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I. I n t r o d u c t i o n  

T e r w i l l i g e r  has  developed a  u n i f i e d  theory  of a l l  FFAG 

f i e l d s  (unpubl i shed)  based on an  expansion of t h e  o r b i t  equa t ions  

about a  r e f e r e n c e  c i r c l e ,  keeping on ly  l i n e a r  terms. I n  view of 

L a s l e t t l s  d i scovery  t h a t  second o r d e r  terms c o n t r i b u t e  focuss ing  

e f f e c t s  comparable t o  t h e  f i rs t  o r d e r  fo-cussing, i t  seems d e s i r a b l e  

t o  t r y  t o  develop t h e  u n i f i e d  theo ry  i n  terms o f  an  expansion of 

t h e  o r b i t  equa t ions  about  t h e  a c t u a l  equ i l i b r ium o r b i t .  We the re -  

,-- f o r e  propose t o  assume a  s e t  of  equ i l i b r ium o r b i t s  g iven  i n  terms 

of .suit;able parameters ,  and t o  determine from these  parameters  

t he  c h a r a c t e r  o f  t he  a s s o c i a t e d  r a d i a l  and v e r t i c a l  b e t a t r o n  

o s c i l l a t i o n s  a s  we l l  a s  t he  magnetic f i e l d  p a t t e r n  requi red .  

IIa Geometry of the  Equi l ib r ium Orbi t s .  

We w i l l  assume t h a t  a  s e t  of c lo sed  e q u i l i b r i u m  o r b i t s  

l y i n g  i n  t he  median p lane  i s  given. The geomet r ica l  p r o p e r t i e s  

of each o r b i t ,  and t h e  r e l a t i onsbe tween  o r b i t s  w i l l  be  p e r i o d i c  

i n  t h e  az imutha l  angle  0 w i t h  p e r i o d  2 7 /N, Each o r b i t  w i l l  be 

s p e c i f i e d  b y  i t s  equ iva l en t  r a d i u s  L de f ined  by 

where L i s  the  l e n g t h  of t h e  o r b i t -  I n   general,^ w i l l  b e  some- - 
what l a r g e r  t han  the  mean r a d i u s  7 . We d e f i n e  an  az imutha l  

parameter ($ by the  equa t ion  

. - --PC 



where 6 i s  t h e  d i s t a n c e  measured a long  t h e  o r b i t  from some r e f e r e n c e  

po in t .  The r e f e r e n c e  p o i n t s  s h a l l  be  so  chosen t h a t  t hey  l i e  

a long  an  or thogona l  t r a j e c t o r y  t o  t h e  s e t  of  o r b i t s .  The parameter 

e w i l l  be equa l  t o  t h e  az imutha l  ang le  9 p l u s  a smal l  p e r i o d i c  

f u n c t i o n  w i t h  per iod  2 Tf IN. 
Each o r b i t  w i l l  now b e  s p e c i f i e d  by a  p e r i o d i c  parameter  

/u (8, ) d e f i n e d  by 
f 

P(@M =,GI ( 3 )  

where p i s  t h e  r a d i u s  of curva ture .  S p e c i f i c a t i o n  of ,& ( @ ,  1 ), 

t o g e t h e r  w i th  t h e  requirement  t h a t  t h e  c e n t e r  of t h e  o r b i t  l i e  a t  

t h e  o r i g i n  i n  t h e  median p lane ,  complete ly  determines  t h e  o r b i t  Z . 
,-- 

Choice of t h e  p a r a m e t e r ~  i s  r e s t r i c t e d  on ly  by the  requirement 

t h a t  i t  be p e r i o d i c  w i t h  mean va lue  

We w i l l  need a l s o  :. parameters , & r e l a t i n g  t h e  
increment dB i n  9  a long  an  or thogona l  r a j e c t o r y  and the  
perpendieulai ;  d i s ta i i ce  dx between two nearby o r b i t s ,  t o  t he  increment 

d r  i n  t he  parameter r : <!x = d~ Y - 
L- 

The a r e a  between t h e  two o r b i t s  i s  

If we d e f i n e  a  mean r a d i u s  b y  

,q = ~ T F J  

then we have froin Eq. (61, 

so  t h a t  7 i s  very  n e a r l y  1 un le s s  t h e  s c a l l o p s  i n  t h e  o r b i t  a r e  
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very  grea t .  

It i s  showq i n  t h e  appendix t h a t  
R 

and t h a t  t/ e a t i s f i e s  t h e  differentia-integral equa t ion  

( 1 0 )  

0 0 
where t h e  c o n s t a n t  C i s  chosen so  t h a t  t h e  r i g h t  member has  zero 

mean va luer  Since t h e  i n t eg rands  on the  r i ~ h t  have p e r i o d s  2  K /N , 
it  i s  c l e a r  t h a t  t h e  p e r i o d i c  p a r t  of  Y i s  of  o rde r  1/N2, 

r e l a t i v e  t o  t h e  p e r i o d i c  p a r t  of  ,A- o r  $,ha 1 . 4 ~  (whichever i s  

g r e a t e r ) .  If f o r  example, we s e t  

/A = / t a ( ~ @ - y i ( / r i )  (11) 

? = / +  5 t i  o:.(/vf)-4,) - ' C  . .-I&,9 - - IP/ 
(12)  

and s u b s t i t u t e  i n  Eqs ( 9 )  and ( l o ) ,  r e q u i r i n g  t h a t  Eq. (10) be 

s a t i s f i e d  t o  terms i n  s i n  NO, cos NO, we f i n d  - 
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For N .' 10, tile c o e f f i c i e n t s  b and ( a r e  n e g l i g i b l e .  For  Mark I 

- - 2 machines, C = 0, whi le  f o r  Mark V, r d@/dr may be of o rder  N , so  

t h a t  C i s  of t h e  same o r d e r  a s  a. 

I n  machines i n  which a l l  o r b i t s  a r e  geomet r i ca l ly  s i m i l a r ,  

I a n d @  must depend on ly  on 8 except f o r  a  p o s s i b l e  phase s h i f t ,  /".. / - 
so t h a t  

and i n  o r d e r  f o r  t h e  same t o  be true of ?),,;C by Eq. ( l o ) ,  we 

must r e q u i r e  t h a t  

r- 

where i s  a  cons t an t  ( r a d i a l  d i s t a n c e  between r i d g e s  i n  u n i t s  

of - r ) .  Hence 

- 

Machines s a t i s f y i n g  Eqs ( 1 6 )  and (18) w i l l  be  r e f e r r e d  t o  a s  

machines which sca le .  

111. Beta t ron  O s c i l l a t i o n s .  

If a  p a r t i c l e  o f  momentumlr, moves i n  an  e q u i l i b r i u m  

o r b i t  2,  then  we have, by Eq. (3)  

(191 

so t h a t  

- The magnetic f i e l d  i s  t hus  g iven  i n  terms of t h e  coo rd ina t e s  2, - 9. 

If we d i f f e r e n t i a t e  Eq. (19)  w i th  r e s p e c t  t o  X, where X 

i s  measured pe rpend icu la r  t o  t h e  o r b i t ,  we have 
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The field index is therefore 

Making use of Eqsa (31,  and (51, we find 

where 

According to Courant and Snyder (EDC/HSS-1, p.41, the 

linearized equations for betatron oscillations about an equilibrium 

orbit are 

&&_ by Eqn (2) and ( 3 ) .  



The character  of the  beta t ron o s c i l l a t i o n s  i s  therefore  determined 

by the funct ions ,,LA'[,:?, c )  and 

I f  the o r b i t s  sca le ,  then, by Eqse ( 1 6 )  and (181, i s  a  funct ion 

only of (N8-d): 

Thus p2n w i l l  be a  funct ion of (NB-$) - only, and the b e t ~ t r o n  

o s c i l l a t i o n s  w i l l  a l s o  sca le  provided k i s  constant,  so t ha t  

- 
and 

(For a  Mark I, A = f l ~  Pi = 0). 

IV, Approximate Treatment of Betatron Oscil lat ions.  

Since (1- / A  7 ) has t h e  period 2 n /N, zero mean, and 

i7 of order 1, the  f i r s t  term i n  Eq. (10) w i l l  cont r ibute  a  per iodic  

term i n  - of order ,~4 / N ~ ,  which i s  neg l ig ib le  f o r  N l o D  The 1 
integrand i n  the  second term i n  Eq. (10) may be of the  order of 

severa l  hundred i n  a  Mark I o r  I1 machine i n  which t h e  f l u t t e r  

fao tor  changes appreciably i n  a  small rract ionof the radius,  o r  i n  

the Mark V ( s p i r a l  r idge)  machine proposed by Do W. Kerst-  We 

therefore  wr i t e  Eq. ( l o ) ,  making use of Eq, (25) ,  i n  the approximate 

form - 

where the constant of i n t eg ra t i on  i s  t o  be chosen so t h a t  J 7  / c 1 @  

has zero mean, (Note t h a t  s ince  /x = 1 f o r  a l l  f, 5 i s  necessa r i ly  
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periodic with zero mean.) We have, therefore ,  

the constants of in tegra t ion  being chosen so t h a t  the double i n t eg ra l  

i s  periodic wi th  zero mean. If we wri te  

where 7 i s  per iodic  with zero mean, then by Eq. (91, , 

The second term i s  neg l ig ib le  unless the  f l u t t e r  f a c t o r  (anpl i tude  
+ 

of /X ) i s  chaqging rap id ly  with - r, 

We now expand 1/? i n  powers of y2 i n  Eq. (30):  

If we separate the  r i g h t  s ide  i n to  constant  terms and per iodic  

terms of zero mean, we get  

. . - -. -- - 
Y K ,  1 4 ,I',XU 

j 
I 

7- A. + i 
P 

where, f o r  any quan t i ty  a  ( @ ) ,  - we def ine  

-- -- - = a-a. 



The second term i n  t h e  square  b r a c k e t s  can be r e w r i t t e n  by i n t e g r a t -  

I n  a l l  machines s o  f a r  proposed i s  n o t  g r e a t e r  i n  

magnitude than  1/10, s o  t h a t  we may n e g l e c t  h i g h e r  o rder  terrns i n  

,<2, and Eq  (40 )  becomes, i f  we a l s o  s e t  ? =  1, 

-- --- - - 
2 -- 

,M n = - k -  ,? +A,' -- jY- --A -;I 
(43) cuwd 

ettrrerrt t o  1% i n  t h e  a n s t a n t  temns, and 10% i n  t h e  p e r i o d i c  terms. 

Equat ions  (28 )  and (29)  t o  t h i s  approximation become 

The corresponding smooth approximation equa t ions  a r e  (KRS(MURA)-11). 

2  where we have neg lec t ed  terms of o rde r  (1 + k ) / ~  , (The l a s t  two 

2  2  terms i n  b r a c k e t s  i n  b o t h  equa t ions  a r e  o f  o rde r  k  /N and a r e  a l s o  - 
smal l  un l e s s  k  i s  of  o rde r  N ~ , )  

The s u b s c r i p t  1 i n d i c a t e s  t h e  i n t e g r a l  of  t he  p e r i o d i c  p a r t  o f  a 

func t ion :  B 
ZAP ~ , ( e )  = J  - 
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t h e  cons tan t  o f  i n t e g r a t i o n  t o  be  chosen so  t h a t  a g  has  zero moano 

I n  genera l ,  a t  i s  of o r d e r  a / ~ .  
-- 

We n o t e  t h a t  t h e  term i n  ,<: drops  ou t  of t h e  r a d i a l  

focuss ing  equa t ion  and appears  doubled i n  t h e  v e r t i c a l  focuss ing  

equat ion.  This i s  t h e  e f f e c t  d i scovered  by L a s l e t t  f o r  t h e  Mark V 

nachine i n  second approximationo The p r e s e n t  t r e a t m e n t  shows t h a t  

( a s  long a s  i s  n e g l i g i b l e )  t h e  L a s l e t t  e f f e c t  i s  t o  be expected 

i n  any machine i n  which t h e  main focuss ing  e f f e c t s  come from t h e  

terms i n  jlo The p r e s e n t  d e r i v a t i o n  involves  no approximation so  

f a r  a s  t h e  equ i l i b r ium o r b i t  i s  concerned* It i s  cu r ious  t o  n o t e  

t h a t  accord ing  t o  t h e  p r e s e n t  d e r i v a t i o n ,  t h e  L a s l e t t  e f f e c t  a r i s e s  

P 
o u t  of  a  coincidence i n  phase between t h e  term)!,arising from d i f f e r -  

ences  i n  ampli tude and phase of t he  s c a l l o p s  i n  a d j a c e n t  o r b i t s ,  

and t h e  te rm y2 i n 7  a r i s i n g  from t h e  v a r i a t i o n  i n  pe rpend icu la r  

d i s t a n c e  between o r b i t s  a s  a  f u n c t i o n  o f  @ 6 The e f f e c t  i s  t h e r e f o r e  

due t o  t he  f a c t  t h a t  where Y i s  p o s i t i v e ,  t h e  o r b i t s  a r e  f a r t h e r  

a p a r t ,  and where i s  nega t ive ,  t hey  a r e  c l o s e r  t oge the r ,  so  t h a t  t h e  

p o s i t i v e  g r a d i e n t s  a r e  smal le r  and t h e  n e g a t i v e  g r a d i e n t s  l a r g e r ,  

The a l t e r n a t i n g  g r a d i e n t  term Y. i s  s t i l l  p r e s e n t  i n  t h e  r a d i a l  

equa t ion  (44) and i s  i n  f a c t  l a r g e r  i n  magnitude than  t h e  mean term - 
2 - ~ f  by a  f a c t o r  of t he  o rde r  o f  N . However t h e  f o c u s s i n g  e f f e c t  

of an AG term i s  l e s s  by a f a c t o r  1/m2 t han  t h a t  of  a  cons t an t  term, 

henbe t h e  c a n c e l l a t i o n  i n  t h e  smooth equa t ion  ( 4 6 ) ,  

The number of b e t a t r o n  wavelengths p e r  r e v o l u t i o n  given by 

F Eqs. (46)  and (47) f o r  r a d i a l  and v e r t i c a l  motion a r e  given by 



In  Mark I and Mark I1 machines, j ,  i s  zero o r  small, and the terms 

i n  a r e  the dominant AG focussing termsc We can then solve 
.- 

Eqs, (49)  and ( 5 0 )  f o r  k,,,,~,' as follows: 

It i s  c l ea r  from Eq. ( 5 0 )  t h a t  i f  L',,;/, a r e  to be independent of 2, 

k must be very near ly  so, s ince only the  small termscan depend on 2. 
- ,- It i s  a l s o  c lea r  from Eq. (51) t ha t  /c;, must be of the order 1V I!, /k&; 

2 k can not  be l a rger  than P, .; /2, i f  dz 4 ; and since N 

must be a t  l e a s t  4y  i n  order  f o r  the smooth approximation t o  
- 

be val id,  we have ,j;i N 66 An accurate treatne n t  of Mark I i n  a  

t yp i ca l  case y ie lds  f l u t t e r  amplitudes of 4 t o  6 i n  f i e l d o  In  the 

2 Mark V machine, $lt. i s  of order N and i s  the  dominant AG focussing 

5ermc In  tgis case, we can wr i te  

Here again, k mus t  be near ly  independent of 2, If Y, is .  If  P z < < 4 ,  
2 .  - then ' .  1: must be of order &{ , l /uX/f i ;  k can not be l a rger  than u, , 

and i f  we s e t  1'J = 4 LI. , we have X-- 3kr 

VF Approximate Magnetic F i e ld  Pat terns.  

Let us considcra scalloped equilibrium o r b i t  given i n  
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terms of polar  coordinates r, 8 by 

where g ( ) i s  a  per iodic  funct ion of 1 with period ar, zero 

mean, and u n i t  amplitude, and a and may be f ~ u l c  t ions  of r o  The - 
f ac to r  a  i s  o f  order 1 / ~ ~ ~  We then have 

t o  within .01% i f  N 2 10. The bracketed f a c t o r  i s  1 t o  within.15. 
F. 

The length of the  o r b i t  i s  

so tha t ,  by Eqo (1) 

where the bracket i s  1 to  wi th in  l$a  By eq. ( 2 ) ,  we have 

1 J &  

t o  within 1%, so t h a t  

- where % i ~ - )  i s  the equation of an orthogonal t r a j e c t o r y  t o  the 

o rb i t s .  Por a  Mark I machine, a  radius  through the center  of e i t h w  

a focussing o r  defocussing sec to r  ( o r  i n  general  through a  point  

where g has a maximum o r  minium) w i l l  be an orthogonal t r a jec to ry ,  

and 6- w i l l  be constant,  For n M n r k  V. t . h ~  n ~ t h n o n n n l  t n n  ; o n t m n T r  
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w i l l  o s c i l l a t e  very  s l i g h t l y  about a  r a d i u s ,  be ing  s l i g h t l y  convex 

t o  the  l e p t  i n  a  r eg ion  of h i g h  f i e l d  and t o  t h e  right i n  a  r e g i o n  

of low f i e l d  i f  t h e  r i d g e s  s p i r a l  outward toward t h e  r i g h t o  It 

i s  probably a  good approximation i n  any case  t o  s e t  e = 9' Eqs. 

(61 )  and ( 5 5 )  g i v e  t h e  t r ans fo rma t ion  from coord ina t e s  f,g t o  r, 0.  

The r a d i u s  of curva ture  i s  given by 

where, f o r  p o l a r  coo rd ina t e s ,  

and 

wi th in  1$, s o  t h a t  

If we s u b s t i t u t e  from Eq. ( 5 5 ) ,  we have, n e g l e c t i n g  terms of o rde r  

1 
Since t h e  f l u t t e r  f a c t o r  lV2 a i s  o r d i n a r i l y  between i; and 4, 

we see t h a t  a  i s  of o rde r  1 / ~ ~ .  The magnetic f i e l d  can now b e  

computed from Eq. ( 2 0 )  a long  t h e  o r b i t ,  and we can s u b s t i t u t e  

P t o  g e t  H i n  terms o f  r, eo  If k i s  conktant ,  t he  magnetic f i e l d  i s  



2 Since k 5 i? /4, the higher order terms w i l l  be small, though not 

always negligible.  For a  s inusoidal  f l u t t e r ,  g" = -g, and Eqr (69 )  

becomes 

so t h a t  the required f l u t t e r  along a  c i r c l e  i s  somewhat:less than 

along the  o rb i t .  

Appendixa Derivation of formulas f o r  7/,(-. 
Consider the  diagram, Fig. 1, 

i n  which BC i s  an  a r c  of the  

equil ibrium o r b i t  I: having center 

of curvature a t  A, and B f C f  is 

an a r c  of the  equilibrium o r b i t  

r + Ar having center of curvature - - 
a t  At. (The l abe l s  on the  diagram 

Fig.1, a re  f o r  purposes of t h i s  

discussion only and have no 

r e l a t i o n  t o  the  meanings of the 

same symbols i n  general FFAG 

theorya)  Primed symbols r e f e r  

I t o  the  o r b i t  2 + 02. We have, 

i n  terms of the o r b i t  parameters, 

Pig, 1 
/ (1) 

./ -- ,&@/ 
P -, ( 2 )  - .- 

p 8 = /l i: = tr? (3 )  
- 

~'8' - . j j ' C f  = ~4 c'/Y' (4) 
b =AT/ 5 '/ f -  LC - 7 - ( 5 )  



-- 
= A [ /  = ';/, ,A + ( 7  +fgd61/dv 

,' 

( 6  

f), $J f- 4)* d6' ( 7 )  
Where t he  l a s t  fihree equations a r e  t r ue  i n  the  l i m i t  $2 -+ 0, dB - 30 .  

We w i l l  pass first t o  the l i n i t  dB -+ 0 and then t o  dy .+ 0,in 

order t o  ob ta in  a d i f f e r e n t i a l  equation f o r  7 . 
We note f i r s t  the following geometrical r e la t ionsh ips .  

a f =  -;gr+g-cfj,-p (8 )  

P' = I - l & ' = p  r 4,-(6 (6') 
1 ,.d r/> 

y 2 - a J + b " - a u b ( a a +  =la- / , )  +#c<buL. . l  - a (10)  

- n a;.* $ 
& a  - . .- (11) 

Y" - 7 /LA+, (d y) A+, .- - - (12) 
il 

P cA4;\ &-&) ,= h,<44:.L (. rf $, ) (13) 

If i n  Eq. (12), we l e t  d9_ -+ 0, we have, i n  view of Eqs. ( I) ,  ( 7 ) ,  

We now s e t  

SO t h a t ,  a s  d r  - 3  0, we have, by Eqsr (41, (51, and (10)s  s ince 

i s  of order x, 



Equation (15) thsn becomes, t o  f i r s t  order i n  br, 

J P  . ' [;." + ' ur +."/ At- 
.) @ 7'- + / / 7 -r 

where the  s ign  of the square roo t  i s  determined by the f a c t  t h a t  

cos ,$ i s  pos i t i ve  f o r  l a rge  values of 7' 
I f  we subs t i t u t e  Eqs (16) and (17)  i n  Eq, ( 2 ) ,  and l e t  

dB - -+ 0, making use of Eqs. (1) and ( 9 ) ,  we have 
/ - = p ' d @  -- At2 

I /"' - 

We now l e t  & + 0, and use Eq, (21) ;  

According t o  Eqs. ( 16 )  and (17) ,  6 i s  a measure of the  r a t e  of 

change of the parameter 9 as  we move out  along an orthogonal t r a jec -  

tory  t o  the  system of o r b i t s .  If we assume t h a t  the points  - 9 = 0 on 

a l l  o r b i t s  l i e  along an orthogonal t r a jec to ry ,  we can in tegra te  

Eqo (23)  t o  obtain. 
H 

F Since ( (r,  - - 8 )  must be per iodic  i n  2, we have the  r e s u l t  
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We now s u b s t i t u t e  Eqs, ( 5 )  and ( 6 )  i n  (13) us ing  (8 ) :  

A d8 - -+ 0, t h i s  becomes 

r Y a d B b r  - - - - ( - t y d r ) 7 d B t - ~  - P 
(27)  

We now l e t  Jr 4 0: 

This  can be  i n t e g r a t e d  t o  y i e l d  

When t h e  i n t e g r a t i o n  c o n s t a n t  i s  c l e a r l y  t o  b e  chosen s o  t h a t  

0 

The angLe 4 i s  of some geomet r ica l  i n t e r e s t  i n  i t s e l f  a s  a  

measure o f  t h e  amount by which nearby  o r b i t s  a r e  o u t  of  p a r a l l e l ,  

lde may s u b s t i t u t e  Eq. ( 3 0 )  i n  Eq. ( 2 8 ) ,  t o  o b t a i n  a  d i f f e r e n t i a l  

equa t ion  f o r  7 a long  any o r b i t  2: 
Q - 8 

.I . c/#  4 C 3 =,fl (i(l--5bl)d& -.fyL - 
I- 0 

(32)  JiL 
where C i s  t o  be  s o  chosen t h a t  t he  r i g h t  member has  average value 

zero. When Eq, ( 3 2 )  i s  i n t e g r a t e d ,  t h e  i n t e g r a t i o n  c o n s t a n t  must be 

chosen t o  s a t i s f y  Eq. (25'1, o r ,  a l t e r n a t i v e l y ,  Eq. (8 )  of 

Sec t ion  11. 


