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The effect of source plasma properties and extraction electrode dimensions on ion-beam optics is examined the­
oretically using an algorithm for a solution to the Poisson-Vlasov equation with explicit consideration of the cylin­
drically symmetric two-dimensional collisionless sheath. Plasma electrons are assumed to have a Boltzmann dis­
tribution; the algorithm for the nonlinear Poisson equation has proven convergence and uniqueness properties. Ion
optics as a function of source plasma density, electron temperature, fluctuations, and plasma potential are examined
as well as the effect of electrode dimensions such as aspect ratio and thickness. The ion properties examined are
beam divergence with relative contributions of aberrations, nonoptimum perveance, sensitivity to non-optimum
conditions. Also considered is actual transmission including non-geometric electrode absorption.

I. INTRODUCTION

Recent evidence indicates the possibility that
neutral-beam heating of toroidal plasmas is ef­
fective. 1-15 These neutral beams are formed from
ion sources.3.16-28c In these ion sources, ions are
extracted from a plasma, accelerated in an elec­
trostatic field to the desired energy (20-200 kV),
and traverse an electron-capture cell; this results
in a substantial fraction of the ions becoming neu­
trals. These neutrals are able to go through the
fields of magnetic-confinement devices and pen­
etrate a substantial distance into the confined
plasma. Various design considerations require
the source to be far away (on the order of meters)
from the aperture of the confinement device. This·
aperture, through which the beam must pass, is
of dimensions such that it subtends an angle on
the order of 10 from the source. The desire to pass
a large fraction of the beam through an aperture
of this solid angle puts considerable demands on
the neutral-beam system in general and on the
source plasma and ion extraction in particular.
The optical properties of such ion beams ex­
tracted from a plasma are the subject of this
paper.

Several types of plasma generators are cur­
rently used for neutral-beam sources. One such
gerierator is the thermionic-cathode reflex dis­
charge29 - 35 followed by an expansion
chamber.3.12,16.18.21-28.36-46 Another generator is
a magnetic field-free thermionic cathode with a
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high-current and low-pressure diffuse dis­
charge. 8, 19,20,26 - 28.47 - 56

In order to form very high perveance beams,
they are extracted from multiaperture electrodes
with either cylindrical holes3.17.18.23 - 28.36.37.40,41.

43-45.57-81 or slots.2o.38.50-56.74-77.82-86
Some penetration into the problem of the fo­

cusing of ions extracted from a plasma can be
done from analysis of the paraxial equations cou­
pled with a model for the sheath. Such an analysis
has been done71 ,67,87 using the paradigm that the
sheath is like a spherical diode with space-charge
limited flow. 88 - 90 This model is coupled to a so­
lution of the paraxial equations for an aperture.91 ,92
Extensions of this analysis to more specific sys­
tems, including space charge, are
available.66.81.93 - 106 This analysis has several de-
fects as follows. The optimum beam convergence
is limited only by the source-plasma ion temper­
ature, whereas it is frequently limited by spher­
ical aberrations64 ,66-69,73 amplified by source-
plasma fluctuations. 107 The predictions of opti­
mum perveance do not take into account the
plasma which hits the inside bore of the plasma
electrode. This effect varies between 10%64,67,73
and 50%.64,66,67 A conceptual defect is that the ion
flow has been claimed to be space-charge lim­
ited3,18.19.23,70.76,77,85,86.108 - 1J7 rather than entirely
emission limited.64,Jl8,119 This can be seen by not­
ing that for ion extraction from a plasma, the
electrons would fill the space-charge well formed
by the ions as the space-charge limit was ap-
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proached. This is in contrast to electron beams
extracted from a surface where there is no cop­
ious supply of positive ions to fill the analogous
space-charge well. The fact that important beam
parameters are proportional to the ion current on
the scale of the Child88-Langmuir89 space-charge
limited current is a reflection of the fact that the
beam current is an important parameter, not that
there is space-charge limited flow.

Machine computations are available using al­
gorithms that iterate between a solution of Pois­
son's equation and a calculation of ion trajecto­
ries with deposition of space charge. The earliest
efforts started the ions on a surface in the aper­
ture on which the electric field was taken to be
zero and through which source plasma electrons
do not penetrate. 19,77,80,83,111,116,119-133 This is an
approximation of dubious validity because there
is no region of space where the electric field and
the plasma electron density are both small.

An improvement in this early method included
the space charge as a Boltzmann distribution and
iterated the electron space charge along with the
solution of the Poisson equation.85,134,135 The ions
are started off on an equipotential surface in the
sheath region of the source plasma. The approx­
imate position, potential, and field of this surface,
as well as the initial directed ion speed, are given
by a solution to the collisionless one-dimensional
Poisson-Vlasov equation in the sheath region. 136
A procedure has been worked out that, given the
emitting surface potential, adjusts the emitter
position automatically so that the electric field
is consistent with the one-dimen-sional solution.
However, this presumes that the electric field is
the same and is constant along such a potential
surface in the actual two-dimensional problem;
we will examine this conjecture later. Another
problem is that the ion direction at the sheath
must be specified even though it is unknown for
the two-dimensional case. In typical cases the
emitting surface is approximately 15 Debye lengths
from the plasma electrode. 135 Presumably, if the
emitting surface could be taken sufficiently far
into the plasma, the problem becomes more one­
dimensional and utilization of the one-dimen­
sional sheath solution would be more reliable.
Unfortunately, these iteration schemes85 ,134, 135
converge very slowly, if at all, for emitting po­
sitions far back (100 Debye lengths) into the
plasma68 (see the curve labeled A in Fig. 1).

Further improvements in the iteration scheme
(see curves labeled Band C in Fig. 1) have en-
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FIGURE 1 Expeditiousness of three different explicit iter­
ation algorithms for the Poisson equation: A denotes sequen­
tial constant electron underrelaxation, B denotes simultane­
ous constant electron underrelaxation, and C denotes
simultaneous accelerated electron underrelaxation. The ex­
peditiousness is plotted as a function of the perveance on the
scale of the Child-Langmuir perveance, over a range for part
of which the former two schemes do not converge at all.

abled the emitter to be taken far back into the
plasma, but the accuracy of the solutions could
use improvement (e.g., see Ref. 64).

In Sec. II we describe the computational tech­
nique used ·herein which eliminates the difficul­
ties in previous schemes.68.85.134,135 In Sec. III we
examine the effect of plasma properties on ion
optics, emittance, transmission, and optimum
perveance. In Sec. IV we examine the effect of
electrode dimensions on the same quantities. In
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II. MATHEMATICAL FORMULATION
AND COMPUTATIONAL TECHNIQUE
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FIGURE 3 Expeditousness of two different algorithms for
the Poisson equation: C denotes the simultaneous accelerated
electron underrelaxation scheme, described in Fig. I, and an
implicit Newton SOR algorithm. All are shown as a function
of mesh size, word size, and specified accuracy.

These equations have been solved previ­
ously.68.69.85.-134.135.137 .138 The electron space charge
[Eq. (2)] has in recent attempts68.69.137.138-140 been
inserted with sufficient accuracy and stability to
allow a solution in the entire two-dimensional
sheath. Therefore, initial data consist of the stip­
ulation that the ions are only slightly perturbed
from equilibrium on a surface that is chosen to
be only slightly removed from the plasma poten­
tial. Typical boundary data are shown in Fig. 2
showing Dirichlet and Neumann boundary con­
ditions.

Poisson's Eq. (1) and the electron source term
are solved implicitly by a finite difference method
on a mesh with given ion-source terms, by a
Newton successive-overrelaxation method.69.138.
139.141 This method is very accurate, as shown in
Fig. 3 compared with scheme C shown in Fig. 1.
Boundaries are treated using a procedure devel­
oped by Hornsby.142 Vlasov's Eq. (3) is solved
indirectly by a solution of orbit equations by use
of a deferred-limit integratorl33.139 and ion charge
deposited on the mesh points in accordance with
the continuity equation.

(2)

(1)
e

V2<t> = - (N - n),
Eo

N = No exp[e(<f>o - <t»/kT e ],

PLASMA
ELECTRODE

/
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FIGURE 2 Diagram showing the region of consideration in
the solution of the Poisson-Vlasov equation. Adjacent holes,
beamlet and plasma are represented by cylindrically sym­
metric Neumann boundary conditions.

GROUND
ELECTRODE

Sec. V we present conclusions and examine more
explicitly the assumptions of previous work in
terms of the results presented in Secs. III and IV.

We solve the Poisson equation,

and No, T e, and <t>o are respectively the source
plasma density, electron temperature, and po­
tential. The ion density n in Eq. (1) is determined
by a Vlasov equation for the distribution func­
tion,

where the electron density N is assumed to be
in equilibrium,
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FIGURE 9 Emittance diagram for the case (p = 0.4) shown
in Fig. 7(b).
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FIGURE 7 Equipotential contours, electrodes, and ion tra­
jectories for three cases of differing source plasma density.

8 (compared to Fig. 9), the wings of the beamlet
angular distribution are relatively large. In con­
trast, for an over-dense plasma [shown in Figs.
7(c) and 10 for p = 0.6], the entire distribution
has a relatively large divergence compared to the

6

p = 0.4 case, but the tails contribute a relatively
minor amount. For this case the beam divergence
may be made much smaller by insertion of con­
verging electrostatic lens. This is the principle of
operation of a tetrode ion accelerator. 66 No sim­
ilar rectification of the large-divergence beam
resulting in the under-dense case (p = 0.2) is fea­
sible, because in this case there is not generally
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FIGURE 8 Emittance diagram for the case (p = 0.2) shown
in Fig. 7(a).

FIGURE 10 Emittance diagram for the case (p = 0.6) shown
in Fig. 7(c).
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FIGURE 12 Beam divergence as a function of perveance:
beam envelope for 98 initial orbits is denoted by circles, rms
angle is denoted by squares, and rms angle of a truncated
distribution, as described in the text, is shown by the trian­
gles.

0'
Q)

~ 4
ICD

6

a single-valued correlation of divergence and po­
sition. In other words, the large divergence in the
over-dense case is due to linear space-charge
blowup, whereas in the under-dense case it is
principally due to nonlinear aberration fields. The
p = 0.4 case shown in Figs. 7(b) and 9 is the
optimum density for minimization of the rms
angle of the trajectories. However, for profile
measurements66.67.73 which are done with high
accuracy only near the center of the distribution,
the apparent optimum plasma density is ---0.3.
Shown in Fig. II is just this case, which shows
the central part of the distribution of extremely
low divergence; however, the tails are more sig­
nificant than the p = 0.4 case. Measured power
deposition146 for multibeamlet systems showsjust
the kind of behavior shown in Figs. 7-11, with
tails significantly larger than Gaussians. 147

Beam divergence is shown as a function of
perveance TIP in Fig. 12. The fraction of beam
transmitted compared to that outside the geo­
metric shadow of the plasma electrode is denoted
by TI. The following three measures of beam di­
vergence are shown: (l)the beam envelope con­
sidering 98 initial orbits is denoted by circles, (2)
the total rms angle of the transmitted beam is
denoted by squares, and (3) the rms angle of the
beam, truncated by neglecting the trajectories
larger than the total rms average is denoted by
triangles. Consistent with Figs. 7-10, .the opti-

B. Electron Temperature

Shown in Fig. 13 are trajectory and potential cal­
culations for an electron temperature varying
over two orders of magnitude. Even though the
sheath thickness varies by over an order of mag­
nitude, the ion optics at the same source plasma
density parameter (p) is virtually identical. This
result was suggested by previous results64 using

mum perveance is lowest for the truncated av­
erage and higher "for the total average and the
envelope. This is consistent with measurements
of power deposition that have recently been car­
ried out. 146 The truncated average probably closely
resembles findings of half-maximum profile
measurements66.67 ,73 while the total rms angle rep­
resents findings ofhalf power through a hole. 146,148
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FIGURE II Emittance diagram for the case (p = 0.3) where
the beam intensity profile half width is a minimum.
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Plasma potential is either significantly higher
than this (negative bias) or lower (positive bias),
causing lower beam divergence. The oscillations
in Fig. 19 are attributed to a finite number of or­
bits in the solution of the Vlasov equation. The
most divergent trajectories for 96 initial orbits as
a function of f.1 are shown in Fig. 20. The perve­
ances are the same as the corresponding ones for

4

FIGURE 18 Transmission efficiency as a function of elec­
tron temperature.

the points in Fig. 19. As can be seen from Fig.
20, the wings of the beam distribution also dim­
inish significantly for both positive and negative
bias. The optimum perveance for minimum beam
divergence as a function of f.1 is shown in Fig. 21.
As a function of IJ., the optimum perveance de­
creases as IJ. is increased. The fraction of ex­
tracted ions to those outside the geometric
shadow of the plasma electrode (which are avail­
able for extraction) is shown in Fig. 22. In con­
trast with the usual extraction efficiency of
around 11 = 0.7, the transmission is 1 for extreme
values of biasing and reaches a minimum of
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FIGURE 17 Beam divergence as a function of electron tem­
perature.
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FIGURE 19 Beam rms divergence as a function of plasma
potential with respect to the plasma electrode.
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geometric shadow of the plasma electrode as a function of
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FIGURE 20 Beam envelope as a function of plasma poten­
tial with respect to the plasma electrode.

---0.42 for a substantial negative bias. Extreme
positive bias appears to be a panacea in terms of
low divergence and high optimum perveance,
but, as shown in Fig. 23, there is a defect. The
sensitivity to plasma density variations, denoted
by Q, 107 is shown in Fig. 23 as a function of
plasma potential. For positive bias the sensitivity
becomes extreme and the requirements on source
noise and plasma uniformity are extreme.

Figure 24 shows trajectories and equipotential
lines for three different values of plasma poten­
tial. Figure 25 shows the respective emittance
diagrams for these cases. From these figures, one
can see many of the mechanisms operating to
give less divergence with either positive or neg-

ative bias as compared to an isolated plasma
electrode. The easiest case to explain is shown
in Fig. 24(c); for extreme negative biasing, the
ions go through the aberration fields of the
plasma electrode with relatively large velocity
(compared with the isolated electrode case), so
that the dispersion produced by these fields is
small. For small negative bias, besides the effect
mentioned above, the plasma electrode absorbs
more ions than the isolated electrode case. The
extra absorbed ions are just the ones that would
have been most influenced by the aberration
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FIGURE 21 Optimum perveance as a function of plasma
potential with respect to the plasma electrode.

FIGURE 23 Sensitivity of optics to plasma density varia­
tions as a function of plasma potential with respect to the
plasma electrode.
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FIGURE 24 Equipotential contours, electrodes, and trajec­
tories for three different source plasma potentials with respect
to the plasma electrode.

fields. This effect has been observed experimen­
tally for small negative biasing (0.002 < f.1 <
0.01).148 Positive biasing causes the plasma to
move into the aperture farther, thus partially can­
celling out the aberration fields directly. This
cancellation is the same effect produced by the
tetrode in some operating regimes. 66

D. Source Noise

Source noise was previously investigated using
this code in the adiabatic approximation, where
it was assumed that the plasma ion density fluc­
tuations were slow compared with the relaxation
time of the electrons. 107 Principal results are
shown in Fig. 26 on the curve labeled A. More
results will be described in the next section on
the effect of electrode dimensions on ion optics.

IV. EFFECT OF ELECTRODE
DIMENSIONS ON ION OPTICS

The effect of electrode shapes similar to those in
the illustrative cases considered in the previous
section can be deduced from already established
similarity principles. 64 Non-similar electrode
configurations are considered in this section.
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FIGURE 25 Emittance diagram for the three cases consid­
ered in Fig. 24.

A. Aspect Ratio (variation of electrode
radius)

Various radius electrodes are shown in Figs.
27-31. Figure 27 shows orbits and equipotential
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FIGURE 30 Emittance diagram for the case shown in Fig.
27(c).
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ferent. The aberrations for the large-radii case
[Figs. 27(d) and 31] have weaker aberrations than
the smaller-radii case [Figs. 27(a) and 28], but
these weaker aberrations affect a larger fraction
of the ions that traverse the accelerator. These
two effects apparently cancel to first order, be-
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FIGURE 31 Emittance diagram for the case shown in Fig.
27(d).

FIGURE 33 Emittance diagram for a thin (,. = 1/15) plasma
electrode near optimum perveance, showing relatively small
aberrations.
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FIGURE 34 Emittance diagram for a thicker (T = 1/6) plasma
electrode near optimum perveance.

cause the beamlet divergence is found to be in­
dependent of electrode radius. Plasma-electrode
absorption of ions is more dominant for the small­
radius case [Figs. 27(a) and 28]. Field penetration
is greater for the large-aperture case, which
causes a lower optimum perveance for minimum
beamlet divergence. These latter two effects are
shown quantitatively in Fig. 32, in which opti-
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mum perveance and transmitted fraction at op­
timum perveance are plotted as functions of as­
pect ratio. The optimum plasma density parameter
Popt is also shown. These results show that for
large radius, virtually no ions outside the geo­
metric shadow of the plasma electrode are lost
to the electrode. The requirement of plasma den­
sity for optimum perveance is very severe for
small-radii electrodes. We have neglected to ver­
ify the decelerating potential (as a function of
electrode radius) that will be necessary to block
electrons at the larger radii. For those radii above
u = 0.40, this decelerating potential will have to
be increased.

FIGURE 35 Emittance diagram for a thicker (T = 1/3) plasma
electrode near optimum perveance, showing dominance of
aberrations.
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B. Thickness of Electrodes

Variation in ion optics as a function of electrode
thickness is shown in the emittance diagrams of
Figs. 33-35; the thickness parameter is the elec­
trode thickness divided by the accelerating gap.
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As the thickness of the electrodes diminishes, the
aberrations decrease. Additional information is
shown in Fig. 36. In particular, for thick elec­
trodes the fraction of ions transmitted outside the
geometric shadow of the electrodes diminishes
significantly. This is reflected in a decrease of the
optimum perveance, not because the sheath is
farther back, as in the situation shown in Fig. 32,
but because there is a dearth of ions in the sheath
due to its diminished cross-sectional area. From
the foregoing we see that thick electrodes have
a triply degenerate effect: the beam divergence
is increased, the current density that can be ex­
tracted is less, and the required plasma density
is slightly higher. These results can be used in
combination with those of the previous section
to deduce the optics and properties of single­
stage accelerators over a wide variety of physical
parameters. A special property of elongated ac­
celerators (large gap compared with radius) is
shown in Fig. 26 for the cases denoted by the
curves labeled A (short) and B (long), namely,
that the sensitivity to source plasma noise or den­
sity inhomogeneities is significantly reduced.

V. CONCLUSIONS

Inclusion of plasma electrons with an absolutely
converging nonlinear scheme is necessary for a
reliable solution for the optics of ions extracted
through apertures. Algorithms without explicit
inclusion of plasma electrons have a dubious
foundation because the sheath for a non-Pierce
geometry, even in the T e ~ 0 limit, does not ap­
proach the 'surface presumed. Algorithms that
explicitly include plasma electrons, but which do
not have a wide radius of convergence, usually
demand that the starting point for the orbits be
in the sheath itself as opposed to substantially
before the sheath. Such a boundary condition
requires a stipulation of the sheath properties on
a two-dimensional surface; because only a one­
dimensional analysis has been done for this sit­
uation, this stipulation is not without difficulty.
For example, the magnitude of the electric field
on an equipotential corresponding to the classical
sheath edge is not constant over the surface, as
is usually presumed for algorithms that start
there.

A principal disadvantage of the algorithm de­
scribed here is the fluctuations which appear for
small changes of a parameter.

Principle a priori predictions of this algorithm
for reducing beamlet divergence are applications
of a negative bias to the first (or plasma) electrode
(verified experimentally) and a small positive
bias, relative to its potential under isolation (not
yet examined experimentally).
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