strips [22]. A full analysis of all the processes involved in the estimation of

2Since equation (2.3) is a 1-loop approximation to the 2-loop RGEs and also contains a small constant

term, and the plots have a limited precision due to the 20-GeV step size in m1/2 and m0, small deviations

in the m0 and m1/2 intercepts of the squark mass contours are expected.
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Figure 2: Examples of (m1/2, m0) planes with tanβ = 10 and A0 = 0, and (a) Min = MGUT,

(b) Min = 1014 GeV, (c) Min = 1013 GeV, and (d) Min = 1012.5 GeV. The usual collider and

cosmological constraints are displayed as described in the text. In addition, the solid (green) partial

ellipses are contours of d̃R masses corresponding to masses of 0.5 - 3 TeV, in 0.5TeV increments,

and the near-vertical (green) contours are the analogous gluino mass contours. The solid (dashed)

dark blue contours correspond to the approximate sparticle reach with 10 (1.0) fb−1 of integrated

LHC luminosity, as discussed in the text.

the reach contours is beyond the scope of this work, so we simply express the reach contours

as functions of meq and meg, and examine how the approximated reach in the (m1/2,m0)

plane changes as a function of Min.

3.1 Results for tan β = 10, A0 = 0

We start with the 5-σ inclusive supersymmetry discovery contours in the CMSSM for 1.0

and 10 fb−1 of integrated LHC luminosity, shown for tan β = 10 in figure 13.5 of ref. [2].
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Figure 3: Further examples of (m1/2, m0) planes with tanβ = 10 and A0 = 0, and (a) Min = 1012,

(b) Min = 1011.5 GeV, (c) Min = 1011 GeV, and (d) Min = 1010 GeV. The notations are the same

as in figure 2.

Since the inclusive reach is expected to be fairly linear above m0 = 1.5 TeV, we extend

these contours linearly above m0 = 1200 GeV, then fit the sensitivity with a third-order

polynomial in m0 and m1/2 to extend the approximate LHC supersymmetry reach out to

m0 = 2 TeV, as shown in figure 4. Our fits are compared with the CMS reaches in figure 4.

The largest differences between our approximate reach contours and the contours shown in

the CMS TDR [2] are ∼ 25 GeV for the 10 fb−1 contour and ∼ 50 GeV for the 1 fb−1 contour.

The next step is to change variables from (m1/2,m0) → (meg,meq) using (2.1) and (2.3).

Starting from the contours specified in figure 4 as functions of the gluino and squark masses,

for each value of Min, we then translate the discovery contours back into the corresponding

(m1/2,m0) plane. Clearly, the contours move as the universality scale Min is lowered and
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Figure 4: Approximate LHC supersymmetry reach contours for integrated luminosities of 1 fb−1

and 10 fb−1 (smooth curves), compared with the expected CMS reach given in the CMS TDR [2]

for tanβ = 10.

the gluino and squark masses change according to (2.1) and (2.3).

To check the validity of our approximation, we used our sparticle mass spectra with

the SUSY-HIT decay package [23] and PYTHIA [24] to calculate the total signature cross

sections for the relevant sparticle channels at the LHC at points along the approximated

reach contours as Min is varied, and also at a fixed point in the (m1/2,m0) plane. Following

the approximated 10 fb−1 contour at m0 = 1000 GeV as Min decreases, we find that the

cross section for squark and gluino production is indeed quite stable as Min is reduced from

the GUT scale to 1010.5 GeV. The cross section for all MSSM processes decreases slightly

(∼ 10%), then increases to just over 125% of the CMSSM value. The sharp increase occurs

as the neutralino LSP becomes higgsino-like at low Min. On the other hand, at the fixed

point (m1/2,m0) = (800, 1000) GeV, as Min is reduced from MGUT to 1011 GeV, the cross

section for all MSSM processes (excluding Higgs production) increases by more than a

factor of 6, while that for squark and gluino production increases by nearly a factor of 5.3

This fixed point in (m1/2,m0) is therefore significantly more easily discovered as Min is

lowered, and our reach contour is a better approximation to a constant cross section.

Also relevant to the validity of our approximation is the effective mass,

Meff = Emiss
T +

∑

jets

ET,jet, (3.1)

which is used as figure of merit at the LHC. The sum in (3.1) includes the missing transverse

3The cross section for production of a squark or gluino with a chargino or neutralino increases only by a

factor of ∼ 2.5 over this range of Min, contributing a lesser fraction to the total cross section. However, as

this process generally comprises only a very small fraction of all MSSM events, this does not significantly

affect the accuracy of our parametrization.
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energy carried away by the LSPs, and the transverse energy in jets is summed over all jets

with ET ≥ 30 GeV and pseudorapidity |η| < 3.0. The effective mass distribution may differ

significantly, especially at large Meff , from the SM background. Therefore, we verify that

the leading edge of the distribution does not soften as the universality scale is reduced. We

find that the distribution of Meff for events that pass the CMS cuts of Emiss
T > 200 GeV

and three or more jets as described above does not change significantly as Min is reduced,

as long as the LSP remains bino-like. When the LSP becomes higgsino-like at low Min,

the distribution flattens, however the leading edge moves to much larger Meff such that

signal and background separation should not be problematic. Taken together with the small

changes in the MSSM cross sections as Min is reduced, we conclude that our parametrization

of the inclusive reach in the channel with three or more jets and missing transverse energy

is reliable to within the accuracy of our spectrum and relic density calculations.

The approximate 5-σ discovery potential contours for the LHC with 1.0 and 10 fb−1

of integrated luminosity are superposed as dashed (solid) dark blue lines in the (m1/2,m0)

planes for tan β = 10, A0 = 0 and different values of Min in figures 2 and 3. We recall

that the squark and gluino mass contours in the range (500, 3000) GeV in increments of

500 GeV are also shown, and that the squark and gluino contours move to larger m1/2 as

Min is lowered, resulting in more of the plane being accessible at a given luminosity.

We are unaware of any up-to-date study of the regions of the (m1/2,m0) plane that

could be excluded at the 95 % C.L. by the LHC with a specified integrated luminosity.

However, in previous studies the 95 % exclusion reach was similar to the 5-σ discovery

with a factor ∼ 5 more luminosity. Therefore, we estimate that the ‘discovery’ regions of

figures 2 and 3 bounded by the (dark blue) dashed and solid lines could, alternatively, be

excluded by the LHC with a factor of ∼ 5 less luminosity, namely ∼ 0.2(2) fb−1.

3.2 Impact of the cold dark matter density constraint

We now consider the consequences if the relic neutralino LSP density lies within the range

0.088 < Ωχh2 < 0.12 (3.2)

favoured by WMAP and other astrophysical and cosmological measurements [18]. In fig-

ures 2 and 3, the corresponding strips of preferred density in the various (m1/2,m0) planes

are shaded (light turquoise). In the case of the CMSSM, shown in panel (a), the coanni-

hilation strip extends up to (m1/2,m0) ∼ (900, 220) GeV, and it all lies within the LHC

supersymmetry discovery reach, which extends to mg̃ = 2000 GeV with 10 fb−1 of inte-

grated luminosity, also corresponding to (m1/2,m0) ∼ (900, 220) GeV. Moreover, the un-

derdense region lying between the WMAP coannihilation strip and the boundary of the

(brown shaded) charged-LSP region, where Ωχh2 < 0.088, is also accessible to the LHC.

However, the WMAP strip in the focus-point region, and the corresponding underdense

region lying between it and the (pink shaded) electroweak symmetry-breaking boundary

is only partially accessible to the LHC. For this reason, there is no ‘guarantee’ of finding

supersymmetry at the LHC, even within the CMSSM at this value of tan β.
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Turning now to GUT-less models,4 the full coannihilation strip and the corresponding

underdense region are also fully accessible to the LHC for Min = 1014 GeV as the endpoint

of the coannihilation strip moves to smaller m1/2, as seen in panel (b) of figure 2. However,

when Min = 1013 GeV, as shown in panel (c) of figure 2, the coannihilation strip merges

into a rapid-annihilation funnel that does not appear in the CMSSM for this value of

tan β = 10. To its right there is another very narrow WMAP-compatible strip and, at even

larger m1/2, an overdense region extending (almost) to the boundary of the (brown shaded)

forbidden charged-LSP region.Whilst a substantial portion of the (m1/2,m0) plane will be

probed at the LHC, there are now regions of both WMAP-compatible regions (focus-point

and coannihilation/funnel) that are inaccessible to the LHC. Moreover, there are now also

large underdense regions at large m1/2 and m0, above the preferred focus-point strip and

to the right of the coannihilation strip, that are also inaccessible to the LHC.

When Min is reduced to 1012.5 GeV, as seen in panel (d) of figure 2, the focus-point

and coannihilation strips join to form an ‘atoll’. Inside its ‘lagoon’, the relic density is in

general too large, whereas the region around the ‘atoll’ is underdense. At larger values of

m1/2 than the ‘atoll’, there is a narrow strip that is the vestige of the other side of the rapid-

annihilation funnel, beyond which the relic density is again too large.5 The LHC provides

access to a significant fraction of the ‘atoll’ and the surrounding underdense region, but

only a small part of the strip beyond the funnel.

When Min is reduced to 1012 GeV, as seen in panel (a) of figure 3, the ‘atoll’ con-

tracts to a WMAP-compatible ‘island’ centred around (m1/2,m0) ∼ (600, 700) GeV that

is completely accessible to the LHC with an integrated luminosity of 10 fb−1. There is

also a WMAP-compatible ‘mark of Zorro’ extending to larger m1/2 that is only partially

accessible to the LHC. Its narrow diagonal is due to the crossing of the hA threshold in

LSP annihilations. The large region surrounding the ‘island’ is underdense, and accessible

only partially to the LHC. The relic density is too high in the region below the ‘mark of

Zorro’, and beyond it falls below the WMAP range.

When Min is further decreased to 1011.5 GeV, as seen in panel (b) of figure 3, the relic

density is WMAP-compatible only along a strip close to the boundary of the stau LSP

region. The LHC still has some chance of detecting sparticles in the cold dark matter

region in this case, since the WMAP-compatible strip starts at m1/2 ∼ 600 GeV.

However, the situation changes dramatically in the case Min = 1011 GeV, shown in

panel (c) of figure 3. In this case, the only WMAP-compatible region is a small ellipsoid

at (m1/2,m0) ∼ (2000, 1100) GeV, beyond the reach of the LHC, which is surrounded

by an only partially-accessible underdense region of the (m1/2,m0) plane. The WMAP-

compatible region is similar for Min = 1010 GeV, as shown in panel (d) of figure 3.

4For a complete discussion of the morphology of experimental, phenomenological and cosmological con-

straints in GUT-less models, we refer the reader to refs. [15] and [16].
5The chain of small ‘islands’ seen within the ‘atoll’ are caused by the s-channel coannihilation of χ1χ2

through heavy Higgs scalars and pseudoscalars, which brings the relic density down into the WMAP range

along a very narrow neutralino coannihilation funnel. This is seen as a string of ‘islands’ rather than as a

‘peninsula’ because of the finite resolution of our scan.
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3.3 Generalizing the results

The discussion in previous sections pertains only to the CMSSM models with A0 = 0 at

the input scale and tan β = 10, as examined in [21] and [2]. In this section, we first discuss

the generalization of the conclusions reached in section 3.1 to A0 6= 0 and larger values of

tan β. Assuming, as we have above, that the LHC reach contours depend only on meg and

meq, we then extend our analysis here to A0 6= 0 and tan β = 50. Both of these possibilities

were addressed with regards to dark matter in GUT-less scenarios in ref. [16].

In section 4.3 of ref. [16], we examined the impact of choosing A0 6= 0 on the evolution

of experimental and cosmological constraints with Min. As µ receives large loop corrections

that depend on the trilinear couplings, and since any alterations in the trilinear couplings

at the input scale are transmitted to the weak scale via the RGE running, we found that

increasing A0 increases µ, whereas decreasing A0 decreases µ. The shifting of the dark

matter constraint in the plane as Min is lowered can be traced in part to the fact that µ

decreases as Min is lowered, so there is some degeneracy between the parameters Min and

A0, to the extent that they both affect the value of µ. In figure 5, we display (m1/2,m0)

planes for A0 = ±2m1/2 and Min = MGUT and Min = 1012 GeV. Whilst the neutralino

relic density remains above the WMAP range over the bulk of the plane for Min = MGUT

for all values of A0 shown, the dependence of the relic density on A0 for Min = 1012 GeV

can be seen clearly by comparing panels (b) and (d) of figure 5, where A0 = ±2m1/2, with

panel (a) of figure 3, where A0 = 0. We note that when A0 ∝ m1/2, deviations from A0 = 0

are increasingly evident at larger m1/2. At small (m1/2,m0), there is an additional green

shaded region excluded by the rate of b → sγ decay [25] for large positive A0.

Variations in A0 affect primarily the masses of the third-generation squarks and Hig-

gses. We therefore see that the LEP Higgs constraint changes significantly, especially at

low Min, for the values of A0 displayed here. For the choices of parameters in panel (d),

for example, it would require more than 10 fb−1 of LHC data to begin to probe regions of

parameter space not already excluded by the LEP limit on the Higgs mass. Whether A0 is

positive or negative, it is clear from the contours of medR
and meg that the evolution of the

first- and second-generation squark masses and the gluino mass with Min is very similar

to the A0 = 0 case. Thus, we expect that the LHC reach contours evolve as discussed in

section 3, as is evident in figure 5. The same checks on the validity of the LHC reach ap-

proximations that were explained in section 3 were performed for the A0 6= 0 cases shown in

figure 5. We found that the cross section for squark and gluino production remains roughly

constant along the 10 fb−1 reach contour at m0 = 1000 GeV, supporting the validity of our

approximation. The modifications of the third-generation squark masses for A0 6= 0 do not

alter significantly the total cross section for squark and gluino production.

At very large tan β ∼ 50, it is well-known that a rapid-annihilation funnel is present

in the GUT-scale CMSSM. Although the specific regions of cosmological interest in the

(m1/2,m0) plane in scenarios with larger tan β are not identical to those at tan β = 10, we

found that the morphology of the cosmologically-preferred strips as the universality scale is

lowered is qualitatively similar at both tan β = 10 and tan β = 50. To summarize, the focus-

point region and upper funnel wall merge, then the island that they have formed shrinks
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Figure 5: Examples of (m1/2, m0) planes with tanβ = 10 and (a) Min = MGUT and A0 =

+2m1/2, (b) Min = 1012 GeV and A0 = +2m1/2, (c) Min = MGUT and A0 = −2m1/2, and (d)

Min = 1012 GeV and A0 = −2m1/2. The notations are the same as in figure 2.

and eventually disappears, while the lower funnel wall curls into itself and sinks down into

the excluded τ̃ -LSP region. At very low values of Min, the relic density of neutralinos in

both cases is below the WMAP range over all or nearly all of the (m1/2,m0) plane.

Figure 6 shows examples of (m1/2,m0) planes with tan β = 50 for Min = MGUT and

Min = 1012 GeV, where contours of medR
and meg and the 1 and 10 fb−1 LHC reaches are

shown as in figures 2 and 3. The rate of b → sγ excludes large (dark green) regions already

excluded by the LEP Higgs constraint. At values of the universality scale between MGUT

and 1012 GeV, the WMAP regions stretch out to large values of m1/2 and m0, as in the

tan β = 10 case.6 For Min . 1011.5 GeV, the portion of the plane shown contains no regions

where the relic density of neutralinos is in the WMAP range.

6Representative planes for a variety of choices of Min are displayed in [16].
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Figure 6: Examples of (m1/2, m0) planes with tanβ = 50 and A0 = 0, with (a) Min = MGUT, (b)

Min = 1012 GeV. The notations are the same as in figure 2.

The dominant effects of variations in tan β on the sparticle spectrum are seen in varia-

tions in the masses of the Higgses and the third-generation sfermions. As such, the squark

and gluino mass contours and the approximated LHC reach contours shown in figure 6

appear to be quite similar to those at tan β = 10. Again, the cross sections for various

processes along the 10 fb−1 contour were verified as remaining roughly constant at lower

universality scales.

3.4 Summary of LHC reach

We conclude that the prospects for discovering supersymmetry at the LHC in scenarios

where the neutralino LSP provides some of the cold dark matter are in general diminished in

GUT-less scenarios. In particular, the ‘guarantee’ that the LHC would find supersymmetry

if tan β = 10, which was valid in the coannihilation region of the CMSSM but not in the

focus-point region, is not valid in GUT-less models. Similarly, if tan β = 50 there are

cosmologically-preferred regions that lie well outside the LHC’s 10 fb−1 reach for all values

of Min & 1012.5 GeV. For A0 = 0, if Min < 1011.5 GeV, the LHC provides access to none of

the WMAP-preferred region. Because of the degeneracy between A0 and Min, large positive

(negative) A0 will push the universality scale at which this happens lower (higher).

4. Sparticle pair production at linear e
+
e
− colliders

In this section, we examine the sparticle pair production threshold in e+e− collisions in

light of the above discussion. The area of the (m1/2,m0) plane accessible to ATLAS and

CMS clearly increases as the integrated LHC luminosity increases, and also (slightly, as we

have already noted) as Min decreases. Here we ask the following questions:7 if a signature

7These questions were raised previously in the CMSSM context in [3].
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of new physics is observed at a given luminosity, what is the e+e− centre-of-mass energy at

which sparticles are guaranteed to be pair produced and, conversely, if no sparticles have

(yet) been seen at the LHC, what is the e+e− centre-of-mass energy at which sparticles

are guaranteed not to be pair produced?

We examine the benchmark scenario of tan β = 10 and A0 = 0, as this is the case for

which specific LHC reaches were available. Also, in the following discussion we focus on

Min ≥ 1011.5 GeV, since the LHC does not provide access to any of the WMAP-preferred

region for lower values of Min. From the discussion in section 3.3, it is expected that

the results for larger tan β would be qualitatively similar. For any value of tanβ, as

Min is lowered the LHC reach contours move to larger m1/2, while the WMAP preferred

regions generally move towards the center of the plane, then retreat to lower m0 and

disappear. Precise numerical results would, of course, differ somewhat. Similarly, we note

that our analysis may be slightly ”tuned” by the degeneracy in the parameters Min and A0,

ammounting to shifting the threshold curves to slightly higher or lower universality scales.

In the scenarios considered here, the LSP is the lightest neutralino χ, so a linear

e+e− collider will pair-produce sparticles if the centre-of-mass energy ECM > 2mχ. With

sufficient luminosity, the radiative reaction e+e− → χχγ may be detectable quite close

to the pair-production threshold. Failing this, along the coannihilation strip close to the

kinematic boundary where mχ = mτ̃1 , one expects only a small mass difference mτ̃1−mχ, so

that the threshold for e+e− → τ̃+
1 τ̃−

1 production and detection would lie only slightly above

the e+e− → χχ threshold. Other processes that should be detectable include e+e− → χχ2

and e+e− → χ+χ−. In the following, we consider all these processes. We display in figures 7

and 8 pair-production thresholds for these different e+e− reactions as functions of Min,

assuming that the relic density of neutralinos falls within the range 0.088 < Ωχh2 < 0.12

preferred by WMAP and others.

4.1 The CMSSM case: Min = MGUT

We consider first the sparticle production thresholds corresponding to an LHC luminosity

of 1.0 fb−1, which are shown in figure 7. In the usual GUT-scale CMSSM, the LHC 1.0 fb−1

discovery contour crosses a cosmologically-preferred region of the (m1/2,m0) plane in two

places, as one can see from panel (a) of figure 2. One crossing occurs in the focus-point

region, at approximately (300, 1530) GeV. Here, the lightest neutralino is a mixed state,

with meχ = 115 GeV. The other crossing of the 1.0 fb−1 LHC contour with a cosmologically-

preferred region occurs along the coannihilation strip, which borders the excluded τ̃ -LSP

region at low m0. This crossing occurs at (680, 160) GeV. Since m1/2 is larger here, the

neutralino LSP is correspondingly heavier, with meχ = 290 GeV. We conclude that, if

Min = MGUT and sparticles are discovered at the LHC with 1.0 fb−1 of data, then neutralino

LSP pairs would definitely be produced at a linear collider with a centre-of-mass energy

Ecm = 580 GeV or more. This threshold is displayed as the starting point at Min = MGUT

of the dashed line in the upper panel of figure 7. Conversely, if the LHC establishes that

supersymmetry does not exist in this 1.0 fb−1 discovery region,8 the LSP must weigh at

8We recall that this conclusion might be possible with an analysis of 0.2 fb−1 of integrated luminosity.
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Figure 7: Pair-production e+e− thresholds for the lightest neutralinos are shown in panel (a), and

the thresholds for charged-sparticle pair production (light blue) and associated χ1
0χ

2
0 production

(black) are shown in panel (b). The dashed curves show the e+e− centre-of-mass energy required

for a ‘guarantee’ that the corresponding sparticles can be produced at a LC, if supersymmetry is

discovered at the LHC with 1.0 fb−1 of data. The solid lines give the lower limit on the thresholds

if the LHC establishes that there is no supersymmetry within this discovery reach. We assume that

the cold dark matter density falls within the range favoured by WMAP and that tanβ = 10 and

A0 = 0.

least 115 GeV, and hence the LC threshold for χχ production must be at least 230 GeV,

which is the starting point of the solid line in the upper panel of figure 7.

Charginos are also relatively light in the focus-point region, whereas the sfermions are

all much heavier.9 For example, at the point in the focus-point region where the LHC

9This is why this region is disfavoured by the experimental range of gµ − 2: see the pink shaded region
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1.0 fb−1 discovery curve crosses the WMAP strip, the chargino (which has a large Higgsino

component) weighs 175 GeV, whereas the lighter stau has mτ̃1 = 1520 GeV. The lighter stop

and sbottom squarks are somewhat lighter, with met1
= 1035 GeV and meb1

= 1350 GeV. On

the other hand, at the intersection of the LHC 1.0 fb−1 discovery curve with the WMAP

strip in the coannihilation region, the mass of the lighter stau is very similar to that of the

LSP, at mτ̃ = 292 GeV. The right-handed selectron and smuon are also light in this case,

but most sfermions are considerably heavier with masses in the TeV range: the lighter

chargino is gaugino-dominated, with meχ± = 555 GeV. The corresponding thresholds for

charged-sparticle pair production are displayed as the starting points at Min = MGUT of

the lighter (blue) dashed and solid lines in the lower panel of figure 7. The dashed line

represents the centre-of-mass energy ∼ 585 GeV that a LC would need for a ‘guarantee’ of

producing charged-sparticle pairs if the LHC discovers supersymmetry with 1.0 fb−1, and

the solid line represents the lowest centre-of-mass energy ∼ 350 GeV where they might still

appear at a LC even if the LHC excludes this 1.0 fb−1 discovery region.

The thresholds for associated χχ2 production are in general intermediate between the

χχ and χ+χ− thresholds, since mχ2
∼ mχ± . Thus, the starting points at Min = MGUT of

the χχ2 threshold lines, shown as the darker (black) lines in the lower panel of figure 7,

are lower than those for χ+χ− in the focus-point region (Ecm = 290 GeV, starting point

of the solid line) and higher than that for τ̃+
1 τ̃−

1 production in the coannihilation region

(Ecm = 845 GeV, starting point of the dashed line). Again, Ecm above the dashed line

would ‘guarantee’ χχ2 at a LC if the LHC discovers supersymmetry with 1.0 fb−1, whereas

the threshold must lie above the solid line if the LHC in fact excludes the existence of

supersymmetry within this discovery region.

In summary: if the LHC discovers sparticles with an integrated luminosity of 1.0 fb−1,

a centre-of-mass energy ∼ 600(850) GeV would be required for a LC to be ‘guaranteed’ to

pair-produce LSPs and charged sparticles (χχ2) within the CMSSM framework. On the

other hand, within the CMSSM, the corresponding LC thresholds would be >∼ 230 and

350 (290) GeV if the LHC in fact excludes supersymmetry within the 1.0 fb−1 discovery

region.10

4.2 The GUT-less case: Min < MGUT

As the assumed scale of universality of the soft supersymmetry-breaking parameters is

reduced from the supersymmetric GUT scale of MGUT ∼ 2×1016 GeV, the sparticle masses

evolve as exemplified in figure 1. Correspondingly, the inclusive LHC sparticle reach in the

(m1/2,m0) plane changes as discussed in section 3. In addition, the cosmologically-preferred

regions in the (m1/2,m0) plane also move, as described in depth in [15, 16], and as seen

in figures 2 and 3 and discussed in section 4. Consequently, the LC thresholds discussed

in the previous subsection also change, as seen in figure 7, which we now discuss in more

detail.

in panel (a) of figure 2.
10For reference, if tan β = 50, it would take 550 and 580 (805) GeV to guarantee that LSP and charged

sparticle (χχ2) pairs would be produced. If the LHC excludes supersymmetry within the 1 fb−1 contour,

then LSP and charged sparticle (χχ2) pairs must be heavier than 265 and 350 (435) GeV.
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In general, as already discussed, the renormalizations of the sparticle masses are re-

duced and the sparticle spectrum is correspondingly compressed as Min decreases. As a

result, as seen from the dashed line in the upper panel of figure 7, the LC centre-of-mass

energy corresponding to a given LHC reach generally increases as Min decreases. As Min

varies, the LHC discovery contour may intersect the WMAP-preferred region in more than

two places (see, e.g., panel (d) of figure 2 for Min = 1012.5 GeV), or even in a continuum

of points (see, e.g., panel (a) of figure 3 for Min = 1012 GeV). Here and in the following

discussion, the dashed lines always correspond to the largest value that the corresponding

threshold can take at any of these points, and the solid lines correspond to the smallest of

these values. Thus, the dashed lines represent the Ecm above which sparticle production is

‘guaranteed’ at a LC if the LHC discovers supersymmetry with 1 fb−1 of data, and the solid

lines represent the minimum value that the threshold could have if this region is excluded.

In the upper panel of figure 7, the dashed line rises fairly steadily as Min decreases.

The slight flattening between log Min = 13.3 − 13.7 is because the LHC discovery reach

extends beyond the tip of the coannihilation strip. However, when Min
<∼ 1013.3 GeV, the

coannihilation strip sprouts a rapid-annihilation funnel (see panel (c) of figure 2), and the

maximum possible value of mχ increases again. The irregularities visible in the dashed

lines in the lower panel of figure 7 have similar origins. For Min
<∼ 1011.8 GeV, the LHC

discovery contour meets the WMAP-preferred region in just one location (see panel (b) of

figure 3, and the dashed and solid lines merge, as seen in both panels of figure 7. We recall

that there is no LHC-accessible region for Min < 1011.5 GeV, so both the dashed and solid

lines are truncated at this value. In order to ‘guarantee’ pair-production of LSPs, whatever

the value of Min > 1011.5 GeV, a LC with Ecm > 1040 GeV would be required if the LHC

discovers supersymmetry with 1 fb−1 of data. For Min = 1011.5 GeV, a similar Ecm would

be required for a LC to have any chance of producing χ pairs if the LHC actually excluded

this 1 fb−1 discovery region. However, the solid line shows that smaller Ecm might be

sufficient if Min is larger.

Analogous effects as Min decreases are seen for charged-sparticle pair production, as

shown by the lighter solid and dashed lines in the lower panel of figure 7. There is,

however, a complication induced by the fact that one should keep in mind several different

charged-sparticle masses, principally mτ̃1 and mχ± . In general, the light (blue) dashed

line represents the upper limit on the lowest charged-sparticle threshold, and the light

(blue) solid line represents the lower limit on the lowest charged-sparticle threshold. As

in the LSP case shown in the upper panel of figure 7, the dashed and solid lines merge

when Min < 1012 GeV. Overall, in order to ‘guarantee’ charged-sparticle pair production,

whatever the value of Min, a LC with Ecm > 1180 GeV would be required.

Finally, we consider the example of associated χχ2 production, shown as the darker

(black) solid and dashed lines in the lower panel of figure 7. As previously, the threshold re-

quired for a ‘guarantee’ tends to increase as Min decreases, and a LC with Ecm > 1140 GeV

would be required to ‘guarantee’ the observability of associated χχ2 production.

4.3 Integrated LHC luminosity of 10 fb−1

A similar story unfolds for an LHC integrated luminosity of 10 fb−1, as shown in figure 8.
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While the general behaviour of the thresholds as a function of Min is roughly the same,

there are two important differences. First, the thresholds are in general larger. In the

case of an LHC discovery, the upper limits on the sparticle pair-production thresholds are

typically about 30-35 % larger for Min = MGUT. However, a second difference is that

the coannihilation strip is now contained within the LHC discovery reach for 1013.3 GeV

< Min ≤ MGUT, implying that the corresponding range of m1/2 is unrelated to the accessi-

ble value of mg̃. This leads to a plateau in the χχ ‘guarantee’ threshold and even a decrease

in the χχ2 ‘guarantee’ threshold as Min decreases over this range. In fact, the curves even

merge near Min = 1013.3 GeV, where the heaviest τ̃1 in the coannihilation strip is lighter

than the lightest χ± from the focus point. At this point, the energy required to ‘guarantee’

that charged sparticles are pair produced is the χ+χ− threshold, which, since the coan-

nihilation strip terminates inside the LHC reach contour, is also the minimum energy at

which pair production could be expected if the area inside that contour is excluded.

Looking at the upper limits on the threshold for χχ pair production shown in the upper

panel of figure 8, we see that the values for Min = MGUT are significantly larger than for

the case of 1 fb−1 shown in figure 7, reflecting the improved physics reach of the LHC with

10 fb−1. A centre-of-mass energy of at least 800 GeV would be required to ‘guarantee’ χχ

production for large Min, increasing to 1.4 TeV for Min ∼ 1011.5 GeV (see the dashed red

line). Conversely, the absence of supersymmetry within the LHC 10 fb−1 discovery region11

would imply (see the solid red line) that the LC threshold for χχ production must be at

least 450 GeV for Min = MGUT, rising to 1.4 TeV for for Min ∼ 1011.5 GeV.

In the case of charged-sparticle pair production, shown as the lighter lines in the lower

panel of figure 8, almost the same energy ∼ 800 GeV would be required to ‘guarantee’

being above threshold if Min = MGUT (see the dashed light-blue line), whereas a LC with

Ecm > 1.6 TeV would be required to ‘guarantee’ the observability of charged-sparticle pair

production, whatever the value of Min > 1011.5 GeV. Conversely, the absence of supersym-

metry within the LHC 10 fb−1 discovery region would imply (see the solid light-blue line)

that the LC threshold for charged-sparticle pair production must be at least 600 GeV for

Min = MGUT, rising to 1.5 TeV for Min ∼ 1011.5 GeV.

Finally, in the case of associated χχ2 production, shown as the darker lines in the lower

panel of figure 8, the energy required to ‘guarantee’ being above threshold is & 1.1 TeV

for Min = MGUT (see the dashed black line), decreasing somewhat to ∼ 950 GeV for

Min ∼ 1013.5 GeV. On the other hand, the absence of supersymmetry within the LHC

10 fb−1 discovery region would imply (see the solid black line) that the LC threshold for

χχ2 pair production must be at least 550 GeV for Min = MGUT, rising monotonically to

1.5 TeV for Min ∼ 1011.5 GeV.

5. Conclusions

We have discussed in the previous section how much centre-of-mass energy would be re-

quired to ‘guarantee’ the observability of sparticle pair production in e+e− collisions under

11We recall that this is a possible outcome with ∼ 2 fb−1 of analyzed LHC data.
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Figure 8: As for figure 7, assuming that the LHC discovers supersymmetry with 10 fb−1 of data,

or excludes it within this discovery reach.

various hypotheses for the integrated luminosity required for discovering supersymmetry

at the LHC and for different values of the universality scale Min. We have also discussed

how corresponding sparticle exclusions at the LHC would set lower limits on the possible

thresholds for producing different sparticle pairs at a LC. To conclude, we now consider

the capabilities of LCs with various specific proposed centre-of-mass energies.

Even if supersymmetry were to be found at the LHC with 1 fb−1 of integrated lumi-

nosity, a LC with Ecm = 0.5 TeV would not be ‘guaranteed’ to produce χχ pairs or other

sparticle pairs. However, even if supersymmetry were to be excluded in the LHC’s 1 fb−1

discovery region, the possibility of observing sparticles at a LC with Ecm = 0.5 TeV could

not be excluded for Min > 1013.5 GeV, and such a LC might also pair-produce charged

sparticles if Min > 1015 GeV and/or produce χχ2 in association if Min > 1014.5 GeV.
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On the other hand, if supersymmetry were not even within the 10 fb−1 discovery reach

of the LHC, a LC with Ecm = 0.5 TeV might be (barely) above the χχ threshold only if

Min & 1015.5 GeV, and there would be no likelihood of charged-sparticle or χχ2 production.

A LC with Ecm = 1TeV would be ‘guaranteed’, if supersymmetry were to be found

at the LHC with 1 fb−1 of integrated luminosity, to produce χχ pairs in any GUT-less

scenario with Min > 1012 GeV. Analogous ‘guarantees’ for charged-sparticle pair production

or associated χχ2 production could be given only for Min > 1013(1014)GeV, respectively.

On the other hand, if supersymmetry were not even within the 10 fb−1 discovery reach of

the LHC, it might still be possible to find χχ (charged-sparticle pairs) (χχ2) at a LC if

Min > 1012.5(1013.3)(1013)GeV.

Finally, even if the LHC would require 10 fb−1 to discover supersymmetry, a LC with

Ecm = 1.5 TeV would be ‘guaranteed’ to produce χχ and χχ2 pairs in all the allowed

WMAP-compatible scenarios, and charged-sparticle pair production would be ‘guaranteed’

for all except a small range of Min between 1012 and 1013 GeV. Hence, a LC with Ecm =

1.5 TeV would be well matched to the physics reach of the LHC with this luminosity,

whereas a LC with a lower Ecm might well be unable to follow up on a discovery of

supersymmetry at the LHC. However, as already mentioned, even in the absence of any

‘guarantee’, it could still be that the LHC discovers supersymmetry at some mass scale

well below the limit of its sensitivity with 10 fb−1 of integrated luminosity, in which case

a lower-energy LC might still have interesting capabilities to follow up on a discovery of

supersymmetry at the LHC.

It is clear that the physics discoveries of the LHC will be crucial for the scientific

prospects of any future LC. Supersymmetry is just one of the scenarios whose prospects at a

LC may depend on what is found at the LHC. Even within the supersymmetric framework,

there are many variants that should be considered. Even if R parity is conserved, the

LSP might not be the lightest neutralino. Even if it is, the relevant supersymmetric

model may not be minimal. Even if it is the MSSM, supersymmetry breaking may not

be universal. Even if it is, the universality scale may not be the same for gauginos and

sfermions. Nevertheless, we hope that study serves a useful purpose in highlighting some of

the issues that may arise in guessing the LC physics prospects on the basis of LHC physics

results.
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