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Nr. 1 0

Date J . D . -108 io - 108 go -l08 zo

1959 July

	

21	 2436770 .5 +

	

92.42 - 405 .38 -177.1 3
31	 780 .5 + 183.74 - 375 .81 -167.3 2

Aug. 10	 790 .5 + 266.22 - 328 .12 -149.2 0
20	 800 .5 + 335 .39 - 264 .67 - 123 .63
30	 810 .5 + 387 .48 -188.77 - 91 .8 9

Sept .

	

9	 820 .5 + 419 .65 -104.43 - 55 .6 4
19	 830 .5 + 430.23 - 16.19 - 16 .8 2
29	 840 .5 + 418 .72 +

	

71 .19 + 22 .44
Oct .

	

9	 850 .5 + 385 .98 + 153 .00 +

	

60 .00
19 .. .	 860 .5 + 334.05 + 224 .87 +

	

93 .7 9

29	 870 .5 + 266.14 + 283 .07 + 121 .9 9
Nov .

	

8	 880 .5 + 186 .38 + 324 .72 + 143 .1 0
18	 890 .5 +

	

99 .52 + 348 .05 + 156 .1 0
28	 900 .5 +

	

10.66 + 352 .42 + 160 .49
Dec.

	

8	 910 .5 75 .17 + 338 .43 + 156 .30

18	 920 .5 -153.31 + 307 .78 + 144 .1 1
28	 930 .5 - 219.84 + 263 .16 + 125 .01

1960 Jan.

	

7	 940 .5 - 271 .75 + 207 .96 + 100 .43
17'	 950 .5 - 307 .21 + 146 .06 +

	

72 .08
27	 960 .5 - 325 .54 +

	

81 .45 +

	

41 .8 2

Feb .

	

6	 970 .5 - 327 .22 +

	

17 .98 +

	

11 .49
16	 980 .5 - 313.74 40 .92 17 .21
26	 2436990 .5 - 287 .48 - 92.41 42 .8 2

Mar.

	

7	 2437000 .5 - 251 .41 - 134 .47 - 64.21
17	 010 .5 - 208.86 - 165 .89 80 .63

27	 020 .5 -163.26 -186.39 91 .74
Apr .

	

6	 030 .5 -117.86 -196.48 97 .61
16	 040 .5 - 75.50 - 197 .44 98 .68
26	 050 .5 38 .44 -191.13 95 .68

May

	

6	 060 .5 8.16 -179.80 89 .64

16	 070 .5 +

	

14 .68 -165.90 81 .69
26	 080 .5 30 .30 -151.81 73 .0 1

June

	

5	 090 .5 +

	

39.74 -139.64 64 .70
15	 100 .5 +

	

44.71 - 130 .99 57 .69
25	 110 .5 +

	

47 .42 -126.80 52 .64

July

	

5	 120 .5 +

	

50.31 -127.25 - 49 .8 7
15	 130 .5 +

	

55.79 -131.69 49 .34
25	 140 .5 65.93 - 138 .74 - 50 .63

Aug .

	

4	 150 .5 +

	

82.20 - 146 .43 - 53 .02
14	 160 .5 + 105.31 -152.36 - 55 .53

24	 170 .5 + 135 .04 - 154 .00 57 .05
Sept .

	

3	 180 .5 + 170.26 -148.95 56 .48
13	 190 .5 + 208.96 -135.20 52 .7 8
23	 200 .5 + 248 .45 -111.34 45 .1 8

Oct .

	

3	 210 .5 + 285 .54 - 76.73 33 .1 5

13	 220 .5 + 316 .82 31 .65 16 .5 9
23	 230.5 + 338 .90 +

	

22.74 +

	

4 .2 5
Nov.

	

2	 240.5 + 348 .75 +

	

84.41 +

	

28 .71
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The production of one meson in meson-nucleon collisions is investigated ,
with the purpose of expressing the differential and total cross section for the pro-
cess in terms of the known parameters of elastic meson-nucleon scattering . As littl e
use as possible is made of the questionable approximations of field theory . Parti-
cular attention is paid to the reaction in which two positive mesons emerge .

A comparison is made with nuclear reactions . Although the two processes
are very different, such a comparison still makes it likely that the 1, J contribution
to meson production (1, relative orbital, J, total angular momentum) is in som e
rough way proportional to the 1, J contribution to elastic scattering . The same
conclusion is reached independently through a field theoretical approach ; it i s
therefore believed to be true, although neither of the two methods is entirel y
cogent by itself .

Formulae are derived for the total cross section for production and the
angular distribution of the emergent mesons. The first is considered to give only
an order of magnitude, and agrees roughly with what a purely statistical approach
to the problem would give . The angular distribution result is further supported
by an argument of invariance under rotation of the coordinate system and i s
therefore considered to have good reliability as long as the 1, J expansion re -
mains workable .

I . Introduction .

I
n the last few years, the elastic scattering of n mesons by ,

nucleons has been considered as providing one of the most
direct experimental approaches to the problem of ac meson-

nucleon' coupling and as such has been, and is, extensivel y
studied from the experimental side (ANDERSON, FERMI, LONG ,

MARTIN, and NAGLE, 1952 ; ANDERSON, FERMI, LONG, and NAGLE ,

1952 ; ANDERSON, FERMI, NAGLE, and YODH, 1952 ; ANDERSON ,

FERMI, MARTIN, and NAGLE, 1953 ; CHEDESTER, ISAACS, SACHS ,

and STEINBERGER, 1951 ; FOWLER, FOWLER, SHUTT, THORNDYKE ,

and WHITTEMORE, 1952 ; ISAACS, SACHS, and STEINBERGER, 1952) .
The first conclusion manifest from these experiments wa s

that a perturbation treatment of the meson-nucleon scatterin g
fails entirely to give agreement with the observations . Several

kinds of approximations were then proposed, some based o n
strong . coupling methods (BRUECKNER, 1952 ; BRUECKNER and

1*
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WATSON, 1952 WENTZEL, 1953), some on a Tamm-Dancoff ap-
proach (CHEW, 1953 ; BETHE and DYSON, 1953 ; FUBINI, 1953 ; LËvy
and MARSHAK, 1954), and others (DRELL and HENLEY, 1952) . These
theories showed on the whole a great improvement over the Born
approximation (weak coupling), though the agreement with empi-
rical data still remains partly qualitative . Also, from a theoretical
point of view, none of these theories seems to be entirely justified ,
except perhaps when rather unnatural assumptions (e . g., cut-off
momentum «M) are made at the start .

In the present paper, we are dealing with another effect which
could provide useful information, viz . reactions , of the type

n +-->sJ2-;-+

	

(1)

where 91 means nucleon . Such reactions can now be studied
experimentally with the help of the big accelerating machines ,
and it might be useful to have some rough theoretical estimate
of their relative frequencies and principal aspects* .

One could, in principle, make an attempt at developing an
independent theory of such processes, following, for example, a
Tamm-Dancoff approach . In view of the theoretical difficulties
that make the Tamm-Dancoff approach not really consistent even
in the elastic scattering problem, this would, however, be a rather
ambitious programme . It might be more rewarding to look, first ,
for some formula connecting the cross sections for these effects t o
the phase shifts of elastic r meson scattering and, subsequently ,
to make use of the experimental values of these phase shifts .

In Chapter II, a general theory of processes such as (1) i s
given and a comparison is made with ordinary nuclear reactions .
In Chapters III and IV, the special case

n+ + p+- N + n+ + n+

is examined, this time from the point of view of conventiona l
meson field theory. In Chapter V, results concerning the total
cross section and the angular distribution of the emitted mesons
are given. It is shown, moreover, that the characteristic features o f
the latter are independent of any field theoretical approximation .

* Note added in proof : See also BaTHE and NEI .KIN, Bull . Am . Phys . Soc .
29, 30 (1954) .

Nr. 11

II. General theory.

1) Mathematical formalism .

To present a convenient formalism for both elastic meso n
scattering and mesoproduction of mesons, let us define 4j ) and
i4 by means of the integral equations (LIPPMAN and SCHWINGER,

1950)
1

'IP(>) - rP(a) + _

	

Hy O), (3)E(a)
I n

	

Ho

1
v(a)

	

9'(a) + P E

	

- H HVka)
. (4)

(a)

	

0

Here, Ho is the free Hamiltonian, H ' the interaction betwee n
meson and nucleon fields, 9)(a) is an eigenvector of Ho pertaining
to state (a), P means Cauchy principal value, n+ 0+ .

Then, one can show (GOLDBERGER, 1951 ; BELINEANTE and
MØLLER, 1954)

0aj) _ 0.1 ; - i st ~ ~(c} å ( E(a) E(c) ) Tc a
( c )

with the definition

Tca = ( R c) ,

when E(c) = E(a ) . Tca is thus defined only on the energy shell .
The matrix element Tca is connected to the S or R = S - 1
matrix (MOLLER, 1945) by means of the relation

Rb a = - 2 aL i å ( E(a) E(b) ) Tba ,

its most important property being that the rate of transition fro m
state (a) to state (b) is given by (LIPPMAN and SCHWINGER, 1950)

wba = 2 a li-1 Tba I2 Q (E(a)),

	

(8)
e (E(a) ) being the density of states.. It thus plays the same role in
an exact theory as the lowest possible order perturbation matrix
element in a perturbation theory .

(2)

(5)

(6)

(7 )
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As shown by GOLDBERGER (1951), instead of trying to com-
pute Tba directly, it is convenient to introduce the so-called re-
action matrix

Kba = (TO), H' W.))

	

(9)

which is thus defined both on and out of the energy shell . Of
course, states (a) and (b) can differ not only in the moment a
and spin of the particles involved, but also in the number of
these particles . (4) gives

Kba = HLa -f- P

( c )

where the sum is to be taken over all possible states and (5) gives

Tba = Kba -i 2 Kbc å ( E(a)- E(c)) Tca,

	

(11 )

where Kba means just Kba when E(a) = E(b) ; the sum

	

is here(c )

to be taken only over states (c) which have the same energy as
the initial and final ones . (11) is usually known as the Heitle r
integral equation. It can be shown (GOLDBERGER, 1951) tha t
Kba is a Hermitian matrix (on the energy shell only) .

The problem of solving eq . (10) is very complicated, involv-
ing self-energies, elimination of divergences, etc . We shall thus
focus our attention, in this section, on equation (11), which i s
much simpler because of the energy shell condition, and we shall
attempt to derive as many results as possible from this equatio n
only .

2) Solution of Heisler equation for energies lying belo w
the threshold for meson production.

Equation (11) is especially, simple in this case because the
intermediate states (c) can contain only one meson .

We work in the system where the total momentum of th e
colliding particles is zero. States (a) (or (b) or (c)) are then
specified by the momentum ka = ka n a (or k b or k) of, say, the
meson and the value ma (or m b or Inc) of the z-component of
the nucleon spin .

7

We first look for the most general form for Kba , and to that

effect we consider the eigenvalue problem

7 Kba fa = K'A fb

	

(12 )
a

Kba is, of course, an invariant with respect to rotations of the

coordinate system. Applying a rotation 31 to both sides, we thu s

get

a

therefore, if:the eigenvalue K 'A is p-fold degenerate, with th e

eigenfunctiORS fa' 1
. .

	

- f« ' P, we have

P
A,q _ ~ A

	

q'
~fa - L ~Qq ' l aq' = 1

Applying successively two rotations, we get, by a well-know n

argument, that the matrix coq, is just the irreducible represen-

tation of dimension p of the rotation group . Setting p = 2 J + 1 ,

q = M + J + 1 , and using J instead of A as a label for the corre -

sponding eigenvalue, we thus have

31 JM =''c a
MM' fa

JM '
fa

M '

which means that faM can be written as

J+v,
faJ. M = ~ dJt ( Ic a)

	

(na, ma)

	

(16)
1= J-ii,

with (notations of [BLATT andWEISSIioPF, 1952] for the Clebsch-

Gordan coefficients )

~Niils (na m a ) =

	

(J,M,v,v ')

	

(na) YÎ a ( ma) ;

	

(17 )
vv'

here, Y"?'' Q (ma) is the amplitude for finding the nucleon of stat e

(a) with a spin whose projection on the z-axis is v: ma having

been chosen as the projection of spin of the now fixed z-axis, on e

has simply

7	 HbcKc a

E(a) E(c)
,

Nr.11

~ Kba( N fa ) = K 1A (~fb ) ; (13)

(14)

(15)



8

	

Nr.1 1

YIz (ma) = av' , m a

Returning now to eq . (12), multiplying both sides by fai
and summing over A = J, M, one has, owing to the closure rela-
tion (Kba Flermitian) :

(ka, ka)

	

(nb, mb) 3JI/s (na, ma) . (19 )
M

This is thus the most general form for Kba . We write
Ku (ka , ka) since kb = ka (energy shell) . J can take both values
1 + 1/2 and 1- 1 / 2 . The reason that 1 is a good quantum numbe r

is the conservation of parity which forbids 41 =

	

1 .
So far, we. have not introduced the charge coordinates . In

fact, Kba depends also on the values t3, T3 of the third component

of the isotopic spin of nucleon and meson. If isotopic spin I is
a good quantum number it is easy to see that Tba and Kba both
can be expanded by

(K or T)Iab, Ts,I, R T~ a

~ C l'1a (I, N, t 3b, Tab) (Kba or Ti, )a C1' la (I, N, t3a Tsa) ( 20)
='/f

with N = t3b + Tab - t3a+ T3a ,

when carried into (11) these expansions give readily an equatio n
for Tba in terms of Kba , which is just equation (11) with Kb a
replaced by KL, and Tba by TL . The separation into total iso-

topic spin eigenvalues offers thus no difficulty . We can rewrit e
(19) as :

Kba =

	

K IJ (ka, ka)

	

JJI'l a (nb, mb) :JJl l lz (n a , ma). (21)IJ

	

M

Eq. (11) can now easily be solved by assuming for TL an expan-
sion

Tba = T~ LT (ka, ka)

	

Dçp
JI'lz (n b , Mb)

	

(na , Ma)
IJ

	

M

of the same form as (21) . Carrying these expansions into (11) ,

and making use of the orthonormality relations

Nr.11

	

9

in„ d wa JM Ia (nc, mc)

	

Is (tic, ma) = 6J, J , 8 ;u, m , SI I•,

	

(23)~

we get

TJ (ka ka) = Kt' (ka, ka ) - i ~co ICJ (ka, ka) TJ (ka, ka), (24)

where e d w is the density in phase space. As is well known ,

relation (24) can be expressed parametrically b y

KJ (ka, ka) = - (n0-1 tg àIJ (ka) ;

-T IJ (ka, ka ) _ - (nQ)
- e' s, (ka) sin å[ (ka)

Use of (8) and (25) readily shows that the d are just the usua l

phase shifts .
Of coùrse, one can express also the S-matrix in terms of th e

9j-functions . Using (7) together with

Sba _ åba + Rba

	

[1 - 2 i TJ (ka, ka) ]
IJ

X G.,
\

	

Y
D

M
JI'/a (nb, nib) Dr/2

M=
/z (n a , In a)

M

=

	

SIJ (ka, ka) S JJ'1a (n b , Inb) ~~ lP (na ma)

	

(28 )
IJ

	

M

with

Su = 1 -2inoT J= 1
-i7cPKÏ

- e2tôJ .
1-f-ine K u

It may happen that K[ (ka , ka) goes to infinity for a special

value ks of ka ; then, with the general notatio n

ea = (1 L2 c4 +
kå)'la

	

(30)

one can set, in the neighbourhood of es ,

(18)

KKba =
IJ

(22)

we get

S ba

	

JMilz (nb, mb) JJIÎ a
UM

a, ma),

	

(26 )

(27 )

(29)



1

Tba = Kba - i 7t ~' Kbc 8 (E(a) E (c)) Tca - i 7t I Kby (E (a) E(y) ) T ya (3'J )
c

	

y

T,4a = K fß a - i 7L L Kfgc a (E( a ) - E(c)) Tca - i7z

	

Kßy S(E( a) -E(y)) Tya . (34 )

= (ea-es)+ . . . ;

	

(31 )
K1(ka, k a )

2. being a constant, this gives

S J (ka , ka) = 1-2 i

(32) corresponds to the Breit-Wigner one-level formula whe n

there is only one channel open (elastic scattering) . The resonance

width is 11 = 2 7(0-1 . Factors " w" accounting in the Breit -

Wigner formula for the finite nuclear radii are, of course, no t

present in (32) . Although one could introduce them formally b y

a slight modification of es and I', such a formal modification o f

(29) and (32) seems to have no physical significance in our case

and we therefore keep (32) as it is . Consequently, we have here

no "potential" or "hard sphere" scattering . One can also inter-

pret the resonance as being due to the formation of an excited

nucleon of binding energy es and mean lifetime i2 F-1 (MOLLER ,

1946) . It should perhaps be mentioned that one has a resonanc e

in the usual sense only if b crosses the value 7c/2 (KJ infinite) .

3) Solution of Heitler equation for energies lying somewhat

higher than the threshold for one-meson production .

(11) is now a set of two coupled integral equations . It wil l

be convenient to use Greek indices for states containing two

mesons and to reserve Latin indices for states containing one

meson ; then ,

Let us restrict our investigations to the domain of energies where

Tßa << Tba ,, i . e ., where the elastic scattering is much mor e

important than the meson production (apart from the differenc e

in phase space densities) . It seems probable that this domain

extends to rather high energies . The third terms in (33) and (34)
are then comparatively very small . In the system of equation s
(33), (34),Z represents a summation which, owing to the energ y

c
shell condition, can extend only over the angles defining th e
direction of the intermediate meson ; ' is a summation both over

y
the directions of the two mesons contained in state y and ove r
the magnitude of their momenta, this summation being restricted ,
however, to values satisfying the energy shell condition . In actual
calculations, the 8-functions should of course be replaced by th e
densities in . phase-space .

We first -give an approximate solution of (33), (34) by neglect -
ing the third term in the right-hand side of (34) and introducin g
(34) into (33), thus neglecting a term of order I Tya 1 2 . One
easily sees that it is possible to writ e

Tba = 1ba - I 7C ~ ~bc d (E(a) - E( c )) Tc a

.with

Sba = Kba - i 7L Z Kby â (E(a) - E(y) ) Kya .

	

(36)
y

(36) is expected to be a good approximation as long as th e

imaginary part is smaller than the real part .
The case where Kba becomes large ( "resonance") deserve s

special consideration . A-priori we know nothing about the be-

haviour of Kby , Kya , so we cannot exclude the possibility that

these quantities become large for the saine energy as Kba . A

simplified picture of this case is obtained by writing the K's a s
products :

Kba = fb - fa ; Kby =fb(37 )

where we assume that fb , fa , (py all become very large in th e
neighbourhood of an energy es . Then, (36) does not hold, but
we can easily get a better approximation by iterating (34) any

number of time before we introduce the result into (33) . Thus ,
one gets (35) again, now with

`tiba =Kba -t7tZ Kb? ö ( . . . ) Ky a

I-(-i7c) 2 ~Kby å( Y )Ky,å( . )Kea -I - .

	

(38)

Ea - es -}- I 7CO-1

:tre ;,-1
(32)

(35)
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With (37), this gives

K ba

	

1 -}- ï n Zy gay S ( . . .) 9,Y

Ku is a function of ka and it is convenient to write it in the form
Ku = [tu ( ka)] 2 , K IJ1'1° is a function of k a , k ' , k" . We replace as-
sumption (37) by

K 1J1'1" = fu ( ka) - P IJ1'I" (k ' ,k" )

	

(37 a )

Kba
(39)

and, similarly ,

It seems therefore a reasonable approximation to write, in a

general way,
K I,I,LJI"1"" = (PLJ41, ( ki> k2) - ØLJI°r'° (k' , k") .

	

(37 .b )

Kb a
~ba = (40)

Equations (33) and (34) then give, by substitution ,

instead of (36), a being a real function of the incident energ y

which we do not specify any further . (36) is a particular cas e
of (40) when a is small .

(35) can now be treated in the same way as (11) (§§ 1 an d
3) and we get :

	 S 1J (ka , ka)	T Z
1
J (ka , ka) = 1+ i a Q gIJ (ka, ka)

with

Kb(ka, ka)
g

I
1J (ka , ka) =

	

1 +i a

In fact, the assumption (37) is somewhat oversimplified for our purpose .
A more accurate treatment can be made if we anticipate over a general
result proved in § 4 below and which states that expansions of the for m

•
Kba -

	

K ZJ

	

JJi i la (nb mb) ~Jiila (n a> m a)
1J

	

M

Kya

	

KIJI'r'

	

ØM '(L) J(72', n , my) DM Is (n a , m a )
1Jl'Z"

	

M

K

	

KI,I

	

~cIM ( )

	

ØM`

	

' n"ßy

	

,LJi'I"

	

I,I, L J(n1, n2, rn ß) I I"(L)J (n ,

	

, my )
LJ2,1,1'1"

	

M

are always possible, with the orthonormality property (use eq. (60)
below)

d w: Ø1 ( L )J (n , n", my ) ØM'(''L')J' (n , n", my ) _

	

S 1,Z" 6L L; SJ J'~M M' .

	

T1J,,(ka, ka) = fu (ka) [fIJ ( k a) - I

	

fu (ka) T IJ (ka, ka )

z

	

4)ZJi'i" (k' , k" ) T1.1Z'r'
(k' k" ka) o (k , k" )]

k'k"1'I"

	

TIJ1,1Q ( k i , k2, ka) = cPIJI,I, (kl , k 2) [same bracket] ;

	

(34a )

therefore,

~PZJI,1,
T IJI,I, (ki ., k 2, ka) =
	 (	

fIJ ( kkia,)

k2)
Tu ( ka, ka) •

Substitution in the right-hand side of (33 a) and solution with respec t
to T iJ (ka , ka ) give again eq . (41), now however with

I

	

Kij (ka, ka)RIJ (ka, k a) =
1 + ia iij

au

	

99 1JI'r ' ( k' , k" ) 4)IJI'I" (Ic',
k")

P (k' ,k").

	

(42 b )
k'k"I'I "

We get rid of the factors involving O by defining new quantities :

L=-7r K ; S=- co ; R=-27cieT, (43a,b,c)

(43c) being just a rewriting of (7) . (41) is then

r	 	 ~; (ka , ka)	
~1J (ka, ka) = 2 i

1- 2f.)- (Pa, ka ) '

and one has :

(41 )

(42)

(33 a)

(34 b )

(42 a)

(44)
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I
S
;

(ka , ka) = 1-I-- R j (ka, ka) =
1-J- i ~I (ka , ka)

	

(45
)

Let us define

1 - i21J (ka, ka) .

~

	

1

	

1
Iau

(ka!

	

(ka) =
2 iI (ka, ka)

	

LL J (ka, ka) + Lu

	

, ka)

(45) can be written :

! fJ (ka) + I
S iI (ka, ka) =

f J (ka)
- f,

	

(47)

where the notations are somewhat similar to those used in nuclea r

reactions* . Here, as in the theory of nuclear reactions, the fact

that ffj (ka) has now a (negative) imaginary part makes I Sfff I2 < 1 ,

thus accounting for the possibility of processes ("reactions") dif-

ferent from elastic scattering . Here, these processes are the meson
production . The total elastic cross section for 1, .I, I waves i s

.

	

[~.e fiJ] + [ 1 - ~$ m ffJ I

(46)

6J el . `v I S iJ -1 I 2

	

I 2

	

/IJ~ 2 ,[Re

	

-F- [1- ~m

the total reaction cross section being (unitarity of S-matrix) :

(48), (49) are still rather formal because the ratio of the tw o
cross sections depends (eq . (46)) on the quantity a fJ which we

have so far no means of evaluating .

In order to test the analogy with nuclear reactions it will b e

useful to study the case where a resonance should occur . In the
theory of nuclear reactions, a resonance is said to take place for

a certain energy es = (,u 2 c 4 + k2,)'1 ' if Ne fiJ (ka)- o when ka 2 k2 .

Another important condition, however, should be fulfilled if

* Our f r are, in fact, equivalent to f` -	 d` in the notations of BLATT an d
s ,

WLissxo pr . Similarly, our e, are their es ("actual resonance energies"), see below .

Nr . 1 1

we want the scattering and reaction cross section to obey the usua l
Breit-Wigner formulae for resonance processes . This condition i s
that ~m fS (ka) should be a finite, smoothly varying function i n
the neighbourhood of ks (see formulae below). Therefore, as an
inspection of (46) shows, we shall have a real analogy with
nuclear reaction processes if, and only if, afJ tends to infinit y
for the saine energy as Lb . This in turn implies that the re -
action matrix elements, such as Kya , for production processe s
increase proportionally to elastic ones, when the latter ap-
proach a resonance . Only if this condition is fulfilled will th e
analogy with, nuclear reactions be somewhat more than a purely
superficial one .

Then, defining P5 ei. (ka) , riJ prod. (ka) by

I

	

= ~ e fflJ (ka) = I
- 2

	

(Ea - ES) +
. .

L IJ (ka)

	

ru el . (ka)

~1T[ ! IJ (ka) _ -
r!Îprod. (ka)

ru el . (ka)
,

and replacing in (48), (49), one gets the usual Breit-Wigner for-
mulae

6J cl . w
(E a - ES ) 2 + 4 [ru el . (ka) + rIJ prod . (Ica)] 2 .

which, as is well known, can be written (BLAT T

chapter X) in the compact from

rIJ
I

I

	

el .
61J el. (ka) _ 0[J (c) (ka) •

	

I

	

, (54 a)
rIJ

T1J
J prod . C ka)

	

,I (c) (ka) .

	

1J prod . (54 b)
r1J

4
(48)

-4 jmfiJ
a J prod . N1-IsJ=

	

I 2

	

I 2 (49)

1 5

1
(50)

(51)

[rIJ el . (ka)] 2
(52)

I

	

rI J el.(ka) FIT prod . (ka)
6 1J prod . (53 )

C Ea- ES) 2 +4 [Fu el . (ka) + rIJ prod . (ka)]
2

and WEISSKOP F ,
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aI
z

J (c) (ka)

	

F i J
1

F f.' el .

The second factors in (54a), (54b) are the branching ratio s

for the two possible phenomena, elastic scattering and meson

production, (54d) is the total width, (54c) may be interpreted

as the cross section for the formation of an excited nucleon .

These analogies with resonance nuclear reactions are no t

quite general : one can see that they depend on the possibility

of making the approximation (42 a) for J and that they woul d

break down if, for example, the correct approximation had been

R I3 = Kb (1 - i alj), whatever energy dependence we should
then choose for a lp . They can only be partial analogies, however ,

for, quite apart from the different nature of the involved par-

ticles, there are important differences between the two pheno-

mena : the main difference is that, in mesoproduction, thre e

particles emerge at the same time as compared to only two in

nuclear reactions . This particular feature, which makes ver y

non-physical the consideration of the inverse processes, prevents

us, for example, from giving to (54 a, b, c, d) the simple inter-

pretation that it proves Bohr's hypothesis at resonances : it i s
true that (54a, b, c, d) show that formation and decay of th e

excited nucleon take place as independent processes, , but we

must keep in mind that here we have only one way of forming

the excited nucleon ; to say that the excited nucleon does not
remember how it was formed has therefore no great meaning .

As mentioned before, any analogy with nuclear reaction s

would break down if the matrix elements Kya for production of

a meson happened not to go to infinity precisely for the sam e

energies es as the elastic matrix elements Kba if, of course, thes e

energies exist. Equations (52), (53) would still be valid i n

that case, but FL prod. would go to zero at es , thus making
djJ prod. (es) -)- 0 instead of going through a maximum .

In this chapter, we have not made any attempt to calculate
explicitly the matrix elements of the K-matrix, i . e . to solve eq .

(10) ; solution of eq. (10) always requires some more or less

drastic assumptions in order to restrict the number of significan t

graphs (intermediate states) . Although such assumptions are

Nr.11
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customary in field theory (Born approximation, Tamm-Dancoff
method) one should be very cautious in using them and not

neglect any possible check of their results . Here we make also
an assumption, though of a quite different kind : we assume tha t
an analogy with nuclear reactions does exist . This leads us t o
the conèlusion that some kind of proportionality between th e
production and elastic matrix elements of the K-matrix should
exist . In Chapter IV, we shall find the same kind of proportion-
ality by means of some plausible, but not altogether cogent ,
arguments concerning which of the graphs are most significant .
In the author's opinion, the plausibility of both assumptions i s
somewhat reinforced by the fact that, though very different, the y
lead to the same conclusion in that respect .

As regards the scattering cross section, it is clear that, fo r
energies above the meson production threshold, the conventiona l
analysis in phase shifts cannot be rigorously valid any more .
We quote the following relevant formulae :

S iJI
(k

a ,ka
) = e-2qf.,(ka)e2iSs(ka)

	

(55 a )

with
e_2q J _ cos 8

	

2 8 7 -
6(t. ) +

cos å(-) '

	

IJ

and

tg å(' ) = - 7L(J K J 1+
aIJ

I

	 prod.l
J '

\

	

aIJ el. /

4. Remarks on the matrix element T for production.

We first neglect the third term in the right hand side not onl y
of (34), but also of (33) : the phaseshift analysis of the scatterin g

process is then possible' as in § 2 (this is also apparent from
formulae (55) with aIIJ prod. « aIIJ el .) .

In order to perform the integration (34) we look, as in
§ 2, for the most general form for the production matrix element
Kß a . This can be done easily by a slight extension of the argu-
ment in § 2 . It will be convenient here to change somewhat ou r
notations : states a, b, c . . . with one meson only will be referre d

Dan. Mat .Fys .Medd. 28, no .11 .

	

2

1

	

; FL - r[J c1 . + III prod. •

( E a - Es) 2 + 4(r IJ) 2

(54 cd)

(55 b, c )

(55 d)



Ø Il,,(L)J =

	

CL'l, (J, m, y, ms) C 1112 (L,µ, m lm2)

	

(n1) Yi2`' (n2) Y=~,x (mb) (60 )

M

	

~pM*
K2 b ; la = ~ K1JI,I, (k1, k2 ; ka)

	

(n l, n2, mb :JJI'/ :
iJ1,ig

	

M

to by suffixes Na , a with Na = 1, states a, ß, y . . . which contain

two mesons by suffixes Na , a with Na = 2, . . . We then ask for

the solution of the eigenvalue problem :

The same argument as in § 2 shows that
fN

a , a = fNa must satisfy

For the particular case Na = 1 , (57) reduces to (15) so that f : '
has the form (16) with (17) . For the case Nb = 2, one has

where k 1 = k 1 n1i k 2 = k 2 n 2 are the momenta of the emerging

mesons in state b . Therefore ,

with

The summation in (59) should, from general symmetry requi-
ments, be restricted to 1 1 + 1 2 -1 odd . For two emergent ac + thi s

gives :

when one keeps only the terms of (59) whose radial and angula r

dependences are both symmetrical . The remaining terms vanish

for k 1 = k2 , and will be neglected .
No problem arises here with regard to isotopic spin indice s

since we are primarily interested in reaction (2) : P + a+ is a

Ri,mg f.(. ms

2>b = ~ 9'1,4 (kl, k2 : ka) _

	

GL'/, (J, III, ,u, m s)
1,1,L ml m Q /tm s

x C 12 1 2 (L, ,u, m 1, m2)
Yml

(n1)

	

(n2) IT: (mb) ~

L = 1 + 1 if J= 1-k ; L = 1-1 if J = 1-2 .

	

(61 )

A

	

`

	

, A
~~KNL,b ;N,,,afNm,a = K fN b, b .
N a a

J,M

	

zJ

	

J,M'
fNa , = ~ M11PfNa ,a .

a,

	

a

(56)

(57 )

(58)
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pure I = 3/2 state so that in (33) and (34) only T'bQ, Ka' can
enter. We introduce (59) and (22) into (34) and make use o f
the orthonormality relation of the D's . This gives (we note T +± ,
the reaction where two Tc+ come out)

__

	

+

	

ka)

	

~l2

	

çpM *
T2 b 1 a

	

,ls T
1Jil Is (k i,

L .
; kal

M
0 1 1 1z(L)J (n l, n2, mb) JJi !, (na, na)

	

(62)
IJi

with

T, = KI+i;IE (k1, k2 ; ka)- i ~ P K1J iIa (k l, k2 ;,ka) T i (ka, ka) (64)

= K i.+7~1,(k 1, k 2 ; k«) [1i a P T 1~'T(ka, ka)] ,

	

(64a)

KIJi1a(k1, k2 ; ka) sl,

	

)
T I.+i,1, (kl, k2 ; ka) =

	

k

	

TIJ (ka, ka)

	

(65 )
(ka a)

(65) is here derived for Tya small ; under the assumptions (37a, b )
it is, however, valid for arbitrary Tya (cf. (34b)) .

Relation (65) is a first step toward a solution of the proble m

stated in Chapter I, which is to express the matrix element of
the . T-matrix for production, and therefore the production cros s
section, in terms of the matrix elements of the T-matrix for scat -
tering, i . e . in terms of the scattering phase shifts . Relation (65 )
is especially significant if we cling to the conclusion arrived a t
in § 3 from a comparison with nuclear reactions, that the K -

matrix elements for production should show some proportionality

with the K-matrix elements for scattering . We then expect that ,
if a particular KÎJ becomes much larger than the others in som e
domain of energies, the corresponding K-matrix elements fo r

production will also become large for these energies, thus makin g
the ratio of the two K's in (65) roughly a constant . TÎÎ being
large, we then expect T1J 1, Lo be large . Therefore it is probable

that the main contribution to the production cross section wil l
be given by the 1, J waves in this domain of energies .

In that case, one can use (62) together with (60) to make
some predictions on the angular distribution of the emitted
mesons . Of course, in order to get• definite results, it will b e
necessary to limit oneself to low values of 1 1 and 12 : it is, how -

2*
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ever, interesting to note that such predictions are possible with -
out any approximation of a field theoretical nature, e . g., limiting
the number of graphs . We defer the detailed study of angula r
distribution to Chapter V, where some possible experimenta l
tests of the theory will be given .

III. The reaction 7r++P--,-N+ .n++n+ (2) .
Field theoretical approach .

While the general considerations of Chapter II have the grea t
advantage of not being dependent on any simplification of th e
kind used in field theory, i . e . on any reduction of the number
of graphs, it is clear that they are too formal to give any answer
to many important questions ; for example, they can lead to n o
conclusion concerning the relative magnitude of the production
cross section . We now attack the problem from a different angle
and look for a way of . approach more connected to the ordinary
methods of elementary quantum field theory .

The method that first suggests itself is, of course, the Feynman -
Dyson covariant approach . Let us therefore write the two Feyn-
man graphs (A) and (A) (Fig . 1) that represent the reaction t o
lowest order in the coupling constant G .

k

\

\k, \k2

	

kZ

(A)

	

(Å )
Fig . 1 . The two covariant Feynman graphs of lowest order for

x-F + P N + x+ + x+ .

These graphs are symmetric in k 1 and k2 , the momenta of th e
emerging mesons, so that it is sufficient to calculate only one o f
them. The calculation of the matrix elements pertaining to thes e
graphs follows the well-known pattern and does not give rise to
any difficulty but, of course, in view of the failure of lowest
order calculations in the elastic scattering problem, one canno t
have much confidence in the result .

Nr.11
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Instead of using the covariant method one can just as well
use the old non-covariant lowest order approach . This metho d
gives, of course, the same end-result as the covariant one, but it
is instructive to see how the matrix elements pertaining to each
of the non-covariant graphs combine with each other .

The six non-covariant graphs corresponding to the covariant
graph (A) are (a), (ß), (y), (S), (e), (-) (Fig . 2) .

Fig. 2 . The six non-covariant graphs corresponding to the covariant graph (A) .

The six graphs corresponding to (A) are just the symmetries
of those with respect to interchange of k l and k2 (1 and 2 on
Fig. 2) and will be denoted by (å), (ß), (ÿ), (0), (E), (-) .

Letk2, now choose a not too large incident energy, so tha t
ki, k 1 , k2, E i = (,u,2 c 4 + k2)7a cl = (it2

c' -F
kl) I~a E2 = (

y2 C4 + k2)'i
z

are all of order ,u compared to M (,u = meson mass, M = nucleon
mass) ; roughly speaking, this is satisfied when the incident energy
of the n meson in laboratory system is significantly smaller tha n
1 Bev. Then a quite straightforward calculation of the matrix
elements (we assume y5 coupling throughout) gives the following
results :

(i) both graphs (a) and (ß) (and of course (å) and (ß)) give
contributions larger than the contributions of the various othe r

(E)

Cz

«)

I
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graphs by a factor of order M/,u ; (ii) however, the contributions o f
(a) and (ß) (and of (å) and (ß)) cancel to leading order in M/,u .

As a consequence of this latter fact, all 12 graphs contribut e
significantly (in spite of (i)) to the total matrix element of lowest
order. Of course, this cancellation occurs so-to-speak automat-
ically in the covariant method.

As mentioned before, there are reasons for not believing in
the lowest third order calculations ; therefore the question arises :
how can we hope to improve them ?

To get a plausible answer let us focus our attention on graph s
(a) and (ß) . Graph (a) can be described by saying that it re -
presents the main second order contribution of a scattering o f
the incident meson by a proton followed by the emission of meso n
"2" (the intermediary state being, of course, virtual) . In the
same way, graph (ß) can be said to represent a scattering of th e
incident meson by the final neutron which was preceded by the
emission of. meson "2" . Now, in graphs (a) and ((I) the scattering
part is treated to lowest order in the coupling constant G, bu t
we can more generally consider the subsets of graphs, which w e
shall denote by (ar) and (ßp), where the scattering parts are treated
exactly to, say, 2 p°' orderà ; the sum over p of all (ap ) and
(ßp) we call (a) and O, respectively (Fig . 3) .

i Scott .

	

ti

;7T' +P L..<

Fig . 3 . The "improved" graphs . (a) and (p) are sums over all the graphs on e
would get by drawing the "scattering parts" (hidden by circles on the figure )

to any order .

For p = 1, what has been said before shows that the matrix
elements of (ap), Op), (ßp), (ßp), taken separately, are larger than
all other matrix elements of lowest order in G . Our hypothesis
will be that this is still true more generally for (a), (a), (ß), (ß)

* Note that some of the graphs entering in (et,) may be identical with som e
entering in (4r), as would be the case for (8) ; then they should be taken only once.
This, however, will not modify the general argument .
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compared separately to the sum of all other possible graphs .
This hypothesis, which constitutes the whole of our approxima-

tion, is of course largely arbitrary, as is the case in all approxima-

tions where one selects particular sets of a finite or infinite num -
ber of graphs and neglects others. It seems, however, a less drasti c
simplification than that introduced, for example, by the Tamm -
Dancoff method, because the number of simultaneous meson lines
in the scattering parts is here in no way limited . At the same time
the condition is preserved that the set of graphs which is kept
includes the largest graphs of lowest order in G, a conditio n
which it is, somehow, desirable to keep .

This hypothesis is not sufficient in itself to allow for neglectin g
other graphs than (a), (a), (ß) and (ß). The question which now
arises is : does a cancellation of the leading terms in set (a) with
the leading terms in set (P) still occur here as it occurred in
lowest order ?

To answer this question let us call K ++ (k, , k1) the K-matri x
element for the scattering part of graph (a) (spin suffixes being
omitted). The suffixes + + are intended to recall the fact that
it is 'necessarily a a+ ->- ac+ scattering. By analogy with (19 )
(Chapter II) one may write

K++ (kr, ki) --

	

(k i ,

	

iJ
K I,IT (ki, k i) ~ ~MIY (n l, m' ) JJI la (n i , m i) • (66)

The matrix element of the scattering part of graph (ß) is no t
taken exactly in the c . m. system ; however, its main propertie s
will be the same as if it were and, to alleviate notations, we cal l
it

K-_ (kr, k i ) . The suffixes - - recall the fact that this matrix
element pertains also to the experimentally studied P + ac non-
exchange scattering . Expansion (20) in total isotopic spin eigen -
values, with use of the appropriate Clebsch-Gordan coefficients ,
gives

K--
(kr, k i) =

['i
a (kl ki) + 2 K~

ls (kr k i)]

	

(67 )

with

K'Is (ki, ki) _ ~ K Iå (k,, k i) ~~M)s ni, m t) RNiila
(ri i , in') . (68)

IJ

	

ltif

(o' )

	 ''\
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Now, the quantities KL (kl , ki) appearing in (66) are no t

taken on the energy shell (k 1 � ki ) . In order to compare them
with their values K ID (k i , k,) on the energy shell, we must mak e

use of a very rough and qualitative result of the Tamm-Dancoff

method applied to the scattering K-matrix (see Appendix I for a
formulation of this method) . This will be the only place where

we make use of a result derived by the Tamm-Dancoff method

and, even if the Tamm-Dancoff method is not quantitativel y
reliable for scattering, it is felt that the qualitative and rough

result of it used here has a high degree of probability . Let us

call BJ (k 1 , k i ) the lowest order approximation of KJ (k1 , k i )
in an expansion in the coupling constant : i . e . the I, J, I coefficient
in an expansion, similar to (66), of B (k1i ki ), B (k 1 , k i ) being

the Born approximation matrix element . The result just referre d
to is that the ratios

K u	 (k1,ki)

	

(69)Yu = BJ (k1, ki)

should not be extremely different off the energy shell from what

they are on the energy shell (k1 = ki ) . This means that

K IIJ(k1 , ki) ~ K I JI (

	

ckc~, k) • FZJ(k1, k )i with F1J (k1, k i) =
BL \k1,k I)

I
BIJ (ki, ki)

as the dependence of B IL, (k1 , ki) on k 1 is independent of I .
F1 (k 1 , k i) is the same for I = 3/2 and I = 1 / 2 . Therefore ,

KzJ(k1, ki)

	

KiJ(k i, ki )

Ki.i (k1, k i )

	

KÎJ (ki, ki )

(71) means that in order to compare Kij and K'J we can take

their values on the energy shell, which are experimentally know n

through the corresponding phase shifts d (eq . (25)) .
In order to compare K++ (k 1 , k i ) and K-- (k 1 , k i) we

carry (66) and (68) into (67), thus obtaining an expansion of

K-- (k1i k i) of the same form as (66), KÎJ being replaced b y

3 (K OJ + 2 Kii) . Now, for energies studied so far it happens
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(ANDERSON, FERMI, MARTIN, and NAGLE, 1953) that all åIj are
of opposite sign to the corresponding å;/j and of such relative
values as to make

3 (K IJ + 2 11J) <C KD-

	

(72)

Therefore experimental evidence leads us to the con-
clusion that K + + (k 1 , k i ) »» K-- (k 1 , k i ), at least up to ki values
corresponding to energies of 135 Mev . Although these energie s

are still somewhat below the threshold for meson productio n
(176 Mev), it seems rather likely that the extrapolation to thi s
energy and beyond is correct. Also, detailed inspection of th e
phase shift values given by ANDERSON et . al . shows that yj (k1 , k i)
given by (69) should be very different indeed from its value on
the energy shell in order to invalidate the present conclusion .

We conclude that the cancellation- between the (a) and (ß)

terms which appeared when we kept only the lowest order in G

may very likely be an accidental one, and a particular
feature of the lowest order approximation ; it corresponds to th e
fact that the cross sections for P + n+ and for P + non-
exchange scattering are equal in the lowest order approximation ,

whereas they are quite different in reality. We conclude more-

(70) over that, the hypothesis having been made that (a), (å), (ß) ,

(~) are separately more important than all others, we are the n
justified in finally keeping only the (a) and (å) terms .

IV. The reaction 1 + + P--y- N+ + n+ (2).

Matrix elements and cross sections .

1 . Calculation of the K-matrix element .

According to formula, (10) of Chapter II the (exact) K-matrix

element for the reaction is

K++ (k1, k2, jn t ;

	

mi) = H ' (k1, k2, mt ; k i, m i)

H' (k1, k2, Hi t ; ki, me)

	

(k1, me ; ki, mi )

+ sym. terms 1 2 + other terms .

(71)

(73)



H' (ki, k2, mt; ki me) =

iGV2 h /M+ .8 12)7'Ÿ 2 7' (M+E1 !s

	

k 1 +k2

	

ki

	

(76 )

iJlle (2 E2)'la \ 2E12 /

	

2 E1 / \ut~

	

M+ E12 M+ E 1, u ~~ '

where ut and tie are the normalized spin wave functions of th e

nucleon in final and intermediate states, E12 is the final nucleo n

energy, V is as usual the volume of the normalizing box . For k 1

and k2 << M, (76) reduces to
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Here, E1 = (M 2 c 4 + ki)'I . ; El = (,u,2
c4 + kl) '!a . E = E( it = Ei + E i\

_ (M 2 c 4 + 145/2 +
(
t
I2 C4 + k i)

'2 .

The first term in (73) is zero on the energy shell, the second term

is represented by the set of graphs labelled '(a) in the previou s

chapter, the third term by its symmetric (å) in ki and k 2 . The

"other terms" correspond to the graphs which we neglect accord -

ing to Chapter III .
Taking as interaction Hamiltonian

H' = iG 'i-pys zawa, (74)

and writing E2 = (/, 1 2 e4 +
k2)va ;

E12 = [ M2c4+ (kl+ k2) 2liiz (75)

we have*

J

	

l

	

l

while, to the same approximation, the denominator in (73 )

reduces to
E-E1-si = Ei Ei-E1 -E1 Eg .

	

(78)

For Kgf ' (k1 , me ; k m i ) we have the expansion (66) . Therefor e

iGh 1
K ++ (k1 , k2, mt ; k i, m i)

= V=la 2 M

~p
, a n2 Lie ) ~K tJ (k l, ki)

m
JM la (nl, inc) JJI'

.
!a (n i ,

+ syrn . term 1 2 } .

* We take units such that c = 1 in the following formulae .
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2. From the K-matrix to the T-matrix .

The transition from the K-matrix to the T-matrix follows th e
pattern of Chapter II, § 4 . With the same assumptions as in thi s
paragraph (I Tßa I small), (34) gives

T + +
(kl, k2, mt ; k i , m i) = K+ + (k l, k2, ni t ; k i , mi)

-in~ S dw c K++ (kl, k2, m t ; k , m,) Tala (kc,me ; ki, m i) ,

where thé density of the one-meson states in phase space is dw .
Expression (80), where the summation occurs only over th e

angles and the spin, is easily handled by using expansions (22 )
and (79), together with the orthonormality relatio n

5

	

/
dw c Jjii la (nc, nnc)

ççpp

JJ'i"/a (nc, me) = åJ ,J, å l 1' åM M'

	

(81 )
mG

which follows directly from the definition (17) of V. The result i s

with

(k 1 , k i) = [1 - i n e 1 J (ki, k'i)] KJ (k i , Iri)

	

(83 a )

KiJ (k'l,Ifi) r
- Ki

	

TIJ( Ici, k i )
IJ (kt k i )

by virtue of (24). (82) and (83 b) give the matrix element of th e

T-matrix (which is what we need) for the reaction in terms o f

the phase shifts for elastic scattering (via TL and (25)) whic h
are known from experiment, and also of the ratios K IL (ks, ki ) l
KJ (ki, ki) which represent the change in the K-matrix element

H' (kl, k2, mt ; kl, mc) _
iGh 1 k2

(u t , a n
17'1' 2 ill É2a

	

2 u~),

	

(77 )

2 7

(80)

(83 b)

+ Sym . term 1 2
}

T++
(kl, k2, m t ; k i , mi) _

V

iG

h`!a 2

1

M

k' i) 5' JJNIa (n1, mc) J~la (ni' in i
lJ

	

M

k2
ci n2 tic )

'2 mc
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for scattering when we proceed out of the energy shell* . These

ratios are not experimentally measurable quantities . To get an

estimate of their values one can approximate them by replacing

the K's by their values in lowest order in G, i . e . by the B's (cf.

Chapter III, eq. (70) and also Appendix I) . Thus one gets

3 . Expression for the differential cross section

in c . m. system .

The differential cross section for emission of one positiv e

meson in the solid angle deo l with energy e l and one positiv e

meson in the solid angle dco 2 is, from (8) ,

the two-meson states in phase space . The calculation of the secon d

factor in (85) is most easily done by first writing (82) in a some -

what different form which makes more apparent the invarianc e

of (86) with respect to rotations of the coordinate system . In (82)

we note the factors

X =

	

Xi J')
(k l, ki)

	

DJ la (n l, In~) DMl a n i, m i)

	

(86)
iJ

	

M

which are expansions of the same kind as (19), (22) or (66).

It is shown in detail in Appendix II that such expressions ca n

always be put in the for m

X =

	

[ UI(k1, ki) ( u c, u i )
Im

+ VI (k1, ki) (u, , (a - n1) (a ' n i) u i) ) Y in (n1) Yi`* (n t)
with

UI + VI +1 _ 1

Z,
I2+ '/''

UI + V1-1 = 4a i')

	

(88)

* Cf. also B. d'ESPAGNAT (1953) .

It should be noted that (88) does not determine uniquely th e
UI and VI if the X ' s are known : we must add the requirement
that UI and VI decrease with increasing 1 in the same way as
do the X's themselves . One then gets the general formula e

U

	

_ ~('/ z )
I - ~( I +2q,1+2q+' /a

	

I+2q+2,I +2q+2-'la) ,
q = o

VI =

	

(
æ

Ia+2q + 1 ,I+ 2q+1 -1 /a -II a+a 2q +1, 1 +2q+1 + i /
)

•

Using (87) `instead of (86) for X, the calculation of the second
factor in (85) becomes quite trivial . Here, however, we shall give
the explicit result only for the case where phase shifts of 1 2

are negligible compared to S and P phase shifts . This seems to be
experimentally correct up to 135 Mev incident energy and w e
assume that, for the higher energies considered here, it is stil l
approximately true . If this were contradicted by further experi -
ments it would be easy to calculate (85) keeping 1 = 2 .

The summation over In, in (82) gives, with (87) :

iGh 1 k 2 ~
V'l' 2M e, ' Im

+ VI (k1, ki) (uf, (a - n2) (a - n l) (a n i) ui)
~

Y i i (n l) Y In* (n i )

-{- Sym. term 1 74- 2 ,
1

while, on our assumption, (89) reduce t o

Uo = Cf?' U1 = AaÎs) ' Vo =

	

(91 )

other UI and VI being zero.
Now, by using (83b), (84) and (91), one sees that the coeffi-

cients of (o. . n2) (a • n1) (a n i) and of (a • nl) (a - n 2 ) (a - n i ) ,
which appear in the symmetric term, are equal ; therefore, using

the identity

(a n2) (a ' n1) + (a . n1) (a ' n2) = 2 (nl n2),

	

(92 )

ei 1 '!' •

Kô= ! P (ki, ki) ~
I
l KiJ (kl, k i)

	

/ei 0/ ' k 1

K1J (ki, ki) \el

	

ki . (84) .

do. = ( 2 ~ Vl

(2m.mi
1

	

T++ (kl, k2, m f ; k i , mi ) 1 2 ~ ' ~12 dwl d u0 2 d e l , (85)
hu i

where v i is the relative velocity and el 2 dw 1 dw 2 de l is the density of

(87)

(89)

T++ UI (k1, ki) (uf , (a - n 2 ) u i)

(90)
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(90) reduces to

T"+ (ki, k 2 , m t ; k i, mi) = [2 2 + y (n i ' n i)] (a ' n 2)

+ [A i+ P (n 2 . n i)] (a ' n i) + v (n i . n2) (a ' n i)

with

Gh

	

1 2 kl k 2 Éil ' 1
v

	

4~V'1e 2 M (Ei E2 ) 'la -ki 2 aP
( e3 i - e22)•

	

(94d)

In (94a, b, c, d) the notations (ANDERSON, FERMI, MARTIN, and

NAGLE, 1953) :

es = e2i6'!' g -1=-2 7ci~T 'oflQ ;

e3
= e2(511

2'+ 1z -1	 -2 iar;e T inl ; P= 1 ; 3

V. Results and discussion .

1 . Total cross section.

We call, as before, g dw the density in phase space of the 1 a ,
1 J1 states (elastic scattering) ; dw is the element of solid angl e
into which the meson is scattered . Similarly, let us call

g12 dw i dw 2 de l

the density in phase space of the states in which two mesons ar e
present (meson production) . The energy of one of the meson s
is between e l and e l + de l and its momentum is contained in the
solid angle dwz ; the momentum of the second meson is containe d
in dw2 ; the energy of the second meson is thereby fixed by th e
conservation laws .

The total cross section a+ + for two positive outgoing meson s
is given by (85) integrated over de l , dw l , dw2 . Similarly, the
total cross section ael . for positive meson scattering is given b y

6e~ . =
(~ UV1

. dw ~~
T'12(k, mt ; k i , mi ) l 2 P .

	

(97 )
I J)

	

mint,

To perform the summation over spins one can, in analogy t o
the procedure of Chapter IV § 3, proceed as follows . First expand

(k, mt ; k 1 , rn i) by formula (22) and use the above mentione d
equivalence between expansions (86) and (87) : this, using

21+ 1
Yz n (n) Ym(n 1 ) =

	

- P1 (n ' ni) ,
,R

	

4 n

gives
s

T ° (k, m t ; k i , m)

(98)

= (ut[U;+v(°'n)(a ni)]2 4 a 1PI(n ni)u`
/

'

(99)

Uz and Vi being given in terms of TiJ by formula (89) (with Æ

replaced by T) . In the case where only the S and P phase shifts

are important, these formulae reduce to

e 3 ,

	

(94b)

Gh

	

1 3 kl k2 e i 'l' 1

4 z V'18 2M (e, 82) '1, ki 2ao e33, (94c)

have been used .

Then

1

i

	

T++ (kl, k2, mf ; ki mi) 1
2

m j mf

=
~ Â 1 n l + A 2 n2 + [ (n 2 ' n i) n i +(nl ' n i) n 2] + v (n i • n2) n i ' 2 .

(95)

(96) and (85) give the required differential cross section for th e

process .
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Uo = 7'ô fs = (2 7rC)-1 ie 3 ; U i = TlaJe

	

(2 nP) 1 ie3a ,
(100)

Vo = 7 ' 7 '1 :-7'1åfs = ( 2 7te)-1 1 (cal -es3) ,

others being zero .

(99) now gives

1
Trace

2
[

Multiplying in the braces by (a • n)2 = 1, this simplifies t o

in the case where only S and P phase shifts are important (100)

and (102) give *

From now on we shall assume that, as seems likely in view

of present experimental evidence, the S and P,.J, phase shifts can

also be neglected compared to the P 7, phase shift . (85) and (97)

then give, with the help of (96), (94), (103) and (25) ,

* The reader will have no difficulty in verifying that (103) is a compact ex-
pression entirely equivalent to the expressions (12) of ANDERSON, FERMI, MARTIN ,

and NAGLE (1953) .
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In (104) ,the density of states e12 is, because of the conservatio n

of momentum, a complicated function of the directions of the
two emitted mesons. If, however, following FERMI (1950), w e
use the approximation that the meson mass is much smalle r

than the nucleon mass, we can restrict the conservation o f
momentum to the nucleon only (cf . also, ß-decay theory) . Then ,

V 2

ell del dwl dw 2 =	 -k2s2k1 el del dwl dw 2 . (105 )
(2 11 1-7)6 e 4

Performing now the integrations over the angles in (104) and
defining a "mean value" < ki E1

3 k2 e- 3 > by

< kl &1 3 k2 e2 3\=
S kl E l 3 14 e2-3 • k 2 e2 kl e l del / k2 E 2 kl el del (106)

(both integrations performed on the energy shell : e 2 is a function
of e l) we have

°+ + _	 G 2 112 10 eia /kildP12de l do.), dco 2

ael .

	

V . 4M 2 3 k12\
81E2 /

	

d w

(107) has been given a form which makes very easy a compariso n

with the Fermi approach (FERMI, 1950) . In fact Fermi's S (1, 2) ,
S (1, 1) (whose ratio should, in a Fermi approach, be equal t o

a+ + I ae1 .) can be written *

S(1, 1) = ,Q V-1 dw ; S (1, 2) = .Q2 V-2 S Q12 de l da l dw2 . (108)

It may be seen that, also in the present theory, one may writ e

6++

	

S(1,2 )__

ael.

	

S (1 , 1 )

* S (s ; n) is the statistical weight for the emergence of s nucleons and n
mesons, S2 being the interaction volume .

Dan.Mat .Fys.Medd . 28, no . 11 .

	

3

(107)

(109)
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with the same definition for S (1, 2) and S (1, 1), provided .Q is

defined by
G' h 2 10 E3/klk2

0=	 -
4M' 3 k

2
\

Ei
E~ / '

It will be readily verified that this Q is of roughly the sam e

order of magnitude as Fermi's Q ; its dependence on the energy

is not, however, exactly that which one would expect on the basi s

of the Fermi statistical approach : if, namely, we assumed that

the statistical method proposed by FERMI for nucleon-nucleo n

collisions is also valid for meson-nucleon collisions, we should

apparently be led to an Q inversely proportional to the tota l

energy (including rest mass) of the nucleon (Lorentz contractio n

of the nucleon) . Instead, we have for ,Q the expression (110) with

(106) . To evaluate (106) we make, according to Fermi, the extreme

relativistic approximation for the mesons, (e l c k 1 , ea c k 2) .

(106) then give s

k2
k2

	

+
(
\
~ T

	

\ Ei3L ~ E-4 Q

	

o(T-E 1 )E l dE l 'l (T-E 1) 2 E1de l , (111)

T being the total kinetic energy of the meson-nucleon system i n

the centre of mass system before collision :

T = £i -,a c2 -}- Ei-M c 2 --'.' £ i -,u c 2 if e i << M c 2 (112)

/klk2\ 5c_4
3 3 /'1-2

Therefore in a very crude approximation, however) ,

4

(114) shows that the energy dependence of Q is roughly

T being the energy of the incident meson . In conclusion ,

the ratio a++/ael. predicted by our theory agrees roughly with

that which the Fermi statistical theory would give if it were
applied to this problem, as far as orders of magnitude are con-
cerned . However, our theory predicts an increase in the rati o
o-++/6ei . with increasing energy somewhat slower than that which
the pure . statistical approach would give, this being due to the
more rapid decrease of Q .

2. Angular distribution of emitted mesons .

The - angular distribution is given by (96) . Here also we firs t
write down the simplified formulae obtained by neglecting al l
phase shifts except the relative probability that one Jr +
should be emitted in the solid angle d co l , and the other u+ in
the solid angle dw 2 is then, in the c .m. system,

[(n2 . ni ) n1 -f- (nl - n i ) n2 - 3 (nl - n 2) ni 2 do)]. d 0) 2 ,

	

(115)

n i , n 1 , n 2 being unit vectors in the directions of the incident and
the two emergent oc + . This formula shows that

a) the distribution admits of a centre of symmetry, and therefor e
is also symmetrical with respect to a plane perpendicular t o
the direction of the incident meson (change n l in - n l and
n 2 in - n 2 ) ;

b) the distribution of one emergent meson, the direction of th e
other being given, also possesses property a) (change n l in-n 1
or n2 in - n2) ;

c) the mesons have a tendency to he emitted in a directio n
collinear with the direction n i of the incident meson :

n 1 = + n2 = n i

Properties a) b) c) are expected to hold only approximatel y
for they are valid only if the S and D ect . phase shifts are negligible .

Let us choose the z-axis in the direction of ni and call 0 1 and
02 the angles between the direction ni of the incident g-c + and the
directions n1 , n 2 of each of the emitted n+ . Then, the relativ e
probability that 01 lies between 0 1 and 0 1 + d 0 1 and that simul-
taneously 0 2 lies between 0 2 and 02 + dO2 , irrespective of th e
angle that both emitted mesons make with each other, is

3 *

(110)

G 2

	

50

	

2 47L

	

p c 2

ac ~ic 4
C1

L

G~7

	

3 \ ,u c

	

T

(113)

(114)
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[

	

Pr{B1, 02}

1

d01 dO 2

= I 1 + - 2 (cos 2 0 1 + cos 2 B 2 )

J
sin B 1 dOr• sin 0 2 d 0 2

and the angular distributiôn of one meson, irrespective of th e
direction of the other, is

Pr {0 }d0 = (13 + 21 cos 2 0) sin 0 dB .

	

(117 )

It should be noted that these angular distributions are in -
dependent of the distribution of kinetic energy between the tw o
emergent .mesons .

These simple results, however, are only valid if all the other
TÎj are negligibly small compared to T '?,, , i .e . if the sines of
all the other phase-shifts are negligibly small compared to
sin 6% .. At the energies we are considering this may well not b e
the case : for instance, bin s may go on increasing with increasin g
energy and cross the value a/2 (resonance) ; then sin 6% start s
decreasing while other sin å'6 probably still increase - or, possibly,
(VI.% goes through a maximum and then decreases before havin g
attained the value n/2 . On account of these possibilities we quot e
here the general formula that one gets if one keeps the S, P~~ ø

and P, 1 phase shifts . We use the notation e 3, e31, e33 of ANDERSON ,
FERMI, MARTIN and NAGLE (1953) (see chapter IV, eq. (95)) .

Then, the relative probability that 01 lies between 0 1 and
0 1 + d0 1 and that, simultaneously, 0 2 lies between 02 and 0 2 + dO 2 ,
irrespective of the angle that both emitted mesons make with
each other, is

Pr{0 1 , 0 2 }d01 d0 2

= {1 a 21 2 + a11 2 + 2 1 e 31 -e331 2

+ [ a 2 es3+ a 2 e 33] 3cos 0l

+ [ a 1 e 33 + a l e 3 d 3 cos 0 2

+ [ 9 1 e 331 2 -2 e31 -
e331 2

] (cos 2 01-r cos 2 02 )

+ [ a l (

(

e33 + 2 e31) + al (e 33 + 2 e31)] cos 2 0 1 cos 0 2

+ [a 2 \ e33 + 2 e31) + a2 ( e 33 + 2 e3 1 ) ] cos 0 1 cos 2 0 2

+ [ e31 1 2 + e 31 e33 + e 31 e33l 6 cos 2 0 1 CoS2 0 2 } sin 01 d0 1 • sin 0 2 dO 2 ,

Nr. 11
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where

kiE2

	

ki el
a 1 -

	

e 3 ; a2 = - - e3 ,
Ei k2

	

e i k l

60 e l , E 2 being as before the energies of the incident and emergen t
mesons in the c.m. system. The D phase shifts have not been

included in formula (118), which should therefore be correcte d
if the D phase shifts happen not to be negligible at our energies .

3 . Angular distribution when no field approximation is used .

We may first summarize the foregoing investigations as fol -
lows . An attempt has been made to study the inelastic meson -
nucleon collisions that give rise to two emergent mesons, paying
particular attention to the reaction in which a a+ and a proton
give rise to a neutron and two a + : this process has, compare d
with the others, some simplifying features which are used in
part of the present theory.

In Chapter II a rather general approach is developed that
does not involve any field theoretical approximation, with th e
aim of throwing some light on analogies that may exist betwee n
such processes and ordinary nuclear reactions . Qualitatively the
main conclusions of this chapter are :

a) The "damping" (i . e . the transition from the reaction
matrix to the scattering matrix) does not appear to disfavour
meson production as compared to elastic scattering ; in fact, both

processes seem to be damped in almost the same proportion, at
least at energies where meson production is relatively smal l
(cf. eq. (65)) .

b) An analogy with nuclear reactions seems to require that

the reaction matrix elements for meson production should b e

roughly proportional to the corresponding reaction matrix ele-
ments for elastic scattering, i . e . that the latter should becom e
large at precisely the same energies for which the former happe n
to become large .

Since the approach of Chapter II is still somewhat formal w e

have supplemented it with a treatment involving some approxi-

mation of the field theory : this forms the subject of Chapters III
and IV. In Chapter III the approximations are stated and dis -
cussed ; although they appear rather natural, and less drastic

(116)
(119)
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than the approximations of, e. g., the Tamm-Dancoff method* ,
they should nevertheless be considered a working hypothesis ,
as their reliability cannot, of course, be proved in any rigorou s
way. In particular, the . emission process enters in the theory in
a way that somewhat recalls weak-coupling approximations : thi s
is certainly a not quite satisfactory feature of the theory and ,
consequently, the numerical values of the expressions containin g
explicitly the coupling constant G should not be taken too seri-

ously. This applies especially to the total cross-section : formulae
(108), (109), (110)	 should be considered as giving nothing
more than orders of magnitude .

Therefore, the question arises : "are there any results of the
theory that can be considered to be fairly independent of the field
theoretical approximation of Chapter III?" We show that, indeed ,
the results concerning the differential cross section (angular dis-
tributions) are likely to hold, even if the approximations o f
Chapter III appeared to be too crude .

To this purpose we want to restrict our investigations to the
case in which both zc+ mesons are emitted with approximately
equal energies in the c .m. system. Then, the most general pseudo -
scalar that can be formed with the three vectors k i , k 1 , k 2 and
the pseudovector o, and that is symmetric with respect to inter-
change of k i and k2 (with k 1 = k 2), i s

(o • k2) f [(k i • k i), (k2 . k i), (ki' k2) ]

+ (a . k i) f [(k 2 - k i), (k i • k l), (k i - k 2) ~

+(a ' k i) g [(k l . k i), (k 2
. k i) , (k l - k2)[ ,

f and g being two functions of their three arguments . Now, sup -

pose that f is expanded in a sum of products of three Legen-
dre polynomials Pi (n, ni) • Pz, (n 2 . ni ) • P h (n 1 - n 2 ) . We expres s
P i (n, • ni ) as a sum of products of Y'in` (n 1) and Yr (ni), and
similarly with Pi . (n 2 . ni), and, finally, the products Yil (n i )
Ym' (n i ) we express as a sum of terms involving only one
YM (ni ) with 1-1' I L 1 + l ' . Now we make the rather
natural assumption that, at not too high energies, only incident

* Some a posteriori justification for these approximations may be found
in the fact that they yield the same result (b) as the theory of Chapter II.

waves with small angular momenta, say L E 1 , take a significant

part in the process : this gives 1 + 1' + 1 .

The same assumption, made on the emergent meson waves ,

gives 1' + 1" - 1, 1" + 1 1 ; therefore, either 1 = 1 ' = 1 " = 0

or one only of 1,1' and 1 " is 1, both others being zero, which

gives

f = a+b(n, •ni)+c(n2-ni)+d(n~•n2),

	

(121 )

a, b, c, d being some functions of k i = k2 and ki . Similarly ,

g = a+ß(nl'ni)+y(n2•ni)+b(n,_•n2,) .

	

(122)

Now it is easy to see by a similar argumentation that (o . n 2 )

(n 2 - n i ) involves in fact spherical harmonics of n 2 of order two ,

YM (n 2), which we must also reject : therefore c = 0 and, simi-

larly, 'd = 0, ß = 0, y = O . Finally, we are left with

(o. . n2) [a + b (nl . n i) [

+ (o ' ni) [a + b (n2 • n i)] -f-- (o ' n i) [a -F- S (n l - n2)] •

Except for the term a (o. . ni ), this is just the expression (93) with

A,= 2 2 =a ; ,cc . = b ; v = S .

	

(124)

Working backward from expression (93) one then sees that the

matrix element of the T-matrix can quite generally be put int o

the form exhibited by the square bracket in (82), plus a term

. proportional to (v - k i) .
This result can also be obtained by starting from expansio n

(62) and limiting the possible values of 1, h, 12 to small numbers ,

say 0 and 1 . The possible combinations of 1, J, L, 1 1 , 1 2 are then ,

on account of (61) and the symmetry between k,_ and k 2 ,

1=0 J=1/2 L=1 11 =0,12 =1 or 1 1 = 1,12 = 0

Ili = 12 = 0
1= 1 J= 1/2 L=0

111 = 12= 1

1= 1 J=3/2 L=2 1 1 =12 =1 .

(120)
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We now express the function Øii(L)J appearing in (62) in
terms of the functions ii,s(f),J when 12 and the spin s ar e
coupled together to give j , and then 1 1 and j coupled together to
give J (RACax, 1943) . This give s

- (3 ! 011 (o ) ' /, (ni , n2 , HO

(n1, n2, Inf) + Ÿßi 1!,('!s),'/, (n2, n1, mi) ;

j('1 1
tvt

l 3r)''2

	

(2)'/, (nl, n2,
m' )

()x 1 , n 2 , mi) +

	

(n2, nl, ni l ) •

Moreover, it is easily shown that

T im,

	

(n 1, n2, rnj ) _ - (4 :n)-'12

	

(u f, (a • n2) u t ) DM=1, (nl, ln' ) -

Use of the general formula of Appendix II then finally gives a
general expression for the cross section which includes no ap-

proximation, except the neglect of D etc . waves*, and which i s

(124)

In,

Nr.11
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The calculations leading to (126) yield

2nie al = e3 col/,1o(k1, k2, k i )

2TCiC•a l = e2 c o = 1,o1(k1, k2, k i )

2 TCiC • a '= es c0 1 I,00 (k1,k2, k i)
•

	

3
= I,

2niC b =
3(1)

c as c l ala il(ki, kz, k i )

2niC• å =--- -3(2nie . b)-3'I2
e31c1= l,ll(kl,k2 ;ki)

It is easily seen that formula (96), giving the angular distribution

derived from the field theoretical treatment, is a special case o f

(126) . Whether it is a good approximation or not depends largel y

on whether the a6+/a1J are all of the same order of mag -

nitude or not . If only the P,ra wave is significant, then again

(116) and (117) follow ; these equations therefore do not depen d

on the approximation of Chapter III .

(125)

2n V i

	

1
( 4	 7031 a2 n2+ a l nl+ a • n i+ b [(n1• ni) n2+ (n 2 • n i) n 1 ]

+ å (n 1 .n2) niI 2 C12d e 1 dwld w 2 ,

where a l , a2 , a, b, 8 are functions of the TIJ I4I4 .
If one writes

da =
h v

aJ+

	

1

	

ll
- ~ J (CIJI,I,) 2 e12 dE l ,

au el .

	

C

the integration being performed on the energy shell . In (128) ,
a-6+ is the contribution to a±+ arising from the incident 1, J wa-
ve. If the approach of Chapter II- is valid, then the function s

Ciji=i, (k 1 , k 2 , ki) are real and smoothly varying .

* See, however, text following eq. (61), p . 18 .

4. Concluding remarks .

(126), (128), (129) seem to yield a convenient and mathe-

matically consistent formalism for the analysis of the phenomen a
where two positive mesons emerge at not too high energies an d

a possibility of connecting them with elastic scattering data ; mo-

reover, it could be extended to all meson-nucleon collisions in

which two mesons emerge with only minor modifications .

As regards the total cross section, the situation is less satis-

factory, though it seems that a statistical approach of the Ferm i

type might yield correct orders of magnitude . It is, however,

quite possible that the value of S2 should be changed when pro -

cesses involving more than two emergent mesons are taken int o

consideration .
The present investigation has been carried out during my

stay with the Theoretical Study Group of CERN, and I have

greatly benefited from frequent discussions with the other mem-

bers of the Group as well as with members and guests of th e

Tiji,i2 (kl, k2 ; ki) + T i ji2i, (k2, kl ; ki)
= C IJi,i, (kl, k2, k i )

and

(127)
TIJ (k i ; k i)

(128)
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Appendix I .

Formulation of the Tamm-Dancoff method usin g
the reaction matrix.

Since the basic assumption of the Tamm-Dancoff method is

not very reliable, even for elastic scattering problems, it was fel t
necessary to avoid the use of this method in the main body o f
this paper. However, for reference, a short summary of th e
Tamm-Dåncoff method applied to the K-matrix is given in th e
following .

Let us call (p n, q N) a state containing p mesons and q
nucleons . The basic assumption of the (lowest order) Tamm -

Dancoff method applied to meson scattering is that only state s
(1 n, 1 l1), (0 n, 1 N), (2 a, 1 si), (0 n, 3 J2) (2 a, 3 92) interact
directly with each other (cf . Fig. (I.1)) .

2a, 392

	 /

	

\

0 ac, 1N

Fig . (I . 1) .

Write eq. (10) of the text choosing for (a) a (1 n, 1 N) state and

for (b), successively, each of the five kinds of states just men-

tioned ; then, between these five equations eliminate all Kba except
those where (b) is also a (1 n, 1 92) state . The result is, (a) ,
(b), (c) being (1 a, 1 J) states,

ß K
Kb, = Bba+P

	

bc	 ca.+ Kba,

	

(I . 1 )
(a E(c) -E(a)
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where A is an infinite quantity of the nature of a renormalizatio n

which (without much justification) we discard . Bba is given by

the ordinary lowest order matrix element for scattering .

The next step is the separation of (I . 1) according to tota l

isotopic spin I = 1 /2 or 3/2 . This is easily done with the help of

expansions such as (20), with the result that

Kt,

	

I

	

~
=B ba +P

(c ) E(a) - E(e)

B(x++Pax++P) = B '1 '

B (:z + P-> 7r + P)
= 3 Bs + 3-B I 2

+ P-> n° + N) = l/3 (B'/a

	

(
B(7- -s

id. for the Ks and T 's .

We now have to separate each eq . (I . 3) according to eigen-

values 1 and J of the orbital and total angular momenta . For

this purpose, make the explicit calculation of (I . 2) in c.m. system

(assuming pseudoscalar coupling) and express the small com-
ponents of the nucleon wave functions in terms of the normalize d

big components u i and u t (ui , ut are 2 row, 1 column-matrices

u t 1 2 = ut 12 = 1) . The result is

B%i = f [ k t, k i, (ni ' n i)] (ut, ut ) + g [kt, ki, (nt . n i)] ( u t , (a ' nt) (a . n i) u() ,

k i , k t being the magnitude of the relative momenta in initial an d

final states (not necessarily of the same total energy), n i , nt their

directions (unit vectors), f and g two known expressions . f and

g can both be expanded in Legendre polynomials P i (nt . n i )
4 x (2 1 + 1)-1

	

Y'Î (nt ) Ym ` (n i ) . Finally, one ha s
LIL

Nr . 11

	

4 5

B fi = ~ [ Ut' (LI / ,ui ) + Vi' (ut , (a ' nt) (a ' n i) ui)] Ym (n t) Yi `# (n i)

	

( I 5)

which, using the result of Appendix II, can be writte n

Bfi = ~ BfI (kt, ki) ~? DMI (ni , mt)

	

(n i, mi) (I . 6)
iJ

	

M
with

Bi if=/.(kt, k i) = Ui (kt , ki) + Vi(kt, k i) . (I . 7)

Introducing (I . 6) and (21) in (I . 3) gives a one variable integral
equation for each K IJ (ki is a parameter) :

I

	

Vk 2 dk BJ (kt , k) Kj (k, k i )
Kid (kt, ki) = Bird (kt , ki) + P	 	 (I . 8)

(2xk) 3
EIt +Ek -Ei -Ei

with sk = (u.2 c 4 + k')'/ ' ; Ek = (M 2 c4 -}- k2)'la ; et = ek, ; E,- Ek, ;
V being the volume of the normalizing box . Only the equations
with I = 3/2 can have a meaning (with I = 1 / 2 they have no finite
solution) . For I = 3/2 the actual expressions for U, and Vi are

(we take c = 1) :

Ui(kt,k) _

G 2 k22,/?, V-1 (M+ F̀. t)'ie (IYI + Ek)1/a (EtEk £ t E k)-1 [+ (Et + Ek-M) Il ]

Vi (kt , k) _

G 2 112 xV-l ktl.(M+Et)-'f'(1tl+Ek) f4 (EtEk EtEk)
-1

+(Et+Ek+M)ti] ,

and t being quantities defined by BETHE and DYSON (1953 )
which we rewrite here for convenience :

Bba -
(d) E(d) -E(d)

Denote by Bba the quantity Bba for E(a) = E(b) ; then Bba is just

	 rbdHbdHda

B L K e a
I

1 1+e / c

	

b

	

z 2 -1 -r2 1

2 Er
t1

_r\
c+

z b+z}Pi( 2 r

	

)
dz

1

	

1+r/ 1

	

1

	

z 2 -1 -
ti

	

2E 2 I'
+

v+z) Pi (

	

2 r

= [M2 +(kt+k)2]'l' ; Ed = [M2 +(kt-k)2]'lz ;
ES-Ed

	

E s + Ed
;E _

ES -{-E d

b = (a t +ak- Ei -si )E' -1 ; c = (Et +Ek- Ei -ei)E

2

(I 9)



To leading order in the small quantity r ,

	

=
~-1

[( 1 + b)-1 --(1 + c)-1 ] ;

	

1
lo .

	

E-2 [ (1 + b)-1 + (1 .+ c)-1 ] ;

5~ 1 = 3kt kE-3 [ (1 +c)-2-(1 + b)-2] ;

	

(I .12 )

1
3

1 1 =--E-4 [ (2 + c) (I + c) 2+(2 +b)(1-++ b)-?] .

Equations (I . 8) can be very much simplified if one introduces

a cut-off «« M on the integration over k; v (k) being a cut-off

function with v (0) = 1 and utJ being defined by (69) the

integral equations for the jjj are (I = i fs)

Appendix II .

Let (m = component of nucleon spin on z-axis) :

(u+)u

	

LI_ '

	

u -F

	

u-

	

am ,

and

%ML !e (n ' m) - ~ C I4 (J, M, v, v') Vv (n) a v m
vv'

CI, (J, M, M-m , m) YM - rr` (n) .

y o v, (kf , k1) =

~

	

\-1 ~~
1 --(4~c 2 kt - -1

G 2 1Y1- E`

	

P de?,
Ek

v2(k)do'/,(1`'k1) '
2 / F2

E k -E L

iJ1s18(kt, k1 ) =

	

k 3

	

ek

l+ (12 72 1i)
-i G2 M-2 P ~d e k 	 	 v 2 (k) IJl~la (k , k i ) ,

~ Ek (Ek +E/-EL)Ek-E L

~1 la (kt, k 1 ) =

k3

	

É k1-(24701'0-1 G2 M 2 P d E k	 	 v 2 (k) y11. (k , k 1 ) •
Ek( E k + Et -EL) Ek -E L

~

The first one shows that k1 ) is in fact independent o f

k t and thus equal to y , (k 1 , k 1 ) . The two others are "true "

integral equations . CHEW (1953) has solved them approximately

by a variation method (cf. also FusiNi, 1953) .

Theoretical calculations often give the scattering matrix element s
as functions of the angles and the spin operator a . The following
formula (II . 2) is a convenient and general tool for expandin g

such results according to eigenvalues of l and J (phase shift

analysis) .

(u,

	

[UI + Vi (a ' n) (a ' n')] f YT (n) Yr* (n`) u' )
L

	

çp

	

v

=

	

(n , m) J~ls (n' ' m' )
I,J,M

with

J- 1~ 2 ; ~II~,/E
= UI + Vlt1 •

Conversely, (II . 2) also provides a convenient means for the
evaluation of, e .g., spin averages over quantities given as expan-

sions in 1 and J (see the compact expression (102) or (103) fo r
the angular distribution in rc + + P scattering) .

(II . 2) can be proved by elementary calculation . The first step

is to write (u, (a . n) u") as a linear combination of Yif (n) .
(IL, (c r . n) u") YÎ (n) can then be expressed as a linear combi-
nation of YM (n) with L = 1+ 1 . The resulting expression for th e

product (u, (a . n) (a • n ') u')

	

YT (n) Yr (n ' ) is . such that by
v

using simple numerical equalities between products of Clebsch-
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Gordan coefficients it can be brought into the form

ç~ M

	

çppM *f ~ .

	

I- ri :

	

-1,1/(n, P7) JI+1/s,1-ß-,1/e(n, i )
M

	

+ Dr./„

	

M *
i-1,11:(n, m) JI- 1/ :, i- m ) ]

from which (II . 2) is easily derived .
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