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STUDY OF THE EFFECTS OF DISPLACED SECTORS
WITH APPROXIMATE PHASE PLANE TRANSFORMATIONS
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Ohio State University and

Midwestern Universities Research Association*
16 August 1955

I, Introduction

The construction of approximate phase plane transformations
which are exactly area preserving, directly from the differential
equation of motion has been described in two previous reports
(MURA-A.M.S. 2 and 3, hereafter called I and II), These trans-
formations are defined in terms of new variables (Birkhoff
Variables) in which the betatron oscillations are described
in the phase plane by motion on cirecles, It is the purpose of
this investigafion to study the effect of displaced sectors,
in the new variables, by means of transformations. This was
undertaken in a detailéd manner simply as an exploratory calcu-
lation prior to the coding of the Illiac for similar problems,
For this reasoﬁ we did not study a transforﬁation obtained via
perturbation theory, but rather took Powell's approximate trans-

formation (MURA-R W./JLP-5) and worked with it in Birkhoff Variables,

* Supported by the National Science Foundation.
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This allows us to compare results with those obtained on the
Illiac by Powell, while the method and formulas are exactly the
same as for a transformation obtained by perturbation theory.

We shall describe the method by treating one particular
problem in detail. Namely we consider the one dimensiénal,
non-linear C.L.S. machine for a working point specified by
ny =-n, = 16, ej= - ep = 1000. In a 50 sector machine, two
sectors will be displaced by amounts A x = ,001, and following
Powell the displacement is frém the center of a positive sector

to the center of a positive sector.

II, The Transformation to Birkhoff Variables

We start with the Powell Transformations
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where:
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This may be written in the form:

x = cos( g Xp +/Josin0'6 Yo -|- a x8+ by‘g + cxgyo -+ d xoyg

1

¥ = '7 sin O'E}XO-}-cosq'B Yo - a'xg-]-b'y%-f— c'x% YO-T d'xo Yo
0 _

where:

(2)
2

e ™ 5847

/4?02 1.11996

a = - 9,67187 a' = - 28,67937
b = - .370966 b' = -1.10000

c = = 9.,78527 ¢! = -29,015622
a = -3.30000 a' = - 9,785272

'We now follow the proceedure outlined in I, and transform to

variables Q and P defined by 3

Q

One obtains from (2):

Q:

P =
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Numerical evaluation yields:

A=-17,590 4+ 7.4547 1
B = 10,549 +15.928 i
C = -31.647 + 47,783 1
D= 0 +57.313 1

One can check his calculations at this point by‘requiring that
the Jacobian be unity through quadratic terms, or thats |
B! = - 1/3 e 200 p
ct = -3¢e71200 4 (6)
pr = -e~1200 ¢
A further change of variables is now made to coordinates
Q and P defined bys _ _
G=q+ol 3t AP L Y+ § @
_ e o
p=pP3 X @By AP  ¥op s [op?
where the coefficients are defined in I and II, and are given

numerically by:

< = -17.304 o = ( Z )+

= 10.377 2= (F<)*
7 7 =
Y= 0 = X 5
g = 51940 £ o
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Now define: u=

¢ol o |

E ¥ (8)

which yields, for the transformation (1), correct to lowest non-

trivial order:

u=cosf uy t+ sing- v
© © (9)
v= - sin(ruo + cos@ Yo
e -i287g
- —_— ] - (10
where cos ” = cos G“B - e ._] )
P o o=l 2, so that:
and P0 Qo uc + v°?
0= .5851 4 14.329 I:u2 + v_2] (11)
Finally we obtain the transformation relating x,y with uyv:
:: 3 2 2
u x4 Py q vy + sy (12)
v = Ao ¥+ 000t i rox®y o+ spxy
where:
gl =
Py = 1/8{(o<+at)+ (/3’1-/3 )+2r +S} (13)
a = 1/8 {co‘w—d) - (A

H
n

—_ _— / _— —_—
1 1/8{-3(0(1-&')1-3([4 +Z)-a*1-g Oi

sl=1/8%~3('=( o) 3+ 3’ )+ T 3}/0
P2=i/8{(2 <+ <,?-/! T+ 5

a, = 1/8/ (X o?/)ﬂ/?—/?/)-}/—“ ¥
2 gjgo
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i -—7 s 7 e
— =/
: 1/8{3(0(-&.) 34 -4) -y -g}/o
— - — -—/ -— b
1/8 {-3(% - 34 44 ) - Y ’+ﬁg§

H
1

Numerically these ares

pl - 110253 p2 =0
ql - 0 q2 - -805193
rqi =0 r, = ~37.79%
S = 18.180 S, = 0

It should be noted that in either x,y or u,v variables all
quantities are real. Also, the relation (12) between these
variables involves only real. numbers. The introduction of

complex numbers is only to facilitate calculations.

III. Transformations With Displaced Sectors

We want to calculate the effect of two displaced (center

to center) sectors in a fifty sector machine, which is arranged

sOt
KETEMN\Initial conditions put in, and phase
. plot points printed out
| e
III - 24— ~24 regular sectors = I
regular
sectors ~\5_f,///

AN
two displaced sectors - II
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Within the acurracy of this calculation we may replace the trans-
formations through the displaced sectors by appropriate linear
transformations. This simplification, (which is not required

by the method) yields for a displaced sector the transformations

o
]

alxg-Ax) +DYy,
(14)

y=se(xy~x) PE Y,

where /A x is the magnitude of the displacement,

This may be transformed to u - v variables where it becomes:

u coso"‘ouov}-suno’“o Vg - al A x)

(15)

v = =sin, ug+ cos 0 ¥, -/fo‘t-:(A x)

We now fold together two transformations of the form of Eq. 15,

obtaining as the transformation through the displaced sectors:

cos 20 Uy + sin 247 v -L-cosﬂ‘é{— cos 20‘0_7_41'.
(16)
= -gin 20‘5 u0+ cos 2@*0 vo -'|—]: sinq‘a + sin ZGEij

<
1

Ignoring terms of third order, in the displaced sectors
transformation, this becomes equivalent to using; the following
three transformations to go once around the machine:

(cos 25¢7) u, + (sin25¢7) v,
(-sin 250~ ) uy + (eos 2507) v,

u

v
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u-_-uo— Eosq—oj-cos 2(]“94::

. (17)
v=vyt s:Lno"Of-sinEO"Oij

1I.

u = (cos 25¢~) u (sin 25 T~ ) v
I1I. 08 2207 g i \8 )

v = (- sin 250“) u. + (cos 25 ¢ ) L

where g™ is given by Eq. 1ll,
Thus we have two quasi-linear transformations, plus transformation
II which inserts the effect of the displacement.

These transformations are very amenable to rapid calcula=
tion, and in particular it is even feasible to perforé desk
calculations. On graph I we have indicated the phase plots for
a few sets of initial values. In this work A x = -,00lL. 'The
results may be seen to agree with the work of Powell (MURA-R.W./
J.L.P. =5 -Fig, 3 ) within a few percent, The difference is
presumably due to the approximation made in Eq. 1k, as well as
round off, and truncation errors in the numerical work,

The calculations were performed by Mr. K. Fowler and Mr,

G. Mohan,
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