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I n  a previous report,?t a method was presented f o r  f inding the  magnetic f i e l d  

strength and i t s  vector potent ia l  i n  a region i n  terms of t h e  magnetic f i e l d  

strength on a plane surface i n  t h i s  region. This method was applied t o  f ind 

cer ta in  very simple solutions of t h i s  problem, from which the  magnetic fie1.d and 

i t s  v e c t ~ r  potential  f o r  t he  Mark V FFAG machine could be obtained t o  a cer ta in  

degree of approximation. In t h i s  report ,  methods w i l l  be developed t o  obtain t h i s  

f i e l d  t o  a much higher degree of approximation, using the expansions of t he  previous 

report .  

We sha l l  introduce cyl indr ical  coordinates ( r ,  0, z) and sha l l  suppose t h a t  - 
-S 

t he  magnetic f i e l d  strength H i n  t h e  median plane i s  given by 

where H ( o ) ,  P and y a r e  r e a l  or  complex constants. It i s  required t o  f ind 
3 

z,o 

d 4 3 
H ( r , ~ , z )  and ( r , e , z )  where Ox H = o, 7. 3 = o, 8 = 0 x 2  and d z v *  A (2)  

The notations and r e s u l t s  of the previous report  will. be used here. Certain 

equations and theorems which were s ta ted f o r  t h e  case of rectangular coordinates 

must be extended t o  the  case of cy l indr ica l  coordinates. This wi l l  be l e f t  t o  

t he  reader. For instance,  it follows t h a t  (A,,,, A e l O ,  A,,,) are  only required 

t o  sa t i s fy  t he  equation 

but otherwise may be chosen a rb i t r a r i l y .  One could, f o r  instance,  make: 

A = A = o and rAe,, = ~ r l r r H Z l o  (4 
~ ~ -- ~ ~ ~ ~ ~ ~ 
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However, t he  following choice w i l l  be used here: 

- - i o,o -o+l i ( p ~ - ~ 8 )  
Aa,o - 4 , o  = 0, A rvo = -1 r e (5) ,J' .- :-,fib$;, 

In  the treatment of the  general case considered here, (5) i s  much simpler t o  

work ~ & t h  than (4).  Howcver, i n  the  special  application t o  t h e  f i e l d  of the 

Nark V FFBG machine, one is not essen t ia l ly  more ccmplicated than t h e  other. 

We sha l l  need 

and s h a l l  wri te  down the expansions45 which sha l l  be required here f o r  t he  special  

case, where 11 = He,, = o and A = o. 
r , o  290 

The expansions f o r  Hr, He, and Hz have not been given here, becuasc these 

1,oc. C i t .  paces 2 and 3. 



functions can be obtained by d i f fe ren t ia t ing  ( 5  
I n  order t o  solve thc  problem, it i s  only necessary t o  subst i tute  ( I ) ,  p d  

( 4 )  i n  (91 ,  ( l o ) ,  (ll .),  and (12) and evaluate, This w i l l  be made possible by 

the following developnents. Introduce the  functions: 
\C* 

G ( ~ )  = > - .- G ~ , a r - a e i ( B r - ~ ~ )  

"=& 
 where^ i s  r w e  integer  posi t ive  or  negative o r  Zero. 

m) (0) and define G = vt( G 

Expand G(') i n  t he  series:  

dm'. G m , a e i ( ~ r - ~ o )  (15) 
a= -p  

which dcfines Gmpa (,,a). I f  one subs t i tu tes  (15) i n  (14) m d  equates coeff ic ients  

i(Bry8), one obtains the  re la t ions :  of r e 

($",0 = o (a  <-P-1  
2 m-l,o m-1, a-l t  7 2 m-1,a-2 = -p C tip(3-2a)G ~ a - 2 ) - - y  1 G 

(16) 
(a = -p. -p +1, -!I t 2 ,  -!.I-+3,- - 

on l e t t i n g  a take t h e  values -P, -'+I, - ~ + 2 ,  etc., one obtains 

Gm,-V = (-p2)Gm-1,-p (17) 

Gm, -P+l = -P 2 G m-l,-'tl t ip(1+2p)G m-1,-lL (18) 

m-1, -\\+I. 
m-1p-'+2 + i~(2~!-1)G 2 2 m-1,-V Gm,-'+2 = -0 G + (v -Y )G (17) 

-1,-p+2 + 2 2 Gm-l , -v+l  ~ m ,  -p+3 , -p2Gm-1a -pt3 t i p  ( 2 p 3  ) G ~  (P-1) -Y (20) 

The f i r s t  equation i n  t he  above sequence m.y be solved. This solution 

- may then b~ substi tuted i n  t he  second, which m a y  then be solved. This process 

may be continued indefinitely. Tho solutions of t he  f i r s t  four equations 



The above equations may be wri t ten i n  the  form 
m m 

, r n , - v + n = ~  $,-1l+1 (m,n) (25) 
Is0 1 

m 
Where t h e  T a r e  functions only of p, y, and ~ G I  1 

I f  one subs t i tu tes  (13) i n  (7)  and (8)  one finds:  

'a 
~ ~ ( ~ 0 1  = I-.. ,i(f)r.-yo) csG - 1. 

u=-pG r." 'I" 

* It should not be d i f f i c u l t  t o  f ind  the  gencrnl expression f o r  G ~ ~ - ~ ~ ~  . It 
h s  not been attempted a s  t he  f i r s t  two equations of t h i s  sequence are  probably 
suff ic ient  f o r  t he  acccler,.tor. 



The C C G J ~  and TSC]" - (o) are  i n f i n i t e  se r ies ,  which can eas i ly  be summed. One makes 

use of t h e  formulas: 
M Z ( p 2 ) m e  = Cosh pz 

m=o as 
- 

f c m(m-1)- - -(m-m+l)(p 2 ) m-n - z2m - 2 cosh pz (n=l,2,3- - (31) 
m-o 2mg p2 1" 

$ 2 m 
L. ( B )  = sinh 42 

m=o (zm tJ 
oEI 

= * m-n z~~~~ sinh Bz (n=1,2,- - ) (33) x: m(m-1) - - (m-n+l)(p ) 
m=o (m 'm P 

when substitliting (21), (22),(23), etc., i n  (28) and finds: 



The corresponding \sG]' a re  found by replacing cosh $2 i n  t h e  expressions f o r  

~ G Y  by sinh $ z  . ,It might also be noted t h a t  - s 
[ C G ~  = &(SO]' (0)  (38) 

Substi tuting (28) and (29) i n  (9) ,  ( l o ) ,  (11) and (12), one finds: 

We a re  now ready t o  f ind exp l i c i t  expressions f o r  and A when Ho i s  given 

by (1). F r o m ( 5 ) a n d ( 6 ) ,  one f inds :  

i 0 , o t l  
(4.,0)0'a = - - H 

y 2 9 0  
('1 (43 

and 



Making use of t he  equations (34)-(37), and remembering t h a t  the  coeff ic ients  

of GO,' i n  these equations a r e  functions of p, y and p only, we can a t  once wri te  

0 
down the  expressions f o r  ' CH, ,\ from those f o r  ;CG I' simply by replacing the  p i ,, *- . 

- 0 
i n  (34)-(37) b y p H  a n d t h e G c s b y H 1 s .  I n t h e  sameway one f i n d s t h e  LSHz,,i. 

Z l O  

When the  ~ H ~ , ~ \ '  and IsH '1' are. substi tuted i n  (45) and (46) ,  and these l a t t e r  - z,o- 

a r e  substi tuted i n  (39)-(&3), t h e  problem i s  solved. 

The f i r s t  two terms of these s e r i e s  will now be wri t ten down. In  thcse 

formula 11 w i l l  be writ ten i n  place of wH . 
2,'' 

Note: The d i r ec t  application of these developments t o  t he  Mark V FFAG machine 
w i l l  be t he  subject of a subsequent report. - 


