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A. RESEARCH OBJECTIVES

Finding the force of electromagnetic origin in a continuous medium is an old problem

that has not been solved except in rather special cases. (An exception is the work of

Meixner and his associates. -4) It involves the unification of two physical theories -

continuum mechanics and electromagnetism. Since nonrelativistic mechanics is not,

in general, compatible with electromagnetism, relativistic mechanics must be used.

The relativistic theory of continuum mechanics (without electromagnetic fields) is

fairly well understood, at least insofar as its basic equations are concerned. Electro-

magnetism in stationary bodies is also fairly well understood.

To unite the two theories, the effect of each upon the other must be calculated. The

study of the effect of mechanical motion and deformation upon electromagnetism is

known as "electromagnetism of moving media," and there are several theories that
5

are formally different but lead to the same physical predictions. The inverse problem,

finding the effects of the electromagnetic fields upon the mechanical equations, has

never been solved adequately, and it is this problem that we wish to discuss now.

The fundamental equations of relativistic continuum mechanics are: (1) Newton's

Law, which, in its simplest form, is expressed as

d
n d(m-) = fmech (1)

dt

where n is the number of particles per unit volume, m the relativistic mass per par-

ticle, V the velocity, and fmech the force density, now of entirely mechanical origin;

and (2) a specification of the way in which fmech is related to n, the strain, the strain

rate or other kinematic variables. That is, the fundamental equations are Newton's

Law, and the mechanical (and thermodynamic) constitutive relations of the material.

The fundamental equations of electromagnetism of stationary bodies are Maxwell's

equations, and relations among the field quantities, that is, electromagnetic constitu-

tive relations of the material.

It is instructive to consider how mechanical motion affects electromagnetism because

the inverse problem, broadly speaking, is similar. Fundamentally, mechanical motion

can affect electromagnetism in two ways. First, additional terms may enter, as source

terms, into Maxwell's equations. Second, the constitutive relations may be altered in

form.

There is essentially only one theory of electromagnetism in free space, but, if

materials are present, there are several, including (among others) the Minkowski
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theory, the theory of L. J. Chu, and the Amperian current-loop theory. 5 These dif-

ferent theories are possible because macroscopic electric and magnetic fields cannot

be measured inside material, but must be inferred from measurements performed near-

by in free space. The various theories differ with respect to the manner in which this
inference is made. They disagree with respect to the field variables used, the form of
Maxwell's equations, and the form of the constitutive laws, especially when the material
is moving and deforming. Thus, in Minkowski's theory, Maxwell's equations have the
same form in free space, in stationary material, and in moving material. However, the
electromagnetic constitutive relations are altered by the material and by the motion and
deformation. On the other hand, in the Chu and Amperian theories, source terms are
introduced into Maxwell's equations if stationary material is present, and these are
modified further if there is motion or deformation. Constitutive relations are not nec-
essary in free space, but are required for both stationary and moving media.

In spite of their differences, these theories are all equivalent, 5 in the sense that
they apply to the same physical situations and make identical predictions of fields out-
side material bodies. Since fields cannot be measured inside material, the theories
cannot be distinguished by any purely electromagnetic measurements.

Now consider the inverse problem, the effect of electromagnetic fields on the
mechanical equations. This effect can consist of two parts: First, Newton's law will
include an additional force term, the "force of electromagnetic origin,"

d
n -(mv)= fmech e (2)

dt mech em

Second, the mechanical constitutive laws may be altered by the fields, so that f
mech

depends upon both mechanical and electromagnetic variables. It should be clear that
there is no unique way of separating these two effects. Since the ultimate purpose is
to solve Eq. 2, only the sum fmech + fem has significance, and additional terms may
be considered as a part either of the first or second term. The viewpoint that we shall
use, but which is not universal, is to retain the mechanical constitutive relations
unchanged in form, so that fmech can be computed in the normal way from the mechan-

ical variables, and does not depend explicitly on the electromagnetic fields. Thus all
additional forces are to be considered as part of fem

em
One reason why this problem has not been solved previously is that many

6-11
workers derived a force of electromagnetic origin (or, the equivalent, an electro-
magnetic stress-energy tensor), but did not ask how the mechanical constitutive rela-
tions are altered by the field. The various forces or stress-energy tensors that were
obtained did not agree with each other, and there has been considerable discussion 7 , 12

about the "correct" force or tensor. What has been said, thus far, indicates that such
discussions are irrelevant unless the particular force or tensor is accompanied by a
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statement of changes to be made in the mechanical constitutive relations.

On the other hand, some workers1 - 4 ' 13-17 have appreciated this point, and have

usually accounted for it by giving the total force, or the total stress-energy tensor,

that is, the sum of the mechanical and electromagnetic parts. Of these workers,

only Meixner and his associates1 - 4 have obtained results that agree with ours in

the common area of application. Meixner has treated the thermodynamic aspects

more thoroughly than we have, but has considered only linear rest-frame electrical

constitutive relations. We allow for nonlinear relations, partly for greater gener-

ality, but also for easier physical interpretation of many terms. We believe that

our derivations of the force density use fewer, more reasonable postulates than

that of Meixner and de Sa, and also require somewhat less complicated

mathematics. Furthermore, we wanted to, and were able to, reconcile the appar-

ently different force densities predicted by the various theories of electromag-

netism. This is important because some of the theories (especially the Chu

and Amperian theories) have rather simple physical interpretations in terms of

microscopic models, and we are now able to extend these interpretations to the

force density.

In Section X-B, the relativistic force of electromagnetic origin is derived by

use of Hamilton's Principle.

L. J. Chu, H. A. Haus, P. Penfield, Jr.
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B. FORCE OF ELECTROMAGNETIC ORIGIN IN FLUIDS

Here, we derive the force of electromagnetic origin on a polarizable and magnet-

izable fluid, using Hamilton's principle as applied to three common theories of electro-

magnetism of moving media. Hamilton's principle for a dielectric and magnetic fluid

is an extension of that for an ordinary fluid because terms that account for the electro-

magnetic fields and the electromagnetic properties of the material are added to the

Lagrangian for ordinary fluids. We shall discuss (a) the fluid without electromagnetic

fields, (b) a stationary electromagnetic medium, and (c) the electromagnetic fluid.

1. Hamilton's Principle for a Fluid without Electromagnetic Fields

Until recently, only irrotational flow was predicted by Hamilton's principle for an

ordinary fluid, but Lin1 - 3 has shown how an additional constraint on the variations leads

to rotational flow also. The Lagrangian density, in Eulerian coordinates, is

L = Wk - Wf0. (1)

Here,

2
W = -n m0c (2)

is the relativistic kinetic co-energy per unit volume, with n 0 the particle density in

the rest frame, m 0 the rest mass per particle, and Wf0 the rest-frame fluid intrinsic

energy or free energy per unit volume. We must appeal to thermodynamics to find the

form for Wf0. For example, for an electrically neutral fluid with an isothermal rela-

tion4 between density n 0 and pressure pf in the rest frame, Wf0 is a function
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of only n :

Wf 0 = n dn 0 . (3)
fo 0 n0 0

However, the laboratory-frame density n is, relativistically, different from n 0

n = y n0, (4)

where

Y1 (5)

1 -v /c

and hence Wf 0 must be considered a function of density n and (through y) the velocity

v. Note that Wf0 could be, as in this case, the free energy (because the isothermal

relation between n and pf is used), or the energy (if the adiabatic relation were used).

The Lagrangian density L is now a function of n and v, and the first-order variation

in L = Lk + Lf is of the form

6L = (Uk+Uf) 5n + (Vk+V f) • 6, (6)

where the U and V quantities are determined by taking derivatives of L. The dimen-

sions of U and V are energy and momentum per unit volume, respectively.

However, n and v cannot be varied independently because of two constraints. One

is the law of conservation of particles (continuity equation):

S(nv)+ = 0. (7)

The other is Lin's constraint. 1-3 When these two constraints are used and the corre-

sponding Lagrange multipliers eliminated, Hamilton's principle yields an equation that

relates the U and V parameters:

nVU = nd V + V)V + V X (VX ), (8)
dt n

where U = Uk + Uf and V = V k + Vf.

Substituting

Uk = -m0c2/ (9)

(10)
Vk = nmv, (10)

which are derived from the known form of Wk, and in which m = y m 0 is the relativ-

istic mass, we find

d d m/VV -fVf.
n (mv) = nVU - n dt - (Vf. V)v - V X (V X v).

dt f dt n
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It is now clear that the right-hand side of this equation is the force density of mechan-

ical origin. In the case of the particular constitutive relation leading to Eq. 3,

U Wfo + Pf
f n ()

2-
"yv

Vf= 2 (Wf 0 +pf), (13)
c

and hence the force density of mechanical origin is the well-known result5

-VPf- n dt n (14)

where Vf, a relativistic quantity, is the momentum density associated with the rest

energy and the rest-frame stress.

2. Hamilton's Principle for Electromagnetism of Stationary Media

The Lagrangian for an electromagnetic field is of the form

L = W' - W , (15)e m

where W' is some electric co-energy and W is a magnetic energy. The particular
e m

forms of W' and W depend both upon the theory of electromagnetism that is used
e m

and upon the constitutive laws of the material. Ultimately, we must appeal to thermo-

dynamics to tell us the form of the energy densities (or, if isothermal constitutive rela-

tions are used, the free-energy densities). From the electric energy density, we

perform a Legendre transformation to get W'e
Consider now a stationary dielectric and/or magnetic material. We shall use Chu's

theory of electromagnetism. 6 We know from thermodynamics that the electric energy
density is

E - d(E 0E+P), (16)

which breaks apart naturally into a portion resulting from the field and a portion

resulting from the material. Subtracting Eq. 16 from E • (E0 E+P), we find that

E

W1e =  E + E dE. (17)

The magnetic energy density is, similarly,
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1 2 0o M -

Wm = 2 + H " d( 0M ) .  (18)

The Lagrangian is a function of E, H, and M. These three variables are not all

independent, however, but are related by two of Maxwell's equations

VX E - 8t (H+0iM) (19)

V (f 0H+, 0 M) = 0. (20)

If arbitrary variations of L are made subject to these two constraints, Hamilton's

principle yields the other two of Maxwell's equations

a X H at E E + P) (21)

V * ( 0
E + P) = 0. (22)

Similar derivations can be made by using the other theories of electromagnetism. 7

3. Hamilton's Principle for Moving Fluids with Electromagnetic Fields

The Lagrangian density for a moving, deforming fluid is found by adding the

Lagrangian for the fluid without electromagnetic fields to the electromagnetic

Lagrangian. The portions of the Lagrangian in section 2 that deal with the fields (E

and H) alone can be written in the same form, but the portions involving P and M must

be evaluated in the rest frame of the material. Furthermore, the electrical constitutive

relations may depend upon the density of the fluid; thus, for example, the relation

between Po and EO becomes

P0 = P 0 (E 0O n 0 ), (23)

where the subscript zero indicates evaluation in the rest frame. The polarization energy

density is

Wpo= E 0 dP (24)

and the polarization co-energy density is

W' = P dk 0, (25)
pwhere the integration is performed at the actual value of n0 We define the

where the integration is performed at the actual value of n . We define T , the
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'polarization pressure," as

aW p0O - -
p= n an 0 + E 0 P-Wp0. (26)

Let us consider a fluid first without magnetization and then with magnetization.

The over-all Lagrangian density is

1 2 1 2
L = Wk - Wf0 + W +1 E EE 0 H

a function of n, v, E, and H. Thus the first-order variation of L is of the form

6L = (Uk+Uf+Up )6n + (Vk+Vf+Vp ) - + Wp 6E + Xp - , (27)

where U k , Uf, V k , and Vf are as given above. The last two terms in Eq. 27 lead to

Maxwell's equations, including polarization charge and current terms, and the force of

electrical origin is found from U and V according to a formula just like that for the
p p

force of mechanical origin:

V
d P

fem = nVU - n nt - (V pV)v - Vp X (VXV). (28)

In our example,

WpO p E P 0
U = - (29)

p n

V = G - P X 0H, (30)
P P 0

where Gp is the (relativistic) momentum associated with the rest-frame energy and

stress,

2- 2
Sv yvP-(V)

G 2 (Wp0+rr - 2  (E +VX i 0 H ) .  (31)
S c c

The force density of electrical origin is

G
d (- d P

f = (P V)E + n--- X 0H + X (P V) H - rrp dt n (32)

This force density has an interesting physical interpretation. Aside from the terms

involving wrp and Gp, it is equal to n times the force that would be exerted on a pair

of charges with dipole moment P/n in arbitrary electric and magnetic fields.

Forces resulting from magnetization are of a similar form. If these, and the force
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density PfreeE + Jfree X H from free charge and current are added, the over-all

force of electromagnetic origin is given by

fem= PfreeE + Jfree X 0H -V(p+Tm) + (P V)E + (0M. V)H

+ vX (P V)[ 0H- VX (G0M V)EE + n --- , X t 0 H

M\ - d p m

+ n X EE -n . (33)dt n 0 dt n

The same technique can also be used with the Amperian or the Minkowski theory

of electromagnetism. For example, in the Minkowski theory, the rest-frame values

of E and D are related by

E 0 = E 0 (DO, n 0 ), (34)

and thermodynamics tells us that the free-energy density (or, if adiabatic constitutive

relations are used, the energy density) has as its electrical component

W e E 0 dD .  (35)

If we similarly form the magnetic energy and find the electric co-energy, the over-

all Lagrangian is of the form

L = Wj- Wf + D 0 'dE - H 0 dB . (36)

This is a function of n, v, E, and B. The force of electromagnetic ori-

gin derived from it is numerically equal to Eq. 33, although in quite different

form, since the field variables have different meanings in the two theories of

electromagnetism.

Similarly, using the Amperian formulation of electromagnetism, we start with

a Lagrangian density

1 2 B 0 o
L = W- Wf0 +- E - +0 dE + M dB0 (37)

0  0 0 0

which is a function of n, v, E, and B. The force of electromagnetic origin

derived from it is numerically equal to Eq. 33, although in a different form

because the field variables now have meanings different from those in the Chu

theory.

P. Penfield, Jr.
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