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A. SYSTEMS OF THE CLASS NONLINEAR NO-MEMORY

WITH MEMORY

FOLLOWED BY LINEAR

In this report, we present some results concerning the class of nonlinear systems

of the form shown schematically in Fig. XI-1. As shown, the nonlinear system can

be divided into three sections that are connected in tandem: a nonlinear no-memory

system whose transfer characteristics, Nm[x(t)], form a complete set of functions; a

Fig. XI- 1.

multiple-input, multiple-output linear section whose impulse responses, h. (t), form a

complete matrix of linear operators; and a linear section consisting of amplifiers whose

outputs are then summed. This class of nonlinear systems is not as general as that

described by Wiener ; it is a subset that we shall describe in this report.

We first observe that, by the use of superposition in linear systems, the system

of Fig. XI- 1 can be reduced to the form shown schematically in Fig. XI-Z. For this

system, the set of impulse responses, hn(t), form a complete set. Thus the nonlinear

systems of the class that we are discussing are each of the form shown in Fig. XI-3, in

which k (t) = a mnh (t). In order to analyze these systems, we shall approximate
n
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Fig. XI-2.

the complete set of linear operators by the set of delayed impulses, u(t-tn). Such a set

is obtained by taps on a delay line. Any linear system can be approximated arbitrarily

closely by this set. That is, the set of delayed impulses is complete in the limit as the

delay between impulses approaches zero so that the set becomes dense on the t axis.

N1  k1 (t)

x(t z(t)

Nm km(t)

Fig. XI-3.

The system of Fig. XI-2 can thus be approximated arbitrarily closely by the delayed

impulses as shown in Fig. XI-4. The output, z(t), of this system is

z(t) = a Nm[x(t-t )],

m n

which is identical with the output of the nonlinear system shown in Fig. XI-5. Thus

both systems are equivalent.

Each of the nonlinear systems shown in Fig. XI-5 are of the form shown in Fig. XI-6

in which Mn[x(t)] = Z amnNm[x(t)]. Thus, as the delay between impulses approaches
m

zero, the class of systems of the form shown in Fig. XI-6 is equivalent to that of

the form shown in Fig. XI-3. From Fig. XI-6, the nonlinear systems can be described

generally as those whose output is the sum of a different nonlinear no-memory function

of x(t) for each instant of time in the past; there are no cross products between the input
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Fig. XI-4.

at different instants of time. Since the set of nonlinear no-memory operators, {Nm}, is

complete, the system of Fig. XI-2 is complete in the sense that any set of nonlinear no-

memory functions of x(t) for each instant of time in the past can be realized. In this

connection we should note that the system of Fig. XI-6 is not equivalent to that of

N1 all

x (t) z (t)

N1 'aln

u(t-tn) .

Nm amn

Fig. XI-5.

Fig. XI-7, in which the impulse responses, hn(t), are not delayed impulses. This is

easily seen, since the output of each of the nonlinear no-memory systems will contain

cross products between the input at different instants of time. The system of Fig. XI-7

is a subset of those described by Wiener which contain no cross products between the

u(t -t ) M1

x (t)+ z(t)

u(t -tn) Mn

Fig. XI-6.
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Fig. XI-7.
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outputs of the linear systems. We observe from our discussion that the class of non-

linear systems of the form shown in Fig. XI-7 is dependent upon the set of linear sys-

tems used even though the set of impulse responses forms a complete set. Only if the

cross products between the outputs of the linear systems are included, so that the class

becomes that described by Wiener, will it be independent of whatever complete set of

linear systems is used.

M. Schetzen
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