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Abstract.

A general description of the fixed field alternating gradient
synchrotron is presented, followed by a detailed treatment of orbit
geometry, linear orbit theory, and magnetic field patterns for the
Mark I machine, Tables of design parameters are worked out for e

10 Bev proton synchrotrone.
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1. General description.

In the fixed field slternating gradient synchrotron, the magnetic
field is kept constant in time, and the magnetic fleld pattern 1is
so designed that stable orbits of all energles from the injection
energy to the output energy are accommodated within the evacuated
donut, The required momentum compaction 1s achieved by arranging
that the high energy orhits shall pass through regions of high
average magnetiec field, snd the low energy orbits, through regions
of low average magnetic field. In most FFAG mechines so far
considered, this 1s accomplished by utilizing magnetic fields whose
magnitudes increase rapldly with radius, so that the low energy
orbits lie on the inside of the donut, and the high energy orbits,
on the outside.,lt is possible, however, to have stable orhits with
negative momentum corpaction, so that the high energy orbits are on
the inside, and this has several adventages. Stability of horizontal
and vertical betetron oscillations 1s maintailned by alternating
gradient focussing, In most of the machines that have been proposed,
acceleration of the particles is by means of r.f. voltages applied
to one or more accelerating gaps around the donut. Phase stability,
gg in the conventional A.G. synchrotron, allows the particles to
‘be carried from injection enérgy to output energy by modulating
the frequency of the accelerating volt;ge.

In most of the proposed machines, the circumference of the
donut is divided Into N gsectors, each sector consisting of a radiel
focussing (verticsl defocussing) half-sector, and s radial defocussing
(vertical focussing) half sector. In hoth half-sectors, the mag-
nitude of the magnetic field increases rapldly with radius, and the

reverse gradient 1n the vertical focussing half-sector is obtained
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by reversing the direction of the magnetic fileld. This implies,

of course, that the orbit will bend alternétely outward and inward
in alternste half-sectors, with a consequent increase in the overall
circumference of the machine. The ratio between the length of the
highest energy orbit, and the ¢ reumference of & circle whose radius
is the minimum radius of curvature of the highest energy (eouili-
brium) or*it, is called the circumference factor.,

In the Mark I machine, the fields 1n focussing and defocussing
half=-sectors increase according to the same function of radius (strictly
speaking, of energy), so that the ratio of fields in zlternate hglf=-
sectors along 8 given orhit is constart, independent of energy.

In order to minimlze the circumference factor, one would like to

make the verticel focussing sectors have as short a length and as
weak a field as nosslble, but a 1limit is set here by the require-
ment of stabllity of vertical betatron oscillations. It turns

out that the maximum ratio of the product of fileld gradient by sector
length between redlal and vertical focussing half=-sectors is about
3/2. In the Mark Ib machine, the filelds are equal and opposité

in the two sectors, the sector lengths are in the ratio 3/2, and

the resulting circumference factor is . In the Mark Ia machine,

the half-sector lengths are equal, and the magnetic fields are in

the ratio 3/2; the circumference factor is then 6., In Merk I

type machines, the half-sector lengths, measured in radlans subtended
et the c-nter of the machine, are the same for all orbits, and all
orbits have similer shapes. In some other types of proposed machines,
the half-sector lengths vary with orbit energy, and the different
orbits are not geometrically similar, The Mark I machines are the
simplest and easlest to analyze mathematically, and this report

will be confinéd to thls case, although some of the analysis
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will apply to more general types.

It 15 clear that the FFAG synchrotron, if a practical design
can he achieved, will have a number of important advantages over
the conventional synchrotrons. The use of D.C. magnets results in
s considerable simplification of magnet power supply, allows the
use of cheaper grade iron, eliminates remanent field problems,
simplifies saturation problems, end allows D.C. trimming for
magnet misalignments end imperfections. The necessity for accurate
tracking of accelerating voltage frequency with magnetic field rise
is eliminated, with a resulting greater freedom and simplicity 1in
the design of the r.f, system, and a possibility of increasing
the output current by using high pulse repetition rates. The only
restrictions on the frequency modulation cycle are that the frequency
must not chenge too rapidly for the particle energy to follow, and
that the r.f. noise be kept small, and even the latter requirement
is less severe in the FFAG synchrotron since phase oscillations of
any finite emplitude can be accomodated within the donut. Because
of the great momentum compaction, the transition energy is much
higher than in the conventional A-G synchrotron; in all the designs
that we have studied, the transition energy turns out to be above the
output energy of the machine, so that the transition energy problem
is galso eliminated. One can make use of the adlabatic damping of
vertical betatron osclillations to design the donut cross section end
magnet gap so that the vertical aperture ls large at injection and
small at high energies, with consecuent saving in iron, aﬁd relaxing
of injection tolerance. A further simplification of injection
problems cen te achieved by going to very low injection energies;

the only significent penalty paid for low injection energies is an
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inerease in the range of frequency modulation reguired, and there

are schemes by which this difficulty cen be surmounted. Another
advantage 1s that a target may be placed in the machine at the orblt
corresponding to the desired energy without the necessity for special
schemes to deflect the beam into the target.

The principal disadvantage of the FFAG synchrotron which has so
far come to light is the large circumference factor. For the Mark Ib,
the eircumference factor 1s C. However the maximum field on the
equilibrium orhit can be made higher in the FFAG synchrotron than
in the conventional A.G, synchrotron, both hecause it is possible
to operate the magnet lron well into saturation at the high field
points, and »ecause the highest energy orbit lies at the outside edge
of the field in the FFAG machine, whereas it lied in the center of the
field in the conventional machine. For these reasons, it is probable
hat the maximum field on the:equilibrium orbit in the FFAG synchro-
tron can be made greater by a factor of perhaps 3/2. The Mark T
synchrotron Will then be larger in circumference than a conventionsal
mechine of the same energy by a factor of 3.3. Other types of FFAG
synchrotrons with smaller circumference factors are belng studied

and will be the subject of future reports.

2. Orbit geometry.

We will use subscripts % and , to refer to radial focussing
and defocussing sectors, respectively. We will assume that an equili-
brium orhit 1s made up of alternately inward and outward bending
circular arcs, as in Figure l. The notation indicated in Fig. 1
has hecome standard. We will take the turning angle/ﬁg_ and the radius

of curvature /{L in the defocussing sector as negstive when the
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orbit bends away from the center of curvature as in the Mark T

machine. The radius r from the center of the machine to any point on
the orbit can for most purposes he taken equal to rp since /A{ o
are small,

The following geometrical relationships are evident from the
figure, where N is the total number of sectors, and the approximate

expressions are valld when the angles are small:

KT - 2T

7 - (1)

- =/§‘ +/g2v 0,+O:..

L. 455

= = S
//d b —_c. e {;? (either sector) (2l

The length of either sector 1s

Si/fyg WY o (3)

The total length of orbit is
fo MR e 84 A4 A
$AEt Sindir S (1)
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The circumference factor, iﬁ/f:'}/g J is
)
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The deviation of the scalloped orbit from a circle of radius rp

may be determined by cslculating the dlstances
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We then hsve?

A ¥(+1) _ f}____/-’mz_/"
T A e L.: et Ll (15)

r=1 r

For Mark I machines, all orbits are geometrically similar, and the

ratios

Lo ) [

i
) /:.. . i
- AL e (16)

Ve aagu/%va. /*C’

are independent of energy.
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3. Linear orbit theory.

The linearized equations for betatron oscilla tions about an

equilibrium orbit are given by Courant end Snyder (EDC/HSS-1, p.l):

2

ﬂ(=1=__}j_‘=___l_ oH = (1)
Py Pt He 2% Y
A% o =i, (1 2H _ L (2)
e R HP ax  PYF

where x end z are the deviations from the equlibrium orbit in radisl

and vertical directions, respectively, and

A 24 (3)
}7(4J k. Mla) OV

where H= Hz 1s the magnetic field in the plane of the orbit. 1In
the cases of interest )n]77 l, and the second terms 1in parentheses
in Eg. (2) can be neglected. The distance x is to be measured
perpendicular to the orbit at each point, but can, to a good
approximation, be measured radially outward from the center of the
machine.

If the field is constant along each equllibrium orbit within
a half-sector, then by Eqs. (2-9), (2-10)#%, the gradients are also
very nearly consftant along each equilibrium orbit within a half-sector.
The index n is then constant within each half sector, and we will
designate its values by n1 and n, in the two hglf-sectors. Since /ﬁ

H o Ha
Hl’ and %?i’ are all positive, while,/g, H2’ and 3 ¥ are all nega-

tive, nl is negative, and n, is positive.,

2
The phase transformation matrix for a focussing half-sector,

according to Courant and Snyder, is

#The first number in parentheses is the number of the section in
which the equation occurs. When the section number is omitted,

the reference i1s to the present section.
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% ek y for radial focussing sector,
TR . : (5)
i 2%? > or vertical focussing sector,

and for a defocussing half-sector

ok ¥ G ailo ¥
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If we neglect 1 in conparison with n,
- 2 = [ =)
g * :.d"%",',ﬁ,"s,’ i3
" [ n
L}’l{_:q/’d(—-ﬁ‘;: 2 S.:\..o

2=
For a full sector, from the beginning of one radlal focussing sector

to the next, the matrix for radial motion is, then
W 8, ; S . o
caabéﬁa«b41+-qﬁr “”¢74~"tky*uu‘ﬂzhnﬂﬁwa+¢fghg9€a~M;¢L
[ f-B /
M_=MM= (9)

fa Ya Y ) \
i

The matrix for vertical motion is obtained from Eq. (9) by inter-
changing subscripts 1 and o The betatron phase shifts through a

gector are
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v z "r,-f':g.:.‘ : '
b = h T e 0 i T

O e w‘r‘;m‘!’-%: M‘/)a-w-‘—"'un (11)

where

i ‘\,!

_’{2,_ - 3{9‘#
3- ( ““‘) R R (12)
Equations (10), (11), (12) determine the quantitles 4’;,4’;3"'1"01'
any orbit in terms of o’s;, o> and S"/s,_-,‘:/: We shall require that
all orbits lie st the same point on the necktie, 1.e. that a;, cr;
shall be the same for all orbits. Glven a;,d;, then@,,‘#;,f are
determined as functions ofi/q.
In the Mark I machine, /ﬂ is the same for all orbits, so that
4’1 tf:,.f are the same for all orbits. Since A 1s proportional to S,
this implies by Eq. (8) that n., n, must be the same for all orbits.

1 2
In the Mark Ib machine,_é;_v;/ , and we have the simple relations

cos &7 = cos ¥cosh ¥ (13)

cos &, = cos¥ cosh ¥ : (14)

For a minimum circumference factor, & should be a maximum. The

maximum value of J’on the necktie occurs at the lower left hand

corner, ¢, =, o = 0. If we take as the closest safe approach to
z

the corner,

fng——”: '(;:-6-77:, . (15)

then we obtain, from Eqs. (13) end (1h):

s 2,010, ¥ = 1.3, (16)

. _,

& =1.50, C = 5.0, (17)
In the Mark Ia machine; the maximum value of 4 1s still about

1.5, end /71=1, so that, by Eq. (2-5), C = 6.
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lis Magnetic field patterns.

In. the Mark I machine, 7® is proportvional to The For the radial

focussing half-sector, the relation 1s very nearly

n :
s "B (1)
e T
Hence, by Eq. (2-16), if we omit the subscript’ﬁ”
d#’ = a_i’ _M; ay/
e Ww = T (2)
and
- “ -4, C
Hl = B (4,> L (3)
where the subseript® »refers to the msximum energy orbit. Similarly,
(o] Ma /—1c
H-H _(~ r
2 02( /Aﬂ) (L)

If Ege (3-12) is to hold at all radii, the exponents must be equal,

and
n
A (5)
n, r
Hol
== &~ B (6)
Ho2
For Mark Ib, we may set
ny 2 -n, n,=n, (7)
o Fodlie:
s, =
_ (Y-I'I)A‘fi /‘/2 (8)
¥r2
< . ~ “C
R RENEY (9)
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whers we have used Egs. (203), (2-12), and (3-8). For the case
5, sy, e
%:{/z—zthisis

n = .0113N°. (10)

To a good approximation, the magnetic field in the median plane
may be taken ss given by Egs. (3) and (h), where r 1s the radius
ffom the center of the machine to a point on the orbit. More pre-
cisely, we should require that within a half-sector the field be
constent slong any one orbit and be given at the ends of the half-
sector by Fq. (3) or (L) The orbits within the half-sectors will
then be exactly circular arcs as shown in Fig. 1, but the gradients
will then be about 1/4%.too small or too great in magnitude at the
centers of the focusslng or defocussing half-sectors, and will be

too great at the ends of the sectors by a factor

/ - -6 )"
cﬁ,,/g__;_a = 7 2 (11)

or about 1%4. The errors at the centers of the sectors are due to the
fact that r;érE s and those at the ends are due to the fact that a/gx
was replaced by %é»p in Bags (2},

Once the magnetic field. is specified on the median plane, it
is determined throughout the space between the magnet poles by
laxwell's equations, A good approximation to the field pattern can
be ohtained by neglecting the curvature of the orbits, and requiring
that H be the gradient of a harmonic po%ential functlon in a vertical

plane through the center of the machine.



-1 - MURA-KRS-6

A suitable potential function is

Vire)-

(ﬂ g\ o (1404_,)?) (12)

1}(‘,7‘-/

where r, d are polar coordinates in the vertical plane (Fige2),

Figure 2

The resulting magnetic field is

BB, (E ) s G )P e () il 42D (13)

This field has the required form in the horizontal plane 9% O
If we introduce rectangular coordinates yw, z, with origin at
any point r,o0 in the horizontal plane, then P x, 2 o Py We can

write as a good approximation

4w:{ e C mix &
Bl (%) Bl L A O e TR M

where we have also neglected 1 in comparison with nC. This field

can in fact be derived from the harmonic potentilal

Vix,z) = Ho”‘ A/ )"”e*’ 2EA: , wla (15)

AR el
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5. Momentum compaction and phase stability

On the equilibrium orbit,
pc = efo. (1)

Multiplying Eq. (4=3) by ee , and uéing (4-1), we obtain

pe = p_c (“//L,)"‘ Cti (2)
or
/
P =¥ (& ) =5 (3)
where n = -nl.

This equation determines the donut thickness for any given output
and injection energies.

The frequency of revolution is very nearly
v- P Y gfm‘;)(f)
Rﬂhwm' Edm,C? 727 % CJ / (L)
2R
s (7“ +om €2\, ,a)
v fa_;)‘nq’c; 7,0-}/
At low energles, the second factor 1s dominant and the frequency in-

creases with energy nearly in proportion to p; at high energies,

the first factor dominates, and the frequency slowly decrease8 as

(S
p = ﬂc*’) . The transitlon energy occurs at
Py = méc #gf+/. (5)
Tf N ~ 100, then n ~ 100, by Eqe. {§=10), end nC ~500, so that

Et Ptc 22 m,c e (61



-16- MURA-KRS-6

For protons the transition energy 1s sbout 20 Bev, and can be made
higher by choosing a larger N. It is very likely that even if the
transition energy is somewhatlbelow the output energy, no phase
reversal of the rf 1s required, since the large phase oscillations
which occur at the transition energy (and are not objectionable in
the D.C. synchrotron) may carry the particles out to themaximum
energy orblt,

From Eq. (3), we can calculate
o B jf_ Ar )
~ 0(79 '470 + / d (7)

Since gll equilibrium orbits are similar, the circumference of the

orbit is proportional to the radius, the ratio being slightly
greater than 27, and hence Eq.(7), and the last member of Eq. (li)

are exact,
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6. Design paresmeters for typical machines.

Parameters have been calculated for a FFAG proton synchrotron
with an output energy of 10 Bev. We choose f;=f?ﬁf;==§27 and we
assume & maximum magnetic field of 20,700 geuss. Taking 96 sectors
we obtain a2 donut radius of 90 meters, with a radial aperture of 1
meter. The perameters are given in Table 1. Table 2 shows the orbit
radius, magnetic field, frequency of revolution, verticsl aperture,
end some magnetic fleld equipotentiels es a function of energy.

The vertical aperture was calculated rather arbitrarily by following
the adiabatic damping curve down to a final aperture of 1 cm.

The large change 1In freocuency of revolution could be accomodafed
by modulating the rf accelerating voltage from 174.7 kz2/s to 524

ke/s. Particles would be injected when the oscillator is at 174.7 k:,
and would be revolving at slightly below the 9th subharmonic. Par-
ticles injected 2t .E Mev during the proper phase would execute
synchrotron oscillations about an orbit of about .63 Mev. The
frequency is then increased to 52l kc/s, when the particle energy
will be about 6 Mev. The rf voltage is turned off, and turned on
smoothly at 174.7 ke /s, so that the & Mev particles would be
revolving at about the 3rd subharmonic. At the same time another
pulse of particles cen be injected.s The next fm cycle carries the
particles to an energy of about 60 Mev, with a revolution frequency
of 177 ke/s, from which they are accelerated on the fundamental
during the next fm cycle. At each fm cycle, (after the "third), a
pulse of particles appears at the output energy. If we assume an
energy cain of 500 Kv per turn in the final cvele, © pulse repetition
rete of about 10 cyéles per second. Since no r.f. tracking is

required, it may be possible to use a mechanically modulated high
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@ cavity and obtain 500 Kv across g single r,.f. gap. In this case
it may be possible to dispurse with the injector altogether and
locate the ion source just ahead of the accelerating gap.

A treatment of straight sectors is the subject of a forthcoming

report.
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Table 1.
Typical Design Parameters Mark Ib
Output energy 10 Rev

Injection energy 0.E Mev

Max doughnut radius 90.75 m

MURA-KRS-6

radial aperture lm
vertical aperture et injection 19 cm
vertical sperture at 20 Bev 1 em
2 57
> e
Y 1.5
N 96
n 10k
c 5
Table 2
merey DG, ¢ Jerdel ) salfiSue
Mev m gauss em ke/s em
10,000 90,75 20,000 1.00 52l 1.00
3,000 90.65 7,000 1.69 511 2.87
1,000 90 .50 3,100 2.5L L 62 6y7
300 90.35 1,500 3.67 345 13.56
100 90.25 820 Iy .95 226 2.6 5.00
30 90.15 Lo 6.75 13k s 9.4
10 90,07 250 8.91 77 oLt 20.8
3 89.97 140 12.0L ll2.5 >0
1 89.85 80 15.9 2.5
o5 89.80 57 18.9 171



