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—~ A method for determining the magnetic field in a region in terms of its values on
a plane surface,
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In a previous report,* a method was presented for finding the magnetic field

strength and its vector potential in a region in terms of the magnetic field
strength on a plane surface in this region. This method was applied to find
certain very simple solutions of this problem, from which the magnetic field and
its vector potential for the Mark V FFAG machine could be obtained to a certain
degrec of approximation., In this report, methods will be developed to obtain this
field to a much higher degree of approximation, using the expansions of the previous

report,

We shall introduce cylindrical coordinates (r, 6, z) and shall suppose that

£ -
the magnetic field strength H in the median plane is given by
o0
i 0,0 =0 i(pr-yé
Hy(r,0,0) = H, | = 7 Belat W (pr-y6) (1)
o==pyy
%40
Hr = He O = 0
where HZ o (o), B and Y are real or complex constants., It is required to find
H(r 6,2) and-l(r,e,z) where Vx H = o, W» g o, " sz and G-’-’-—V- k- 12)
The notations and results of the previous report will be used here, Certain
equations and theorems which were stated for the case of rectangular coordinates
must be extended to the case of cylindrical coordinates, This will be left to
the reader, For instance, it follows that (Ar,on Ae,o' Az,o) are only required
to satisfy the equation
et - agrAGIO) 1 a Aro
[« (VX?)Z'Z=O- —r-.— D T = '—r- -E 7] (3)
— but otherwise may be chosen arbitrarily. One couid, for instance, make:
Az, o = Ar,o =0 and riAg o = J’drer,o (%)
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However, the following choice will be used here:

- - it 0,0 -0+l i(Br-y9)
by ¥ b0 = Opi e g™ T £ %0 ¥ e
v 1"/0'}:*)‘

In the treatment of the general case considered here, (5) is much simpler to

(5)

work with than (4). However, in the special application to the field of the
Mark V FFAG machine, one i8 not essentially more ccmplicated than the other,
We shall need
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We shall define two operators:
e 2m
m z m
Cp = -1 A 7)
: ;( " Z—(a,) (
8y = ;j Ay gl (4 (8)

m=0 i2m+15!

and shall write down the expansions* which shall be required here for the special

LI}

case, where H Hg,o = 0 and Az,o = 0,

r,o
&2
» ¥ (P g ety ) (9)
q? m=o (8 Z»O) Gl AY'z,0
A, = go("l)m(dthrs°) sl = Cpl, o) (10)
- 2
By = 3 (<IPaM, ) B = Callg o) (11)
m=0 - :
f m+l, M SEL 2me] =
A, = % vl £ TN iR % 6.5 N (12)
Z m=0( ) ( t 0) z—zm—rl')_s A( 2 0)

The expansions for Hr’ HB’ and Hz have not been given here, becuase these

# Loc, Cit., pages 2 and 3.
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functions can be obtained by differentiating dP . . (5)
In order to solve the problem, it is only necessary to substitute (l)‘ 'z\md
(6) 4n (9), (20), (11), and (12) and evaluate, This will be made possible by

the following developments. Introduce the functions:
£29

G(o) = > Go,cr-cei(ﬁr-ye) (13)
0= ),
where n 1s some integer positive or negative or zecro,
and define G(m) = [zt(m)G(o) (14)
Expand G(m) in the series:
dm)_ i Gmacei(ﬁr“'YG) (15)
g==pJ

which defines G™Y (m,0)., If one substitutes (15) in (14) and equates coefficients

of r-mei(ﬂrﬂe), one obtains the relations:

G™% = o (o ¢-p~)
GO _Bsz-l,c+iB(3_20)Gm-l,o-l+ HO_Z)Z_Y.QJ Gm-l,a—z
(0 = =p- =p +1, -p +2, —p-43,- - .

On letting o take the values —-j, -p+l, -p+2, etc,, one obtains

Gyt = (-p)glsH (17)

I T R P L PUMN e (18)

o, -H42 _ _B2Gm-1,-u+2 + 18( 2M_1)Gm-l,-p.+]. 2 (uz_Yg)Gm_]_ , b (19)

Gms#3 o g2 L3 | 4p(2,3)d™ LR o (u1)P” L (20)

Etce = =~ = =

The first equation in the above sequence may be solved, This solution
may then bg substituted in the second, which may then be solved, This process

may be continued indefinitelys The solutions of the first four equations



ares*s

g™ = g0 R (21)
o #th o 0B g2) 4 6% Hip(Le2pIm(-p2)™ (22)

e 0 I e TP P
Go,—“{rgg" (1-4p?)m(m-1) (-p2)"2 + (uz-vz)m(“ﬁz)m_l} (23)

+

B3 L g0 (_g2)M 4 Oy H*25 (23 )m(~p2)"
LA £ (20-1)(2u-3)m(m-1) (820" +  (1-p)Pey® m(=p%)
_{3_(1-[41 )(2u-3)m(m=1) (m-2) (-62)"2 + ip (2u-3)(1y%)
(1) (62072 + 2 (Le2pn(me1)(- a?)m“z1 (24)

+

i

+

The above equations may be written in the form
m m

gyt E Tl g *1 (m,n) (25)
=0

m
Where the T, are functions only of B, v, and Hge

If one substitutes (13) in (7) and (8) one finds:

= . ] e
CA(GO) = 2_ (_l)m 2m >__ Gm,or-crel(ﬁr-ye) " Z el(ﬁr-fyg) Eccac (26)
m=0 2mi “-=--p.G_ on‘:..pG P
5,(0%) = 3 (Prm®) [gg)0 (27)
Cz'uG r0 -
Where
[ea)” =7 (1) _a™° (s} (28)
m 2m}
L( B St il il Ul (29)

.:.m'l'l H

# It should not be difficult to find the general expression for gl 3%
Has not been attempted as the first two equations of this sequence are probably
sufficient for the accelerator,
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The [CG}" and [_SG‘]G (o) are infinite series, which can easily be summed, One makes

use of the formmlas:

W
Y (BR)" 2" = Cosh Bz (30)
m=0 2m§

(mel)= = =(mem+1)(g“)" " 2" = h pz (n=1,2,3~ = 31
m§5mm ) m-m+1) (B e D_~(_a_:_!_)_r_£cos gz (n ) (31)

é o.m _2m+l i
) A = h B (32)
m=0 o (2m+1)3 smﬁ -

oh

{ m(mel) = = (men+1)(g*)™™ ol L Bz (n=1,2,~ - ) (33)
m=0 (2m+1)3 2}(35)_11- B

when substituting (21), (22),(23), etc., in (28) and finds:

lea}™ = 6% Meosh pa (34)
[CGEI bl o g% Wrloogh gz - GO Hip(1+2p) 3—?9—)@0511 BZ‘_X (35)
{ B 3
[Cdl R LR Go’_uﬂip(zp—l) & (cosh Bz]
A (8%)

2

g 2 )
+ 0O R yE (12 B—'ﬁ[wsh BZ:\ - (1P°) ""bo_ cosh Bz} (36)
2 ¢ (B‘_)H Vi

™(B*)

6% ¥*3g0sh pz - GOrH*2 iﬁ(zll"3)§(_2) [.COSh sz
B

2 ) i =y
00, =i+l {_ E;..(zu_l)(zp-j,)ia(—é%icoshﬁz]— @l-u)z-vl?ﬁg)zcoshﬁﬂ}

n

[oa)++3

+

+

600 _ 1p3(1-402)(20-3) 2> Tooshz] + 18_(20-3)(u3—42)
i-%- o awz')BEOS Ll A

32 coshpz +i_[3__(1+2u)}\ 2 coshpz i (37)
a(sz)ﬂ | 2 )
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The corresponding LSG]G are found by replacing cosh Pz in the expressions for

YEG]" by sinh Bz . It might also be noted that
B

() - (6”@ (38)
Substituting (28) and (29) in (9), (10), (11) and (12), one finds:
) ! o)
@' % SA(Hz,o) " f .?.}.E.E:* [SHz,% 3 (39)
o=-sz’o r
o
Ap = Cplhy, ) = Z oL(Br-ve) YCAI,:OY (40)
-‘uAr,o @ =
29
Ay = CA(AB o) = \jl_ ei(Br'Yg)[FAG‘;lG (41)
, =-pA6,o "
o
Ay = Sal *4y) = L o ad KSY . AJG (42)
g e g

We are now ready to find explicit expressions for and A when H, is given

by (1)s From (5) and (6), one finds:

(1,07 = = 21300 (o) (13)
L ¢ B 0,0+ i .
@yihe) ™ < umllply = wEdaolir (0) ()
and
o, oL = - 2o, o)™ (o) (45)

{? t;zglc ” _5_{5Hz’6]°+l - -%—(2-0)[3Hz’°]° (o) (46)
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Making use of the equations (34)-(37), and remembering that the coefficients
of G%9 in these equations are functions of B, v and p only, we can at once write

down the expressions for !_CHZ o\ from those for ‘T'CG”i:G simply by replacing the p

in (34)-(37) by uH and. the G's by H's, In the same way one finds the ‘L;SHZ,OE‘\_G.

When the LCHZ 0\ and ESHZ 0’10 are substituted in (45) and (46), and these latter
- A
are substituted in (39)-(43), the problem is solved,

The first two terms of these series will now be written down. In these

formula p will be written in place of e

Z, o

N -17.0,=p+l - i

A l a - 0,=|

Y = (Br-y ))LruH 4 Sll[;lh z + ’Hz o § nhpge z.’o ip(1+2u) ¢ sinhlz + - =

&™) F
i ( 0y~ 0,=p+l 0,=4 .

A, = - _rei(ﬁr'YG) 3 r‘”"le:ou costh+r“[Hz:o coahﬁz-Hz:op' ip(1+2u)

_c._)_ costh+—--- ]w‘r o %
(
AB =0

Ay = ei(ﬁr-ye)‘} ru+1—;LH::;u sinhBz + r [g Ho’ - 151nh§z
» p P

» H " u( _§_(l+2p.)_9___ sinhfz ~ —--(1+p,) smhﬁz—k * - - -;
b, ARG T

Note: The direct application of these developments to the Mark V FFAG machine
will be the subject of a subsequent report,



