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D. W .  K e r s t ,  U n i v e r s i t y  of  I l l i n o i s  and 
Midwestern U n i v e r s i t i e s  R e s e a r c h  ~ s s o c i a t i o n "  

March 29,  1955 

T h i s  r e p o r t  on s p i r a l l y  r i d g e d  c y c l o t r o n s  h a s  r e q u i r e d  

r e v i s i o n  i n  t h e  manner d i s c u s s e d  a t  t h e  J a n u a r y  1955 New York 

meetincj of t h e  American P h y s i c a l  S o c i e t y .  T h i s  i s  due t o  

L a s l e t t ' s  d e t e r m i n a t i o n  of t h e  i n f l u e n c e  of t h e  s c a l l o p e d  

o r b i t  on f o c u s s i n g .  

To make s e m i - r e l a t i v i s t i c  p a r t i c l e s  c i r c u l a t e  i n  a  c y c l o -  

t r o n  a t  c o n s t a n t  f r e q u e n c y  and i n o r b i t s  t h a t  a r e  a p p r o x i m a t e l y  

c i r c l e s ,  i t  i s  n e c e s s a r y  t o  have t h e  a v e r a g e  magne t i c  f i e l d  

i n c r e a s e  w i t h  r a d i u s .  T h i s  g i v e s  r i s e  t o  v e r t i c a l  ( a x i a l )  

d e f o c u s s i n g .  The p o s s i b i l i t y  of  overcoming t h i s  d e f o c u s s i n g  

by t h e  a d d i t i o n  of a l t e r n a t i n g  g r a d i e n t  e f f e c t s  i s  c o n s i d e r e d  

h e r e .  The s p i r a l l y  r i d g e d   a ark V )  t y p e  of p o l e  i s  t r i e d  and we 

w i l l  f o l l o w  t h e  couxse  of  t r y i n g  t o  a v o i d  i n t e g r a l ,  h a l f  i n t e g r a l ,  

and sum r e s o n a n c e s  r e g a r d l e s s  of t h e  s t r u c t u r a l  d i f f i c u l t i e s  

t o  e x h i b i t  t h e  problems.  Subsequen t  p o s s i b l e  compromises f o r  

e a s i n g  t h e s e  d i f f i c u l t i e s  w i l l  t h e n  become e v i d e n t .  

The c o n d i t i o n  on t h e  a v e r a g e  f i e l d  g r a d i e n t  f o r  c o n s t a n t  

r o t a t i o n a l  f r e q u e n c y  i s  
7 

* 
Work s u p p o r t e d  i n  p a r t  by t h e  N a t i o n a l  S c i e n c e  Founda t ion .  
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0 
where  F= 2 ,,,f ffd 

0 

T h i s  g i v e s  t h e  d i f f e r e n t i a l  e q u a t i o n  

- 
where Hc i s  t h e  c e n t r a l  f i e l d  s t r e n g t h  a t  r = 0 

I f  we d o  n o t  i n j e c t  a t  t h e  c e n t e r  

I n  t e r m s  of $he f i n a l  e n e r g y  t h e  r a t i o  of t h e  f i e l d  a t  o u t e r  

edge  t o  t h e  f i e l d  a t  c e n t e r  i s  
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The d e s i g n  f e a t u r e s  w i l l  now be found  u s i n g  t h e  smooth 

approx ima t ion .  By dr  and 9, we mean t h e  number of 

r a d i a l  and a x i a l  b e t a t r o n  o s c i L l a t i o n s  a round a  c i r c u m f e r e n c e .  

The r e s u l t  of u s i n g  L a s l e t t ' s  s c a l l o p e d  o r b i t  a s  d e s c r i b e d  

i n  R e v i s i o n  MURA-DWK-7 i s  t o  change  t h e  u s u a l  r u l e  of T e r w i l l i g e r ,  

which h o l d s  i f  t h e  r and  z d i f f e r e n t i a l  e q u a t i o n s  f o r  d i s p l a c e -  

ments  f rom t h e  e q u i l i b r i u m  o r b i t  have  t h e  n o n - a l t e r n a t i n g  p a r t  

of t h e  f o r c e  c o n s t a n t  1-k and -k r e s p e c t i v e l y .  However, t h e  

r and z d i f f e r e n t i a l  e q u a t i o n s  f o r  a  Mark V o r b i t  have  (-A.G-) 

P added t o  k  f o r  t h e  n o n - a l t e r n a t i n g  p a r t  of t h e  f o r c e  c o n s t a n t  

g i v i n g :  
2 

= 1 +-A (F)  

The s c a l l o p i n g  of t h e  o r b i t  makes t h e  c o n s t r u c t i o n  of a  

c y c l o t r o n  e a s i e r  t h a n  was o r i g i n a l l y  e x p e c t e d  b e c a u s e  t h e  

amount of a l t e r n a t i n g  g r a d i e n t  f o c u s s i n g  c a n  be  l e s s .  

The r i g i d  r e q u i r e m e n t  on t h e  v a r i a t i o n  of k ( r )  shown i n  

(1) and e q u a t i o n  ( 9 )  show t h a t  



and 4% .q'= -2 

Combining e q u a t i o n s  ( 9 )  we have 
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( 1 3 )  

On t h e  3 , 9 p l a n e  ( 1 4 )  i s  a  c i r c l e .  F i g u r e  I shows t h e s e  
r z 

q u a n t i t i e s  and t h e  l o c a t i o n  of  v a r i o u s  r e s o n a n c e s  which a r e  

e n c o u n t e r e d  i f  t h e  working p o i n t  moves. 

It i s  e v i d e n t  f rom t h e  g r a p h  t h a t  t h e  working  p o i n t  c a n  
C 

move f rom $ = 1. = 0 a t  t h e  c e n t e r  of t h e  c y c l o t r o n  

p o l e s  ( o r d i n a r y  c y c l o t r o n )  t o  g r  = 15, )) = 0 t o  5 which 

i s  a t  mc2/2 or 466 Mev f o r  p r o t o n s  b e f o r e  t h e  f i r s t  h a l f  

i n t e g r a l  r e s o n a n c e  i s  e n c o u n t e r e d .  If t h e  "D" v o l t a g e  i s  l a r g e  

enough,  t h i s  r e s o n a n c e  migh t  be cha rged  t h r o u g h  a l l o w i n g  t h e  

working  p o i n t  t o  g o  up t o  0, = 2 ,  L) z = 0 o r  932 Mev where 

an i n t e g r a l  and a  sum r e s o n a n c e  o c c u r .  

I n  g e n e r a l  t h e  working  p o i n t  must  p a s s  K ~ / r n c ~  i n t e g r a l ,  Ke/mc2 

sum, and 2 K ~ / r n c ~  h a l f  , i n t e g r a l  r e s o n a n c e s  t o  r e a c h  t h e  k i n e t i c  

e n e r g y  KE. T h f s  t o t a l s  a b o u t  4 x E r e s o n a n c e s  which must  be 

pas sed  i f  E i s  measured i n  b i l l i o n  e l e c t r o n  v o l t s .  

The p a r a m e t e r s  i n  t h e  q u a n t i t y  (A.G.) f o r  s p i r a l l y  r i d g e d  

p o l e s  making a  f i e l d  
r- 
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( 1 3 )  

On t h e  3 , L, p l a n e  ( 1 4 )  i s  a  c i r c l e .  F i g u r e  I shows t h e s e  
r z 

q u a n t i t i e s  and t h e  l o c a t i o n  of v a r i o u s  r e s o n a n c e s  which a r e  

e n c o u n t e r e d  i f  t h e  working  p o i n t  moves. 

It i s  e v i d e n t  f rom t h e  g r a p h  t h a t  t h e  working  p o i n t  c a n  
P 

move f rom 3. = 1, L) = 0 a t  t h e  c e n t e r  of t h e  c y c l o t r o n  

p o l e s  ( o r d i n a r y  c y c l o t r o n )  t o  g r  = 16, 9 = 0 t o  4 which 

i s  a t  mc2/2 o r  466  Mev f o r  p r o t o n s  b e f o r e  t h e  f i r s t  h a l f  

i n t e g r a l  r e s o n a n c e  i s  e n c o u n t e r e d .  If t h e  I'D" v o l t a g e  i s  l a r g e  

enough,  t h i s  r e s o n a n c e  migh t  be cha rged  t h r o u g h  a l l o w i n g  t h e  

working  p o i n t  t o  go up t o  = 2 ,  )) = 0 o r  932  Mevwhere  z 

a n  i n t e g r a l  and a  sum r e s o n a n c e  o c c u r .  

I n  g e n e r a l  t h e  working  p o i n t  must  p a s s  K E / ~ C ~  i n t e g r a l ,  ~ e / m c  2 

2 sum, and 2K~/mc h a l f . i n t e g r a 1  r e s o n a n c e s  t o  r e a c h  t h e  k i n e t i c  

e n e r g y  KE. T h i s  t o t a l s  a b o u t  4  x E r e s o n a n c e s  which must be 

p a s s e d  i f  E i s  measured i n  b i l l i o n  e l e c t r o n  v o l t s .  

The p a r a m e t e r s  i n  t h e  q u a n t i t y  (A.G.) f o r  s p i r a l l y  r i d g e d  

p o l e s  making a  f i e l d  
r' 
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For  a  c o n s t a n t  f r e q u e n c y  c y c l o t r o n  a r e  

2 ( A . G . )  = 

r- 'G 
V 

&,.$ r 
where)(=-is  t h e  r a d i a l  d i s p l a c e m e n t  f rom ro, l( r 1 
i s  t h e  r a d i a l  s e p a r a t i o n  of r i d g e s  a t  r i n  u n i t s  of r ,  N i s  

t h e  number of r i d g e s  e n c o u n t e r e d  on one r e v o l u t i o n  and f i s  

t h e  f r a c t i o n a l  v a r i a t i o n  of t h e  f i e l d  i n  t h e  median p l a n e  due 

t o  t h e  r i d g e s .  

A s  an example,  suppose  one wanted e n e r g y  of  

F mc2/2. Then a t  t h e  h i g h  e n e r g y  o r b i t  2 E = k  must be 1.25 

and i n  t h e  c e n t e r  k  = 0 c o u l d  be used  a s  i n  an  o r d i n a r y  c y c l o t r o n .  

Then = - v K =  1.5 b e t a t r o n  o s c i l l a t i o n s  around t h e  

o r b i t .  It i s  n e c e s s a r y  f o r  s t a b i l i t y  i n  t h e  Mathieu d i f f e r e n t i a l  

e q u a t i o n  d e s c r i b i n g  s m a l l  o s c i l l a t i o n s  t h a t c ~ f r :  t h a t  i s  t h a t  2 UN. 
(Cases  of s t a b i l i t y  w i t h  r>T  f o r  s m a l l  o s c i l l a t i o n s  have been 

obse rved  w i t h  t h e  d i g i t a l  computor i f  t h e  a m p l i t u d e  i s  l a r g e  

enough t o  cause  n o n - l i n e a r  e f f e c t s .  ) Thus N > 3 s o  choose  

N = 5 r i d q e s  a round c i r c u m f e r e n c e .  Then u s i n g  ( 9 )  and ( 1 1 )  
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5, t h e  f i r s t  z r e s o n a n c e ,  We want 

Choose ))L =h . Then 

t)/t/ZT = .  ? d s  

w i l l  p r o v i d e  enough a l t e r n a t i n g  g r a d i e n t  f o c u s s i n g  a t  t h e  h i g h  

e n e r g y  o r b i t  t o  overcome t h e  d e f o c u s s i n g  a c t i o n  of t h e  r a d i a l l y  

i n c r e a s i n g  f i e l d  and t o  produce t h e  a x i a l  f o c u s s i n g  r e q u i r e d  t o  

g i v e  L), = 1/3 

The problem now becomes one-of  t h e  b e s t  c h o i c e  o f f ,  A ,  
, and G ,  t h e  minimum gap  from t h e  p o l e  t o  p o l e  between 

r i d g e s .  F i g u r e  I1 shows* r e l a t i o n s  between t h e s e  q u a n t i t i e s  

when a d j a c e n t  r i d g e s  produce  an  e s s e n t i a l l y  2 d i m e n s i o n a l  

problem. 

If G/b i s  t o o  l a r g e ,  i n f i n i t e  c r e v i c e s  open i n  t h e  p o l e  

between r i d g e s  and a d d i t i o n a l  r e v e r s e  i n t e r - r i d g e  p o l e s  o r  

c o i l s  a r e  needed t o  g e n e r a t e  t h e  f l u t t e r  i n  t h e  median p l a n e .  

One c u r v e  shows t h e  l a r g e s t  v a l u e s  of G/), which do  n o t  r e q u i r e  

e x t r a  c o i l s  o r  p o l e s .  The o t h e r  c u r v e  i s  d e r i v e d  f rom G/ \  

by m u l t i p l y i n g  by 2 7/. f , It shows G 5, which i s  p r o p o r t i o n a l  

t o  t h e  g r e a t e s t  gap between r i d g e  t o p s  w i t h  a  c o n s t a n t  v a l u e  

which i s  d e s i r e d .  The l a r g e s t  gap  c a n  be a c h i e v e d  w i t h  f 8 . 25  

where G / ) ,  = .28.  By (15) h = .27 i n  u n i t s  of r - t h a t  i s  

r i d g e s  a r e  more t h a n  a  q u a r t e r  of t h e  r a d i u s  a p a r t .  So G = 

( - 2 8 )  ( . 2 7 )  = . 0 7 5 . i n  u n i t s  of 

"see MURA-DWK-10 f o r  f u r t h e r  d i s c u s s i o n .  
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r a d i u s .  But  a t  H = 14,000 G a u s s e s  P = 247 cm, t h u s  
/ 

h r = - A = 62 cm. G - 18.6 cm a t  t h e  o u t s i d e  r i m .  

T h i s  s m a l l  g a p  i s  one of t h e  main d i f f i c u l t i e s  w i t h  t h i s  
D 

c y c l o t r o n  b e c a u s e  i t  l imi t s  t h e  v o l t a g e  on t h e  D t s  wh ich  s h o u l d  

be  h i g h  f o r  a  c o n s t a n t  f r e q u e n c y  c y c l o t r o n .  A t  e n e r g i e s  l ower  

t h a n  t h e  maximum t h e  s i z e  of f c a n  be d e c r e a s e d  or t h e  s i z e  

of h c a n  be  i n c r e a s e d  s o  t h a t  one r i d g e  i n  f rom t h e  e d g e ,  i . e .  

a t  .27 ro  i n  f rom t h e  e d g e ,  J(/r = 0 . 6  i s  a l l  t h a t  i s  needed .  

As a  f u n c t i o n  of r a d i u s  

I f  we choose  11 z &  r s o  t h a t  i t  g o e s  t o  z e r o  a t  t h e  same r a t e  

a s  r d o e s .  we have  

where  A i s  a  c o n s t a n t .  T h i s  

p r o d u c t  a p p r o a c h e s  a  c o n s t a n t  

a s  r -+ o  i f  / i s  k e p t  c o n s t a n t .  
A 

S i n c e  ) X i s  measured  i n  u n i t s  of r ,  
0 fl , t h e  a c t u a l  r i d g e  s e p a r a t i o n ,  would 

s l i g h t l y  b i g g e r  a t  t h e  c e n t e r  t h a n  a t  t h e  r i m .  What t h i s  
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means i s  t h a t  t h e  r i d g e s  w i l l  t u r n  i n  toward  t h e  c e n t e r  becoming 

r a d i a l  and fo rming  a  Thomas t y p e  r e g i o n  around t h e  c e n t e r  t o  

p r o v i d e  some v e r t i c a l  f o c u s s i n g .  

The d e t a i l s  of what  t o  choose  and how t o  b r i n g  t h e  f- 
r i d g e s  i n t o  t h e  c e n t e r  may depend t o  some e x t e n t  on t h e  i n f l u e n c e  

of n o n - l i n e a r i t i e s  on t h e  u s e f u l  r a n g e  of o s c i l l a t i o n  a m p l i t u d e .  

I f  v e r y  l i t t l e  of  t h e  v e r t i c a l  a p e r t u r e  c a n  be u s e d ,  a n  i n c r e a s e  

off and of  A i s  l i k e l y  t o  i n c r e a s e  t h e  p o s s i b l e  a m p l i t u d e s  

w h i l e  s a c r i f i c i n g  a  l i t t l e  gap  s p a c e  which would be u s e l e s s  

anyway f o r  o r b i t s .  

S i n c e  t h e r e  i s  d i f f i c u l t y  vJ i thc the  D ' s  i n  a narrow gap ,  a 

s t r u c t u r e  might  be c o n s i d e r e d  which h a s  t h e  r i d g e s  on t h e  p o l e s  

r e p l a c e d  by s p i r a l  i r o n  r i d g e s  i n s i d e  t h e  D ' s .  These  must be  

segmented s o  t h e y  t r a n s m i t  f l u x  o n l y  a c r o s s  t h e  gap  and n o t  

a l o n g  t h e  s p i r a l .  Then t h e  g e n e r a l  i n c r e a s e  of f i e l d  w i t h  

r a d i u s  would be  p r o v i d e d  by t h e  c o n t o u r  of  remote  p o l e s  

w i t h  a l a r g e  s p a c e  f o r  w i t h s t a n d i n g  r a d i o f r e q u e n c y  v o l t a g e .  






